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ABSTRACT

This dissertation is divided into four self-contained chapters. In Chapter 1, an
adaptive nonlinear tracking controller for kinematically redundant robot manipulators
is presented. Past research efforts have focused on the end-effector tracking control
of redundant robots because of their increased dexterity over their non-redundant
counterparts. This work utilizes an adaptive full-state feedback quaternion based
controller developed in [1] and focuses on the design of a general sub-task controller.
This sub-task controller does not affect the position and orientation tracking control
objectives, but instead projects a preference on the configuration of the manipulator
based on sub-task objectives such as the following: singularity avoidance, joint limit
avoidance, bounding the impact forces, and bounding the potential energy.

In Chapter 2, two controllers are developed for nonlinear haptic and teleoperator
systems for coordination of the master and slave systems. The first controller is proven
to yield a semi-global asymptotic result in the presence of parametric uncertainty in
the master and the slave dynamic models provided the user and the environmental
input forces are measurable. The second controller yields a global asymptotic re-
sult despite unmeasurable user and environmental input forces provided the dynamic
models of the master and slave sytems are known. These controllers rely on a trans-
formation and a flexible target system to allow the master system’s impedance to
be easily adjusted so that it matches a desired target system. This work also offers
a structure to encode a velocity field assist mechanism to provide the user help in
controlling the slave system in completing a pre-defined contour following task. For
each controller, Lyapunov-based techniques are used to prove that both controllers
provide passive coordination of the haptic/teleoperator system when the velocity field
assist mechanism is disabled. When the velocity field assist mechanism is enabled,
the analysis proves the coordination of the haptic/teleoperator system. Simulation

results are presented for both controllers.
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In Chapter 3, two controllers are developed for flat multi-input/multi-output non-
linear systems. First, a robust adaptive controller is proposed and proven to yield
semi-global asymptotic tracking in the presence of additive disturbances and para-
metric uncertainty. In addition to guaranteeing an asymptotic output tracking result,
it is also proven that the parameter estimate vector is driven to a constant vector. In
the second part of the chapter, a learning controller is designed and proven to yield a
semi-global asymptotic tracking result in the presence of additive disturbances where
the desired trajectory is periodic. A continuous nonlinear integral feedback compo-
nent is utilized in the design of both controllers and Lyapunov-based techniques are
used to guarantee that the tracking error is asymptotically driven to zero. Numerical
simulation results are presented for both controllers.

In Chapter 4, a new dynamic model for continuum robot manipulators is derived.
The dynamic model is developed based on the geometric model of extensible con-
tinuum robot manipulators with no torsional effects. The development presented in
this chapter is an extension of the dynamic model proposed in [2] (by Mochiyama
and Suzuki) to include a class of extensible continuum robot manipulators. First, the
kinetic energy of a slice of the continuum robot is evaluated. Next, the total kinetic
energy of the manipulator is obtained by utilizing a limit operation (i.e., sum of the
kinetic energy of all the slices). Then, the gravitational potential energy of the ma-
nipulator is derived. Next, the elastic potential energy of the manipulator is derived
for both bending and extension. Finally, the dynamic model of a planar 3-section
extensible continuum robot manipulator is derived by utilizing the Lagrange repre-
sentation. Numerical simulation results are presented for a planar 3-section extensible

continuum robot manipulator.
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CHAPTER 1
ADAPTIVE NONLINEAR TRACKING CONTROL
OF KINEMATICALLY REDUNDANT ROBOT
MANIPULATORS WITH SUB-TASK EXTENSIONS

Introduction

In many robotic applications, the desired task is naturally defined in terms of end-
effector motion. As a result, the desired robot trajectory is described by the desired
position and orientation of a Cartesian coordinate frame attached to the robot manip-
ulator’s end-effector with respect to the base frame, also referred to as the task-space.
Control of robot motion is then performed using feedback of either the joint variables
(relative position of each robot joint pair) or the task-space variables. Unfortunately,
joint-based control has the undesirable feature of requiring the solution of the inverse
kinematics to convert the desired task-space trajectory into the desired joint space
trajectory. In contrast, task-space control does not require the inverse kinematics;
however, the precise tracking control of the end-effector orientation complicates the
problem. For example, several parameterizations exist to describe the orientation
angles, including minimum three-parameter representations (e.g., Euler angles, Ro-
drigues parameters, etc.) and the non-minimum four-parameter representation given
by the unit quaternion. Whereas the three-parameter representations always exhibit
singular orientations (i.e., the orientation Jacobian matrix in the kinematic equa-
tion is singular for some orientations), the unit quaternion-based approach can be
used to represent the end-effector orientation without singularities. Thus, despite
significantly complicating the control design, the unit quaternion seems to be the
preferred method of formulating the end-effector orientation tracking control prob-
lem. Some past work that deals with task-space control formulation can be found
in [3], [4], and [5]. Specifically, an experimental assessment of different end-effector

orientation parameterization for task-space robot control was provided in [3]. One



of the first results in task-space control of robot manipulators was presented in [4].
Resolved-rate and resolved-acceleration task-space controllers using the quaternion
parameterization were proposed in [5].

In addition, the control problem is further complicated in the presence of kinematic
redundancy. That is, to provide the end user with increased flexibility for executing
sophisticated tasks, the next generation of robot manipulators will have more degrees
of freedom than are required to perform an operation in the task-space. Since the
number of joints in a redundant robot is greater than the dimension of the task-
space, one can show that joint motion in the null-space of the Jacobian matrix exists
that does not affect task-space motion (this phenomenon is commonly referred to as
self-motion). As noted in [6], [7], and [8], there are generally an infinite number of
solutions for the inverse kinematics of redundant robots. As a result, given a desired
task-space trajectory, it is difficult to select a reasonable desired joint trajectory
that satisfies the control requirements (e.g., closed-loop stability and boundedness
of all signals) and the sub-tasks (e.g., singularity avoidance, joint limit avoidance,
bounding the impact forces and bounding the potential energy). Thus, there is strong
motivation for control of redundant robots to be done in the task-space. For work
related to controllers for redundant robots, the reader is referred to [4], [9], [10], [11],
[12], [13], [14] and the references therein.

This work utilizes the adaptive full-state feedback quaternion based controller
developed in [1] and focuses on the design of a general sub-task controller. The
novelty of this work is the systematic integration of the sub-task controller while
simultaneously achieving end-effector tracking. Other efforts have been proposed
in [1], [10] and [14], but in these approaches, the sub-task objective is an add-on to
the tracking objective without integration into the stability analysis. In [1], a sub-
task control signal was introduced and can be seen in equation (2.211) as A(t). In
the stability analysis of [1], this sub-task signal is inconsequential to the tracking

control objective as long as h(t) and A(t) remain bounded. This work will exploit the



property of self-motion for redundant robot manipulators by designing a general sub-
task controller that meets the above conditions while controlling the joint motion in
the null-space of the Jacobian matrix to alleviate potential problems in the physical
system or select configurations that are better suited for a particular application.
Specific sub-task controllers will be designed for singularity avoidance, joint limit

avoidance, bounding the impact forces and bounding the potential energy.

Dynamic and Kinematic Models

The dynamic model for an n-joint (n > 6), revolute, direct drive robot manipulator

is described by the following expression

M ()0 + V,(0,0)0 + G(0) + Fyf = 7 (1.1)

where 6(t),0(t),0(t) € R" denote the joint position, velocity, and acceleration in
the joint-space, respectively. In (1.1), M(f) € R™ ™ represents the inertia effects,
Vm(ﬁ,é) € R™" represents centripetal-Coriolis effects, G(0) € R™ represents the
gravity effects, Fy € R™*™ represents the constant positive definite diagonal dynamic
frictional effects, 7(t) € R™ represents the control input torque vector. The subsequent

development is based on the following properties [15].

Property 1 The inertia matriz M(0) is symmetric and positive-definite, and satis-

fies the following inequalities
my [lE)? < € MO)E <ma €7 VEER™ (1.2)

where my, my € R are positive constants, and ||-|| denotes the standard Euclidean

norm.

Property 2 The inertia and centripetal-Coriolis matrices satisfy the following skew

symmetric relationship

¢r (% M (6,8) — V., (6, é)) £=0 VeeR” (1.3)

where M(6,0) denotes the time derivative of the inertia matriz.

3



Property 3 The left-hand side of (1.1) can be linearly parameterized as shown below
M(0)D + Vin(0,0)0 + G(0) + Fyb = Y, (9, 0, é) ¢ (1.4)

where ¢ € RP contains the constant system parameters, and the regression matrix

Y, (-) € R™P contains known functions dependent on the signals 0(t), 0(t), and O(t).

Let £ and B be orthogonal coordinate frames attached to the end-effector of a
redundant robot manipulator and its inertial frame, respectively. The position and
orientation of & relative to B are commonly represented by a homogeneous transfor-
mation matrix, 7' (6) € R*** which is defined as [15]

T (6) 2 [ i(x? 119(9) } (1.5)

where 0153 2 [0 0 0 ], the vector p(f) € R® and the rotation matrix R(f) € R**3
represent the position and orientation of the end-effector coordinate frame, respec-
tively. From this homogeneous transformation matrix, the constrained four-parameter
unit quaternion representation can be used to develop the kinematic model. From

(1.5), a relationship between the position and orientation of £ relative to B can be

ikt 19

where f, (6) € R® and f, () € R* are kinematic functions, ¢(t) £ [ ¢.(t) ¢l (t) }T €
R* with ¢,(t) € R and ¢,(t) € R3. The variable ¢(t), as given in (1.6), denotes the unit

developed as follows [16]

quaternion [17]. The unit quaternion represents a global nonsingular parameterization
of the end-effector orientation, and is subject to the constraint ¢”q = 1. Note that,
while f,(0) is directly obtained from (1.5), several algorithms exist to determine
f4(0) from R(0) ( [17] and [18]). Conversely, R(q) can be determined given the unit

quaternion parameterization [17]

R(q) 2 (2 — ¢¥a) Is + 2quq” + 2¢0q (1.7)



where I3 € R3*3 is the standard identity matrix, and the notation a* € R3*3 Va =

la1 as ag]T, denotes the following skew-symmetric matrix
0 —asz a9
a*2 a3 0 —ay | . (1.8)

—Q9 Q1 0

Velocity relationships can be formulated by differentiating (1.6) which can be

MRk (19

where Q(t) € R" denotes the velocity of £ in a generalized coordinate system, and

written as

J, (0) € R¥*™ J, (0) € R*¥" denotes the position and orientation Jacobian matrices,
respectively. To facilitate the subsequent control development and stability analysis,
the fact that ¢(t) is related to the angular velocity of £ relative to B, denoted by
w(t) € R? with coordinates expressed in B, via the following differential equation
( [16] and [19])

i 2 Blgw (1.10)

where the Jacobian-type matrix B(q) € R**? is defined as follows

B(q) = % { a0 ] (1.11)

qu?) - q;<

where B(q) satisfies the following useful property
B"(q)B(q) = I. (1.12)
The final kinematic expression that relates the generalized Cartesian velocity to the

generalized coordinate system is developed as follows

w

{p } = J(0)6 (1.13)
where (1.9), (1.10) and (1.12) were utilized, and J () € R%*" is defined as follows

a | Jp(0)
J(0) 2 {BT(q)Jq ) ] (1.14)

5



To facilitate the control development, the pseudo-inverse of J(6) is denoted by
J*(0) € R™*5 which is defined as follows

JHE T (JJT) 7 (1.15)
where J7*(0) satisfies the following equality
Tt = I (1.16)

where Is € R®*6 is the standard identity matrix. As shown in [6], the pseudo-inverse
defined by (1.15) satisfies the Moore-Penrose Conditions given below

JIJtT=J JrJJt=J*t

(Jtn" =gt (JIHT = JJt. (1.17)

In addition to the above properties, the matrix (I, — J*.J) satisfies the following

useful properties

(L= JY)) (I, — JYJ) =1, — J*J
(I, — J* )" = (1, — J+J)
J(L,—JtJ)=0

(I, — J*J)JT =0

where [,, € R"*" is the standard identity matrix.

(1.18)

Remark 1 During the control development, the assumption that the minimum sin-
gular value of the manipulator Jacobian, denoted by o,, is greater than a known small
positive constant § > 0, such that max {||JT(0)||} is known a priori and all kinematic

singularities are always avoided.

Remark 2 The dynamic and kinematic terms for a general revolute robot manipu-
lator, denoted by M (), Vi (0,0), G(6), J(6), and J*(0), are assumed to depend on
0(t) only as arguments of trigonometric functions, and hence, remain bounded for all
possible O(t). During the control development, the assumption will be made that if
p(t) € Lo then O(t) € Lo (Note that q(t) is always bounded since q(t)Tq(t) = 1).



Task-Space Tracking

The objective for the redundant robotic system is to design a control input that
ensures the position and orientation of £ tracks the position and orientation of a
desired orthogonal coordinate frame £; where p4(t) € R? denotes the position of the
origin of &, relative to the origin of B and the rotation matrix from &; to B is denoted
by R4 (-) € R¥*3. The standard assumption that pa(t), pa(t), pa(t), Rq(-), Ra(-), and
Ry (1) € L will be utilized in the subsequent stability analysis. The position tracking

error e,(t) € R?® can be defined as follows
€p = Pa— P (1.19)

where p(t) was defined in (1.5). If the orientation of &, relative to B is described by
the desired unit quaternion, gq(t) £ [ qoa(t) qly(t) }T € R*, then similar to (1.7),

the desired rotation matrix can be described as follows

Ra(qa) = (02 — Goa@va) Is + 2quidug + 200aq.y- (1.20)

Asin (1.10), gq(t) is related to the desired angular velocity of &, relative to B, denoted
by wq(t) € R3, through the kinematic equation

G4 = B (qq) wa. (1.21)

To quantify the difference between the actual and desired end-effector orientations, a

rotation matrix R(-) € R¥*3 of £ with respect to & is defined as follows
R2RI'R= (€2 —ele,) I3 + 2e,e, + 2e.e (1.22)

where the unit quaternion tracking error, e,(t) = | e,(t) el (t) }T € R* can be

derived as follows (see [5] and Theorem 5.3 of [20])

Al e Good + qX Qod
eq 2 = v 1.23
I { } { QodGv — Govd + G Gud (1.23)

where e, () satisfies the constraint

egeq =e) +ele, =1, (1.24)

7



which indicates that
0<|le,(t)|| <1 0<leo(t)] <1 (1.25)

for all time.
Based on the above definitions, the end-effector position and orientation tracking

objectives can be stated as follows
le,(t)]| — 0 and R(e,) — I5 as t — oo, (1.26)

respectively. The orientation tracking objective given in (1.26) can also be stated in
terms of the unit quaternion error of (1.23). Specifically, it is easy to see from (1.24)
that

if |le,(t)|| — 0 as t — oo, then |eg(t)] — 1 as t — oo; (1.27)

hence, it can be stated from (1.22) and (1.27) that

if ||e,(t)]| — 0 as t — oo, then R(e,) — I5 as t — oco. (1.28)

Task-Space Control Development

Based on the open-loop kinematic tracking error system given in [1] and the sub-

sequent stability analysis, the control input is designed as follows

T2Yé+ Ko+ (AJ)T { N ] (1.29)

)

where K, € R"*" is a positive-definite, diagonal, control gain matrix, and (}(t) eRP

denotes the parameter estimate vector which is updated according to
PETYTr (1.30)

with I' € RP*P bheing a positive-definite, diagonal, adaptation gain matrix. The

auxiliary signal r(t) € R™ can be defined as follows

rEug—0 (1.31)



where u,4(t) € R" is an auxiliary control input defined as follows

pd + Klep

A 7+ A1
ug = JTA [—Rdde—i-Kéev

] + (I, —JT)h (1.32)

where K, K, € R3*3 are positive-definite, diagonal, control gain matrices, the matrix

A(t) € R%*6 is defined as follows

AL [&)1;33 (]’%%3 ] (1.33)

where 03,3 € R3*3 denotes a matrix of zeros, and h(f) € R" is the subsequently
designed sub-task controller signal. The linear parameterization introduced in (1.29)
is defined as follows

Y 2 Mg+ Viyug + G(6) + F,0 (1.34)

where Y(pd,pd,p'd,eq,e,é, h,h) € R™? denotes the measurable regression matrix,
and ¢ € RP represents the constant parameter vector (e.g., mass, inertia, and friction
coefficients). To obtain the closed-loop dynamics for r(¢), the time derivative of (1.31)
is taken, pre-multiply the resulting equation by M (6), and substitute (1.1) to obtain
the following

Mi = —Vyr+Yé— Ko — (AJ)T { i } (1.35)

)

where the parameter estimation error signal ¢(t) € R? is defined as follows

= ¢—¢. (1.36)
Remark 3 A benchmark adaptive controller was utilized to compensate for the para-
metric uncertainties present in the dynamic model (e.g., mass, inertia, and friction
coefficients). Alternatively, a robust or sliding mode controller could also be used to

compensate for modeling uncertainties not restricted to parametric uncertainties (e.g.

see [21]).

The following theorem can be stated regarding the stability of the closed loop

system.



Theorem 1 The control law described by (1.29) guarantees global asymptotic end-

effector position and orientation tracking in the sense that
lep(t)]] — 0 as t — oo (1.37)

and

R(ey(t)) — I3 as t — oo, (1.38)

as well as that all signals are bounded provided h(0) € Lo, and 8}5—? € L. (Note the

assumption given in Remark 2 has been utilized.)
Proof. See [1] for proof.

Sub-Task Control Objective

In addition to the tracking control objective, there can be sub-task objectives
that are required for a particular redundant robot application. To this end, the
auxiliary control signal h(6), as introduced in (1.32), allows for sub-task objectives to
be integrated into the controller. This sub-task integration is completed by designing
a framework that places preferences on desirable configurations where an infinite
number of choices are available when dealing with the self-motion of the redundant
robot. These sub-tasks are integrated through the joint motion in the null-space

of the standard Jacobian matrix by designing h(f). Theorem 1 requires that h(#),

Oh(0)
90

is clear that 0(t) € L. In the subsequent section, h(#) will be designed to meet these

€ Lo, provided 0(t) € L. Based on Remark 2, and the proof of Theorem 1 it

conditions. In the event that a subsequently defined Jacobian-related matrix loses
rank, the sub-task objective is not guaranteed. More specifically, if the Jacobian-
related matrix maintains full rank, then the sub-task objective is met as proven in

the subsequent stability analysis.
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Sub-Task Closed-Loop Error System

In this section, a general sub-task closed-loop error system is developed. To this

end, an auxiliary signal y,(t) € RT is defined as follows

Ya = exp (—aB(0)) (1.39)
where o € RY is a constant, 3(f) € RT is selected for each sub-task, and exp (-) is

the standard logarithmic exponential function. To determine the dynamics of y,(t),

the time derivative of (1.39) is taken and can be written as follows
Yo = Jo0 (1.40)

where a Jacobian-type vector J,(t) € R™*" is defined as follows

Oy,

Js = 20

(1.41)

From (1.40), a substitution can be made for A(¢) and the following expression for g, (t)

can be written as follows

pd + Klep

Co_ 7 Al
Yo = JoT"A —RTwq + Kae,

+Jy (L= J ) h— Jgr (1.42)

where (1.31) and (1.32) were both utilized. Based on the dynamics of (1.42) and the

subsequent stability analysis, the sub-task control input can be designed as follows
he —ky [Js (I — J7)]" va (1.43)

where kg; € RT is a constant gain. After substituting (1.43) into (1.42), the following

expression can be obtained

pd + Klep

C_ 7 Al
Yo = JoTTA —RTwq + Kae,

—Jgr =k [ s (I = T [P yae (1.44)

Remark 4 The auziliary signal y,(t) in (1.89) was selected because of the useful
properties of the logarithmic exponential function. From (1.39) it is clear that 0 <
ya(t) < 1, and that as B(0) increases, y,(t) decreases. This definition of y,(t) is

arbitrary and many different positive functions could also be utilized.
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The following theorem can now be stated regarding the performance of the sub-

task closed-loop error system.

Theorem 2 The control law described by (1.43) guarantees that y,(t) is practically

requlated (i.e., ultimately bounded) in the following sense

WAO|§\/Wﬂmﬂemﬂ—Qv®%-% (1.45)

provided the following sufficient conditions hold

1Ty (I, — J*D)|[F > 6 (1.46)
and
h > — (1.47)
sl 5(52 .

where €, 7, 6, 65 € RY are constants.
Proof. See Appendix A.

Remark 5 In the subsequent sub-sections, specific 3(0) functions will be designed
for different sub-task objectives. Each 3 (0) is designed specifically to only depend on
0 (t). For most of the sub-task objectives, the problem is set up to require that 3 (6) > 0
which is achieved by keeping y,(t) < 1. From (1.45), it is clear that y,(t) < 1 if the

,Nﬁ%n+§<1 (1.48)

which can be achieved through the selection of the robot manipulator’s initial con-

following inequality holds

dition, control gains kg1, «, and bounding constants. For other sub-task objectives,
the problem is to maximize 5 (6) as t — oo (minimize y,(t) ast — oo). From the
result of Theorem 2 as seen in (1.45), a true mazimization of B (6) (minimization of
Ya(t)) is not achieved. However, an increasing lower bound for 3 (6) (an exponentially

decreasing upper bound for y,(t)) is achieved from (1.45).
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Remark 6 The four sub-task objectives as described in the subsequent sub-sections
are met only if the sufficient conditions as described by (1.46) and (1.47) are met.
These sub-task objectives are secondary to the tracking objective which is always guar-
anteed by Theorem 1. In the event that the sub-task controller attempts to force the
robot manipulator’s end-effector to take a path not allowed by the tracking controller,
the condition in (1.46) will not be met; hence, the result of Theorem 2 will not hold.
With this fact in mind, the formulation of the desired task-space trajectory and the
sub-task objectives require careful consideration to meet both the tracking and sub-task

objectives simultaneously.

Sub-Task 1: Singularity Avoidance

The objective for this sub-task is to keep the robot manipulator away from con-
figurations that result in singularities, and hence, decrease the manipulability of the
robot manipulator. For this sub-task, let 3 () be defined as the manipulability mea-

sure of a robot manipulator given by the following definition [22]

3 = \/det [JJT] (1.49)

where det [-] is the determinant of the 6 x 6 matrix J () JT (6) and 3 () = 0 when
the robot is in a singular configuration. From (1.39), (1.45), (1.48), and (1.49), it is
clear that (3 (0) > 0 Vt, provided the sufficient conditions are met, hence meeting this

sub-task objective.

Sub-Task 2: Joint Limits

Joint limits are a mechanical constraint for almost all robot manipulators. In
(1.1), the joint angles represented by 6;(t) € Rt Vi = 1..n operate in the range of
0; € [ 0™ 0 ], where O™, 0" € R* are the minimum and maximum joint

limits for each joint, respectively. The objective for this sub-task is to keep each
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joint angle away from its respective joint limits, while executing the tracking control

objective. For this sub-task, the auxiliary signal 3 (6) is defined as follows

[T R

From (1.50), it is clear that 3 (0) > 0 as long as all joints are not at the joint limits.
From (1.39), (1.45), (1.48), and (1.50), it is clear that 3 (0) > 0 Vt, provided the

sufficient conditions are met, hence meeting this sub-task objective.

Sub-Task 3: Impact Force Configurations
For collision applications of robotic manipulators, the user often requires the abil-
ity to specify the impact force the end-effector makes with the environment. For
hammering, or chiseling applications, the user may want to maximize the impact
force, while in a medical application, the desire to have reduced collision force may be
necessary. To study these concepts, an impact force measure is defined as, F(t) € R,
which can be written as follows [23]

—(1+r)9n

F2
nTJM—lJT,r]

(1.51)

where x € R denotes the type of collision (k is either zero or one), ¥(t) € R? is the
velocity vector for the two colliding bodies, and n(t) € R? is a vector normal to the
plane of contact for the two colliding bodies, M (#) € R"*™ is the inertia matrix as
found in (1.1). Utilizing (1.51), impact force sub-task objectives can be defined to

either upper or lower bound the impact force with the environment.

Upper Bounding the Impact Force

The objective for this sub-task is to keep the robot manipulator away from pos-
tures that are “best” suited for impact with the environment for a given end-effector
velocity and point of contact, hence ¥(t) and 7n(t) are predetermined and fixed. To this
end, (), is defined as the denominator of (1.51), and can be written as follows [23]

B=n"IM . (1.52)
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Large values of 3 () indicate postures with small impact forces at the end-effector [23];
therefore, the goal of this sub-task is to force the manipulator into postures that
results in larger values of 5 (#). From (1.39), (1.45), (1.48), and (1.52), it is clear that
B (0(t)) > 0 Vt, provided the sufficient conditions are met.

Withstanding Impacts

An alternate impact sub-task is to push the robot manipulator into postures that
are “best” suited to withstand impacts with the environment. For this case, let 3 ()

be defined as the dynamic impact measure given by the following definition [23]

g2 \/det [(J+)T M2J+]. (1.53)

Large values of 3 (¢) indicate postures with high impact forces at the end-effector [23];
therefore, the goal of this sub-task is to force the manipulator into postures that
results in larger values of 5 (6) . From (1.39), (1.45), (1.48), and (1.53), it is clear that
B (6(t)) > 0 Vt, provided the sufficient conditions are met.

Remark 7 For the adaptive control paradigm, the constant parameters for the inertia
matriz M (0) are not precisely known; therefore, estimates of these parameters must
be utilized in (1.52) and (1.53) in lieu of the actual values. The matriz inverse of the
estimate of M (0) (i.e., M (0)) can be guaranteed through the use of a projection as
described in [24].

Sub-Task 4: Upper Bounding the Potential Energy
The objective for this sub-task is to keep the robot manipulator away from pos-
tures that result in an unnecessarily high level of potential energy. With the flexibility
inherent to redundant robots, a posture with less potential energy is more desirable,
thus providing an increase in system efficiency. The potential energy, p(t) € R, stored

in the manipulator can be defined as follows [22]

n

pE— Z [mug;JTPu + mmingmi] (1.54)

i=1
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where my;, My, Vi = 1..n are the joint and rotor masses, respectively, P (0) € R3

is a vector from the origin of the base frame B to the center position of the rotor,
T

Go=[0 0 —g]

g is the gravitational constant, and P; (/) € R? is a vector described as follows [22]

is the gravitational acceleration vector in the base frame where

1
P; = / P} pdV (1.55)
my; Jv,

where p € R is the density of the elementary particle of volume dV, P () € R? is
a vector from the origin of B to the center joint position. From (1.54) and (1.55), it
is clear that p(t) is a function of #(¢) and by convention is always positive. For this

sub-task, the auxiliary signal y,(t) € R is defined as follows

Yo = 1 (0). (1.56)

The goal is to force the manipulator to take postures with less potential energy.
From (1.45), (1.48), and (1.56), provided the sufficient conditions are met, it is clear
that by making the control gain kg large, v is made large (See Appendix A), and
by examining (1.45), it is clear that the potential energy will have an exponentially

decreasing upper bounded.

Remark 8 For the adaptive control paradigm, the constant parameters for the rotor
and joint masses are not precisely known, therefore, estimates of these parameters
must be utilized in (1.54) and (1.55) in lieu of the actual values as discussed in

Remark 7.

Simulation Results

To illustrate the performance of the tracking and sub-task controller presented
above, a simplified kinematic simulation was completed for a planar 3-joint revolute
robot. This robot is redundant because there are 3 joints in a 2 dimensional task-

space. For the simulation, a feedback linearization controller was utilized, and hence
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the adaptation mechanism was not required!. Specifically, the following dynamic
model was utilized

M (0)6+ N (e,é) - (1.57)

where 6(t), 7(t) € R3, the inertia matrix M (0) € R¥*3 is defined as follows

My My Mg
M(0)= | My My Mo
M My Mss

where
My = p1 + 2psc2 + 2p5c23 + 2pge3 Moy = pa + 2pgc3

My = pa + pac2 + p5c23 + 2pec3 Mss = psy + pec3
M3 = py + psc23 + psc3 M33 = ps3

where p; = 1.2746 [kg-m?], p, = 0.3946 [kg:m?], p3 = 0.0512 [kg-m?], p, = 0.4752
[kg-m?], ps = 0.128 [kg-m?], ps = 0.1152 [kg-m?] and ¢2 = cos(fs), c3 = cos(fs), and
23 £ cos (05 4+ 03), N (9, 9) € R3 represents the centripetal-Coriolis, gravitational
and frictional effects. For the potential energy simulations given below, the gravi-
tational effects G(6) = [ G1(0) G2(6) Gs5(0) }Twhere G1(0),G2(0),G5(0) € R are

defined as follows
1 1 1
G1 (9) = 577’1[191101 + mlgg(llcl + 512012) + mlgg(llcl + 12012 + 5[30123)

1 1
Gg(e) = 577’”29[2012 + mlgg(l2012 + 5[36123)

1
Gg(e) = 57’11139[30123

where the center of mass is at the midpoint of each joint, and was selected as follows:
my; = 3.6 [kg], mp = 2.6 [kg], and my3 = 2 [kg|, the joint lengths were selected as
follows: ¢; = 0.40 [m], f» = 0.36 [m], and ¢35 = 0.32 [m], the gravitational constant

LA feedback linearization controller was utilized, as opposed to an adaptive controller, to more
clearly illustrate the performance of the sub-task objective.
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was selected as follows: g = 9.8 [22;], and ¢l = cos(6;), c12 = cos(f; + 6), ¢123 £

cos (01 + 05+ 03), s1 2 sin(f;), s12 = sin(f; + 05), and 5123 = sin (6, + 0, + 03).

Feedback linearization can be used to linearize (1.57) as follows
M(0)U, + N (9,9) — 7 (1.58)

where U,(t) € R3 is the inner loop control input. After substituting (1.58) into (1.57),
we have

0=U.,. (1.59)
The task-space is defined by z(t) € R?, where z(t) £ [ z,(t) 22(t) ]T, and (1),
xo(t) € R are scalar euclidean coordinates. The planar 3-joint robot has the following

forward kinematics for the end-effector

21 | a | licl 4+ lycl2 4 l3c123 (1.60)
) o 6181 +€2812+€38123 '
and the manipulator Jacobian
J( ) N —Elsl — €2812 — €38123 —€2$12 — €3$123 —€38123 (1 61)
U= Elcl + €2012 + €30123 €2012 + €30123 €30123 '

The elimination of the dynamics and rotational tracking requirement simplifies
the control problem, therefore it is necessary to redefine some key terms to establish
a simplified closed-loop error system. The position tracking error signal e(t) € R?
can now be defined as follows

eExy—T (1.62)

where the desired trajectory z4(t) € R? is generated by the following bounded dy-

namic system

{ il } . { —0.05 sin (0.1¢) (1.63)

Za2 | | 0.004 (cos (0.1¢))* — 0.004 (sin (0.1¢))?
and can be seen in Figure 1.1.

The auxiliary control input uy(t) as defined in (1.32) can be simplified as follows
ug = J* (Kee +iq) + (Is— JTJ) h e R® (1.64)
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where K, € R?*? is a positive-definite, diagonal, control gain matrix. The inner loop

control input is defined as follows

X ) Im]
-
2

I I I I I I I I I I
-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

Figure 1.1 Desired task-space trajectory.

Ue 2 kor + g+ JTe (1.65)

where k, € RTis a positive control gain. The simplified closed-loop error system can
now be written as follows

F=—kor — Je. (1.66)

To demonstrate the performance of all the sub-task controllers, a different simulation
was completed for each sub-task. The initial conditions for the robot manipulator
in each sub-task were intentionally selected to make ((0(ty)) ~ 0 (i.e. maximize
Ya(to)) to demonstrate that (1.45) holds for each simulation run. In the case of the
potential energy sub-task, the initial conditions for the robot manipulator was selected

to maximize p(to).
Singularity Avoidance

To demonstrate the sub-task controller’s performance for singularity avoidance as

described by (1.39), (1.43) and (1.49), the robot manipulator was initially at rest at
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the following joint positions (i.e. 3 (6(ty)) = 0):
0(to) = [ 0.45[rad] 0.0[rad] 3.1[rad] |"

with the gains selected as follows

K, = diag{2,2}, ko =2, kg =1and a =4

where diag{-} denotes a diagonal matrix with arguments along the diagonal. Both the
tracking and singularity avoidance sub-task were successfully demonstrated, and can
be seen by the following figures: the manipulability measure 3 () and the tracking

error can be seen in Figures 1.2 and 1.3, respectively.

I I I I I I I
0 10 20 30 40 50 60 70 80
Time [sec]

Figure 1.2 Manipulability Measure

Joint Limits

To demonstrate the sub-task controller’s performance for joint limit avoidance as
described by (1.39), (1.43), and (1.50), the robot manipulator was initially at rest at
the following joint positions (i.e. 5(0(ty)) = 0):

0(to) = [ 0.5[rad] 1.5[rad] 3.5[rad) |"
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Time [sec]

Figure 1.3 Tracking Error (Manipulability sub-task)
with the gains selected as follows
Ky = diag{1,4}, ko =8, ksy =1 and oo = 1.
The joint limits were set to the following values

g = 95" = 0.5[rad] and 5™ = 0.1[rad]

07 = 05" = 2[rad] and 05" = 6[rad].

Both the tracking and joint limits sub-task were successfully demonstrated and can

be seen by the following figures: the auxiliary signal 3 () and the tracking error can

be seen in Figures 1.4 and 1.5, respectively.
Impact Force Configurations

Upper Bounding the Impact Force

To demonstrate the sub-task controller’s performance for upper bounding the

impact force as described by (1.39), (1.43) and (1.52), the robot manipulator was

initially at rest at the following joint positions:
0(to) = [ 0.45[rad] 0.0[rad] 2.9[rad] |"
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Figure 1.4 3 (6) for Joint Limits Avoidance Sub-Task

with the gains selected as follows

Ky = diag{4,4}, ko = 3,k = 1 and oo = 8.

The initial conditions as described in (1.67) places the robot in a configuration re-
sulting in 5 (0(ty)) = 0, (i.e. a configuration with a high impact force potential). For
this simulation, a plane of contact that is always perpendicular to xyaxis is assumed,
so n(t) = [ 10 }T and is fixed. Although contact is never made, the sub-task con-
troller works to place the robot in a configuration with less impact force potential
(i.e. B(6(t)) > B(0(ty))). Both the tracking and upper bounding the impact force
sub-task were successfully demonstrated and can be seen by the following figures: the
denominator of (1.51) which was defined as 3 (¢) and the tracking error can be seen

in Figures 1.6 and 1.7, respectively.

Withstanding Impacts

To demonstrate the sub-task controller’s performance for withstanding impacts as

described by (1.39), (1.43) and (1.53), the robot manipulator was initially at rest at
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Figure 1.5 Tracking Error (Joint Limits Avoidance Sub-Task)
the following joint positions:
0(to) = [ 0.1[rad] 1.7[rad] 4.5[rad) |" (1.68)
with the gains selected as follows
K, = diag{1,1}, ko =4, kg =1 and a = 1.

The initial conditions as described in (1.68) places the robot in a configuration with
a high impact force potential. For this simulation, a plane of contact that is always
perpendicular to desired trajectory is assumed. Although contact is never made, the
sub-task controller works to place the robot in a configuration with greater impact
force potential (i.e. 5(0(t)) > 5 (0(ty))). Both the tracking and withstanding impacts
sub-task were successfully demonstrated and can be seen by the following figures: the
withstanding impacts measure (3 (#) and the tracking error can be seen in Figures 1.8

and 1.9, respectively.

Upper Bounding the Potential Energy

To demonstrate the sub-task controller’s performance for upper bounding the

potential energy as described by (1.43) and (1.56), the robot manipulator was initially
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Figure 1.6 3 (0) for Upper Bounding the Impact Force Sub-Task

at rest at the following joint positions:
O(to) = [ 1.57[rad] 0.1[rad] 0.48[rad) |"
with the gains selected as follows
K, = diag{1,1}, kg =2 and kg = 1.

Both the tracking and upper bounding the potential energy sub-task were successfully
demonstrated and can be seen by the following figures: the potential energy measure

i () and the tracking error can be seen in Figures 1.10 and 1.11, respectively.

Conclusion

This work utilized an adaptive full-state feedback quaternion based controller de-
veloped in [1] and focused on the design of a general sub-task controller. This general
sub-task controller was developed as to not affect the tracking control objective, and
allows for the design of specific sub-task objectives. Four specific sub-tasks were
designed as follows: singularity avoidance, joint-limit avoidance, bounding the im-
pact forces, and bounding the potential energy. Simulation results are presented that

demonstrates both the tracking and sub-task objectives were met simultaneously.
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Figure 1.7 Tracking Error (Upper Bounding the Impact Force Sub-Task)
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Figure 1.8 3 (6) for Withstanding Impacts Sub-Task
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Figure 1.9 Tracking Error (Withstanding Impacts Sub-Task)
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Figure 1.10 p (0) for Upper Bounding the Potential Energy Sub-Task
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Figure 1.11 Tracking Error (Upper Bounding the Potential Energy Sub-Task)
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CHAPTER 2
COORDINATION CONTROL
FOR HAPTIC AND TELEOPERATOR SYSTEMS

Introduction

For the purposes of this research, the following definitions are made. A teleoper-
ator system enables a user to execute a remote task with an output system (i.e., a
slave system) operating in a physical environment by manipulating an input system
(i.e., a joystick or a master system) while providing feedback on the input system. A
haptic system is similar to a teleoperator system with the exception that the slave
system operates in a virtual environment. Some common application areas for teleop-
erator and haptic systems include handling hazardous materials, maneuvering mobile
robots, underwater vehicles, and microsurgery in either a physical or a virtual envi-
ronment. The operator’s ability to accurately complete these tasks is affected by the
transparency of the teleoperator or haptic system. Tactile and force feedback from
the system controller along with assistive mechanisms greatly increase the user’s per-
formance in completing the desired task [25]. Tactile and force feedback provides the
user of the system with a sense of feel or sense of telepresence [26] of what the slave
system is experiencing in either a physical or a virtual environment. Assistive mech-
anisms can be integrated into the system controller in various ways. One example,
which will be discussed further in subsequent sections of this chapter, is the encoding
of a tracking objective in the master system that assists the user in completing a pre-
defined task (i.e., consider a teleoperator grinding application where the remote user
controls the slave system to track a repeated circular path to complete the desired
task).

Both the teleoperator and/or haptic problem are theoretically challenging due
to issues that impact the user’s ability to impart a desired motion on the remote

environment while maintaining a sense of feel through the system controller. This
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problem is further complicated due to the fact that master system apparent inertia is
normally very different than that of the slave system that is operating in the remote
environment, be it physical or virtual. If the apparent inertia of the master system
could be adjusted by the system controller to appear like that of the slave systems, the
operator’s sense of telepresence would be achieved, hence, increasing the user’s ability
to operate the slave system. To address the above control objective, commercially
available haptic systems come in two distinct classes: impedance controlled devices,
and admittance controlled devices [27]. Both classes have advantages/disadvantages
depending on the application, see [25] and [27] for more details.

The focus of some of the previous teleoperator system research has been to achieve
ideal transparency between the environment and the user. In [28], Hannaford modeled
the teleoperator system as a two-port network where an estimate of the impedance
of the slave system is required to achieve transparency. In [29], a priori knowledge of
the environmental inputs to the slave system is required to achieve the transparency
control objective. Controllers aiming at low-frequency transparency were suggested
in [30], [31], and [32]. Frequency-based control designs given in [28], [29], [30], [31], and
[32] are for linear teleoperator systems. The concept of the four-channel architecture,
which assumes knowledge of system impedances was introduced by the authors of [31]
and [33]. To overcome parametric uncertainties, common in teleoperator systems,
adaptive controllers were developed in [34], [35], [36], [37], [38], and [39].

Other research has focused on maintaining safe and stable operation of the teleop-
erator system through passivity concepts. In [40], Anderson and Spong transformed
the time delay problem of the teleoperator system into a transmission line problem
and presented a controller for the communication circuit that guarantees passivity
of the teleoperator system independent of time delay present in the communication
block. In [41], Niemeyer and Slotine extended the results in [40], and introduced
wave-variables formulation to represent transmission delays, which results in a new

configuration for force-reflecting teleoperation. These results were then extended to
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solve the position tracking problem where [42] and [43] provided a solution when
the time delay is constant and [44] provided a solution when the time delay is time-
varying. In [45], a passive decomposition for linear dynamically similar systems is
introduced. In [46], Lee and Li extended these results to define a nonlinear decom-
position which achieves passivity of the master and the slave robots by decomposing
the closed-loop teleoperator system into two sub-systems. The reader is referred
to [47], [48], and [49] for improvements of passive decomposition. In [50] and [51],
Lee suggested a controller for a master and multiple cooperative slave robots over a
communication network in the presence of a time delay. In [52], Hannaford and Ryu
proposed a passivity based model-insensitive approach that measures the total energy
of the system and damps excess energy by injecting a variable damping, which was
then extended in [53].

In this chapter, the work in [54] is extended so that it is applicable for the control
of both teleoperator and haptic systems. Two controllers are developed for nonlinear
haptic and teleoperator systems that target coordination of the master and slave.
The first controller is proven to yield a semi-global asymptotic result in the presence
of parametric uncertainty in the master and slave dynamic models provided the user
and environmental input forces are measurable; henceforth, referred to as the MIF,
(measurable input force) controller. The second controller yields a global asymptotic
result despite unmeasurable user and environmental input forces (UMIF) provided the
dynamic models of the master and slave systems are known. This development differs
from [54], in that the transformation and target system development are both modified
to allow the master system’s impedance, felt by the user, to be adjusted so that it
closely matches that of a desired target system operating in a remote environment.
This work also provides the encoding of a velocity field assist mechanism to provide the
user help in controlling the slave system in completing a pre-defined contour following
task. To achieve these control objectives, a continuous nonlinear integral feedback

controller /observer (see [55] and [56]) is exploited to compensate for the lack of master
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and slave dynamics information or user and environmental force measurements. For
each controller, Lyapunov-based techniques are used to prove that the controller
development implements a stable coordinated haptic/teleoperator system with the
optional assist mechanism enabled. When this mechanism is disabled, the subsequent
analysis proves the controller development implements a stable passively coordinated
haptic/teleoperator system. The passivity objective is motivated to ensure the safety
of the user and the environment when in contact with the haptic/teleoperator system.

Simulation results are presented for proof of concept for both controllers.

System Model

The mathematical model for a 2n-DOF nonlinear haptic/teleoperator system con-
sisting of a revolute n-DOF master and a revolute n-DOF slave system are assumed

to have the following forms

Ml (l’m)l'm+N1 (l’m,l’m) :T1+FH (21)

M2 (Z'S)Zi's—l—NQ (l’s,l"s) :TQ—I—FE (22)

In (2.1) and (2.2), z,, (), T (t), T (t) € R™ denote the task-space position, velocity,
and acceleration for the master system and z; (), @5 (t), s (t) denote the task-space
position, velocity, and acceleration for the slave system, M (x,,), My (xzs) € R™"
represent the inertia effects, Ny (2, T), Na (x5, 45) € R™ represent other dynamic
effects, Ty (t), T» (t) € R” represent the control input vectors, Fy (t) € R™ represents
the user input force, and Fg (t) € R™ represents the input force from the physical or
virtual environment. End-effector positions z,, (t) and z, (t) can be decomposed as
follows

T T]T Isé[IT :L,T}T

xT

A
Ty = |: xmp mr

where x,,, (t), s, (t) € RP represent position vectors and x,, (t), x5 (t) € R” rep-

resent orientation angle vectors, where the integers p and r satisfy p + r = n. The
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subsequent development utilizes the property that the master and slave inertia ma-

trices are positive definite, symmetric and satisfies the following inequalities [15]
2 _ T 2
mag [|E]7 < € M; (-) € < ma [[€] (2.3)

V¢ € R™ and ¢ = 1,2 where my;, mg; € R are positive constants, and ||-|| denotes
the Euclidean norm. To achieve the control objectives, the subsequent development
is derived based on the assumption that z,, (t), zs (t), @, (t), s (f) are measurable,

and M; (), N; (+) are second order differentiable for i = 1, 2.

Assumption 1 The user input force and the environmental force along with their
first and second time derivatives, Fy (t), Fy (1), Fy (), Fg (t), Fg (t), and Fg (t) are
bounded (see [45] and [46] for the precedence of this type of assumption,).

Measurable Input Forces (MIF) Control Development

For the MIF controller development, the following analysis will prove a semi-global
asymptotic result despite parametric uncertainty in the master and slave system dy-
namic models provided the user and the physical or virtual environmental input forces
are measurable. It should be noted that for many types of virtual slave systems, the
dynamic model of the virtual slave is known a priori; however; unstructured uncer-

tainties in the dynamic model are common for teleoperator slave systems.
Control Objective and Model Transformation

A control objective for haptic and teleoperator systems is to ensure the coordina-
tion between the master and the slave systems and to meet the tracking objective in

the following sense

zs(t) — xp(t) ast — o0 (2.4)

T (t) — &4(t) ast — oo (2.5)
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where £, (t) € R™ is a subsequently designed desired trajectory. Another sub-control
objective is to guarantee that the closed-loop system remains passive with respect to
the user and the physical/virtual environmental power in the following sense [46]
t
/t (xfl (1) Fg (1) + I’Z (1) Fg (7‘)) dr > —c% (2.6)
0
where ¢; € R is a bounding constant. The passivity objective is motivated to ensure
the safety of the user and the physical environment [46]. The final objective is that
all signals are required to remain bounded within the closed-loop system. It should
be noted that, the passivity objective is not met when the subsequently presented
user assist mechanism is enabled.
To facilitate the subsequent development, an invertible transformation is defined

that encodes the control objectives as follows
2 T 17T
v 2S5 ol ol ] (2.7)
where z (t) € R* and S € R?*?" is defined as follows

5ol O] 29

where I,, € R™*" denotes the identity matrix, 0,,, € R"*" denotes a matrix of zeros,
and it is noted that S~ = S. After utilizing the transformation defined in (2.7), the
dynamic models of the haptic/teleoperator systems given in (2.1) and (2.2) can be
combined as follows

Mi+N=T+F (2.9)

where N (x,3), T (), F'(t) € R*™ and M (x) € R?"2" are defined as follows

M £ T { 0. m”}s—l (2.10)
N & T[N NPT (2.11)
T2 st Tyt (2.12)
F 2 sTFy FET (2.13)
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The subsequent development utilizes the property that M (z) is positive definite,

symmetric and satisfies the following inequalities [15]
_ 2 _ Ty . 2
my [|€]]° < &M (x) € < my [[€]] (2.14)

V¢ € R?™ where m;, my € R are positive constants. By utilizing the assumption that
M; (), N;(-) are second order differentiable for i = 1,2, it is clear that M (-) and
N (+) are also second order differentiable.

To facilitate the development of the error system, the filtered tracking error signal,

denoted by r (t) € R*", is defined as follows
rEéy+ajes (2.15)
where e, (t) € R?" is defined as follows
ey 2 é1 + agey (2.16)
where ay, as € R are positive control gains, and e; () € R?" is defined as follows
e1 = g — 7. (2.17)
The error signal e; (t) can be decomposed as follows
er £ [ el e, }T (2.18)

where ey (t) € R™ represents the master system tracking error, and e (t) € R”
represents the coordination error. In (2.17), x4 (t) € R*" is defined as follows
]T

r2 [ & of (2.19)

where 0,, € R" denotes a vector of zeros. Based on the definition of z (¢) in (2.7) and
ey (t) in (2.17), it is clear that if ||e; (t)|] — O then x4 (t) — z,,, (t) and z,, (t) — &, (1) .
The desired trajectory &, (t) introduced in (2.5) is generated by the following

second-order coupled dynamic target system

Ei= o7 (E,) 0F "+, (2:20)
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Mriy+ Brng + KrAg = F (2.21)

where 7, (t) € R™ is an auxiliary filter signal, My, By, Kr € R™" are constant
positive definite, diagonal matrices, ¢ (-) € R? is a velocity field function [57] that
encodes the user assist mechanism, 0, € R" denotes a vector of zeros, 7y is a constant
gain that is either 0 or 1. It should be noted that, when v = 0, the user assist
mechanism is disabled, and when v = 1, then the user assist mechanism is enabled.

In (2.21), F (t) € R™ is defined as follows
F & Fy+ Fp. (2.22)

Also, in (2.21) the term A4 () € R™ is defined as follows

t T
MES—7] [ (&, ()dr Of (2.23)
to
where £, (t) is generated by the differential equation of (2.20), and can be decomposed

as follows
T
=6 & ] (2.24)
where &, (t) € RP represents a position vector, and &, (t) € R" represents an orienta-

tion angle vector.

Remark 1 Velocity fields have been utilized in previous control literature, see [57]
and [58] for their definition and application. The velocity field function in (2.20)
is integrated to assist the user in executing a remote task (i.e., tracking a circular
contour). It is assumed that the velocity field function is designed such that ¢ (-),
@ (), ®(-) and P (-) are bounded provided that their arguments are bounded.

Remark 2 The velocity field function ¢ () is assumed to be designed such that, from
(2.20), if n,(t) € Lo then £;(t), &, (t) € Loo. Based on this assumption and the
analysis in Appendiz B, it is easy to show that all signals in dynamic target system
given in (2.20) and (2.21) are bounded, and that the higher order derivatives are also
bounded.
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Remark 3 [t should be noted that, when the user assist mechanism is disabled, (i.e.,
v = 0) the target system defined by (2.20) and (2.21), becomes a standard impedance

model as follows

MT%d + BTéd + K7y = F. (2.25)

Closed-Loop Error System

Based on the assumption that the user forces Fiy (t), and the physical /virtual en-
vironmental forces Fg (t), are measurable, the control input T (t) of (2.9) is designed

as follows

T=u—F (2.26)

where u (t) € R?" is a subsequently designed auxiliary control input. Substituting

(2.26) into (2.9) results in the following simplified dynamic system
Mi + N = . (2.27)

After taking the time derivative of (2.15) and premultiplying by M (x), the following

expression can be derived
My = M g+ Mi + N — @t +asMé; + oy Mé (2.28)

where (2.16), (2.17), and the time derivative of (2.27) were utilized. To facilitate the

subsequent analysis, the expression in (2.28) can be arranged as follows

Mf’:N+Nd—62—u—%MT (2.29)

where N (z,4,%,t) € R2" is defined as follows
N2N - N, (2.30)

where N (z,4,7%,t) € R* is defined as follows
NéMid+M§é+a2Mé’1+a1Mé2+e2+N+%Mr (2.31)
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and Ny (t) € R?" is defined as follows
(2.32)

A
2 Nl
T=x4, T=Tq, T==Lq

Ny
i:d + M (S(Zd) L'L.’d—i‘ N (S(Zd, S(Zd) .

= M (S(Zd)
Remark 4 After utilizing (2.19), (2.32) and the fact that we show in Appendiz B,

then | N4 (t)|| and HNd (t)H can be upper bounded as follows
(AGTETT 0] (2.33)

where ¢1, 5o € R are known positive constants.

To achieve the stated control objectives, the auxiliary control input @ (¢) intro-

duced in (2.26) is designed as follows
t
i = (]fs+ 1) |i62 (t) — €9 (to) —|—041/ €9 (T)dT}
to
(2.34)

By + B) / sgn (es () dr

to
where k;, (3, 35 € R are positive control gains, and sgn (-) denotes the vector signum
function. The term ey (¢y) in (2.34) is used to ensure that @ (ty) = 0, where 0y, € R?"

denotes a vector of zeros. The time derivative of (2.34) is obtained as follows
(2.35)

u= (ks + 1)1+ (8, + B,) sgn (e2)

where (2.15) was utilized. Substituting (2.35) into (2.29) results in the following
(2.36)

closed-loop error system
+N+Nd—62—§MT.

M7 = = (ks + 1) 7 = (81 + B5) sgn (e2)
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Stability Analysis

Theorem 3 The controller given in (2.26) and (2.34) guarantees that all the system
signals are bounded under the closed-loop operation and that coordination between the

master and the slave systems, and the tracking objective are met in the sense that

Ts(t) — xp(t) ast — oo (2.37)

T (t) — &) ast — oo (2.38)

provided the control gain (3, introduced in (2.34) is selected to satisfy the following
sufficient condition

1
By > 61+ —6 (2.39)
(€3]

where ¢1 and sy were introduced in (2.33), the control gains ay and oo are selected
greater than 2, and kg is selected sufficiently large relative to the system’s initial

conditions.
Proof. See Appendix C.

Theorem 4 The controller given in (2.26) and (2.34) guarantees the closed-loop sys-
tem is passive with respect to the user and the physical/virtual environmental power

when the user assist mechanism is disabled (i.e., v =0).
Proof. See Appendix D.

MIF Controller Simulation Results
A numerical simulation was performed to demonstrate the performance of the
MIF controller given in (2.26) and (2.34). A 2-link, revolute robot dynamic model
was utilized for both the master and slave systems [59] where M; (-) and N;(-) are
defined as follows

3.12 4 2sin (g;2) 0.75 + sin (giy) } (2.40)

M; = {0.75+sin(qi2) 0.75

N = sin (gio) iz sin (giz) (din + Gia) di
' —sin (¢i2) gn 0 di2
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where ¢ = 1 denotes the master system and ¢ = 2 denotes the slave system. By
utilizing the forward kinematics [59], the task-space dynamic model is used in the
simulation. The task-space user and environmental input forces were set equal to the

following time-varying signals

[ —sin() [ —0.18¢4 — 0.3z
Fa= { — cos(t) ] Fe= { —0.18%4 — 0.3z | (241)

The target system, described by (2.20) and (2.21), is defined as follows

&, =70 (&,) + 14 (2.42)
My { i } =Fy+ Fg (2.43)
ndy

where My = I, where I, € R**? denotes the identity matrix and the terms Br,
and Kr are selected to be zero. The following planar task-space velocity field was
utilized [58]

P(6) 2 2K (6) 1 ()6 +2(6) | £ 24

pT
where &, = [ &, &,y ]T is the desired end-effector position, and f (-), K (-),c(-) € R

are defined as follows

f&) & e+, -1 (2.45)
. of (¢, B
K () = K (\/fz (&) ";f) +e>
, oo (Cn/f ()
(&) )
€,

In (2.45), 1, = 1 [m] denotes the circle radius, k, = 3 [ms™'], ¢ = 0.005 [m?], ¢, = 0.25
ms™'], and p = 20 [m™'] were selected for the simulation. For the simulation, the
user assist mechanism is enabled, hence, v = 1. The controller gains are selected as
ks =100, 8, + By = 100, and oy = ap = 2.

In Figure 2.1, the desired end-effector position &, (t) is presented when the user

assist mechanism is disabled (i.e., v = 0) where the environmental force vector Fg (t)
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is assumed to be zero. From Figure 2.1, it is clear that the user can create a circular
desired trajectory. For the remaining simulation runs, environmental force vector
Fg (1) is set to be a spring-like input force vector, as defined in (2.41). The desired
end-effector position &, (t), when the user assist mechanism is disabled (i.e., v = 0)
and when the user assist mechanism is enabled (i.e., 7 = 1) are presented Figure 2.2.
From Figure 2.2, it is clear that the user can not create a circular desired trajectory
in the presence of the environmental input force. When the user assist mechanism is
enabled (i.e., v = 1), then the user can create a circular desired trajectory even in
the presence of environmental force. The end-effector positions for the master and
the slave systems are given in Figures 2.3 and 2.4, respectively. The master system
tracking error ey (t) and coordination error ejs (t) are presented in Figures 2.5 and
2.6, respectively. From Figures 2.5 and 2.6, it is clear that tracking and coordination
control objectives defined in (2.4) and (2.5), are met. The control inputs for the
master system 77 (t) and the slave system T, (¢) are provided in Figures 2.7 and 2.8,

respectively.

Starting
Paint

Figure 2.1 The desired end-effector position &, () when the user assist mechanism is
disabled (i.e., 7 = 0) and the environmental input force Fg (¢) is assumed to be zero

Un-measurable Input Forces (UMIF) Control Development

For the UMIF controller development, the following analysis will prove a global

asymptotic result despite unmeasurable user and environmental input forces provided
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= = = when the user assist mechanism is disabled
when the user assist mechanism is enabled

Figure 2.2 Desired End-Effector Position ¢, (1)

Initial Position

Final Position

Figure 2.3 Master System End-Effector Position z,, (¢) when the user assist
mechanism is enabled (i.e., v = 1)

the dynamic models of the master and slave systems are known. Assumption 1 is also
utilized for the subsequent development. It should be noted that, for many types of
virtual slave systems, the virtual environmental forces are measurable; however, the

user input force may not be measurable.
Control Objective and Model Transformation

A control objective for haptic and teleoperator systems is to guarantee coordina-

tion between the master and the slave systems and to meet the tracking objective in
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Figure 2.4 Slave System End-Effector Position x (f) when the user assist
mechanism is enabled (i.e., v = 1)

the following sense

zs(t) — xp(t) ast — oo (2.46)

Tm (t) — & (1) ast — o0 (2.47)

where &, (t) € R™ is a subsequently designed desired trajectory. Another sub-control
objective is to guarantee that the system remains passive with respect to the user and
the environmental power as in (2.6). It should be noted that the passivity objective
is not met when the user assist mechanism is enabled. The final objective is that all
signals are required to remain bounded within the closed-loop system.

To facilitate the subsequent development, an invertible transformation is defined

that encodes the control objectives as follows
A xm On
xr=S5 + 2.48
-l 249
where z (t) € R?*™ and &, (t) € R" is a subsequently defined desired trajectory, and

S € R was defined in (2.8). After utilizing the transformation defined in (2.48),

the dynamic models of the haptic/teleoperator system given in (2.1) and (2.2) can be
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Figure 2.5 Master System Tracking Error ey (t) when the user assist mechanism is
enabled (i.e., v =1)

combined as follows

Méé—M{g"]JrN:TjLF (2.49)
2

where M (x), N(z, ), T (t), and F (t) were defined in (2.10)-(2.13).
The filtered tracking error signal denoted by 7 (t) € R?" is defined as follows

r2éy+ey (2.50)
where e, (t) € R?" is defined as follows
es = M (é1 + aey) (2.51)
where a € R is a positive control gain, and e; (t) € R?*" is defined as follows
e1 =€~ (2.52)

where £, (t) is a subsequently defined desired trajectory. The error signal e; (t) can
be decomposed as follows

er £ [ ey e, }T (2.53)

where ey (t) € R”™ represents the master system tracking error, and ey (t) € R”

represents the coordination error.
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Figure 2.6 Coordination Error ejs (¢) when the user assist mechanism is enabled
(ie, v=1)

To compensate for the unmeasurable user and physical/virtual environmental
forces, a nonlinear force observer is designed subsequently. This nonlinear observer is
utilized in driving the target system, thus requiring a 2n-dimensional system. As a
result of this fact, the desired trajectory, defined as &, (t) € R?", is generated by the

following second order coupled dynamic target system?

£4=" [ T (flp) 0F }T + Mg (2.54)

MThd + BTnd + KT)\d = (MMEl)_l F (255)

where 7, (t) € R? is an auxiliary filter signal, M (x) was defined in (2.10), My, Br
and K7 € R?"*?" represent constant, positive definite, diagonal matrices, a (t) € R*"
is a subsequently designed nonlinear observer, ¢ (-) € RP was introduced (2.20),
0s € R?® denotes a vector of zeros where s +p = 2n, and v is a constant gain that
is either 0 or 1. It should be noted that, when v = 0, the user assist mechanism is

disabled, and when v = 1, then the user assist mechanism is enabled. In (2.55), the

2For the existence of (]\7[M:F1)71 see Appendix H.
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Figure 2.7 Control Input for Master System 7} (¢) when the user assist mechanism is
enabled (i.e., v =1)

term A\g (t) € R*" is defined as follows

n T
M2 =7 [T (&, ()dr 0F (2.56)

where &, (1) £ [ & &) }T is generated by the differential equation given in (2.54)
where &, (), & (t) € R". The desired trajectory for the master system denoted by
&, (t), can be decomposed as follows

]T

a8, & (2.57)

where &, (t) € R? represents a position vector, and &, (t) € R” represents an orien-

tation angle vector.

Remark 5 The velocity field function ¢ () is assumed to be designed such that, from
(2.54), if g (t) € Log then £4(t), £4(t) € Los. Subsequent analysis will prove that
F (t) € Loo. After utilizing these facts along with (2.14), the analysis in Appendiz G
proves that all signals in the dynamic target system given in (2.54) and (2.55) are
bounded.
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Figure 2.8 Control Input for Slave System T5 (¢) when the user assist mechanism is
enabled (i.e., v =1)

Remark 6 Although the desired trajectory dynamics defined in (2.54) and (2.55)
generated a 2n-dimensional signal, it should be noted that the master system tracks
an n-dimensional signal, denoted as &, (t). The use of a 2n-dimensional desired tra-
jectory generator is a consequence of the fact that both the user input force and the
physical /virtual environmental force are unmeasurable, and hence, a 2n-dimensional
nonlinear force observer must be utilized to drive the target system as defined in (2.55).
From the definition of the transformation and the error signal eq (t) (see (2.48) and
(2.52)), it is clear that additional set of desired trajectory dynamics, denoted by &, (t),

are eliminated in the error system development.

Remark 7 It should be noted that, when the user assist mechanism is disabled (i.e.,
v = 0), then the target system defined by (2.54) and (2.55), becomes an impedance

model described as follows
Mré, + Bréy + Kr€y = (MM;') " F. (2.58)

Closed-Loop Error System
To develop the closed-loop error system for r (¢), error system dynamics for e; (¢)

and ey (t) are derived first. After taking the second time derivative of (2.52) and
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premultiplying by M (), the following expression can be derived

_ . _ _To, _
Mé, = F— (MMT_I) (Brng + Krhg) — M [ 5 ] + N
2

TPt ([ (6,) o7 ]") (2.59)

where (2.49), (2.54) and (2.55) were utilized. Based on the assumption of exact model

knowledge, the control input 7'(t) is designed as follows

_ _ _ _ On
T é Tl — (MMJTl) (BTnd + KT)\d) - M { f :|
2

NS ([ (6,) 07 ]") (2.60)

where T1(t) € R?" is a subsequently designed auxiliary control input. Substituting
y

(2.60) into (2.59) results in the following simplified expression

Mé, = F —F —Ty. (2.61)
The time derivative of es(t) in (2.51) can be obtained as follows
¢y =M é,+a M ey +allé, +F—F—T, (2.62)

where (2.61) was utilized. Based on (2.62), the auxiliary control input 7} (¢) is designed
as follows

Ty 2M é1+a M e, + allé,. (2.63)

After substituting (2.63) into (2.62), the following simplified expression is obtained

A

éy=F —F. (2.64)

Taking the time derivative of (2.64) results in the following expression

¢y =F — F . (2.65)
The error system dynamics for r (¢) can be derived by taking the time derivative of
(2.50)

F=r—et+ F—F (2.66)
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where (2.50) and (2.65) were both utilized. To achieve the stated control objectives,
the proportional-integral like nonlinear observer F(¢) introduced in (2.55) is designed
as follows

P2 —(k+1) [62(t)—e2(t0)+/te2(7)d7}

to

(61 + ) / sgn (e (7)) dr (2.67)

to
where ks, §,, and 3, € R are positive control gains. The term es (t() is used to ensure

that F (ty) = 0,. The time derivative of (2.67) is obtained as follows
F= = (ks + 1)1 = (81 + B2) sgn (e2) (2.68)

where (2.50) was utilized. Substituting (2.68) into (2.66) results in the following

closed-loop error system

F=—ey— F —ky — (B, + By) sgn (e3) . (2.69)

Remark 8 After utilizing (2.13) and Assumption 1, then HF (t)|| and HF’ (t)|| can
be upper bounded as follows

IFo)<s ||Fo|<s (2.70)

where ¢3, ¢4 € R denote positive bounding constants.

Stability Analysis

Theorem 5 The controller given in (2.60) and (2.63) guarantees that all signals are
bounded under closed-loop operation and that coordination between the master and the

slave systems, and the tracking objective are met in the sense that

Ts(t) — xp(t) ast — oo (2.71)

T (t) — & (1) ast — (2.72)
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provided the control gain 3y, introduced in (2.67) is selected to satisfy the sufficient
condition

B> S5+ Sa, (2.73)

where s3 and 4 were introduced in (2.70).
Proof. See Appendix E.

Theorem 6 The controller given in (2.60) and (2.63) guarantees that the haptic/tele-
operator system is passive with respect to the user and the physical/virtual environ-

mental power when the user assist mechanism is disabled (i.e., v =0).
Proof. See Appendix F.

UMIF Controller Simulation Results

A numerical simulation was performed for the UMIF controller given in (2.60) and
(2.63). The 2-link, revolute robot dynamic model introduced in (2.40) was utilized
for both the master and slave systems. By utilizing the exact model knowledge of the

simulated system, F (¢) introduced in (2.13) is defined as follows
(2.74)

where Fy (t) and Fg (t) were defined in (2.41). The planar task-space velocity field
defined in (2.44) was utilized with the same parameters. The constants for the target
system, described by (2.55), are set to My = I, where I, € R*** denotes the identity
matrix and the terms Br and Kp are selected to be zero. The controller gains are
selected as ks = 100, 8, + 5 = 100, and o = 1.

The desired end-effector position £, (), when the user assist mechanism is dis-
abled (i.e., v = 0) and when the user assist mechanism is enabled (i.e., v = 1)
are presented Figure 2.9. From Figure 2.9, it is clear that the proposed user assist
mechanism provides a major improvement to the desired end-effector position. The

end-effector positions for the master and the slave systems are given in Figures 2.10
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and 2.11, respectively. The master system tracking error ej; (t) and the coordination
error e (t) are presented in Figures 2.12 and 2.13, respectively. From Figures 2.12
and 2.13, it is clear that tracking and coordination control objectives defined in (2.46)
and (2.47), are met. The control inputs for the master system 7} (¢) and the slave
system T3 (t) are provided in Figures 2.14 and 2.15, respectively. The output of the

nonlinear force observer F (t) is presented in Figure 2.16.

Initial Position
Final Position

Figure 2.10 Master System End-Effector Position z,, (¢) when the user assist
mechanism is enabled (i.e., v = 1)
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Figure 2.11 Slave System End-Effector Position x4 (f) when the user assist
mechanism is enabled (i.e., v = 1)

Conclusion

Two controllers were developed for nonlinear haptic and teleoperator systems that
target coordination of the master and slave. The first controller was proven to yield a
semi-global asymptotic result in the presence of parametric uncertainty in the master
and slave dynamic models provided the user and environmental input forces are mea-
surable. The second controller was proven to yield a global asymptotic result despite
unmeasurable user and environmental input forces provided the dynamic models of
the master and slave are known. A transformation along with an adjustable target
system were utilized that allows the master system’s impedance to be adjusted so
that matches a desired target system operating in a remote physical/virtual environ-
ment. This work also presented an optional strategy to encode a velocity field assist
mechanism that provides the user of the system help in controlling the slave system
in completing a pre-defined contour following task. For each controller, Lyapunov-
based techniques were used to prove the control development implements a stable
coordinated teleoperator/haptic system with a user assist mechanism. When the
optional velocity field assist mechanism is disabled, the analysis proved the control

development implements a stable passively coordinated teleoperator/haptic system.
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Figure 2.12 Master System Tracking Error e;; (f) when the user assist mechanism is
enabled (i.e., v =1)
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Figure 2.13 Coordination Error ejs (t) when the user assist mechanism is enabled
(ie,y=1)
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Figure 2.14 Torque Input for Master System 77 (t) when the user assist mechanism
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Figure 2.15 Torque Input for Slave System 75 () when the user assist mechanism is
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Figure 2.16 The Output of the Nonlinear Force Observer F' () when the user assist
mechanism is enabled (i.e., v = 1)
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CHAPTER 3
ADAPTIVE CONTROL OF FLAT MULTI-INPUT
MULTI-OUTPUT NONLINEAR SYSTEMS WITH
ADDITIVE DISTURBANCE

Introduction

Arguably, an interesting control problem is one that is both challenging from a
theoretical perspective and applicable to real systems — the family of “flat” nonlinear
systems appears to embody both of these properties. A flat system is characterized
by a dynamic model where there exists a set of special outputs (equal to the number
of inputs) such that the states and the inputs can be expressed in terms of outputs
and a finite number of its derivatives [60]. A surprising number of practical machines
match this form including mobile robots and cars, cars with multiple trailers, un-
derwater vehicles, crane systems, induction motors, and planar satellite/manipulator
systems [61], [62]. The reader is referred to [61] and [62] for a more detailed explana-
tion of flatness and its applications to physical systems. It is the case of multi-input
multi-output (MIMO) flat systems with parametric uncertainty and bounded distur-
bances that is considered here. Review of the basic control problem suggests and
disqualifies certain solutions. It is probably wise at the outset to discard an exact
model-based control approach for this problem given that any parameter estimation
error and disturbances are not directly addressed, and hence, the system performance
and stability cannot be predicted a priori. Given the parametric uncertainty in the
proposed class of systems to be studied, an adaptive control solution may be war-
ranted. However, an adaptive controller designed for a disturbance free system model
may not compensate for the disturbances and may even go unstable under certain
conditions. Enhancing the adaptive control approach with a robust component to
form a robust adaptive controller can generally guarantee closed-loop signal bound-

edness in the presence of the additive disturbances. Unfortunately, while a robust
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adaptive controller can potentially guarantee the convergence of the tracking error to
a bounded set (i.e., the tracking error can’t necessarily be driven to zero) the asymp-
totic tracking result (where the tracking error is driven to zero) that would be shown
for an adaptive controller applied to the disturbance free model will be lost. These
trade-offs in performance and robustness have framed the last ten years of research
in robust adaptive control.

Review of relevant work highlights some of the different tacks used to approach
this problem. An adaptive backstepping controller was shown by Zhang and Ioan-
nou in [63] for a class of single-input/single-output (SISO) linear systems with both
input and output disturbances. The proposed controller demonstrates the use of a
projection algorithm to bound the parameter estimates and guarantees an ultimately
bounded tracking error. In an alternate approach, the work of Polycarpou and Ioan-
nou [64] demonstrate a leakage-based adaptation law to compensate for parametric
uncertainties. The proposed robust adaptive backstepping controller is applicable
to a class of higher-order SISO systems with unknown nonlinearities. The suggested
control law guarantees global uniform ultimate boundedness of the system state (with
some restrictions on the bounding functions of the nonlinearities). Robust adaptive
control laws were developed in [65], utilizing the modular design introduced in [66]
and a tuning function design, for a class of systems similar to that studied in [64].
These authors show estimates on the effect of the bounded uncertainties and external
disturbances on the tracking error. In [67], an adaptive backstepping controller for
linear systems in the presence of output and multiplicative disturbances is designed.
Ikhouane and Krstic, added a switching o-modification to the tuning functions to
obtain a tracking error proportional to the size of the perturbations. Marino and
Tomei [68] proposed a robust adaptive tracking controller that achieves bounded-
ness of all signals. The result is based on a class of SISO nonlinear systems that
have additive disturbances but also unknown time-varying bounded parameters. It

is significant that the result shows arbitrary disturbance attenuation. In [69], Pan

56



and Basar proposed a robust adaptive controller for a similar class of systems in [68],
where the tracking error is proven to be Lo—bounded. In [70], Ge and Wang proposed
a robust adaptive controller for SISO nonlinear systems with unknown parameters
in the presence of disturbances, which ensure the global uniform boundedness of the
tracking error.

Most of the research in adaptive control discussed above has focused on the con-
vergence of the error signals and boundedness of the closed-loop system signals. As
the sophistication in adaptive control techniques has evolved, additional questions
about system performance have arisen. Notably, the final disposition of the param-
eters estimates in the closed-loop system has been examined. It is well established
that without persistent excitation at the input, it is not typically possible to show
the convergence of the parameter estimates to the corresponding system values (with
an exception being a least-squares algorithm). In fact, for gradient and Lyapunov-
type algorithms, convergence to a constant value, is typically not even guaranteed.
Krstic summarizes this question well in [71] and also begins to provide some answers.
In [71], it is shown that for the proposed adaptive controller; the parameter estimates
will reach constant values after a sufficient amount of time. It is shown that the
adaptation mechanism can be “turned off” after sufficient time and that the learned
parameters can be used in a non-adaptive controller of the same structure to stabilize
a restart of the system from new initial conditions. An important goal of the present
work is to include a statement on parameter estimate limits for a controller proposed
for the flat systems.

A recent paper by Cai et al. [72] presented a robust adaptive controller for MIMO
nonlinear systems with parametric uncertainty and additive disturbances. With some
restrictions placed on the disturbances, it was assumed that the disturbance is twice
continuously differentiable and has bounded time derivatives up to second order, the
proposed controller was proven to yield an asymptotic output tracking result. How-

ever, no mention of the convergence of the parameter estimates was made. Thinking
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out loud for a moment, it might stand to reason that if the robust part of the controller
is compensating for the disturbances and an asymptotic tracking result is obtained
then perhaps something special is happening to the parameter estimates. Exploring
this vague notion with mathematical rigor, we will show that with a minor modifi-
cation to the control in [72] and with some additional analysis of the stability result,
we are able to formulate a new conclusion about the parameter estimates. What is
shown is that this robust adaptive controller will yield constant parameter estimates
even in the presence of the disturbance. The stability analysis parallels that presented
in [72] but with the extended analysis the convergence of the parameter estimates is
demonstrated. The main contribution of this research is to add to the small number
of results where parameter convergence has been shown. In the second part of the
chapter, a learning controller for the same class of flat systems is designed under the
assumption that the reference trajectory is periodic (for past research related to the
design of learning controllers, reader is referred to [73], [74], [75] and the references
therein). This controller is proven to yield a semi-global asymptotic result in the
presence of additive disturbances. In the design of both controllers, a continuous
nonlinear integral feedback controller (see [76]) is utilized and Lyapunov-based tech-
niques are used to guarantee that the tracking error is asymptotically driven to zero.
Numerical simulation results are presented for both controllers to demonstrate their

viability.

Adaptive Control Development

Problem Statement

A system model for the flat nonlinear systems is considered to be of the following

form

2™ = f+ G (u+d)+dy (3.1)

where () (t) € R™,i =0, ..., (n — 1), are the system states, f (:c, &, .., 9) e R™

and G (x,:t,...,x(”_l),e) € R™*™ are nonlinear functions, # € RP is an unknown
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constant parameter vector, d; (t),dy (t) € R™ are unknown additive nonlinear distur-
bances, and u (t) € R™ is the control input. The system model is assumed to satisfy

the following assumptions.

Assumption 1 The nonlinear function G (-) is symmetric, positive definite and sat-

isfies the following inequalities
mllEl* <ETM()E<m()|E]* VEeR™ (3-2)
where M (z,&,...,2"™,0) € R™™ is defined as
M=G! (3.3)

and m € R is a positive bounding constant, m (x, Tyonns x("_l)) € R is a positive, glob-
ally invertible, nondecreasing function of each variable, and ||-|| denotes the Fuclidean

norm.

Assumption 2 The nonlinear functions, f(-) and G (-), are continuously differen-

tiable up to their second derivatives (i.e., f (-),G(-) € C%).
Assumption 3 The nonlinear functions, f (-) and M (+), are affine in 6.

Assumption 4 The additive disturbances, dy (t) and ds (t), are assumed to be con-

tinuously differentiable and bounded up to their second derivatives (i.e., d; (t) € C?

and d; (t) ,d; (t),d; (t) € Lo, i =1,2).
The output tracking error e; () € R™ is defined as follows
e = x, —x (3.4)
where z,. (t) € R™ is the reference trajectory satisfying the following property

z.(t)eC, 2V () e Lo ,i=01,..,(n+2). (3.5)
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The control design objective is to develop an adaptive control law that ensures
He&i) (t)H —0ast— 00,7 =1,...,n, and that all signals remain bounded within the
closed-loop system. To achieve the control objectives, the subsequent development is
derived based on the assumption that the system states ¥ (), i = 0, ..., (n — 1) are

measurable.

Development of Robust Adaptive Control Law

The filtered tracking error signals, e; (t) € R™, i = 2,3, ..., n are defined as follows

€9 =S él + e (36&)
€3 =S ég +e9+ € (36b)
€n = épn1 4 €n_1+ en_s. (3.6¢)

A general expression for e;, © = 2,3,...,n in terms of e; and its time derivatives is

given as follows [76]

i—1
€, = Z amegj) (37)
j=0

where the constants a; ; are defined as follows

o1 1ev3\ [1-vB)
R

Aii—1 = 1 5 1= 1, 2, . (310)
After utilizing (3.3), the system model can be rewritten as follows

Mz™ = h +u+dy + Md, (3.11)
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where h (t) € R™ is defined as follows
h & MFf. (3.12)

To facilitate the control development, the filtered tracking error signal, denoted by

r(t) € R™, is defined as follows
r2é, + Aey, (3.13)

where A € R"™*™ is a constant, diagonal, positive definite, gain matrix. After differ-

entiating (3.13) and premultiplying by M (-), the following expression can be derived
n—2
Mr = M (IS,TH—U + Z anj€§j+2) + Aen)
=0
+M2™ — b — 4 —dy — Mdy — Md, (3.14)

where (3.4), (3.7) and the first time derivative of (3.11) were utilized. The dynamics

of 7 (t) in (3.14) can be arranged as follows

M’l;:—§MT—6n—ﬂ+N—d1—Md2—Md2 (315)

where the auxiliary function N (:c, &, .., x t) € R™ is defined as follows
n—2
. . 1 .
N2 M <x£n+1) + Z anjegﬂﬂ) + Aén> +M <$(n) + 57’) + e, — h. (3.16)
§=0

To facilitate the subsequent analysis, (3.15) can be rearranged as follows
1

Mf’:—§M7’—en—u+N+Nr+w (3.17)

where N (x, &, ..,z t) , N, (1), (t) € R™ are defined as follows

N £ <N - Md2 - Md2) - (Nr - Mrd2 - Mrd2> (3.18)
Nr = |x::cr-, G=Fy,..., x(n):xg‘”) (3.19)
w é _dl - Mrd2 - Mrd2 (320)

and M, (t) € R™™ is defined as follows

M2 M|

T=Tr, T=Tr,..., x

(n=1) g (n=1) - (3.21)



Remark 1 By utilizing the Mean Value Theorem along with Assumptions 2 and 4,
the following upper bound can be developed

ISl A (ENIE (3:22)
where z (t) € ROFU™L js defined as follows

A
&2 e el . el

Pt (3.23)
and p (-) € Rsq is some globally invertible, nondecreasing function.

Remark 2 After utilizing (3.5) and Assumption j along with (3.20) and its time

derivative, then it is clear that 1 (t), ¥ (t) € L.

Remark 3 After utilizing (3.5) and (3.16) along with (3.19) and its time derivative,
then it is clear that N, (t), N, (t) € Loo-

Remark 4 In view of Assumption 3, N, (-) defined in (3.19), can be linearly param-
eterized in the sense that

N, 2 W,0 (3.24)

where W, (t) € R™ P 4s the known regressor matriz and is a function of only x, (t)

and its time derivatives.

Based on (3.17) and (3.24), the control input is designed as follows

u 2 (K+1,) [en(t)—en(to)—l-A/ten(T)dT}

to

v (W (7)07) + (C+ Co) Sn e ()] dr (3.25)

to

where 0 () € RP is generated via

t t
b2 1 [ W) Ae, (r)dr —T / W (r) e, (r) dr
to to

+TWE () e, (t) — TWT (o) ey (to) (3.26)
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with K, C1,Cy € R™™ and I' € RP*P being constant, diagonal, positive definite, gain
matrices, I, € R™*™ being the standard identity matrix, and Sgn(-) being the vector

signum function defined as follows

Sen(€) 2 [sgn(&) sgn(&y) ... sgn(€,) ]
Ve = [& & . & ] (3.27)

It should be noted that 9(1&0) = 0px1 and u (tg) = Oyx1 Where 0,x1 € R? and 0,51 €
R™ are vectors of zeros. Based on the structure of (3.25) and (3.26), the following
are obtained

~

(K + I,) r+ (Cy + Cs) Sgn (e,) + W,.0 (3.28)

lI>

6 =& TWhr (3.29)

Finally, after substituting (3.28) into (3.17), the following closed-loop error system
for r (t) is obtained

1. ~ -
My = —§M7“ —ep— (K + L,)r+ W0 — (Cy 4+ Cy) Sgn (e,) + N + 9 (3.30)

where the parameter estimation error signal 9(1&) € RP is defined as follows

~

) (3.31)
Stability Analysis

Theorem 7 The control law (3.25) and the update law (3.26) ensure the boundedness

of all closed-loop system signals and egi) (t)H —0ast—o0,1=0,...,n, provided

Amm(A)>>%, (3.32)

1
A;

where the subscript i = 1,...,m denotes the ith element of the vector or diagonal

Crii > || Ol +

)], (3.33)

oo

matriz and the elements of K are selected sufficiently large relative to the system

itial conditions.
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Proof. See Appendix J.

Theorem 8 There exists a constant vector 900 € R? such that

lim 6 () = 0. (3.34)

t—o0

Proof. See Appendix K.

Numerical Simulation Results

A numerical simulation was performed to demonstrate the performance of the
adaptive controller given in (3.25) and (3.26). A first-order flat system with following

modelling functions is utilized [72]

] 2 + cosx
_ | 71X _ 0
[ = x% }v G = 0 ! 34+sinzy |
i —
C[e ] T2
0 - _92]_{1], (3.35)
g | cos (2t) + exp (—0.5t) do — sin (2t) 4 exp (—0.5¢t) (3.36)
L7 | sin(3t) +exp (—0.5t) |72 | cos(3t) + exp (—0.5t) '

where z = [ T1 T }T. The nonlinear disturbances defined in (3.36), are chosen
to show the validity of the proposed controller for nonrepeating disturbances. The

reference trajectory was selected as

. sint | 1 —exp —ﬁ
N s | N

The initial conditions of the system were set to z (fp) = [ 0.1 0.2 }T and 0 (to) =
[ 00 }T, while the controller parameters were chosen as A = I,, K = 2015, | =
1015, Cy = 515, and I' = 201, where I, € R?*? is the standard identity matrix. In
Figures 3.1 and 3.2, the reference trajectory z, (tf) and the tracking error e, (¢) are

presented, respectively. From Figure 3.2, it is clear that the tracking objective is
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satisfied. In Figures 3.3 and 3.4, the parameter estimate 6 () and the control input
u (t) are presented, respectively. From Figure 3.3, it is clear that the parameter
estimate vector is driven to a constant vector. In Figures 3.5 and 3.6, the additive

disturbances d; (t) and ds (t) are presented, respectively.

| | | | I | 1 | |
0 1 2 3 4 5 6 7 8 9 10
Time [sec]

Figure 3.1 Reference Trajectory z, (t)(Adaptive Controller)

I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10
Time [sec]

Figure 3.2 Tracking Error e (t) (Adaptive Controller)
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Figure 3.3 Parameter Estimate 6 (t) (Adaptive Controller)

Learning Control Development

Problem Statement

A system model for the flat nonlinear systems is considered to be of the following
form

2™ = f+ G (u+dy) + da (3.38)

where ¥ (t) € R™, i = 0,...,(n —1) are the system states, f(z,,..., 2™ ) €
R™ and G(z,,...,2""Y) € R™™ are nonlinear functions, d; (t),ds (t) € R™ are
unknown additive disturbances, and u (t) € R™ is the control input. The system
model is assumed to satisfy Assumptions 1, 2, and 4.

The output tracking error e (t) is defined in (3.4) and in this case the reference

trajectory satisfies the following property
et +T)=20@) , 2D () €L i=0,1,...,(n+2) (3.39)

where T' € R™ is the period of the reference trajectory.
The control objective is to develop a nonlinear control that ensures ||e; ()| — 0 as
t — oo. To achieve the control objective, the subsequent development is derived based

on the assumption that the system states 2 (t), i = 0, ..., (n — 1) are measurable.
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Figure 3.4 Control Input u (¢) (Adaptive Controller)

Development of Learning Control Law

The open-loop error system development for the learning control law is exactly
the same as the open-loop error system development for the adaptive control law.
The control design is assumed to continue after Remark 1 of Adaptive Control De-

velopment.

Remark 5 After utilizing (5.39) and Assumption 4 along with (3.20) and its time

derivative, then it is clear that 1 (t), ¥ (t) € L.

Remark 6 After utilizing (3.16) and (3.39) along with (5.19) and its time derivative,
then it is clear that N, (t), N, (t) € L.

Remark 7 After utilizing (3.39), it is clear that N, (t) satisfies the following equation
N, (t+T) =N, (t). (3.40)
Based on (3.17), the control input is designed as follows

u(t) = (K+1,) {en (t) — en (to) +A/t en (T) dT]

to

+C /t t Sgn (e, (1)) dr + W, (£) (3.41)
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Figure 3.5 Additive Disturbance d; (t)

where K, C7, A € R"™*™ are constant, diagonal, positive definite, gain matrices, Sgn(-
g

is defined in (3.27), and W, (t) € R™ is defined as follows

A

W, (t) 2 W, (t —T) + kLA /t en (T)dr + kre, (t) — krey, (to) (3.42)

to

where k; € R is a positive gain. It should be noted that since W, (to) = Opxy it
follows that u (tg) = 0,,x1. The auxiliary function N, (t) € R™ is defined as

N, évf/; . (3.43)
By utilizing (3.43) along with (3.42), the following can be obtained
N,(t) =N, (t=T) +krr (t). (3.44)
Taking the time derivative of (3.41) along (3.42) and (3.43) generates

= (K +1I,)r+ CiSgn(e,) + N, (). (3.45)

Finally, after substituting (3.45) into (3.17), the closed-loop error system for r (t) is

obtained as follows
1. N -
M?’“:—§Mr—en—(K+Im)r—Cngn(en)+N+Nr+w (3.46)
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Figure 3.6 Additive Disturbance ds ()

where N, (t) € R™ is defined as follows
N, 2N, - N,. (3.47)

By utilizing (3.40) and (3.44), N, (t) can be rewritten as follows

N, (t) =N, (t—=T)— kpr. (3.48)
Stability Analysis

Theorem 9 The control law (5.41) and (3.42) ensures that ||e; (t)|] — 0 as t —
oo, provided that (3.32) and (8.33) are satisfied and the elements of K are selected

sufficiently large relative to the system initial conditions.
Proof. See Appendix L.

Numerical Simulation Results

A numerical simulation was performed to demonstrate the performance of the
learning controller given in (3.41) and (3.42). The flat system model in (3.35), (3.36)

with the following reference trajectory is utilized

2, = {x“ } - {Sm (mt) } . (3.49)

Tpo cos (mt)
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The initial conditions of the system were set to z(t) = [ 0.1 0.2 }T, while the
controller parameters were chosen as A = 201, K = 2015, C; = 1015, and k; = 1.
In Figures 3.7 and 3.8, the reference trajectory and the tracking error are presented,
respectively. From Figure 3.8, it is clear that the tracking objective is satisfied. In

Figures 3.9 and 3.10, the control input w (¢)and W, (t) are presented, respectively.

Time [sec]

Figure 3.7 Reference Trajectory z, (t) (Learning Controller)

I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10
Time [sec]

Figure 3.8 Tracking Error e;(t) (Learning Controller)
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Figure 3.9 Control Input u(t) (Learning Controller)

Conclusion

Two controllers were developed for flat MIMO nonlinear systems in the presence
of additive disturbances. The robust adaptive controller was proven to yield a semi-
global asymptotic tracking result in the presence of parametric uncertainty along with
additive disturbances. The adaptive controller and the adaptation law were designed
such that, the parameter estimate vector is proven to go to a constant vector. In
the second part of the chapter, the learning controller was proven to yield a semi-
global asymptotic result in the presence of additive disturbances and when the desired
trajectory is periodic. In the development of both controllers, the bounded additive
disturbances were assumed to be twice continuously differentiable and have bounded
time derivatives up to second order. Since no assumptions were made regarding the
periodicity of the disturbances, it is clear that the suggested controllers compensated
for both repeating and nonrepeating disturbances. For each controller, Lyapunov-
based techniques were used to guarantee that the tracking error is asymptotically
driven to zero. Numerical simulation results were presented for both controllers where

nonrepeating disturbances were utilized.
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Figure 3.10 W, (t) (Learning Controller)
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CHAPTER 4
NEW DYNAMIC MODELS FOR PLANAR EXTENSIBLE
CONTINUUM ROBOT MANIPULATORS

Introduction

In most engineered systems, the behaviour of the system is required to be accu-
rately modelled to improve the performance of the system. In many applications,
design simulation and proposed control algorithms require more than just a simple
kinematic or dynamic model [77]. Not only an accurate model but a real-time calcu-
lation of the dynamic model is also needed for control algorithms or simulations.

The desire to enhance the performance of robot manipulators resulted in a renewed
interest in continuum robots [78]. To our best knowledge, the concept of continuum
robot was first introduced in the 1960’s [79]. Numerous designs of continuum robots
were presented in [80], [81], [82], [83], and [84]. Recently, there has been an increasing
interest in designing ‘biologically inspired’ continuum robots. Some of these designs
are mimicking trunks [85], [86], tentacles [87], [88], [89] and snakes [82]. Several
commercial implementations have appeared (i.e., [90] and [91]).

The results in this chapter are motivated by and are applicable to the OCTARM
continuum manipulator. The OCTARM manipulator is a biologically inspired soft
robot manipulator resembling an elephant trunk or an octopus arm [92]. The OC-
TARM, shown in Figure 4.1, is a three-section robot with nine degrees of freedom.
Aside from two axis bending with constant curvature, each section is also capable
of extension. The bending and extension capabilities of OCTARM makes it suitable
for a wide variety of physical applications ranging from whole arm grasping of vari-
ous shapes of payloads to navigation of unstructured environments [87] and provides
an increased workspace compared to its inextensible counterparts [93]. In a recent
work, Jones and Walker [94] discussed the limiting-case analysis for a general class of

continuum manipulators. In [95], Jones and Walker presented a kinematic model for
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a general class of continuum robots which has been applied to OCTARM. However,
kinematic control of continuum robot hardware remains the state of the art due to
the current lack of appropriate dynamic models.

There has been previous research in dynamic modelling of biologically inspired
robot manipulators. In two recent papers [96] and [97], the authors presented dynamic
models for snake-like robots. However, in both cases, hyper-redundant serial rigid-
link systems are considered. This does not model the continuous nature of continuum
robots. In [98], researchers presented a 2-D dynamic model for the octopus arm. How-
ever, while allowing extensibility, the model is based on an approximation (by a finite
number of linear models) to the true continuum case. In [81], Chirikjian and Burdick
considered extensibility of hyper-redundant manipulators and a kinematic model was
presented based on the modal approach introduced in [99]. The papers presented
by Chirikjian [100], Ivanescu [101], [102], and Mochiyama [2], [103], [104] considered
dynamic modeling of continuum robot manipulators. However, the dynamic model
proposed in [100] for 3-D case remains in integral differential form, which makes it
problematic for real-time control, and the dynamic model in [102] was derived based
on the restrictive assumption that the manipulator does not bend past a small-strain
region. In [2], [103], and [104], Mochiyama and Suzuki presented a three-dimensional
dynamic model for an inextensible (constant length) continuum manipulator, con-
sidering the continuum robot as a combination of slices where each slice is a rigid
link. To derive the dynamic model, limit of a serial rigid chain model is obtained
as the kinematic degrees of freedom goes to infinity. However, the dynamic model
was for inextensible robot manipulators and did not include elastic potential energy
terms due to bending effects. In [101], Ivanescu et al. considered both gravitational
and elastic potential energy effects when deriving their model. However, the elastic
potential energy due to bending was calculated as a summation of all the elements of
the manipulator and while deriving the elastic potential energy due to bending and

extension the spring constants were considered to be the same along the backbone
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curve of the manipulator. This approach results in an approximation of the elastic
potential energy and does not reflect the characteristics of different sections of the
physical manipulators.

In this chapter, first, the work in [2] is modified and extended in order to include
the important class of extensible continuum robot manipulators. A geometric model
of a 3-section extensible continuum robot manipulator with a circular cross-section is
considered (see Figure 4.2). For simplicity, the geometric model is assumed to have
no torsional effects. After presenting the system model and properties, the kinetic
energy of a slice of the continuum robot is evaluated. The total kinetic energy of the
manipulator is obtained by utilizing a limit operation (i.e., sum of the kinetic energy
of the slices). Then, the potential energy terms are considered. For this, first, based
on the definition presented in [2], the gravitational potential energy of one backbone
slice is derived. After integrating the gravitational potential energy of one slice along
the backbone curve the total gravitational potential energy of the robot manipulator
is calculated. Then, the elastic potential energy of the manipulator is considered.
First, the elastic potential energy due to the effects of bending is derived for one slice
of the manipulator. After integrating the elastic potential energy of one slice along the
backbone curve the total elastic potential energy due to bending is calculated. Next,
elastic potential energy reflecting the extensibility of the robot is considered. The
elastic potential energy caused by extension is calculated by modeling each section of
the manipulator as a spring. The total elastic potential energy of the manipulator due
to extension effects is found by adding the corresponding energy terms of each section.
While deriving the elastic potential energy, separate spring constants are assigned for
each section of the robot manipulator to reflect the different characteristics of different
sections of the physical manipulator. This approach provides an improvement over
a similar definition introduced in [101] where the spring constant was assumed to
be the same along the backbone curve. By utilizing the Lagrangian representation,

the dynamic model of a planar 3-section extensible continuum robot manipulator
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is obtained. It is also proved that the skew-symmetry property is satisfied for the
presented dynamic model (i.e., (M (q) — 2V (¢,q)) is skew-symmetric). Numerical
simulation results are presented for a planar 3-section extensible continuum robot

manipulator.

System Model and Definitions

In this section, system model, properties, and definitions are presented. The
geometric model of a 3-section extensible continuum robot manipulator utilized in
this chapter is presented in Figure 4.2. This geometric model is a good approximation
of the OCTARM which is shown in Figure 4.1.

The following convention, which is adopted from [2], will be adhered throughout
the following development®. The matrix, °® (0) € SO (3) represents the orientation
matrix of the base frame, and %p (0) € R? represents the position vector of the origin.
The matrices, °® (0,t), *® (0,t) € SO (3) represent the orientation matrices of the
extended Frenet frame at o relative to the base frame and ¢® (¢,t) € SO (3), respec-
tively. The vectors, °p (o,t), *p(o,t) € R? represent the position vectors of the point
o relative to the origin as viewed from the base frame and $® (¢, ), respectively. For
simplicity, the notation of ® (o, t) and p (0,t) will be preferred instead of “® (o, t) and
?p (o,t) throughout the rest of the chapter. The section lengths of the manipulator
are denoted as d; (t) € Ry, 1 =1,2,3, and k (0,t) € R represents the curvature of the
point o. The total length of the robot manipulator, denoted as d () € R, is equal
to the following

dt) 2 dy(t)+dy(t) +ds(t). (4.1)

The system model is assumed to satisfy the following properties.

Property 4 The curvature k at each point o of the manipulator is a function of both

time and o. In the following analysis, consistent with the OCTARM, it is assumed

3To set a basis for our future work three-dimensional space is preferred for representing the
orientation and velocity instead of their two-dimensional counterparts.
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that the curvature of a section is only function of time (i.e., k(o,t) = k;(t) if o
is a point on Section i, i = 1,2,3). In the subsequent analysis, it is assumed that
the curvature is always non-zero (i.e., k(o,t) # 0V (0,t)). The reader is referred
to [94] for a detailed limiting-case analysis for a general class of continuum robot

manipulators.

Property 5 In Figure 4.2, p(£,t) € R3 is the position vector of point & of the back-
bone curve and p. (€,t) € R3 is the position vector of the center of mass of the slice
at &. In the analysis, again consistent with the OCTARM, it is assumed that p (&,1)
and p. (&,t) coincide (i.e., Ap(§)=[0 0 0 ]T)

Property 6 The robot manipulator is assumed to have uniform mass density. The

line mass density of the slice, denoted as m(o,t) € R, is defined as follows

m(o,t) = m (4.2)

where m € R is the total mass of the manipulator.

m
t

Actuator Encoders End Plates String Encoder Cable String Encoder

Section 3 Section 2 | Section 1

Figure 4.1 OCTARM (ver. 5.2)

The orientation matrix of the extended Frenet frame at o with respect to the base

frame, denoted as °® (o, 1), is given as follows
cos (oK (0,t)) 0 —sin(ok(o,t))
9 (0,t) = 0 1 0 (4.3)
sin (ok (0,t)) 0  cos(ok (0,t))

The orientation matrix given in (4.3) is equal to the orientation matrix provided in

Equation (8) of [95] with the angle of curvature is equal to zero (i.e., ¢ (o,t) = 0).
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The change of the orientation matrix along the manipulator is characterized by the

following equation
0% (0,1t)
0o

where a* (0,t) € R¥*? is the skew-symmetric matrix of the frame rate vector a (o,t) €

R3. After utilizing (4.3) and (4.4), a (0,t) and a* (0,t) can be defined as follows

= 9 (0, 1) a* (0, 1) (4.4)

0 0 0 —k(o,t)
a(o,t)=| —k(o,t) | , a*(o,t)= 0 0 0 : (4.5)
0 k(o,t) 0 0

The position vector of the point o from the origin p (0) with respect to the base frame,

denoted as %p (0, 1), is evaluated as follows
wiont) = [P0 t)ead (1.6
0

where e, £ [ 1 00 }T. The orientation matrix of the extended Frenet frame at o

relative to @ (¢,t), denoted as ® (o, 1), is calculated as follows
0 (a,1) 2 "0T (¢,1) "D (,t). (4.7)

The position vector of the point o relative to the origin as viewed from ® (¢,1),

denoted as ép (o,1), is evaluated as follows
‘plot) = @1 (1) "p(o1). (4.8)
The internal variable vector at o which is denoted as 6 (7,t) € R? is defined as follows

6(0,1) 2 [ o t)) } (4.9)

where [ (0,t) and k(o,t) reflect the extension and curvature of the model. The
extended axis matrix A (0 (0,t)) € R®*? is defined as follows

T
000 } . (4.10)

00

X(Q(a,t))éll OO

So far, the main extension of this development over [2] is the definition of the internal

variable vector. The extensibility of our model is reflected by designing 6 (o,t) to
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include [ (o, t). This design allows the model to extend in each section, which results
in a variable total length, while the geometric model presented in [2] had a constant
total length. As a consequence of this new design for the internal variable vector, the
extended axis matrix is modified accordingly. The adjoint matrix Ady,.,+ € R®® in

terms of the rigid body transformation g (o,n,t) € SE (3) is defined as follows

A 7P (777 t) (pr (7]7 t) - pr (Uv t)) 7P (777 t)
Adg(cr,n,t) - 03><3 C) (77’ t) (411)

where 03,5 € R®*3 is a matrix of zeros.

Kinetic Energy

The kinetic energy of the slice at o (see Figure 4.2) is given as follows [2]

1 [ 067 (n,0) -1
Ko = g [ [E005 0 adg, (4.12)
0 0

90 (¢, 1)
ot

M (07 t) féldg(a,f,t)Z (57 t) dﬂd§

where M (o,t) € R5%C is the inertia matrix of the slice at o which is defined as follows

m(o,t) I3 —m (o,t) Ap* (o)

M (o,t) = { m (0.1) Ap* (o) 1 (o) (4.13)

where m (o,t) Ap (o) € R? is the first moment of inertia of the slice, I (o) € R3*3 is
the inertia tensor of the slice, and I3 € R3*? is the standard identity matrix. The

inertia tensor of the slice is assumed to be of the following form

L mr? 1 00
000

where r is the radius of the circular cross-section of the robot manipulator. After
utilizing Properties 1 and 2, the inertia matrix of the slice at o can be evaluated as

follows

2
M(a,t):diag{%, %, 2o o}. (4.15)

e

2d77
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Due to the piecewise definition of the curvature (see Property 1), the kinetic energy of
the slice at ¢ which is formulated by (4.12) will not be evaluated explicitly. However,
by sliding the slice at ¢ over every section of the manipulator, the kinetic energy of

every slice at o can be calculated. The expression in (4.12) can be rewritten as follows

K (o,t) = //I(U,n,f,t) dnd§ (4.16)
where [ (o,7n,&,t) is the integrand defined as follows

12 Z {1601 cos (6 (€.8) = nw (n.1)) (4.17)
H€0 k00 | (o — ) coslém(enn)

1
+/~€ ) cos (Ek (&,t) — ok (0,1))

1
g o (e (68) = (0.
#6100 | (g~ m ) oos (e t)
b 08 0.0) = 1) = i cos (60(6.0) = e 1)

+£ (§:1) f (0, ) L(l (H(é,t) + /<a(71),t) - K(02-7t)) cos (ok (o,t))

]t Rt d LG )
1

k(o,t)  K(n,t)
(14 cos (Ek(&,t) — ok (0,1)))

~—

o,t
1

(14 cos(ok (0,t) —nK (n,t)))

~—

k(n,t)k(o,t

* w0 o FEn) e m) b

The total kinetic energy of the system is defined as follows

d(t)
K(t) £ /K(U,t) do (4.18)

where K (o,t) is the kinetic energy of the slice at 0. The upper limit of the integral

in (4.18) is the total length of the manipulator, which is a function of time as a result
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of the extensible nature of our geometric model

kinetic energy of the system will be rewritten as follows

dl dl +d2
K@:/m@@w+
0

KQ(O’,t)dU“—

However, the total length of the
manipulator in [2] was constant. To facilitate the subsequent development, the total

d1+da+ds

K;(o,t)do (4.19)
d1 d1+d2
where K; (o, t) is the kinetic energy of slice o when ¢ is a point on Section i, i = 1,2,3

To facilitate the subsequent development I, (o,7,&,t) is defined as follows
Liji (o,m, &, t) 21

(U n 5 t)|a € Section i,n € Section j,§ € Section k

(4.20)

s) = .

(4.16), (4.19), (4.20) along with Property 1, K; (0,t), i = 1,2,3 can be evaluated as
follows®

. After utilizing
0 0
di()

di (1) di(t) o
KzI/ /budﬁdf +/ /1221d77d§
0 0 0

where for any s € Section i means [ (s) = d; (t) and x(s) = &; (t)

dy(t)
i / Dusdndé / / Iosadde (4.22)
di(t) 0 di(t) du(t)
di(t) di(t) di(t) da(t) di(t) o
/ /1311d77d§+/ /]321d77d§+/ /]3310[770[5 (4.23)
dl(t) 0 dg(t)
da(t) di(t) da(t) da(t) da(t) o
+/ /Islzdnd§+/ 1322d7]df+/ /1332d77d§
di(t) O di(t) du(t)
o di(t)

di(t) d2(2)
o da(t) o
‘|‘/ /[313d7’}d§‘|‘/

1323d77d5+/ /]3330[77(15-
da(t) 0 da(t) di(t)

da(t) da(t)
4For simplicity, the time dependency of the section lengths in (4.19) is dropped
°For simplicity, I;;x is preferred instead of I (0,1, &, 1), in (4.21), (4.22), and (4.23)
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To facilitate the subsequent development the joint position vector ¢ (t) € RC is defined
as follows

g2 [ di dy d3 Ry Ko /€3}T- (4.24)

After utilizing (4.17), (4.19)-(4.23), the total energy of the system can be evaluated

as follows
K@) = K, <d1>2 b Ky g didy + Ky g dyds + K o dyioy + K o dy i
FE i+ Ky, (d2) + K dads + Ky do
+ K dokn + Ky doies + K, (d3)2 + Ky, dsity
+E g, dsiin + Ky dsis + Kiyiy (71)? + Ky oo g
K rafiris + Kiging (2)” + KigigFiafis + Ky (Fis)” . (4.25)

In (4.25), the terms K4, with ¢; and ¢; being entries of ¢ (t), are presented in Ap-

pendix M.

Potential Energy

In this section, three different energy definitions will be introduced for our model.
First, gravitational potential energy will be defined and then the elastic potential
energy due to both bending and extension will be presented.

Gravitational Potential Energy

The gravitational potential energy of a slice at o is given as follows [2]

P,(0,t) & —m(o,t) °g" (o,t)p(0,1) (4.26)

where 7g7 (0,t) € R? is defined as follows

T

g (o, t) 2 79T (0,6)[ 0 0 —g ] (4.27)

where g € R is the gravity acceleration constant. After utilizing (4.2), (4.6), (4.27)

gravitational potential energy can be calculated as follows

mg

Fylo) = oo

[cos (oK (0,t)) — cos (20K (0,1))]. (4.28)
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Total gravitational potential energy of the system can be found as a sum of the

gravitational energies for every slice

d(t)
P, (t) & /Pg (o,t)do (4.29)

where P, (0,t) is the gravitational potential energy of the slice at ¢ defined in (4.26)
and (4.28). It should be noted that, the upper limit of the integral in (4.29) is the
total length of the manipulator, which is a function of time as a result of the extensible
nature of our geometric model, while the total length of the manipulator in [2] was
constant. To facilitate the subsequent development, the total gravitational potential

energy of the system will be rewritten as follows®

d1 di+ds d1+da+d3
P, (t) = /Pgl (o,t)do + / Py (0,t)do+ / Py (o,t)do (4.30)
0 dy di+da

where Py, (0,t) is the gravitational potential energy of slice o when o is a point on

Section 7, ¢ = 1, 2,3 which is defined as follows

9 lcos (o) — cos (20k)] . (4.31)

Rj

Pgi (O', t) =
From (4.30) P, (t) can be calculated as follows

mg [ 1 [ 1 . }
P, = — < — |sin(dik1) — =sin (2d1k
y = 0L fsin ) - g sin i)
1 1
—l—? [sin ((dl + dg) /€2) — 5 sin (2 (dl + dg) Kg)
2
— sin (dll‘{,g) + % sin (2d1/‘€2)j|

_l_

WI =

|i dl + dg + dg) K,g) — % SiIl (2 (dl + d2 + dg) /€3)
—sin ((dy + d2) k3) + % sin (2 (dy + da) l€3):| } (4.32)

where (4.31) was utilized.

SFor simplicity, the time dependency of the section lengths in (4.30) is dropped.
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Elastic Potential Energy

In this section, potential energy due to extension and bending is discussed.

Elastic Potential Energy due to Bending

The elastic potential energy of the manipulator due to bending is given as follows

d(t)
Py (1) 2 % / by (0) 3 (0,1) do. (4.33)

In (4.33), 5 (0,t) is defined as follows
A 1
B(o,t) =71 — e (0,1) (4.34)
where « (0,t) is defined as follows
a(o,t) 2ok (o,t) (4.35)
and ky, (o) is the spring constant defined as follows
ky (0) £ ky; if o is a point on Section i, i=1,2,3. (4.36)

This definition of the spring constants allows us to define different spring constants for
each section. This definition of the elastic potential energy due to bending provides
an improvement over a similar definition introduced in [101]. In [101], the potential
energy is in the form of a summation as opposed to the integral form presented in
this chapter, and also the spring constant utilized in that derivation is constant for
the manipulator. The total elastic potential energy due to bending can be written as

follows
1 dy ] di+ds
Pb (t) = 5]47{,1/5% (U,t)d0+§]{?b2 / ﬂg (O’,t)dO’

0 d
di1+da+ds

‘l—%k’bg / ﬁg (o,t)do (4.37)

di+da
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where (4.36) was utilized, and from (4.34) and (4.35), f, (o,t), i = 1,2,3 can be

defined as follows

Bi(o,t) =7 — %am. (4.38)

The total elastic potential energy due to bending evaluated in closed-form is presented

as follows
1 1 1
P = §kb1 {71’2611 - iﬂ'd%/{l + —127rd§’/~ff}

1 1 1
+§kb2 { |:7T2 (dl + d2) — 571' (dl + d2)2 Ko —+ E?T (dl + d2)3 Ii%

1

1
— |:7T2d1 — 27Td%li2 + —Wd‘i’m%} }

12

1 1
+§kb3 { |:7T2 (dl + d2 + dg) - 571' (d1 + dg + d3)2 K3

1
+ E?T (dl + d2 + d3)3 K§:|

1 1
— |:7T2 (dl + dg) — 571’ (dl + d2)2 K3 + ETI’ (dl + d2)3 K§:| } . (439)

Elastic Potential Energy due to Extension

The elastic potential energy of the manipulator due to extension is given as follows

1 . 1 . 1 x
Pe & Skt [dy (8) = i) + Shea [da (£) — d3]° + Shes [ds (1) — d5)” (4.40)
where d} is the constant relaxed length of the i*" section and k.; are spring constants
for each section of the manipulator. This definition of the spring constants provides
an improvement on the model in [101] which utilized the same spring constant for

that definition.

Lagrangian Representation

The Lagrangian of the system is defined as follows
L(t)2 K(t)—P(t) (4.41)
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where K (t) is the total kinetic energy defined in (4.25) and P (t) represents the total

potential energy of the system defined as follows
P(#) 2 P,(t) + Py (t) + P. (t) (4.42)

where P, () is the gravitational potential energy, and B, (t) and P, (t) represent elastic
potential energy due to extension and bending, respectively. It should be noted
that, the potential energy terms P, (t), D, (t) and P.(t), defined in (4.32), (4.39),
(4.40) respectively, are functions of only joint position vector ¢ (¢) (i.e., they are not
functions of the joint velocities or accelerations). Euler-Lagrange equations of motion

are defined as follows [59]

doL oL
dtdg; Ogq

7 ,i=1,2..6. (4.43)

The equations of motion can be rewritten as follows

doK 0K doP 0P

=7, ,i=1,2..6. (4.44)

where (4.41) was utilized. Since the total potential energy of the system is not a
function of the joint velocities, then it is clear that the third term on the left-hand-
side of (4.44) is equal to zero for Vi. The final term on the left-hand-side of (4.44)

can be written as follows

oP 0F, 0B, OP.

= =1,2,..,6. 4.45
0 Og | Og  og O (4.45)
In view of the above mentioned facts, the dynamic model of the system is developed
as follows

M(q)G+V(e,9)q+G(q)+B(q)+E(q) =7(t) (4.46)

where M (q), V (q,4) € RS*® are inertia matrix and centripetal-coriolis terms, re-
spectively, 7 (t) € RS is the control input, and G (q), B (q), E (q) € R® represent the
effects of P, (t), P, (t), and P, (t) respectively.
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Remark 1 The inertia matriz M (q) and the centripetal coriolis termsV (q, q) satisfy
the following property:
¢7 (M . 2v) £ =0, V¢ € RE. (4.47)

When, the matriz (M — 2V ) is skew-symmetric, then (4.47) is satisfied. The proof of
(M — 2V ) being skew-symmetric is provided in Appendiz P.

The terms in (4.46) are of the following form:

2Kgay Kii,  Bidy  Biey By, Kiyi
dydy 2 Kdz da Kdz ds3 Kdz K1 Kdz K2 Kd2 k3
v e | Kid Kid 2Kid, K, K, Ky, (4.48)
Kdlkl Kd'gicl Kdgiﬁ 2K"'.€1":€1 Kl%lfﬁz Kfﬁlfi:a
Kdlkz Kdgfiz Kdgigg Kf%lf%z 2K/€2F€2 Kﬁzm
L Kdmg Kdzf'-eg Kdg;-’eg KHIHS Kl%zks 2KH31£3

Vi Vig Vig Viu Vs Vag
Vor Vap Vo Vau Vas Vag
Vi Vaa Vg Vag Vs Vi

VA 4.49
Vi Vi Vis Vu Vi Vig (4.49)
Var Vsz Vsg Voy Vss Vg
L Vet Ve Ves Ve Ves Ve |
G=[G Gy Gj Gs ", (4.50)
B=[Bi B, By Bs By By|', (4.51)
E=[E E, E; E, B E;]". (4.52)

where their individual entries are provided in Appendices M, N, and O.

Numerical Results

To underline the validity of the proposed dynamic model, two numerical simula-

tions are performed. The model is implemented in Matlab 7.0.
First Simulation Run

In the first simulation run, to illustrate the similarities to the physical system,

the system is fed with 74 (¢) being a sinusoid with an amplitude of 10™* [Nm] and a
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period of 10 [sec|] where the other entries of the control input 7 (t) set to zero. The

spring constants are chosen as
ky; = 0.001, k.; = 10,V2 = 1,2, 3. (4.53)

The section lengths and the curvatures are presented in Figures 4.3 and 4.4 respec-
tively. While the changes in the section lengths are negligible (i.e., less than 5mm for
each section), the effects observed on the curvatures are decreasing from kg3, ko, k1 as

expected from a real physical system.

Second Simulation Run

In the second simulation run, a straightforward control scheme for robot manip-
ulators, namely a computed-torque controller is implemented. The tracking error

signal e (t) € RO is defined as follows
€ £ qa — ¢ (454)

where ¢q(t) € RS is the desired joint positions. The dynamic model presented in

(4.46) is rewritten as follows
M(q) G+ N(g,q) =7(t) (4.55)

where N (q,¢) € R® represents the other dynamic effects on the left-hand-side of
(4.46). The control input 7 () is designed as follows [15]

T2 M (g + Kyé+ Kye) + N (4.56)

where K, K, € R%*% are constant control gain matrices. Since it is not in the scope
of this chapter, the stability analysis for the suggested controller is omitted and the

reader is referred to Section 4.4 of [15] for a more detailed analysis.
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To show the tracking performance of the proposed dynamic model g, (t) is selected

as follows ~ _
0.35 + 0.01 sin(27t)

0.35
0.40 + 0.01 sin(27t)

9= | 1+ 0.2sin(2nt) (4.57)
2 + 0.2 sin(27t)
- 3 -
The control gains are chosen as follows
K, = Is, K, = 10014 (4.58)

where Iy € R®*® is the standard identity matrix. The spring constants defined in
(4.53) are utilized. In Figures 4.5 and 4.6, the section lengths and the curvatures are
presented. In Figures 4.7 and 4.8, the tracking error signals for the section lengths
and the curvatures are presented, respectively. From Figures 4.7 and 4.8, it is clear
that the tracking error signals are driven to zero. The control inputs are presented

in Figures 4.9 and 4.10.

Conclusions

A novel dynamic model for planar extensible continuum robot manipulators was
derived. First, the kinetic energy of a slice of the continuum robot was evaluated.
Then, the total kinetic energy of the manipulator was obtained by utilizing a limit
operation (i.e., sum of the kinetic energy of all the slices). Next, the total potential
energy of the robot manipulator was considered. First, the gravitational potential
energy was calculated. Then, the elastic potential energy terms due to bending and
extension effects were derived. Finally, by utilizing the Lagrangian representation, the
effects of the total kinetic and potential energy were utilized to derive the dynamic
model. Numerical simulation results were presented for a planar 3-section extensible
continuum robot manipulator. The results show good consistency with the behavior

of continuum robot hardware, and good potential for use in controller implementation.
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Figure 4.2 Geometry of a 3-Section Extensible Robot Manipulator
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CHAPTER 5
CONCLUSIONS

This dissertation presents contributions to two research areas: Control of nonlinear
systems with applications in robotics and Dynamic modeling for extensible continuum
robot manipulators.

In Chapter 1, an adaptive task-space controller for kinematically redundant robot
manipulators was designed to encode optional sub-task objectives to make use of the
redundancy resolution. This work utilized the adaptive full-state feedback quaternion
based controller developed in [1] and focused on the design of a general sub-task con-
troller. This general sub-task controller was developed as to not affect the tracking
control objective, and allows for the design of specific sub-task objectives. Four spe-
cific sub-tasks were designed as follows: singularity avoidance, joint-limit avoidance,
bounding the impact forces, and bounding the potential energy.

In Chapter 2, the human-robot interaction problem was addressed. Two con-
trollers were developed for nonlinear haptic and teleoperator systems that target
coordination of the master and slave. The first controller was proven to yield a semi-
global asymptotic result in the presence of parametric uncertainty in the master and
slave dynamic models provided the user and environmental input forces are measur-
able. The second controller was proven to yield a global asymptotic result despite
unmeasurable user and environmental input forces provided the dynamic models of
the master and slave are known. A transformation along with an adjustable target
system were utilized that allows the master system’s impedance to be adjusted so
that matches a desired target system operating in a remote physical/virtual environ-
ment. This work also presented an optional strategy to encode a velocity field assist
mechanism that provides the user of the system help in controlling the slave system
in completing a pre-defined contour following task. For each controller, Lyapunov-
based techniques were used to prove the control development implements a stable

coordinated teleoperator/haptic system with a user assist mechanism. When the
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optional velocity field assist mechanism is disabled, the analysis proved the control
development implements a stable passively coordinated teleoperator/haptic system.
As an extension of the developments in Chapters 1 and 2, future work will focus on
teleoperation with kinematically redundant robot manipulators.

In Chapter 3, the control problem of a class of multi-input multi-output nonlin-
ear systems was addressed. Two controllers were developed for flat MIMO nonlinear
systems in the presence of additive disturbances. The robust adaptive controller was
proven to yield a semi-global asymptotic tracking result in the presence of parametric
uncertainty along with additive disturbances. The adaptive controller and the adap-
tation law were designed such that, the parameter estimate vector is proven to go to a
constant vector. In the second part of the chapter, the learning controller was proven
to yield a semi-global asymptotic result in the presence of additive disturbances and
when the desired trajectory is periodic. In the development of both controllers, the
bounded additive disturbances were assumed to be twice continuously differentiable
and have bounded time derivatives up to second order. Since no assumptions were
made regarding the periodicity of the disturbances, it is clear that the suggested
controllers compensated for both repeating and nonrepeating disturbances. For each
controller, Lyapunov-based techniques were used to guarantee that the tracking error
is asymptotically driven to zero.

In Chapter 4, a novel dynamic model for planar extensible continuum robot ma-
nipulators was derived. First, the kinetic energy of a slice of the continuum robot
was evaluated. Then, the total kinetic energy of the manipulator was obtained by
utilizing a limit operation (i.e., sum of the kinetic energy of all the slices). Next,
the total potential energy of the robot manipulator is considered. First, the gravi-
tational potential energy is calculated. Then, the elastic potential energy terms due
to bending and extension effects were derived. Finally, by utilizing the Lagrangian
representation, the effects of the total kinetic and potential energy were utilized to

derive the dynamic model. Numerical simulation results are presented for a planar
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3-section extensible continuum robot manipulator. The results show good consis-
tency with the behavior of continuum robot hardware, and good potential for use in
controller implementation. Future work will focus on deriving a three-dimensional

dynamic model for extensible continuum robot manipulators.
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Appendix A
Proof of Theorem 2

Let V3(t) € R denotes the following non-negative function

1
Vs £ §y§ (A1)

After taking the time derivative of (A.1), the following simplified expression can be

obtained
Vo = —kallJs (T = 7 D) 42 (A.2)
+A—1 pd“‘Kl@
o [ 1)

where (1.44) was utilized. From (1.39), (1.41), (1.56), and the fact that p(t) € Lo
from Theorem 1, Remark 2 can be used to show that §(t) € L; hence, it is clear that
Js(0) € L for all sub-tasks. From Remark 1, it is clear that J (6) and J* (0) € L

and has full rank. Utilizing these properties we have
1, (L, — J*)||> > 6 (A.3)

where 6 € R is a positive constant. From the above boundedness statements, and

the boundedness assumptions placed on the desired trajectory, the following upper

where §; € R is a positive constant. After applying the bounds defined in (A.3) and

bound can be made

pd + Klep

<
—Rdde + Kse, <0 (A1)

JJTA! { } — Jgr

(A.4), the expression in (A.2) can be written as follows
Vs < —kady; + 01Ya. (A.5)
The expression in (A.5) can be written as follows

. -1
Vs < — <k315 - 5—) yz + 5%52 (A.6)
2
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where the following inequality was utilized

1
|019a] < 5—2y§ + 610, (A7)

where 8, € R is a positive constant. Provided ks, 8, and &, are selected according

the following condition
kg—i > 0 then k >L (A.8)
sl 52 sl 5(52 ’ .
the expression in (A.6) can be written as follows

Vs < —yy2 ¢ (A.9)

where v, € R are bounding constants. After substituting (A.1) into (A.9), the

following expression can be written
Vs < —29V5 +e. (A.10)
After integrating each side of (A.10), the following solution can be written
Vi(t) < Valto) exp(=291) + 5 (1= exp(=211)). (A1)

From (A.11), it is clear that the following upper bound for y,(¢) can be written

()] < \/ 42(t0)| exp(—210) + = (A12)

thus proving that y,(t) € L. From (1.43), it is clear that h(f) € L... Utilizing the

previous bounding statements with (1.44) it is clear that y,(t) € L. After taking

the time derivative of (1.43), it is clear that ag_g% € L.
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Appendix B
MIF Desired Trajectory Stability Analysis

To prove that &,(t), \a(t), n,(t), 14 (t) € Lo, let V() € R denote the following
function

VEVI+V, (B.1)

where Vi(t) € R denotes the following non-negative function

1 1
Vi & §UdTMTTId + §>‘§KT)\d (B.2)

where \y(t), n,(t), M7y and K7 were introduced in (2.21). The expression given in
(B.2) can be lower bounded by the auxiliary function, V5(Z) € R, which is defined as

follows

Vo £ 2eny MrAg < Vi (B.3)

where Z(t) € R*" is defined as follows
T2 Ay g " (B.4)

and € € R is a positive bounding constant selected according to the following inequal-

ity
min {)\min{MT}y )\min{KT}}
4>\max{MT}

where Apin{-} and Apax{-} denote the minimum and maximum eigenvalue of a matrix,

(B.5)

respectively. From (B.3) it is clear that V' (¢) is a non-negative function and bounded

by the following inequalities
MlzI* < V(@) < X2 (B.6)

where A, Ay € R are positive bounding constants defined as follows, provided that e

is selected according to (B.5)

A £ %mln {)\min{MT}a )\min{KT}} - 25)\maX{MT}

1
A2 = 5 max {)\max{MT}v )\max{KT}} + ngmaX{MT}' (B7>
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To facilitate the subsequent analysis, the time derivative of (B.1) can be determined

as follows

V =l Mriyy + MY Kphg + 260y Mg + 2ent Mphg. (B.8)

After utilizing (2.21) and the fact that 1, (t) = Ay (¢), the expression in (B.8) can be

written as
V =0l F — 9 B, + 2eDEF — 2eAT By, — 2e NV Kphg + 2ent Mon,. (B.9)
The right-hand side of (B.9) can be upper bounded as follows

. 1 1
Vs 5 Ingll* + 81 IF1* = Aswin { Br} nal* + 2¢ [52 IAall® + 5 11

1
+26man (Br) |33 Il + r|ndr|2]

=26 Amin { K1} [ Aall”* + 28 Ama {Mr} [|94])” (B.10)
where the following properties were utilized

ngF

IA

1
Ll + 81 11
1
—Amin {BT} ||77d||2
1
Sa [|Aall® + 5 Palk
2

IA

—ﬂgBTﬁd
M F

IN

—\j Brng

IA

1
Amax {Br} |03 | Aal” + 5 14l
—Amin {E7} [ Aal)?

ngMTnd < Amax {Mr} ||77d||2

IN

AT KA

where 01, 02,03 € R are positive bounding constants.

The expression in (B.10) can be rearranged as follows

. 1 26 max 1 B
Vo< = O - - 2B i B
2e
—26 (Mmin { K7} — 03 Amax {Br} — 02) | Aal|” + (51 + 5—2) 1F||?.
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Provided that ¢ is selected to satisfy (B.5) and &y, 02, 03, My, By, Kp are selected

to satisfy the following sufficient conditions

1 26X\ max 1B
Amin{BT} > — 4+ 6—{71} +
01 03

)\min{KT} > 63)\max {BT} + 52 (B13)

26 Amas { M} (B.12)

along with the Assumption 1, then the right-hand side of (B.11) can be upper bounded
as follows

V< —MV te (B.14)

2

where (B.4) and (B.6) were utilized, and ~,, 7,, € € R denote positive bounding
constants.

From (B.1) - (B.3), and (B.6), and the fact that F(t) € L., the expression in
(B.14) can be used with the result from [105] to prove that Z (t), Ag (t), 7, (t) € Leo-
By utilizing the fact that n, (t) € L along with (2.20) and Remark 2, it is clear that
E,(1), E,(1), ¢ (&, () € L. Based on (2.21), and the fact that F () € L then
N, (t) € L. After utilizing the above boundedness statements along with Remark 2
and the first time derivative of (2.20), it is clear that &, (t) € L. The time derivative

of (2.21) can be written as follows

Mrig + Brijg + Krng = F (B.15)

where the fact 1, (t) = Ay (t) was utilized. After utilizing the fact that n, (t), 1, (t) €
Lo, and the assumption that Fy (t), Fg (t) € Lo along with (B.15), it is clear that

7y (t) € L. The second time derivative of (2.20) can be written as follows

‘éd £ 7% ([ ©" (é-p) 0F }T> + 14 (B.16)

After utilizing the above boundedness statements and Remark 2 along with (B.16),
then € ,(t) € Loo. The time derivative of (B.15) can be written as follows

Mrn 4+ Brijg + Krng = F (B.17)
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After utilizing the fact that 7, (t), i1, (t) € Lo and the assumption that Fy (t),
Fg(t) € Lo, from (B.17) it can be showed that 7,(t) € Lo. After taking time
derivative of (B.16) and utilizing the facts that &, (t), &, (t), €, (t), €4(t), T4(t) €
L, then it is clear that 5 'd (t) € L. By utilizing the above boundedness statements
along with (2.19), it is clear that x4 (t), &4 (t), T4 (t), T4 (t), and 24 () € L.
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Appendix C
Proof of Theorem 3

Lemma 1 Let the auziliary functions Ly (t), Lo (t) € R be defined as follows
Ly £ 17 (Ng — Bysgn (e2)) , Lz = —Pyéysgn (e2) (C.1)

where 3, and B, were introduced in (2.34). Provided that 3, is selected to satisfy the

following sufficient condition

1
B> 61+ —¢ (C.2)
(€3]

where 1 and ¢y were introduced in (2.33), and oy was introduced in (2.15), then

JiLi(r)dr <&, [i Ly (r)dr < &, (C.3)

where €1, £ € R are positive constants defined as

2n 2n
En 281 leai (to)] — €5 (to) Na(to) &0 2 By Y leai (to)] - (C.4)
i1 i=1

Proof. After substituting (2.15) into L; (¢) defined in (C.1) and then integrating in

time, results in the following expression

/ Ly (r)dr = al/ ed (1) [Ng (1) — Bysgn (es (1))] dT (C.5)

to to

+ /t de (1) . (rydr - 3, / 93 7)o ea () dr.

. dr to dr

After integrating the second integral on the right side of (C.5) by parts and evaluating

the last integral, the following expression is obtained

t t
/ Ly(r)dr = al/ e (Nd _Ldba_ B1sgn (62)) dr
to to

(0%} dr

+ey () Na(t) = By Z |e2i ()] + - (C.6)
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The right-hand side of (C.6) can be upper bounded as follows

t Ny,
[ < alftO;m(fn (10 01+ - [ ) ar
+Z\ezz [(INa, ()] = B2) + & (C7)

If 3, is chosen according to (2.39), then the first inequality in (C.3) can be proven from
(C.7). The second inequality in (C.3) can be obtained by integrating the expression
for Ly(t) defined in (C.1) as follows

/t:LQ (r)do = =0, /t:ézT(T)sgn(ez (7)) dr (C.8)

= S — 5zz|€2z )] < &

The following is the proof of Theorem 3.
Proof. Let the auxiliary functions Py (t), P (t) € R be defined as follows

Plégbl_/ Ll(T)dTZO (C9>

to

P2, — / Ly (1)dT >0 (C.10)

to

where Ly (t), Lo (t), &,; and &, were defined in Lemma 1. The proof of Lemma 1
ensures that P; (t) and P, (t) are non-negative. Let V (y,t) € R denote the following

non-negative function

1
\%4 = —6?61 +

1 1, -
5 ~edey + §TTM7“—|-P1 + P (C.11)

2

where y (t) € R%2 is defined as follows
y2 [ VB VB 1)
where z (t) € R is defined as follows

2= el e o7 }T. (C.13)



Because M (z) is assumed to be bounded as defined in (2.14), (C.11) is bounded as
follows

Wi(y) < V(y,t) < Wa(y) (C.14)

where Wi (y), Wa (y) € R are defined as

Wily) £ M lly@IF Waly) £ A [ly ()] (C.15)
where A; £ 1 min {1,7m,} and Ay £ max {1, m,}.
After differentiating (C.11) in time, the following expression can be obtained
V = —aele; —aqeles — 1T (ks +1)r (C.16)
+eley + TN — 1T Bysgn (e3) + Byélsgn (e2)
where (2.15), (2.16), (2.36), (C.9), and (C.10) were utilized. To facilitate the sub-
sequent analysis, the following inequality can be developed from (2.30) - (2.32) (see

Appendix I)
IOl A (EDIE (C.7)

where p (-) is a positive, invertible bounding function that is non-decreasing in ||z||.

By utilizing (2.15), (C.17), and the triangle inequality, V' (¢) can be upper bounded

as follows

V < —aseley —ageley — T (kg + 1) (C.18)

+erer+ey e+ p(ll2]) [Irll1|2] — avez Basgn (ea) .

After utilizing (C.13), the right-hand side of (C.18) can be rearranged as follows
2n
V< =gzl + [o (=) el 12l = K 17 17] = cnBy Y leail (C.19)
i=1

where \32 min {a; — 1, ay — 1,1}. Completing the squares on the bracketed term in

(C.19), yields the following expression

] 9 ~ 2n
s i=1
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Provided a; and as are selected to be greater than 2 and k; is selected according to

the following sufficient condition

k> L ED (” D or 12 < p (2\//{ Ag) (C.21)

then based on (C.20) the following inequality can be developed

V< W (y) — auf3y Z €] (C.22)
where W (y) € R denotes the following non-positive function
W (y) £ =5, 12]* (C.23)

where (3, € R is a positive constant. From (C.11)-(C.15) and (C.20)-(C.23) the

regions D and S can be defined as follows

D2 {yeR™2 |yl <o (2v/ks) | (C.24)

2
s2 {y ED | Ws(y) <M (,o—l (2 ksxg)) } . (C.25)
Note that the region of attraction in (C.25) can be made arbitrarily large to
include any initial conditions by increasing the control gain k, (i.e., a semi-global
stability result). Specifically, (C.15) and (C.25) can be used to calculate the region

of attraction as follows

W) < M (o (2vEN)) (C.26)

— ol <\ 25 (2VEN)

1 o
> 2 — . .
ks > WA < N ||y(to)||) (C.27)

By utilizing (C.4), (C.12) and (C.13) the following explicit expression for ||y (¢y)| can

which can be rearranged as

be derived as follows

ly (t0) I* = llex (to) I + llex (Eo)I* + [1 (to) I + Epy + Eo- (C.28)
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From (C.11), (C.22), (C.25)-(C.27), it is clear that V (y,t) € L Yy (to) € S;
hence e (1), ex (t), 7 (t), 2 (t), y (t) € Lo Yy (to) € S. From (C.22), it is easy to show
that ey (t) € L1 Yy (tp) € S. The fact that ey (t) € L1 Vy (tg) € S can be used along
with (2.16) to determine that ey (¢),¢é; (t) € L4 Vy (tp) € S. From (2.7), (2.17) and the
fact that x4 (t) € L, it is clear that x (t), ., (t), x5 (t) € Lo Yy (tg) € S. From (2.15)
and (2.16) it is also clear that é; (t), €1 (t) € Lo Yy (to) € S. Using these boundedness
statements, from (2.35) it is clear that @ (t) € Lo, Vy (to) € S. Since é; (t) € L, from
the second time derivative of (2.17), and the fact that 4 (t) € L., along with (2.27),
it is clear that @ (t) € Lo Yy (to) € S. The previous boundedness statements can be
used along with (2.36), (C.17), and Remark 4 to prove that 7 (t) € Lo Vy (o) € S.
These bounding statements can be used along with the time derivative of (C.23) to
prove that W (y(t)) € Lo Yy (te) € S; hence, W (y (t)) is uniformly continuous.
Standard signal chasing arguments can be used to prove that all remaining signals
are bounded. A direct application of Theorem 8.4 in [106] can be used to prove that
|z(t)]| — 0ast — oo Yy(ty) € S. From (C.13), it is clear that ||r (¢)|| — 0 as
t — oo Yy (ty) € S. Based on the definitions given in (2.15) and (2.16), standard
linear analysis tools can be used to prove that if ||r (¢)|| — 0 then ||és (2)], |le2 ()],
léx ()], |lex (t)]] — 0 as t — oo Yy (ty) € S. Based on the definition of z (t) in (2.7)
and e (t) in (2.17), it is clear that if |le; (¢)|| — 0 then x4 (t) — x, (t) and z, (t)

— &4 (1)
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Appendix D
Proof of Theorem 4

Proof. Since the user assist mechanism is disabled (i.e., v = 0), the target system
defined in (2.20) and (2.21) can be simplified to (2.25). Let V, () € R denote the

following non-negative function

1o . 1
—deMde + §f§Kde- (D.1)

V. A
P9

After differentiating (D.1) in time, the following simplified expression can be obtained
. .T .T .
Vp =& F — & Bréy (D.2)

where (2.25) was utilized. Based on the fact that Br is a constant positive definite,

diagonal matrix, the following inequality can be obtained

. T

Vo <& F (D.3)
Integrating both sides of (D.3), results in the following inequality

6 <%~V < [ &) F (@) ds (D.4)

where ¢, € R is a positive bounded constant (since V), (¢) is bounded from the trajec-
tory generation system in (2.25)).
By using the transformation in (2.7), the left-hand side of (2.6) can be expressed

as
/t (47 (r) 4T (7) ] [ iy (r) } dr = /t i Fdr. (D.5)
t m s FE (7_) t
By substituting the time derivative of (2.17) into (D.5), the following expression can
be obtained

[#oroa-[Eoroa-[doFrne 0o

to
where (2.13),(2.19) and (2.22) were utilized. Based on (D.4), it is easy to see that
fti 55 (1) F (1) dr is lower bounded by —co. The fact that é; (t) € L1 (see the proof
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for Theorem 3) and the assumption that F () € L., can be used to show that the

second integral of (D.6) is bounded. Hence, these facts can be applied to (D.5) and
(D.6) to prove that

/t:[a'cmf) ;

where c3€ R is a bounded constant. B

» N
=
| — |
&

T
©

P
Fo (7) } dr > —c; (D.7)
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Appendix E
Proof of Theorem 5

Lemma 2 Let the auziliary functions Ly (t), Lo (t) € R be defined as follows

Ly & —rT (F +0B1sgn (62)> , Ly = =567 5gn (e2) (E.1)

where 3, and B, were introduced in (2.67). Provided that 3, is selected to satisfy the
following sufficient condition

By > <3+ <, (E.2)

where s3 and 4 were introduced in (2.70), then
o li (D) dr <&y fy La(r)dr < & (E3)
where €1, £ € R are positive constants defined as
2n . 2n
En 281 ) leai (to)| — €3 (to) <— F (to)> 2By lea (o)l (E.4)
i=1 =1

Proof. After substituting (2.50) into L; (t) defined in (E.1) and then integrating in

time, results in the following expression
t t .
[ = [ d@ [ F )=o) (E5)
to to

+ /t: % <_ F (7')) dr — 3, /t: @b“gn (ez (7)) dr.

After integrating the second integral on the right-hand side of (E.5) by parts and

evaluating the last integral, the following expression is obtained

/tt Li(r)dr = /tt 5 () (= F () + F (7) = Bysgn(es (7)) dr

e} (1) F (1) =51 lex (8)] + . (E.6)
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The right-hand side of (E.6) can be upper bounded as follows

/t:Ll (1)dr < /t:in:km (7)] (’Fz (7')‘ + ’F, (7‘)‘ —ﬁl) dr
+.§_n:|62" 1 (|Fs 0] - 8.) + & (E.7)

If 3, is chosen to satisfy (E.2), then the first inequality in (E.3) can be proven from
(E.7). The second inequality in (E.3) can be obtained by integrating Lo (), defined
in (E.1) as follows

/t Ly(r)do = —f, / &7 () sgn (ea (7)) dr
= gbz—@De%(tﬂsgbz. (E.8)

The following is the proof of Theorem 5.
Proof. Let the auxiliary functions P; (t), P; (t) € R be defined as follows

P2, — / Li(t)dr >0 (E.9)

to

P2 &, — /t Ly (T)dr >0 (E.10)

to

where Ly (t), Ly (t), &, and £, were defined in Lemma 2. The proof of Lemma 2
ensures that P; () and P, (t) are non-negative. Let V; (y,t) € R denote the following

non-negative function

1 1
Vi £ 56562+§TT7“—|-P1—|—P2 (E.11)

where y (t) € R¥2 is defined as
y2[e " VP VB . (E.12)
Note that (E.11) is bounded by the following inequalities

Wi (y) < Vi(y,t) < Wi(y) (E.13)
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where W3 (y), Wy (y) € R are defined as

Wa(y)=Mlly @I Wily) =25 ly 0] (E.14)

where A4, A5 € R are positive bounding constants.

After differentiating (E.11) in time, results in the following expression
Vi = —eley — kaTr — Byelsgn (ey) (E.15)

where (2.50), (2.69), (E.9), and (E.10) were utilized. The expression in (E.15) can be

rewritten as
2n

Vi= = lleall” =k Irll* = 82 ) leai] - (E.16)

i=1

From (E.11) and (E.16), it is clear that V} (y,t) € Lo; hence, ey (t) € LoNLaNLy,
7 (t) € LooN Ly, and y (t) € L . Since e (1), 7 (t) € Lo, then (2.50) and (2.68) can
be used to prove that és (t), P (t) € Loo. Given that ey (t),7(1), P (t) € L and the
assumption that F (t) € Lo, (2.66) can be used to prove that 7(t) € L. Barbalat’s

Lemma can be utilized to prove
le2 @), lr(®)]| =0 as ¢ — oo (E.17)

From (2.50), (2.51), (E.17) and the fact that M (z) € L., standard linear analysis
arguments can be used to prove that e;(t), €1 (1), é2(t) € Lo and e1(t), é1(t) € L4,
and that

lex @I llea@I s e =0 as t — oo (E.18)

By using the assumption that F'(t) € L., and the fact that é; (t) € Lofrom (2.64)
it is clear that F(t) € L. Since F(t) € La, (2.55) and the proof in Appendix
G can be used to prove that Ay (), ny(t), 7, (), €4 (t), €4 (), &4 (t) € Lo. Using
these facts along with (2.48), (2.52) and their first time derivatives, it is clear that
x(t), @ (t), xm (1), 2m(t), 25 (1), 2s(t) € Loo. Since ey (t), é1 (), M (x), M (x) €
L., it is clear from (2.63) that T} (t) € Lo, and using previously stated bounding
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properties, T (t) € L. It is also possible to state that T} (t) € £, where (2.63) was
utilized. Based on the definition of z (¢) in (2.48) and the previously stated bounding
properties, it is clear that x (t) — z,, (t) and z,, (t) — & (t). From these bounding
statements and standard signal chasing arguments, all signals can be shown to be

bounded. B
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Appendix F
Proof of Theorem 6

Proof. Since the user assist mechanism is disabled (i.e., v = 0), the target system
defined in (2.54) and (2.55) can be simplified to (2.58). To assist in the subsequent

analysis, the following expression can be developed from integration by parts
t to.
/ Mél(T)d’T:Mél(t)—Mél(to)—/ Mél(’T)dT. (Fl)
to to

Since M (z), M (), é1(t) € Lo, and é(t) € L4, then ftz Mé, (1)dr € Lo. After
integrating (2.61) as follows
t t t
/F(T)dT:—/ Mél(T)dT—/Tl(T)dT (F.2)
to to to
and using the facts that T} () € £, (see proof of Theorem 5) and that ft'; Mé (1)dr €
Lo, it is clear that F(t) € £y, where F (t) € R?" is defined as follows

— A

F& F— F (F.3)

The expression in (F.3) can be decomposed as F (t) = [ Ff Ff ]T, where F} (1),

Fy (t) € R". After utilizing the fact that F' (ty) = 0, the following can be derived
t .
F(t) :/ F (7)dr. (F.4)
to

From the proof of Theorem 5 (see Appendix E), it is clear that F (t) € Lo, then from
(F.4) it is also clear that P (t) € L.

By using the transformation in (2.48), the passivity objective in (2.6) can be
rewritten as follows

[T g[8O o= [wrar- [ [q &0 @

to to
By utilizing (F.3) and the time derivative of (2.52), (F.5) can be rewritten as follows

/t:i:TFdT—/t[OZ éZ]FdT = /té?(T)Fl(T)dT—G—/té?(T)Fl(T)dT
t'T )

to to

—/ él (1) F (1) dr. (F.6)

to
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Following expression can be developed from integration by parts of the second integral

at the right-hand side of (F.6)

/tscTFdT—/t[o;f gf]ﬁ’df = /t:gf(T)FI(T)dT—/t:gf(T) £ (r)dr

to to

() B (t) / () F(rydr  (F.7)

to
where F (tg) = 0y, is both utilized. Since &,(t) € Lo and F(t) € Ly, it is clear that
the first integral expression in (F.7) is bounded and a lower negative bound exists.
Since &,(t)€ L and P (t) € Ly it is clear that the second integral expression in
(F.7) is bounded and a lower negative bound exists, and since &, (¢), F'(t) € Lo then
third expression is also bounded and a lower negative bound exists. Finally, because
é1(t) € L1 and F(t) € Lo, it is possible to show that the last integral in (F.7) is
also bounded and a lower negative bound exists. Hence, these facts can be applied

to (F.5) to prove that

/t:[aca(f) ;

where ¢;€ R is a bounded constant. B

» N
=
| — |
&

T
©

3 } dr > —c; (F.8)
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Appendix G
UMIF Desired Trajectory Stability Analysis

In the proof of Theorem 5 (see Appendix E), it is proven that ey (t), ex(t), r(t), F(t),
Ia (t) € L as well as that [le1(t)]], |le2 (¢)]|, and ||r(t)|| — 0 as t — oo regardless
of whether or not x (), £;(t), Aa(t), ng(t), 74(t) € Ls. Therefore the fact that
F(t) € Lo can be used in the subsequent analysis. To prove that Ag(t), 1, (t) € Lo,
let V(t) € R denote the following function

VEV+V, (G.1)

where V1(t) € R denotes the following non-negative function

1

2A§ Kr)g (G.2)

1
Vi & §7IdTMT7Id +

where A\y(t), ny4 (t), My and Kr were introduced in (2.55). The expression given in
(G.2) can be lower bounded by the auxiliary function, V5 (z) € R, defined as follows

Vo = 2eny MpAg < V3 (G.3)
where Z(t) € R*™ is defined as
z2[ A mp )" (G.4)
and ¢ € R is a positive bounding constant selected according to the following inequal-
ity

_ min {Amin{ M7}, Amin{ K7} }
4>\max{MT}

where A\pin{} and A\yax{-} denote the minimum and maximum eigenvalue of a matrix,

(G.5)

respectively. From (G.3) it is clear that V' (¢) is a non-negative function and bounded

by the following inequalities

Mal® < V(@) < Azl (G.6)
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where A;, A2 € R are positive constants defined as follows, provided that ¢ is selected

according to (G.5)
1 K
A1 = 5 min {Amin{MT}u )‘min{ T}} - 28)\maX{MT} (G7)

1
A2 £ “max {)\max{MT}v Amax{KT}} + ngmaX{MT}’
2

To facilitate the subsequent analysis, the time derivative of (G.1) can be determined

as follows
Vo= i Mg+ MK (C.8)
+2ent Mg + 2ent MpAg.

After utilizing (2.55) and the fact that 7, (t) = Aq (¢), the expression in (G.8) can be

written as
Vo= b (MpM™Y) F =0l Brig + 2eNY Me M~ F
—2eA By — 2e NI Kphg + 2en’ Mo, (G.9)
The right-hand side of (G.9) can be upper bounded as follows
VG (002} |3l + 5 || = i (B} Il
#2535 DNl + [ 1]°] = 20 10} Il
#2 e (B} 02 NP + 5 Il |+ 2230 (87 Il (G20

where the following properties were utilized

BV < o (M (31Dl + 1] (@)
By < —in {Br} [l ' (G.12)
2N Mp M E < 266, A { Mr)} [53||)\d]|2+5i3Hﬁ"2} (G.13)
2N Briy < 2N (Br} [l + 5 Il (@.14)
—2e VKN < —28hmin { K1} | Al (G.15)
Qe My < 2N (Mo} [l (G.16)
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where 01, 02,03 € R denote positive bounding constants and £, € R denotes positive
bounding constant defined as

1M, < €n (G.17)

where HM -1 HOO denotes the induced infinity norm of the bounded matrix M~* (x).

The expression in (G.10) can be rearranged as follows

Vo< = in {Br} = £n01 Amax {Mr}

26 Amax { B
_% Coen {MT}) Il

26 Mmin {EK7} = 022max {Br} — €03 max {M7}) | Aall?

1 2¢e 2
"‘gm)‘max {MT} (5_1 + )

A

F

T (G.18)

Provided 61, 02, 03, M7, By, K7 and ¢ are selected to satisfy (G.5) and the following

sufficient conditions

)\min{BT} > gmdl)\max {MT} +
)\min{KT} > £m53>\max {MT} + 52>\max {BT}

2 B
%{T} + 26 Amax { M7}
2

right-hand side of (G.18) can be upper bounded as follows

Vg—EEQﬂ@V+e (G.19)

A
where (G.4) and (G.6) were utilized, and 7,, 7,, € € R denote positive bounding
constants.

From (G.1) - (G.3), and (G.6), and that F(t) € Lo (see Appendix E), the
expression in (G.19) can be used with the result from [105] to prove that Z (t), \g (¢),
14 (t) € Loo. Based on (2.55), and the fact that M~ (z), F (t) € Lo then ), (t) € Lo
After utilizing the fact that n, (), 1, (t) € L along with the Remark 2, then it is

clear that £, (1), &, (t), &, (t) € Log. W
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Appendix H

Existence of the Inverse of MMz*

To show that (MM;") ! term introduced at the right-hand side of (2.55) exists, from
(2.10) and the fact that M7y is a positive definite, diagonal matrix, then it is clear

that
Ml Onxn
Onmn M2

where S, M (-) and M, (-) were introduced in (2.8), (2.1) and (2.2), respectively.

MM =81 [ } STiMg! (H.1)

From (H.1), it is clear that,

-1
(MM = MypS { ](;41 g/;“’i"l } ST (H.2)
nrn 2
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Appendix [

Upper Bound Development for MIF Analysis

To simplify the following derivations, (2.31) can be rewritten as follows

N

4

N(Z',i’,i’, €1,€2,7T, xd) (I]_)
ME g+ M i+ N +es + M (0y + o) 7

_ _ 1 -
—M (of + aras + a3) e + Maje; + 5 Mr

where (2.15) and (2.16) were both utilized. To facilitate the subsequent analy-

sis, the terms N (x,d4,%4,0,0,0,7,), N (z,%,%4,0,0,0,7,), N (z,%,%,0,0,0,7,),

N (z,%,%,e1,0,0,7 ), and N (z,%,%,e1,e,0, T4) are added and subtracted to the
right-hand side of (2.30) as follows

N =

[N (,’L’, 'j:d7 :'i,dv 07 07 07 zd) - Nd (xdv ':tdv jd7 07 07 07 xd)]
+ [N Z, Si’, S.L"d, 0, O, 0, l’d) - N (LL’, i’d, S.L"d, O, 0, O, l’d)]

+[N
+[N
+[N
+[N

2, d,%,0,0,0, %) — N (z,#,#4,0,0,0, ¥ )]

(

(

(x,2,%,6,0,0,74) — N (x,2,%,0,0,0, T 4)]
(x,&,%,e1,e9,0,Tq) — N (z,%,%,e1,0,0, 7 4)]
(

X, &, &, e, 69,1, Tq) — N (x,2,%,e1,e9,0, T4)]. (1.2)

After applying the Mean Value Theorem to each bracketed term of (I.2), the following
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expression can be obtained

N ON (01, &4,i4,0,0,0, T )
N = o
801 o1=v1 (x xd)
ON ,14,0,0,0, 2 .
I (w,09,%q ) (& — dq)
60'2 Tg9=v2
ON [ 0,0,0, 2
+ (ZE',[L’,O’g, y Uy 7xd) (x—l’d)
60'3 o3=v3
aN . e O 0 cer
N (x,2,%,04,0,0, ) (e1 — 0)
80-4 o4=4
ON (z, i, i, e1,05,0, 1)
-0
80'5 05=Us5 (62 )
ON (z,%,%,e1,e,06, T q)
r—0 1.3
806 06=0¢ ( ) ( )

where v; € (x4,2), Vo € (Z4,2), v3 € (Zg,2), v4 € (0,€1), vs € (0,€2), and vg € (0, 7).

The right-hand side of (I.3) can be upper bounded as follows

ON (0'17 jjda jdu 07 07 07 xd)

B0, o e1]]
ON (z,09,24,0,0,0, @ )
1 || 2N @00 B Dl e
80'2 P
ON (z,,05,0,0,0, )
1 || @ 0 D ey
80'3 o3=u3
ON (z,,%,04,0,0, 7
N (x,&,%,04 ) leal
80’4 P—
aN b) .7 .-7 b 707 ZE‘
N (x,&,%,e,05 ) leal
dos 05=05
aN b) .7 .-7 b b 7.jj:
(GO R T (14)
80'6 o6=Us
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The partial derivatives in (I.3) can be calculated by using (I.1) as follows

ON (01> ida ida 07 07 07 xd)

OM (o1)... 3]\;4(01,%)

00'1 - 00'1 T 80'1 e
_I_aN(O-la:tda:i'd)
00'1
ON (x,09,%4,0,0,0,74) 0 M (x,ag)i N O N (x,09,%,)
80'2 N 80’2 d 80’2
ON (w,&03,0,0,0,%a) _ (o) + ON (z,&,03)
80’3 ’ 80’3
ON (x,%,%,04,0,0, T 4) _
8044 = asM ()
ON ($,$,$,€1,U5,0, xd) — IZn . (Oé% +a1a2+ag) M(ZI:)
80’5
N A ~ 1 -
8 (x7x7x7€17€270-67xd> — (OKl‘i‘OKQ)M(QU)—i‘_M(x,x)
80’6 2

where I, € R?*"*2" denotes the identity matrix. By defining

x—T11(r— xq)
V3 i’—Tg(Zi’—i’d)
vs = eg — 75 (63 — 0)

U1

> (> >

T — 1o (T — Zq)
V4 61—7'4(61—0)
ve =1 — 76 (r —0)

V2

> (> >

(1.10)

where 7; € (0,1) Vi = 1,2, ...,6, and if the assumptions stated for the system model

and the desired trajectory are met, then upper bounds for the right-hand sides of

(I.5)-(1.10) can be rewritten as follows

ON (0'1, j}d, jd7 07 07 07 zd)

‘ 80’1

< P1 (l’,l’,l’)

g1=V1

80'2

‘ aN ([L’, 09, ida Oa 07 07 xd)

< P2 (ZL’,I’,[L’)

H ON (z,%,03,0,0,0, %)

80'3

03=73

80'4

‘ ON (z,&,%,04,0,0, %)

00'5

‘ aN ($7$7i761905707 xd)
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(L11)

(1.12)

(1.13)

(L.14)

(L.15)



ON (.flf,,’,t',i’, €1,€2,06, xd)

80’6

< po (2, ) (1.16)

\

where p, (-) Vi = 1,2,...,6, are positive nondecreasing functions of x (t), & (¢), and

oe=v6

Z (t). After substituting (I.11)-(1.16) into (I.4), N (-) can be rewritten as

N < oy (lell ezl el + ox (lealDI e + pa lleall ezl 1711 fléall

+pg (leall s lleall) Exll + ps (lexlD) el + ps Clleal s lezl) [l (L17)

where (2.15) and (2.16) were utilized. The expressions in (2.15), (2.16) and (C.13)
can be used to rewrite the upper bound for the right-hand side of (1.17) as in (C.17).
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Appendix J
Proof of Theorem 7

Lemma 3 Let the auziliary functions Ly (t), Lo (t) € R be defined as follows
L1 =S TT (¢ — C'ngn (en)) s L2 =S —€ZC2Sg’ﬂ (en) . (Jl)
If Cy is selected to satisfy the sufficient condition (3.33), then

JELi(r)dr < ¢ o [l La(7)dr < (J.2)

where Cpyy, Cpy € R are positive constants defined as
o 2D Cuileni (o) — €l (t0) 1 (t0) ,Cpa 2> Ci lemi (to)] (J.3)
i=1 i=1

Proof. After substituting (3.13) into (J.1) and then integrating L, (¢) in time, results

in the following expression

/ Ly(r)dr = / el (1) AT [ (1) — C1Sgn (e, (7))] dT (J.4)

to to

—l—/tOCZCZi(T)Qﬁ(T)dT /ded: )ngn(en())d,

T to
After integrating the second integral on the right-hand side of (J.4) by parts, the

following expression is obtained

/t Li(r)dr = / T (1) AT [ (7) — C1Sgn (en (1)) dr + €€ (r) & (7)]'

t,
to 0

t
_/ €n d _chz |en7, ||t (J5)
to

- [amar [w (r) - A%“ - CiSgn e ()]

ey (D)0 (1) — e (o) ¥ (to) — Z Chi (Jeni ()] = len: (to)]) -

The right-hand side of (J.5) can be upper-bounded as follows

dib-
[ 1 < /O;wnmm o1+ |20 0] ar
+ Z ‘67” | Cll) + Cbl (JG)
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If ¢4 is chosen according to satisfy (3.33), then the first inequality in (J.2) can be
proven from (J.6). The second inequality in (J.2) can be obtained by integrating
Ly(t) defined in (J.1) as follows

/t Lo(r)dr — — / &7 (7) CoSem (e (7)) dr (3.7)

to

= Gpa— Y i lens ()] < G-
=1

|
The following is the proof of Theorem 7.
Proof. Let the auxiliary functions Py (t), P, (t) € R be defined as follows

P écbl—/tLl (1)dr (J.8)

to

P2écb2—/t[/2 (1)dr (J.9)

to

where Ly (t), Ly (t), (,y and (y were defined in Lemma 3. The proof of Lemma 3 en-
sures that P; (t) and P, (t) are non-negative. The non-negative function V' (s (¢) ,t) €
R is defined as follows

0'T9 (J.10)

1 — 1 1
Vé§;6Z6i+§TTMT+P1+P2+§

where s () € RIFDUm+2421x1 g defined as follows
~T T
s=|r vr vp 9| (7.11)
After utilizing (3.2), (J.10) can be bounded as follows
Wi(s) <V (s,t) <Wa(s) (J.12)
where W (s), Wy (s) € R are defined as follows

Wi(s) 2 Ml . Wa(s) 2 X (llsl) s (J.13)
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and” Aj, Ao (-) € R are defined as follows

M= gmin {Lm A (7)),

e = max {12 (Is]) phmas (1)} (1.14)

By differentiating (J.10), the following expression can be obtained

n—1
- Z ele; — el e, + el e, —rTr+rTN —rTKr — eI ACySgn (e,)  (J.15)

i=1
where (3.6a)-(3.6¢), (3.13), (3.29), (3.30) and (J.1) were utilized. By using (3.22),
(3.32), and the triangle inequality, an upper-bound on (J.15) can be obtained as

follows

Vo< gl + el o (12D 1) = Amin (B I71* = > AiCaifens (2)]

< = (- £ L) pope ZA@Aem (116

min (

where A3 £ min { 5> Amin (A) — %} The following inequality can be developed
V< W (s ZA Coi e (¢ (J.17)

where W (s) € R denotes the following non-positive function

W (s) & —f |I=]” (J.18)

with 3, € R being a positive constant, and provided that A\, (K) is selected accord-

ing to the following sufficient condition

i () 2 U o0 2 < 71 (2/ 3 (). (1.19)

"Using (3.4) and (3.6a)-(3.6¢) it can be shown that H(:v,:b,...,x("_l))n < 9(||s]|) where 9(-) is
some positive function. Thus, m(x, &, ..., z(*~1) < m(|s||).
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Based on (J.10)-(J.14) and (J.16)-(J.18) the regions D and S can be defined as follows

D = {silsl <o (23 (K)) } (J.20)
S = {SED:WQ(S)<)\1 (p_l (2 Agxmin(K)»Q} (J.21)

Note that the region of attraction in (J.21) can be made arbitrarily large to in-
clude any initial conditions by increasing Ay, (K) (i.e., a semi-global stability re-

sult). Specifically, (J.13) and (J.21) can be used to calculate the region of attraction

as follows
Wols() < M (o7 (2v/Mhm (K)>)2 (J.22)
A 1 _
= sl <\ 5?2V ()
which can be rearranged as
o () 2 177 Mjf“”s@o)). (1.2

By utilizing (3.23), (J.3) and (J.11) the following explicit expression for ||s (to)|| can
be derived as follows

Is (o)1 = > lles (Eo)I” + 7 (o) [I* + Gon + G + 10]1% (J.24)

i=1

From (J.10), (J.17), (J.21)-(J.23), it is clear that V' (s,t) € L Vs (ty) € S; hence
s(t), z(t), O(t) € Lo Vs (ty) € S. From (J.17) it is easy to prove that e, (t) € £,
Vs (tp) € S. From (3.13), it is clear that é, (t) € Lo Vs (ty) € S. By using (3.4),
(3.5) and (3.7), it can be proved that 2 (t) € L, i =0,1,....,n, Vs (t;) €S. Then,

it is clear that M (t), M (t), f(t) € L Vs (to) € S. The facts that r(t), 0 (t) € L
Vs (to) € S can be used along with (3.31) and (3.29) to prove that 6 (t), 9 (t) € Lo
Vs (ty) € S. After using these boundedness statements along with (3.11) and (3.28), it
is clear that w (t), @ (t) € Lo Vs (tg) € S. The previous boundedness statements and

Remarks 1, 2, 3 can be used along with (3.17), to prove that 7 (t) € L, Vs (to) € S.
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These boundedness statements can be used along with the time derivative of (J.18)
to prove that W (s (t)) € Lo Vs (ty) € S; hence W (s (t)) is uniformly continuous.
Standard signal chasing algorithms can be used to prove that all remaining signals
are bounded. A direct application of Theorem 8.4 in [106] can be used to prove that
|z(t)]] — 0 ast — oo Vs(ty) € S. Based on the definition of z (), it is easy to show
that [le; (t)||,||r (¢)|| — 0 as t — oo Vs(tp) € S, i = 1,2,...,n. From (3.13), it is
clear that ||é, (t)|| — 0 as t — oo Vs (ty) € S. By utilizing (3.7) recursively it can be

proven that

6§2) (t)H —0ast—o00,1= 1727"'>nv‘9 (t()) €S =m

130



Appendix K
Proof of Theorem 8

Proof. The fact that W, (¢) is a function of only z, (f) and its time derivatives, can be
used along with the boundedness expression in (3.5), to show that W, (t), W, (t) €
L. After considering the fact that e, (t) € £y (see the proof of Theorem 7), it
is clear that W (t) Ae, (t), W (t)e, (t) € L. This assures the existence of the
limits for the first and second terms in (3.26), i.e., lim; .o ftl; WT (r)Ae, (7)dr and
limyg oo ftz W7 (1) e, (7) dr exist (see Theorem 3.1 of [71]). Based on the fact that
en(t) — 0 ast — oo Vs(ty) € S (see the proof of Theorem 7) then it is clear
that lim; .., WZ (t)e, (t) = 0. Utilizing the above facts along with the fact that

T

WT (ty) e, (to) is constant, it follows that limy . 0 (t) = 0.
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Appendix L
Proof of Theorem 9

Proof. Let V' (s,t) € R denotes the following non-negative function
Vélzn:ere-lerTMerP +V (L.1)
2477 T g b '

where P; (t) was defined in Lemma 3 and V} (¢) € R is a non-negative function defined

as follows

Vy £ %L/ N (7) N, (7) dr (L.2)

where s (t) is defined as follows
AN A (L3)
After utilizing (3.2), (L.1) can be bounded as follows
Wi(s) < Vs, t) <Wsy(s) (L.4)
where W (s), Wy (s) € R are defined as follows
Wi(s) £ M llsl® . Wa(s) & Az ([Is]) IIs]|® (L.5)
and Ag, Ao (+) € R are defined as follows
a1l A 1
A1 :§mm{1,m} , )\gzmax{l,ﬁm(HsH)}. (L.6)
After taking the time derivative of (L.1), the following expression can be obtained
T T T kL ¢
Ze e; —efhe, + el e, —rTr+7TN —r Kr—;rr (L.7)

where (3.6a)-(3.6¢), (3.13), (3.46), (3.48) and (J.1) were utilized. By (3.22), (3.32)

and the triangle inequality, an upper-bound on (1..7) can be obtained as follows

. k
Vo< el el (U=l 12l - (Amm () + 7) Il

< = (n- B e (L3)
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where A3 £ min {%, Amin (A) — %} and )\, £ min {)\3, %L} The following inequality
can be developed

V<W(s) <W(s) (L.9)
where W (s), W (s) € R denote the following non-positive functions
W(s) & =Boll=ll* , Wi(s) £ =5y el (L.10)

with 3, € R being a positive constant, and provided that Ay, (K) is selected accord-

ing to the following sufficient condition

i () 2 20D o 2] < 7 (20 Ahenn (). (L.11)

Based on (L.1)-(L.6) and (L.8)-(L.10), the regions D and S can be defined as follows
D = {s sl < ot (2\/)\4)\min (K))} (L.12)

2
S = {S eD: WQ(S) < )\1 (p_l (2 )\4)\min (K))) } (L13)

Note that the region of attraction in (L.13) can be made arbitrarily large to in-
clude any initial conditions by increasing Ay, (K) (i.e., a semi-global stability re-
sult). Specifically, (L.5) and (L.13) can be used to calculate the region of attraction

as follows

Walst) < N (o (2 A (7)) (L.14)
— st < 5ot (VA (R)).

A ([ls (

which can be rearranged as

i () 2 o (22D g ) (L.15)

By utilizing (3.23), (J.3) and (L.3) the following explicit expression for ||s (to)|| can

be derived as follows
Is (Eo)1* =) lles (to)I* + [Ir (to)|I* + G- (L.16)
i=1
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From (L.1), (L.9), (L.13)-(L.15), it is clear that V (s,t) € Ly Vs(ty) € S; hence
s(t),z(t) € Lo Vs(tg) € S. From (3.13), it is clear that ¢, (t) € Lo Vs (ty) € S.
Using (3.4) and (3.39), it can be proved that ) (t) € Lo, i = 0,1,...,n, Vs (ty) €
S. Then, it is clear that M (t), M (t), f(t) € Lo Vs(ty) € S. By using these
boundedness statements along with (3.11) it is clear that u () € L Vs(ty) € S.
These boundedness statements can be used along with the time derivative of (L.10)
to prove that W (5(t)) € Loo V5 (tg) € S; hence W (s (t)) is uniformly continuous. A
direct application of Theorem 8.4 in [106] can be used to prove that ||e; ()| — 0 as
t — oo Vs (tp) € S. It should be noted that for finite time the subsequent analysis

can be easily extended to prove that N, (t), @ (), 7 (t), N, (t) are bounded. M
Remark 1 It should be noted that when W, (t) is designed as follows
A~ t A
W, (t) 2 / [Satﬁ (NT (r — T)) + krAe, (7)] A7 + ken (t) — kren (t)  (L.17)
to

where N, (t) was introduced in (3.43) and Satg(-) € R™ is a saturation function
vector, then the previous analysis can be modified to prove that N, (t), u(t), r(t),

N, (t) are bounded for all time and thus Hegi) (t)|| converge to zero fori=1,...,n.
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Appendix M

Entries of the Inertia Matrix

The entries of the inertia matrix are defined as follows®

m

Kid, = d—K%Tzo (M.1)
m
Kjd, = " {rs + 19 — o3 — 124} (M.2)
m
Kid, = d {ri6 + 110 — 25} (M.3)
m 1 d; dy 2
Kjn = —1- 30— —57Tw— —F—=<T2u— — M.4
i d { "f:{)rl /‘ﬁ20l?,r23 Ko (da +d3)r24 K?TZO ( )
d di |ds+d d ds| .
—— 7’25—6117“4+—1[3 2——2——3]sm(d1/{1)}
K3d3 K1 K1 Ko K3
Kd'mz - d {_;27’8 - H_27"9 - K3d37“25 — dary + I<L_2T24
ds —d 1 1 1\ .
LB 27"23 — —dods (— — —) sin (d1f€1)} (M.5)
Kaods K1 Kg Ko
m 2 2 1
Kz = d {—K—Tlﬁ — o + Pk d3r4} (M.6)
3 3 3
m
Kiyiy, = d—ﬁgrzl (M.7)
m
Kii, = a {res —run} (M.8)
m [ 1 dy dy d; 1 dy
IoF R 3 - — — — M.9
dok d {Kfl To4 + /{:25715 + K,gdgr% K,27”13 + o To3 + o 713 ( )
di(dy +dy +d 1 dqid 1 d
—/{1%2( 1(d +ds + ds) + - ! 3)7“8——7“94——;7’6
R1 K{K2 K3 K1 K3
dy (d d ) dy (dy +ds) .
+ = (—1 + —2) sin (dikg) — LR B (da 2) sin ((dy + ds) /@2)}
Ko \ K1 R KoK1
m d2 d2 1 2
Kipwy = d {H3d37’26 + H_§T6 - K—gﬁ - K—grzl
1 1
+dadzki ko <— - —) 7“8} (M.10)
K3 K2

8The calculation of the these terms was done by MAPLE 9.5.
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K/-'clizg

K

m dg
Kiyiey = d—/<;3 {;37’6 —T26 + 27“11} (M.11)
m
dads ;2
m [ dy 1 1 1
Kdm = E {K—gﬁ - K—lrlo - KJ—17“16 + K—lrzs
1 1 d
+ dl (— — —) {7’14 — —3 sin ((dl + dg) K,g):| } (M13)
K1 K3 K3
m d2 1 1
Ky, = d {H—gﬁ - K—27“26 + K—27’11
1 1 ds .
m
Kdgiag = d—,ig{—’f’g—Q’f’gg} (M15)
m d1 i d1 i d1 i d1
g — — T T —_— —7r
! d Iilligdg 23 R1K2 (d2 -+ dg) 24 Hlligdg 2 K1 4
1 1 1 1 1
+dik <— - —) rs + dir <— - —) T16 + 371
R K1 K3 K1 K1
1 di (d d do 4+ d
+—37T20 + _; (_2 e 3) sin (d1£1)
K1 K1 K9 R3 K1
ds do ds ds — ds+dy dy
Pl= - = - il — M.16
+a [/@% KiKke  K1Ks + K3 + 2K2 + 6K2 ( )

do +d 2d 1 1 d d
@{[2t3+—1<———)]r13+—2r4+ 2 T25

d K1 K9 K9 K1 K1 /€1K)3d3
2d 2 1 1
+ 2 T3 + (da + ds) 117 + didaky < ————— ) 716
/€1/€2d3 R3 K2 R1
did dy (ds + d did 2
+ 7’9+/€1{—12+1(3 2)—13+2 :|T8
K1K9 K2 K1 K3 R1R2
dy dy dy
— - — — d
/{2/<;3d3T26 /<;2/<;§T6 + H% COS( 2%2)
2didy (1 1 . dods (1 1 .
— —_ - — dy+d - — - — d
2 (FL2 f-€1) sin ((dy + d2) Kk2) 7 \m sin (d1k1)
d d,d? 1 1 1 2
— _}1 + 1 22 — dydyds ( + _ — —2)} (Ml?)
Ko 2K5 KiKg  KaKs  KiKa K3



m 2 2 d
Kiyiy = 7 { r10 + dgrig — d3ris + :
R1Kk3 K1K3 K3

1 1 2d 1 1 d,d?
+d1d3 (———) T19+—1 (———) 7’14"‘1—23}
K1 K3 K3 \ Kz K1 2K3

. m d2 d2 2 1 1
Kipiy = —9— T26 — 576 — dyky | —— — ) 716
K,Qlﬁlgdg Rok3 K9 R3

d
1 1 1 1
+—4’l“21 + —47’2 + dgdg/ﬁl (— — —) s

2 2
+%ub+wﬁ+dﬂ2(£_jj} (M.19)

6K3 ks \Ks Ko

m d 2dy (1 1 d
Kipiy = _{——iﬁ——z (———) 14 — 327”6 (M.20)

Ko R3 RaKR3

1 2 1 1 dod?
+ To6 — r11 — dads (———) 7’19+£}

Koks Kaks K3 Ko 23

m (1 a1
LI SLI. S M.21
0 dkd {/{%Tg 6 /ﬁ%rm} ( )

The time-varying functions 7; (), ¢ = 1,...,26, in (M.1)-(M.21) are introduced to

simplify the calculations. They are defined as follows

r = d1 COS (dllil) — i sin (dllil) (M22)
R1
1.
To = dg oS (dokso) — —sin (dokso) (M.23)
2
rs = d3 COS (dglig) — f{i sin (dglig) (M24)
3
ry = % [cos (dk3) — cos (d1k1 — dkg)] (M.25)
K}lfig
s = 1 — cos (dglig) (M26)
1
o= — [cos ((dy + dg) kg — dk3) — cos (d1ky — dks3)] (M.27)
2
r7 = 1 — cos (d3ks) (M.28)
1. :
rg = — [sin (dikg) — sin ((dy + da) K2)] (M.29)
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g =

T10 =

%ﬁg [SiIl (dl (/{1 — /{2)) — sin (dll‘ﬂ - (dl + d2) "{2)]

1

K1K3

[SiIl (dllil — (dl —+ dg) Hg) — SiIl (dllil — d/€3)]

1 .
- ;@2 [Sil’l (dllig — (dl -+ d2) li3) — Sin (dllig — dli3)
23

+ sin ((dy + da) kg — drkg) — sin (dy + da) (k2 — 3)]

- %g (sin ((dy + da) g) — sin (des)]

1
s = [cos (dyk2) — cos ((dy + da) K2)]
p

T4 = /{% [cos ((dy + dg) k3) — cos (dk3)]

1
5= [cos (dik1 — (di + d2) k3) + cos (dik1 — dks)]

e =

T20 =

13

[sin ((dy + d2) k3) — sin (dk3)]

16 = 3

1
55 (cos ((d1 + da) kg — dik1) — cos (dy (kg — K1))]
K1k

1
r1s = ——5 [cos (dk3) + cos ((di + do) K3)]
KRik3

1 .. .
rig = — [sin (drz) + sin ((dy + dy) )]
3

L.
— (d2 + d3) COS (dllil) + d1 + d2 + d3 — /<L_ Sin (dllil)
1

1
T91 = —ds cos (daka) + do + d3 — . sin (dak)

1 .
Tog = d3 — /-@_3 sin (d3k3)

d
Tog = p Z [cos ((dy + dg) ko) — cos (d1k1 — (dy + d2) Ka)]
1
do +d
rog = ———2[cos (dy (ky — Ka)) — cos (dyk2)]
K1Rk2
To5 = [cos (d1k1 — (dy + dg) k3) — cos ((dy + d2) Kk3)]
KR1R3
d
[cos (dyka — (dy + d2) k3) — cos (dy + dg) (ko — K3)] .
RoKR3
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(M.37)
(M.38)
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Appendix N
Entries of the Centripetal-Coriolis Matrix

The elements of the centripetal-coriolis matrix V' (g, ¢) are defined as follows

OK; . . OK;. . O0K;; . OK; ;
A did; did; didy didy -
‘/11 N 0d1 dl + 0d2 d2 * 0d3 d3 * 8/{1 =

0K, . . OK,. . OK;, . OK;; .
Vip = a;;dQ dy — 8;[21d2 dy + ajl;dl di + 8;;d2 ds
g, . O, . O, . 0Ky,
+ 8&1 it 8@ "2 8d1 e 8d1 2
0K, . . 0K, . OK,. . 0K, .
V é d1d3d _ d‘;d‘;d d1d1d d1d3d
13 ads 7~ "ad, T ad, T Tod,
8Kd-2d3 . 0K, ; 0K, ; 0K, . 0K, .
_761 1a3 143 » _ 3K1 - _ 73/{2 .
ody T ok T ok 0T T, T o,
0K ; 0K, oK ; i . o0K; . .
v A ik o k1K1 - d1d1d dmld
S o T Tad T o, T Taa,
aKdll%l 7 aKdlfﬁl . aKdlfﬁl . aKFilFis .
- 0ds da+ Ore 2T Oky 0T T ad,
0K ; . 0K ; OK; . . oK ; . .
V. A dikg . Kok . d11~€2d dlnzd
15 0/@ " 0d1 fiz + 0d2 2+ 8d3 3
8}‘(d.ll'i2 . 8}‘(d.U%Q . aKf'ﬂlf%g . aK,{253 .
o T Tk T Tod, T Toa,
0K, . 0K sty . OKj o o OKj. -
Vio & T g et g, kT g,
3 1 2 3
0K 0Ky . 0K .
1R3 o K d _ 3H3d
+ 8&1 ! 8d1 2 8d1 3
0K ; ; . 0K ; ; . oK ; ; . 0K ; . 0K ; .
Vi & g gt gt g, g
1 2 1 1 1
0K ; ; . 0K ; ; . 0K ; & . 0K ; ;
A dads dadz dadz dad2 -
‘/22 N 0d1 dl_'_ 0d2 d2+ 0d3 d3+ 8/@ 2
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0K . g
‘/23 A dads dg . aKd:;d:; d'3 + aI(dzdz d2 + aKdldzd
gc;? Bd, Dds Dds
dzdg dl o aKdldg dl aKdzdg + 8Kd2d3 .
adl 8d2 8:“&2 2 8;13 s
oK, 0K, 0K,
3K1 _ d3ka d3k
A1 Ko — 35 1
ads, ad, ady °
0K ; . 0K, ;. 0K ;
A dok R1K1 - A Io iz
Vo = 5 MT g, T afZ, R
8I<d.2f.fl :‘<63 aKdled aKd1f€1d aKf'{lkg .
8:“&3 &‘il 8d2 8d2 2
0Ky . O0Kg, K ;
2 3
Wie , Wisinj Wi
8/'{3 8@ 8d2
0K ; . 0K,..,. 0K ;
‘/26 AL da k3 fin — k3h3 - + doks aKdgng
g/;? AL B PR YRR
+ d2l€3 P aKdlfig - aKfﬂf'ig . aKﬁzkg .
a 2 — d K1 — K
o ddy ddy ady
Ve Oaay i i,
od, Ods dd,
aisis O i,
ad, o, "t aq, ™
v 8Kd2d3d Kiiv iy Miisy O
d I3 dzfa - ds#s
o, U o0, Mt ag, T g,
0K ;

Vas A dsdsd + adedsd + adedgd + aKdgdg .
0d1 0d2 0d3 8143 3
0K ; . 0K, ;. 0K ;

A dsk1 - k1K1 - PR 0K, ;. -
Vit & T T, T T et T
1
aKdllild . aKdzlild aKl%ll%Q .
Od Od ad; 2
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0K,

A 3h2 »
Vis = Rg —

8%2
oK; ; . 0K, . .
_'_ dads d2 . doko d2 .

8@ 8d3 8d3

0Ky . 0K
8d3 Ko +

: oK ; . .
3k2 - )

— d
alig 3 8d3 !
8K/€2/%3 .

K3

0K . 0K . OK; ; . 0K, . .

Vae 2 dsfs .. K3R3 » d3d3d dskz d
% Drs 0T Tody T om0 ad,
K, iy, OKi Oy j

0
+

1ds d'l . 2ds3 d'2 .

0d1 8/{1 0d1

aKl%ll%l . aKl%ll%g .

Vi 2 K1+ K
41 1 od, 3

‘/42 é aKdé"‘.@l d2 + aKf'ﬂlf%l /‘{1 _ aKdldQ

8d2 8d2 0/@1 dl
1K1 d 2H1d KR1K2 -
Tad, T oa, T Tod,

0K, . . 0K, OK; . . O0K; . .

V. A d3k1 d K1kl . dids dik1
43 8d3 3+ 8d3 & 0/@1 dl_l— 8d3 dl
OK,, . 0K, . 0K, .

Hld 3/€1d 3’€1d
T, 2T ad, T Tad, T " ad,

K1k d K1K1 d R1K1 d
o, ' Tod, T Tod, @
8K,:€1,:€1/,€ + 8K,£1,41/€ + 8K,ﬂ,ﬂ/€

0/@1 ! 0/@ 2 8143 3

A
Vi =

_l_

0K, 0K, 0K, K,y
V. A K1K2 - K1K1 » k1k2 K1 fo
45 0/@ 2 * 0/@ & * 0/@, 3 + 8d1 dl
0K, . OKj. . 0K, .
1Kk d _ 1K2 d 2K1
* a"‘f2 ! 0/{1 1 0/@2 d2
V é K1K3 - K1K1 Ii1f€3d k1K3
46 0/@, 3 * 0/@, ! + 8d2 2 + 0d3 d3
0K, . . OK;, . 0K;. . 0K, .
1K1 d _ 1/€3d 2/€1d 3f€1d
+ alig ! 8&1 Lt 8;13 2+ 8%3 3
o0K; . . 0K, 0K, 0K ...
Vs 4 dlﬂzd K2K2 - K1R2 - kok3 .
T d T ad T Tad, T Tag,
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aKl%l K3 .
8%3 8d3 8:“&3 8d3 ads i

0K,.-€1,.-@2 /{2

(N.17)

(N.18)

(N.19)

(N.20)

(N.21)

(N.22)

(N.23)

(N.24)

(N.25)



Vss =

Vo3

Ves

Vss

Va4

A aKl'igl%z

ody

Vse

A

4

A
Vea =

A aKdS )

Ods
0K ;

+—22h2 g, 4

0K,

0K,

ddy

0K,

2F2 d'2 -

8;{2
0K ;

2d2 d2 +

0K,:@2,:@2 .
ady, 2
oK ;

8;{2

ds +

0Ky

1d2 dl +

2K2 .

diko j
d
2d, 1T g

0K,

da kg d'l

dy

0ds

0K .., i+

Rg

ads

é aK,ﬂ,m .

Ody
0K,.-€1,.-@1 .

8/{1

0K,

1 —

2 K1 d'2 +

8/@
0K,:@1,:@2

+ 12d1_

0ds

0K 4, ., d,

8;{2
0K,-€2,.-@

K, i, i,

3,‘{:3

ddy

d1 k1 CZ1

* " od,

N 0K j 1,

di

1 —
8/@

. 0K
dy +

8%2

dy +

0Ky

2h2 d'2 +

0dy

8K,~§2,-{2

0ds

o 0Ky, .
d3+ 2K2

0dy

A 8K,£2,£
N alig
0K

3 .

H3+

ads

8K/€2/%2 .

0/@
8Kl-'€11%2 .

/~€2+

8/{1

12 d
3

oK,
8143
8K,:€2 i3

alig
0K

+—12 4

Ok

Vo & Wi

oK ; . .
Ver & 28254, 4

0dy

0K,

ody

3

dy +

8K/€3/£3 .

alig

0K,

HQ"‘

daka d'2 _

8%3
0K

Ii1‘|—

0dy
0K

A2 .
2/{3

dy

daks3 d'2

8;{2

dsi
+
8%3

K3 +

od,

0K ;

di1ks3

od,
aKl%ll%g .

ddy

3K3 d'g _

0K

K3 +

dsds dg +

ddy

0Ky

d
' a4,
0K ;.

3K3 -

_|_

Ve

Ods
0K

difa g _

8143

0K,

ads 2T
oK ;

doks d2 +

K1+

8143
0K,

dd,
0ds
ds dl

3K3 d2 +

ads

é aK,ﬂ,% .

8143

0K,.-€1,.-@1 .

8%1

0K,

K1 —

2R1 d'2 _

8%3
0K

d3 ki1

ads 0dy

0K

di k1 d'l +

0K

d1 K3

2d'3

Kdzf%3 d'2 + 8Kd3f€3 d3

0Ky .
koks3 Fio

Jds

di

1=
8%3

. KRRS.
d3+a L)

8%3

aK}%Q K3 .

8}‘(}%2 Ko .

8%3

od,

8Kk1i;2 . aKd

Vee

Rg —

8/@
0K ;

8143
0K

Rg

0

0K ;

8%1

1

152 dl

K3 0/@,

0Ky

0/@,
é 8KI£3 ,%3
0d,

2f2 dz +

0/@

dy +

0Ky,

doks3 d'2 _

dsz o d'g +

2k3 d'l +

0/@, 0d1

0dy

3K3 d’2 +
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3 Sd
ods ° +

8[(&2,{3
Ods

0Ky
R3K3 fis.

8%3

R1

dy
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(N.36)



Appendix O
Entries of G (¢), B (q), and E (q)

Gravitational Terms

The entries of G (¢) are given as follows

1
G, = % {/{_ [cos (d1k1) — cos (2d1k1))]
1

+%2 [cos ((d1 + dg) ko) — cos (2 (dy + da) Ka) — cos (d1ka) + cos (2d1k2)]

1
_'_Ii_ [COS ((dl + d2 + d3) H3) — COS (2 (dl + dg + dg) Iig)
3

—cos ((dy + d2) k3) + cos (2 (dy + da) k3)|}

mg [ 1 [. 1.
) {/{_% {sm (dik1) — 5 sin (2d1k1)

1 1
+? [sin ((dy + do) ko) — 3 sin (2 (dy + ds) ko) — sin (d1k2)
2

1 1
"—5 sin (2d1:‘<&2):| + ? [SiIl ((d1 + d2 + d3) Hg)
3

1
—5 SiIl (2 (dl + d2 + dg) /~€3)

—sin ((dy + do) K3) + %sin (2 (dy + do) KB)] }

lI>

G

7 Ko

mg {i [cos ((dy + dg) ko) — cos (2 (dy + dg) Ko)]

1
+/<o_ [cos ((dy + do + d3) k3) — cos (2 (dy + dg + d3) K3)
3

—cos ((dy + da) k3) + cos (2 (dy + da) k3)]}

mg [ 1 . 1.
—? {/{,—% |:Sln (dlfil) — 5 S1n (2d1f€1):|

1 1 1
+? [sin ((dy + ds) ko) — 5 sin (2 (dy + do) ko) — sin (d1k2) + 5 sin (2d1 k)
2
1 1
—l—? {sin ((dl + dg + dg) K,g) — 5 sin (2 (dl + dg + dg) K,g)
3

—sin ((dy + ds) k3) + % sin (2 (d1 + dy) “3)] }
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>

Gg [COS ((dl + d2 + dg) /€3) — COS (2 (dl + dg + dg) K,g)]

: L.
—_—— ? |:SlIl (dllil) — 5 S1n (2d1l€1):|
: L. : 1.
+ {sm ((dy + da) K2) — 5 sin (2 (dy + da) ka) — sin (d1k2) + 5 sin (2d1k2)
1
+? [sin ((d1 + dg + d3) Iig) — 5 sin (2 (dl + dg + dg) Iig)
3

—sin ((dq + d2) Kk3) + % sin (2 (dy + da) H3)] }

1 d
{Sin (d1k1) — 5 sin (2d1m1)} + mjz L [cos (dyky) — sin (2dy 4, )]
1

2mg
dr3

Gy =

N 2mg

Gs dk3

Fm@+@m9—%m@@+@m9
— sin (dll‘{,g) + % sin (2d1/‘€2)j|

g L ) eos ((dh ) ) = cos (2 (s ) )]

—dy [cos (d1ka) — cos (2d1k2)]}

2 1
Gg & —% sin ((dy + dg + d3) k3) — 3 sin (2 (dy + do + d3) K3)
3

1
—sin ((dl + dg) K,g) + 5 sin (2 (dl + dg) /€3)
—%%ﬂ@+@+%ﬁm«m+@+@ﬂw—mﬂﬂ%+@+@%ﬂ
3

— (dy + d3) [cos ((dy + d2) k3) — cos (2 (d1 + da) Kk3)]}

Bending Terms

The entries of B (q) are given as follows

1 1 2 1 ? 1 ’
B, = 51%1 <7T — §d1l€1) + 57%2 { (7? b (di + d) /iz) - (7T - §d1ff2) }

1 1 ? 1 2
—|—§]{Zb3 7T—§(d1+d2+d3)li3 - 7T—§(d1+d2)l<63
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1 1 2
Bg = 5]{7172 7T—§(d1+d2)l<62

1 1 2 1 ?
+§kb3 7T—§(d1+d2+d3):‘€3 - 7T—§(d1+d2)li3

1

1 2
Bg = 5]{7173 (ﬂ' — 5 (d1 + dg -+ dg) Iig)

1 1 1
B4 (t) = 5]{3171 |i—§71'd% + 67?di’l€1:|

1 1 1 1 1
B5 (T,) = 5]{25,2 { [—§W (d1 + d2)2 -+ 671' (dl -+ d2)3 I€2:| — [_ﬁﬂd% + 67Td?l€2:| }

1 1 1
BG (t) - §kb3 { |:_§7T (dl + d2 + d3)2 + 677' (dl + d2 + d3)3 Iﬁg}

1 1
— |i—§7T (d1 + d2)2 + 671' (d1 + d2)3 Ii3:| }

Extension Terms

The entries of E (q) are given as follows
By = ke (dy (t) — dy)

E2 = ke2 (d2 (t) - d;)
By = kes (ds (t) — d3)

E4:0, E5:0, EGIO
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Appendix P
Skew-Symmetry Property

For (M — 2V) to be skew-symmetric, the following should be satisfied
: . T
(M—Wy%M—W>=%m (P.1)

where Ogyxg € R%*® is a matrix of zeros. Since the inertia matrix is symmetric, the
following can be obtained

M=VvV+VT (P.2)

where (P.1) is utilized. From (P.2), for (M — 2V> to be skew-symmetric the following

conditions for diagonal and off-diagonal elements should be satisfied

Mji:‘/ij“"/ji , J=1.,0-1). (P.4)

The time derivatives of the diagonal entries of the inertia matrix are given as follows

. 0K, . . 0K, . OK;, . 0K,

M — 2 1 ld 1 ld 1 ld 141 P.
1 < od, T ad, 2T Tad, BT ok “4) (P.5)

. 0K, . . 0K, . 0K, . 0K,

M — 2 2 2d 2 2d 2 2d 202 - P.
22 ( od, T ad, 2V Tad, BT ok, “é) (P-6)
. 0K, ;. - 0K, ;. - 0K ;. - 0K,

M — 2 3a3 d 3a3 d 3a3 d 3 P

33 ( od, " od, 21 g, BT amgf%) (P.7)
. K. o . OKes «  OKe, -
M — 2 Hlﬁld ’il’ild Hlﬁld
4 ( od, 7T oq, 2T oa,
0Ky . 0K iy . 0K iy .
P.8
+ 8/{1 K1+ 8142 Ko + (‘3/{3 K3 ( )
Ko OKe . e |
M . 2 I{Qlizd Iizligd RQde
5 ( od, T o, 21 oa,
8K/€2/€2 . 8KI%2/%2 .
P
* 8@ fot 8;13 3 ( 9>
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8K,:€3,:€3

0Ky

Mgg =2 (7611 +

33d2_|_8 :’,sdg_‘_a 331%3).

8d1 8d2 8d3 8:“&3
After comparing (P.5)-(P.10) with (N.1), (N.8), (N.15), (N.22), (N.29), and (N.36), it

(P.10)

is clear that (P.3) is satisfied. The time derivatives of the off-diagonal entries of the

inertia matrix are given as follows

0K 4, . 0K 4,

. 8Kdd . 8Kdd . 8Kdd .
Mo = 1d2 7 1d2 7 1d2 7 .
12 0d1 ! + 0d2 2 + 0d3 3 + 8/{1 i + 8/@ 2
. aKd'd . aKd'd . 8Kdd . 8Kdd 8Kdd
Mia = 1d3 7 1d3 7 1d3 7 1d3 1d3
13 0d1 ! + 0d2 2 + 0d3 3 + 8/{1 i + 8143 3
vt = iy Wiy Oy
Ody Ody Odz
aKd.ll-'ﬁl . aKd.ll-'ﬁl . aKdlkl .
8/{1 0/@ f2 0/@, 3
. oK; . . 0K, . . O0K;. .
Vag = =gt gt g s
0K ; . 0K ; . 0K ; .
&imz o+ a;lmz ,-i2 + a’ilﬁz l'£3
1 2 3
. OKj o s  OKju, o OKj.. 0K ;. . 0Ky, .
M16— 8d1 d1—|— 8d2 dg"‘ 8d3 d3+ 8%1 I€1+TFL3FL3
. 0Kdd . 0Kdd . 0Kdd . 0Kdd 0Kdd
Mo = 2d3 7 2d3 7 2d3 7 203 ~ 203 ~
23 0d1 ! + 0d2 2 + 0d3 3 + 8/@ 2 + 8143 3
. oK; . . O0K;. . . O0K;. .
Wor = =gttt e s
0Ky, . 0K j, ., i 0K j, . s
0Ky OFko Oks
. 0Ky, . 0K, . 0K, . 0K, 0K,
Mox = 2K2 2K2 2K2 2K2 2K2
5= 50 DN a0, BT T, BT Tk, T o, 1
M _ aKdél%sd' + aKdzfisd' + 9 dzksd + aKdél%s foo + aKdzits P
26 8d1 ! 8d2 2 0d3 3 8/@ 2 8143 3
0K, . 0K, . OK;. . 0K,, 0K,
May = 3H1d 3H1d .‘mld 3K1 3K1
3 8d1 ! + 8d2 2 + 0d3 3 * 8/{1 i + 8143 3
. 0Ky »  OKjp o OKj. - 0K, . 0K, .
Mis = =50 Dt 3a, T g, BT T, T oy,
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(P.11)

(P.12)

(P.13)

(P.14)

(P.15)

(P.16)

(P.17)

(P.18)
(P.19)
(P.20)

(P.21)



. 8Kd' L. 8Kd' . 8Kd- o 8Kd', .
Moar = 3H3d 3H3d 3K3 d 3K3 -
%= od, T Tad, P Tod, BT ok
: 0K+ . . OKe o .  OKe . .
M — szd Hll‘iQd R1l€2d
& od, T Tod, T Toq, @
aK/il/%z . aK/ilr%z . aKﬁclkz .
+ 0/{1 K1+ a/{2 Ko + (‘3/{3 K3
. 0K, in .  OKijpo -  OKpin o OKgi; 0K, ;
M — Klligd H1H3d Klﬁgd K1K3 - K1K3 -
46 0d1 ! * 8d2 2 + 0d3 3 * 0/@1 & * 0/@, 3
M _ Hzﬁgd ngngd nzngd KoK3 - KoK3 - .
56 8d1 ! + 8d2 2 + 0d3 3 * 0/@ 2 * 0/@, 3

(P.22)

(P.23)

(P.24)

(P.25)

After comparing (P.11)-(P.25) with the corresponding entries of V (g, ¢), then it is

clear that (P.4) is satisfied.
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