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ABSTRACT

The study of random objects is a useful one in many applications and areas
of mathematics. The Probabilistic Method, introduced by Paul Erdds and his many
collaborators, was first used to study the behavior of random graphs and later to
study properties of random objects. It has developed as a powerful tool in combi-
natorics as well as finding applications in linear algebra, number theory, and many
other areas. In this dissertation, we will consider random vectors, in particular,
dependency among random vectors. We will randomly choose vectors according to
a specified probability distribution. We wish to determine how many vectors must
be generated before the vectors are almost surely dependent, that is, there is a high
probability that a subset of the vectors is linearly dependent.

In Chapter 1, we will review previous work done in this area. A typical result
in the study of random objects is a threshold function that describes the behavior
of a given property of the objects. We will discuss previous threshold functions
and methods used to find them. The results found for this problem before now
have been for vectors of bounded or fixed weight. In Chapter 2, we will develop
the methods we will use later on vectors of fixed weight. We will then use these
methods in Chapter 3 to vary the probability model under which the vectors are
generated. Instead of considering vectors of fixed weight, we will consider a general
probability model for choosing the vectors: each position in a vector will be assigned
a probability of containing a nonzero entry. Finally, in Chapter 4 we will specify a
function for this probability. We will then find a threshold result for the specified
probability model. This result will give a lower bound for the number of vectors

needed before they are almost surely dependent.
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CHAPTER 1

Random Vector History

Since its introduction in the late 1940s [3]|, the Probabilistic Method has
been a powerful tool, widely used in combinatorics and graph theory as well as
finding applications in number theory, algebra, and computer science. Pioneered by
Erdés and his many collaborators to study random graphs, probabilistic methods
can often yield results not easily attainable with other methods. The key to the
Probabilistic Method is its use of random objects, often applied to existence proofs
or in finding threshold results. A random approach to a difficult problem can make
the problem easier to tackle. For instance, determining if a graph is Hamiltonian
is an NP-complete problem. However, it has been shown that a random graph
is almost surely Hamiltonian if it has minimum degree 2. This type of threshold
result is often the goal in studying random objects. In this dissertation, we will
be investigating properties of random vectors. In particular, we will discuss the
probability of dependency among a set of vectors randomly chosen according to a
given probability model.

The majority of the literature in this area has focused on the dependencies
found in random vectors of fixed weight or vectors of bounded weight, that is, vectors
with weight at most h. The weight of a vector is taken here to be the number of
nonzero entries of that vector. Although many variations and extensions have been
studied, many aspects of the problem remain unanswered. Our main question is as
follows.

Question: Choose [ vectors randomly from a vector space based on a given prob-
ability distribution. How large must [ be to ensure with high probability that a
subset of the [ vectors is linearly dependent?

Kolchin, Khokhlov, and Balakin have published a collection of papers that
address this question under the guise of hypergraphs. In the first of these papers

[11], Kolchin and Khokhlov studied the distribution of cycles in a random graph of



degree N. In [2], Balakin, Kolchin, and Khokhlov studied the number of hypercycles
in hypergraphs. The results of these papers apply to vectors over Fy. Kolchin found
similar results for Fo by studying systems of random equations in [9] and their
relation to hypergraphs. Kolchin and Khokhlov generalized the work on systems
of equations to prime fields in [12]. Finally, Kolchin studied yet another system of
random equations in [10] to analyze the question over general finite fields. Calkin
took a more direct approach to the question in [5] and [6], giving a result similar to
the main results in the previous papers although the models are slightly different.
Cooper then generalized the question further in [7] to include random vectors over
Abelian groups in addition to vector spaces over finite fields. Finally, in [13] Linial
and Weitz considered the question motivated by coding theory applications.

In the remainder of the dissertation, k& will be the length of the vectors
and we will be choosing [ vectors independently according to a specified probability
distribution. We will regard the vectors as the rows of a matrix so that we will be
considering an [ X k matrix. From linear algebra we know this matrix is dependent
for any I > k. Therefore, the interesting case for dependency is when [ < k. As
such, we will always assume that [ < k.

We begin by summarizing the work done by Balakin, Kolchin, and Khokhlov
on hypergraphs. A hypergraph H = (V, E) is a generalization of a graph where V' is
a set of vertices and each edge in FE, called a hyperedge, is a subset of the vertices.
Although hypergraphs and hyperedges are generally considered to be non-empty, for
this application we allow the empty hypergraph and hyperedge as well as multiple
hyperedges. Each hypergraph with &k vertices and [ hyperedges is associated with
an [ x k binary matrix A = (a;;) called the incidence matrix. A is defined as follows:
if e; is the " hyperedge in E and v; is the 4t vertex of H, then

1 ifvj€e
aj; =
0 otherwise.
A subset of hyperedges C' = {eq, €2, ..., en} is a hypercycle if every vertex appearing
in C appears in an even number of the hyperedges. In other words, the vectors

representing e, es, ..., €, sum to the zero vector modulo 2. If C; and Cy are both



hypercycles, the union of Cy and Cs, denoted C7; A (s, is defined to be the set of
hyperedges contained in either C7 or C's but not both. Finally, let Cq,Cs,...,Csbea
set of hypercycles and let €1, €2, ...,€65 € {0,1}. Then Cy,Cy, ..., Cy are independent
if

€01 A eaCo N Ne,Cy =10
ifand only if e; = €3 =+ =€, =0.

In [2], Balakin, Kolchin, and Khokhlov constructed a hypergraph with inci-
dence matrix A whose rows are generated independently of each other. To construct
a row, h positions are chosen uniformly with replacement in which to insert a 1. In
doing this, it is possible for more than one 1 to be placed in any given position. If
an odd number of 1’s are placed in one position, then the final entry is a 1. Oth-
erwise, a 0 is placed in that position. Notice that using this construction, each row
contains at most h 1’s. Balakin, Kolchin, and Khokhlov considered the total num-
ber of independent hypercycles, s(A), of this hypergraph. Then the total number
of nonempty hypercycles is S(A) = 25(4) — 1. They proved the following theorem

about the expected number of hypercycles in the constructed hypergraph.

Theorem 1.1 Let h > 3 be fized, I,k — oo in such a way that l/k — «. Then
there exists a constant oy, such that E(S(A)) — 0 for a < oy, and E(S(A)) — oo

for a > ay,.

A system of equations was given to find the exact value of o, along with the following

solutions:
a3 =0.8894..., ag=10.9969...,
ay =0.9671..., ay=20.9986...,
a5 =09891..., «ag=0.9995...

An asymptotic expression for oy, was also given as

eh e2h /]2 h 1
NS I (R - 1.1
“h m2 In2 (2 Y 2> (1.1)

Kolchin proved the same theorem in [9] by first forming the matrix A in
terms of systems of linear equations and then considering the number of hypercycles

found in the hypergraph represented by A. As in [2], the number of nonzero entries
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of each row of A, equivalently, the number of variables included in the linear equation
corresponding to the row, was at most h.

All the the papers above point out the connection between the dimension of
the null space of the matrix A and the systems of linear equations or the number of
independent hypercycles of the hypergraph represented by A. Recall that a subset
of hyperedges, C', is a hypercycle if all of the vertices appearing in C' have even
degree. This is equivalent to saying that the sum of the rows corresponding to these
hyperedges sum to the zero vector over F5. Thus the maximum number of distinct
hypercycles is the number of independent subsets of the rows of A that sum to the
zero vector. Observe that this corresponds exactly to a basis for the left null space
of the matrix A. Thus the size of the null space of A is one more than the number
of nonempty hypercycles in the hypergraph represented by A, since we account for
the empty sum when considering the null space.

Calkin proved a similar threshold theorem using the left null space of a
matrix rather than the concept of hypergraphs [5]. In this paper, the matrix A is
formed by choosing binary vectors uniformly with replacement from the set of all
vectors with weight exactly h. As a side note, the vectors chosen are actually used
as the columns of A and the size of the right null space is calculated. Since we place
the vectors as the rows of A, we will phrase Calkin’s results in terms of the left null
space.

Let r be the rank of A and s = [ — r the dimension of the left null space.

Calkin showed the following threshold theorem for each h > 3.

Theorem 1.2
(a) If B < Br, and m = m(k) < Bk, then E(2°) — 1 as k — oo.
(b) If B > By, and m = m(k) > Bk, then E(2°) — oo as k — oo.

As h — 00, the constant (3, is shown to be

e—h

~l—
Bn In2

The first few exact critical values are found to be



By =0.8894928..., (7= 0.9986504...,

B4 =0.9671147..., (g =0.9995102...,
B5 =0.9891624 ..., (g =0.9998209...,
Be = 0.9962283 ..., (19 =0.9999343...

It appears that the only difference between Theorems 1.1 and 1.2 is in the
finite limit of the expected value. Since S(A) is defined to be the total number of
non-empty hypercycles while the null space allows the zero vector, this difference
is simply a matter of what is being considered. Even the exact solutions for the
threshold values agree to four decimal places with the exception of ag and (g.
However, it is important to remember that the models are different. We go into
more detail on this after discussing Calkin’s method.

Calkin took a very different approach to proving this theorem than Balakin,
Kolchin, and Khokhlov. He defined a Markov chain as follows: starting with the
zero vector, add a single vector of weight h at each step and calculate the weight
of the current vector sum. The states of the chain are in the set {0,1,2,...,k}
and correspond to the possible weights of the vector sum. Calkin showed that the
transition matrix of this Markov chain was diagonalizable and obtained explicit
expressions for the eigenvalues and eigenvectors. He then found the probability that
a subset of m vectors sums to the zero vector in F5. Thus the expected size of the

left null space of the matrix whose rows are vectors of fixed weight h is

E(2°) = Zk: 2% <I:> (1+X),

where

is the i*" eigenvalue of the transition matrix.
Estimating A; and in turn F(2%) gives the threshold theorem. Now let py 5 (1)
be the probability that the [ random vectors are linearly dependent. As a result of

Theorem 1.2, Calkin also gives



Theorem 1.3 For each h there is a constant By so that if B < By, then
lim phh(ﬂk) = 0,
k—o0

where By, is as before.

Since [, — 1 very quickly, this theorem tells us that [ must be very close to k in
order to have a chance of choosing a set of linearly dependent vectors.

At this point we return to the observation that although the models of Bal-
akin, Kolchin, and Khokhlov in [2, 9] are different than Calkin’s in [5], the results
look the same. Upon careful inspection, we see that as h grows, the asymptotic
threshold values given for the two theorems are slightly different. Recall the ap-

proximate solution (1.1) given by Balakin, Kolchin, and Khokhlov as the threshold

—h —2h 2
oy ey

value:

In2 In2 \ 2 1In2 2
as well as the asymptotic threshold value for 3; given by Calkin:

e—h

~1——.
Bn In2

It is clear that these critical values are asymptotic. In fact, Calkin also gives the

following expanded expression:

—h —2h h2 h 1
- T (— 4 —h-— —) + e 3ot

~1
Bn 2 " n2 2

in [5], giving more evidence to imply these theorems are equivalent. We must recog-
nize, though, that these are asymptotic solutions. Here lies the difference between
the theorems: the thresholds are not actually identical, but are instead asymptoti-
cally equivalent.

This similarity between solutions comes directly from the similarity between
models. In all of the papers, h positions are chosen uniformly and independently
from k possible locations. However, in the former papers, the locations of the
1’s are chosen with replacement while in the latter paper, they are chosen without
replacement. Thus the vectors chosen in [2, 9] have weight at most h and the vectors

in [5] have weight exactly h. Actually, we can express the first model in terms of



the second: to generate the vectors in the bounded weight model, take h random
vectors of weight exactly 1 and add them together. Now, if )\; is the it" eigenvalue
of the transition matrix generated for the problem with weight h vectors, let pu;
be the eigenvalue of the transition matrix of the problem with vectors of weight
1. Adding h vectors of weight 1 corresponds to raising the transition matrix for
weight 1 vectors to the ht" power. We are thus interested in the i*" eigenvalue of
this matrix, u? . Observe that
(x) (=)

(1)
k—i—1)

24
k:’

2\ "
h

= (1-2) .
He ( k;>

To determine how close these two models are, we must compare ,u? and ;. Initial

(=)

B

i =

=l
—~ O

SO

computations on Maple indicate that these two values are almost indistinguishable.
Furthermore, in analyzing E(2°), Calkin gave the following lemma which will aid

us.

Lemma 1.1
(a) |Ni] <1 forall0<i<k.
(b) Ifi > & then Ny = (—1)" Ny
(c) Let 0 < ¢ < %. Ifi = ck then

2i\" 4(}) 2i\""% i i h?
Ah(“?) _T<1_?> z(“z)*O(m)'

Notice the first term in the expression for \; in part (c) is p?. Since this is the
dominant term in the expression, we see that \; approaches ,u? as k — oo. Thus
the two different models are asymptotically the same, explaining the similarity in
the threshold theorems.

Although the results are similar, the methods used by Balakin et al. and

Calkin are completely different. The disadvantage of using hypergraphs to prove the



threshold theorems is in the limitations set on the matrix considered. By using an
incidence matrix, we are forced to consider only vectors chosen from Fo. However,
Kolchin’s use of linear equations and Calkin’s Markov chain can be used to inves-
tigate results in other finite fields. Recall that Kolchin related a system of linear
equations over Fy to a hypergraph in [9] to give a threshold theorem. Kolchin and

Khokhlov considered the system of equations over F,, p prime, given by
Tiy(t) T Tige) + o F Tay = b, =1,

where the values for i;(¢) are uniformly randomly chosen from {1,2,...,k} with
replacement and the values for b; are chosen from F, with equal probability [12]. Ay,
is then defined to be the matrix corresponding to the system of equations. Observe
by the formulation of the system each row of A will have at most h nonzero entries.
A critical set is defined to be a set of rows and weights, B = {t1,...,tm;€1,...,€m}
such that

€1a¢, + ... €Emag,, = 0

where a; is the t*" row of A,. Letting S(A,) be the total number of critical sets of

A,, they showed for F,:

Theorem 1.4 Let p > 3 be prime, h > 3 be fized, and let I,k — oo in such a way
that l/k — «. Then there exists a constant oy, such that E(S(Ap)) — 0 if o < oy
and E(S(Ap)) — o0 if a > ay.

The constant «y, is the first component of the vector which is the only solution

of the following system of equations in three unknowns a, \, and x:

1 M1+ (p—1)e PV P-D) (i) e = 1,
p

ah —x
(p—(ah—z) _ (3)"7

1 — e—PM(p-1)
1+ (p—1)erM@-1)

Finally, in [10], Kolchin generalized this approach even further and showed

that the threshold exists for systems of equations over Fy, ¢ > 3. He considered the



system of linear equations given by

agt)xil(t) + agt)xi2(t) +ot ag)xih(f) =by, t=1....1

®)

where the i;(t) and b; are randomly chosen as before and the a;’ are uniformly
randomly chosen from F,;. The threshold theorem resulting from this generalized
system of linear equations is identical to Theorem 1.4 with p replaced by q.

Calkin also generalized his method of computing the expected size of the
null space to other finite fields in [6]. The process is the same: randomly choose
I vectors independently and uniformly with replacement from the set of vectors in
IF'; that have h nonzero entries, and define a Markov chain based on the Hamming

weight of the partial sums of the vectors. Setting up the transition matrix as before

he found

h 2\ (k—1
(t) (h—t) (¢—1)°
_ )t
D TP

and
k
Z%( ) (1+(g—Dr) (g — D
=0

Asymptotics of E(q®) gave the following generalized theorem.

Theorem 1.5 For any q, h > 3 there is a constant 3, so that
(a) If B < Br, and m = m(k) < Bk, then E(¢°) — 1 as k — oc.
(b) If B > By, and m = m(k) > Bk, then E(¢°) — o0 as k — oo.

(g—1)e"

1
Furthermore, 1 — By, ~ g — 08 k — oo.

Again, the expected size of the left null space, E(¢®), led to the following corollary

about linear dependencies among the random vectors.

Corollary 1.1 For any fized h, q, if 8 < By and | < Bpk, then, as k — oo, the

probability that the vectors ui,ue,...,u; are linearly dependent tends to 0.

Corollary 1.1 and Theorem 1.5 give a lower bound for the number of vectors needed
to have a set of vectors in IF"; that are linearly dependent. In addition, Kolchin and
Khokhlov’s calculation of this threshold value in [12, 10] agreed with the asymptotic

expression for F; in Theorem 1.5.



The original question of linearly dependent random vectors can be modified
to obtain other interesting results. Cooper not only considered the question where
the vector entries come from finite fields, but also generalized the problem to consider
the case when the entries are elements of an Abelian group [7]. Like Calkin, he
studied vectors of constant weight. However, it was necessary to employ different
methods in order to gain more insight into the question regarding Abelian groups.
Cooper gave an expression for the probability that a random sequence of vectors
sums to the zero vector and estimated this probability in order to obtain a system
of equations. For fixed k, the smallest positive solution to the system gave a lower
bound on the threshold value for linear independence. On the other hand, for &
tending to infinity, the lower bounds could be simplified to find the solution of one
equation. For finite fields, Cooper found this threshold value to be «y, the largest

non-negative solution of
ag = 1—log, (1 + (g — 1)e‘°‘qh) .

Furthermore,
L lg=De™

Ay N
1 Ing

)

the same result given by Calkin in [6].
The question of Abelian groups separates into two cases to specify the pos-

sibilities for the vector entries:

Case 1: Each vector has h nonzero entries, all of which are a fixed element,
v, of the group such that the order of ~ is ¢.
Case 2: Each vector has h nonzero entries chosen uniformly at random from

the nonzero elements of the group where the size of the group is t.

In both cases, as h — oo, a lower bound on the critical threshold value was found

to be

Bp, ~ logyt

where t is as defined in the cases above.

10



Linial and Weitz have also studied rank and linear dependency among ma-
trices where the rows are restricted [13]. The rows in their matrices were chosen
uniformly from the vector space containing vectors with Hamming weight at most
h, that is the vectors have at most h nonzero entries. Their variation is as follows:
how large does the maximum weight need to be in order to ensure that the matri-
ces behave like those where h = n, in other words, matrices whose rows are taken
from F’; with no restrictions. Let E' be the expected size of the null space of an
I x k matrix whose rows are chosen uniformly over F, with no restriction on weight.

Linial and Weitz noted that
1
q"—1

I _
Bl =14+

Now let Eﬁl be the expected size of the null space where the rows have weight at

most h. One of the main theorems in [13] is

Theorem 1.6 Let Q = Qy, 1, be the probability space of | X k matrices over Iy
with row weights at most h. Consider the rank r as a random variable on 2. Then
the expected cardinality of the kernel satisfies:

El =1 ql_1<E =1y — gl
=1+ qk = (q )_ h

with equality when h = k. Moreover, if h > Ink + w(1), then for every l,

f—1
EL < (1+0(1)) (quk >

as k — oo.

This implies that when A > Ink + w(1),
E'<El <(1+0(1)E"

In other words, when h is large enough, the null space of matrices in €, ; 1, , behaves
roughly as it does when there are no restrictions on the rows of the matrices. To
estimate Eﬁl and prove this theorem, Linial and Weitz used upper and lower bounds
on the probability that a sum of vectors gives the zero vector. As a corollary to this

theorem, they gave

11



Corollary 1.2 Let w(k) — o0 as k — oco. If h > Ink + w(k), then

—[l=F|

E(min{k,l} —r) < 1 +o(1)

where r is the rank of the matrix.
This led to the results they were interested in.

Corollary 1.3 If h > Ink +w(k) and if |k — 1| > w(k) then almost every matriz in

Qn1kq has full rank.

Corollary 1.4 If h > Ink + w(k) and if ' < min{l, k} — w(k) then Pr(r <r') =
o(1).

This last corollary is especially interesting as it says that if h is large enough, the
probability of not achieving full rank is very small.

The papers discussed all addressed some variation of the main question, the
only differences being in the models and fields considered and in the methods used.
There are still variations to this question to be studied. We will explore another of
these variations by modifying the probability model. Instead of requiring the vectors
to have constant or bounded weight, we will assign each element of the vectors a
probability of having a 1 in that location. We will find an exact expression for the
expected size of the null space of the matrix generated under this probability model
following a method we outline using fixed weight vectors. Finally, we will use the

exact expression to explore a specific probability model.
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CHAPTER 2

More on Fixed Weight Vectors

2.1 Introduction

In Chapter 1 we saw lower bounds on a critical threshold value for our main
question over both Fy and F,. For sets of vectors with size less than this critical
value, previous authors showed that those vectors were almost surely independent,
thus implying we would need to generate more vectors than the critical value before
finding a dependent subset. Balakin, Kolchin, Khokhlov, and Calkin all took an
approach that utilized a matrix and all authors discussed the importance of the
null space of that matrix in their findings. In this chapter we will more thoroughly
discuss the link between our question and the null space of a certain matrix. To
explore this idea further, we will continue to work with vectors of fixed weight, as
Calkin and Cooper did. We first describe the variables and assumptions we will be
using.

Let H be the set of binary vectors of weight h over IE‘]§ Choose [ vectors,
Vi,Va,..., vy, uniformly from H with replacement and let V = {vq,va,...,v;}. We

define the matrix A such that the i*" row of A is the i** vector chosen, i.e.

T
Vi

T
A\

A=

vi
Observe that A is an [ x k matrix and by construction, each row of A has weight h.
Let r be the rank of A and s = [ —r the dimension of the left null space of A. Recall
in [5] that Calkin found the following exact expression for the expected number of
subsequences of V that sum to the zero vector:

k
E(2°) = Z%(’j)u + M) (2.1)

1=0



with

i = Eh:(—ntw.

= ()

Alternatively, we can view E(2°) as the expected size of the left null space of A. To
make this connection clear, consider x in the left null space of A. Since x is over Fo,
multiplying A by xT on the left is equivalent to adding the rows of A corresponding
to the 1’s in x. Since xT A = 0, the sum over Fy of the subset of rows is the zero
vector, therefore the subset of rows is dependent. Thus there is a correspondence
between the dependent subsets of V and the vectors in the left null space of A.

Now that we see there is a well-known concept from linear algebra connected
to our question, we can use it to gain insight into the problem. In particular, we
discuss the implication of having E(2%) = 1. If the size of the null space is 1, then
there is only one vector in the null space. In fact, we know exactly what vector
that is, the zero vector. Therefore if x” = (¢, ca,...,¢), then the only solution to
xTA =0, or

vy +...qv; =0,

is x = 0. In other words, vi,va,...,v; are independent. So when the expected
size of the left null space is close to 1, the vectors are almost surely independent,
or there is a very small probability that they are dependent. As F(2%) increases,
the probability that there exists a dependent subset of V also increases. Recall the
threshold theorem for F(2°).

Theorem 2.1 (Calkin, [5])
(a) If B < B and | =1(k) < Bk, then E(2°) — 1 as k — oc.
(b) If B> By, and l = U(k) > Bk, then E(2°) — o0 as k — oo.

Furthermore, as h — oo,

e—h

~1——.
Bn In2

This theorem says that we must choose at least k- (1 — e~ /In2) vectors of fixed
weight A from F’; before obtaining a dependent set. Also, as h — oo, §;, rapidly ap-
proaches 1, so we must generate close to k vectors before we have a high probability

of seeing dependence.
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Calkin used a Markov chain to obtain the expression for E(2°) leading to
Theorem 2.1. In this chapter, we will further exploit the importance of the null
space by considering the right null space of A. This will lead to an interesting
binomial identity as well as ideas that will be important in a later chapter with

different probability models.

2.2 The Right Side of Calkin’s Work

From linear algebra, we know that the left null space of a matrix A is the
set of all vectors x such that x” A = 0. As stated before, when x € IF‘IQ as it is here,
x being in the left null space is equivalent to the corresponding rows of A summing
to the zero vector. On the other hand, the right null space of a matrix A is the set
of all vectors x such that Ax = 0. When x € F%, we now need to determine when
the corresponding columns sum to the zero vector. Although we are still adding a
subset of vectors, we no longer know the weight of those vectors so a Markov chain
is no longer convenient. Instead, we will need to be careful of where the nonzero
entries are. To do this, we will fix a vector, x, of weight r and determine how many
of the vectors, or how many of the rows of A, have a certain number of entries in
common with x. This calculation will then be used to determine the probability

that the columns corresponding to the nonzero entries of the vector sum to zero.

Lemma 2.1 Fix x € FS such that the weight of x is r. Choose vi,Va,...,V] ran-
domly with replacement from IF“"Qf so that the weight of each v; is h. Then the proba-

bility that the product of v; and x is 0 for all i is

Privix=vlix=...=vlx=0)=06!

0= ® szj <2Tz> (:—_;>

Proof: Let H = {v € F§ | wt(v) = h}. Clearly,

()

where

—_
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Now let W = {v € H | vI'x = 0}. To find the desired probability, we will first find

the probability that a random vector is in W, or

T _ oy WV

Pr(vix=0)= H

We begin by determining |[W|. Note that in order for vI'x = 0, v and x must have
an even number of 1’s in common, say 2 1’s in common. From the r 1’s in x, there
are (5;) ways to choose these common bits, leaving h — 2¢ 1’s in v. The locations of
these remaining 1’s must be chosen from the locations of the £ — r 0’s in x in order

for the vector product to be 0. There are (;f__;l) ways to do this. Thus the number

of vectors in H with 27 1’s in common with x is

(o) 5)

Since v and x have an even number of 1’s in common, and the common number

ranges from 0 to h, we find

V= thJ (2:) <i]:—_2rz>

=0
Then
T LN
Pr(vix=0)=0 = @ ZZ:; <2z> <h—2z’>'

Finally, since each v; is chosen independently from F%, then Pr(v'x = 0) for any v

chosen is independent of the other vectors already chosen. Thus

Privix=vlix=...=vlx=0) = Pr(vix=0)Pr(vix=0)---Pr(vix=0)
= [Pr(vix=0)
= o

as claimed. O

Alternatively, the result of this lemma could be stated as Pr(Ax = 0) = ©! where
A is the previously discussed matrix.

Now that we know the probability that a fixed vector is in the null space of
a random set of [ vectors, we can use this to find an expression for the expected size

of the right null space of A. To use Lemma 2.1, we will need to separate the vectors
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in F% by weight. We let ¢ be the dimension of the right null space of A and denote

the expected size of the null space by F(2!).

Proposition 2.1 Let vi,vo,...,v; € FS be chosen randomly such that the weight
of each vi, 1 <1i <1, is h and let A be the matriz with VZT as the it" row. Let t be

the dimension of the right null space of A. Then

E2h) = Zk: <Z‘f> o'

r=0

0= (_%) ii:? (22) (: - 2:)

where

as before.

Proof: Observe that there are 2% vectors in F§ and (f) vectors of weight r in F§.

Let {Xl}?il be the set of all vectors in F% and define the random variable Y; to be

0 otherwise.

By defining Y; as an indicator variable in this way, we can use it to determine the

size of the right null space,

2k
{xi|Ax; = 0} = > V5.
=1

By linearity of expectation, the expected size of the null space is given by a sum of

expected values:

E(2Y)

|
S

™
B3
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Then using the usual definition of the expected value of a random variable and the

definition of the null space,

2k
E@2) = Y 1 Pr(Ax; =0)
=1
2k
= ZPT’(V{XZ' = Vgxi =... = VlTXi =0).
=1

Regrouping the vectors above, we can sum over the weight of the x;. We are then

able to use the result of Lemma 2.1. Thus

2k
E@) = > Pr(vixi=vix;=...=v]x; =0)
i=1
e
- Z <r> Pr(vector of weight r is in null space of A)
r=0
k
= > <k> e.
r=0 r
Hence
Yk
B2 = :
D=3 ()

where O is the probability that a vector of weight r is in the right null space of the
matrix A. O
This gives us an exact expression for the expected size of the right null space of A.

We have seen that the left null space of A is important to the problem at
hand. In fact, we have given a direct correlation between the vectors in the left
null space and subsets of dependent vectors. So why are we interested in the right
null space? The following algebraic connection between E(2°) and E(2') gives the

answer.

Fact 2.1 Suppose A is an l X k binary matriz and let s be the dimension of the left

null space and t the dimension of the right null space. Then
E(2h) = 2F1E(2%).
Proof: Suppose r is the rank of A. Then s =[l—r andlett = k—r. Thust = k—I[+s,
giving
2t = 9h=los,
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So E(2%) = B(2F 1) = 21 E(29). O
This equality, along with equation (2.1) and Proposition 2.1, gives a com-
binatorial proof of the following binomial identity. We also give an algebraic proof

below.

Corollary 2.1

> (2 ()0

-y (5 1+ oy Db ((f):;) (23)

i=0 j=0
Proof: This identity certainly looks complicated, but the proof is actually quite

straightforward. First notice that (2.2) can be rewritten as

SO (S 0)(s) -5

If we can show

3 (3)(2) = ()3 ()G))

we will obtain the desired result. Recall Vandermonde’s identity:

()20

Replacing (Z) with the appropriate expression and adding the two sums gives the

result.

Hence (2.2) is true. O
Although we could find asymptotics for E(2), this corollary tells us it is not
necessary to do so. Theorem 2.1 gives a lower bound on the threshold value for the

size of the left null space. This can be used in conjunction with Fact 2.1 to derive
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a lower bound on a threshold value for the right null space. On one side of the
threshold, F(2°) tends to 1 while E(2") approaches 2¥~!. On the other side of the
threshold, F(2°) as well as E(2!) go to infinity.

The relationship between the expected sizes of the left and right null space is
particularly useful as it gives another expression with which to analyze and derive a
threshold theorem. Although we don’t need to find asymptotics for both expressions,
for some probability models it may be difficult to obtain one for E(2%) or E(2). If
we are able to find one of these, the second follows by multiplying by the appropriate
factor of 2. In addition, we can always use the simpler expression even if it is not
the desired one for our application.

For our particular application, the size of the left null space is more useful
to us as it is directly related to the question. However, we will be able to use this
connection between the left and right null space as well as the idea behind proving
Lemma 2.1 in the next chapter. There we will extend these results to vectors that

do not have fixed weight and are chosen under a more general probability model.
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CHAPTER 3

Vectors Under a Probability Distribution

3.1 Introduction

We have seen one type of generalization for the problem so far; Cooper
considered vectors over Abelian groups in addition to finite fields. We saw that
similar threshold results were found for this case. In this chapter and the next,
we are interested in a different generalization of the question. We will continue to
work over Fg, but we will remove the restriction that the random vectors have fixed
weight. Instead, we allow the weight of each vector to vary by assigning to each

entry of a vector v a probability of having a 1 in that position. In other words,

The variables and set up will be the same as before: choose [ vectors of length k£ and
let A be the matrix having the i** vector chosen as its i row. Let s be the dimension
of the left null space of A and t the dimension of the right null space. Recall that
we want to know how many vectors we need to choose to have a high probability
that the vectors are dependent. In this chapter we will find exact expressions for

the expected size of both the left and right null space.

3.2 The Right Null Space: Method 1

In Chapter 2 we found an expression for E(2'), the expected size of the
right null space of A where the rows of A had fixed weight h. We first calculated
the probability that a fixed vector, x, with weight r was in the right null space by
recognizing the fact that x and each row of A had to have an even number of 1’s in
common. We will follow the same outline in this chapter and begin by finding the
probability that a fixed vector of weight r is in the null space.

With vectors of fixed weight, finding this probability was merely a matter of

finding the number of ways that x and each vector v; could have an even number



of 1’s in common and then dividing by the total number of vectors in the space.
With the new probability model, however, the matter is more complicated. Since
the probability of having a 1 changes according to position, we must know where
the 1’s are in x. The following lemma is similar to Lemma 2.1, but notice that we

now specify the location of the 1’s in x.

Lemma 3.1 Fizx € F§ with wt(x) = r and suppose x[j1] = X[ja] = - - - = x[j,] = 1.

Let vi,va,...,v; € F§ with Pr(v;[j] = 1) = oy for all i. Then

Pr(v{x:vgx:'u:vlTx:O) :@IT
where
r/2] & k k r
=22 D > II o0, (- a).
m=0 s1=1s2=s1+1 Som=82m—_1+1 t=1

t#51,...,52m

Proof: We will first find this probability for one vector v € o, i.e.

As in Lemma 2.1, x and v must have an even number of ones in common, so
Pr(vI'x = 0) = Pr(v has 2m ones in common with x).

If v has no ones in common with x, then this is the probability that v has a 0 in

each position where x has a 1. Thus

T
Pr(v has 0 ones in common with x) = H(l — ).
t=1

If v has 2 ones in common with x, then we need the probability that v[p] =

v[g] = 1 for any pair p,q € {j1,J2,---,Jr}, P # q, and v[w] = 0 for all other

w e {j17j27"' ajT}> w #p7q So
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T T T
Pr(v has 2 ones in common with x) = Z Z H aj, o, (1 —aj,).
s1=1s9=s1+1 t=1
t#s1,52
The two sums run through all ordered pairs of indices in {j1,jo,...,j,} and the

product gives the probability that the remaining terms are 0. We continue this

process to find that

Pr(v has 2m ones in common with x)

T T T T
= D> > D T ., o, (1 —aj).
s1=1s2=s51+1 S$am=82m—1+1 t=1
S1,--,52m

The embedded sums indicate we are considering all possible ordered 2m—tuples of

T

1’s. Now, in order to have v!x = 0, v and x must have 2m common 1’s, where

0 <2m <r. Thus

r/2] r T r r
T, _ — . ) . v
Privix=0)= § E E E H Qg s, "'Ozjszm(l @)
m=0 s1=1 s2=s1+1 Soam=582m—1+1 t=1

t#51,...,52m
Set ©, = Pr(vI'x = 0). Since the v; are independent of each other and ©, is the

same for each v;, 1 <i </,

To — o Tow— o —oTe —) — @
Privix=vyx=---=v;x=0)=0,.

O

With this lemma we can find the probability that a given vector is in the

null space of A, as long as we know exactly what that vector is. When computing
E(2Y), we will construct a sum over all 2F vectors in IF’;, as we did in Chapter 2.
There, it was very convenient to regroup the terms and sum instead over the weight
of the vectors. Lemma 3.1 doesn’t allow us to do this. Therefore, we would like to

generalize the result to all x € IF‘"Qf with weight r. We do this in the following lemma.
Lemma 3.2 Let x € F’; with weight r > 0. Let vq,va,... V] € F’; Then

Privix=vlix=- =vlx=0)=0!
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where

r/2] & k k k k
LS ED DD DD DELEED DEND DI
m=0 s1=1 s2=s1+1 Som=82m—1+1 t1=1 to=tq+1
t17s; ta#s;
k

Z a81a82’”a82m(1_at1)(1_atz)"'(l_atrfzm)'
tr—om=tr_2m-—1+1
tr—om#5i
Proof: For this proof, we want to enumerate the probability for all possible vectors x
of weight r from F’; Again, x and v, a vector generated under the probability model,
must have an even number of 1’s in common. As in Lemma 3.1, the probability of

having 2m common 1’s is

k

k
E o .. E asl .. a82m7
s1=1

Som=82m—1+1
counting all possible ordered 2m—tuples in v. The remaining r — 2m 1’s in x must
correspond to 0’s in v, thus we must have r — 2m 0’s in v in addition to the 2m 1’s.

We account for all possible combinations in

k k
oo Y (A-ay) (- ag,)
t1=1 tr—om=tr_om—1+1
t1 7551' t'r72m7é5i

Combining these two expressions, we find the probability of having 2m common 1’s,

0<m < |r/2], to be

r/2] & k k k k
Privix=0) = > > > o X X X
m=0 s1=1s2=s1+1 Som=82m—1+1 t1=1 to=tq+1
t1#£s; ta#s;
k
E a51a52...a52m(1_atl)...(]‘_at'erm)’
tr—2m=tr—2m—1+1
tr—om#5i
Set ¥, = Pr(vlx = 0). Since vy, ...,v; are independent,
Privix=vlx=...=vlx=0) =0l

Od
Before continuing, let’s write out the first few terms of ¥, to get a handle

on what the summands looks like. When m = 0, the summand is not empty, rather
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we find that it reduces to the sums indexed by ¢, or
k k
Do > (A—a) - (T-ay). (3.1)
t1=1  tp=t,_1+1
Since v must have a 0 in each position corresponding to a 1 in x, we see that the
summand gives the probability that this happens for any x of weight r, as it should.
For example, if k = 3 and r = 2, there are (g) vectors of weight 2 that may be in

the null space. Then (3.1) becomes
(1 — al)(l — ag) + (1 — al)(l — 043) + (1 — 042)(1 — ag),

giving the probability of having the appropriate vectors v as rows in A. When
m = 1, there are 2 common 1’s between the rows of A and x of weight  while the

remaining r — 2 1’s in x correspond to 0’s in v. Then the summand is

k k k k
Y Y 0 Y anenl—o) - (1-ay, ). (3.2)
s1=1s2=s1+1 t;=1 tp_o=tp_3+1
t1#£51,52 tr—27#51,52

For example, suppose k = 4 and r = 3. Then (3.2) is

araz(l —a3) + aqag(l — ay) + agas(l — ag) + aras(l — ay)

+agsas(l — ag) + asas(l — ag) + asas(l — a1) + asas(l — as).

This gives the probability of having any rows in A that correspond to vectors of
weight 3 and having 2 1’s in common.

We now have the probability that a fixed vector of weight 7 is in the right
null space of A. The advantage of this lemma over the last is that we can now use

this probability to find E(2!), using the same method as in Chapter 2.

Theorem 3.1
k
B@)=1+) W
r=1

where W, is as in Lemma 3.2.

Proof: Assume A is the | x k matrix with v; as its i** row. We wish to count the

expected number of vectors from F% in the right null space of A. We order the
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vectors x; € F’; and define the random variable Y; to be

Y, =

0 otherwise.

By linearity of expectation we find
2k 2k
E@)=E (Y Y| =) E).
i=1 i=1
Substituting for F(Y;) and regrouping the terms by weight of x; yields

E@) = Y EX)

= ZPT‘(AXZ' = 0|x; has weight r)
r=0
k
= 1+ Z Pr(Ax; = 0|x; has weight r).

r=1

Finally, we replace the probability in the last line with the result from Lemma 3.2

to get
k
B@2)=1+) W
r=1

O

We now have an expression for the expected number of vectors in the right

null space of A for a general probability model. Therefore the expected size of the

left null space is

E(2°) =27FE(2Y.

Finding asymptotics for E(2°) for a specific probability model would lead to the
lower bound for [ and the the threshold theorem we are searching for. However, the
expression we have is clearly not easy to work with. The number and variability of
embedded sums alone is enough to prompt us to find a more elegant expression to

estimate.
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3.3 The Right Null Space: Method 2

To find a different expression, we need a few preliminary lemmas. In Lemma
3.1, we specified the location of the 1’s in the vector x. There we saw that having
a zero vector product depended largely on the behavior of the randomly generated
vectors in those locations. In the next lemma, we will consider a vector of length ¢
where every entry is a 1. We will then find the vector product of this vector with
another generated by a probability model and give an expression for the probability

that the product is zero.

Lemma 3.3 Let b = (b1, bo,...,bt) where Pr(b; =1) = f3; and lety =1 € F be

the vector of all ones. Then

t
[T -26).

=1

Pr(bTy +

l\DI»—\
l\’)l»i

Proof: Observe that
t t
Ty = Zbiyi = Zbi-
i=1 i=1

Now let P, = Pr(bTy = 0). We can write P, recursively as follows.

t
P, = Pr Zbiy,-=0>

= B+ (1—206)P—1

To find a closed form for P;, we need to know Py. When t = 0, b’y is an empty
sum and therefore is 0. Thus Py = Pr(b”y = 0) = 1, giving

—_

Plzl—ﬁlzé—i‘ (1-261).

N

This also verifies the definition Py = 1 since b’y = 0 if and only if b = 0 when t = 1.

The probability of this happening is 1 — 3. We then use the recursive definition of
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P; to find

Py = (ot (1-206)P

= B+ (1—-2p) (%Jr%(l—?ﬂl))
— %+%(1—2ﬂl)(1—2ﬁz)-

Now assume that

Pr= g+ 5 (1= 200) (1= 2B) -+ (1~ 260)

[\

This leads to

Pm+1 = ﬂm—i—l + (1 - 2ﬂm+1)Pm

= st (1= 280 (5 (1200 (L= 26) (1 28, )
= g (128 (1 28) (1= 26,0) (1~ ).
With this we find
ENED
2 2.1 i)
by induction. O

To use this result in finding E(2'), we must generalize the lemma so that
y is no longer the vector of all 1’s, rather we want it to have length k& with zero
entries as well as 1’s. We will again have to specify where the 1’s are in y since the
probability model of the random vector is so dependent on location. However, we
will be able to use Lemma 3.3 whose result gives a much nicer closed form for the
probability than the previous embedded sums. Since we are now considering vectors

of length k, we return to vectors generated under the «; probability model.

Corollary 3.1 Let v = (vi,v2,...,v) such that Pr(v; = 1) = «a;. Let ys =

(y1,Y2,--.,yr) where S = {j1,Jo,...,jt} C [k] and y; = 1 if and only if i € S. Then

Pr(vlys=0) == + H — 20).
jGS

28



Proof: Again observe that

k

viys = Z%‘yz’ = Zvjyj = Zvj-

i=1 jes jes
We see that v'yg is equivalent to summing the terms of v corresponding to the 1’s
in yg. Therefore v and Yg are reduced to the type of vectors seen in Lemma 3.3.
The result immediately follows. O

We are now in a position to find the probability that a fixed vector is in

the right null space of the matrix A. We know the probability that one row of A
times the fixed vector yg is zero. Since the vectors are chosen independently, the
probability this is true for each row of A independent of what happens with the

other rows. Therefore
Pr(Ays=0) = P}

= —+ H 2aj

jGS
= 23 (1) TI0 20
JjES
by the binomial theorem. Finally, we have reached the probability we need in order

to find a new expression for E(2').
Theorem 3.2
E@2Y) =2 lz< )H (1+ (1 —205)")

Proof: In order to find E(2!), we must add Pé for all possible subsets S of [k], size

0 to k. This gives

E@2) = > P

S

= 2 lg;( >]61_£1—2aj)w
- 3 (1) S

Consider } ¢ [[;e5(1—2a;)". Since S runs through all possible subsets of {1,2,..., k},

this is the sum of all possible products of (1 — 2«;)", where 1 < j < k. By the
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binomial therem, when we sum over all of the subsets we get H§:1 (14 (1 —2a4)"),

thus
B@2) = 273" (i) > T =205
w=0 S jes
l k
= 271" <l> [T+ a-20)"
w=0 w j=1

O

This gives a new expression for F(2!) that is more manageable than the first.

We point out here that the terms of the sum have no combinatorial interpretation
when discussing the right null space of A, but are merely the result of rewriting the

expression.

3.4 The Left Null Space

At this point, we can use Theorem 3.2 to find the expected size of the left
null space. By Fact 2.1,

l k
B@2)=2")" <i> [Ta+@—20)". (3.3)
r=0 j=1

This is is actually the expression we want to estimate to find a threshold theorem
since it more directly relates to our question. However, it will be instructive to first
construct the expected size of the left null space. The approach will be as before:
fix a vector x and determine the probability x is in the left null space of A. Since

the columns of A are independent of each other, we can write this probability as

k
Pr(xTA=0) = H Pr(x"a; =0),
j=1

where a; is the 4t column of A. From this equation we see that the desired prob-
ability only relies on how x interacts with the individual columns of A. Since each
entry in the j** column has probability a; of being a 1, we can concentrate on one
column of A and then extend our results to the entire matrix. Thus we wish to
compute

Pr(x"a; =0).
We will again consider the number of common 1’s to find this probability.
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Fix the vector x and a probability a. Choose a = (a1, as, ... ,al)T such that
Pr(a; =1) = a. Fixing a and choosing a in this way corresponds to fixing a column
of A to determine the probability that we’re interested in. Since x and a must have
an even number of 1’s in common, we need to know the weight of x. For instance,

if the weight of x is 0, x is the zero vector and x”a = 0, independent of . Thus

If wt(x) = 1, then a must have a 0 in the location corresponding to the 1 in x while

the other entries of a may be either 0 or 1. Thus

Pr(x"a=0)=1-a.

Ta =0, then the two ones in x must be

Now suppose wt(x) = 2. In order to have x
paired with two 1’s from a or with two 0’s, since we are working over Fy. Since the
probability that the vectors have two 1’s in common is o and the probability that

2

a has two 0’s where x has 1’s is (1 — «)*, we see that

Zxal—o (1—a)?+a?

If wt(x) = 3, then x and a can again either have no 1’s in common or two. If there
are two common 1’s, then there are (g) ways to choose the location of the 1’s in a.

Thus
leal_o (1—a)®+ <;>a2(1—a).

Similarly, when wt(x) = 4, then

Z:ltzal =0)=>1-a)+ <;>a2(1 —a)? +a’.

A pattern is now becoming evident. The key to finding these probabilities is exactly
what we have used before. Since addition is over Fs, the number of 1’s that x and

a have in common must be even. We use this in the following proof.
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Lemma 3.4 Fiz x € F, with weight r. Fiz o and let a = (a1, az, . .., a;) such that

Pr(a; =1) = a. Then

Ta = 0 over Fy, x and a must have an even number of ones

Proof: In order to have x
in common, i.e. they can have no 1’s in common, two 1’s in common, four 1’s in
common, and so on. Suppose x and a have 2m common 1’s, where 0 < m < |r/2].
Then a must have 0’s in the locations corresponding to the r — 2m remaining 1’s in

x. Since there are (2:;1) ways to choose the locations of the common 1’s in a, the

probability that x’a = 0 when x and a have 2m 1’s in common is

()

Since 0 < m < |r/2], we have

Pr(xTa=0)=(1—a)" + <;> Al—a) 24+ < >a2W2J (1—a) 272,

2|r/2]

The last term in the sum is o if r is even and o" "' (1 — a) if  is odd. We use the

binomial theorem to find a closed form for this probability.

Pr <i§:l;xiai20> - (1—a)’“+<;>a2(1—a)’“—2+...

Thus the claim is true. O

In this lemma, we considered only one column of the matrix A. In order to
find the expected size of the left null space of A, we must know the probability that
the vector x is in the left null space, Pr(x’ A = 0). To find the matrix product
xT A, we simply multiply x by each column of A. By definition, the probability that

an entry in the j* column is 1 is aj, so Lemma 3.4 gives
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14 (1 —2a4)"
Pr(xTaj =0)= Lt (1= 2ay)" 5 )
where a; is the 4t column and x has weight r. Finally, since each column of A
is independent of the others, the probability that x is in the left null space is the

product of the probabilities that x times each column is 0. We have just shown the

following lemma.

Lemma 3.5 Fiz x € F, with weight r. Let A = (a;;), where Pr(a; = 1) = a;.
Then
LNy 2a )
(x'A=0) H — =

This lemma gives the probability that a given vector of weight r is in the
left null space of A. Notice the similarity to the w'® term of E(2!) found earlier.
With this probability, we can now use linearity of expectation to find the expected

size of the left null space.

Theorem 3.3

B i:()gu (1—2a;)"

r=0

Proof: Let {Xl}?lzl be the set of all vectors in F}, and define the random variable Y;

to be
1 ifx'A=0

0 otherwise.

Then we have l
2
{xi[x] A =0} =)V,
i=0

and, by linearity of expectation,
2l
E@2) = E|)_Y
i=0
2l
= Y EY)
i=0
2l
= ZPT’(XZTA =0).
i=0
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Regrouping the vectors and summing over the weight of the x;, we use the probability

found in Lemma 3.5 that a fixed vector of weight r is in the left null space:

2l
E@2) = ) Pr(x/A=0)
=0

l
l
= Z <T> Pr(vector of weight r is in left null space of A)
r=0

B i(z) M4 (1 - 2a))
r=0 " j=1 2
Hence l i
s l 1+ (1—2a4)"
pe =y (1) [ 2
r=0 j=1
is the expected size of the left null space of A. O

Observe that we have verified equation (3.3), that is
E(2°) =27k E(2Y.

In fact, unlike the results with fixed weight vectors, we have found the same ex-
pression for both E(2%) and 2'=%F(2!). Additionally, in finding the size of the left
null space, we have also found a combinatorial interpretation for the terms of the
sum. Here, the index r represents the weight of the vectors and the summand is the
probability that a vector of weight r is in the left null space, or the probability that
a subset of r vectors, v;, sum to the zero vector. To find a threshold theorem, we
must find when F(2%) is close to 1 so that we only expect one vector in the left null
space, the zero vector. Since the zero vector is in the null space with probability 1,
the 0% term of E(2°) should be 1. This is easily verified by the expression given.
Therefore, the remaining terms must contribute a negligible amount to the sum,
implying the probability that there are vectors of weight r > 0 in the left null space
is very small. In Chapter 4, we will use this idea to analyze a specific probability

model.
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CHAPTER 4

Exploring a Probability Model

4.1 Introduction

Dependency among vectors is a monotone property: if a set of vectors is de-
pendent, adding one more vector to the set will not change that fact. We also expect
that the more vectors there are in a set, the more likely they are to be dependent.
In fact, as soon as the number of vectors exceeds the length of the vectors, we are
assured a dependency. Thus it is reasonable to expect to find threshold behavior in
any set of random vectors when considering dependence, that is, we expect to be
able to find a threshold function for dependence. We will be searching for a function,
I*(k), such that

(i) if I(k)/l* (k) — 0, then [ = (k) vectors are almost surely independent, and
(ii) if I(k)/U*(k) — oo, then I = (k) vectors are almost surely dependent.
This threshold behavior is illustrated by the graph in Figure 4.1. The position on the
plot marked by I,,, shows where we might begin to see the probability of dependence
approaching 0. The position marked by I;; shows a value where the probability of

dependence is approaching 1.

Figure 4.1 General Threshold Graph



The desire with a threshold property is to determine how sharp the threshold
is. If the threshold is sharp, the desired property goes from highly unlikely to almost
surely present with the addition of just a few objects. A graph for a sharp threshold
may look like what we see in Figure 4.2.0ften, though, the provable behavior is more
like what we see in Figure 4.1, either because this actually is the truth or because

this is what our methods allow us to prove.

Figure 4.2 Sharp Threshold Graph

We have discussed quite a few threshold theorems related to our main ques-
tion for vectors of fixed or bounded weight over various finite fields. The theorems
we have shown have given the lower bound, [,,, on the number of vectors needed
before we expect to see dependency. Although there are some results on upper
bounds, we will concentrate on a lower bound for vectors chosen under a different
probability model. In the the remainder of this chapter, we will choose vectors, v,

so that

where ¢ is a constant between 0 and 2/5. In the last chapter, we discussed how
we could use the size of the left null space of a matrix to determine when a set of

vectors are dependent with high probability. We will use this idea in this chapter;
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we will first analyze E(2°) and find an asymptotic for the size of the r*" term and

then use this to determine when E(2°) is close to 1.

4.2 What To Expect

The results found using this probability model will be interesting in applica-
tions involving vectors that are heavier at the beginning than at the the end. Since
the probability of seeing a 1 in the first positions of the vectors is so much greater
than a 1 in the last positions, the majority of the 1’s will be in the beginning entries.
As k — o0, the probability of having a nonzero entry later in the vector is very small.
Therefore the vectors chosen under this model will be very sparse. If a random vec-
tor has few nonzero entries compared to its length, we can, in essence, regard it as a
vector of smaller dimension. The number of vectors needed to generate a dependent
set of vectors increases as the dimension of those vectors increases. Because of this,
we expect to see dependency occur much earlier, or with fewer vectors, than we saw
in the fixed weight case.

To analyze E(2%), we will first investigate a few plots of its terms. From

Chapter 3 with a; = ¢/j, we find E(2°) under this probability model to be

_ 2"
E(2°) :i (i) ﬁ# (4.1)

r=0 7j=1
We let Ty, 0 < r < I, be the r* term of E(2°), giving
113
l j
T, = _ 4.2

. 2
j=1

With extensive plotting of the terms for various combinations of ¢, I, and k we can
identify two different behaviors of T, the terms of E(2%). The first plots below,
Figures 4.3 and 4.4, are the terms of E(2°) for k = 1000, ¢ = 1/4, and two different
values of [, [ = 6 and [ = 10.Although we see two different general shapes in
Figures 4.3 and 4.4, observe that they are both unimodal, that is they only have
one maximum. The maximum term in Figure 4.3 is the 0 term while the maximum
term in Figure 4.4 is at » = 1. We see a similar trend in Figures 4.5 and 4.6 when

k = 1000 and ¢ = 1/3 for two different [, [ = 10 and [ = 100. Again, both plots are
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unimodal, but when [ is small, [ = 10, Ty is the largest term. In the plot on the
right, when [ = 100, the maximum term occurs for larger r. Also notice that the
size of the terms in Figure 4.6 is very large, indicating that the size of the terms

grows quickly as [ grows.
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a
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0.5
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o
(4,1
lov e et bt bl

0.0
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o
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[TTTTTTTTTET T
1 2 3 4 5 6 7 8

0 1 2 3 4 5 6 0
Figure 4.3 k= 1000, [ = 6, Figure 4.4 k= 1000, [ = 10,
c=1/4 c=1/4
1.0—]
: 10°
0.75: Sé
] 3
0.5: E
] =
N -
0.25— -
- =
OTTTI I T T IT1ITT] O_||||||||||||||||||||
0o 1 2 3 4 5 6 7 8 9 10 0 25 50 75 100
Figure 4.5 k = 1000, [ = 10, Figure 4.6 k£ = 1000, [ = 100,

c=1/3 c=1/3
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We should mention here why we restrict the constant ¢ to be between 0 and
2/5. All of the plots we have seen so far have been unimodal. This is an extremely
useful property to have when analyzing E(2%). If we were to know the maximum
term of F(2°), and that all other terms were less than this maximum, we could use
this to aid in estimating the size of the sum. This would, of course, require proving
the unimodal property. This idea motivated us to only look at values of ¢ such that
the terms of E(2°) are unimodal. Observe the plots shown in Figures 4.7 and 4.8.
Figure 4.7 plots T, for k = 1000, [ = 200, and ¢ = 3/4. Notice that although Tj is
the largest term, there is more than one maximum. Figure 4.8 shows the first 10
terms of E(2°) for kK = 1000, [ = 46, and ¢ = 0.48. Observe again that this plot is
not unimodal. In addition, 77 < 1 while 15 > T7. Much of the work we will do in
this chapter hinges on the fact that T5 < T} whenever T} < 1, so it is imperative to

restrict ¢ so that this is true.

1.0 -]
: l.Ot
] _
0.75— —
— 0.75t
0.5: :
— O'St
0.25—] 0.255
O T T T T TTT T T T T T TTTT] O-°_||||||||||||||||||||
0 50 100 150 200 0 1 2 3 4 5 6 7 8 9 10
Figure 4.7 &k = 1000, [ = 200, Figure 4.8 &k = 1000, | = 46,
c=3/4 c=048

Therefore we will only take ¢ between 0 and 2/5. In fact, our calculations
show that the results we give are true for 0 < ¢ < 9/20, but our methods only allow

us to prove the theorems for 0 < ¢ < 2/5. Many of the lemmas and theorems in this
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chapter are actually shown for 0 < ¢ < 1/2. This allows us to give neater bounds

and estimates. However, the final theorems and bounds will require 0 < ¢ < 2/5.
Returning now to the earlier discussion, we’re interested in the behavior

shown in Figures 4.3 and 4.5. As outlined in Chapter 3, we can determine when

E(2%) is close to 1 by considering the terms of the sum. Since

_ 2

w0

E(2%) approaches 1 only when Tj is the largest term and the remaining terms are
very small. By the figures above, we make two observations:

(i) For fixed ¢, Ty is the maximum term when [ is small. As [ increases, it
appears that the maximum occurs for some r > 0.

(ii) As c decreases, the value of | needed to have the appropriate graph seems
to also decrease.

These observations imply that Ty is the maximum term when [ is small compared
to k and that the critical value of [ also depends on c.

We have also discussed that not only must the 0 term of E(2°) be the
largest term, but the sum of the remaining terms must be negligible in order for
E(2%) to approach 1. Thus we want to determine not only when T} is the largest
term, but also when T;. is small for r > 0.

The remainder of the chapter will be devoted to finding a threshold function:
Goal: Find a function [* = [*(k) such that

(i) if I(k)/l*(k) — 0, then E(2°) — 1, and

(ii) if {(k)/U* (k) — oo, then E(2°) — oo.
Since we are analyzing F/(2%), the threshold function that we find will describe the
behavior of this sum rather than the probability of dependence.

To begin, since [ is a function of k and [ < k, we set | = dk, d < 1. We
will estimate the size of both 77 and 715 and determine the critical value of d for
which 1 > T7 > T5. The critical d value will lead to the threshold function I*(k) and
we will then show that the sum of Ty, 17, T, and the remaining terms is bounded
above by a geometric series that converges to 1 for a given function | = (k). This

will lead us to the threshold theorem we desire.
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4.3 The First Term, T}

We start by determining when 77 < Ty = 1. This will give us an idea of
where we should expect the remaining terms to be very small. We mentioned that
the plots above are unimodal. Although we will not show that this is true here, we
will show that when 77 < 1, the remaining terms are also decreasing for a given
[. In this section we will first estimate 7} and use the asymptotic with [ = dk to

determine the critical value, dy, where T7 < 1 when d < d; and T} > 1 otherwise.

4.3.1 An Asymptotic for T}

By equation (4.2), we see that the first term of E(2%) is

s (S () ”

j=1
We wish to determine the behavior of this term as k — oo to find the values of [
for which it is less than 1. Clearly, the behavior of 77 is largely determined by the
product. We set t1(c, k) to be this product. Since we regard k to be fixed, we will
simply write this as ¢;(c), thus
k
ti(e) =[] (1 - §> . (4.4)
j=1

Before finding when 77 < 1, we will need to estimate ¢;(c). The asymptotic analysis
of t1(c) will use estimates derved from the bounds summarized in the lemmas stated
below. The proofs of these lemmas are standard and will be given after the proof
of the theorem. The first lemma gives upper and lower bounds on the k** harmonic

number.

Lemma 4.1 Let v = 0.5772... be the Fuler-Mascheroni constant. Then for 0 <
c<1/2 and k> 1,

<loghk + v+ ! ! + !
- <lo —_ ——t+ —.
PG VAR DY S R 2

M:

log k + +1 <
CBETIT ok 1287 =
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Notice that since we are adding a finite number of terms above that are O(k™!),

this inequality tells us that

f:l —logk+7+0 <1> .

=17 F

This is a standard estimate for the harmonic number, Hy, that we will use in the
proof of Theorem 4.1. The more explicit bounds given above will be needed in
Section 4.3.3 for the error analysis of the theorem that will give tighter bounds on
ti(c).

We will also need the following inequality.

Lemma 4.2 Let k> 1 and m > 2. Then

¢(m) o -
" G = k1 T 2km  12km
1
<2
=17
1 1 m m(m+ 1)(m + 2)
< — — .
e R e § S S T DT 15 - 41km+3 (46)

where ((m) is the Riemann zeta function.

From this lemma, we will be using the estimate

L | 1

in the analysis of ¢1(c). Again, the more precise bounds will be used in the error
analysis of Theorem 4.1.

Finally, we will need

Lemma 4.3 Let 0 < ¢ < 1/2 and k > 1. Then
o cm 2
2 2c
o < 2 T < 3
m=2
It will be sufficient to use the estimate
0 am
1
> ~o(}
m(m — 1)km— m(m — 1)km—1 k
m=2

in the proof of Theorem 4.1.
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We are now ready to find an asymptotic for ¢1(c). These lemmas will become

necessary throughout the proof.

Theorem 4.1 Let 0 < ¢ < 1/2. Then as k — oo,

%)

o1+ (12
:Hfj

=1

~ ke hele), (4.7)

where he(e) =300, <-((m).

m=2 m

Proof: We begin by rewriting the product as an exponential function.

_ 2
tl(c) = )

-5
e
exp ;log (1 - 5)

To expand the exponent, we use the Taylor series for log,
b c
ti(c) = exp log (1 - —,)
2 tox (1=
J_
b e\ 1
e (3 (5) )

j=1 m=1

We now partially expand the double sum to a single sum on which we can apply the

first lemma above as well as a double sum which we will need to analyze further.

i 2 (-2 (5))

m=1

— exp ijg Zk:w<>m; (4.8)

tl(C)

At this point, we have two sums that we must estimate in order to obtain the result
we desire. The first sum is simply the &*" harmonic number which we bounded in

Lemma 4.1. By the comment immediately following the lemma, we know

k

Z%:longr'erO(%)- (4.9)

J=1
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By using the big-O term, we are introducing a certain amount of error. Along with
another O(k™!) term introduced later, we must be careful that the error incurred is
in fact small enough to be ignored. The exact bounds given in the lemmas give the
error check that we need. These lemmas show that the sums that appear in t1(c)
are O(k~1), implying the error is bounded. Therefore we use the estimate (4.9) in

equation (4.8) to obtain

k 00 ml

T O
= expK —clogk —c 4—O<l>—§:§3<5>mi
= exp gk —cy R o

We can now concentrate on the double sum. Notice that

>3 (5) <xx(5)"

j=1m=2 j=1m=
Since ¢/j < 1, the series on the right is convergent. Since the series on the left is
positive and bounded above by a convergent series, the original sum is absolutely

convergent. Therefore we may switch the order of summation to get

k (o] m
1 c 1
ti(c) = exp{ —clogk—cy+0O <E> - E E <5> po

j=1m=2
1) a1
= exp —clogk—cv%—O(E)—ZEZj—m . (4.10)
From Lemma 4.2, we have
k
1 1

Substituting this into (4.10) and separating the exponent we find

o) k
1 o 1
ti(c) = exp —clogk—cw—i—O(—) — E _E —
k m=2 m j=1 J
— —c —cw—l—O(l) o - ﬁ N - ﬁ 1
k™ k exp{ mgzz m((m) exp mgzz - 0 ) (4.11)
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The first sum above converges to a constant depending on c. To see this, note that

¢(m) decreases with m, so that for m > 2,

We find that the sum on the right converges also. In fact, this is the Taylor expansion
for —c —log(1 — ¢). Thus
2 X m
% Z % — —log(l—c)—c).
m=2

Since the original sum of positive terms is bounded above by a convergent series,

we know that it converges and set

o0 Cm
he(©) = 3 )
m=2
This gives
_ —c,_—c +O l - cm - cm 1
hie) = kel exp{ 2 }exp{n;ﬁ()(km_l)}

— kT Ce ™ hc(c)-l-O(% exp{ EO <km—1—1>} (412)

Lemma 4.3 gives bounds on the remaining series and we use the estimate
m (m — 1 km—1 k)~
m=2

Substituting this expression in (4.12), we obtain

[e.e]

tl(C) _ k—ce—cw—hc(c)ﬁ-o(%)exp { Z ¢ 0] <km§—1>}
m

m=2

_ k—ce—cw—hdc) 60(%)

= peemerhel©) <1 L0 <%>> |
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The last expression is found using the first two terms of the Taylor expansion of e.

tl (C) N 1
O —1vo (z) .

Since 1 +O(k~!) — 1 as k — oo, this implies

This gives

_k)

k14 (1— %
:H72 J

J=1

~ k—ce—cw—hdc) )

g
Knowing the behavior of ¢;(c), we can use this in equation (4.3) to find that

the first term of F/(2%) is approximately
Ty ~ Ik~ e~ Tele), (4.13)

We see that the dominant factor here is k7¢ so that the asymptotic behavior of T}
depends heavily on both k and ¢. We will use (4.13) shortly to determine what [

must be in order to ensure that 17 is less than 1.

4.3.2 Proofs of the Lemmas
We will first prove the three lemmas used in the proof of Theorem 4.1. In
Section 4.3.3, we will check the error introduced by using these lemmas to estimate
the sums. We use Euler Maclaurin summation to prove the results of the necessary

lemmas. The general formula and a brief explanation is given below.

Euler Maclaurin Summation Formula For any integers a,b and n > 0 and any

function f in C"*[a,b], we have

/ ft dt+Z HB “(f“(b)—f(’")(a))

(=n"
(n+1)!

a<z<b

+

/ B (07 (1) dt,

where B, is the r'" Bernoulli number and B, (t) is the corresponding periodic exten-
sion of the r*" Bernoulli polynomial.
The periodic functions B, (t) are extensions of the the Bernoulli polynomials,

b-(t), and are used to control the error encountered by the integral approximation
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of the series. The Bernoulli polynomials are defined on the interval [0, 1] by the

following three conditions:

bo(t) = 1
1
1
bo(t) = t2—t+6
3 1
b3(t) 510+ 3
1
ba(t) = th =283 +17 — —

30

The 7t Bernoulli function, B,(t), is then defined to be the function with period 1
that agrees with b,.(¢) on [0,1). Observe that the integral condition on the Bernoulli
polynomials requires b,(0) = b,(1) for » > 1. This implies that the extension,
B,.(t), is a continuous differentiable function over the entire range of the integral.

Furthermore, set

to be the r*" Bernoulli number. The sequence of Bernoulli numbers begins

1 1 1
By =1, 312—57 3226, B3 =0, 342—%,---

It is a fact that Bo,,1 =0 for all » > 1.

The Euler Maclaurin formula is extremely powerful in approximating sums.
The first integral and following sum give a function that estimates the desired series
and the final integral in the formula provides an error bound for the asymptotic

formula. We will now use Euler Maclaurin to prove the three lemmas stated earlier.
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Lemma 4.1 Let~ = 0.5772... be the Euler-Mascheroni constant. Then for k > 1,

11 F 11 1
log k — — ——=< - <logk —_ =t — . 4.14
0B8R H o 12k2_;j_0g YT o T 2 T Goka (4.14)
Proof: Let f(z) =2~ !. By Euler Maclaurin summation,
k k n r+1
1 dx (=) B, 1(0)
_':1_’_ — 4+ (T)b—(T)CL
> - | S e e - )
]_1 r=0
(=" /b (n+1)
B (1) ™D (1) dt.
+(TL+1)' ; +1( )f ()
Choosing n = 3 will give enough accuracy for our purposes.
G By (1 By (-3
| @ _ B (=_1 22 (2241 24 (2 4 g
% +/ )z (o) ew (@)
dt
4t
4! 1 ()t5
11 1 1 1 1 b dt
— l4logh+——=— Yy —— — [ B,»Z
okt e Ty T T2 T 20k T 120 /1 103

1 1 1 11 1 k dt
— loght ————t— b ———— [ B)Z (41
Rt o T T2 T a0kt T2 12 120 /1 1tz (415)

The Euler-Mascheroni constant is defined as
"1

v = lim - —logn
> -

n—oo
J=1

Letting k go to infinity in (4.15), we find that

11 1 < gt
st — | BBZE.
7T T 120 /1 103

We can substitute this definition of v back into (4.15) to find that
g 11 1 o di
- =logk — s+ — By(t)—= . 4.1
Zj BT o 12k:2+120k:4+/k 1®) (4.16)

Finally, observe that the Bernoulli polynomial by(t) = t* — 2t3 + 2 — —0 satisfies
[b4(t)] < 55 when t € [0,1]. We can easily check that by(t) has critical points at
t=0,1/2, and 1 and that bs(0) = by(1) = 55 and by(1/2) = 555 < =5. Therefore,

since By(t) is the periodic extension of by(t), it is also true that [By(t)| < 55 for all
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t. Thus

*° dt o dt
Byt)=| < By(t)| =
| g < [ ol
< b
—  120k*°
Using this with (4.16), we get
Zk: L L, L1
G TN T T TR T 20k | T 120k
Writing out the absolute value gives (4.5). O

We will use Euler Maclaurin summation often throughout this chapter to
find asymptotic functions and to bound the resulting error as we have done here.
The result seen in this and the following lemmas is typical of results by this method.

The final big-O term in Theorem 4.1 required the following two lemmas.

Lemma 4.2 Letk > 1 and m > 2. Then

¢(m) 1 n 1 m
" G = k1 T 2km  12km
"o
<>
=17
1 1 m m(m+ 1)(m + 2)
< _ _
< ¢(m) (m— kT 2k 12k T 15 4l

where ((m) is the Riemann zeta function.

Proof: Let f(x) =2~ ™ and let n = 3. By the Euler Maclaurin summation formula,

k k

1 dx 1 m(m+1)(m+2)By [ —1

— =1 = B (= -1 1
;J’m +/1 am 1<km >+ I s T

mBy [ —1 m(m+1)(m +2)(m+3) [* dt
+ 21 <k‘m+1 + 1) o 4! 1 B4(t)tm+4
1 1 1 1 m m
= 1- + +

(m—1km1 " m—1" 2km 2 12km+1 T2
k
m(m + 1)(m + 2) m(m—l—l)(m+2)_<m+3>/1 Bat) dt

30 - 4! km+3 30 - 4! 4 tm+4
B -1 N 1 m +m(m+1)(m+2)+1+ 1
 (m—1)km-1 0 2km  12fmtl 30 - 4! k3 2 m-—1
m  mim+1)(m+2) [(m+3 /’“ dt
— - - By(t)— .
D) 30 - 4! 4 ) 1)
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Letting k — oo in this equation, the left side becomes ((m) and we find

1 1 1 m  m(m+1)(m+ 2) m+ 3 o0 dt
¢m) ;jm 2 T mo1 12 30 - 41 4 /1 1)

Substituting this expression for {(m) into the above equation,

k
o 1 1 m m(m + 1)(m + 2)
;F = Clm) - (m — 1)km—1 T opm T Togm 30 - 4! km+3
m+3 & dt
+< ) >/k Ba(t) e (4.17)

Using the fact that |By(t)] < 1/30 for all ¢ as shown in the previous proof, we have

m+ 3 & dt m+ 3 o° dt
() [mingte] = (777) o

m(m+ 1)(m + 2)
- 30 - 4! fm+3

Substituting this back into (4.17), we now have

k

o (m— Dkm=1  2km ' 12km+1 30 - 41 km+3
m(m+ 1)(m + 2)
- 30-4lgmt3
thus giving the desired inequalities. O

The final lemma can be proved without Euler Maclaurin summation.
Lemma 4.3 Let 0 <c¢<1/2 and k> 1. Then

& m 2
c c 2c
—<y <
2 Z m(m —1)km=1 = 3k
Proof: Observe that the lower bound given above is simply the first term of the
series. Since the terms are all nonnegative, then the sum of any bounded number

of these terms gives a lower bound. To find the upper bound, we first pull out the

first term. This gives
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Rewriting the series on the right to begin with m = 0, we have

> ok _ 2 3
%m—dwl_%ki: mmm
02 C c\m
< ﬁ*@mz:o(z)
c? 3 1

2k+@?1—dk‘

Since ¢ < 1/2, then for any k > 1,

1
— <2,
1—c/k
giving
> cm c? 3
— <+ —.
D T <okt e
m=2
Again using the fact that ¢ < 1/2, we find that
m(m — 1 m(m—1)km1 "2k ' 6k 3k’
m=2
giving the result. O

In Theorem 4.1, the results of these lemmas provided big-O terms that al-
lowed us to find an asymptotic expression for ¢1(c). In the next section, we use the

inequalities found in each lemma to give an even tighter asymptotic for ¢;(c).

4.3.3 Error Analysis for Theorem 4.1

In the proof of Theorem 4.1, we made extensive use of asymptotic notation.
This is extremely useful in seeing how t¢;(c) behaves, but each introduction of a
big-O term incurs a certain amount of error. It is very important to be sure that
the error is under control when using estimates as we are. If we are adding a fixed
number of terms that are all O(k~!), then the sum of these terms is, in fact, O(k™1)
and the approximations made are valid. On the other hand, if we are adding an
unbounded number of terms that behave in this way, we must be careful that the
sum isn’t larger than O(k~!). If the number of terms added is actually a function
of k, it is possible that the sum could be, for example, O(k_l/z), or worse, the
error could be unbounded as k — oo. If this were true, the error would be more

significant than claimed and possibly be a dominant term in the the asymptotic.
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Although we added an unbounded number of terms that were O(k~!) in Theorem
4.1, the inequalities given in the lemmas show that we can actually reduce this to
the sum of only two O(k™!) terms, implying the error is bounded. In this section,
we use the inequalities in Lemmas 4.1, 4.2, and 4.3 to find a tighter estimate for
ti(c).

Notice that the first equation in the proof of Theorem 4.1, equation (4.8), is

an exact expression:

k‘ o m
c 1
o) = expd =35 - ZZ() g
j=1 j=1m=2
We then used the fact that
k
1 1
Z—.zlogk‘—i—’}/—i—O -
=17 g

to replace the harmonic sum above. The result of Lemma 4.1 gives precise upper

and lower bounds for the product, namely

c
exp —clogk—cw——k 12/<;2 60k4 ZZ()

j=1m=2

IN

tl(C)

k [o¢] m
1
exp —clogk —cy — — + Z < > . (4.18)

IA

12k72 m

By inequality (4.18) we see that the upper and lower bounds are extremely close,

—¢/60k"  Ag k — 0o, the two bounds become even

differing only by a factor of e
closer.

We now must handle the double sum. Recall that we were able to switch
the order of summation so that

1
-

17

S () LTy
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We may now use the result of Lemma 4.2 on the inside sum on the right to eliminate

the double sum.

C C
Cclogk —ey— = 4 & - -
eXp{ clogh =y = op g 60k:4 )+ Z ) k;m 1
_ic _.m +m(m—l—l)(m+2)
= m 2km 12km+1 15 - 41 km+3
< ti(c)
c c >, 1
< —clogk—ey— =4+ - p A —
= exp{ clogh =y = 55 T g — hel©) +mZ::2 m (m— L)k

—Z <2km m%)} (4.19)

Here we are using the previous definition of h¢(c),

We now use Lemma 4.3 to find another set of inequalities bounding the product.

2
C C C C
Cclogk —evy— — 4 ¢ c
eXp{ clogh—ev =5+ o ~ ot~ <@+ 5
_iﬁ 1 m +m(m+1)(m+2)
2o \2km T T2kmT 15 - 4l m+3
< ti(o)
< exp{—clogh —cy— — + —<_ —h()+2i
= &P BE T T ok 12/<;2 3k
> 1 m
S N (L 4.2
5% (5t~ o) | a0

At this point in the proof of Theorem 4.1 we didn’t have these remaining
terms to deal with. Since we are adding an infinite number of positive terms, we
must find bounds on the remaining sums to show that they are small. We summarize

this in the following lemmas.

Lemma 4.4 Let 0 < ¢ < 1/2 and k > 1. Then
c? I = /c\m 1 c?
w32 (7) mam

93



Proof: Proceeding as in Lemma 4.3,

PG S O

3

4k2 T 6K3 1 — c/k

c? 3

S T2 T

Then since ¢ < 1/2 and k > 1,
L Z( ) ¢ &
4k2 6k2 " 2k2°
The lower bound is found by pulling out the first term and observing that the

remaining sum is positive. O

Lemma 4.5 Let 0 < ¢ < 1/2 and k > 1. Then

121<:3 12k: Z ( >

Proof: The lower bound comes from the first term of the series. To find the upper
bound, observe that

2

S N )

m=2
_ c? 3 1
RERT T c/k
c? e
S TR ok
So
1 <= /c\m c? c? c?
w2 (8) < et e o
as needed. O

Lemma 4.6 Let 0 < ¢ < 1/2 and k > 1. Then

c? Z (m+1)(m +2) _ 2¢?
30/€5 15 4! km+3 15k5
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Proof: The first term of the series gives the lower bound above. The proof of the

upper bound requires the use of the following derivative.

d? 1 7 (m+1)(m+2)
dx2 | gm+1| — m+3

We expand as before and use this derivative to get

z: mm+1)(m+2) 126 "(m+1)(m + 2)
15 4] fm+3 15 4'k5 15 Al < fm+3

c? 1 d2 |c¢ c\™
= 305 15 41dk? [EZEE;)(E> ]
c? N 1 2¢3(10 — 15¢/k + 6¢% /k?)
30k5 15 - 4! kS(1 — c/k)3

Then since ¢ < 1/2,

Z M(m+1)(m + 2) _ 2 N 1 8¢c3
15 1l o3 3065 ' 15 41 kS(1 — ¢/k)3

2 4 - 8c2
3065 | 1541k
11¢?
90k>
2c2
15k5

This gives the desired inequality. O
The results of Lemmas 4.4, 4.5, and 4.6 provide the remaining bounds needed

for t1(c). These lemmas imply

exp {—clogk‘ —cy —he(e) —

< 1t (C)

c+ c c +02 C2+C2 2¢2
2k 12k2  60k* 2k 2k?2  12k3  15K°

2¢? 2 2
< exp{—clogk_cfy_hc(c)_i_i_ c c c 3c}

Tt e e (4.21)

We now have very accurate bounds on t1(c). We can use the inequalities in 4.21 to

give a more precise estimate for the product:

tﬂ@::k_%xp{—aw—hdd——é%%—iig}<1+I)<%>>.

Although this estimate is more precise, the asymptotic given in Theorem 4.1 is still

very accurate. We will use that asymptotic in our work.
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4.3.4 Finding the Critical Value
With an asymptotic for ¢1(c¢) and consequently for 77, we are now in a
position to determine the range of | where T} < 1. Recall in Section 4.3.1 that we

found the first term of E(2°) to be

Ty ~ k=7 hele), (4.22)
Since | = dk, we may substitute this into (4.22) to find the new approximation

Ty ~ di'—cemerhe(e), (4.23)

To find the critical range for [, we will instead use this asymptotic to determine the

range for d where 77 < 1. To do this, we must solve the inequality
di' e (0 < 1. (4.24)

Observe that k!¢ is the dominant term in (4.23) and k'=¢ > 1. As k — oo, this
term becomes quite large. So d will need to be very small in order to obtain 77 < 1.
The inequality in (4.24) is solved easily and we find that

eC’Y-‘rhC (C)

ensures that 77 < 1. We define dy to be this critical value, that is

eYFhe(e)

When d < dqi, we know that 77 < 1 and we hope to see that the largest term of
E(2°) is the 0" term. If this is the case and the remaining terms are small enough,
then E(2°) — 1 and the vectors generated are, with high probability, independent.
This will mean that [ = dik is a lower bound for the number of vectors needed
to generate a dependent set. Notice that [; is not very large. For example, if
k = 1000 and ¢ = 1/3, this result implies that the first 14 randomly chosen vectors
could be independent. This small lower bound may be somewhat surprising when
we compare it to the much larger lower bound for the fixed weight vector case.
Recall our hypothesis in Section 4.2 that we would need to generate fewer vectors

to see dependency with this model than we did in the fixed weight model. Although
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this result does not prove that claim, it does make the lower bound less surprising.
However, we still must check that the remaining terms are decreasing and that their

contribution to E£(2°) is negligible.

4.4 The Second Term, 75

The plots we saw in Section 4.2 seemed to suggest that the terms of E(29)
are unimodular. If we knew this to be true, then we would know that Ty is less
than 77 in the critical range we just found. Since we don’t know that the terms are
unimodular, we will show that 75 < T whenever 77 < 1 in this section. By (4.2),

the second term of F(2%) is

2’
Ty = <;> jﬁlw (4.27)

As with T, we see that T, consists of two factors: a function of [ and a product
that depends on k. Let t2(c, k) = ta(c) be

wo -1 05 .
j=1

Before determining the values of [ where T5 < 17, we must determine the behavior
of ta(c). Once we find an asymptotic function describing ta(c), we will be able to

find a critical range for [ as we did in the last section.

4.4.1 A Naive Approximation for T5
A first approach to this problem might be to proceed as we did in the proof
of Theorem 4.1. There, we first rewrote t1(c) as an exponential function. Using this

technique, t2(c) becomes

ta(c) =
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Finding bounds for the sum of the logs is difficult with the added exponent. Instead

of continuing with this expression, let’s rewrite t2(c).

tQ (C) =

ST(-5(-2) o

oI5 (1-5)) = (-5 (1-5))

and we may now replace the log function with a Taylor series. Bounds for this
function are still difficult to obtain due to the extra factor 1 —¢/j. Notice, however,
that as j grows, 1 —c¢/j becomes extremely close to 1. Concentrating on this factor,
we can replace it by constant upper and lower bounds, allowing us to find bounds
for the product.

To find a good upper bound for t2(c), we must be sure that the lower bound
on 1—c¢/jisclose to 1. For all j, 1 —¢/j > 1—c¢ > 1/2, but we desire an even better
bound. As j increases, the lower bound becomes better. Let € = ¢/10 and observe
that

19

C
1-S>1-6> 22
P,

for all 5 > 10. We can then see that

IL(-5(-5) < T4

Since this bound is only true for j > 10, we must separate the first terms and
include them in the final bound. To extend this bound to the original product, we

first define

J
With this, the upper bound for t3(c) now becomes

o< T (1209

j=10 J
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Proceeding as in Theorem 4.1 on the product for j > 10, we find

ta(c) < k2e0-9 pe2e(l=e)rtiage(1=6)=ht (2e(1¢)) (1 +0 (%)) (4.30)
where
o) 9 1
he(2) = Z DY n
m=2 j=1

The terms in this bound are similar to what we saw in the asymptotic for ¢;(c).
However, in finding a better lower bound by pulling out the first nine terms, we
have added quite a bit of difficulty to the result.

To find a lower bound that we can compare to the upper bound just found,
we factor out the first nine terms. Now observe that 1 — ¢/j < 1 for all j, so that

)> P H (1 - —)
j=10
The above product can be analyzed as in Theorem 4.1 to obtain the following lower
bound:
ty(c) > k—2¢Pe 2V Tan ¢ (20) <1 +0 < >> (4.31)

We again see factors similar to those we found in (4.30) and (4.7). To determine
an asymptotic for t9(c), we would need to take a limit of both the upper and lower
bounds. But the factor of 1 —e€ appearing in the upper bound makes it impossible to
do this. However, we expect that t2(c) behaves like the lower bound and will need
to find a different method to find the estimate.

What we do see from the bounds above is that it appears as though the
r = 2 term is roughly the square of the » = 1 term with a little “extra” thrown
in. To be slightly more precise, the bounds given in (4.30) and (4.31) indicate that
ta(c) is roughly ¢1(2¢) along with a correction, or error, factor. In the next section,

we will use this idea to find a better asymptotic for to(c).

4.4.2 A Better Asymptotic for T5
The basic idea behind the approximation found in this section is the same

as in the last section: the factor 1 — ¢/j is very close to 1. This means that as j
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increases,
becomes closer to

This motivates us to compare t9(c) to the product

(%)

j=1 J

Observe that this last expression is actually ¢1(2¢). In fact, we were already doing
this comparison in Section 4.4.1. In this section, we will be more precise, allowing
us to write t2(c) as a function of ¢1(c) as well as eliminating the need to separate

the initial term of the product. We first define

/N
—
|
<o
N—

(4.32)

— u“;’

k
Q2. (c =H

to be the ratio of ta(c) to t1(2¢) and define Q2(c) to be the limit of Q2 x(c) as k — oo.

u|l\7

As in Theorem 4.1, we will be using error estimates in this proof. The statements

and proofs of these estimates will be delayed until the next section.

Theorem 4.2 Suppose 0 < ¢ < 1/2 and define t1(c) and t2(c) as follows:

%)

ti(e) = ﬁiu_(;_j ,
j=1
2
ta(c) = ﬁﬁzﬁl—%(l—?).

Then the ratio of the two products,

Q2,x(c) =

converges to Qa(c) as k — oco. Furthermore,

ta(c) ~ t1(2¢)Q2(c). (4.33)
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Proof: The ratio, Q2 (c), will allow us to determine how close t2(c) is to t1(2c).

First observe that

Q2,k(c) = ;12((266))
i)
= -

7=1 J

as defined in (4.32). Furthermore,

1—2_.0(1_9.> 12 2
J J . J j2
— 7 = [l—+"="
; 1— X : 1— 2
j=1 J 7j=1 J
k -1
2¢2 2
=TT+ (1-2) . (4.34)
2
o J

Consider the final product given in (4.34). We claim that this converges as k — oc.

From real analysis we know that when a; > 0, the infinite product

H(l + aj)

J=1

[o.¢]
converges if and only if the series
o
>
j=1
converges. Since 2¢ < 1, 2¢/j < 1 also. Thus
22 2¢\
= (1 - —.C> >0
J J
for all j. Furthermore, when j > 2, 1 —2¢/j > 1/2, so
9¢\ "1
<1 - —?) <2
J

We use this to find the following upper bound for the positive sum,

[e'e} -1 o]
202 2 42
E i 1——? <§ i
2 J J?
j=3 j=3

Since the series on the right is a convergent p—series, the sum on the left converges

also. Thus as k — oo, the finite product Q2 x(c) converges to the infinite product



We set this limit to be Q2(c).
Since Q2(c) converges for fixed ¢, we can use it to write t2(c) in terms of

t1(2c). It is simple to write t2(c) as a function of Q9 (c) and t;(2¢): by definition,

t2() = 11(20)Qa(0). (4.35)

We wish to replace Q2 x(c) above with Q2(c). However, since Q2 x(c) approaches
Q2(c) as k — oo, the substitution is not exact. We will need to include an error
term to account for the fact that Q2(c) is an infinite product while Q2 1 (c) is finite.
This substitution will eliminate the parameter k, and enable us to give an estimate

for to(c) for fixed c. First observe that

Q2(c)
b= Q2,x(c)
S - (1 9)
B J j
jl;El 1_‘%2
s 2¢2 < 26>_1>
- 1 + — 1-— - .

The expression above is the error incurred by replacing Q2 x(c) by Q2(c). To find
an approximation for this error, we bound it above by an exponential function.

[ee) -1 o0 -1
202< 2c> 2c2< 2c>
1+ —(1—— < exp — | 1-—=
I (12 (-%)) > (12

j=k+1 j=k+1

[e.e]

2¢2
= ©&Xp Z m

k1)

- welo(3)
o)

We will discuss the error found in replacing the sum by the big-O term further in
Section 4.4.3, but this gives a relation between Qg (c) and Q2(c) in terms of the

difference between the two:

Q2(c) = Q2.x(c) <1 +0 (%)) .
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Since (14 z)~! =14 O(z), we may write

Q0= (o) (1+0(3)).

thus giving an expression to substitute for Q2 ;(c). Along with (4.35), this gives

ta(c) = t1(2¢)Q2(c) (1 +0 (%)) :

Finally, since 14+ O(k™!) — 1 as k — oo, we have shown (4.33). O
As we conjectured from the bounds given in (4.30) and (4.31), this theorem
shows that to(c) is closely related to ¢;(c) and in fact, to(c) is t1(2¢) times a little

“extra,” the convergent product, Q2(c). To be precise, we now have

o 14 (1 - 2_>
ta(c) ~ k—2ce—2¢7—he(20) H N 7 (4.36)
L2 (1 _ %>
Jj=1 P
We will soon use this estimation for t2(c) to determine when T < 77, but will first

take a look at the error encountered in the last proof.

4.4.3 Error Analysis for Theorem 4.2

In Theorem 4.2 we use the fact that

0 2
D <1> .
59— 20) k

Since we are adding an infinite number of terms that are O(k~!), we must check

that this series is in fact O(k~!). The following lemma gives the bounds we need.

Lemma 4.7 Let 0 < ¢ < 1/2 and k > 2. Then

2 > 202 2c2
oy X (437)
koo G020 k

Proof: We find the upper bound first. Observe that since 2¢ < 1, j —2¢ > j— 1 and

therefore
> 202 > 2c2
E ——— < E —. (4.38)
500 =20 A= 0 - 1)

In Theorem 4.2 we showed that the infinite series in (4.37) converges. Similarly, we
can show that the new series in (4.38) converges. Furthermore, since the terms of

the sum are all positive, it is absolutely convergent. Therefore we may rearrange
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the terms. The series can be decomposed into the difference of two other sums,

o o o0
> 2¢? > 1 > 1
j=k+1 iG=1 j=kr1d T 1 j=kt1?

We simplify the difference to find the desired upper bound,

2c? 22
P ey (4.39)
590 =2k

To find the lower bound, we observe that j — 2¢ < 7, so

i 2c? - 22
j=k+1 35 = 20) j=ki1 7
Rewriting this series, we see that
0 k
2c? 2¢?
Y. =@-> 5
i Y =/

By Lemma 4.2, we find a lower bound to be
i 2¢2  2¢2 c? c

2. TR e
j=k+1

Since ¢2/6k3 — ¢?/15k5 > 0, we can simplify this bound and see that

i 2c2 S 2¢2 2
. 2 koo k2
j=k+1

Finally, since k > 1,

o0
2c2 2c2 2 P
= = - 4.40
j=k+1
The inequalities in (4.39) and (4.40) prove the result. O

From this lemma, we have the estimate
[o.¢]
2c2 1
> ez =0 (i)
5,70 = 2¢)
used to bound the error introduced by replacing Q2 x(c) by @2(c) in the proof of
Theorem 4.2.

We now have an asymptotic for ta(c):

o 14 (1%
ta(c) ~ k_%e_m_hd%)g—z <<1 - 2;>> :
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Consequently, this gives an approximation for 75,

Iy = (;) ta(c)
u k_206—2cw/—hg(26) lo_OI ﬂ . (441)
=1 2 (1 - %)

2
We can now use (4.41) to find a range of [ values where Ty < T7.

4.4.4 Finding the Critical Value
In Section 4.3.4, we found that 77 < 1 when [ < l; = d1k where

eV Fhe(e)
kl—c

dy =

As stated there, we suspect that 15 < T3 in this range also. With the asymptotic

for Ty, we can show that this is true. Substituting [ = dk, equation (4.41) becomes

dk(dk — 1)

Ty ~ 5

k—206—20'y—hg(20)Q2(C).
To determine when 75 is less than
Ty ~ dkl—ce—cw—hdc)7

we solve the inequality

dk(dk — 1)

dkl_c —cy—he(c)
€ > 5

k—2ce—2c'y—h<(20)Q2(c)_ (4.42)

Solving this, we find that 75 < T} when

o2
kl—cQ2(C)

Set da to be the right side of (4.43). If we can show that d; < dg, then we will have

; pr+he20—he(e) % , (4.43)

shown that Ty < T} whenever T7 < 1. We do this in the next theorem.
Theorem 4.3 Let 0 < ¢ < 2/5 and | =dk. If Ty < 1, then Ty < T also.

Proof: Let | = dk and suppose that 77 < 1. From previous work we know that

T} < 1 when
eC’Y—‘,—hC(C)
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and that T5 < T} when

d<dy= grthe2a—he(e) L L

2
kl—cQ2(C)
Since T7 < 1 by assumption, d < dy. To show that Tb < T}, we must prove that

d < do also. If we can show that di < do, we will be done. Observe that

dy = #ecy—khcﬂc)—h((c)_‘_

k’l_CQQ(C)
eCrthe(c) 9ohc(20)=2h¢e(c) 1
N kl-c Q2 (C) + E
2ehc(2c)=2h¢(c) 1

R ZC IS

ol

(4.44)

Then d; < dy when
9ehc(2c)=2h¢(c) 1

d1<d1Q2—(C)+E.

It is sufficient to show that

9hc (20)—2h¢ (0)

dy < dy —QQ(C) s

since
9eh¢(2¢)=2h¢ () 2ehc(2c)=2h¢(c) 1
d d — = dp.
1 0s(0) 1 + 2

Q2(c) k
Thus we would like to show that

Qa(c)ehe(=he(29) < o, (4.45)

In order to find an upper bound on Q(c)e? (€)=h¢(2¢)  we want to first find an
equivalent expression that is more straightforward to analyze. Observe that we can

rewrite 2h¢(c) — he(2¢) in terms of logs. By the definition of h¢(c),

comy— 3 2 cm)

WE
3%

QhC(C)—hC(QC) = 2

m=2 m=2 m
=2y Ty S-S By
m=2 j:l‘] m=2 j:l‘]
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Recall that h¢(c) is absolutely convergent when ¢ < 1. Rearranging the terms, we

see
he(c) — he(2e) = 2%%;]%‘7;(2 ;Tm
o0 o0 c m s 2c ™
ONOERSIOR)

Now, recognizing that this is one term away from the Taylor expansion for log, we

rewrite this one more time to find

h¢(2¢) —2he(c) = i <§: (2 f: <

Substituting this in the exponential function, this becomes

eh<(26)—2h<(6) — eXp Zlog J 5
j=1 (1 — f)

00 1_@
- Hif
5 -

j=1 (1—§>

With this expression, the left side of (4.45) becomes

2
Qa(c)eele)—he(2) ﬁ U 72)
j=1 2 (1 — jg)
0 2
- I[1+ ; f 5 (4.46)

We now want to show that the product given in (4.46) is less than 2. We will be
using the fact that j — ¢ > j — 1 to rewrite this expression and as a result will need

to be careful of the range of the product. We will separate the initial term of the
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product to do this and in order to obtain a sharper result. Observe that

0 2
C

Q c e2h<(6)—h<(26) — 1+
2( ) 1:[ (] —

() )

Now, since j — ¢ > j — 1, we can bound the last expression above by

(e wm) Sty < (rase) iufm

= () e

Finally, since the sum over the squares is ((2), we find that

2
Qa(c)e2hc(@=he(20) <1 + 6)2) 76, (4.47)

Since this expression is maximized when ¢ = 2/5, we find that

13

Qa(c)e?he(@=he(2e) o 2 2m*/T5 1 87939 (4.48)

Since this is less than 2, we have shown that the inequality in (4.45) is true. Thus
d < dy whenever d < dy and therefore To < T7 when T7 < 1. O

This theorem supports our expectation that the terms of E(2°) continue to
decrease when T7 < 1 for 0 < ¢ < 2/5. In the following sections, we will check that

the remaining terms are decreasing quickly enough to allow E(2°) to converge to 1.

4.5 The r** Term, T,

In order for the terms of F(2%) to be unimodal with the maximum term
being the 0! term, we need to know that Try1 < T, for all r > 0. We know that
this inequality is true for » = 0 and r = 1, that is, To < T} < Ty for appropriate
values of d. In the next few sections, we will show that this is true for » > 2. To do

this, we will first need an approximation on the size of T} for r > 3.
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4.5.1 A Heuristic for T,
In Section 4.2, we set the r*" term of E(2°) to be
T
Bl ( — &)
l
T, = <r> IN—— (4.49)

. 2
7j=1

As with T} and T5, the part of T, that is difficult to analyze is the product. Let
t.(c, k) = t-(c) be

t T (1 _ %)T 4.50
o= I[—5—+ (4.50)
In this section, we find a heuristic for the size of ¢,(c). Although this heuristic will
be valid for a limited number of r values, it will give an idea of the behavior of ¢, (c)
and enable us to state a more exact theorem in the next section.

As we have seen, it is simpler to deal with sums than with products, so we

rewrite the product as
T T
’“1+<—2—-c> k 1+<—2_.C>
J J
tr(c) = H —— 72 —exp Zlog _

and look at the new sum

2

Ek:log —1+< _%y
j=1

to give us information about t,(c).

Now, if 2¢/j is close to 0, then we can use the approximation

r
o) e
J

where 6 = 2c¢r. Since this will just be a heuristic, we will not give a careful analysis
of error in this section. Since log is a smooth function, it is natural to estimate our

sum with an integral using Euler Maclaurin summation. Thus
T
K 1+ (1 - 2_) b ey
Slog [——T2 ] =~ Slog 1te ™
i=1 2 2

k —0/x
/ log (%) dx. (4.51)
1

1
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Notice that we have only used the integral approximation from Euler Maclaurin. If
we were to make this heuristic more exact we would need to include more terms,
but this estimate will be sufficient.

As it is written now, the integral in (4.51) is difficult to integrate. So we

need to transform it to an integral that is easier to compute. Notice that

1+e? 1402
<

<1
2 2

so that the integral will be negative. The most negative part of the integrand occurs
when 6/x is large, or when z is small. But the integrand very quickly approaches
0, making the contribution of small x to the integral minute. Since the integrand is
close to 0 for most of the interval, the x values in this range have the most effect on
the value of the integral. So we will concentrate on this range to see how much it
does contribute. Thus when 6/x is small, or when x is large, we need to determine
how the integrand behaves.

Now, when 6/x is small, the Taylor series expansion for e~9/z gives e 0/ ~
1-— %. Thus

l1+e % 141-¢ 0

o~ =1—-——.
2 2 2z

Along with the Taylor series expansion for log, this gives the asymptotic

—0/x _
log (%) :log<1—%> :2—5.

So we see in the area of interest, the integrand behaves like —6/2x. Now this
function is easy to integrate. We now add and subtract —6/2x from the integral to
end up with the sum of an integral that we know how to do and another integral
that is smaller than the first. The “smaller” integral will be what remains after

removing the contribution of —0/2z to the integral. We will then need to estimate
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the remaining integral. Returning to (4.51), we find
k —0/x k —0/x
1 1
/log<%> dex = /log<%>+§—idx
1 1 r 2z
k —0/x k
1
= / log e T + b dx — b dx
1 2 2z 1 2z
k —0/x
1+e 0 0
= 1 e — dx — = logk. (4.52
/10g< 5 >+2$$ 20g (4.52)
Combining (4.51) and (4.52), we now have
2\
k 1—1—(1—7) k 1+e—€/x
Zlog _ o~ log| ——— | dz
=~ 2 . 2

0 F 1+e %) ¢
= Zlogk log [ /5 ) + L du(4.
5 log —I—/l og ( 5 + o dx(4.53)

We now consider the last integral above. We use the fact that for fixed 6, the integral

& 1+e 9= 0
1 - ~
/1 0g< 5 ) +2a: dz

is convergent. Replacing the definite integral by an improper integral will allow
us to write the integral in (4.53) as the sum of an exact value and the tail of the
integral. The integrand for large values of x is extremely small so we will be able to

find an estimate for the size of the integral tail. Observe that

k —0/x

1+4+e 0
1 _— — d
/1 og < 5 ) + oy T

& 1+e 0 0 & 1+e 07 0

= 1 _ — dx — 1 _ — dx. (4.54

/1 Og( 2 )+2xm /k °g< 2 gy de- (454)

—0 6?2
B/LIP S P AL
€ x + 222

Since

by the Taylor expansion of e™¥, we see that

1+e 0/ 9 62 6 62
log T <10g 1—%4'4—:172 <—%+4—$2
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by a standard upper bound for the Taylor expansion of log. Thus we may bound

the tail of the integral above and find an estimate as follows.
/OO] ﬂ _|_id < /Oo_i_|_9_2+id
it 2 9z " . 2z 4z2 2z 7

00 92

92
4k

Therefore (4.54) becomes

k —0/x 00 —0/x
1+e 0 1+e 0 1

We now need to estimate the improper integral. Let u = z/6. Then

> 14e ) ¢ > 14 e /0 1
/1 log<T> —i-%dx—ﬁ/l/elog <# +£du.

Since the latter integral grows as 6 increases, we will decompose the integral and
express it as the sum of a convergent integral and an integral whose limits depend

on 6. So we get
> 1+4e/n 1
0 1 e —d
/1/9 Og( 2 >+ 2u ™
00 1+e—1/u 1 1 1_|_e—l/u 1
= 1 _ — 1 _ — du.
9/1 og( 5 >+2udu—|—9/1/90g 5 +2udu

The first integral converges to give

() 1 —1/u 1
D, = / log <L> — du=0.123329 ...
1 2 2u

On the interval (0, 1], the log function above is close to 0 and its integral converges.

Therefore we can rewrite the second integral as
1 —1/u 1 —1/u 1
1 1 1 1
0/ log e © + —du = 0/ log ihe du+9/ — du
1/0 2 2u 1/0 2 1/0 2u

1 —1/u
= glog@—i—Q/ log e du.
2 /6 2
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As 1/6 — 0, this final integral converges to

1 1 —1/u
Dy = / log <% du = —0.56051 . ..
0

Since the integral converges and is always negative, then for fixed, large 6,

1 1 —1/u 1
9/ log<% +2—du:9D2+el,
1/6 U

where e; is an error term depending on 6. So for the improper integral, we have

() 1 —0/x
/ log <L> + 9 dr =0Dy + 6Dy + Qlog@ +e;. (4.55)
) 2 2z 2

Finally, putting together (4.53) and the estimation of the integral leading to (4.55),

we have found

L, (103
Zlog _
j=1

2
0 F 1+e ) ¢
~ ——logk 1 _ —
5 log —I—/l 0g< 5 —1—23; dz
0 0 1
= —§logk+9D1+9D2+§log9+el+O Ak (4.56)

With the asymptotic in (4.56), we return to ¢,(c) and find

T

ko1 (1 — %)

tr(c) = —
j=1 2

2

T

b 1+(1—2_.0>

= exp Zlog —~ I/
j=1

12

exp{—glogk+0(D1 + Do) + glogﬁ—l—el + 0 <%>}

—  }9/298/2,8(D1+D2)+e1+0(3)

= kT2ro)reet Pt (1 + (%)) :

So we see that ¢,(c) is similar to the asymptotics we found for ¢;(c) and ta2(c): the
dominant term is k"¢ and there is a natural exponential factor. However, as stated
before, we are only using this as a heuristic to begin to understand the behavior of
tr(c). It turns out that the error incurred by our estimates and integrals restricts

the values of r for which the work above is valid.
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The problem arises from the behavior of

b <1 _ 27) : (4.57)

1
0g B ;

in particular, how quickly it increases to 0. The index, j, does not have to be
r

very large before <1 — %) is close to 1. Since the majority of the terms satisfy

this, this range contributes the most to the sum. Therefore we want to have a

very small absolute error in our approximations for these terms. However, e~2¢/J

is an extremely close approximation to ( — %)T in this range. So the integral
approximation we use in (4.51) is very close to the actual contribution made by
the summand here. On the other hand, when <1 — %)T is very small, or when j is
small, we see that (4.57) is very close to —log2. Since this occurs for so few values
of j, we can allow large absolute error because it really does contribute so little to
the sum.

But we must analyze the error and we run into problems when we start
quantifying it. The measure of error actually relies heavily on r. Let’s say (1 — %)T

is small when it is close to 1/k. Then
2¢\" 1 jlogk
l—-— | x-S r~
( j > kT T2

2cr

or when

logk
But this means that r must be larger than logk/2c for this to be meaningful. So
it becomes very difficult to measure error as it is so dependent on r. In fact, the

asymptotic given is only valid for large » anyway. When evaluating the integral

1 —1/u
9/ log (L) du,
1/6 2

we made the assumption that § = 2¢r was large. Since 0 < 2¢ < 1, we are really
making the assumption that r is large. Furthermore, we are assuming that 1/0 < 1.
Since we must have r > 1/2¢ for this to happen, if ¢ is small,  must be quite large
to even evaluate this integral as we have. Although this discussion has given us

an idea of cases of r where an error analysis of this heuristic would be useful, we
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would still need to find an alternate method of analyzing t,(c) for small . In the
next section, we will approach the problem from a different direction, resulting in

an asymptotic that will be valid for all r > 3.

4.5.2 A Better Asymptotic for T,

Although the error is difficult to analyze above, we now have a rough idea
of what t,(c) looks like. The factor of £7"¢ indicates that ¢, (c) looks something like
t1(c) with rc substituted for ¢. This is the behavior we saw when analyzing ts(c)
and we found that t5(c) behaves similarly to ¢1(2¢). In this section, we will prove a

theorem similar to Theorem 4.2, by comparing

to the product
1 27"0

k
(re) = H H 1——
Observe that if we were to expand the numerator of t,(c), it would be similar to
the numerator given in ¢;(rc), further justifying the given comparison. However, we
run into problems with the second product when j < rc. In this range, t1(rc) < 0,
leading us to compare a negative product to a quantity that we know to be positive,
resulting in an incorrect asymptotic. To overcome this problem, we will consider
the product over this range separately. In fact, it is beneficial to split the product

and look at it for j < 2rc and the product for j > 2rc. When j > 2rc, we find

1 rc
—<1l——x<1
2 7 ’

giving less fluctuation in the product we’re interested in. So we will write
1+ (1-%) 1+ (1-%) 1+ (12 .
9 o H 2 H 2 ( -58)

7j=1 71<2rc J>2rc

and analyze each part of (4.58). We look at the product over small j first.
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Lemma 4.8 Let 0 < ¢ < 1/2 and let r > 3. Then

2—[27"0] eefzm’%cz/(l*zc) 627‘60367T/4—672/2—7‘CCQ

11 1+< _%>

<
2

71<2rc

< g lrelgen el (4.59)

Proof: Rewriting the product above, we find that

14 (1-2) ’
T s (i (1)) e

1<2rc 71<2rc
—|2rc| 2¢\"
= 2 exp Z log(1+(1—— . (4.60)
71<2rc J
We wish to find bounds on the sum in (4.60) to prove the lemma. Starting with an
upper bound, we use the Taylor expansion of log to bound the summand as follows.

w(io03)) < ()

_ 2rc

< e 7

Thus the sum is bounded above by
2c\" _2re
3 1og<1+<1__F) ) <Y
<2 J <2
J=4re 1<2rc
We bound this exponential sum using Euler-Maclaurin summation.

orc 2rc e 1 2rc 2)
Z e” T <e e +/ e~ 5 dx + 5(6_1 — e +/ Bl(t)e_z"c/tg dt
71<2rc 1 1 t

Following the method of Lemma 4.1, we see that

2rc 2re

2 1 2 1

/ Bl(t)e_QTC/tg dt‘ < 5/ 6_2Tc/t§ dt = 5(e—l _ 6_2TC).
1 1

This implies that

orc 2rc
_2rc -1 _2rc
E e 7 < e —I—/ e = dr
1

71<2rc
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The latter integral is obtained using the substitution = 2rcu. Since 1/2rc¢ > 0

1/u

and e~ /" > 0, we can bound this integral above by another integral that does not

1 1
/ e VU dy < / e YU dy.
1/2rc 0

The final integral converges to C1 = 0.1484.... Thus

depend on r or ¢,

1 1
e+ 27‘0/ e Vudu < e 14 27’6/ e~ VU dy
/2rc 0

= e ' 4 2rcCy.

Combining this with (4.60), we get

1+ (1- %)
[t < rdeag 3™
71<2rc 71<2rc

-2 -1 _2rcC
< 92 ch]ee e2re i

proving the upper bound.

To show that the lower bound is true, we will need the following facts.
2 2¢\" 1 2
log ( (1 - —C> > > (1 - —,C> -~z <1 - —,C> (4.61)
J J 2 J
2c\" —2rc 2rc?
1—— > eXp{ — — — } 4.62
( J ) i i —2¢) (462
2r
—4
<1 - %> < exp { .rc} (4.63)
J J

Putting these facts together, we find the lower bound

];mlog <1 + <1 - §> >

> Z exp{ 2,7"6 — - 27”_6226)} - % Z exp { _;L,TC}. (4.64)

71<2rc J (‘7

Euler Maclaurin summation can be used to find bounds on both of the above ex-

ponential sums; we begin with the second. The estimations and substitutions used
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are similar to those we saw when finding the upper bound.

—4 2rc
Z exp { ,TC} < e 24 / e~ 4relr dg
J 1

71<2rc

1
= e 2+ 27‘0/ e~/ qy
1/2rc

1
< e 24 2rc/ e~/ gy
0

= 2 4 2rcCy
where Cs is the convergent integral and
1
Cy=0.0375--- = / e~ du.
0

Thus

1 —4 1
3 Z exp{ rc} < 56_2 + rcCs.

71<2rc J

(4.65)

Before proceeding with the remaining exponential sum, we comment that any inte-

gral used to approximate this sum will be difficult to evaluate if the exponent is left

in its current form. Thus far, we have been able to use a substitution that gives a

convergent integral, but this sum is more difficult because of the added term in the

exponent. However, observe that when j > 2,

2rc? rc?

JG-209 ~31-0°

Since the latter expression is increasing in ¢, we find

TC2

e
2(1—c) 4

over the range of interest. Therefore, when j > 2,

4

exp ?rc — 2re > exp ?rc A G e 2re/ig=r/4,
) J

J JJ —2c

This allows us to replace the exponent of the sum with an expression that is similar

to the functions we have already integrated. In fact, we don’t even have to use

Euler Maclaurin summation: since e~27¢/®
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we can find a lower bound for the given sum simply by evaluating an integral.

Z exp { —27"6 27"02 }
X ; -
J J(j —2¢)

71<2rc
_ em2re=2re?/(1-2¢) | Z exp{—%c e }
9<j<2rc J (5 = 2¢)
—2rc—2rc? /(1—2¢) —2rc r
> _ _
€ + Z exp { 7 1
2<5<2rc

2rc
> e—2rc—2rc2/(1—2c) +e—r/4/ 6—27’0/90 dr
1

1
— 6—27’0—27“02/(1—20)+2TC€—T’/4/ e—l/u du
1/2rc

Finally, since 7 > 2 in the sum estimated by the integral, we note that 2rc > j > 2

implies that 1/2rc < 1/2. Thus

2 1
Z eXp{—Z'rc o ?rc } S o—2re—2rc?/(1-2¢) +2rce_r/4/ = gy
71<2rc J ‘7(‘7 B 26) 1/2rc

1
> e—2rc—2rcz/(l—2c)+2TC€—T’/4/ e—l/u du
1/2

_ e—2rc—2rc2/(1—2c)_‘_27,,66—7‘/403’ (466)

where
1

Cy =0.1297 - = / e VU dy.
1/2

Combining (4.64), (4.65), and (4.66) we find that
Z log (1 + <1 — §>T> > e 2rem2re?/(1220) 4 9 Cyer/4 - 16_2 —rcCy. (4.67)
j<2re J 2
Substituting this bound into (4.60), we find the lower bound for the original product,
proving both the upper and lower bounds given in (4.59). O
The upper and lower bounds for the product over small j given in Lemma
4.8 are similar. When we return to analyzing 7T;., we will use the simpler upper
bound in our calculations, but we must first look at the remaining part of t,(c).
Recall the earlier determination that ¢,(c) behaved like ¢1(rc) and the realization
that the behavior of ¢1(rc) for small j would require splitting this product into two

parts. For large j, we will compare the two products over the appropriate range,
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2rc < j < k. We define t/(c) and redefine t,(c) to be

Eol+(1— %
th(c) = H¥ (4.68)
j>2c

b(c) = ﬁ w (4.69)
j>2rc

This gives

kol — 2 i re
nire = T ] (1-2) (4.70)

Jj>2re j>2rc J

as the product that we need to compare to t.(c). The next theorem is similar to
Theorems 4.1 and 4.2. We will show that ¢,(c) is approximately t)(rc) along with

an error term.

Theorem 4.4 Suppose 0 < ¢ < 1/2, r > 3, and define t|(c) and t.(c) as follows:

k 2c
1+(1-%)
e = ] T
j>2c
k 1+< _ )’
J
t(c) = ]I —— ) .
J>2rc
Then the ratio of t,(c) and t}(rc),
tr(c)
Qr,k(c) - t/l(TC) )
converges to
2¢\"
1+ (1-%)
Qr(c) =

as k — oo. Furthermore,

tr(c) ~ ti(re)Qy(c). (4.71)
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Expanding out the numerator of ¢,(c) gives

tr(c) =
j>2re 2
E 1 ™ (—1)" [ 2¢ "
_ +Zn>0 (n)( ) j
= | 5
j>2rce
k n
1 2 2
- I (- Z<r>(_1)n <_C>
j>2rce J n>2 n J
k n—1
1 2 1 2
RO
J>2rc J rn22 n J
k n—1
1 2
A (5[ s0ere
J>2rc J 74n22 n J

Then @, x(c) can be simplified as follows.

Qrilc) =

J>2rc J
b c re\ ! r 2c\"!
S B
J>2rc J J n>2 n J
k
2¢2 r 2¢\"
= H 1+..7Z< >(—1)n <—>
j>2rc ‘7(‘7 N TC) n>0 n+2 J

We claim that @, ;(c) converges as k — oo. Recall from Theorem 4.2 that the

infinite product

converges if and only if the series
>4
J>2rc

converges absolutely. We first observe that

2c2

Jj —re)
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if and only if j > rc, certainly this is true when j > 2rc. Also, the alternating sum

2 (nba) v G) ()~ () 5+ %)r—z

will be positive if j is large enough so that the absolute value of the terms decrease.

In particular, we need

(T)(E)t—i-l
1> t4+3/ \ :r—t—2'§

r c\! t+3 o
(L) (%) 7

Thus the (¢ + 1) term is less than the t** term when

Since the expression on the right decreases as t increases, the maximum value of
this quotient occurs when ¢t = 0, implying the terms of the sum are decreasing when
7> % c(r — 2). Consequently, the sum is positive when j is in this range. Since
7> 2rc> % c(r — 2), the alternating sum is positive. Thus
2¢2 ( r > 2¢\"
o (-D*"{—] =0
j(g —rc) n§>:0 n+2 J

in the range we are interested in. Finally, we note that when j > 27rc,

> () (5) = )

and rc/j < 1/2, implying

2c2 2c2 re\ "t 4c?
JjG—re) j

This enables us to find an upper bound on the alternating series,

= (L) (2 5 ()%

j>2rc n>0 j>2rce

Since the latter sum is a convergent p—series,

> om0 (5)

j>2rc
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is an absolutely convergent series. Therefore
k
2¢? r 2c\"
111+ 5555 2 () (5)
J>2rc Y n>0 J
converges as k — oo to

@@=IDﬁ%%ZQL%m@y

Jj>2rc n>0

1+ (1 — %)T
= _ (4.72)
j>2rc 2 (1 - %)
By definition we have

() = 1.(re) Qras(c). (4.73)

To eliminate the parameter k in (4.73), we replace Q, x(c) by Qr(c) and determine

the error introduced by this substitution.

1 < @r(c)
Qri(c)
o0 2 ) N
- Tl ()
s ]_i;lj(ffrc) = <n:—2>(_ )" <%>"

We will give a proof of this error estimate in Section 4.5.3. Therefore,

sl = a0 (140(71)).

and along with (4.73), this gives

b (c) = £, (re)Qu(c) <1 +0 <%>> .

Finally, since 14+ O(k~!) — 1 as k — oo, we have shown the result. O
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This theorem along with Lemma 4.8 is the beginning of an asymptotic for

t.(c). Using the upper bound from Lemma 4.8, we have found that

, 2 . 2 ) 2
7=1 7i<2rc j>2rc
~ 27 2refge g2reCh th(re)Qr(c). (4.74)
This gives
l _
T, ~ <7,>2_L2’"CJ e’ 1€2T001t,1(7‘C)QT(C) (4.75)

as an approximation for the r** term of F(2°). We will soon find an asymptotic for

t (re), but first we will check the error from Theorem 4.4.

4.5.3 Error Analysis for Theorem 4.4
In comparing @ x(c) to Qr(c) in Theorem 4.4, we used the fact that the
alternating sum is O(k~!). The following lemma shows that this error estimation is

frue.

Lemma 4.9 Let 0 <c¢<1/2, k>2,r >3, and let

e =X () ()

n>0
Then
> 2¢2 r\ 2¢2r
0< Y ———A.() < < >—
Pt j(g —rc) 2) k

Proof: First note that by the definition of ¢,(c), Kk +1 > k > 2rc and by the work

in Theorem 4.4, we know that the terms of A, .(j) are decreasing. Thus

<) (3 wa<()

Substituting this into the infinite series,

> 2¢2 T > 2¢2
0< > s < (3) ¥ s (4.76)
ja iU —re) 2) 1590 =)

Continuing with the upper bound, since 0 < ¢ < 1/2, then j —r¢ > j — r. Thus

o0 o0
2¢2 2¢2
2 G S 2 G
j=k+1 j=k—+1
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Since j > k > r, the sum on the right is positive and bounded above by a convergent

p—series. So the sum is absolutely convergent and we can rearrange it. In particular,

we find that
(o] o o
2c2 1 1
> ey Loy L
j=k+1 G =) j=k+1 r(g =) ik
o0 o
1 1
—at( y Loy L
j=k—r+1 rJ j=k+ rJ
Jj=k—r+1
Combining this with (4.76), we now have
r k 2¢2
0< Z A,o(j) < <2> | > = (4.77)
j= k+1 j=k—r+1
Rewriting the sum above to begin with index 0, we find
S k
2¢2 . r 2¢2
> et < (o) 2%
j=k+1 j=k—r41
_ r § 2¢2
—\2) &~k —i)
=0
N1 22
= - _ 4.78
<2> k por r(l —i/k) (4.78)

The final sum in (4.78) is easy to bound upon observing that since k > r,

] r—1 r—1 1
< < —1- -,
kK= k — r T
Thus, 1 —i/k > 1/r, so
r—1 r—1
2c¢%r
Do S X
i 1—z/k‘ o
= 2
Using this in (4.78), we have the new upper bound
o
2¢2 2¢2
Y A < (;)% (4.79)
5,9 e
proving the result. O
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We now continue with the asymptotics given in Section 4.5.2

k4 (1—2
U ( > N2_L2TCJeeilezrccltll(’f’C)Qr(C)

and

T, ~ <i>2_L2’"CJ eefleQchlt’l(rc)Qr(c).

To further improve these estimations, we must determine how ¢} (rc) behaves. We

do this in the next section.

4.5.4  An Asymptotic For t|(rc)

From the work in Section 4.5.1, we expect to see a factor of £77¢ in the
asymptotic for 7T,. Since we have found bounds for the product part of 7T, over
small 7 that do not include this factor, this behavior must come from the latter part
of the product that we defined in Theorem 4.4 to be t,(c). There, we found ¢,(c) to
be t)(rc) times a correction factor @, (c), where

k
th(rc) = H -
j>2rc J

To analyze t} (rc), we will, as usual, rewrite it as an exponential function. This gives

th(re) = exp Z log (1 - —>

J>2rce

ol Y > (%)L

j>2rem>1
el Y (1)L
i>are 1 jSarem>2
When finding estimates for the sums in the exponent, we will use approximations
similar to those we’'ve seen before, but we must take care to not include the first
terms where j < 2rc. With this in mind, the analysis of ¢} (rc) breaks into two cases:

2rc < 1 and 2rc¢ > 1.
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Case 1: 2re< 1

Observe that when 2rc < 1, t{(rc) is the full product, that is

k
t&(rc)zHl—r—,c.
=7

Therefore we may use the asymptotic found for #](c) in Theorem 4.1. Substituting

rc into the function there we have
t)(re) ~ ke Y The(re) (4.80)

where

netre) = 32 TP om).

m>2

Returning to T, we observe that the bounds found in Lemma 4.8 are not necessary
as the product for small j < 2rc is empty. Thus the asymptotic for 7, when 2rc¢ < 1

consists only of the binomial coefficient along with (4.80) and Q,(c),

r

The use of this asymptotic is dependent on whether or not it converges;
the question of convergence comes down to h¢(rc). Although not mentioned above,
h¢(re) converges when 2rc < 1 because rc < 1. When 1 < 2re < 2, it is still true
that rc < 1, implying that h¢(rc) converges in this case also. Therefore we may
still use the asymptotic for ¢ (rc) given in equation (4.80) when 2rc < 2. So the
estimate given for 7, in (4.81) is valid for » > 3 when 2rc¢ < 2.

Once 2rc > 2, we may no longer use this asymptotic. Not only does h¢(rc)
not converge when 2rc > 2, now rc¢ > 1 and there are some terms in the product
t)(rc) that are negative or possibly 0. Therefore the manipulation of ¢} (rc) to
rewrite it as an exponential function is no longer valid as there will be terms not in
the domain of log. When this happens, we must turn to more careful estimations

of sums.
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Case 2: 2rc>'1

When 2rc¢ > 1, t(rc) is no longer the full product and we must take this
into account in our approximations. The methods used in the next lemma will be
similar to what we have done before but the resulting asymptotic will have extra

terms due to the missing factors in the product we are looking at.

Lemma 4.10 Let 0 < ¢ < 1/2 and r > 3. Then

flre) ~ <ﬁ>_me’<p{2éiq ~ Taarep * 12L;:»CJ4}

xexp { —rchy <L2T:CJ> + hy <L2T7’Cc J) e L(2§> , (4.82)

where

(1 —z)log(l —x)

hl(x) = 1+ . 5
ha(e) = 3 log(l—2)~ 3.
—r?

(@) = Beon

Proof: As defined in Theorem 4.4,

k 2rc k
1+ (1 - =) rc
/! _ Vi _
tl(rc)_ H 2 — ' H 1—7
j>2re j=|2rc|+1

We can rewrite this expression in terms of an exponential function,

k
re
ti(rc) = exp log <1— —)
1(re) > ;

j>2rc

- ey ()"

7j>2rem>1
k k m
re rc 1
= expyg — g - — g E - —
m
J>2rc J j>2rem>2 J

Considering the first sum in the exponent, an application of Euler Maclaurin sum-

mation shows

k o)

1 1 + 1 — ! + .

- =logk —log|2 '
E ; og og|2rc] 2(2rc] ' 12[2r¢]2  60]2rc)? <k‘>

J>2rc
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Replacing the first sum in the exponential expression with this estimate and switch-

ing the order of summation on the double series, we see

() = expd —rel log 2 Sral ~ 3T %
ti(rc) eXp{ rclog k + rclog|2re] + 2[2rc]  12[2rc|? + 60[ 2rc]*

wf g5 talo)

m>2 J>2rc

- ( 2rc] > {2L2rc 12L2icj2 GOL;C"CJ‘*}
cep =S rC)m Z L <1+0<%>>. (4.83)

m>2 ]>2rc

Another application of Euler Maclaurin shows that

Z’“: 1 1 U m (o
j>2rc ]m B (m B 1) L2T6Jm_1 2L2TCJm 12L2rcjm+1 pm—1 |-

Applying this to the inner sum in (4.83) gives

j
B (re)™ 1 B 1 n m Lo 1
B m  \(m—1)[2rc]m™1  2|2r¢|™ = 12|2rc|m+1 fkm—1
B (re)™ 1 1 m 1
B Z m \(m—1)2rc/m1  2[2rc|™ + 12[2rc|m+1 +0 k)"
Substituting this back into (4.83), we obtain
fre) = E N\ N re __re e
W= \Qare] ) “Pl202re] ~ 12[2r¢)2 T 60[2rc)?

*exp { — Z (rTcsz ((m - 1)62chm—1 B 2{2:cjm>

m>2
% exp _wgz (rgm 12L2:Jm“ <1+O (%)) (4.84)

89



Finally, we define hy(z), ho(z), and hs(x) as the following infinite sums.

m—1 1 —2)log(l —
m@) = Y ——— BN G E (Gt
mzzm(m— ) T
™ 1 T
hg(l’) = 2%2_51(%(1_%)_5
m>2

m .2
ha(x) = % = ng—l)
Letting « = r¢/|2re| and substituting hq(z), ha(x), and hs(x) into (4.84), we have
the result. O
The analyses of the error terms encountered here are similar to the analyses
done in Sections 4.4.3 and 4.5.3 and will therefore be omitted. We can now use
Lemmas 4.8 and 4.10 with Theorem 4.4 to give an asymptotic for the 7" term of
E(2°) when 2rc > 1. We summarize the results of this section and Section 4.5.4 in

the next theorem.

Theorem 4.5 Let 0 < ¢ < 1/2 and r > 3. The behavior of the v term of E(2°)

can be summarized in two cases.

(i) When 2rc <1,
T, ~ <l> k,‘_rce_rw_h((m)Qr(C),

i)
@(c)—jl}l (=)

where

(ii) When 2rc > 1,

T. ~ <l> < k ) 2—L2TCJ 66*1627"001 Q’I‘(C)

r) \|2rc|

e rc _ rc 4 rc
*PA212re] T 12[2rc)? T 60[2rc)®

h3 { 2rey
* eXp —rch1< e >+h2<LrC >— <L2 J)

|2rc] 2rc| |2rc] ’

where C, hy(z), ha(z), and hs(x) are defined as before and

)
Qr(c) —jgcw-
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Recall that although the first case is stated for 2rc < 1, we can also use this asymp-
totic when 1 < 2rc¢ < 2. The two approximations for 7). in this range are slightly

different, but we will find use for both of them later in the chapter.

4.6 Comparing Consecutive Terms

With an asymptotic expression for 7)., r > 3, we are now prepared to return
to determining the values of | = dk for which E(2°) approaches 1. Recall that we
have shown that T} < 1 when

cCrHhe(c)
d<d = =
and 0 < ¢ < 2/5. We have also shown that T < 77 in this range. To show
that E(2°) approaches 1 for these values of d, we must show that the sum of the
remaining terms is negligible. Since the factor k"¢ appears in the asymptotic of T},
it seems reasonable to expect E(2°) to behave like a geometric series. In fact, the
terms are decreasing when d < d; and we will show that they are bounded above
by a geometric series that converges to 1 for a given function [ = I(k).

One approach to this would be to find the sequence of d,., r > 1, such that
T,+1 < T,. If this sequence is increasing as r increases, then the sequence of terms,
T., is decreasing. We have already found d; and dy and have seen that di < do,
showing that T5 < T} for [ greater than what is even needed to have 77 < 1. One
advantage to this approach is showing that the sequence d,. strictly increases would
imply the terms are unimodal. However, we would still need to prove that the sum
of the remaining terms is small and F(2°) approaches 1.

On the other hand, we know the range for d we’re interested in; we know
that d must be less than d; before T} is small enough to possibly see F(2%) approach
1. If we show that T}.,1 < T} when d < di, then we will be showing that the terms

are decreasing in the range of interest. To do this, we may determine if

Tr+1
— <1
T,

in the critical range. This is a more direct approach than the latter and will have the

result of giving an upper bound on the ratio of consecutive terms. The advantage
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of this approach is that this upper bound enables us to bound E(2%) above by a
geometric series, not only showing that the terms are decreasing, but giving an

upper bound on the sum itself.

4.6.1 The Range of Interest
Since the asymptotics for 7, depend on [, we must be sure to compare
approximations with the correct values of [ substituted in to find an upper bound
on the ratio of consecutive terms. To narrow down the range we are interested in,

observe that the numerator of d; is increasing in ¢. Then since 0 < ¢ < 2/5,

1 < e Thele) « o27/5+he(2/5) - 1.4893.

This allows us to bound dy,
ke < dy < 1.4893k¢

Setting {1 = d1k to be the critical [ value such that T} < 1 when [ < [y , this implies
that

ke < 1y < 1.4893k°. (4.85)

Certainly, if I < k¢, [ is in the range where T} < 1. We will concentrate our remaining

work in this area. We will first look at the ratio of consecutive terms when [ = k°.

4.6.2 The Ratio of Consecutive Terms, | = k¢
We will be using the asymptotics given in Theorem 4.5 to find an upper

bound for the ratio

Tr—l—l
T,

In this section, we will take [ = k€. Since the asymptotic we use for T, changes
depending on the size of 2r¢, we will need to consider three different cases based on

the values of 2rc and 2(r 4+ 1)c:

Case 1: 2rc < 2(r + 1)c < 1;
Case 2: 2re < 1,1 <2(r+1)c < 2;

Case 3: 1 <2rc< 2(r+1)c.
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The cases are broken up in this way so that we will be able to compare similar
asymptotics. Cases 1 and 2 will use the approximation given in part (i) of Theorem
4.5 for both T, and 7,4; while the comparisons for case 3 will use part (i) of
the theorem. It is necessary to have case 2 as what we might call a “crossover”
comparison between the two different asymptotics. It is certainly possible in case 2
to use part (i) for T, and (i) for T, in the ratio, but the resulting expression will
be very difficult to analyze. Since both estimations we have found for 7T, are valid
when 1 < 2rc < 2, we use similar expressions to simplify our work. We also observe

that this is the only case that needs to be set up this way. Since 2¢ < 1,
2(r+1)c < 2re+1,

thus it is never possible to have the case when 2rc¢ < 1 while 2(r + 1)c > 2.
This also brings up the fact that |2rc| may not be equal to |2(r +1)c|. The
impact of this will arise in case 3 where we will need to decompose the case even

further according to the value of the two floors.

Case 1: 2re <2(r+1e<1

We first consider the case when 2rc and 2(r+1)c are both small. By Theorem

4.5, the r** term of F(2°) is

r

while the (r + 1)* term is

l
~ (r—l—l)c (r+1)ey—he((r+1)c
Trq1 (7" 1>k‘ Q +1( ) (487)

We wish to find an upper bound on the ratio of these two terms. Taking the ratio

of (4.86) and (4.87) and simplifying, we find that

l
TT+1 .y (r-i—l)k Ce—CY— he((r+1)e)+he(re) Qr+1( )
el Q0
l—r e Qr 1( )
_ k= Ce—<Y he((r4+1)c)+he(re) Xr+ ) 4.88
r+1 Qr(c) (458)
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We will divide the analysis of this ratio into three parts: the ratio of binomial
coefficients along with the factor k~¢, the natural exponential function, and the
remaining infinite product.

We are assuming right now that [ = k°. Since r <[, we may write r = al =

ak®, where a < 1. Substituting this into the first part of the expression, we have

l—r .  k—ak® 1
r+1 B ke r+1
11—«
Cor+41
- 1
r+1°
Finally, since r > 3,
l—r 1
k< —. 4.89
r+1 4 ( )

Moving on to the exponential function, we can show that it is less than 1. First

observe that

hetw) = 32 L cm)

m>2

increases with the argument. If y; < ys, then for m > 2,
i Y3
— < — .
L cmy < 2 (m)
Therefore, h¢(y1) < he(y2). Then since re < (r + 1)c,
h¢(re) < he((r+1)c).
This implies that the exponent, —cy — he((r + 1)c) + h¢(re), is negative. Thus,

e~V he((rtD)e)+he(re) 0 — 1 (4.90)

Equations (4.89) and (4.90) together give an upper bound so far to be

<_

r+1 Q. (c) 4 Qr(c)

[—r E—Ce—cv—h¢((r+1)e)+he(re) Qr+1(c) 1 Qrt1(c)

If the remaining product is less than 4, then the ratio of consecutive terms will be
less than 1. This will imply that we may bound the sum of T, r > 3, above by a

convergent geometric series when 2rc < 2(r + 1)c < 1.
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The remaining ratio requires more work. Recall that

(%)
Qr(c)—jl;[m 2(1_%>

was the accumulated error from replacing t,(¢) by ¢} (rc). In this case, both Q,(c)

and @,11(c) are over j > 1. The ratio we are looking at here is

r+1
Qma@)2111+(1_%) ATy (4.91)

Qr(c) j>1 1+ (1 — E>T 1 — (tle

i J

We expect this product to be close to 1; consider the first fraction above,

% r+1
1+(1—7)

2CT
1 (1-%)

for fixed j. Since 0 < 1 —2¢/j < 1, the difference between having an exponent r or

an exponent r 4+ 1 is minimal, especially as j — oo. Therefore the numerator and
denominator of this fraction are very close. The denominator is only slightly larger
than the numerator, so this ratio is less than 1 for all j and approaches 1 as j — oc.

On the other hand,
1 e

- J

1 (r+1)c

J
is greater than 1 since (r + 1)c/j > re/j for all j. So the product of these two

fractions approaches 1 as j — oco. But since one ratio is slightly larger than 1 while
the other is slightly smaller, we can’t determine whether their product is greater or
less than 1 with the information we have.

We can, however, bound their product for fixed j using the expansion of the

binomial term. Observe that since j > 2rc,

1—2L.C<(1—2—.6>T<1—2L.C+72T(T;1)C2.
j j j j
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With these bounds,

2¢ T+l r+1)c r4+1)rc?
08T g e g
1_’_(1_%) 1_7"—;10 1_% 1— r—l;lc

1— (r—i;_l)c + (T+]'12)T62

- 1_(rf1)c
J
B 1_'_(7"—1—1)7‘02. 1
j2 1_(r+1)c'

Since j > 2(r + 1)c, observe that

1
1 (rfl)c

J

< 2.

We use this in the bound found above to see for fixed 7,

1+<1_%)7‘+1 ) e )
b -5 <1+2(7’+1)rc .

1+(1—%>’" 1 (e 52

(4.92)

We substitute this back into (4.91) to find that

— <

Qr+1(c) 2(r + 1)rc?
o < T

j>1

2(r + 1)rc?
= exp Zlog(l—k%)

Jj=1

2(r 4+ 1)rc?
< e Y AL
RS
by the Taylor expansion for log. Now, the sum over the squares in the exponent is
¢(2) = 72/6. This, along with the fact that 2rc < 2(r + 1)c < 1, gives

Qi) _ 20
a0 © &R
= exp{2(r + 1)rc*¢(2)}

< em2 (4.93)
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Applying this in (4.88) with the earlier bounds, we now have that

Trv1 o L=T e —or—he(r+1)e)+he (re) Qr+1(¢)

T, r+1 Qr(c)

1 -
w2 /12
< Z
46

= 0.56902... (4.94)

This upper bound is exactly what we had hoped for. Not only have we found a
constant upper bound, we have shown that the ratio of consecutive terms is less than
1. This means that we can bound the portion of E(2%) where 2rc < 2(r + 1)c < 1
by a partial geometric series. In the next cases, we will apply similar techniques to
find upper bounds on this same ratio. Case 2, when 2r¢ < 1 and 1 < 2(r+1)c < 2,
will be similar to what we have done here, although we will need to take more care
with the infinite product. Case 3, when 2(r + 1)c > 2rc > 1, will be more tedious
since there are more factors to analyze. The ratio of Q,+1(c) to @,(c) will again be

a difficult step as the upper bound given in this section will not be valid there.

Case 2: 2re< 1,1 <2(r+1)c <2

In order to compare similar expressions for the case where 2rc < 1 and
1 <2(r+1)c < 2, we use part (i) of Theorem 4.5 for both 7, and T,1;. Recall
the earlier discussion in Section 4.5.4 on the validity of using this expression when

1 <2(r +1)e < 2. Therefore T, and T, in this case will be

T, ~ <l>k—“e—m—hd"c)qzr(c), (4.95)
T
l —(r c_ —I(r cY— T C
Trp1 ~ (r N 1>k (rtlee=r+Dey=he(r+De) g 1 (c). (4.96)

This gives the ratio of T.1+1 to T, to be

Try1 l—r k—ce—c—y—hg((r—i-l)c)-i-h((TC) Q’""‘l(c)

~

T, r+1 Qr(c) ’

(4.97)

as in equation (4.88). Since these are the same asymptotics used in the last section,
much of the work here will be identical to the work seen there. In fact, any estimates
in the last section that did not require the use of the bounds on 2rc or 2(r + 1)c

will follow through in this case. Thus the bounds from (4.89) and (4.90) hold and
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we know that
l—r

k—ce—c'y—hc((r—l—l)c)—l—hc(rc) <
r—+1

(4.98)

B~ =

All that remains is to find the upper bound on the ratio of Q,+1(c) to Q. (c),

5\ T
Qr+1(C):H1+<1_7) ' =% .
Q) 1+<1_%>T 1 — {the
The bound we found earlier for this ratio was highly dependent on the upper bound
of 1 for both 2rc and 2(r +1)c. When we extend the range of 2(r + 1)c, the work on
this ratio is no longer valid. In particular, the analysis breaks down when finding
an upper bound for the product factors for fixed j. There, we used the fact that

2(r +1)c < 1 to show that
1

1— (rfl)c
J

<2

for all j, enabling us to find the final upper bound given. In case 2, we now have

(r+1)c < 1. When j = 1, this implies that

1

— < 0.
1—(r+1c >~

Clearly this is not a useful bound. But j = 1 is the only problem; when j > 2,

(r+1)c/j < 1/2. This means
1

1— (r+1)c
J

for all j > 2, indicating that it will be useful to handle the first term of the infinite

<2

product separately and analyze the remaining product as before. We rewrite this

ratio as
9 r+1
Qri(c) 1+ (1=20)1  1—re 1+(1—7-C) 1
=— . — . L.
Qr(c) 1—(r+1c 1+(1-20)" ol (1_% 1— (rj )c
Then following the steps leading to (4.92), we find that
1+(1—E)T+1 1 e 2
j -7 1 2(r + Dre
2\ 1 GtDhe © + 2
1+ (1 . —.) 1- ot J

i J

98



when j > 2. This leads to

1+<1—2—?>T+1 1 _re 2
J ' J +2(7‘+1)7’c

T 1 .
§>2 1—1—(1—%) 1—(71—;—-)6 is2 J

Z 2(r + 1)rc?
Jj=2

as before. Now we find that 2(r+1)rc? < 1 and the sum over the squares is ¢(2) — 1.

Thus
2 1)re?
exp ZM < ™ /61, (4.99)

2
Jj>2
Returning to the initial term of the ratio, we use the standard upper bound for

(1 —2¢)"*! to see that

1+ (1—2c)*t _ 2(1 = (r+1)c)

L—(r+1)ec I (riDe (4.100)

Also, since 0 < 1 —re< 1and 1+ (1 —2¢)" > 1, we have

1—rc

— < 1 4.101
14+ (1—2¢)" < ( )

Then, combining equations (4.99), (4.100), and (4.101), we finally have

Qr+1(c) 72/6—1
7QT(C) < 2e . (4.102)

We are now able to find an upper bound for the ratio of consecutive terms:

L Lo e pmerhe(ranephe re) Qr1()
T, r+1 Qr(C)
1 72 /6—1

< =
26

= 0.95293... (4.103)

We have again shown that the ratio of consecutive terms is less than 1 in this case.
As r increases, this upper bound becomes even smaller. We may therefore bound
the terms of F(2°) where 2rc < 1 and 1 < 2(r + 1)c < 2 above by a convergent

geometric series.
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Case 3: 2(r+1)e > 2re>1

Case 3 considers the remaining possibilities for 2rc and 2(r 4+ 1)c. By Theo-

rem 4.5, when 2rc > 1, the " term of F(2%) is approximately

l E o\ -1
~ —|2rc] e 2rcCt
T, <T> < ore] > 2 e’ e Qr(c)

ox rc _ rc 4 rc
P 2[2re] ~ 12[2rc) T 60[2rc)t
()
rc rc [2rc]
R (Lzch ) e < [2rc] > [2rc]

where C1, hi(x), ha(x), and hg(z) are defined in Lemmas 4.8 and 4.10 as

1
C, = 0.1484---:/ e 1% qu,
0

m—1 _ _
hi(z) = x 14 (1 —z)log(l —x) ,
m(m — 1) x
m>2
x™ 1 x
m>2
x™ —a?
h = _= —
3(2) PIET 12(x - 1)’
m>2
and .,
1+ (1 - 27)

Qr(c) = jl;[rc YOS <1 - %>

Similarly, since 2(r + 1)c > 1, we have

l k —(r+1)c B(r+1)e] o= _2(r 41360
~ —_— —[2(r+1)c] e r+1)cCh
fra ( > <L2(r n 1)@) 2 ¢ e Qr11(0)

(r+1)c (r+1)ec (r+1)c
*eXp{2L2(r+l)cj TR0+ e T 6020 + 1)) }

4
*exp{_(rﬂ)chl <L2((Trfll))ccj +h2<L2Tr111 >}

(r+1)c
_h3 <|_2(7’+1 cJ>
|12(r + 1)c]

* exp

Comparing these two expressions is possible, but it is extremely difficult to show
what we need with the exponential functions written as they are above. The ratio of

consecutive terms becomes more manageable if we return to a more exact expression
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for T, and T,11. We will instead be using the asymptotic

l _
1 ()2 e e 0.0 (4.104)
for T, rather than substituting the approximation to t}(rc) found in Lemma 4.10.

Similarly,

Trp1 ~ (r Jlr 1>2‘L2(’”+ Delge™ 20+ 0eCht (1 4 1)) Qryr (o). (4.105)

With these approximations, we will need to look at the ratio

t1((r+1)e)
th (rc)

as well as the ratio of Q,41(c) to @,(c) as in the previous two cases.

The analyses of these two ratios are challenging due to the values of 2rc and
2(r + 1)c. Although we have eliminated almost all of the floor functions in 7, by
returning to a more exact expression, we must still be careful with the range of the

two product ratios. To be more precise, since
b rec
th(re) = H 1——,

j>2rce J

then the ratio of ¢1((r 4+ 1)c) to t}(rc) is

k (r+1)c
ti((r+1)c) 2041 <1 I )
; =
tl(TC) H§>2rc (1 - %)

If [2rc| = |2(r+1)c], the range of each product is the same and this ratio is simply

k 1 (rfl)c 1— (r—l—‘1)0

k
t((r+1c) _ S R j
ty(re) _H 1-I _'H 1-—Le
1 J j>2(r+1)c

J>2rce J
On the other hand, if |2rc| # [2(r + 1)c], then the denominator has extra terms.
However, since 2¢ < 1 we must have |2rc| +1 = [2(r + 1)c| and ¢} (rc) only has one

additional term. Therefore, we see

ti((r+1)ec) <1 B rc >_1 ﬁ 1- —(TJ;.DC
/ - _rc .
th (re) |2rc] +1 5341 1-5
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The same anomaly occurs with Q,4+1(c)/Q.(c). This requires us to decompose case
3 even further to comnsider T, and 7,11 where (a) [2rc|] = |[2(r + 1)¢] and (b)
|2rc] # |2(r + 1)c].

Before continuing, we present two lemmas that will aid in analyzing 7,1 /7.
The proofs of these lemmas appear in the next section. The first gives an upper

bound for a product related to t1((r + 1)c)/t) (rc).

Lemma 4.11 Suppose 2(r + 1)c > 2rc > 1. Then

ﬁ 1[%<(L2<7«L>q>_cexp{m}'

j>2(r+1)c J

The second lemma will be used in bounding Q,4+1(c)/Q,(c). In cases 1 and

2, we used the inequality

1+ < _ E)H_l rc P
J . J < exp E 720‘ 1)7’0
r (r+1)c i2
jo1+ ( - 27) 1= j J

where the product and sum are over the appropriate range for j. The key to ob-
taining the final upper bound on the product was in the upper bounds on 2rc¢ and
2(r+1)c. In this case, we no longer have these bounds. Therefore it is necessary to
find an alternate upper bound for the infinite product. The next lemma will aid in

finding this bound.

Lemma 4.12 Suppose 2(r + 1)c > 2rc > 1. Then

1_2_-0)7’4-1 1 e

1+ ; 7 re?
I <( —x) EE <O )
J

J>2(r+1)c 1+ J

With these lemmas, we will be able to complete the desired analysis. From (4.104)

and (4.105), the ratio of consecutive terms is asymptotically

T, r+1 t) (re) Q- (c)

Lo LT glre-l2rne) 2o AT £ 1)) Qra(e) ) 46

We first observe that 2¢Cy < 4, so that

201 < O,
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This implies that

T, r+1 th (re) Q- (c)

T < [—r gl2re|—[2(r+1)c] ,C1 t1((r + 1)¢) @r1(c) . (4.107)

At this point, we must divide our analysis into two parts. We first consider the state

when |2rc| = [2(r + 1)c|. When this is true, we see that

2|_2ch —[2(r+1)c] _ 1,

giving
Tri1 < l—r el t1((r+1)c) Qry1(c)
T, r+1 t) (rc) Q. (c)

Since |2rc] = [2(r 4 1)c|, the products ¢1((r 4+ 1)c) and t|(rc) are over the same

(4.108)

range of j. Therefore we know that

r+1)c
alr+va _ -
t) (rc) _ 1— ke
J>2(r+1)c

J

by Lemma 4.11. @,+1(c) and Q,(c) are also over the same values of j and Lemma

4.12 implies

Qra(c) H 1+<1_%)TH 1-7%

A\ (r+1)c
Qr(e) i>2(r+1)e 1+<1_27'> 1=

ool

Replacing |2(r + 1)c| by |2rc| and substituting these inequalities into (4.108), we

find that

e (ma) e {marer{Ea) (4109

This expression can now be bounded above by a constant. Consider first the ratio

l—r
kc

With [ = k€ and r = al, we find that

l—r

e =l—-a<l1
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as in cases 1 and 2. Since [2rc¢] < 2re <r <r+1,

|2rc|®© - (r+1)°

— 10—1.
r+1 r+1 (7’—|— )

Furthermore, r > 3 and ¢ < 2/5 implies that

|2rc|® 1

< .
r+1  43/5

Moving on to the exponential functions, we recall that [2rc|] > 1 to see that

¢ 2/5
exp{—mrcJ } < e’

Finally, since 2rc < |2rc| 4+ 1, we have that 2rc/|2rc| < 1+ 1/[2rc]. Therefore,

{22 o a1 Y} <o

Applying these results to (4.109), we have shown that when 2(r+1)c > 2rc¢ > 1 and

|2rc| = |2(r + 1)c], then the ratio of consecutive terms is bounded above by

Tr1 1 g5
T, 43/5
< 18.4806. .. (4.110)

Certainly this is not quite as low of an upper bound as we hoped for, but it decreases
quickly as r, 2re, and 2(r 4+ 1)c grow. In fact, when 2rc > 2, this bound is already
reduced to 6.7986. ..

We must also look at 7,41 /T, when |2rc| # |2(r + 1)c|. In this case, all the

work leading up to (4.107) still holds, and we begin with the inequality

Trsr L= 5 are)—2rt1)e 00 BLU0 £ 1)C) Qraa ()
bl ) Qo)

Here, |2rc| +1 = [2(r 4+ 1)c/, so that

[2rc|—|2(r+1)c] i
2 5

modifying the above bound to be

Trir _ e 1— 7 t1((r +1)¢) Qry1(c)
T, 2 r+1  ti(re) Q- (c)

(4.111)
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Although the remaining ratios will involve more work to analyze, they will lead to a

better bound for 7,1 /T,. Per the discussion leading to Lemma 4.11, we may write

ti((r+1)c) <1 B e >_1 ﬁ 1- —(TJS.I)C
/ - __rc :
th (re) |2rc] +1 58041 1-5

Observe again that 2rc < |2rc| + 1. This implies that

_re <1
|2rc] +1 2

<1—ﬁ>_1 <2

Along with the result of Lemma 4.11, this gives

Q. (c) also has more factors than @Q,4+1(c), so

and therefore,

1— e 1+(1—2—?>H1 | _re
Qria(c) [2re]+1 11 J j

Qo) 14 (1— ﬁ)rj>2(r+l)c 1+ (1 - %)r - (TJ;—I)C |

Another inequality for [2rc| will enable us to bound the initial term. Since the

denominator of this factor is strictly greater than 1,

1— rc
[2rc]+1 <1-_ rc
2c \" 2re] +1°
L+ <1 o Lzrcjﬂ) [2re]
Then [2rc] < 2rc gives the inequality
re o 1 |2rc|
|12rc] +1 =~ 2 [2rc] +1
Finally, since |2rc| > 1,
. re <1 1 [2rc] < 3
|2rc] +1 ~ 2|2rc)+1 7~ 4°
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Then this result with Lemma 4.12 shows

Qr1(0) _ 1‘% H 1+<1_%>r+1. 1—%
Qr(c) 1+(1_ﬁ)rj>2(r+l)c 1+(1—%)r 1_%

< 3 8rc?
—eXpy T -
1 P10+ 1))
Returning to the ratio of consecutive terms, the inequality given in (4.111) becomes

T _ 3 o l=r E\
T, 4 r+1 \[2(r+1)c]

*exp{ﬁ}exp{%}. (4.112)

The remaining non-constant factors can be handled as before. With [ = k¢ and

r=al,
l—r

kc

<1

The fact that |2(r + 1)c] < 2(r + 1)c gives

20 + 1)e)°

< 1)t <
] (r+1)

ek

Now, since |2(r 4+ 1)c| = |2rc] + 1 and [2rc| > 1,

exp{m} < ells.

Finally, since 2rc < |2(r + 1)c¢],

8rc? 4c 8/5
exp {m} <e " <e .

We apply these bounds to (4.112) to find the final upper bound of

Trsa 3. 1 omre
T, 4 43/5
< 2.2011... (4.113)

When 2rc > 2, this constant upper bound decreases to 1.9052. ..
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Proofs of the Lemmas

We have now shown that the ratio of 7,11 to T, can be bounded above by a
constant in each of the three cases. Before summarizing the results found in the last
sections and commenting on them, we prove the lemmas used in the last section.

Lemma 4.11 gives a necessary partial bound on the ratio of t1((r + 1)c)
to t}(rc). Since the same product appears both when [2rc| = [2(r + 1)¢| and
|2rc] # |2(r + 1)c], we needed to find an upper bound on this product. The
following proof will first find an upper bound on the product factors for fixed j and

use this to give the final result.

Lemma 4.11 Suppose 2(r + 1)c > 2rc > 1. Then

ﬁ 11_(21) < (LQ(rL)cJ)_CeXp{m}'

J>2(r+1)c J

Proof: To find an upper bound on the factors of the product, we first observe that

the ratio
1— (rfl)c
1_71 (4.114)
J

is very close to 1 for all j > 2(r + 1)c. In fact, since (r + 1)c > re, this ratio is

slightly less than 1. We can find an upper bound for the ratio by finding a lower

bound on the distance between 1 and (4.114). Subtracting the ratio from 1, we see
| _ (e

1— J C/]

- " 1-refj

Since 1 —re/j < 1 for all j > 2(r + 1)c, we find that

1— (r+1)c
7 C
1 % > 3 .
Therefore
1— (7"—1—'1)0 c
—L<1-= (4.115)

for all j > 2(r + 1)c. We apply this bound to the original product to see that

k 1 (rl)e k .
11 ——c < I - < (4.116)
7>2(r+1)c J 7>2(r+1)c
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This product can be rewritten as an exponential function,

k k

H 1—§:exp Z log<1—§>

J>2(r+1)c j>2(r+1)c
By the Taylor expansion of log, we know that —log(1 — ) > x, so that
k | , c k c
X — = X ——
o j>2(;—1)c " ( j> S j>2%;—1)c J
An application of Euler Maclaurin summation will show that

k

1 1 1
3 = >logh—log|2(r+ 1)) 4 o — s
i>aite E o 12(r+1)c]

Substituting this into the inequality above and simplifying, this gives

k

ot > 5 < (i) e merma )

j>2(r+1)c

We bound this final expression to obtain the result

k 1— (r+1)c

[T =< <L2<ri1>cJ>_cexp{m}’

j>2(r+1)c J

as desired. O

Recall that the asymptotic for ¢} (rc) found in Section 4.5.4 contains a factor
of k~"¢ and the asymptotic for ¢;((r +1)¢) contains k=", The ratio of these two
asymptotics would have a factor of k~¢, as the upper bound given above does. This
supports the result of Lemma 4.11 and tells us that this bound is correct.

The next lemma was needed in order to look at the ratio of @,4+1(c) to Q. (c).
Since the upper bound on this ratio used in cases 1 and 2 was so dependent on 2rc
and 2(r + 1)c being bounded above, we needed another result that didn’t depend

on this.

Lemma 4.12 Suppose 2(r + 1)c > 2rc > 1. Then

_ 2\ re
1+ . 1 e
J J

< { 8rc? }
T : (ri1)c eXpy——— -
jpaime 1+ (1-%) 185 20r + 1)c]
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Proof: As in the proof of Lemma 4.11, we first find an upper bound on one factor

of the product. To simplify notation slightly, define x = ¢/j. Then

1+(1—%)T+1 re X

J ) - _1—|—(1—2£L’)T+ ' 1—rx

1+(1_k>r 0+~ T+(1-22)7 1-(r+1l)z’
j J

J
Set f(r,z) to be this expression. We know that this ratio is close to 1. Subtracting

1 from f(r,z) and simplifying, we obtain

z(1—(1—22)"(1 —2rz)) '
(I—=(r+Dz)(1+ (1 —2x))

flr,x)—1=

Since this ratio, call it g(r,x), is positive, then an upper bound for it will give an
upper bound for f(r,x), which is what we desire.
Consider the denominator of g(r,z). Observe first that since j > 2(r + 1)c,

we have that (r 4+ 1)z < 1/2. Therefore
1
1—(r+1)x> 3

Furthermore, 1 + (1 — 2z)" > 1, so that the denominator of g(r,z) is greater than
1/2. Thus,

g(ryx) < 2x(1 — (1 —22)"(1 — 2rx)).

Using the standard lower bound, (1 —2z)" > 1 — 2rx, we now have

g(r,z) < 2z(1—(1-22)"(1—2rz))
< 2z(1— (1 —-2rz)?)
= 8raz*(1—rx)

< 8rz’.

This implies that

f(rz) <1+ 8ra?.

Returning to the original notation and applying this to the product, we have

1 —+ ( — k)r—i_l rc 2
J -7 1 8re
1 (e < II 1+ Z
§>2(r+1)c 1+ (1 - 7) J J>2(r+1)c
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We rewrite this as an exponential function and bound it above using an upper bound
on the exponent.

8rc? 8rc?
H 1+ 72 = exp Z log<1+j—2>

i>2(r+1)c J>2(r+1)c

8rc?
<o Y M2
ji>2(r+1)c J

Since 1/x? is decreasing and concave up, we can find an upper bound on the last

sum above by evaluating the corresponding integral from |2(r + 1)c| to infinity. So

8rc? © 8rc?
Z 5 < 5 dv
i

j>2(r+1)c J 2(r+1)e)] *
B 8rc?
12(r + 1)c]
Substituting this into the exponential function gives the desired result. O

The bound found in this lemma is actually the reason that the constant
upper bound for T,41/T, is larger than we would like. Although this bounding
function becomes very close to the actual truth as r increases, this is not the case

for small r. A better bound, however, would require different methods.

Summary of Cases

In each of the outlined cases, we have shown that the ratio of consecutive
terms of E(2°%) is bounded above by the constant 19, better in most cases. The

bounds found for Cases 1, 2, and 3 are summarized in the next theorem.

Theorem 4.6 Suppose r > 3. Let T} be the r'" term of E(2°) and Ty11 the (r+1)%
term.
(i) When 2rc <2(r+1)c <1,

Tr—i— 1
T,

1
<3 e™ /12 < 0.5690. ... ;

(i) When 2rc <1 and 1 <2(r +1)c < 2,

Trvr _ 1 r2j69
i R <0.9529. ..
T, ~2°
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(i1i) When 2(r + 1)c > 2rc¢ > 1 and |2rc| = |2(r + 1)c],

Trha L 18540 .
<R < 18.4806. .. ;

(iv) When 2(r + 1)c > 2rc¢ > 1 and [2rc] +1 = [2(r 4+ 1)c],

T 31
;F“ WG /501 < 99911 ...
T

As discussed in the work for Case 1 and Case 2, since the bounds found for these
two cases are less than 1, we can bound the terms of E(2%) above by a convergent
geometric series while 2rc and 2(r+1)c fall into one of these categories. On the other
hand, although the upper bounds improve in the last two cases above and even fall
below 1 when r is large enough, we cannot initially bound the terms in this range
by a convergent geometric series. What this means is that our methods will not
allow us to prove what we want with the assumptions we have now on [. Recall that
we chose | = k¢ as a result of determining when 77 < 1. Although we cannot show
that F(2°) can be entirely bounded above by a geometric series with our results, we
will be able to show that this can be done for smaller [. Therefore, [ = k¢ will serve
as the threshold function that we have been searching for. In the next section, we
will show that F(2°) approaches 1 for smaller [, and that it approaches infinity for

larger .

4.7 The Threshold Theorems

We can determine how much smaller [ needs to be before we can show that
E(2%) approaches 1 by the bounds given in Theorem 4.6. That theorem tells us that

for r > 3,
Try1 _ (r—f—l)tr‘i'l(c)
T ()t (e)

As previously mentioned, the upper bound is, in fact, better than this for most cases

< 19.

considered, but we take the largest bound to take care of all cases. We also know
that this bound is true for » < 3 as well. Since T} < 1 when [ < d1k = k‘ce”*hC(C),
then

Ty
—=T1<1
T, ¢
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when [ = k¢ < k¢e“7tm<(©) Then since T 5 < T7 whenever T7 < 1 by Theorem 4.3,

we know
1
— <1
T
when [ = k¢ Our goal is still to bound E(2°) above by a geometric series that
converges to 1. To do this, we must choose [ small enough to force the largest upper

bound of 19 to instead be less than 1. Set € < 1/19 and | = €k®. Observe that

choosing [ this way gives | < k¢. Consider the ratio of consecutive terms for r > 3,

Tr+1 _ (r—f—l)tT‘i'l(c)
T (»)tr(c)
N Z——T ) tr-l—l(c)
or+1 t(e)

With [ = €k® and r = «al, this ratio can be bounded above by

Try1 =7 trpa(o)
T, r+1 t.(c)
k¢ —ak® t.y1(c)
6( r+1 () >
< 19¢
< 1

Therefore, when € < 1/19, the ratio of consecutive terms for all r is less than 1.
Furthermore, as ¢ — 0, the ratio decreases. This gives a function for [ for which
we can bound E(2%) above by a geometric series. We are now prepared to state the

threshold theorem we have been searching for.

Theorem 4.7 Suppose 0 < ¢ < 2/5 and | = I(k).
(1) If I/k® — 0, then E(2°) — 1.
(ii) If l/k¢ — oo, then E(2°) — co.

Proof: Much of the work to prove part (i) has been done already. We will complete
the proof of part (i) here and prove part (i) as well.
(i) Suppose | = ek where € — 0. We will show that we can bound

l

E@2)=) T, = i:o <i>tr(0)

r=0 r=
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above by a geometric series that converges to 1 as ¢ — 0. Observe that

by the results from Section 4.3.4. Theorem 4.3 also implies that

E o l -1 tQ(C)
T1 n 2 tl(C)
k¢ tQ(C)
S 940
< €

A careful analysis similar to the one leading to Theorem 4.6 will show that T5/T» <
1.1988... when [ = k¢. As we saw in that discussion, we must consider the case
when 2rc < 1 as well as when 2r¢ > 1 for r = 3. The methods of Section 4.6.2 can

be used for both cases. Then for [ = k€,

T
— < 1.2€.
T ‘
Finally, when r > 3,
T _ =71 tryi(c)
T, r+1 t.(c)
- . k¢ — ak® tr4a(c)
r+1 tr(c)
< 19e

by Theorem 4.6. Therefore, for all » > 0,

TT’+1
—— < 19e. 4.117
< ge (@.117)
Beginning with » = 0, equation (4.117) implies that 77 /Ty < 19¢, so that
T < 19e.
Similarly, by equation (4.117), Ty < 19¢T1, so that

Ty < (19€)2.
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Continuing in this manner, we see that T,1 < 19¢T;., thus
Tri1 < (19¢)" 1

for all 0 < r < [. Applying this to the sum E(2°), we find

E@2) = Y T,

= (4.118)

Then as ¢ — 0,

E(2°) — 1.

(ii) Suppose that [ = M k¢, where M — oo. We want to show that F(2%) approaches
infinity also. We have seen that T} < 1 when | < k°. When [ is larger than the
critical value, roughly when [ > 1.4892k¢, we know that T7 > 1. We use this fact to

show the desired result. Observe that

l
E@2) = Y T,
r=0
> T

~ ke c1hele)
since T;. > 0 for all ». Then substituting M k€ in for [, we see that
E(2%) > Mec7he(e),

Then for fixed c,

E(2°) — oo

as M — oo. O We can restate Theorem 4.7 more precisely to make the limits

clearer.

Theorem 4.8 Suppose 0 < ¢ < 2/5 and | = (k).
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(i) If | < ek, then
19¢

E(2° 1 .
@) < +1—196

(ii) If 1 > ME®, then
E(2°) > Me=¢rhele),

Observe that as e — 0 above, E(2°) — 1. Similarly, E(2°) — oo as M — oc.
The bounding functions come directly from the previous proof and we can see that
Theorem 4.7 is also a consequence of this theorem.

We now have the threshold function that describes the behavior of F(2°) for
this model. Theorem 4.7 tells us when [ is small compared to [*(k) = k¢, in particular
when [ < €k, then F(2%) approaches 1. Then when [ is large with respect to I*(k),
the sum approaches infinity. Thus [ = €k€ is a lower bound for the number of vectors

needed before F(2°) increases above 1.

4.8 Conclusion

We return now to the application we are interested in. Recall our question,
introduced in Chapter 1:
Question: Choose [ vectors randomly from a vector space based on a given prob-
ability distribution. How large must [ be to ensure with high probability that a
subset of the [ vectors is linearly dependent?

The work in this chapter has been devoted to analyzing the probability model
in which the vectors chosen have probability ¢/j of having a 1 in the j%* position.

That is, if v is a vector generated under this model, then

where 0 < ¢ < 2/5. Our goal was to find a lower bound on the number of vectors
needed in order to ensure that a subset of those vectors is linearly dependent with
high probability. In this chapter, we have identified the threshold function discussed
in the introduction, I*(k), which desribes the behavior of the sum E(2°).

Theorem 4.8 gives critical values for fixed k for which E(2°) approaches 1
and infinity. Recall that E(2°) is the expected size of the left null space of the matrix

whose j** row is the j** vector chosen. When the expected size of the left null space
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is 1, we only expect there to be 1 vector in the null space, the zero vector. If this
is the case, the vectors chosen are almost surely independent. By Theorem 4.8, we
see that when [ < ek®, the expected size of the left null space is close to 1, implying
that the probability the [ vectors generated are dependent is close to 0. Therefore
we must generate at least ek vectors before we can expect to see dependence among
the vectors.

On the other hand, when the size of the left null space becomes very large, it
becomes more likely that the vectors chosen are dependent. Unfortunately we are not
able to use the results of the theorem to predict when the probability of dependence
is close to 1. Since the threshold function describes the expected size of the left null
space rather than the expected dimension, it merely tells us when E(2%) approaches
infinity, and 2° grows much more quickly than s, the dimension of the left null
space. The threshold function describing the behavior of E(2%) certainly provides
a lower bound for the threshold function describing the probability of dependence.
However, the actual probability threshold results may be better than what we have
shown here. For future work, we would like to determine a threshold function for the
probability of dependence. This will be a function, I*(k), such that when [(k)/l*(k)
approaches 0, the probability of dependence is very small. Then when I(k)/I* (k)
approaches infinity, the probability of dependence approaches 1, that is, the vectors
are almost surely dependent.

Figure 4.9 shows the threshold graph representing our results.Observe that
the probability that the vectors are dependent is small when [ < ek€. Calculations
of E(2°) seem to show that it approaches 1 for values of [ closer to k¢ than our
results imply. This would mean that [ vectors are almost surely independent for a
larger range of [ than what we have shown. We also believe these results to be true
for 0 < ¢ < 9/20. However, we will need a different approach or different method
to prove these statements. Finally, since we don’t have an upper bound for the
number of vectors needed for dependency, we are not able determine how sharp the

threshold is. Finding an upper bound for [ will require further study.
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O 1 1
ekt M k©

Figure 4.9 Threshold Graph for ¢/j Model

We have now given a lower bound for the number of vectors we need to
generate before it is possible for dependence to occur. In Section 4.2, we claimed
that the number of vectors needed should be less under this model than under the
fixed weight vector model since these vectors are very sparse. Our results do not
prove this statement, but seem to indicate that it is true. We have shown that we
need to generate at least ek® vectors under this probability model to ensure with

high probability that the vectors are dependent.
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