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Abstract

In this thesis, we present four problems related to elliptic curves, modular forms,
the distribution of primes, or some combination of the three. The first chapter surveys the
relevant background material necessary for understanding the remainder of the thesis. The
four following chapters present our problems of interest and their solutions. In the final
chapter, we present our conclusions as well as a few possible directions for future research.

Hurwitz class numbers are known to have connections to many areas of number
theory. In particular, they are intimately connected to the theory of binary quadratic
forms, the structure of imaginary quadratic number fields, the theory of elliptic curves, and
the theory of modular forms. Hurwitz class number identities of a certain type are studied
in Chapter 2. To prove these identities, we demonstrate three different techniques. The
first method involves a relation between the Hurwitz class number and elliptic curves, while
the second and third methods involve connections to modular forms.

In Chapter 3, we explore the construction of finite field elements of high multiplica-
tive order arising from modular curves. The field elements are constructed recursively using
the equations that Elkies discovered to describe explicit modular towers. Using elementary
techniques, we prove lower bounds for the orders of these elements.

Prime distribution has been a central theme in number theory for hundreds of years.
Mean square error estimates for the Chebotarév Density Theorem are proved in Chapter 4.
These estimates are related to the classical Barban-Davenport-Halberstam Theorem and
will prove to be indispensable for our work in Chapter 5, where we take up the study of

the Lang-Trotter Conjecture “on average” for elliptic curves defined over number fields.

iii



We begin Chapter 4 by proving upper bounds on the mean square error in Chebotarév’s
theorem. It is this upper bound which features as a key ingredient in Chapter 5. As another
application of this upper bound, we continue in Chapter 4 to prove an asymptotic formula
for the mean square error.

In Chapter 5, we turn to the discussion of the Lang-Trotter Conjecture for number
fields “on average.” The Lang-Trotter Conjecture is an important conjecture purporting
to give information about the arithmetic of elliptic curves, the distribution of primes, and
GLo-representations of the absolute Galois group. In this chapter, we present some results
in support of the conjecture. In particular, we show that the conjecture holds in an average

sense when one averages over all elliptic curves defined over a given number field.
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Chapter 1

Elliptic Curves, Modular Forms,

and the Distribution of Primes

In this chapter we give an overview of several topics that will form the background
for the remainder of the thesis. These topics include various facts and theorems from
algebraic and analytic number theory as well as the theory of elliptic curves and modular

forms.

1.1 Classical Distribution of Primes

The analytic number theory facts stated in this section may be found in [IK04];
most of the algebraic number theory facts may be found in [Mar77, Chap. 3] or [Lan94,
Chap. I] except for the facts concerning Frobenius substitution in infinite extension. Many,

but not all, of those facts may be found in [Mur02] and [DS05, Sect. 9.3].

1.1.1 Factorization of Primes and Frobenius Substitution

Let K be a number field. By a prime of K, we will always mean a prime a ideal p of
its ring of integers, which we denote by O . For each prime p of K, there is a unique prime

number p € Z such that pZ = p N Z. The quotient Ok /p is then isomorphic to the finite



field Fym for some m € N. The absolute degree of p is defined by degp =[Ok /p : Fp] = m.

Suppose that L/K is an extension of number fields, and let Oy, stand for the ring
of integers of L. The rings O, and Ok are well-known to be Dedekind domains, and hence
possess the property of unique factorization of ideals. In particular, given a prime ideal p

of K, we may write

pOL = [[B7", (1.1)

i=1
where 93; is a prime of L for 1 < i < g,. For each 1 < < gp, we have O N*P; = p. The
primes PB; are said to lie above p, and we denote this by PB;|p. We also say that p lies below
or lies in *P. The exponent eq, |, is called the ramification index of P; over p.

If B is any prime of L lying above p, then we have an associated extension of finite
fields since Fym = O /p — OL/PB = F,ms. The degree of this extension is called the
inertial degree of P over p, and we denote it by fy, = f. The values e and [ satisfy the
identity

9p

> eppfpp = L K], (1.2)

j=1
and are “multiplicative” in extensions. That is, if L, K, B, and p are as above and if F' is
an extension of L with a prime Q lying above B, then fq), = fopfyp and eqp = eqipep)p-

Now, assume that the extension L/K is Galois. In this case,

EPilp = EPalp = 7 T CPy, Ip>

fpip = fapolp = - = f%plw

and we denote the common values by e, and f,, respectively. Furthermore, we have the
identity ey fpgp = [L : K]. If ey, = 1, we say p is unramified in L, and if f, = 1 as well, we say
p splits completely in L. In the case that more than one extension is under consideration,
we also write gp(L), fo(L) and ey(L) since the values depend on the extension of K.

In what follows, we continue to assume that L/K is Galois with group G and record

several important implications of that assumption. See either [Lan94, pp. 12-18] or [Mar77,



pp.98-109] for the facts recorded in the following three theorems.
Theorem 1.1.1. Let p be a prime of K.

1. IfSB is a prime of L lying above p, then for each o € G, o'B is also a prime of L lying

above p.

2. If B, P’ are primes of L both lying above p, then there exists a o € G such that
B = oP.
In other words, G acts transitively on the primes lying above p.

Given a prime P of Op lying above a prime p of Ok, the decomposition group and

the inertia group of P are respectively defined by

Dy = {0 € G: 0P =P},

Ipy:={oce€Dyp:0(a)=a (modP) Vac Or}.
Theorem 1.1.2. The sequence

1 qu Dgg Gal (Fpmf/Fpm) — 1

is exact, where m = degp and f = fop-

From the theory of finite fields, Gal(F,ms/Fpm) is known to be a cyclic group of
order f generated by the Frobenius automorphism (x — xP"). Any representative of the
coset of Iy mapping to this generator is called a Frobenius substitution or a Frobenius
element at P and is denoted by (L/TK> In the case that Gal(L/K) is Abelian, (L/TK) is
often referred to as the Artin symbol and can be viewed as a generalization of the Legendre

symbol. If ‘B is unramified above p, then the inertia group Iy is trivial and hence, the

Frobenius substitution is well-defined as the unique element of Gal(L/K) satisfying

(Lg{) a=aN" (mod P) (1.3)

3



for all o € Oy,.
Theorem 1.1.3. Ifo € G, then
1. Doq;g = UDspO'_l,

2. Inp = 01—%071} and

3. (Lg/—g) =0 (L/TK> o L.
L/K

Remark 1.1.4. If p is unramified in L, we also write (T) to mean the Frobenius element

of any prime ‘B lying above p. By (1.1.3) and Theorem 1.1.1, we see that (L/TK> is defined

only up to conjugacy in Gal(L/K). Thus, by (MTK> we will sometimes mean the conjugacy

class and sometimes mean any representative of the conjugacy class. Furthermore, p splits

completely in L if and only if (L/TK> is the trivial class.

Example 1.1.5. Suppose K = Q and L = Q((,), where (; is a primitive ¢g-th root of unity.
Then the extension is Galois with group isomorphic (Z/qZ)*. In fact, if o € Gal(Q(¢,)/Q),
then o((,) = ¢ for some 1 < a < g with (a,q) = 1. Let p be a rational prime not dividing
q. Then one may check that p does not ramify in Q({,) and p = a (mod ¢) with (a,q) = 1.

Furthermore, (M) is the unique o € Gal(Q(¢,)/Q) such that o(¢,) = (7.

Remark 1.1.6. In the case that K is a general number field and L = K((;), the same
reasoning shows that the Galois group is isomorphic to a subgroup of (Z/¢Z)*. Furthermore,

the Frobenius of a prime p of K is determined by the value of Np modulo gq.

1.1.2 The Density Theorems of Chebotarév and Dirichlet

The Chebotarév Density Theorem is one of the most powerful results concerning the
distribution of primes. It may be seen as a generalization of both Dirichlet’s Theorem on
primes in arithmetic progressions as well as a generalization of the lesser known Frobenius
Density Theorem. We state Chebotarév’s theorem in terms of natural density as in [1K04,

p. 143] since this is the form that we will need later.



Theorem 1.1.7 (The Chebotarév Density Theorem). Let L/K be a Galois extension of

number fields with group G, and let C' be any conjugacy class of G. Then

Z log Np ~ gm, (1.4)
o, G|

()

where the sum is over prime ideals p of K which do not ramify in L. Equivalently, we have

Remark 1.1.8. In many texts, the version of Chebotarév’s theorem appearing in (1.4) is

often stated with the sum being over all powers of prime ideals of K. The two statements
are easily seen to be equivalent since the difference between the two sums is bounded by a

constant multiple of \/x.

The size of the error in this approximation when averaging over cyclotomic exten-
sions of K will be the subject of Chapter 4. In particular, we will show that the error is
quite small on average.

As we saw in Example 1.1.5, the Frobenius (Q(C;%) is determined by the value of
p modulo ¢q. Thus, Chebotarév’s theorem may be viewed as a generalization of Dirichlet’s

Theorem on primes in arithmetic progressions, which states that if (a,q) = 1, then

Z logp ~ . (1.6)

= ©(q)

p=a (mod q)

Here, p(q) := [(Z/qZ)*| is Euler’s totient function. For more on the relationship with Dirich-
let’s Theorem as well as the relationship with the Frobenius Density Theorem, see [SLI6].
The article also gives several concrete examples and a nice historical account of the life and

work of Chebotarév.



1.1.3 Frobenius Substitution in the Absolute Galois Group

Throughout suppose that K is a fixed number field with algebraic closure K = Q.
The extension K/K is, in fact, a Galois extension. The absolute Galois group of K/K
is Auty(K) and may be constructed as follows.  Consider the system of number fields

F DO K, which are Galois over K. We may partially order the set under containment, and

if I/ O F D K, then we have natural restriction maps
Gal(F/K) «— Gal(F'/K).
The absolute Galois group of K /K is then realized as

Gk = Gal(K/K) := lim Gal(F/K). (1.7)
F

Since the literature is rather lacking, we now discuss the construction of absolute
Frobenius elements in some detail. Before proceeding, however, we must recall a couple of
facts about inverse limits. First, we recall that the inverse limit functor is left exact meaning
that if {A4,},{Bn},{Cn} are inverse systems with respective inverse limits .7, #,%¢ and

further the sequence

0 A, B, Cp 0 (1.8)

is exact for all n, then so is the sequence

0 o 7 C.

The so-called Mittag-Leffler Condition is a sufficient condition for ensuring that the “lifted”
sequence is right exact as well. The condition may be stated as follows. For m > n, let u,, »
denote the map up, 5 : Ay — A, We say that the system {A,,} satisfies the Mittag-Leffler

Condition if for each n, the decreasing sequence um, ,(Ay,) (m > n) stabilizes. If the systems



{A,},{Bn},{C,} satisfy (1.8) and the system {A,} satisfies the Mittag-Leffler condition,
then the sequence

0 o B € 0

is also exact. See [Lan02, p. 164] for more details.

We now return to our discussion of absolute Frobenius elements. Let p be a prime of
K. For each finite Galois extension F'/K, compatibly choose a prime P of F' lying above
p. By a compatible choice, we mean that if F//K and F/K are both finite Galois extensions
with F' O F, then Pz is chosen so that P |Pr. By Theorem 1.1.2, for each finite Galois

extension F//K and each prime Pr of F' lying over p, we have an exact sequence

11— Iy, Dy, Gal (Fyms [Fpm) —— 1, (1.9)

where f = fg.p and m = degp. Given our compatible choice of primes lying above p,
we will show in Proposition 1.1.9 below that the system (g, ) satisfies the Mittag-Leffler

condition. By [Lan02, Prop. 10.3, p. 164], we may lift to the exact sequence

1 7, Dy Grm — 1, (1.10)

where 7, := lim Ig,, Dy := lim Dg,, and Gy, = Gal (Fpm/IFpm) is the absolute
(F\Br) (F\Br)
Galois group of Fpm /Fpm. Thus, through inverse limits, we construct an absolute decom-

position group and an absolute inertia group above p. The groups obtained through the
limit depend of course on the system of compatible primes lying above p. However, by
Theorems 1.1.1 and 1.1.3, it is possible to show that conjugation by an element of the abso-
lute Galois group G produces another absolute decomposition group and absolute inertia
group above p. Moreover, any other compatible choice of primes lying above p produces
an absolute decomposition group and absolute inertia group above p which is conjugate to
any given absolute decomposition group and absolute inertia group. Thus, the situation is

analogous to the case of finite Galois extensions.



The absolute Galois group G, is an infinite cyclic group generated by the Frobe-
nius automorphism (z +— xP"). Thus, the exact sequence of (1.10) allows us to define an
absolute Frobenius element above p to be any element of the coset mapping to the Frobenius

map of Gf,,,. We denote any such element by Froby.

Proposition 1.1.9. For any compatible system of primes (Pr) lying above p, the system
(Ip) satisfies the Mittag-Leffler condition.

Proof. Let F/K be a finite Galois extension and let 8 = B be a prime of F' lying above
p. Further suppose F'/K is a finite Galois extension with F’ O F, and let P’ = P be a
prime of F’ chosen compatibly with . That is, P'[B. Let Dgyq and Iy respectively

denote the decomposition group and the inertia group of P’ in Gal(F’/F). Then

Dy = Dyy N Gal(F'/F),

Igp/lgp = Igp/ N Gal(F'/F),
and the following diagram commutes, where each row is exact by Theorem 1.1.2.

h/
1 Iy ————— Dy " Gal (Fp /By ) —— 1

h/
1 Iy Dy — 5 Gal (Fpmf/ /Fpm) — 1
Res Res Respm
1 Iy Dy —"— Gal (Fyms [Fpm) —— 1
(1.11)

Here, f' = Jyps | = fepjp, and m = degp. The hooked arrows are obvious inclusions, and
hence are injective. It is a basic fact of Galois theory in finite fields that Res,m is surjective.
The map Res : Iyy — Iy is of course induced by the usual restriction Gal(F'/K) —
Gal(F/K).



Since our choice of (F’,P’) was subject only to the compatibility condition and was
arbitrary otherwise, it is sufficient to show that the map Res : Iyy — I is always surjective.
Let 0 € Iy C Gal(F/K). From basic Galois theory, there exists a 7 € Gal(F’/K) such that
7|r = 0. By Theorem 1.1.1, 7P’ is a prime of F’ lying above p. Since 7|p = 0 € Iz C Dy,
we see that 7P = B, and hence 7’ lies above P as well. By Theorem 1.1.1, there exists
10 € Gal(F'/F) so that o7’ = P’. Thus, 707|r = 0 and 797 € Dgy. Therefore, we may
replace 7 by 797 € Dgy. By the commutativity of the above diagram and the exactness of
the bottom row, 1 = h(c) = h(Res(r)) = Resyn (I'(r)). Thus, }'(7) € Gal (Fpmf, /Fpmf)
and by the exactness of the top row, there exists 71 € Dgyp such that h'(r1) = /(7).

Therefore, 7, '7 € Iy and 7, '7|p = o since 7, * € Gal(F'/F). O

1.2 Elliptic Curves

In this section, we review some of the basic definitions and facts concerning elliptic

curves. For more details, the reader is referred to [DS05, Kna92, Kob93, Sil86].

1.2.1 Weierstrass Equations

Let K be any field. A Weierstrass equation over K is a cubic equation of the form
E:y® 4+ a1zy + agy = 2 + asx® + asx + ag, (1.12)
where a1, a2, a3, aq4,a¢ € K. It is convenient to define the values

by = CL% + 4ao, by := ara3 + 2a4,
be == a2 + 4ag, bs == ajag — ajazas + asal + 4agag — a3, (1.13)

A := —b3bg — 8b3 — 27b% + 9bobybg.

The value A = A(E) is called the discriminant of the equation F, and the equation is said

to be nonsingular if A # 0.



Definition 1.2.1. Let K be an algebraic closure of K. If E is a nonsingular Weierstrass
equation (1.12), then the set of (z,y) € K x K satisfying (1.12) together with a point at

infinity, denoted O, is called an elliptic curve. The set of K-rational points on F is

E(K):={(z,y) € K x K : y* + ayzy + azy = 2> + asx® + ayx + ag, x} U {O}.

Example 1.2.2. Let K = Q and consider the equation
E:y*=a3+1. (1.14)

The discriminant of the equation is A = —432, and hence E defines an elliptic curve.

Given an elliptic curve with Weierstrass equation (1.12), an admissible change of
variables is an invertible change of variables producing another Weierstrass equation and
keeping the point at infinity fixed. The most general admissible change of variables is one

of the form
z=u’z +r y = 3y + su’z’ +t, u,r,s,t € K,u#0. (1.15)

Curves with equations related by an admissible change of variables are said to be isomorphic.

Define the values
cq = b% — 24by, Ce = _bg + 36b2bs — 216bg. (1.16)

In the case that the characteristic of K is not 2 or 3, we may make the change of variables

(z,y) — ((z — 3b2)/36,y/108) to equation (1.12) to obtain a Weierstrass equation of the

form
E:y? = 2% — 2Tcyx — Hdcg. (1.17)
Calculation of the discriminant yields A = 0127_2%‘23. Therefore, in the case that the character-

10



istic of K is not 2 or 3, we can always assume that we have a model for our elliptic curve

of the form
EA’B:y2:x3+A:U+B, A, BeK. (1.18)

The discriminant may be calculated as A = —16(4A3 + 27B?).

Remark 1.2.3. The only admissible change of variables preserving this form of equation is

r = u?a, y =udy, ue K" (1.19)
which has the effect
utA = A, uSB' = B, ul?A" = A. (1.20)

1.2.2 The Group Law

We now show how to define an Abelian group operation on E(K) with the point at

infinity as the identity element.

Definition 1.2.4 (Group Law). The point at infinity & is the identity. Given P =
(xp,yp) € E(K)\{0O}, the inverse of P is

—P = (zp,—yp — a12p — az).

11



Now suppose that Q = (zg,yq) € E(K)\{C0} and Q # —P. Define

yQ—yp
N = J FQTTP’ TP Q)
3$?p+2a2wp+a4*a1yp . .
a1zptaz+2yp v TP = Tg
(
YPTQ—YQTp

. TQ—Tp : rp 7& xQ’

poi= \

—r'ptasxrp+2a6—azyp _

a1xp+az+2yp y TP = IEQ

In addition, define the rational functions

T(xPavavayQ) = )\2+a1)\—(12 —Tp — ZQ,

3($P7yPa$QayQ) = _()\ + al)T’(.'L'P,yp,,fCijQ) — 1 —as.

If zg =2xp and yo = —yp — a1xp — a3, then P + @ := O; otherwise

P+Q:=(r(zp,ypr,2Q,Yq),s(xpr,ypr, 2Q,yqQ))-

It turns out that P + @ € E(K) and that E(K) is an Abelian group under the
operation of 4. The above definition has a geometric interpretation in terms of chords and
tangents. If P and @ are points on the curve, then the line [ connecting P and () must
intersect the curve in a third point (counting multiplicities) by Bezout’s Theorem [Sil86, p.
55]. If we call this third point R, then P + @ = —R. In the case K = R, we can sketch a

graph of the curve and depict the addition of two distinct points as in Figure 1.1 on page 13.

Given a point P on E and an integer m, we define multiplication by m to be the
result of adding P to itself m times if m > 0 and the result of adding — P to itself —m times
if m < 0. We denote this operation by [m]P. In the case K = R, we can depict “doubling”

of a point as in Figure 1.2 on page 14.

Definition 1.2.5. The set of m-torsion points or m-division points of an elliptic curve

12



Figure 1.1: Addition of distinct points on an elliptic curve

F is defined to be the set

E[m] :=ker[m] ={P € E(K): [m]P = 0}.

Remark 1.2.6. Using the group law equations of Definition 1.2.4, for any given m € N, we
can find polynomial equations with coefficients in K for the z and y coordinates of the

points in E[m]\{C}.
Remark 1.2.7. E[m] is a subgroup of E.

Remark 1.2.8. If we wish to consider only those m-torsion points which are K-rational, we

13
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Figure 1.2: Doubling of a point on an elliptic curve
write E[m](K).
Theorem 1.2.9. E[m] = Z/mZ x Z/mZ.

Definition 1.2.10. Given an elliptic curve E defined over K and an integer m, the m-
division field of E over K is the field obtained by adjoining to K the x and y coordinates
of each point in E[m|\{¢'}. We denote this field by K(E[m]).

Remark 1.2.11. Given an elliptic curve F and an integer m > 0, it is a simple exercise
to write down a recursive formula that produces a polynomial P,,(z) € K|x] whose roots

are precisely the x-coordinates of the points in E[m|\{&}. Such a polynomial is called a
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division polynomial. See [Sil86, Exer. 3.7, p. 105] for example. The y-coordinates may then

be obtained from the equation for F once the z-coordinates are known.

See [Kob93, Prop. 14, p. 37| for the following fact about the division fields associated

to an elliptic curve.

Theorem 1.2.12. K(E[m])/K is a Galois extension of number fields.

1.2.3 Elliptic Curves over Finite Fields

If p is a rational prime greater than 3 and f is a positive integer, then any elliptic
curve over [,y maybe realized as E, : y? = 23 + ax + b with a,b € F,r. Given a fixed

elliptic curve E,; defined over IF ¢, we will often need to count the number of equations of

pf

the same form which are isomorphic to E, ;. Remark 1.2.3 together with a simple counting

argument shows that the number of pairs (a’,V') € Ipr X IF'pf with FEqry = Eyp is equal to

pfc%l, a=0and p/ =1 (mod 3)

pj!Tfl, b=0and p/ =1 (mod 4) (1.21)

f_1 .
==, otherwise.

The counting argument relies on the fact IF; contains the third roots of unity if and only
if p/ = 1 (mod 3) and the fact that F,s contains the fourth roots of unity if and only if
pf =1 (mod 4).

Now suppose that K is a number field. We may always assume that our elliptic
curves are given by Weierstrass equations with integral coefficients, that is, coefficients in

Ok.

Definition 1.2.13. Let E be an elliptic curve over K and suppose that p is a prime ideal
of Og. A Weierstrass equation for E is said to be minimal at p if ord,(A) is minimal

among all curves isomorphic to E.
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Remark 1.2.14. Suppose E is given by 3% = 23 + Az + B and p does not contain 6, then
we have a simple test for minimality: E is minimal at p if and only if ordy(A4) < 4 and

ordy(B) < 6. See [Sil86, Remark 1.1, p. 172].

Given an elliptic curve E defined over K, a prime p, and a minimal Weierstrass

equation (1.12) for E at p, we define the reduction of E modulo p to be the solution set of
EP:y? + ayay + agy = 2° + agx® + agx + ag (1.22)

over O /p, where @; denotes the reduction of a; modulo p. We of course include the point
at infinity in the solution set. If p { A(E), then EP is nonsingular and hence defines an
elliptic curve over the finite field O /p = F,;, where f = f,,. In this case, we say that E
has good reduction at p. Otherwise, we say that F has bad reduction at p.

Throughout this thesis, we will frequently make use of two results about elliptic

curves over finite fields. The first is due to Hasse and the second is due to Deuring.

Theorem 1.2.15 (Hasse’s bound). Let E be an elliptic curve defined over F,;. Then
PP 1 #E(F,)| < 2p'

Given an elliptic curve E defined over K and a prime p lying above the rational
prime p, we define

ap(E) := Np+ 1 — #EP(F ), (1.23)

where f = f,, = degp. This value is called the trace of Frobenius at p for reasons we will
explain later.

To state Deuring’s Theorem, we must first recall some basic facts about binary
quadratic forms. For a positive integer D, we denote the set of positive definite binary
quadratic forms Q(z,y) = azx? + bxy + cy? of discriminant —D = b? — 4ac by Qp. The set

is easily seen to be empty unless D = 0,3 (mod 4). The group I' := SLy(Z) acts on Qp via
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(2%) Q) = Qaw + By, 7o +3y), (1.24)

This action induces an equivalence relation on Qp. If we restrict attention to the forms
in Qp /T which are primitive (i.e. (a,b,c) = 1), then we obtain a group called the form
class group under an operation called composition. The number of equivalence classes of
primitive forms is called the class number and is denoted by h(—D). The form class group
has important implications for class field theory in imaginary quadratic fields. In particular,
there is an isomorphism between the form class group of discriminant —D and the ideal
class group of the unique imaginary quadratic order of discriminant —D. Thus, the class
number of the form class group coincides with the Dirichlet class number.  See [Cox89,

Chap. 1] for details.

Definition 1.2.16. The Kronecker class number H(—D) is defined by

. -D
H(-D) = > h (k2> :
k?|D
—£=0,1 (mod 4)

The following result, which is typically attributed to Deuring, provides a connection
between the Kronecker class number and elliptic curves over finite fields. See [Sch87],

[Deu4l], or [Len87].

Theorem 1.2.17 (Deuring). Let p be a prime, f a positive integer, and r an integer. If we

let N,s(r) denote the number of isomorphism classes of elliptic curves over F,; with exvactly
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pl +1 —r points, then

]:I(r2—4pf), if r?2 < dpf ptr
FI(—4p), ifr=0,2¢f
1, ifr*=2pf,p=22¢1f
- 1, ifr? =3p/,p=3,2¢f
()=
" o (5) -2 (). - wia
- (3) s
1_(—?4)7 if r=0,2|f
0, otherwise.

Hurwitz defined a quantity related to H(D) called the Hurwitz class number .

Definition 1.2.18. The Hurwitz class number H (D) is the following weighted count of

classes of (not necessarily primitive) binary quadratic forms:

HD):= Y. \r2\

where I'g denotes the stabilizer of @) in T'.

Remark 1.2.19. A straightforward calculation yields

4, Qz,y) = a(z® +y?),
Lol = 6, Qz,y) = a(x?®+ zy + 32,

2, otherwise.

Remark 1.2.20. It is also common to put H(0) := —1/12.

We also have an equivalent definition of the Hurwitz class number in terms of Dirich-
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let class numbers, viz.,

. 2
H(D) :=2 > m, (1.25)
k2D,

—D/k?=0,1 (mod 4)
where w(—d) denotes the cardinality of the unit group of the imaginary quadratic order of
discriminant —d. In terms of the Hurwitz class number, we restate Deuring’s Theorem as

follows.

Corollary 1.2.21. Let p be a prime, f a positive integer, and r an integer such that
r2 < 4pf. Then the number of isomorphism classes of elliptic curves over F,r with exactly

p! +1 —r points is equal to H (4pf — r2) + ¢, 1, where

1/2, 7% —4pf = —4a? for some a € Z,

Crpf = 42/3, 12 —4pf = —-3a? for some a € Z,

0, otherwise.

1.2.4 Galois Representations and Elliptic Curves

The details for much of this section in the case that K = Q are contained in [DS05,
Sect. 9.4] and more generally in [Sil86, Sect. II1.7]. Let E be an elliptic curve defined over

K, and let ¢ be a rational prime. For any n € N, we have the map

(4]

E[(" 1 «—— E[".

Thus, the multiplication by ¢ map on E makes the /-power torsion subgroups of F into an

inverse system. The ¢-adic Tate module of E is defined to be the inverse limit:

Ty(E) := lim B[¢"). (1.26)
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Theorem 1.2.9 may be used to construct an isomorphism Ty(E) = Zy x Zy, where Z;
denotes the f-adic integers. For each n € N, the absolute Galois group Gk acts naturally on
the points of E[¢"] determining an automorphism of the group. This action is compatible

with the inverse system of /-power torsion groups, meaning that the diagram

Gx —— Aut(E["]) = GLy(Z/0"Z)

|

Aut(E[" ) = GLy(Z /0" 7))

commutes for each n € N. Thus, we obtain an action of Gx on the Tate module, which

induces the /-adic representation

PEY - GK Em— Aut(Tg(E)) = GLQ(Z[). (1.27)

For a general ¢-adic representation p : Gx — GLa(Z;) and a prime p of K, we say
that p is unramified at p if Z, C ker p for every absolute inertia group Z, above p. Suppose
that p is unramified at p. Then the absolute Frobenius elements above p are all conjugate to
one another. Hence, by elementary considerations from linear algebra, the trace trp(Froby)
and the determinant det p(Froby) are well-defined as they do not depend on the choice of
Froby, lying above p.

The facts contained in the following theorem can be gleaned from [Ser98, Chap. IV,

1.3]. For more explanation in the case K = Q, see also [DS05, Thm. 9.4.1, p. 383].

Theorem 1.2.22. Let ¢ be a rational prime, and let E be an elliptic curve over K with
discriminant A(E). The representation pg e is unramified at every prime p of K such that
p { LA(E). Furthermore, if Froby is any absolute Frobenius above p, then the characteristic
equation of pg ¢(Froby) is

2% — ap(E)z + Np
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where ap(E) = Np + 1 — #E(Fym), m = degp.
Remark 1.2.23. It is for this reason that the value ap(E) defined in Section 1.2.3 is called
the trace of Frobenius.
Remark 1.2.24. Note that the coefficients of the characteristic polynomial do not depend
on the prime /.

We now combine all the f-adic representations associated to our elliptic curve FE to

obtain the representation

PE : GK - HGLQ(ZK)7
/

where the product is over all rational primes £. Just as it is natural to study the distribution
of primes associated to a fixed conjugacy class in the Galois group of any finite Galois
extension of K, it is also natural to study the distribution of primes with a fixed trace of
Frobenius under the representation pg ¢. Noting that GLy(Z/mZ) = H£|m GLoy(Z/1orde(m) 7,)

by the Chinese Remainder Theorem, we have the following commutative diagram.

G 2 [ GL2(ze)
L

(1.28)

Gal(K(E[m])/K) —— GL2(Z/mZ)

Thus, our representation pg of the absolute Galois group Gk induces a representation of
Gal(K(E[m])/K) in GL2(Z/mZ). Hence, as a corollary of the Chebotarév Density Theorem
(Theorem 1.1.7), we have the following. Given fixed integers a and m, there exists a constant

CE,a,m such that

X

#{Np<z:ap(F)=a (modm)}~Cgam (1.29)

logz’

Arguing consistently with the Chebotarév Density Theorem and the Sato-Tate Conjecture,

Lang and Trotter provide heuristics for a refined version of (1.29) in [LT76]. We will not
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discuss the Sato-Tate Conjecture in detail in this thesis. However, we do note that Richard
Taylor has recently announced a proof of the Sato-Tate Conjecture for elliptic curves over

totally real number fields which satisfy some very mild conditions [Tay].

Conjecture 1.2.25 (Lang-Trotter Conjecture). Let E be a fized elliptic curve defined over
Q, and let r be a fized integer. In the case that r = 0, assume further that E does not posses

complex multiplication. Define the prime counting function

mp(z) ={p<z:a,(E)=r}

Then there exists a positive constant Cg, such that

NG

Erlog

Tg(x) ~

Remark 1.2.26. More precisely, Lang and Trotter conjectured that

mp(x) ~ Cpemyja(z),

where

1 9(2) __/""‘dt
1/2 o 2 Qﬁlogt'

However, integration by parts gives

@ =l [
/2% = log = 2 Vit(logt)2 logax’

In order to precisely state the conjectured form of the constant Cg ,, we need the
following result of Serre, which for elliptic curves defined over Q defines an integer Mg
encoding where the representation pg fails to be surjective. See [Ser72] or [Ser98, Chap.

1V, 3.1].

Theorem 1.2.27 (Serre). For any elliptic curve E defined over K, there exists an integer

Mg > 1 such that
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1. if G(Mg) denotes the projection of pp(Gr) onto [y, GL2(Z), then

= H GLa(Z¢) x G(Mg).
o0M

2. Furthermore,

G(Mg) =y (P (Gr))
where pgm = Tm 0 pp and T, was defined in (1.28).

In terms of the integer Mg, the conjectured form of the constant is

_ oy 1PEM (Go)l, oy (# [GL2(Z/MZ)),
Cor =Mz #0e,m(Go) Z}A;I #GLo(Z/07)
oy M (Go)l, 002 (1.30)
e #0p,Mp(GQ) H (€+1 2 H g2 R
E’(r

where for any ring R and any subgroup H of GLy(R), H, denotes the set of elements of
H with trace equal to r. For a general number field K, the heuristics of Lang and Trotter

suggest the following conjecture for elliptic curves defined over K.

Conjecture 1.2.28 (Lang-Trotter Conjecture for Number Fields). Let E be a fized elliptic

curve defined over K, let r be a fized integer, and let f be a fized positive integer. Define

the prime counting function

ng(.%') ={Np <z :degp = f,ap(F) =r}.

Then if r #£ 0 or if E does not have complex multiplication, there exists a positive constant

Cg,ry such that

VT —
ﬁ7 f - 17
w5 (@) ~ Cpf { logloga, f =2,

L, f=3
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Chapter 5 will be concerned with showing that this conjecture holds “on average”

for the case f = 1 under the assumption that K/Q is Galois.

1.3 Modular Curves and Modular Forms

We now give a quick overview of modular curves and modular forms. For proofs and
further detail the reader may consult [Kob93, Miy89, DS05]. For a survey covering many

of the ways in which modular forms arise in number theory, see [Ono04] as well.

1.3.1 Definitions and Examples

We begin by recalling the relevant definitions. The upper half-plane is defined
to be the set of complex numbers with positive imaginary part, and is denoted by $. The
full modular group is I' := SLy(Z). For a positive integer N, we define the congruence
subgroup To(N) by To(N) :={(24) € SLa(Z) : (¢%) = (§%) (mod N)}.

The full modular group acts on $H* := H U Q U {oo} via Mébius transformations.
That is, for v = (¢ 5) € SLy(Z),

az+b
cz+d’

(1.31)

Z= Yz =

where we mean that oo is mapped to a/c and —d/c is mapped to co. The quotient space
To(N)\$ is the set of orbits {I'g(N)z : z € H}. A T'g(N)-equivalence class of Q U {oo} is
referred to as a cusp of I'g(N)\$). The extended quotient I'\ $* is an example of a modular
curve, and is denoted by Xo(NV) .

We are interested in functions which satisfy certain transformation laws under the
action of I'o(N) on 9. Let f: $ — C be holomorphic, and let k € %Z. In the case that k
is not integral, we put z* := (y/2)?*, where /- denotes the principal branch of the square

root. We let (5) denote Kronecker’s generalization of the Lengendre symbol except that we
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put (%) := 1. Now, let v = (‘; Z) € SLy(Z). We define the weight k operator [v]; by

(cz—i—d)*kf( z2), keZ,
FONORE S (1.32)
(&) () (cz+d)Ff(v2), kel+z,

Note that the definition differs depending on whether k is integral or half-integral.

Definition 1.3.1. Let k € %Z, and let x be a Dirichlet character modulo N, where 4|N
if k£ is not integral. A holomorphic function f : $§ — C is said to be a modular form of

weight k& and Nebentypus x for I'g(N) if
L fvlk = x(d)f for all v = (2 }) € To(N);

2. f[€]x possesses a Fourier expansion of the form

(FIER)(2) =D agnd
n=0

27miz

for all £ € SLa(Z), where gy :=e ™~ .

If, in addition, a¢ o = 0 for all £ € SLy(Z), we say that f is a cusp form.

Remark 1.3.2. If s € QU {oo} represents a cusp of I'g(N)\$, then there exists a £ € SLa(Z)
such that £s = oco. The Fourier expansion of f[{]x is called the expansion of f at the cusp

s. The expansion does not depend on the choice of £ taking s to co.
Remark 1.3.3. In the case that we have a Fourier expansion in q;, we will write ¢ instead.

Remark 1.3.4. We denote the set of modular forms of weight k& and Nebentypus y for T'g(NV)
by 4 (N, x) and the set of cusp forms by 7% (N, x). In the case that x = xo is the trivial

character modulo N, it is customary to suppress the character.
Ezample 1.3.5. The classical theta function

0(z) =Y ¢* (1.33)

ne”L
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is well-known to be a modular form of weight 1/2, level 4, i.e., 0(z) € .#;/5(4). See [SST7,
p. 32].

Theorem 1.3.6. . (N, x) is a finite dimensional complex vector space and (N, x) is

a subspace.

Remark 1.3.7. It is easy to show that if k is an integer, then .# (N, x) = {0} unless k and
x have the same parity, i.e., x(—1) = (—1)¥. Similarly, one shows that if k is a half-integer,

then y must be even.

Definition 1.3.8. We define the Eisenstein subspace & (N, x) to be the complement of

the subspace of cusp forms. That is, we write
M (N, x) = &(N,x) & Z%(N, x)-
An element of the Eisenstein subspace is called an Eisenstein series.

1.3.2 Computations with Modular Forms and the Construction of Eisen-

stein Series

A remarkable fact about modular forms is that one only needs to compute a finite
number of Fourier coefficients in order to uniquely determine a form given that one knows

its level and weight. The following is implied by [Fre94, Prop. 1.1].

Theorem 1.3.9. Suppose that f(z) =), anq", 9(2) = 3,50 bnq" € Mk(N,x) Further,

kN 1
supposethatan:bnforogng—H 14+ —). Then f=g.
12 N P
p

We now show how to construct integer weight Eisenstein series as in [Miy89, pp.
176-177]. Let x be any Dirichlet character of conductor m. The generalized Bernoulli

numbers associated to x are denoted by B, , and defined by the identity

- X(a)teat — i Bmxtn

emt — 1 n!
a=1 n=0
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Throughout this thesis xg will always denote a trivial character unless otherwise
noted. Now, let k be an integer, and let x; and x2 be Dirichlet characters modulo M; and
My respectively. Put x = x1x2 and M = My M>,. Assume that xy and k have the same

parity, i.e, x(—1) = (—1)*. In addition, assume that y; and x» satisfy the following:
1. if K = 2 and both x; and y2 are trivial, then M; = 1 and My is prime;
2. otherwise, x1 and x2 are primitive.

Theorem 1.3.10. Let Ey(2;x1,X2) = )_,50ang", where

07 k#13X1#X0 0TX1#X03X27£X07

91 > k:27X1:X2:X07

—Bi/2k,  otherwise;

an =Y xi(n/d)xa(d)d*!

0<d|n
forn > 1. Then Ex(z;x1,x2) € (M, Xx).
Ezxample 1.3.11. Let (g) denote the Legendre symbol modulo 3. Then

B (= (3) (5) =2 (S (5)e) = X (5) ot

n>1 dln n>1

:q—3q2+7q4—6q5+8q7—15q8+...

is a weight 2 modular form of level 9 and trivial character.

Given a level N, weight k, and character y, one may construct a basis for & (N, x)

entirely from the Fisenstein series of Theorem 1.3.10. In particular, we have

6x(N, x) = (Er(lz; x1, x2) : IM1M3|N, Xx1x2 = X)C

See [Miy89, (4.7.17), p. 179].
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One may also consider half-integral weight Eisenstein series as in [Kob93, Chap.
IV] or so-called Cohen-Eisenstein series as constructed in [Coh75]. We shall not need these
series in this thesis except that we note that Cohen’s construction for case of weight 3/2
fails to produce a modular form [Coh75, p. 274]. Rather it produces a very special form,

whose Fourier coefficients are Hurwitz class numbers:

[e.e]

ST oalfPya " (1.34)

=—00

H(z) == H(N)¢N +
sz:o 7 1675 |

where y = $(z) and a(t) = [° e~ *muty=3/2dy,. The same form also appears in the work of
Hirzebruch and Zagier in [HZ76], where it is proved that the form still transforms like a a
modular form of weight 3/2. In fact, it is an example of a Maass form. A stronger version
of the following proposition appears without proof in [Coh75, Cor. 3.4]. However, we have

only been able to supply proof for the form presented here.

Proposition 1.3.12. If —b is a quadratic non-residue modulo a, then

HA(z;a,b) == Z H(N)q" € y)5(Ga),
N=b (mod a)

where

Go = {(aﬁ) €To(A):a?=1 (mod a)},

)

and we take A = a® if 4la and A = 4a® otherwise.

1.3.3 Cusp Forms and Elliptic Curves

Thanks to work of Breuil, Conrad, Diamond, Taylor and Wiles [Wil95, TW95,
BCDTO01], we know that elliptic curves defined over Q are strongly connected to modular
forms through their associated L-series. To fully state the Modularity Theorem, we would
need to define the conductor of an elliptic curve. Suffice it to say that the conductor of an

elliptic curve E is a certain integral ideal of K (or in the case K = Q, a positive integer)
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which measures the complexity of the curve. In particular, it encodes information about
the places of bad reduction and the type of bad reduction. For a precise definition of the
conductor, please see [Sil94, Chap. IV, §10]. Given an elliptic curve E defined over Q, recall
the values a,(F) defined via equation (1.23). In [DS05, Thm. 8.8.1, p. 356], we find the

following statement of the Modularity Theorem.

Theorem 1.3.13 (Modularity Theorem). Let E be an elliptic curve over Q with conductor
NE. Then there exists some newform f(z) = 3_,~; an(f)q" € F2(Ng), such that ap(f) =

ap(E) for all primes p.

Example 1.3.14. Consider the elliptic curve E : 4% = 23 4+ 1. The series

fe(z) = Z an(E)q" = q —4q¢" + 2¢"% + 8¢"° — 5¢%° — 4% + ... (1.35)

n>1

is a cusp form of weight 2, level 36, and trivial character. This curve is rather unusual in
that we can write down a reasonably simply formula for the coefficients. As a consequence

of [IR90, Thm. 4, p. 305], for a prime p, we have

0, p=2,3, or p=2 (mod 3),
ay(E) = (1.36)

2R ((%)371') , p=1 (mod 3),

where (;)3 is the third power residue symbol, 7 is either primary prime factor of p in the
principal ideal domain Z[(3] and (3 is a primitive third root of unity. A prime element

T = a+ b3 of Z[(3] is said to be primary if 7 =2 (mod 3Z[(3]). See [IR90, p. 113].

1.3.4 Hecke Operators and the Eichler-Selberg Trace Formula

Hecke operators are linear transformations acting on spaces of modular forms. The
definition differs slightly between the integer and half-integer weight case. In this thesis, we
will only need the definition for the integer weight case. Other natural definitions for Hecke

operators exists aside from the one we present here. See [Kob93, Chap. 3] for example.
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Definition 1.3.15. Let £ and N be positive integers, and let x be a Dirichlet character
modulo N. Let f(2) =3, 50anq" € #(I'o(N),x). For each rational prime p, the action

of the p-th Hecke operator, T}, 1. ., on f(z) is defined by

f(Z)|T Jkox T Z(apn + X(p)pk_lan/p)qna
n>0

where we apply the convention that a,,,, = 0 if p{ n. For a general positive integer m, the

action of the m-th Hecke operator is defined by

f(z)|Tm7k7X = Z Z X(d)dk_lamn/dz q".

n>0 \d|(m,n)

Remark 1.3.16. In the case that x is trivial, we suppress the character on the Hecke operator

and simply write T, .
Remark 1.3.17. If f(z) is a cusp form, then it turns out that f(2)|Ty, k. is as well.

The Eichler-Selberg Trace Formula gives the value of the trace of the n-th Hecke
operator acting on the space .74 (N, x). We give Hijikata’s statement as found in [HPS89,

pp. 12-13].

Theorem 1.3.18 (Eichler-Selberg Trace Formula). Let k be an integer greater than or
equal to 2. Let v be a character modulo N, and assume that (—1)(—1) = 1. Decompose
P oas Y = HZ\N Yy, where for each prime ¢ dividing N, 1, is a character modulo ¢*¢ and

vg = ordy(N). Then for (n,N) =1, the trace of Ty i acting on 3(N,1) is given by

k—1 1 n
trn Tk = 0(¢) deg Ty gy + (/1) TN <1 + E) - \Qf Hpar(é)
N N

= a(s) > " b(s, ) [ ewls. £,0),
s f

ON
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where

17 k:27¢:X0

0, otherwise;
\

nk2=L(\/n), if n is a perfect square,

\ 0, otherwise;
20ve—ee e > pr+1

par(¢) := q gpe 4 el ey < pyoand vy is even,
20P¢, er < pg and vy is odd.

\

Here for a fized ¢|N, py = L%J and ep = e(vy) is the exponential conductor of 1y. The
meaning of s,a(s),b(s, f), and cy (s, f,£) are given as follows.

The index s runs over all integers in the three following sets:

H:={s:5" —4n = t*},
Ey = {s: s> —4n = t>m,m squarefree and 0 >m =1 (mod 4)},

Fy = {s: s> — 4n = t*4m, m squarefree and 0 > m =2,3 (mod 4)}.

Let ®4(X) := X% — sX + n with roots x and y in C. Put

minf[z|, [y|}¥~ |z — y["'sgn(2)F, s € H,
a(s) =
k—1_,k—1
- Q(x—yy) ) s € FE1UFEs.

For each fixed s, let f run over the positive divisors of t, and let

oy o | B AN, s

s2_4n)1/2/ £2
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where o is Buler’s totient function and h(d) is the class number of the order of Q(v/d) of
discriminant d and w(d) is the cardinality of its unit group.

For a pair (s, f) fized and a prime divisor £ of N, let by = ordy(f), and put A :=
{z € Z : ®y(x) = 0 (mod ¢7+%%) 20 = s (mod £3)} and B := {x € A : ®y(z) = 0
(mod ¢t2bet )Y Let A(s, f,€) (resp. B(s, f,€) be a complete set of representatives for A

(resp. B) modulo ¢%% and let B'(s, f,0) :== {s — z : z € B(s, f,£)}. Then

Z ’l,Z)g(l'), (82_4n)/f2 7_é0 (mOd E)a
cy(s, f.0) = {70
> lx) + be(y), (s —4n)/f>=0 (mod ).
TEA(s,f,0) yEB/(s,f,0)

In Chapter 2, we will show how the trace formula may be used to derive Hurwitz

class number identities.

1.4 Organization of the Thesis

The remainder of the thesis is organized as follows. In Chapter 2, we prove identities
of a certain type for the Hurwitz class number. In Chapter 3, we construct elements of finite
fields of high multiplicative order using explicit equations for modular curves. In Chapter 4,
we prove an upper bound and an asymptotic formula for the mean square error in the
Chebotarév Density Theorem when averaging over cyclotomic extensions of a fixed number
field. In Chapter 5, we prove that the Lang-Trotter Conjecture for elliptic curves defined
over Galois number fields holds “on average.” Finally, in Chapter 6, we discuss directions

for future work.
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Chapter 2

Elliptic Curves, Modular Forms,
and Sums of Hurwitz Class

Numbers

This chapter concerns the proof of several identities for the Hurwitz class number.

The results presented here originally appeared as [BCFT08].

2.1 Statement of Theorems

We begin by restating the definition of the Hurwitz class number in a slightly dif-

ferent form. The reader will note that the following entirely agrees with Definition 1.2.18.

Definition 2.1.1. For an integer N > 0, the Hurwitz class number H(N) is defined as
follows. H(0) = —1/12. If N = 1 or 2 (mod 4), then H(N) = 0. Otherwise, H(N)
is the number of classes of not necessarily primitive positive definite quadratic forms of
discriminant — N, except that those classes which have a representative which is a multiple
of the form 22 +y? should be counted with weight 1/2 and those which have a representative

which is a multiple of the form 22 + 2y + y? should be counted with weight 1/3.
Several nice identities are known for sums of Hurwitz class numbers. For example,
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it is known that if p is a prime, then

> H(p-—r?) =2p, (2.1)
[r|<2/p
where the sum is over integers r (both positive, negative, and zero). See for example [Cox89,
p. 322] or [Eich5, p. 154].
In this paper, we investigate the behavior of this sum with additional condition
r = ¢ (mod m). In particular, if we split the sum according to the parity of r, then we have

the following.

Theorem 2.1.2. If p is an odd prime, then

) =2 ife=0,
> H@p—1?)=

Ir|<2y/B, 22 fe=1.
r=c (mod 2)

Once we have the above result, we use the ideas contained within its proof to quickly

prove the next.

Theorem 2.1.3. If p is an odd prime,

%, c=+1 (mod 4),
Z H(4p—7“2): 5’%77 c=p+1 (mod4),
_‘T|<2\/ﬁ)
r=c (mod 4) %’ c=p—1 (mod4).

We also fully characterize the case m = 3 by proving the following formulae.
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Theorem 2.1.4. If p is prime, then

% ifc=0 (mod3), p=1 (mod 3),
p—1, ifc=0 (mod3), p=2 (mod 3),

JT|<(2\/IZ{ 3 3%_1, ifc=+1 (mod3), p=1 (mod 3),

e fe=+1 (mod3), p=2 (mod 3).

We also have a partial characterization for the sum split according to the value of r

modulo 5.

Theorem 2.1.5. If p is prime, then

S Hp—r?) b1 jfe=+(p+1) (mod5), p=+2 (mod5),
b

_|T\<(2\/Iz{ 5 %3, ifc=0 (mod5), p=4 (mod?5).

All of the above theorems may be proven by exploiting the relationship between
Hurwitz class numbers and elliptic curves over finite fields. In Section 2.2, we will state
this relationship and show how it is used to prove Theorem 2.1.2. We will then briefly
sketch how to use the same method for the proof of Theorem 2.1.3 as well as several cases
of Theorem 2.1.7 below.

In Section 2.3, we will use a result about the modularity of certain “partial” gener-
ating functions for the Hurwitz class number to prove Theorem 2.1.4. The interesting thing
about this method is that it leads to a far more general result than what is obtainable by the
method of Section 2.2. Out of this result, it is possible to extract a version of Theorem 2.1.4

for p not necessarily prime as well as the following.

Theorem 2.1.6. If (n,6) = 1 and there exists a prime p = 2 (mod 3) such that ord,(n) = 1

(mod 2), then

Irl<v/n,

r=cp (mod 3)
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where we take ¢, =0 if n =1 (mod 3), and ¢, =1 or 2 if n =2 (mod 3).

A third method of proof will be discussed in Section 2.4, which uses the Eichler-
Selberg Trace Formula. See Theorem 1.3.18 of Chapter 1. This method will allow us to

prove the cases of the following result that remain unproven at the end of Section 2.2.

Theorem 2.1.7. If p is prime, then

S
+
—

¢c=0 (mod7), p=3,5 (mod?7),

“ ‘

i
at

c=0 (mod7), p=6 (mod7),

o
N
3
\
<
no
N~—
Il
o

7|7“|<(2\/1?1, ) %, c=x(p+1) (mod7), p=2,3,4,5 (mod 7),
p?;—l, c=42 (mod7), p=6 (mod 7).

Finally, in Section 2.5, we list several conjectures, which are strongly supported by
computational evidence. We also give a few partial results and discuss strategies for future

work.

2.2 Elliptic Curves and Hurwitz Class Numbers

The proofs we give in this section are combinatorial in nature and depend on the
corollary of Deuring’s Theorem on page 19. For convenience, we restate the corollary for

the case of elliptic curves over prime finite fields.
Corollary 2.2.1. For |r| < 2,/p, the number of isomorphism classes of elliptic curves over

F, with ezactly p+ 1 —r points is given by H(4p — r?) + ¢, where

1/2, if r2 —4p = —4a? for some a € Z,

Crp=1942/3, if r*>—4p = —3a® for some a € Z, (2.2)

0, otherwise.
\
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Thus, the number of isomorphism classes of elliptic curves E/IF,, such that m|#E(F,)

is equal to

> (H(4p —1%) +crp) - (2.3)
Irl<2y/p
r=p+1 (mod m)

This is the main fact that we will exploit in this section. Another useful fact that we will

exploit throughout the paper is the symmetry of our sums. In particular,

> HH4p-r*)= > H@4p-rY). (2.4)
Irl<2y/B Irl<2y/p

r=c (mod m) r=—c (mod m)

Proof of Theorem 2.1.2. For p = 3, the identities may be checked by direct calculation. For
the remainder of the proof, we will assume p is prime and strictly greater than 3.
Let Ny, denote the number of isomorphism classes of elliptic curves over [, pos-

sessing 2-torsion, and recall that F has 2-torsion if and only if 2|(p + 1 — r). Thus,

Noy = > (H(4p — 1) + crp) - (2.5)

Irl<2y/p
r=p+1 (mod 2)

We will proceed by computing N p, the number of isomorphism classes of elliptic
curves possessing 2-torsion over F,. Then, we will compute the correction term, ) ¢, ,. In
light of (2.1) and (2.5), Theorem 2.1.2 will follow.

We first recall the relevant background concerning elliptic curves with 2-torsion over
[F,. The reader is referred to [Kna92] or [Sil86] for more details. If E is an elliptic curve
with 2-torsion then, we can move a point of order 2 to the origin in order to obtain a model
for E of the form

Eye:y? =2 + b2® + cx. (2.6)

The discriminant of such a curve is given by
A = 16¢%(b* — 4c). (2.7)
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We will omit from consideration those pairs (b, ¢) for which the resulting curve has zero
discriminant since these curves are singular.
Following [Sil86, pp. 46-48], we take ¢4 = 16(b%> — 3¢) and cg = 32b(9¢ — 2b?). Then

since char(F,,) # 2,3, Ep . is isomorphic to the curve
E':y? = 23 — 2Tcqx — bdcs. (2.8)
The curves in this form that are isomorphic to (2.8) are
y? = 23 — 2Tuteqx — 54uleq, u # 0. (2.9)

Thus, given any elliptic curve, the number of (A, B) € IF% for which the given curve is
isomorphic to E : y? = 23 4+ Az + B is

%, if A=0and p=1 (mod 3),

bl ifB=0andp=1 (mod 4),

—1 .
P==, otherwise.

\

We are interested in how many curves Fj . give the same ¢4 and cg coefficients. Given an
elliptic curve E : y? = 23+ Az + B with 2-torsion over IF,,, each choice of an order 2 point to
be moved to the origin yields a different model E} .. Thus, the number of Ej . which have
the same ¢4 and cg coefficients is equal to the number of order 2 points possessed by the

curves. This is either 1 or 3 depending on whether the curves have full or cyclic 2-torsion.
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Thus, the number of (b, ¢) for which Ej . is isomorphic to a given curve is

%’ ¢4=0, p=1 (mod 3) and 2-torsion is cyclic,
%, ¢6 =0, p=1 (mod 4) and 2-torsion is cyclic,
b1, otherwise with cyclic 2-torsion,
(2.10)
%, c4=0, p=1 (mod 3) and 2-torsion is full,
3(1)4_1), ¢ =0, p=1 (mod 4) and 2-torsion is full,
3 o 1), otherwise with full 2-torsion.

The proof of Theorem 2.1.2 will follow immediately from the following two propositions.

Proposition 2.2.2. If p > 3 is prime, then the number of isomorphism classes of elliptic

curves possessing 2-torsion over I, is given by

(

@, ifp=1 (mod 12),

47’—;4, ifp=>5 (mod 12),

Noy =

L2 ifp=17 (mod 12),

B2 ifp=11 (mod 12).

\

Proof. In view of (2.10), we want to count the number of curves £ . that fall into each of
six categories. Let A; denote the number of curves with cyclic 2-torsion and ¢4 = 0, Ao
denote the number of curves with cyclic 2-torsion and cg = 0, Az denote the number of
curves with cyclic 2-torsion and c4cg # 0, A4 denote the number of curves with full 2-torsion
and ¢4 = 0, A5 denote the number of curves with full 2-torsion and c¢g = 0 and Ag denote
the number of curves with csc6 # 0. Then N, can be computed by determining A; for
i=1,...,6 and applying (2.10).

Now, an elliptic curve Ej . has full 2-torsion if and only if b — 4c is a square modulo
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p. Thus, the number of curves possessing full 2-torsion over F,, is given by

p—1 p—1 2 . _
! [<b 40) + 1] _ = Dp=2) (2.11)
2 p 2

b=0, c=1

b2#4c

and the number of curves possessing cyclic 2-torsion over I, is given by

pz—:l p—l_; [<b2—40> _1} _plp—1) (2.12)

2
b=0, c=1 p
b2#£4c

Note that if ¢4 = 0, then »> = 3¢ (mod p) and hence (%) = (%) Thus, there

are p — 1 nonsingular curves (2.6) that give ¢4 = 0. If a nonsingular curve Ej . possesses
. 2 _ _

full 2-torsion and ¢4 = 0, then 1 = (%) = (f) = (f) = (%) Thus, when p = 1

(mod 3), all p — 1 nonsingular curves Ejp. with ¢4 = 0 will have full 2-torsion, and when

p =2 (mod 3), all will have cyclic 2-torsion. Thus,

0, p=1 (mod 3),
A =
p—1, p=2 (mod 3),
p—1, p=1 (mod 3),
Ay =
0, p=2 (mod 3).
Similar computations lead to
—1
A2 = p??
—1
As = 3(p—1)
2
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Finally, using (2.11) and (2.12), we see that

(—1)° -
= p=1 (mod 3),

A = {?
00D =) (mod 3)
7(7’71)2@77), p=1 (mod 3),

Ag =
%2(19_5)’ p=2 (mod 3).

Combining these with (2.10), the result follows. O

We now compute the correction term in (2.5).

Proposition 2.2.3. The value of the correction term is given by

10/3, p=1 (mod 12),
2, p=>5 (mod 12),
Z Crp =
Ir <2/, 4/3, p=7 d12),
r=0 (nﬁi 2) / p (mod 12)
0, p=11 (mod 12).

Proof. By (2.2), we see that each form proportional to x? 4 zy + y? contributes 2/3 to the
sum while each form proportional to 22 + y? contributes 1/2.

Forms proportional to 22 + xy + y? arise for those r = 0 (mod 2) for which there

exists a € Z\{0} such that 72> — 4p = —3a?. Thus, p = (TJFO;\/E) (T*Og\/g). Recall that
p factors in Z {%\/ﬂ if and only if p =1 (mod 3). For each such p, there are 6 solutions
to the above, but only 2 with r even. Thus, for p = 1 (mod 3), we must add 4/3 to the
correction term, and for p = 2 (mod 3), we add 0 to the correction term.

Forms proportional to 2% + 32 arise for those 7 = 0 (mod 2) for which there exists
a € Z\{0} such that 72 — 4p = —4a?. Thus, p = % = (4 + i) (5 — ). Recall that
p factors in Z[i] if and only if p = 1 (mod 4). Given a prime p = 1 (mod 4), there are 4

choices for r/2 and hence 4 choices for r. So, we have 4 forms and need to add 2 to the
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correction term. When p =3 (mod 4) we add 0 to the correction term. O

Combining the results in Propositions 2.2.2 and 2.2.3, we have

Z H(4p —r?) = Na, — Z Crp = ?

Ir|<2y/p Ir|<2y/P
r=0 (mod 2) r=0 (mod 2)
Theorem 2.1.2 now follows from (2.1). O

We now give a sketch of the proof of Theorem 2.1.3. The proof uses some of com-

putations from the proof of Theorem 2.1.2.

Proof Sketch of Theorem 2.1.3. For ¢ = £1 (mod 4), the identities

Z H(4p—r2):]i1

3
Irl<2y/p
r=c (mod 2)

follow directly from Theorem 2.1.2 and (2.4).
By (2.3),

Z (H(4p —1%) + crp)
Ir|<2y/p
r=p+1 (mod 4)
is equal to the number of isomorphism classes of elliptic curves over E/IF, with 4|#E(IF,).
This is equal to the number of classes of curves having full 2-torsion plus the number of
classes having cyclic 4-torsion over [F,,.

As with the Proof of Theorem 2.1.2, the identities may be checked directly for p = 3.

So, we will assume that p > 3. From the proof of Proposition 2.2.2, we see that the number
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of isomorphism classes of curves having full 2-torsion over [, is given by

%, p=1 (mod 12),
p}:—l, p=5 (mod 12),
2 p=7 (mod 12),
B2 p=11 (mod 12).

Following [Kna92, pp. 145-147], we see that given any curve with 4-torsion over
[F,, we can move the point of order 4 to the origin and place the resulting curve into Tate

normal form to find a model for the curve of the form
Ey: y? + zy — by = 2° — ba?, (2.13)

which has discriminant A, = b*(1 + 16b). Let P = (0,0) denote the point of order 4 on Ej.
Thus, as b runs over all of I,,, we see every class of elliptic curve possessing 4-torsion over
[F,. As before, we will omit b = 0, 16~ from consideration since these give singular curves.

Given a curve of the form (2.13), we note that both P = (0,0) and — P have order 4.
We see that moving — P to origin and placing the resulting curve in Tate normal form gives
us exactly the same normal form as before. Thus, there is exactly one way to represent
each cyclic 4-torsion curve in the form (2.13).

We are only interested in counting the classes which have cyclic 4-torsion and not
full 2-torsion (since these have already been counted above). Thus, given a curve (2.13), we
move 2P to the origin and place the resulting curve in the form (2.6). Thus, we see that
the curve has full 2-torsion if and only if (%) = 1. Hence, we conclude that there are
(p — 1)/2 isomorphism classes of curves possessing cyclic 4-torsion but not possessing full

2-torsion over [F,,.
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Finally, in a manner similar to the proof of Proposition 2.2.3, we check that

7/3, p=1 (mod 12),

1, p=>5 (mod 12),
> Crp =

Irl<2v/p, 4/3, =7 (mod 12),
r=p+1 (mod 4) / b ( )

0, p=11 (mod 12).

Combining all the pieces, the result follows. ]

For the remainder of this section, we will need the following result, which allows us

to avoid the problem of detecting full m-torsion by only considering primes p # 1 (mod m).

Proposition 2.2.4. If E is an elliptic curve possessing full m-torsion over IFp, then p =1

(mod m).

Proof. Let G be the Galois group of F,(E[m])/F,. Then G = (¢), where

¢ : Fp(E[m]) — Fp(E[m])

is the Frobenius automorphism. We have the representation

Pm G — Aut(E[m]) =2 Aut (Z/mZ x Z/mZ) = GLo(Z/mZ).

See [Sil86, p. 89-90].

Now, suppose that E has full m-torsion. Then F,(E[m])/F, is a trivial extension.
Whence, G is trivial and p,,(¢) = I € GLa(Z/mZ). Therefore, applying [Sil86, Prop. 2.3,
p. 134}, we have p = det(pm(¢)) =1 (mod m). O

We omit the proof of Theorem 2.1.5 since it is similar to, but less involved than the

following cases of Theorem 2.1.7.
Proof Sketch of Theorem 2.1.7 (Cases: p# 0,1 (mod 7);c=+(p+1) (mod 7)). If p = 3,

44



the identities may be checked directly. We will assume that p # 3,7 and prime. Since we
also assume that p # 1 (mod 7), we know that no curve may have full 7-torsion over F,.
Thus, if P is a point of order 7, E[7|(F,) = (P) = Z/7Z.

Now, suppose that E possesses 7-torsion, and let P be a point of order 7. In a
manner similar to [Kna92, pp. 145-147], we see that we can move P to the origin and put

the resulting equation into Tate normal form to obtain a model for E of the form
Eo:P+(1—s2+s)ay — (s° — D)y = 2% — (5% — s?)2?, (2.14)

which has discriminant Ay = s7(s — 1)7(s® — 8s% + 55 + 1).

First, we examine the discriminant. We note that s = 0,1 both result in singular
curves and so we omit these values from consideration. The cubic s® — 852 + 5s + 1 has
discriminant 7* and hence has Galois group isomorphic to Z/3Z (See [Hun74, Cor. 4.7, p.
271]). Thus, the splitting field for the cubic is a degree 3 extension over Q; and we see that
the cubic will either be irreducible or split completely over F,. One can then check that
the cubic splits over the cyclotomic field Q(¢7), where (7 is a primitive 7th root of unity.
The field Q(¢7) has a unique subfield which is cubic over Q, namely Q(¢7 + ¢%). Thus,
Q(¢7 + ¢8) is the splitting field for the cubic s3> — 8s? + 5s + 1. By examining the way that
rational primes split in Q({7), one can deduce that rational primes are inert in Q({7 + (76)
unless p = +1 (mod 7), in which case they split completely. Thus, we see that the cubic
s3 —8s? +5s+1 has exactly 3 roots over F,, if p = 1 (mod 7) and is irreducible otherwise.
Hence, as s ranges over all of [F,,, we see p — 5 nonsingular curves (2.14) if p = +1 (mod 7)
and p — 2 nonsingular curves (2.14) otherwise.

Second, we check that the mapping s — (1 — s + s, —(s® — s?)) is a one to one
mapping of F,\{0,1} into IF?,. Hence, as s ranges over all of F,\{0, 1}, we see p — 2 distinct
equations of the form (2.14).

Next, we check that if we choose to move —P to the origin instead of P, we will

obtain exactly the same Tate normal form for F. Moving 2P or 3P to the origin each result
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in different normal forms unless s = 0,1 or is a nontrivial cube root of —1, in which case
both give exactly the same normal form as moving P to the origin. Note that by the above
argument, moving —2P to the origin will give the same normal form as 2P and moving
—3P to the origin will give the same normal form as 3P. Now, s = 0,1 both give singular
curves; and nontrivial cube roots of —1 exists in [F, if and only if p =1 (mod 3), in which
case there are exactly 2. Thus, the number of isomorphism classes of curves possessing

7-torsion over I, is given by

p+2 p#+l (mod7), p=1 (mod 3),

%, p=6 (mod7), p=1 (mod 3),

S
w‘l

N
i)
e

+1 (mod 7), p=2 (mod 3),

%, p=6 (mod7), p=2 (mod 3).

Finally, we check that, for p # 1 (mod 7),

4/3, p=1 (mod 3),

E , Crp =

r[<2/P, 0, otherwise.
r=p+1 (mod 7)

The result now follows for ¢ = £(p+ 1) (mod 7) by (2.3) and (2.4). O

The remaining cases of Theorem 2.1.7 will be treated in Section 2.4.

2.3 Modular Forms and Hurwitz Class Numbers

Recall Proposition 1.3.12, which shows how Hurwitz class numbers appear as the
Fourier coefficients of certain modular forms of weight 3/2. In particular, if —b is a quadratic

non-residue modulo a, then

Hi(z;a,b) = Z H(N)¢™ e M3y9(Ga),
N=b (mod a)
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where

= {(32) ern =1 o

and we take A = a? if 4Ja and A = 4a® otherwise. We now turn to the proof of Theo-

rem 2.1.4. It will be important that in the case a = 3 that the group G, = I'¢(36).

Proof of Theorem 2.1.4. Recall that the classical theta series 0(z) := > o0 qs2 € M/(4).

s=

Applying Theorem 1.3.12, we see that J#(z;3,1) = Z H(N)¢N € AM35(36). Note
N=1 (mod 3)
that in this case, G3 = I'9(36). Thus, we can check that product 7 (z;3,1)8(z) € .#2(36).

Observe that the coefficients of the product bear a striking resemblance to the sums of

interest. Indeed,
o

A0 = Y S H(N)gV

s=—00 N=1 (mod 3)

= Z Z H(n—s?) | ¢"

n=1 (mod 3) |s|<v/m,
s=0 (mod 3)
Y | T meea|e
n=2 (mod 3) [s|<y/m,

s=+1 (mod 3)

We will prove Theorem 2.1.4 by expressing .7 (z;3,1)0(z) as a linear combination
of basis forms with “nice” Fourier coefficients. Note that Theorem 1.3.9 says that we will
only need to consider the first 13 coefficients in order to do this.

Let xo denote the principal character of conductor 1, and let xo2 and xo3 denote
the trivial characters modulo 2 and 3 respectively. Finally let (g) denote the Legendre

symbol modulo 3. Then one can show that the Eisenstein subspace &5(36) has dimension
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11 over C and is spanned by

Ba(zix0,X02):  Ea(zix0,x03),  E2(z(3) . (3)),

E5(22x0,x02)s  Pa(32ix0,x0.2),  E2(925 X0, X0.2),

B2(623x0, x0,2),  E2(1825 x0,x02),  E2(325 X0, X0,3):
| E2(22(3) . (3), E2(42:(3) (3)) )

The cusp space #2(36) is 1 dimensional and is spanned by the cusp form associated to the
elliptic curve

E:y? =a2%+1,
which is the inverse Mellin transform of the L-series

a(n)

nS

L(Es) = [[(-a@p+p2) "=

P36 (n,6)=1

- Z H Z <0rdp(i) — k)a(p)%_ordp(n)(—p)ordp(n)_k %,

(n,6)=1 pln [Ldg(n)—‘ <k<ordp(n)

where a(p) := a,(E) = p+ 1 — #E(F,), and we take a(p)’ = 1 even if a,(E) = 0. We will
denote this cusp form by fg(z). See Example 1.3.14 for a description of the coefficients.

One can verify computationally that

1 3 1 N
H(2;3,1)0(2) = TﬁEz(z;XO,XO,z) + TGEz(Z;X07X0,3) + ﬂEﬂZ; (§> , <§>)
—1 1 -3
+ 7E2(22; X0s X0,2) + ZE2(3Z; X0, X0,2) + 76E2(9Z; X05 X0,2)
-3 -3
+  2E5(62;x0, X0,2) + 7E2(182; X0, X0,2) + EEz(?)Z; X0, X0,3)

- e (). () s (). () e
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Let o(n) := o1(n) = 3_y, d, and define the arithmetic functions

pui(n) = Z d,

d|n,
dZ0 (mod 2)

pa(n) = Z d,

dln,
d#0 (mod 3)

us(n) = (g)a(n)

Extend these to Q by setting p;(r) = 0 forr € Q\Z (i = 1,2,3). Comparing n-th coefficients,

we have the following proposition.

Proposition 2.3.1.

S CHm- )=~ om)+ () — pos(n) — Su(n/2)
Is|l<vn
b g (n/3) = <L (n/9) + 24m(n/6) Sy (n/18)
— (/3 — gua(n/2) - gus(n/4) - Taln)

where the * denotes the fact that if n =1 (mod 3), we take the sum over all s =0 (mod 3);

if n =2 (mod 3), we take the sum over all s = +1 (mod 3).

Using (2.4) and the fact that a(n) = 0 if (n,6) > 1, we are able to extract the

identities
p+1 : — —
= ifp=1 (mod3), ¢=0,
Z H(4p —r?) = 2
Ir|<2y/p, B ifp=2 (mod 3), c=1or2.
r=c (mod 3)
So, using (2.1), we are able to obtain Theorem 2.1.4 as a corollary. O

At this point, we also note that there is a more general identity than (2.1), which

is due to Hurwitz. See [Coh96, p. 236]. In particular, if we let A(n) := %de min(d, n/d),
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then

> H@AN —1?) =20(N) — 2A(N).
|r|<2vV' N

So, this identity together with Proposition 2.3.1 makes it possible to generalize Theo-
rem 2.1.4 for p not necessarily prime.

In addition, if we study the cusp form in our basis carefully, we can extract other
nice formulae as well. For example, we can use the fact that a(p) = 0 if p =2 (mod 3) to

obtain Theorem 2.1.6. See Example 1.3.14 on page 29.

2.4 The Eichler-Selberg Trace Formula and Hurwitz Class

Numbers

Recall that the Eichler-Selberg Trace Formula (Theorem 1.3.18) gives the value of
the trace of the n-th Hecke operator acting on . (N, ). If we specialize to the case that
n = p is prime and assume that the weight £ = 2 and the character v is trivial, then the

formula simplifies to the following.

Theorem 2.4.1. Let p be a prime. The trace of the p-th Hecke operator acting on #5(N)

s given by

ton(Tp) =p+1 — > _12 —4p)' 2/ ) [T ets, £.1)

seH f\t IIN
(s> —4p /%)
Sy S ME T
s€eE1UEy ft IIN

where H = {s : s> —4p = 12}, By = {s : s> —4p = t>m, 0 > m = 1 (mod 4)}, and
Ey={s:s>—4p=1t*m, 0 >m =2,3 (mod 4)}.

As before, ¢ is the Euler ¢-function. For d < 0, h(d) is the class number of the
order of Q(v/d) of discriminant d, and w(d) is the cardinality of its unit group. For a prime

[|N, c(s, f,1) essentially counts the number of solutions to a certain system of congruences.
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See Theorem 1.3.18 for more details.

From equation (1.25), if s € Fy U Es, then

2 h((s* — 4p)/f?)
T = =20 (@ —ap) Py
So, if it is possible to control the c(s, f,1) — in particular, if it is possible to make them
constant with respect to f, then there is hope that Hurwitz class number relations may
be extracted from the trace formula. Indeed, if p is quadratic nonresidue modulo [ for all
primes [ dividing N, then the computation of ¢(s, f,1) is quite simple and does not depend
on f. For example, if we apply the trace formula to T}, acting on .#»(7) = {0} for p = 3,5,6

(mod 7), we have

2, p=3 (mod7), s=0,43,

2, p=5 (mod7), s=0,=+l1,
c(s, f,1) =

2, p=6 (mod7), s=0,=£2,

0, otherwise.

The resulting Hurwitz class number relation is the following.

Proposition 2.4.2.

ST TH(Ap-s)=p-1,
|s|<2y/p

where the * denotes the fact that if p =3 (mod 7), the sum is over all s = 0,+3 (mod 7);
if p=>5 (mod 7), the sum is over all s =0,£1 (mod 7); and if p=6 (mod 7), the sum is

over all s =0,£2 (mod 7).

Combining the above proposition with the cases of Theorem 2.1.7 that were proven

in Section 2.2, we are able to obtain the remaining formulae in the theorem.
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2.5 Conjectures

For all primes p sufficiently large, we conjecture formulae for

> Hp-r?)
|r|<2y/D,

r=c (mod m)

in the cases m = 5,7. These values have been checked for primes p < 1,000, 000. Where an
entry is bold and marked by asterisks, the formula is proved in this thesis; where an entry
is blank, we were not able to recognize any simple pattern from the computations.

We note that for m = 5 and 7, neither the curve counting method of Section 2.2
alone nor the basis of modular forms approach of Section 2.3 alone will be sufficient for a

complete characterization of these sums. Rather a combination of the two methods should

work.

Conjecture 2.5.1. The table below gives the value of the sum Z H(4p — 1?).

Ir|<2v/p,
r=c (mod 5)

c=0 c==x1 | c==2
p=1(mod5) | EFh | i) ) Geod)
p=2 (mod 5) | @) etl) | 22D,
p=3 (mod 5) (pgl) % (1);1)>|< %
p=4 (mod5) | * (p;3) % (511455) %

Table 2.1: Conjecture 2.5.1: m =5

Conjecture 2.5.2. The table below gives the value of the sum Z H(4p — r2).

Irl<2/p,
r=c (mod 7)
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c=0 c=Zx1 | c=22 | c=23
p=1 (mod 7) @
p=2 (mod 7) *%ﬁ*
p=3 (mod 7) | * (T"gl) * (plrl) (plrl) *(%;2)*
p=4 (mod 7) wP=2)
p=5 (mod 7) | + Iy | @2 | FL) (r+1)
p=6 (mod 7) | #®2y | i) | i), [ efl)

Table 2.2: Conjecture 2.5.2: m =7

For making further progress on these conjectures, it appears that the method of
Section 2.3 will be most fruitful. The difficulty in using this method is that, in each case,
the group G, (defined in Theorem 1.3.12) is strictly contained in I'g(4m?). So, we will
need a much larger basis of modular forms. Certainly a basis for .4, (T (4m?)) would be
sufficient. However, to completely fill in the table, another method will be needed. Perhaps
an adaptation of the curve counting method of Section 2.2 for p =1 (mod m) would be best.
The main obstacle to overcome is that one must deal with the presence of full m-torsion
curves when p =1 (mod m).

In general, for a prime m, we note that the curve counting method will give proofs
forc = £(p+1) (mod m). We also note that, for primes m =1 (mod 4), the basis of forms

2

method will give proofs for the cases when 4p — ¢® is not a square; and for primes m = 3

(mod 4), the basis of forms method will give proofs for the cases when 4p — ¢?

is a square.
Thus, for a prime m, we will obtain half the cases from the basis of forms approach and
we will obtain 2(m — 1) + 1 more from the curve counting approach assuming that the case

=1 (mod m) can be adequately handled. So, at least for primes greater than 7, a third

method will be necessary to fully characterize how the sum splits.
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Chapter 3

Finite Field Elements of High
Order Arising from Modular

Curves

In this chapter, we take up the problem of finding elements of the finite fields of
large multiplicative order. The method for constructing our elements is based on equations
for modular curves. See §1.3. The results contained in this chapter appear in [BCG109].

Finding large order elements of finite fields has long been a problem of interest,
particularly to cryptographers. Given a finite field F,, Gao [Gao99] gives an algorithm for

constructing elements of F,» of order greater than

logq n

1
n4logq(2 loggn) 2 .

The advantage of the algorithm is that it makes no restriction on ¢ and it allows one to
produce a provably high order element in any desired extension of F, provided that one can
find a polynomial in Fy[x] with certain desirable properties. Gao conjectures that for any
n > 1, there exists a polynomial of degree at most 2log,n satisfying the conditions of his

theorem. Conflitti has made some improvement to Gao’s construction in [Con01]. However,

o4



the aforementioned conjecture remains unproven. Another result concerning the ¢ “shifts”
of an element of a general extension of Fy appears in [GS01, Cor. 4.4].

For special finite fields, it is possible to construct elements which can be proved
to have much higher orders. For example, in Theorems 3.1.1 and 3.1.2 of this paper we
construct elements of higher order in extensions of F; of the form F 2» and F s». See [GV95,
GvzGP98, GS95b] on orders of Gauss periods and [Che05, Che07] on Kummer extensions.
It has been pointed out to us that the method of [Che05, Che07] is able to produce higher
order elements in the same extensions as our method. However, our method of construction
is new, and we hope that it will prove to be a fruitful technique.

In [Vol07], Voloch shows that under certain conditions, one of the coordinates of a
point on a plane curve must have high order. The bounds we obtain through our methods
have order of magnitude similar to those predicted in the main theorem of [Vol07]. In a
special case however, Voloch is able to achieve bounds which are much better. See section
5 of [Vol07]. Unfortunately, Voloch does not fully state this theorem and only alludes to
how one may adapt the proof of his main theorem for this special case. The bounds given
in [Vol07] are not as explicit as the ones given in this paper. Moreover, Voloch gives no
explicit examples of his theorems. In Section 3.5 of this paper, we apply Voloch’s technique
to obtain a more explicit version of the special case of his main theorem. We then construct
a sequence of elements for which his bounds apply and compare with our methods.

In this paper, we consider elements in finite field towers recursively generated ac-
cording to the equations for explicit modular towers [Elk98]. We give two explicit con-
structions: one for odd characteristic and one for characteristic not equal to 3. In the
first case, we explicitly construct elements of F n whose orders are bounded below by
9an+intorda(a—D)=1 Ty the second, we obtain elements of F s» whose orders are bounded
below by 33n°+3ntorda(g—1) Throughout we use the convention that exponentiation is
be be)

right-associative, i.e., a” := a0,
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3.1 Constructions Arising from Modular Towers

In [E1k98], Elkies gives a recursive formula for the defining equations of the modular
curve Xo(¢") by identifying Xo(¢") within the product (Xo(fz))n_l for n > 1. For several
cases, he even writes explicit equations. For example, in the case ¢ = 2, the recursion is

governed by the rule

) 2
(x§_1)<<l‘3+1+3) _1):1f0rj:1,2,...,n—2. (31)

Tj41 — 1

FElkies also notices that under a suitable change of variables and a reduction modulo 3, the

equation becomes

2 2
Yj+r1 = Y — Y

which was used by Garcia and Stichtenoth [GS96] to recursively construct an asymptotically
optimal function field tower. In fact, Elkies notes that many recursively constructed optimal
towers may now be seen as arising from these modular curve constructions and speculates
that perhaps all such towers are modular in this sense.

In this paper, we use Elkies’ formulas to generate high order elements in towers of
finite fields. For example, the following construction will yield high order elements in odd

characteristic. The equation (3.1) may be manipulated to the form f(X,Y) = 0, where
FX,Y):=Y2+(6-8X2Y + (9 —8X?), (3.2)

and we have made the substitution X = x; and Y = z;41. Now, choose ¢ = p™ to be
an odd prime power such that [F, contains the fourth roots of unity (i.e. ¢ =1 (mod 4)).
Choose ag € F, such that a2 — 1 is not a square in F,. In Lemma 3.2.6 (see Section 3.2), we
will show that such an «g always exists. Finally, define o, by f(an—1,05) = 0 for n > 1.
This construction yields the following result; where, as usual, for a prime ¢, ord,(a) denotes

the highest power of ¢ dividing a.
Theorem 3.1.1. Let 6, := a2 — 1. Then &, has degree 2" over Fy, and the order of 0, in
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Fon is greater than 23n*gntordz2(a=1) ypjegs g =2 (mod 3) and ap = + <pT_1), in which

. 12,3 1)
case the order of 6, is greater than 22" Tantorda(g—1)-1

To accommodate even characteristic, we have also considered Elkies’ formula for
Xo(3™). We will prefer to work with the equation in the polynomial form ¢(X,Y) = 0,
where

g(X,Y) :=Y3 4 (6 —9X3Y? + (12 - 9X3)Y + (8 — 9X3). (3.3)

For this construction, choose ¢ to be a prime power congruent to 1 modulo 3 but not equal
to 4. The condition ¢ = 1 (mod 3) assures the presence of the third roots of unity in F,.
Choose 3 € F, such that 33 — 1 is not a cube in F,. In Lemma 3.2.7 (see Section 3.2), we
show that such a By always exists except when ¢ = 4. Finally, define 3,, by g(8n—1,8,) =0

for n > 1. For this construction, we have the following result.

Theorem 3.1.2. Let v, := (33 — 1. Then v, has degree 3" over Fy, and the order of ~, in

. 1,243 a(g—
Fen is greater than 32" +yntords(g—1)

There are two interesting things about the above constructions. The first is that,
computationally, the elements §,, and -y, appear to have much higher order than our bounds
suggest. See Section 3.6 for examples. The second interesting thing is that, as with the case
of the optimal function field tower constructions of Garcia and Stichtenoth [GS95a, GS96]
arising from these modular curve recipes, our proofs do not at all exploit this modularity.
Perhaps the key to achieving better bounds lies in this relationship.

The paper is organized as follows. In Section 3.2, we will state and prove some
elementary number theory facts that will be of use to us. In Section 3.3, we consider the
first construction; and in Section 3.4, we consider the second. Finally, in Section 3.6, we

give a few examples of each of the main theorems.
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3.2 Number Theoretic Facts

Recall the following well known fact for detecting perfect n-th powers in finite fields.

See [IR90, p. 81] for example.
Fact 3.2.1. Ifg =1 (mod n), then x € F}, is a perfect n-th power if and only if @/ =1,
Also recall the following facts, which can be easily proved.

Fact 3.2.2. Let x € Fy of multiplicative order d. For m,n € N, if 2" # 1 and "™ = 1,

then ged(d, m) > 1.

Fact 3.2.3. Let x € Fy of multiplicative order d. If  is a prime, m = ordg(n), and x™ is a

nontrivial {-th root of unity, then £™T1 divides d.

The following lemmas are useful for bounding the orders of the elements appearing

in Theorems 3.1.1 and 3.1.2.

Lemma 3.2.4. Let {,b € N such that b= 1 (mod ¢), and let M, N € N with M < N. Then

14

¢
gcd Z bt (=) Z pt (=) | = g

j=1 j=1

J4 l
1 . 1 .
and hence 7 jgl pM E=9) ynd 7 ]21 b (=9) gre coprime.

Proof. The following computation follows from Euclid’s algorithm:

4
god [ 30D B 1) = ged (e, B 1) -y (3.4)
j=1

: . : ¢ M(p_i
Since M < N, repeatedly using the difference of ¢-th powers formula shows that > =1 pe (E=d)
divides b*" — 1. Also, since b= 1 (mod ¢), it is clear that ¢ divides both Z§:1 b (=9 and

Z§:1 b (=9 Therefore,

14

4
gcd Z be(f—j)’ Z pN =i — .

j=1 j=1
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Lemma 3.2.5. Let £,b, N € N with { prime and b = 1 (mod ¥). If p is a prime dividing

J4
% ST D then p > N1
j=1

Proof. Since £ > 2 and b = 1 (mod ¢), £? divides (" —1). Hence, p # ¢ for other-
wise, we have a contradiction with (3.4). Thus, p dividing %Zf:l bt (¢=3) implies that
Z§:1 peY (E=0) = (mod p). So, b*" is a nontrivial /-th root of unity modulo p. Therefore,
by Fact 3.2.3, N+ divides p — 1, and hence p > ¢N+1, O

The following two lemmas essentially give the necessary and sufficient conditions for
completing the first step in the construction of our towers, i.e., under certain restrictions
on ¢, they demonstrate the existence of ay and By each having its desired property. The
proofs involve counting I, solutions to equations via character sums. We refer the reader
to [IR90, Chap. 8| for more on this technique. As in [IR90], for characters ¢ and A on [,
we denote the Jacobi sum of 1 and A by J(¢,\) := >, ¥(a)A(D).

Lemma 3.2.6. Let q be a prime power. Then there exists og € Fy such that 69 = a% —1 s

not a square in Fy if and only if q is odd.

Proof. First, note that if ¢ is even, then every element of I, is a square. So, we assume
that ¢ is odd. We desire ag € F; such that oz% — 1 is not a square. Our method for proving
that such an o exists involves counting solutions to the equation 22 — 32 = 1. Let 7 be the

unique character of exact order 2 on [F,. Then

1 1
#Hay) eFy:a® =y =13 = Y [> @] | D 7(-b)

abeF,, \j=0 =0

a+b=1

1
= YA )

i=0 j=0
= qg+7(-1)J(r,7)=q¢— 1.
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On the other hand, if o — 1 is a square for all choices of ag, then a3 — 1 = y? has

a solution for all g € [Fy. In this case, we have

#{(z,y) €F, 2> -y =1} =

2_
aj=1

d #HyeF P =af—1)

ap€Fy

D1+ ) 2=242(¢-2) =22

oc%;él

Thus, the assumption that a2 — 1 is always a square leads to the conclusion ¢ — 1 = 2¢ — 2,

which implies ¢ = 1, a contradiction.

O]

Lemma 3.2.7. Let q be a prime power. Then there exists By € Fy such that o = ﬁg’ —1 s

not a cube in Fy if and only if ¢ =1 (mod 3) and ¢ # 4.

Proof. First, note that if ¢ # 1 (mod 3), then every element of Fy is a cube. So, we will

assume that ¢ =1 (mod 3). As mentioned earlier, this means that F, contains a primitive

third root of unity. We now count F, solutions to the equation 2% —y3 = 1. Let x be any

character of order 3 on F,.

#{(z,y) €Fy:a® —y° =1}

On the other hand, if we assume that ﬁg’

#{(v,y) €FL 2’ =y =1} =

2
> X (-b)
=0

2 2

DD DI

i=0 j=0
q—2x(=1) + J(x, x) + J(x% %)

q—2+2ReJ(x,x)-

— 1 is a cube for all choices of 3y € Fy, then

D #yel, 8 —y* =1}

Bo€ly

> 14 ) 3=3+3(¢—3)=3¢—6.

= s
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Thus, the assumption that ﬁg’ — 1 is always a cube leads to the conclusion that |2¢ — 4| =
|(3¢ — 6) — (¢ — 2)| = [2ReJ (x, x)| < 2/q, which implies |[¢ — 2| < ,/g. This implies that

(g—1)(g—4) <0. The only g =1 (mod 3) satisfying this inequality is ¢ = 4. O

3.3 The Quadratic Tower for Odd Characteristic

In this section, we consider the first tower, which is recursively constructed us-
ing (3.2). Throughout this section we will assume that p is an odd prime and that
g = p™ =1 (mod 4). In particular, if p = 3 (mod 4), then 2|m. As discussed in the
introduction, this condition ensures the existence of a primitive fourth root of unity. This
will be seen to be a necessary ingredient in the construction of our tower. We also fix ag
such that §y = oz% — 1 is not a square in ;. Recall that that Lemma 3.2.6 ensures the
existence of such an ay.

Before moving forward, we need to establish the relationship between é,, and d,_1.
From (3.2) and the definition of §,, (see Theorem 3.1.1), we deduce that 6,_; and J,, are

related by F(d,-1,0,) =0 (n > 1), where
F(X,Y):=Y?— (48X + 64X?)Y — 64X. (3.5)
We also fix the following more compact notation for the norm. We take

Nn,j :F

q2n — ]qu'nfj P

1 n—k
a — alliza(@® 4

For the purpose of making the proof easier to digest, we break Theorem 3.1.1 into

a pair of propositions.
Proposition 3.3.1. The elements «;, and 6, have degree 2 over ]qun—l forn > 1.

Proof. First note that the discriminant of f(ay—1,Y) is 6,—1 =a2_; — 1 for alln > 1. We

will proceed by induction on n. Recall that ag was chosen so that §p, the discriminant of
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f(a,Y), is not a square in Fy. Thus, oy satisfies an irreducible polynomial of degree 2 over
[y, i.e., o1 has degree 2 over F,. We may take {1, a1} as a basis for Fy(a;) over F,. Writing
81 in terms of the basis, we have §; = a? — 1 = (8a3 — 6)a; + (8a3 — 10). So, &1 € F, if
and only if 8a3 — 6 = 0. If 8ag — 6 = 0, then &y = a3 — 1 = —4~!, which is a square in F,
since [F, contains the fourth roots of unity. This is contrary to our choice of . Thus, 01
has degree 2 over [F, as well.

Now, suppose that ai and & both have degree 2 over quk—l for 1 < k <n. Then
flap—1,Y) is the minimum polynomial of «,, over ]Fan—l; and hence, the discriminant is

not a square in Fqgnq. In particular,

2n—1

T (3.6)

Observe that F(d,—1,Y) is the minimum polynomial of §,, over qunfl. To prove that the

degree of ay,41 over Fon is 2, we show that f(ay,Y) is irreducible over F on. Now,

q

. . @ -1)/2 o
A C ) B ACH
_ (=640, ) 2=

Here we have used (3.6) and the fact that —64 is a square in IFanq since [F, contains the
fourth roots of unity. Thus, 6, is not a square, and hence f(ay,Y) is irreducible. So, the
set {1, 41} forms a basis for Fq2n+1 over F on. Now, we write d,41 in terms of the basis,
and apply the same argument as for 4; to demonstrate that the degree of 4,11 over Fon is

2 as well. This completes the induction and the proof. ]

An easy induction proof, exploiting the fact that F(dx—1,Y) is the minimum poly-

nomial of §; over ]Fqgk—l for 1 < k < n, shows that

Npj(0n) = (—64)@ s, (3.7)
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for 1 < j < n. This fact will be useful in the proof of the proposition below.

Proposition 3.3.2. The order of 5, in Fn is greater than 9+ intordz(4-1) ypiegs qg=2

(mod 3) and oy = + <p%1> , in which case the order of 6y, is greater than g3n’+3ntorda(q-1)-1,

Proof. We first compute the power of 2 dividing the order of d,,. Recall from the proof of
. (@' =1)/2 4 4. @ -0 _ :

Proposition 3.3.1 that dy, % 1; but of course, dy, = 1 since 6, € Fpon. Since

g=1 (mod 4), ordg(qu +1) =1 for each j > 1. Repeatedly using the difference of squares

formula, we have

on _ 1 n—1 .
ords <q 5 > = ordg(q—l)—1+20rd2(q2j+1)
=0
= n—14ordy(q—1).

Thus, 27tod2(¢=1) divides the order of §,, by Fact 3.2.3.
Now we look for odd primes dividing the order. By Fact 3.2.2, the order of 4,, has
a common factor with (2"’ + 1)/2 for each j such that the (2(,‘3271?)/2 power of dy, is not
q

(¢ -1) :
equal to 1. By (3.7), we have that the @113 Power of &, is equal to

on—J _1)

(N1 (80))* = ((—64)7 705, )20 D = (5, ) 20 D 21

2

provided that &, & F oni. From (3.5), we know that we may write d;_;,; as

O i1 = (480, + 6467 _;)0p—ji1 + 640,

Thus, 5g_j+1 € Fyn; if and only if dn—j satisfies the equation 486,—; + 6457%_j = (. If this
were the case, then d,,_; = 0ord,_; = —3~14. By Proposition 3.3.1, this implies that n = j.
However, dy = 0 contradicts the choice of ag; and 6y = —4~'3 contradicts the choice of oy
unless —3 is not a perfect square, that is, unless ¢ = 2 (mod 3). If ¢ = 2 (mod 3), then
the only choices of ag that give 6o = —4713 are ag = + (%) Thus, the order of §,, has a

common factor with (¢2" " +1)/2 for each 1 < j < n unless ¢ = 2 (mod 3), ag = + (%),
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and j = n. Each of these factors must be odd since ordg(an_j + 1) = 1 as noted above.
By Lemma 3.2.4 with £ = 2 and b = ¢, we see that these factors must be pairwise coprime
as well. Hence, we get either n or n — 1 distinct odd prime factors dividing the order of 6,
depending on the case. By Lemma 3.2.5, each such prime factor must bounded below by

2n=i+1 Therefore, the order of §,, is bounded below by

n
2n+0rdg(q—1) H gn—i+l  _ 2n+ord2(q—1)+n(n+1)/2 _ 2"2%4_01@2@—1)

Jj=1

unless ¢ = 2 (mod 3) and ap = + (E), in which case the order is bounded below by

2%n2+%n+ord2(q—l)—1' 0

Theorem 3.1.1 follows by combining the two propositions. The authors would like
to point out that it is possible to achieve a slightly better lower bound for the order of d,
by the following method. First, choose a square root of d,—1, say \/dn—1 € Fon. Then
use the method above to prove a lower bound for the order of \/E . Finally, deduce a
bound for the order of §,,. The improvement, however, only affects the coefficient of n in the
exponent. Since computationally our bounds do not appear to be that close to the truth,

we have decided to work directly with §,, instead.

3.4 The Cubic Tower for Characteristic Not 3

In this section, we consider the second tower, which is recursively constructed us-
ing (3.3). Recall that, for this tower, we assume that ¢ =1 (mod 3) and ¢ # 4. This means
that F, will contain the third roots of unity, and hence the third roots of —1 as well. We
also fix a By such that vg = 55’ — 1 is not a cube in ;. Recall that Lemma 3.2.7 ensures
the existence of such a fy.

Before we begin the proof of Theorem 3.1.2, we need to establish the relationship
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between 7,1 and ~,. The relationship is given by G(v,—1,7v,) = 0 for n > 1, where
G(X,Y):=Y3 — (270X + 972X? + 729X°)Y? — (972X + 729X?)Y —729X.  (3.8)

This follows from (3.3) and the definition of v,,. We also fix the following notation for the

norn.

Npj:Fpn — Fqgn—j,

5 e 3 i:1<(q3n—k)2+q3n—k+1>‘

As in section 3.3, we break the result into two smaller propositions.
Proposition 3.4.1. The elements (3, and v, both have degree 3 over Fq3n_1 forn > 1.

Proof. By carefully examining the cubic formula applied to the polynomial, one observes

that g(8,_1,Y) is irreducible if and only if 7,1 = 3>

_+—1isnot acubein F ,n—1. Thus
n—1 q3 9

By will have degree 3 over Fqgwl if and only if 7,,_1 is not a cube in Fqgwl for all n > 1.
As with the proof of Proposition 3.3.1, we proceed by induction on n. Recall that Gy was
chosen so that ~g is not a cube in F,;. Thus, 31 has degree 3 over F,. So, we may take

1,31, 3%} as a basis for F s over F,. Writing v; in terms of the basis, we have
1 q q

=07 —1= (965 — 6)87 + (955 — 12)61 + (965 — 9).

So, 71 € Iy if and only if 9[38 —6=0and 9ﬂ8 — 12 = 0. This leads to the conclusion that
70 = =371 and 9 = 37!, which implies that 2 = 0, i.e., the characteristic is 2. In this case,
we are led to the conclusion that vy = 1, which is a cube. This of course is contrary to
our choice of 7g. Therefore, v1 € [Fy, i.e., the degree of v; over F, is 3. This completes the
trivial case.

Now, let w be a primitive cube root of unity in [F, and suppose that 3; and ~; both

have degree 3 over Fqgk—l for 1 <k <n. Then ¢g(f,—1,Y) is the minimum polynomial of
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By over ]Fq3n71; and hence v,-1 is not a cube in ]Fq3n71. In particular,

_1)/3
T,

Observe that G(y,—1,Y") is the minimum polynomial of ~,, over Fq3n_1. Thus,

SVE

() e ©

n an—t_
A = (Noa ()

= (-7297%, )@ VP =

i.e., Bp+1 has degree 3 over F sn. To prove that v,+1 also has degree 3 over F sn, write y,41

in terms of the F sn-basis {1, Bn41, ﬂfbﬂ}, and proceed as we did for v;. O

An easy induction proof using the fact that G(v,_1,Y") is the minimum polynomial

of i over Fq3k—1 for 1 < k < n, shows that

Ny () = (=729)% Dy,

for1 <j<n.

Proposition 3.4.2. The order of v, in Fsn is greater than 3an’+antords(g—1),

Proof. We first compute the power of 3 dividing the order of ~,. Recall from the proof of
" (@"-1)/3 @"-1) _ 4 ; =

Proposition 3.4.1 that ~y, # 1. However, = 1 since 7, € Fsn. Since ¢ =1

(mod 3), ords( (q?’j)2 + q?’j +1) =1 for each j > 1. Repeatedly using the difference of cubes

formula, we have

q3n _ 1 n—1 3] 2 3]
ords 3 ordg(q—l)—l—l—ZOrdg (q ) +q7 +1

=0
= n—1+ords(qg—1).

Thus, 37 T°ds(a=1) divides the order of 4 by Fact 3.2.3.
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Now, we look for primes dividing the order that are not equal to 3. In particular,
we will show that the order of 4, has a common factor with ((¢" 7)2 4+ ¢’ + 1)/3 for
each 1 < j < n. This factor must not be a multiple of 3 since ords((¢®" *)2+¢3"~ +1) =1
as noted above. By Lemma 3.2.4, with £ = 3 and b = ¢, we see that these factors must
be pairwise coprime as well. Hence, we get n distinct prime factors dividing the order of
Yn, none of which are equal to 3. By Lemma 3.2.5, each of these primes must be bounded
below by 3777+, Hence, if we can show that the order of 7, has a common factor with

(¥ )2+ ¢¥"7 +1)/3 for 1 < j < n, then we have that the order of ~, is bounded below

by
n 2
3n+0rd3(q—1) H gn—i+l 3n+0rd3(q—1)+n(n+1)/2 _ 3”T+3”+ord3(q—1)'
j=1
. q3n71
By Fact 3.2.2, the proof will be complete when we show that the (T )3 power
of &, is not equal to 1 for 1 < j < n. Now, J, raised to the ¢ 1 power is

(@ 7)2+¢3" 7 +1)/3
equal to

3"—121)

G-1)_ n—j_
(N j—1(70))* = (—729)BYUTV e

provided ’y;g’l_jﬂ ¢ ]Fqgn—j. From (3.8), we know that we may write ’y;g’l_jﬂ as
Tnjar = (T0va—j + 97295 + 7297 )it + (97295 + 72977 ) n—ji1 + 7297
Thus, %?i—jﬂ € qukj if only if v,,—; satisfies the system

2707n—j + 9727, _; +T29v5_;, = 0,

9729+ 7297, _; = 0.

Suppose that 7, _; does satisfy the above system. If the characteristic is 2, the first equation

implies that 7,,—; = 0, which is a contradiction. Suppose then that the characteristic is not
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2. Solving the system, we have —372(6 + v/6) = v,—; = —37'4, where v/6 may be any
square root of 6. This leads to the conclusion that 30 = 0. Hence, the characteristic must
be 5. By Proposition 3.4.1, we see that j = n since v,_; = -3 4 ¢ F,. However, this
means that 79 = 2, which is in contradiction with the choice of Fy since 2 is a perfect cube

in this case. O

3.5 Comparison with a Recent Result of Voloch

The following is an improvement of a result of Voloch [Vol07, Sect. 5]. The proof is
similar to the proof of the main theorem in [Vol07], but more elementary in the sense that

we avoid working with algebraic function fields.

Theorem 3.5.1. Let g be a prime power, and let 0 < e,n < 1. For d sufficiently large,
if a € F, has order r and degree d over F, with r < d*>7%¢, then a — 1 has order at least
exp((1— n)%de/i)‘ logd). The degree d need only be large enough for the inequalities of (3.9)

and (3.10) to hold, which depends only on the choices of € and 7.

Proof. Let 0 < e < 1 be given, and put N := [dl_ﬂ. Note that (r,q) = 1 since r divides one
less than a power of ¢ and ¢ is a prime power. Also, note that the elements aqi, 0<i<d-1,
are distinct. It follows that the multiplicative order of ¢ modulo r is exactly d. For each
coset I' of (q) in (Z/rZ)*, we define Jr := {n < N : n mod r € I'}. Note that there are

(Z/rZ)* : (q)] = ¢(r)/d cosets of (q) in (Z/rZ)". Now

No(r)

€/10
01 openo)

S || = #{1 <n < N:ged(n,r) =1} =
I

where the sum is over all cosets of I' in (Z/rZ)*. Thus, there exists a coset I' = v(q) such

that |Jp| is at least the average. That is, |Jp| > &4 + O(dr</1%/¢(r)). Thus, there exists a

6*62
positive constant c, so that |Jp| > &4 — ¢, d;(f,l)o > df — ced 5 since d < ¢(r).
Since 7y is coprime to r, write ay + Br = 1 and take ¢ = a®. Then a = ¢7, and ¢ has

order r and degree at least d. Let b := a — 1. For each n € Jp, there exists j, such that
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n =~y¢" (mod 7). Whence c" = A" = @ and so b9 = a?" —1=c" — 1.
Now, for every I C Jr we write by := [[,c;(c" —1) = Hnjg b7 which is a power

of b. Put T = [dﬁ/ 3], and observe that for d sufficiently large
NT = [d'~] [d%] < d. (3.9)

We claim that for all distinct I, I’ C Jp with |I| = |I'| = T we have that by # byr. Suppose

that by = by, and consider the non-zero polynomial

nel nel’

Observe that p(c) = by — by = 0, and so degp(t) > degg, ¢ > d. On the other hand, we
have that degp(t) < NT < d, a contradiction. Thus by # by as claimed.
It follows that there are at least (‘{ﬁ‘) distinct powers of b. Choose 0 < 17 < 1. Then,

for d sufficiently large,

de/3 de/3
(7)= (1) = fporeaoy

2
> exp ((1 - n)gde/?’ logd) :

(3.10)

as required. ]

In order to compare this result to Theorem 3.1.1, one may choose a = a, to be a
primitive 2"-th root of unity in F,. The degree of a over F, will be gn—ord2(a=1)  Then, for n
sufficiently large, the conditions of the above theorem will be satisfied. Similarly, one may
choose a to be a primitive 3"-th root of unity in F, to compare with Theorem 3.1.2.

Because of the requirement that a must have low order relative to its degree, there are
many fields in which Theorem 3.5.1 will not apply. Furthermore, one may check that even
though the bound of Theorem 3.5.1 will eventually dominate the bounds of Theorems 3.1.1

and 3.1.2, there will always be a range (in terms of n) in which the bounds of Theorems 3.1.1
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and 3.1.2 will be larger. For example, suppose we apply Theorem 3.5.1 to the case mentioned
above, and we maximize the bound of Theorem 3.5.1 by setting ¢ = 1 and n = 0. Further,
suppose we minimize the bound of Theorem 3.1.1 by say assuming that orda(¢—1) = 1. Note
that this will also serve to maximize the bound of Theorem 3.5.1. Under these assumptions,
we may check that the bound of Theorem 3.1.1 will dominate for n < 11. However, we note
that Theorem 3.5.1 does not actually apply if we choose € = 1 and 1 = 0; and the range of

n for which Theorem 3.1.1 will dominate will be larger for any appropriate choice of € and

n.

3.6 Examples of Theorems

In this section we provide the data from the first several iterations for five examples
of the main theorems: three for Theorem 3.1.1 and two for Theorem 3.1.2. The tables in this
section provide information about the orders of ay,, 8y, 0y, and 7, in relation to our bound.
We have chosen to take logs of these numbers because of their size. For each example, we
note that the actual orders are much higher than our lower bounds. Computations were
aided by MAGMA [BCP97].

As our first example of Theorem 3.1.1, we choose ¢ = 5 and ag = 2. See Table 3.1
on page 71. For our second example of Theorem 3.1.1, we choose ¢ = 9 and ag = ( + 2,
where ( is a root of 2 + 1. Note that, in this example, §, is actually primitive for each of
the first eight iterations. See Table 3.2. For our final example of Theorem 3.1.1, we choose
q = 121 and o = 1%, where 7 is a root of 2 + 7z + 2. Here, 6, is primitive except for n = 3
and n = 7. See Table 3.3.

We also compute two examples of Theorem 3.1.2. For our first example of Theo-
rem 3.1.2, we choose ¢ = 7 and By = 3. In this example, v, appears to alternate between
being primitive and not. See Table 3.4 on page 72. For our second example of Theo-
rem 3.1.2, we choose ¢ = 16 and By = £, where € is a root of 2 + z + 1. Note that here v,

is primitive for each of the first five iterations. See Table 3.5.
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Table 3.1: Theorem 3.1.1: ¢ = 5; ag = 2.

n | logy [Fiau| | log [{an)| | loga|(6n)] | logy (257745741
1 4.59 4.59 3.00 3.00
2 9.28 9.28 7.70 6.00
3 18.6 16.0 17.0 10.0
4 37.1 35.6 31.5 15.0
5 74.2 69.8 68.6 21.0
6 148. 148. 143. 28.0
7 297. 295. 292. 36.0
8 594. 590. 589. 45.0
Table 3.2: Theorem 3.1.1: ¢ =9; ag = ¢ + 2.
n | logy [Py | | logy ()] | loga|(dn)] | logy (237 +37+)
1 6.32 5.32 6.32 5.00
2 12.7 10.7 12.7 8.00
3 254 22.4 254 12.0
4 50.8 46.8 50.8 17.0
) 102. 96.5 102. 23.0
6 203. 197. 203. 30.0
7 406. 399. 406. 38.0
8 812. 804. 812. 47.0
Table 3.3: Theorem 3.1.1: ¢ = 121; og = 1°.
1 3 P
n | 1ogy [Fypon | | 10gs l{an)| | 1ogy (00)] | logy (257 +57+%)
1 13.8 11.8 13.8 5.00
2 27.7 26.7 27.7 8.00
3 55.4 50.8 53.0 12.0
4 111. 109. 111. 17.0
) 222. 216. 222. 23.0
6 443. 440. 443. 30.0
7 886. 874. 883. 38.0
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Table 3.4: Theorem 3.1.2: ¢ =T7; By = 3.

1 3
n | logy [F3,. | | logy |{8a)] | logs |()] | logy (337" +3n+1)
1 8.42 7.41 5.84 4.76
2 25.3 25.3 25.3 9.52
3 75.8 75.8 74.2 15.8
4 228. 228. 228. 23.8
) 682. 681. 681. 33.3
Table 3.5: Theorem 3.1.2: ¢ = 16; By = &.
* 1,.2,3
n | 1ogy [Figa | | oz (Bu)l | Togy |(va)] | logy (3377 +3+1)
1 12.0 8.83 12.0 4.76
2 36.0 31.2 36.0 9.52
3 108. 102. 108. 15.8
4 324. 316. 324. 23.8
5 972. 962. 972. 33.3
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Chapter 4

The Mean Square Error for the
Chebotarev Density Theorem in

Cyclotomic Extensions

With some slight alteration, the results contained within this chapter also appear

in [Smib] and [Smia].

4.1 The Barban-Davenport-Halberstam Theorem

The mean square error for Dirichlet’s Theorem on primes in arithmetic progressions
was first studied by Barban [Bar64] and by Davenport and Halberstam [DH66, DHG6S].
Bounds such as the following are usually referred to as the Barban-Davenport-Halberstam
Theorem, although this particular refinement is attributed to Gallagher. See [Dav80, p.

169].

Theorem 4.1.1. Let
Y(wig.a):= > logp,

pr<z
p™=a (mod q)
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Then, for fived M > 0,

q 0\ 2
Z <1/J(a:;q,a)—(p(q)> < zQlogx (4.1)

if x(logz)™™ < Q < x.

Here ¢ is the Euler totient function. In light of the relationship between Dirichlet’s
Theorem and Chebotarév’s Theorem, the sum on the left of (4.1) may also be viewed as
the mean square error in the Chebotarév Density Theorem when averaging over cyclotomic
extensions of Q.

Theorem 4.1.1 was later refined by Montgomery [Mon70] and Hooley [Hoo75] who
gave asymptotic formulae for the mean square error sum. See also Theorem 1 of [Cro75].
For recent work in this direction, see [Liu08].

In this chapter, we will concern ourselves with generalizations of the result to the
setting of number fields. Number field versions of the result already appear in the literature.
For example, Wilson [Wil69] considered mean square error sums for estimating the number
of prime ideals falling into a given class of the narrow ideal class group. In [Hin81], Hinz
considered mean square error sums for estimating the number of principal prime ideals
given by a generator that is congruent to a given algebraic integer modulo an integral
ideal and whose conjugates fall into some designated range. Our generalization will be a
more straightforward one and will be a key ingredient in the proof of Theorem 5.1.2 in
Chapter 5. We will also prove an asymptotic version of the result by an adaption of the

methods in [Hoo75].

4.2 A Generalization for Number Fields

Let K be a fixed algebraic number field. Further assume K is normal over Q. We
generalize Theorem 4.1.1 by considering the mean square error for the Chebotarév Density

Theorem when averaging over cyclotomic extensions of K. That is, we consider the error
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in estimating sums of the form

Yi(ziga):i= Y logNp,
Np™m <z
Np™=a (mod q)

or equivalently, sums of the form

Ok (z;q,a) := Z log Np.

Np<z
Np=a (mod q)

For each ¢ € N, we put A; := K NQ({;). Then A, is an Abelian (possibly trivial)

extension of Q. Further, we let G, denote the image of the map
Gal(K ((g)/K) — Gal(Q((g)/Q) ———— (Z/qZ)". (4.2)

Whence Gy = Gal(K (¢,)/K) = Gal(Q(¢,)/A,y).

K(C)
Q(Cq) K
Y / (4.3)

We make the definition ¢x(q) := |G4|. By the Chebotarév Density Theorem, for each

a € Gy,
x

vx(q)

Or (75 q,a) ~ (4.4)

In fact, we have the following corollary of Goldstein’s generalization of the Siegel-Walfisz
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Theorem [Gol70]. For any M > 0,

Ok (x;q,a) =

go%@) +0 (@4) (4.5)

provided that ¢ < (logz)™. For example, see Lemma 4.2.7 below, and follow the standard

proof of the classical Siegel-Walfisz Theorem for example.

Theorem 4.2.1. For any fized M > 0,

2
Z Z <9K(m;q,a)— SOK(Q)> <L zQlogz

q<Q acGy
if x(logz)™ < Q < x.

Remark 4.2.2. In [Smib], Theorem 4.2.1 is presented with 6k (z; g, a) replaced by Vi (x; ¢, a).

The theorem also holds for

Ok 1(x;q,a) = Z log Np (4.6)
Np<z
deg p=1
Np=a (mod q)

as well, which is the version we will apply in Chapter 5.

Remark 4.2.3. The method of proof is essentially an adaptation of the proof of Theorem 4.1.1

given in [Dav80, pp. 169-171], the main idea being an application of the large sieve.

Remark 4.2.4. As another application of Theorem 4.2.1, we prove asymptotic formulae for

the mean square error in Section 4.3. See Theorem 4.3.1 on page 83.

4.2.1 Application of the Large Sieve and Other Preliminary Estimates

Let X(q) denote the character group modulo ¢, let X*(q) denote the characters

which are primitive modulo ¢, and let G; denote the subgroup of characters that are trivial

1

4> and the number of such

on G4. Then the character group é\q is isomorphic to X (q)/G

characters is ¢ (q) = |G4| = gp(q)/\GqH. As usual, we denote the trivial character of the
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group &(q) by xo-

For any Hecke character £ on the ideals of Ok, we define

Ok (x,€) == Y _ &(p)logNp,

Np<lz

Ui (@,€) == > &(p)log Np;

Npm<zx

and for any Dirichlet character xy € X(q), we also define

: O (z, x o N), X#xo (mod G}),

GK(x7X()N)::
Ok (z,xoN) =z, x=xo (modGy).
, Yx (@, x o N), X#xo (mod Gy),

¢K($,X ON) =
Yr(x,xoN) —2, x=xo (mod qu).

Lemma 4.2.5.
z] ) Z 0k (2, x o N) |2 < (2 + Q*)z log .
QSQ(p 9 XEX*(q)

Proof. First, note that

O (z,xoN) = > x(Np)logNp = Y x(p') frgplog p.
Np<z plr<z

We apply the large sieve [Dav80, Thm. 4, p. 160] to see that

ZL Z 0k (z,x o N)* < (x+ Q% Z (frgp logp)?

=0 %9 S pir<e

= @+Q% > 9 (10gpf”)2

plr<a

< (z+Q? Z (log Np)?

Np<z
< (z+Q*)zlog.
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Lemma 4.2.6. If & and & are Hecke characters modulo q1 and qo respectively, and if &

induces &, then

Ok (z,&2) = Ok (z,&) + O (logq)
where (q) = q2 N Z.

Proof.

10k (,€1) — Ok (2, &) = | Y &i(p)logNp| < D frgplogp < logg.
Np<z plr<z
p|q2 p|q

O

Lemma 4.2.7. For any fized M > 0, if x is a character modulo q¢ < (logz)M, then there

exists a positive constant C = Cyy (depending on M) such that

0% (x,x o N) < wexp {—C\/logac} .

Proof. As a Hecke character on the ideals of Ok, x o N may not be primitive modulo ¢O.
Let £ = & be the primitive Hecke character which induces xoN, and let f, be its conductor.
Write s = o +it. By [IK04, Thm. 5.35, p. 129], there exists an effective constant ¢y > 0
such that the Hecke L-function L(s,§) := > x,<, &(a)(Na)™® has at most one zero in the

region
Co

7> K Qllog (AKINI(E] +3))°

(4.7)

where Ag denotes the discriminant of the number field. Further, if such a zero exists, it is
real and simple. In the case that such a zero exists, we call it an “exceptional zero” and

denote it by f¢. Thus, by [IK04, Thm. 5.13, p. 111], there exists ¢; > 0 such that

g ol
Y (x,&) = dex — a;ﬁ; +0 <x exp { \/loTaccl—i—olgongX} (log(foX))4) ,
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where

1, ¢ trivial,
0¢ =

0, otherwise,

and the term x7% /3¢ is omitted if the L-function L(s,&) has no exceptional zero in the

region (4.7). Now, since f,|¢Ox and ¢ < (logz)™, we have the following bound on the

error term:

—cylogx 4 B
T exp { Vogs + log N, } (log(xNfy))" < :vexp{ czx/logx}

for some positive constant cs.
By [Gol70, Thm. 3.3.2], we see that for every e > 0, there exists a constant ¢, > 0

such that if 8¢ is an exceptional zero for L(s,&), then

Ce Ce

I I R
fe <1 N =1 gk

Thus,
2P < zexp {—ce(log x)q*[K:@]ﬁ} < xexp {—cg(log x)1/2}

upon choosing € so that [K : Qe = (2M)~!. Whence, for ¢ < (logx)™, there exists C' > 0

such that

b (2,8) = Sz + O (g: exp {_c@D _

Since

QK(LU,f) = ¢K(x7§) + O(\/E),

we also have

Ok (x,8) = dex + O (:Uexp {—C\/@}) .
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Therefore, by Lemma 4.2.6,

0% (z,x o N) < zexp {—C\/loga:}
for ¢ < (logz)™. O

4.2.2 Proof of the Mean Square Error Bound
We now present the proof of the mean square error bound of Theorem 4.2.1.

Proof of Theorem 4.2.1. For each a € G, we denote the error term by

X

Eyx xriq,a) = QK riq,a) — ——F=, (48)
( ) ( ) er(q)
and note that
1
Ex(z;q,a) = a)0 (z,x o N
a0 = 2 Z; ()63 )
X€Gq
Now we form the square of the Euclidean norm and sum over all a € G to see
2
> |Bx(w;q,0)]” = Py Do 1D w@)k(z,xoN)
a€Gyq aclGq |yed,
P D> Y xu(@xe(a)fx(z, x1 o N)fi(w, xa o N)
a€Gy x1€Gq x2€Gq (4.9)
XEGq
1 , 2
=20 > |0k(@ xoN)[.
x€X(q)

For each x € X(q), we let x. denote the primitive character which induces x. By Lemma 4.2.6,

we have 0% (z, xoN) = 0% (z, x«oN)+0O (log ¢). Hence, summing over ¢ < @) and exchanging
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each character for its primitive version, we have

ZZEK(QU;Q, <<Zlogq +Z 2(0) Z 107 ( xx*oN)|

q<Q a€Gq q<Q q<Q
< Qlog Q) + > T Z |0}<<x,x* oN)[*.
q<Q v\ XE€X(q)

The first term on the right is clearly smaller than =@ log x, so we concentrate on the second.

Now,
1
ZT k(@ o NP =" D |fk(zxoN)P D (kq)
a<@ A\Y Xy 4<Q xeX*( ) k<Qlq ¥ (410)
, .
<X ( f) > fk(z,xoN)?

q<Q XEX*(q)

since Zkng/q 1/¢(kq) < ¢(q)"110g(2Q/q). See [Dav80, p. 170]. The proof will be complete
once we show that (4.10) is smaller than x@Q logx for @ in the specified range.

As with the proof of Theorem 4.1.1 in [Dav80, pp. 169-171], we consider large and
small ¢ separately. We start with the large values. Since 6% (x,x o N) < 0 (z,x o N), by

Lemma 4.2.5, we have

U
Z (q) Z 0 (z,xoN)|* < (v+U?)xloguz,
v<g<ar A\ yéxv(g)

which implies

Z 1 (log 2(?) Z 0% (2, x o N)* < (zU L +U)zxlogx <log 252)

XEX*(q)

81



for 1 < 2U < Q. Summing over U = Q27%, we have

{loggs?g/QQl)J

Wc(z,xoN)? < zlogz Y. (22*Q7T +@27F)
xeX*(q) k=1

< :cle_l(log z)logQ + zQlogx

< zQlogx (4.11)

if z(logz)™ < Q <z and Q1 = (logz)M+1.

We now turn to the small values of ¢q. Applying Lemma 4.2.7, we have

Z ! (1()%262) Z WK(QU,XON)\2 < Qi(logQ) (mexp{ C\/@})

a<Q1 #l4) e XE€EX*(q)
< z%(logz)™ <« zQlogz. (4.12)

Combining (4.11) and (4.12), the theorem follows. O

4.2.3 Comparison with GRH

Using the bound on the analytic conductor of the L-function L(s,x o N) given
in [IK04, p. 129], GRH implies

ZZEK(a:;q,a)2 = Z Z ‘QKxXoN’

q<Q a€Gy q<Q xeX(Q)
< (Vz(logx) Z Z
q<Q xeX (@)
= 2Q(logx)*.

See [IK04, Thm. 5.15, p. 114] for this implication of GRH.
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4.3 An Asymptotic Formula for the Mean Square Error

The remainder of this chapter will be dedicated to proving the following more refined

version of Theorem 4.2.1.

Theorem 4.3.1. For any fixed M > 0,

2

> <9K(fﬂ;q, a) — x>2 = [K : Q]z*logz + Dia* + O ((logx)M) . (4.13)

v ¢k (q)

and if 1 < Q <,

2
5% (rliaa) - ) = [ Qe@iogs - 2 0Qlog(a/Q) + Do

=0 acC, oK (q) K (mg)

2
3/4,5/4 T
+O<x “ +<logx>M>’

(4.14)

where D1, Dy are constants and myg is an integer defined in the first paragraph of Sec-

tion 4.5.1.

Remark 4.3.2. The constants Dy, Ds appearing in the statement of the theorem depend on
K and may be given explicitly. However, the expressions are somewhat messy. For example,

D, is given by

(2y — 3)m? 12 B

Dy = F)C'@) + FO) =2+ PO () — (K Q).

Here, ((s) denotes the Riemann zeta function, v =~ 0.577 is the Euler-Mascheroni con-
stant, and F(s) := h(s) [y, GK,e(s). The functions h(s) and G (s) are described in
Section 4.3.1.

Remark 4.3.3. In the case that K/Q is Abelian, it turns out that %K) = [K : Q]. See

(
oK (mK)

83



the first paragraph of Section 4.3.1. Thus, in this case, equation (4.14) simplifies to

) x 2_ ) 3/4.5/4 a?
(KZQQEZG (GK(x,q,a) - SOK(Q)> = [K : Q]zQlog Q + D2Qz + O (:13 Q"+ (10!%"35)M> .

Our proof of Theorem 4.3.1 very closely follows Hooley’s proof of the theorem for

the case K = Q. See [Hoo75, pp. 209-212]. The proof will be carried out in Section 4.3.2.

4.3.1 Analysis of the Arithmetic Function ¢k (q)

Before proceeding with the proof of Theorem 4.3.1, we first analyze the arithmetic
function ¢k (q). Let Q¥ = {J ., Q((y), and let A := Q¥°N K. Then A is an Abelian
extension of Q of finite degree. In particular, A is the maximal Abelian subfield of K. By the
Kronecker-Weber Theorem, there exists a smallest integer mg such that A C Q((ny ) See,
for example, [Lan94, p. 210]. Recall that for each integer ¢ > 0, we defined the intersection
field A, = K N Q(¢,). Whence, via restriction maps, Gal(K({,)/K) = Gal(Q(¢,)/Aq). See
the field diagram (4.3). Thus, it is clear that if ¢ is coprime to mg, then ¢x(q) = v(q).
In any case, ¢ (q) is multiplicative and divides ¢(q). For each prime divisor ¢ of mg, we

make the definition by := ordy(mg).

Lemma 4.3.4. For a prime £, ¢ () is a divisor of £ — 1. In general, we have

er(q) =[] > '—1) I] e ex® T] ex .

lq *|lq £|q
Umg lmg Llmy
a>b, a<bg

Proof. The first statement is trivial as G, is a subgroup of (Z/qZ)*. Since ¢k (q) is mul-
tiplicative and ¢x(g) = ¢(q) for (¢,mg) = 1, we restrict attention to primes dividing
mg.

Suppose that £ is a prime dividing my. Then Agp,+x = Ap, for all integers k& > 0.

Thus, we immediately see that

P (CF) = |Gal(Q(Cper+) / QG )| - 1Gal(Q(Cpne ) /Ay )| = EEprc (€7). (4.15)

84



We claim that

o () = pg(0) for 1 < j < by. (4.16)

If by = 1, the statement is trivial. Assume then that b, > 2, and consider the following field

diagram.
(Cgbe )

Q
e 7 \GDK G
) A, (4.17)
i~
Ay

Observe that Ay = KNQ(¢r) = Ap, NQ(¢e). Since the compositum A, Q((p) is the smallest

Q(

field containing both A, and Q((;), we have that Q((p,) 2 Ap, Q(¢r) 2 Q(¢¢). The Galois
group Gal(Q((p,)/Q(¢)) is cyclic of order ¢~ We deduce then that A, Q(¢r) = Q((po)
for some 1 < jp < b, — 1. However, since myg is minimal, by must be minimal as well.
Therefore, we must have that Ap, € Q((p,—1). This implies that A, Q(¢r) = Q(¢p,)-
Thus, from the diagram (4.17), we see that px (£) = @ (). The claim in (4.16) follows
since o (#7) divides g (#7*!) for all j > 1. The lemma follows by combining (4.15)
with (4.16). O

The final goal of this section is to study the Dirichlet generating function

s 1
Gr(s) = ; )T

and use it to prove two asymptotic identities involving the function @i (n). Since @i (n)

agrees with ¢(n) for (n,mg) = 1, we begin with the Dirichlet series

and introduce finitely many correction factors to obtain Gk (s). Let h(s) denote the Euler
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product

=T gt (1) (1) )

and observe that, for any € > 0, h(s) is holomorphic and bounded for R(s) >

the product formula for Euler’s ¢ function, we factor G(s) as

a(s) = {1 + gi <1 2) - <1 _ els>_1} — ((s)C(s + D)h(s),

14

where again ((s) is the Riemann zeta function.

—% + €. Using

(4.18)

We now return to the Dirichlet series Gg(s). In light of (4.18) and Lemma 4.3.4,

for each prime ¢ dividing m g, we define the correction factor

1 1— (5= )bz ! 1 1 \" 1
{”maes-l( -2 ) T ex® (ﬁ) (1—55

Grul(s) =

ber (-0 0-2)

which has removable singularities at s = 0,1 and is analytic elsewhere. We also define

Gr¢(0) (resp. Gi (1)) to be the limit of G 4(s) as s approaches 0 (resp. 1). In particular,

we note that
p() (™)
e () @)

Gk(0) = ll_{% Gru(s) =

Finally, from (4.18), we observe that G (s) may be factored as

Gr(s) = ((s)C(s + Dh(s) [] Gruls)

Lm g

Lemma 4.3.5. For a fixed number field K, we have

2(1—2)2 : :Cllogw+02+mloﬂ+@+0( );

~ x/ pKr(n) er(mK)
1 1
Z =C1log:c+04+0<>,
n<zx SOK(n) x
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where C1 = C(z%gg?’) HKImK Gk (1), and Cy,C3,Cy are constants.

Proof. We begin with the proof of (4.21). For ¢ > 0,

1 nA 2 1 1 c+i0o s
= 1-— —) = — G 1)——————d
2 (-0 s~ w L SO e
1 —%—Hloo s
=Ro+R_1+ — Gr(s+1)———————ds,
0 ' o ~8—ioo K( )s(s—i—l)(s—i—Z)
where Ry and R_; are the residues of the integrand at s = 0 and s = —1 respectively.

See [Mur01, Exercise 4.1.9, p. 57| for example. Using (4.20), we calculate the residues as

follows:

2)h(1 G 1
¢(2)h( )Hng Kl >logx+;C’2: %logaz+%02;

—C(0)R(0) [T Gr(0) log LG8 _ plmk) logz  Cs
T 20 pr(mk) 20 2z’

where we have applied (4.19) to compute He\mK Gk ¢(0) The remaining integral is clearly
O(x=5/%).

For the proof of (4.22), we begin with the formula

1 1 c+1i00 s
= —_— 1 _—
Z (n) 277@'/6 Gr(s+1) s ds

n<w YK —100

and proceed in a manner similar to the proof of (4.21). O

4.3.2 Proof of the Asymptotic Formula for the Mean Square Error

Let O (x) := Z log Np. We will frequently make use of the formula
Np<z

Ok (z) = 2 4 O(x/(log z)™). (4.23)

The formula follows from (4.5) for example. We will need the following lemma in order to

complete the proof of Theorem 4.3.1.
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Lemma 4.3.6. For any M > 0,

> Y (logNp)? = [K : Ql(xlogz — 2) + O (aog:c>M> ‘

Np<z Np/'=Np

Proof. First, note that since only finitely many rational primes may ramify in K, we only
introduce an error of O(1) by restricting our sum to prime ideals which do not lie above a
rational prime ramifying in K. For a rational prime p, let g, denote the number of primes
lying above p, let f, denote the degree of any prime lying above p, and let e, denote the
ramification index of p in K. Note that e, and f,, are well-defined since K/Q is Galois.
Recall that if p does not ramify in K, then we have [K : Q] = g, f,. Thus, partial summation

and (4.23) yield

> ) (ogNp)?=[K:Q Y gpfp(logp)® +O(1)

Np<z Np’=Np plr <z
ep=1

= [K : Q]logz (O (x) +O(1)) — [K : Q) /13C Wdt +O(1)

=[K :Q](xlogx —z)+ O ($(10g$)7M) :

Proof of Theorem 4.3.1. First, define

S(x;Q1,Q) == ) Z(HK(w;q,a)— - >2-

Q1<q<Q> a€Gy vk (q)

If Q < z(logz)~ ™M+ then Theorem 4.2.1 implies that S(z;0,Q) < z%(logz)~™, and
hence Theorem 4.3.1 follows since the error term dominates in this case. Thus, it suffices
to consider the case when @ > z(log x)_(M +1). Therefore, for the remainder of the proof,
we will write Q1 := x(logz)~ M+ and assume that Q; < Qy < z. By Theorem 4.2.1, we

have

S(2;0,Q2) = S(w;Q1,Q2) + O (¢*(log z) ™). (4.24)
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For @1, Q2 as above,

2x x?
S@;Q1,Q) = > Y, {QK(CC;q,a)2 - ——0k(z;q,a) + }

3
Q1<q<Q2 a€Gy vx () ¢k (q)

= Z ZGK(x;q,a)Q— ° 20K (z) — 2 Z logNp — x

Q1<q<Q2 | acGy QDK(q) Np<z
(Np,g)>1
2 2 1 z?
_ Z Z Ok (x;q,0)* —x Z ( )—i—O 7(10 T ) (4.25)
Q1<q<Q2 acGy Q1<q<Q2 P g
Now, observe that
Y Ox(zig.a)’= > logNplogNp'
a€Gq Np,Np’ <z
Np=Np’ (mod q)
(pp' 40K )=0k
= Z (log Np)? + Z log Np log Np'.
Np=Np'<z Np,Np'<z; Np#Nyp',
(pp',qO0K)=0r Np=Np’ (mod q)
Thus, we define
H(z;Q1,Q2) = > > (logNp)%;
Q1<q<Q2 Np=Np'<z
(pp',qOK)=0k
J(7;Q1,Q2) = Z Z log Np log Np'.

Q1<9<Q2 Np,Np'<z; Np#£ANyp/,
Np=Np’ (mod q)

Now (4.25) may be rewritten as

S(x;Q1,Q2) = H(x;Q1,Q2) + J(x;Q1,Q2)

2

1 log(Qa/Q) + O (ag””x)M) S (4.26)

Note that we have applied the second part of Lemma 4.3.5 to the second term of (4.25).

Removing the condition (pp’,¢Ok) = 1 from the inner sum of H(z;Q1,Q2) intro-
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duces an error which is O ((log x)2) Thus, we may apply Lemma 4.3.6 to obtain

H(x;Q1,Q2) = {Q2 — Q1 + O(V)} {[K : Q|(zlogz — x) + O (z(logz) ")}

= [K : QzQ2logx — [K : QzQ2 + O <(log32U)M> . (4.27)

Now, define J(z;Q) := J(z;Q, x), so that J(z; Q1,Q2) = J(z; Q1) — J(x; Q2). Then

J(z;Q) =2 Z log Np log Np' = 2 Z Z log Np log Np’
Np'<Np<z k<z/Q Np=Nyp’ (mod k)
Np—Np'=kq Np<z;Np—Np'>kQ
Q<g<z
Y Y Y W Y e
k<z/QacGy, Np'<z—kQ EQ+Nyp' <Np<z
Np’=a (mod k) Np=a (mod k)

Since Q > Q1 = z/(logz)M*!, we have k < z/Q < (logz)M*! and kQ > z/(logz)M+1.

Thus, we may apply (4.5) and write

. _ ’ _ T kQ — Ny’ x
O (w5 k,a) — Ok (kQ + Np'; k,a) = 0 +0 <(1ng)2M+1>

for the innermost sum above. This gives

1
zkzéw(k) > (x—kQ - Nyp')log Ny’ +O((logrv)2M“Z'9K )

Np'<z—kQ k<& )
(Np',k)=1

fx kQ HK log k < 3 )
= O O ————
22 . x;‘; x| O\ Qogay )

where the last line follows by partial summation applied to the inner sum of the main term.

Therefore, by (4.23), we have

s =Y (1- kQ) o0 ()

x
k<§
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Following Hooley [Hoo75, p. 212], we consider two different cases for the treatment

of J(z;Q1,Q2). First, if Q2 = x, then

J(2;Q1,Q2) = J(7;Q1)

— 22 {cl log(z/Q1) + C2 + O (W) } o ((lmoi)M>

2
= C12210g(Q2/Q1) + Coz® + O <(logx:£)M> : (4.28)

In the case that @2 < x (including the previous case), we may write

J(2;Q1,Q2) =J(z;Q1) — J(x; Q2)
SO(mK)

=C12°1og(Q2/Q1) — ———2Q2log(x/Qa) — C32Q2
er(mK)
2
3/4.~5/4 €
+0 (:c Qs ) +0 <(10g w)M> . (4.29)
Theorem 4.3.1 now follows by combining (4.24), (4.26), (4.27), (4.28), and (4.29). O
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Chapter 5

Average Frobenius Distribution for

Elliptic Curves over Galois

Number Fields

Recall that if E is a fixed elliptic curve defined over a number field K, r is any

integer, and f is a positive integer, then we define the prime counting function wgf (x) by
ng(.%') = {Np <z :ay(F)=rdegp = f}. (5.1)

Now, recall the Lang-Trotter Conjecture for elliptic curves defined over number fields.

Conjecture 5.0.7. Let E be a fized elliptic curve defined over K, and let r be a fized integer.
In the case that r = 0, assume further that E does not possess complex multiplication. Let
f be a positive integer. Then there exists a positive constant Cg . s such that

Ve =1,

log x>

i () ~ Cpy s loglogz, f =2,

L, f=3
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Recall that in the case K = Q, all primes have degree 1, and hence we suppress the
f. For more details on the conjecture, see Section 1.2.4 of this thesis.

The theme of studying the Lang-Trotter Conjecture “on average” was initiated by
Fouvry and Murty in [FM96] where they studied the case when K = Q and r = 0. Their

work was generalized by David and Pappalardi in [DP99] who showed the following.

Theorem 5.0.8 (David-Pappalardi). For a,b € Z, let E,} denote the elliptic curve given
by Y2 =X3+aX +b. Lete >0. Then, if A, B > z'7¢, we have

where C,. is the convergent infinite product defined by

02 —0—1)
11 (—1(E2-1)

Yr

2 1\ 7!
Cr = = g (1 — €2>
This result has been improved by Baier [Bai07] in the sense that he showed that
one may relax the growth conditions on A and B to A,B > z/?*¢ and AB > z3/2t¢,
In [Jam04], James considered the average over the family of elliptic curves admitting a
rational 3-torsion point. The work was extended in [BBIJ05], where the average was taken
over families of curves with various torsion structure.
The average Lang-Trotter problem was studied in the number field case first by
David and Pappalardi [DP04] where they considered the case K = Q(i) and f = 2. This
work has very recently been extended by Faulkner and James [FJ] to the setting of an
arbitrary number field assumed to be Abelian over Q. They, in fact, consider all f dividing
[K : Q]. We will state their theorem in the next section after we have introduced the
necessary notation.
In this chapter, we will show that the conjecture holds on average for the case f =1
under the assumption that K/Q is Galois. That is, for the case of degree one primes,

we will remove the strigent requirement that Gal(K/Q) be Abelian from the main result
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of [FJ]. See Theorem 5.1.2 below. A major ingredient in the proof will be a version of the
mean square error bound for the Chebotarév Density Theorem given in Chapter 4. See

Remark 4.2.2 following Theorem 4.2.1 on page 76.

5.1 The Lang-Trotter Conjecture for Number Fields “on Av-

erage”

For the remainder of this chapter, we assume that K is a fixed Galois extension of Q
with group G. We denote the discriminant of the field by Ag and the degree of extension
by ngk := [K : Q]. Recall that the ring of integers Ok is a free Z-module of rank ng, and
let B = {a;};%, be an integral basis for Ox. We denote the coordinate map for the basis B
by

nK
HB : OK ; @Zaz = ZnK.
i=1
Given an algebraic integer «, we let |||a||| denote the absolute value of the maximum entry
in the coordinate vector [a|g. Given two algebraic integers o, 8 € Ok, we write E, g for

the model

Eop:Y?=X34+aX +5,

and we write A(E, g) for the discriminant of the equation. For a positive real number ¢,

we define a “box of elliptic curves” by

Ci = {Eag : [llalll, [[18]]] < t; A(Eap) # 0}.

Recall that

" N
71-1/2(:6)_/2‘ 2\/17:10gt lOgﬂZ

See Remark 1.2.26 on page 22. We now state the main result of Faulkner and James [FJ].

Theorem 5.1.1 (Faulkner-James). Suppose that G = Gal(K/Q) is Abelian and that r is a
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fized odd integer. Then there exist explicit constants D, 1 x and D, g such that

1 y Drygmipp(z) if f=1,t>a2%?logx,
al > g (@) ~

BeC, D, o i loglogz if f=2,t> \/zrloguz.

Furthermore,

1 .
al Z 7TE’f(:B) < 00,

EeC,
provided that

/% log x if [ =3,
t> < (logz)?loglogz if f =4,

(log x)? if f>5.

\

Faulkner and James give explicit descriptions of the constants D, x and D, g
both as convergent infinite series and as convergent infinite products. For the sake of
comparison, we will state the series form of D, ;1 i in the next section.

In what follows, we will improve Theorem 5.1.1 for the case f = 1 in two ways. First,
we will define a more general “box of elliptic curves.” This will lead to an improvement in

[4

the sense that we will be able to show the result still holds for boxes growing in “volume”

slightly less rapidly with respect to x. The second improvement is that we remove the
assumption that G = Gal(K/Q) is a Abelian.

For a vector v = (v1,...,vn) € R™, we define the quantities

Po(V) = H Vi,
i=1

m
Py(v) := max Vi 5.2
()= max [ v 62
Jj=1,
J#i
Viin = min {v;}.
min 1§i§m{ ’L}
Given another vector w = (wq,...,wy) € R™, by v < w, we mean v; < w; for all
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1 <i<m. Also, if v = (vq,...,v2,) € R? then we write v := (v1,...vy) for the vector
consisting of the first m components and vy := (Up41, ... v2m) for the vector consisting of
the last m components of v. Given vectors a = (a1,...an.),t = (t1,...tn,) € R"6, we

define a “box” of algebraic integers in K by
B(a,t) ={a € Ok :a<[a|g <a+t}. (5.3)
Given vectors a, t € R?"% with t > 0, we define our general box of elliptic curves Cat by
Cat :={Fap:a € Blay,t),[ € Blag, ta); A(Eqp) # 0} . (5.4)

We now state the main results of this chapter. First, we give the average order of 7721 (x).

Theorem 5.1.2. Let r be a fized integer, and let K be a fized number field, assumed to be

Galois over Q. Then there exists a constant Ck 1 such that

1 Z 1
’Cat’ ﬂ-g (x) ~ CK,’/‘,lﬂ—l/Q(x)v
’ Eeca,t

provided that Py(t) > 22 ~1/2(log z)2mxt1+e | Py(ty), Py(tg) > 26~ 1/2(log 2)"< t14¢ and
tmin > (log )¢, where ¢ is any positive constant.
Remark 5.1.3. We say that the average order of ng (z) is Crpramija(T).

Remark 5.1.4. A more precise statement of this result together with an explicit description

of the constant C .1 is given in the next section.
Remark 5.1.5. Note that the conditions on ¢ in Theorem 5.1.1 imply Py(t) > 23"% (log z)?"% .
We also prove the following bound on the variance, which allows us to show that

the normal order of ng (7) is also Ck 171 j2(2).

Theorem 5.1.6. Let ¢ > 0. Then

r,1 2 €z
T (2) = Crramipe(z)| < (log )2+’

1
|Ca,t| Z

Eeca,t
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provided that Py(t) > z*x~1(logx)2@nxtte Py(ty), Py(te) > 225 1(log x)2(xt)te,

and tpyin > (logz)°.

The Turdn normal order method supplies us with the following corollary. The
corollary may be interpreted as saying that 7@1 (z) ~ Cr rami/2(z) for “almost all” elliptic

curves I € Cat.

Corollary 5.1.7. Let ¢,e > 0 be fized with ¢ > 2¢. If t € R2"K satisfies the conditions of

Theorem 5.1.6, then for all E € Cqy with at most O (Py(t)(log x)?*~¢) exceptions, we have

5 0) ~ Creaam a0 < Ve (5.5)

log x)lJre ’

Proof. Let Cg  denote the subset of Cat consisting of all exceptions to the inequality (5.5),
and let N, = |Cg ¢|. Then by Theorem 5.1.6, we have

r,1 C 2> 1 T
e (0) = ChenamppD] = jg [N flog e

T 1
> .
2+
(log x)%te |Cat pece,

Hence, N, < Py(t)(log z)%¢~¢ since, by Lemma 5.3.1 on page 102, we have |Cat| = Po(t) +
O (Pi(t)). O

5.2 More Precise Statements of the Main Theorems

In this section, we state the series form of the constant D,  of Theorem 5.1.1 as
well as a more precise statement of Theorem 5.1.2. We also give an explicit description of
the constant C'k 1 both as an infinite series and as an infinite product. See Theorems 5.2.1
and 5.2.5 below.

Before proceeding further, we must first recall some of the notation of the previous
chapter. As in Chapter 4, (, will always denote a primitive g-th root of unity, and G, will

denote the image of the natural map

Gal(K((q)/ K) —— (Z/qZ)". (5.6)
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In [FJ], Faulkner and James note that, by the Kronecker-Weber Theorem [Lan94, p. 210],
every Abelian extension K of Q is contained in some cyclotomic extension of Q. Hence, the
splitting of rational primes in K is completely determined by congruence conditions. See
Example 1.1.5 on page 4. We note here that we may further assume that the cyclotomic
extension is taken to be as small as possible. That is, we may choose a smallest integer m g
so that K C Q((m, ). Thus, there exist a list of congruences modulo m such that a rational
prime splits completely in K if and only if it satisfies exactly one congruence on the list.
We now observe that this list of congruences is precisely the elements of the group G, .
In order to see this, recall that a rational prime p splits completely in K if and only if the
Frobenius (KT{Q> is trivial. Thus, it follows that G, is the correct set of congruences since
in the case K/Q is Abelian, Q((nyx) = K(Gny) and G = Gal(K/Q) = (Z/miZ)* )Gy -

Given this notation, we now state the series form of constant D, 1 x:

rme( )

DHK — Qni Z Z%Z CmK nkQ ’ (57)

bEGmK n=1

where

czme (n) := Z (%) . (5.8)

a€(Z/AnZ)*
a=0,1 (mod 4)
(r2—ak? 4nk?)=4
4b=r?—ak?® (mod (4my ,4nk?))
We now recall some more notation from Chapter 4 and then give the more precise
statement of Theorem 5.1.2. We continue to assume that K/Q is Galois, but not necessarily
Abelian. Recall the definitions Q%° := Uq>1 Q(¢y) and A := K NQ%°, and note again that

A is the maximal Abelian subfield of K. Further, put n/ = [A: Q).

Theorem 5.2.1. Let r be a fized integer, and let K be a fized number field, assumed to be

Galois over Q. Further, let

20/ lex ¢ n
CK,T,I = TK Z Z % Z M . (59)



Then Ck 1 is absolutely convergent. Furthermore, for any fized ¢ > 0,

1 T
Z T (x) = Ckramijo(z) + E(z3t),

|Ca7t| EECa,t
where
NS Vv /logx ( 1 1 > (zlogz)?"K
Ex;t) < + + + rlogx)"K + —2 .
(z;t) logz)™* " tumm Rty T Bty ) Elo8 ) Po(t)

Remark 5.2.2. Theorem 5.1.2 is an immediate corollary of Theorem 5.2.1.

Remark 5.2.3. Observe that in the case K/Q is Abelian, we have A = K, and hence

nf =ng = [K : Q]. Therefore, in this case, the constants D1 , x and Ck 1 agree.

Remark 5.2.4. In the case that r = 0, a discussion of the contribution made by complex
multiplication curves is warranted. However, one may follow the argument in [Jam04] to

show that this contribution is dominated by the error term.

As in [FJ], we also describe our constant C 1 as an infinite product over primes.
This requires some considerable notation, which we now define. For b € G, ,., let A" :=

r2 — 4b, and define the following sets of primes:

L = > 2l mi L, ordy(A™?) < ordy(mg)}, (5.10)
gr%z,mx = {0 > 2:l)mg, L tr ords(A™?) > ord,(mg)}. (5.11)

Also make the definition

r,b /pord (Ar’b) . . .. .
(W) if ordg(A™?) is even, positive, and finite,
Iy :=

(5.12)

0 otherwise.
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Finally, let F(r,b,mg) denote the following finite product over the primes dividing mg:

Lord[(mK)+1J

Fy(r,b,mg) H W H fordl(m;)—l
l

3 gorde(mic)+2

: J + 3\\ordg(ﬂ;K)+1J )
i e, (t-1) ¢ (-1
Lr
- {ordz(iﬂb)qJ
E(Ar,b)+<Ar,b)2+ Ly + 017 F% (g _1>
H 14 ¢ ¢ gordg(A™0)/2 "
- 2 — 1 {ordz(va)ﬂJ ’
CeLomi l : (0—1)

(5.13)

where the definition of Fy(r, b, m) is given on the following page.

Theorem 5.2.5. As an infinite product over primes, the constant Cr 1 may be written as

2n) 02 —0-1)
Cir = 11 (£(+ . H 52 S Flrbmg).  (5.14)

TELm
Pme) s bEGm ¢
ff’mK a’mK
Ur Lr
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FZ(T7 ba mK) =

4/3
2
2 3.2Lord2(7nK)/2J
4
2— 3 20rd2(772LK)71
2 - gorda (mg)/2
2
2 - 3.90rda(m ) /2
2
2 2\_ord2(mK)/2J
2
4
2 3.90rdo (AT:) /2
2
2 - 20rd2(Arvb)/2
5
3
2
4
3
1

if 217,
if 2|r, 44 m;
ifr=2 (mod 4),2 < ordy(mg) < ordy(A™?) — 2;
if r=2 (mod 4),ordy(mg) = ordy(A™) — 1,
2|ordy (A™);
if r=2 (mod 4),ordy(mg) = ordy(A™?) — 1,
2t orda (A™);
if r=2 (mod 4),ordy(mg) = ordy(A™?),
. r,b
2|ordy (AT, ?éﬁ =1 (mod 4);
if r=2 (mod 4),ords(mg) = orda(A™?),
b
[2 fordy(A™") OR Zordi(ﬁ =3 (mod 4)|;
if r=2 (mod 4),ordy(mg) > ordy(A™?),
b
2|0rd2(Ar’b), Q‘“dAQW =1 (mod 8)7
if r=2 (mod 4),ordy(mg) > orda(A™?),
r,b
2|ordy (AT, Q()rﬁm =5 (mod 8);
if r=2 (mod 4),ordy(mg) > ordy(A™?),
b
[Qfordg(AT’b) OR QO(S(W =3 (mod8)|;
ifr=0 (mod4),ordy(mg)=2,=3 (mod 4);
ifr=0 (mod4),8mg,b=3 (mod 4),

A;’b 1 (mod 8);

ifr=0 (mod4),8mg,b=3 (mod 4),

A;’b 5 (mod 8);

ifr=0 (mod4),4mg,b=1 (mod 4).
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Theorem 5.2.6. For every ¢ > 0,

1 r1 2 T
— mh(x) — Cgpam .CE’ L —— + Fi(z,t),
o EZC B (@) = Crpampp(@)]| < osrme + Bi@b)
where
Vzloglogz  z/(logx)? ( 1 ) 9 (zlog z)inx
Ei(z,t) = + + + rlogx) K 4+ — 21
1( ) log T tmin PO (tl) PO (tg) ( & ) P() (t)

Remark 5.2.7. Note that Theorem 5.1.6 is an immediate corollary of Theorem 5.2.6.

The next two sections will be concerned with the statements and proofs of sev-
eral intermediate results. The proofs of Theorems 5.2.1 and 5.2.6 will be carried out in

Sections 5.5 and 5.7 respectively.

5.3 Counting Elliptic Curves over K

Let a = (a1,...,02n,),t = (t1,...,tong) € R2"% . Then a; = (@1,...,an, ), a2 =
(Qnpet1y---s oy ) and t1 = (t1,. . tng)st2 = (bngt1,---,ton, ). Our initial step is to
compute the volume of the box of elliptic curves Cq ¢ defined in (5.4). Using the notation
of (5.2), we first observe that the volume of a box of algebraic integers, as defined in (5.3),
is

#B(a;, t;) = Po(ti) + O(Pi(t;)) (5.15)
fori=1,2.

Lemma 5.3.1. Let a = (a1,... a2, ), t = (t1,...,ton, ) € R*K with t > 1, Then
Cat| = FPo(t) + O (Fi(t)),

and hence
1 1
-1 4o <
ICat|  Polt) Py(t)?
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Proof. First, we observe that

#B(ay, t1) - #B(ag, t2) = #{Eap: a € B(ay, t1), 8 € B(ag, t2)},

where we are careful to note that we are counting singular curves as well as nonsingular

curves on the right. Thus, by (5.3), we have

#{Eap: o € B(ai,t1), 8 € Blag, t2)} = (Po(t1) + O(Pi(t1))) (Po(te) + O(Pi(t2)))

= By(t) + O(Pi(t)).
Finally, we compute that

#{E.p:a € Blay,t1),8 € B(ag, t2); A(Eq3) =0} = Z Z 1< Z 1
aEB(al,tl) ﬁEB(aQ,tz), OLEB(al,tl)
4034-2762=0

ng
<[]t < Puy).
i=1
The desired result now follows. ]
Let p be a degree one prime of Ok not containing 6. Then any elliptic curve over
Ok /p may be realized as E,, : Y2 = X3+ aX + b with a,b € Ok /p. Given such a curve,
we will need an estimate on the number of curves in C, ¢ that reduce modulo p to a member

of the same isomorphism class as E,3. That is, we need to estimate the size of
Ca,t(EaJ,;p) = {E S Ca,t : BP Ea,b}-

In addition, if p and p’ do not lie above the same rational prime, we will also need an

estimate for the size of

Cat(Eaps Ear i P,¥') 1= {E € Cay 0 B =5, By BV =5, Eyp).
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Lemma 5.3.2. Let p be a prime of K such that degp = 1, p 1 6, and p 1 H?ﬁl aj.
Also, let p be the unique rational prime lying below p. Then, for any fixed elliptic curve

E.p: Y? = X3+ aX + b defined over F,, we have

p—1 2ng—3/2 2n
at(Eap;p)| = Py(t K=3/2(] K
Cat(Basip)| = (s Pol®) + O (7 log p)'< )

o <[P°(t1) + Po(t2)] p"* %2 (log p)"* + Plzgt)> :

where )

2, ab # 0
ep(a,b) =9 (4,p—1), a#0,b=0

(6,])—1), azoab#o

\
Proof. First, we identify O /p with F, and recall some facts about additive characters
on [F,. We write vy for the trivial additive character. Given a fixed nontrivial additive
character ¢ of I, every other additive character is of the form vy,(c) = ¢ (hc) with h € F),.

Moreover, 9(c) = e(c/p) is a nontrivial additive character of I, where e(2) := exp(2miz).

u+t

We will need estimates for sums of the form » " ¢ (c). The sum is clearly bounded
by t since |(c)| < 1 for all c. If ¢ # b, we can sometimes do better. In particular, since
Y(c) = e(he/p) for some 1 < h <p—1, we have

u+t

;le(c) < /uwrte(hx/p)dg; < %

Thus, we also have

u+tt p—1
> 1D wle)| < min{t,p/h} < plogp. (5.16)
Yo lc=u h=1

By Remark 1.2.3, the only curves of the form E, p : Y? = X3+ a/X 4/ which are

isomorphic to E, are given by o’ = ua,b' = ubb for u € (O /p)*. We first observe that
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cp(a,b) = # {u € (Ok/p)* 1 a=au' (mod p),b=bub (mod p)}. Therefore,

‘Ca,t(Ea,b;p)’ = Cp(cll, b) Z Z Z L.

u€(Ox /p)* acB(a1,t1) feB(az,t2)
pl(a—au') p|(B—bu’)
A(Eq,3)70

Now, since E, is assumed to be an elliptic curve over F,, the discriminant A(E, ;) # 0.
Thus, if £, g reduces to a curve isomorphic to F,j modulo p, then p { A(Eg ﬁ); and hence
A(Eq ) # 0. Therefore, we may remove the nonsingularity condition from the above and

write

DS 1=cp(;b S Y vla—aut (s b,

Cp(a’ b) ue(Ox /p)* aeB(al,t1) ue(Ok /p)* a€B(ai,t1) P!
p|(a—au?), BeB(az,t2)
BEB(az,t2)
pl(B—buS)

where the innermost sum is over all pairs (1, v’) of additive characters on O /p. The main

term comes from ¢ = v’ = 1y, which contributes ﬁpo(t) +0 (Pl (t)>. The remaining

p

terms are bounded by
1 _ _
m Z Z w(au4)w’(bu6) Z Y(a) Z Y'(B)|. (5.17)
PR ()£ (o w0) |ue(Oxc /p)* acB(ai,t1) pEB(az,t2)

In (5.17), at least one of ¢ and ¢’ is nontrivial. Without loss of generality, assume ¥ # 1.

By our above observations concerning additive characters, we have
D(au)y (bu®) = Y(au* + mbu®)

for some m € O /p. We think of au* + mbu® as a polynomial in u over O /p = F, of
degree either 4 or 6. Thus, since p 1 6, we may apply Weil’s Theorem [LN97, Thm. 5.38, p.
223], which yields

Z b (au4 + mbu6) < /P

ue(Ok /p)*
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Now, if 1 = g, we have

P(a)| = Po(t1) + O(Pi(t1)).
a€B(ai,t1)

Similarly, if 1" = 1),

> Y(B)] = Polte) + O(Pi(t2)).

BeB(az,t2)

It remains to bound 3., (> aeB(ay t,) ¥(@)]| since the corresponding sum for 3 in (5.17)

is estimated in the same manner. We write each a@ € B(ay, t1) in terms of our fixed basis
— — S oo Si K o .
B={on,...,an,}as o=} "% cjoy. Since p{[[;% a;, each of the a; are nonzero modulo

p, and hence ¥, # ¥o whenever ¢ # 9. Thus,

Sl DD v =Y Y ﬁw<cjaj>

p#bo |aeB(a,t) p#io |a€B(al,tr) j=1
nk |laj+t;]
= > 111 > waylep)
v#Yo 3=1 |c;j=[a;]
laj+t;]

<11 > | X (e

j=1 w;’é?ﬁo Cj:’—aj]

<L p"¥(logp)"*

by the estimate of (5.16). Therefore, (5.17) is bounded in absolute value by a constant
times

P32 (log )& (Py(t1) + Po(tz) + p"& (log p)"&) .
L]

Lemma 5.3.3. Suppose p and p’ are degree one primes not lying above the same rational
prime. Further, suppose that neither contains 6 or any element of our fixed basis {aj}?fl.
Let p be the unique rational prime number lying below p, and let p' be the unique rational

prime number lying below p'. Fix elliptic curves Eqp and Eq y defined over Ok /p and
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Ok [y’ respectively. Then
-1 —-1)
cp(a, b)ey (o, ") (pp')?

+0 <[Po(t1) + Py(t2)] (pp')™ /2 (log(pp))™ + P;?) :

|Cat (Eap Bt 0,9")| = Py(t) + O ((pp’>2”K‘3/ 2(10g(pp’))2"K>

Proof. Asin the proof of Lemma 5.3.2, we use character sums to see that }Cayt (Eap, Ea pr;p,p") ‘

is equal to

1 1
Cp<a7 b)cp'(a,7 b/) Z Z p,)2

OK/p) aEB(al,tl)
ve(OK /p')* BEB(az,t2)
Y dla—aut)x (B8 — bu®)y' (o — avh)x' (8 — 1),

f,x/
7X

where 1, y each range over all additive characters of O /p and v/, x’ each range over all
additive characters of Ok /p’. As before, the main term arises when all four characters are

trivial and contributes

(p—1)@ —-1) Po(t)+O<P1(t)).

cp(a, b)ey (o, 0) (pp')? pp’

We again apply Weil’s Theorem to find that the remainder is bounded by a constant multiple
of

p]’jpg S w@@]] S xBXB)],
w,,X, aGB(aLtl) ,BEB(aQ,tQ)

where the prime on the outer sum means that we omit the term where all four characters

are trivial. By the Chinese Remainder Theorem, this expression is equal to

VP!
(op)? Yoo Yo 1),

AT acB(al,t1) BeB(az,t2)

where A, 7 each range over all additive characters of O /pp’. The prime on the outer sum

107



again means that we omit the term where both A and 7 are trivial. Observe that Ok /pp’ =
Z/pp'Z since p # p'. The additive characters of Z/pp'Z are all of the \(c) = e(hc/pp’) for
some 0 < h < pp’. Thus, arguing as in the proof of Lemma 5.3.2, we obtain the desired

result. O

5.4 A Weighted Average of Special Values of L-functions

In this section, we compute a certain weighted average of special values of L-
functions. This average is interesting in its own right, but will also figure as a key ingredient
in the proofs of Theorems 5.2.1 and 5.2.6. Recall that given a Dirichlet character y, for
R(s) sufficiently large, the L-function associated to x is defined by L(s, x) := Z X:Z)

We begin by making a few elementary observations and by deﬁningn Zsi)me more
notation. Since only finitely many primes of K may ramify in K((y, ), there exists an
integer rx such that if p is a prime of K with Np > rg, then p does not ramify in K ((p,, ).
Hence, if p is a prime of K with Np > rg, then Np = a (mod my) for some a € G, .
Similarly, there are only finitely many primes containing an element of the basis B. Thus,
there exists an integer '} such that if Np > i, then p { [[7X, a;. Given a fixed integer r,
we make the definition B(r) := max{5,72/4, Ag, 1,75 }.

Throughout the remainder of the chapter, given an integer D, we write xp for the
Legendre symbol (Q) Given a prime of K, say p, we will write p for the unique rational
prime lying below p. We also put di(p) := (r? — 4p)/k? if k%|(r? — 4p). Finally, we define

the following set of rational primes:
Si(r, [, K, z) := {B(r) <p<z:fp(K)=f, E2|(4p’ —r?),and di(p) = 0,1 (mod 4)}

Proposition 5.4.1. Let

1
A(T‘,].,K,IL') =NK Z E Z L(]-aXdk(p))logp
k<2y/xz, peSk(r,1,K,x)
(k,2r)=1
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Then for any fixed ¢ > 0,

A(r,l,K,a:):C}(’r’lx—kO( x >

(10gx)c
where
> 0 rbmg
RSN 0)
O Y3 o e
v, kot ¥ oy e (lmac, nk?))

18 a convergent double sum.

Before proceeding with the proof of Proposition 5.4.1, we need two preliminary
results. The first result is essentially Theorem 4.2.1 of Chapter 4. In fact, it is precisely the
version described in Remark 4.2.2 immediately following the statement of Theorem 4.2.1.

For convenience, we state this alternate version here. Let

9[{71(517;(],@) = § 10ng7 (518)
Np<z
deg p=1
Np=a (mod q)

and let

Ex1(v;q,a) == 0k 1(2;q,a) — 2/0K(q), (5.19)
where ¢k (q) = |Gql.
Theorem 5.4.2. For any fixzed M > 0,

Z Z Ega(7;q,a)* < zQlogz,

q<Q aEGq
provided that z(logz)™ < Q < x.

Remark 5.4.3. To obtain a proof, one may adapt the proof of Theorem 4.2.1 given in
Chapter 4.

Our second preliminary result is a careful application of the Chebotarév Density

Theorem.
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Lemma 5.4.4. For fized integers n and k,

dk<p) r.b,m 1
g — 11 = — g Kn)4+0|(1 + —
K < n 0gp oK ([mg,nk?]) % cgn k2

peSk(r,1,K,z) bGGmK

+0 Z |EK71(x;mKnk2,h)‘

heGmKnk2

(5.20)

Proof. First, note that

Oka(z;qa)=ng > logp.
psx
gp(K)=1
p=a (mod q)

Since (=) is periodic modulo 4n (in fact, modulo n) and since di(p) must be restricted to

values that are 0 and 1 modulo 4, we have

ng Z (dkﬁp)) logp = nk Z (%) Z log p. (5.21)

pEeSK(r,1,K,z) a€(Z/AnZ)* pESk(r,1,K,z)
a=0,1 (mod 4) dr(p)=a (mod 4n)

Now, the conditions k?|(r2 —4p) and di(p) = a (mod 4n) are equivalent to the one condition
r? —4p = ak?® (mod 4nk?), which we want to solve for p. Rearranging, we find that this is
equivalent to 4p = 72 —ak? (mod 4nk?), which is equivalent to p = (r? —ak?)/4 (mod nk?).
Thus, (5.21) becomes

nK Z <dk7§p)> logp = ng Z (ﬁ) Z logp.  (5.22)

n
peSk(r,1,K,z) a€(Z/4AnZ)* B(r)<p<z
a=0,1 (mod 4) fp(K)=1
4|(r‘2—ak2) pEr2—4ak2 (mod nkQ)

Recall the definition of rx on page 108. In particular, recall that if p is a prime of K with
Np > rg, then Np = b (mod my) for some b € G,,,.. Thus, since B(r) > rg, (5.22) is
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equal to

2 (%) > > log Np. (5.23)

a€(Z/AnZ)* beEGm B(r)<Np<z
a=0,1 (mod 4) deg p=1
4|(r2—ak?) Np=(r2—ak?)/4 (mod nk?)

Np=b (mod my)

By the Chebotarév Density Theorem, there are infinitely many degree 1 primes of
K satisfying the conditions Np = b (mod my) and Np = (r? — ak?)/4 (mod nk?) provided
that the two conditions do not directly conflict and the integers (r? — ak?)/4 and nk? are
coprime. If the conditions conflict with one another, then there can be no primes with
that property. We will deal with this situation later. If (r? — ak?)/4 is not coprime to
nk?, then there can be at most one prime satisfying these conditions. Furthermore, this
can only happen when the greatest common divisor of nk? and the least positive residue of
(r? — ak?)/4 is itself a prime ¢ and Np = £. Now, if £|k, then ¢? divides both (r? — ak?)/4
and nk?. Thus, we need only consider those primes dividing n. Therefore, the expression

in (5.23) is equal to

> (5 X > logNp+0 | 3 logt|. (5.24)

a€(Z/AnZ)* bEGm B(r)<Np<z ln
a=0,1 (mod 4) deg p=1 ¢ prime
(r2—ak274nk2):4 Np=(r?—ak?)/4 (mod nk?)

Np=b (mod mg)

Now, we interchange the sum on a with the sum on b. We note that the conditions

Np = (r? — ak?)/4 (mod nk?), (5.25)

Np=b (mod mg) (5.26)

are contradictory unless 4b = r2 — ak? (mod (4my,nk?)). In the case that 4b = r? — ak?

(mod (4m,nk?)), the two conditions (5.25) and (5.26) are equivalent to the single condition

Np = hprank (mod [mg, nk?]), (5.27)
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where hy g0k = bnk? +mg (r? —ak?)/4 and [mg, nk?] denotes the least common multiple

of mg and nk?. Thus, we have that (5.24) is equal to

1
Z Czme( n)0x.1 (x; [mg, nk?, horan k) + O (logn) + O <k52> (5.28)
bECm
where the function ;"™ (n) was defined in (5.8) on page 98, and the second big-O term
comes from the primes of norm less than or equal to B(r).
We now apply the Chebotarév’s theorem to estimate 0x 1 (m; [m, nk?], hbma,n,k).

The result is that (5.28) is equal to

1

rme

P —— Z L +0 <logn+ k2>
’ beGmK

+0 Z Z ‘EK,l(x; [mK7 nk2]7 hb,r,a,n,k) ‘
bEGmK (ZE(Z/4TZZ)*
(r2—ak? 4nk?)=4

(5.29)

For a fixed b € Gy, we note that hp 4 n i ranges over some subset of G, . .12 s a ranges

over (Z/4nZ)*. Thus, since G, is a finite group, we have

Z Z |Exc1 (2 [mic, k], b ramii) | < Z |Exc 1 (2; [mic, nk?], )| .
he€Gm ae(Z/4nZ heG,

m e ,nk2)
(r2—ak? 4nk2)=4 K

Facts from Galois theory imply that G|, k2] is a quotient of G, 12 by a group of size

(my,nk?); which, via the triangle inequality, implies that

Z ‘EK,l(x; [ijnkQ],h)‘ < Z ‘EK’l(x;mKnk2, h)l .
WGy i) heG,, 2

This concludes the proof. O

We now proceed with the proof of Proposition 5.4.1.
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Proof of Proposition 5.4.1. Let U be a parameter to be chosen later. We begin with the
integral identity

s

di(p)\ e / U
—L(1 L(s+1 (s +1)—d
Z< ) R Lxaw) + [ B L) Dl +1)=mds

n>1 -

where I'(s) is the Gamma function defined by

I'(s) ::/ t5=te L.
0

Compare with [Mur01, Exer. 6.6.3, p. 99]. We estimate the integral with Burgess’ bound,
which says L (1/2+ it, xa,(»)) < [tl|dk(p)|"/32. See [Bur63, Thm. 3]. This yields the

identity

e_"/U 7/32
L) = Y (dkép)> % -y (dkT(Lp)> ——+0 <’d’“(;1)/’2> .

n>1

Now, |dk(p)|/%* = |72,;72@|7/32 < (13%)7/32, which gives

1 p/*logp 1 7/32
Z 7 Z ez S \ﬁUZp logp

k‘SQ\/5 pGSk(T71,K7$) pr
1 7/32 T
— 1
< \/Ux nglogw
239/32
< .
VU
Thus, if
U > 27/ (log )%, (5.30)

then we have

At LK) =i S %Z e:U 3 (dkfbp)) logp+ O ((10;)6) . (531)

k<2yz n>1 pESK(r,1,K,x)
Let V be a parameter to be chosen later. We now dispense with the large values of
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k and n in (5.31). First, observe that

1 e /U di(p) e /U 1
Y oyes oy <n>10gp<<1ogxz > oY
V<k<2yz n2>1 pESk(r,1,K,x) n>1 V<k<2z m<zx,
k2|(4m—r?)
—n/U 1
e
<<a:logxz Z =
n>1 V<k<2\/z
) efn/U
< (rlogz)V™ Z -
n>1

By Alternating Series Estimation Theorem, we have 1 —e™% > z — %22. Whence, for U > 1,

n/U U 1 1
& 1/
E - = —log(l —e )<—log<—2 2)<<10gU.

n>1

So, in particular, if

V > (log z)¢t2)/2, (5.32)

U <z, (5.33)

then

1 e~V di(p) xlog z x
— | | .
> X Y (Mo < T o <

V<k<2yx n=>1 pESL(r,1,K,x)
Hence (5.31) becomes
e—n/U

ALK 2) = S %Z — % (d’fép)) logp+ O ((log$)c> L (5.30)

<V n>l pESK(r,1,K,x)

Observe that

Z e*n/U < 1 /oo —x/Ud 1
e €r = .
n>UloglU UlogU Jyiogu UlogU
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Thus, assuming that U satisfies (5.30), we have

DD S (W)eregig ¥ Lo

n
<V, n>UlogU pGSk(T‘,I,K,Z) m=a,
(k,2r)=1 (k 2r) 1 k2|(4m—r?)

xlogx x

< UlogU < (log z)c”

Therefore, (5.34) becomes

A1, K,2) =ng Y % 3 3 (d";ip)) logp+ O ((10595)6) . (5.35)

k<V " n<UlogU pESK(r,1,K,z)

By Lemma 5.4.4, ng times the innermost sum may be written as

dk(p) rbm;( 1
E 1 = E )+ 1 + =
N ( - ogp (m ,nk2 L O | logn 12

pESk(T’,l,K,$) bGG’mK

+0 j{: |Ex 1 (z;mgnk®, h)|
heG

mpe nk?2

(5.36)

We first turn our attention to the last O-term in (5.36) and sum over n and k.

Applying the Cauchy-Schwarz inequality, we have

e—n/U

)LD DI DS

‘EKJ(CC; mKnkz, h)‘

k<V n<UlogU hEGm k2
1/2 1/2
< Z 1 Z 23 mKnk‘ ) Z Z Ex (:c;mKnk:2,h)2
kgvk7 n<Ulog U n<UlogU heG,,, .2
1/2

< Vy/logU > > Exa(w;q,h)

q<mgV2UlogU heGy

(5.37)
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We now choose

T
V- (log ) (5e+15)” (5:38)

V = (logz)ct/2, (5.39)

Note that this choice is in accord with (5.30), (5.32), and (5.33). We also observe that
x> V2UlogU > z(logx)™™, for say M = 4c + 11. Thus, Theorem 5.4.2 applies, and we
have

1/2

x
Z Z Ex1(w;q,h)? < VzV2UlogUlogz < (logz) 275" (5.40)
q<mgV2UlogU heGnm,

Whence, we see that (5.37) is bounded by a constant times x/(logz)°.

Now, we concentrate on the first O-term in (5.36) and sum over n and k, to find

e—n/U T

(logz)e

DY

1
<logn + k?> < logV(loglU)? <«
kE<V = n<UlogU

Combining (5.35), (5.36), (5.37), and (5.40), we have

n/U 'rme n x
ALKz =2 Y Y nkw{ . ng{:z;) +O< ) (5.41)

log x
bEGm,  kSV, ( & )
n<UlogU

where ¢;"™% (n) is defined as in (5.8).
Observe that since mg|[m,nk?], A = Q¥ NK = Q((mg) N K S QCpnye.nk?])-
Thus, we have the isomorphism G, ni2) = Gal(Q(Cprye ni2))/A)- Recalling the definition

nh = [A: Q], we have p([mg,nk?]) = nt-or([mx,nk?)). Therefore, we may rewrite (5.41)

as
—n/U r,b,mK( )
e c n i
A(r,1,K,z) = an] . O : 5.42
(LK) =aric 3 X ) T <<logw>c> o)
m — 7
n<UlogU
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We now proceed with removing the parameters U and V. Observe that

-n r,b,m —-n r,b,m —n
Z € /Uckb *(n) _ Z e /Uck K(”)+O Z e "Yp(n)
& kgl nk®) A k(i k) & ko[, k)
n<UlogU n<UlogU n<UlogU
Elementary properties of the Euler ¢ function imply
p(mnk®) _ p(mi)p(n)p(k?)
k%)) = > > ko(k
(P([mlﬁn ]) (mK,nkQ) = mx QD(TL) SO( )a
and
1 1 1 2v(k)
= c< o []2<
o(k) k:H ~ k -k
o)k ok
Hence,
—n/U v(k)
e "7 p(n)
logU
2 k) € 2 > k? j<logl 2,
k>V, n<UlogU k>V k>V
n<UlogU

and partial summation yields

3 v® ( 1 EX: w [ T 2 1 zv: (k))

= lim | — AU = dt — 2v

13 3 2 3

v k X—oo \ X P Vv 3t (V + 1) P
logV 1

V2 < (log z)¢

since 22(21 2v(F) <« Xlog X. See [Mur01, Exer. 4.4.18, p. 68] for example. Therefore,

Z 6_"/U02’b’mK (n) _ Z e~ /U Zb MK (n) . O( 1 >
& kol nk®) A k(e nk?]) T \(loga)e
n<UlogU n<UlogU
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Furthermore,

—n r.b;m —n r.b;m —n r,b,m
Z e /U ¢l K(n):Ze ey K(n)+0 Z e~m/U oM ()
2 kgl k) 2 k(b nk?)) 2 kgl nk?))
n<UlogU n>1 n>UlogU
—n/U rbm n 1
= ool nkg]; +O((lo x>c)’
i1, P, g
n>1
since
—n/U Ibmi 9] —t/U 1 oo
> ‘ k (2n) <</ C dt< / e YUt
= nke([mk, nk?]) Ulg 1t UlogU Juiegu
n>U_10’gU
< ! < !
UslogU — (logz)c
Therefore,

A(r,1, K, z) DI e VG ) (@ (5.43)
r1, K, z) = ani nke([m, nk?]) (logz)c )~ '
beG e k21

The final step of the proof is to show that

e*”/UCZ’b’mK (n) czb M () 1
= + 0 5.44
2 W k) ~ 2 g (e, i) = (44
n>1 n>1

and that double sum on the right is convergent. To do this, we begin by considering the

Dirichlet series
oo Cr,b,mK (TL)

Dy(s) := Z k

= olmm, k)" (5.45)

which we claim converges for $(s) > 1/2. To demonstrate this, we first note that

T'me(n) oo Tme(n)
78

. (mg,nk?)
Z ko([mg, nk)) Z -

n=1

(5.46)
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r,b,m g (n)

We prove the convergence of Dy(s) for $(s) > 1/2 by showing that >~ -, CIC?T

n—S

converges for R(s) > 1/2. Note that this also implies that Di(1) < ﬁ(,ﬁ), and hence the
double sum on the right hand side of (5.44) converges.
Now, let k(n) denote the multiplicative function whose value on prime powers is

determined by the definition

k(™) = (5.47)

Then Lemma 2.6 of [Jam05] states that ¢”" (n) < n/k(n) for all n. Thus,

oo rbmg 2 2 2j—1 2j—1
e (n) 63//<;£J) IR (07
g:l QO(TL)TLS < H 1+ Z ( 623 £2]s (£2j—1>£(2j—1)s

l

O Sy o &Y

prm— 1 — —_— —

O () o (=)

¢ L j=1 j=1
_H_1+ 1 ( 544 >

al 14 ) \ (e —1)
_H‘H NGRS
B AL e-1 -1 )]

The infinite product converges for #(2s) — max{0,R(s — 1)} > 1, i.e., for R(s) > 1/2.

For any € > 0, we apply [Mur01, Exer. 6.6.3, p. 99] to obtain the identity

—n/U mbmg
/ cy (

: n) = S S U78 s
Z ngp([mK,nkQ]) _Dk(1)+/§}e(5):_1/2+€r( +1)Dk( —i—l) 5 ds. (5.48)

n>1
The integral is then bounded by a constant times %U —1/2+€¢ Summing over k, we have

/U Tab) K Tme

C1/94e 1
Z Zn m nk:2 Z Zn m nk:2 +0 Ul/QJrZﬁ ’
o([mr, o([m, )

k>1 n>1 k>1 n>1 k>1

which completes the proof since U = z/(log 2)°**1® implies that U~1/>*¢ <« (logx)~° for ¢

small enough. O

119



5.5 The Average Order of 77 (z)

We break our computation of the average order of 77%1 (x) into two steps. We record
these two steps as separate propositions since the second step will also be useful in bounding
the size of the variance of wgl (z). Theorem 5.2.1 will follow immediately by combining the
results of the two propositions. As our first step in computing the average order, we convert

the average into a weighted sum of Hurwitz class numbers.

Proposition 5.5.1. Let r be a fixed integer. Then

1 ngl(x)z%ff > H(4]’*_’”2)+Eo(:c;t),

|Ca,t EeCat B(r)<p<z p
fr(K)=1

where

Vz/logz

tmin

(zlog z)?"K

Ey(z;t) < loglogz + Polt)
0

1 1 .
+ (Po(t1) + Po(t2)> (xlogx)"K 4+

Proof. Since there are only finitely many primes of K with norm less than B(r), we have

! Zng(x)ZICitIZ 3 1+0(1):C1 Y Y 1+0)

|Ca,t | | a,t

EeCayt EcCat B(r)<Np<z B(r)<Np<z FE€Cayz
deg p=1 degp=1 ap(E)=r
ap (E)=r

1
= el > Yo [Cas(Ep)+O| D 1| +0),
2t B(r)<Np<a E/F, E€Cayt
deg p=1 #E(Fp)=p+1-r EP sing.

(5.49)

where the sum in first O-term in the last line of (5.49) is over all elliptic curves in Ca ¢ whose
reductions are singular modulo p.

We now concentrate on estimating 1/|Ca¢| times the bracketed expression in the
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last line of (5.49). Arguing as in the proof of Lemma 5.3.2, we have

!Catr YSltpg X 5 Y Y Zwa—aZzp

E€Cay a,beOk [p acB(a1,t1) BeB(az,t2) ¢
EP sing. 4a34-27b2=0

1 1 1\ (plogp)"x 1\ (plogp)?"x
<y +<Po(t1)+P0(t2)> p +<Po<t>) p - (550

Further, since there are at most 10 isomorphism classes Ea,b over [F, with ab = 0 and since

p = Np > B(r), we may apply Deuring’s Theorem (Theorem 1.2.21), Lemma 5.3.1, and

Lemma 5.3.2, to obtain

1 H(4p — 1?) (1 H(4p —7?) 1 )
Cat(Esp)|=———=+0( -+
AP » T

#E(Fy)=p+1—r

10 (p”K—3/2(logp)”KH(4p -7 [Po(ltl) - Po(1t2)D

+0 <p2”K_3/ *(log p)* H (4p — 7'2))

Po(t)

(5.51)

where H(4p — r?) is the Hurwitz class number of discriminant 72 — 4p. Substituting equa-

tions (5.50) and (5.51) back into (5.49) and writing Eo(z;t) for the error term, we have

1 , nK H(4p —r?)
o > TrEvl(a;):7 Y =+ Ey(xst). (5.52)
At pecas p<z p
fr(K)=1

We now turn to bounding the error term Ep(x;t). It is well known that

1
Z — ~ loglog x.
p

p<xz

See [Dav80, eqn. (5), p. 56] for example. Also, by [DP99, eqn. (32), p. 179], we have

ZH(4P—7"2) <V

P logz’

(5.53)

p<z

121



It remains then to bound

> " p s 32 (log p)* < H(4p — %) (5.54)

p<w

since ZpQ"K ~3/2(log p)"* H (4p — %) may be bounded in a similar manner. The key to
p<z

bounding both is in bounding Y __ H(4p — r?). We do this as follows.

p<x
The class number formula applied to the imaginary quadratic order of discriminant

—d < 0 has the simple form

L (1, <_d)> _ m. (5.55)

See [IK04, eqn. (22.59), p. 513] and [Cox89, Cor. 7.28] for example. Thus, by definition

of the Hurwitz class number, we have

h((r* — 4p)/k?)
H(4p — 7"2) =2 Z 5 5
pl el )R
di(p)=0,1 (mod 4) (5 56)
4p - TQL(L Xdk(p)) ‘
wk ’

k2|(r?—4p)
dr(p)=0,1 (mod 4)

recalling that d(p) = (r? — 4p)/k%. We also have the bound

L (1, <_d>> < logd. (5.57)

See [IK04, Exer. 9, p. 120]. Hence H(4p — r?) < \/ﬁlogpzk2|(r2_4p) % As in [DP99, p.
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178], we apply the Brun-Titchmarsh Theorem , which gives

ZH(4p—r2)<<\/:Eloga:Z Z %:\/Elogxz% Z 1

p<z p<z k2|(r2—4p) k<2\/z p<w

¥|(r—1p)
1 1 T
< V7l - | 1 - .
<Veloge D, ¢ ) 1< Valgr ) k o(k)k log (4% /k2)
k<2\/z p<dex k<2\/z
W2~ 1p)

See [IK04, Thm. 6.6, p. 167] for a statement of the Brun-Titchmarsh Theorem. As a
function of k on the interval [1,2+/z], the expression klog(4ex/k?) is minimized at k = 1.

Thus, we have logz < log(4ez) < klog(4e?/k?), and hence

1 T
H(4p —r? 1 —— 3/2, 5.58
E (4p — 1) < Vwlogx E kgo(k:)logx(w (5.58)
p<z k<2\/x

If ng > 2, the expression in (5.54) is bounded by a constant multiple of

2K 32 (log 1)K Z H(4p —r?) < (zlogz)"X.
p<z

If ng =1 (ie., if K =Q), we use partial summation together with (5.58) to bound (5.54)

by xlogx. Therefore,

(v log z)?"K
Po(t)

1 1 1
Ep(x;t) < loglogx + v/logx + ( + ) (xlogx)"K 4+

timin Py(t1)  Po(ta)

O]

As our second step in computing the average order of 7T]TE’1 (z), we estimate the

weighted sum of Hurwitz class numbers appearing in Proposition 5.5.1.

Proposition 5.5.2. For every ¢ > 0,

n — 72 z
71( Z H{p—r) = Ck ramij2(z) + O ( Ve ) .

14+c
R (log z)
fp(K):l
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Proof. Using (5.56), we have that

nK H(4p—1%)  ng Vap—r?

Sy 2 > W‘L(LXdk(P))‘
B(r)<p<z B(r)<p<z  k2|(4p—r2)
fr(K)=1 fo(K)=1 di(p)=0,1 (mod 4)

Rearranging the order of summation and noticing that we need only consider k < 2,/x, this

becomes

1, Xdy (p)) -

S H(dp—r%) _nx 1 3 7V4P_T2L(
P 27 k P
B(r)<p<c K<2VE - pESK(nLK.2)

fp(K):l

From the bound (5.57) and the fact that \/4p — 72 = 2,/p + O(1/,/p), we obtain

nK Z H(4p —17) _ nK 1 Z L (1, Xay(p))

k
b T k<ayE " peSinLK.z) VP

B(r)<p<z
fp(K):l

logp
+0 D DR

p<e U k2 (ap—r?)

Since Zk2|(4p_7"2) 1 < p® for every € > 0, the big-O term is bounded. Thus,
H(4p — r? 1 L (1,
ey p—r7) _nx Ly LX) +O(1). (5.59)
B(r)<p< p T k \/;5
r)<p<z k<2y/x peSk(r,1,K,x)

fp(K):l

Partial summation applied to the inner sum yields

L(LXaw) 1
> = s 2 L(Lxa)logp

pESK(r,1,K,z) \/f) peSk(r,1,K,x)

/ ZpGSk (r,1,K,z) (1 Xdk( )) 1ng +
2t3/2log t + t3/2(log t)?
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Let ¢ > 0 be fixed. Applying Proposition 5.4.1, we have

nK 1 o C}(,T‘,l \/E \/E
rvmlogs 2= k2. Elxaw)losr =m0 n 40 ot )

k<2y/x peSk(r,1,K,x)

and

me g~ 1 2pesitria L (L Xayw) 108 Cicra /ﬂﬁ dt
B(r) 2t3/2 Jog t + t3/2(log t)2 T Jo 2Vtlogt + Vt(logt)?

* dt
o </B(r) ﬂ(logt)cﬂ) '

T k
k<2yz

Substituting all of this back into (5.59) yields

H(4p — r2 Ch . Toodt
Wy Meen) S o [t [ e
2 P 7 |logw \flogt 9 2v/tlogt

B(r)<p<z
Jp(K)=1 (5.60)

#0 ()

since integration by parts gives

~ 0 [, Tier) < T
\[ logt )t (log ) CH Vi logt )et2 (log z)etl”

This completes the proof since Ck 1 = %C’}(ml and integrating by parts gives

z dt
= 5.61
1 (o) /2 s Jiion = 1ogx mogt (5.61)

5.6 The Product Formula for the Constant Ck,

We now compute the product formula for the constant Cx ;1. That is, we prove

Theorem 5.2.5.
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Proof of Theorem 5.2.5. First, we break the constant C' ., into smaller pieces. In partic-

ular, for a fixed b € G, , we make the definition
b ’ i 1 i CZ,Z)J”K (n) (5.62)
=n - —_— .
Korl K k ne([mg, nk?))

k=1 n=1

Comparing Theorem 1.1 and Proposition 2.1 of [Jam05], we see that James proves that

Kk F(rbmg) ) QY H
g plmx) gy (1) 6—12 52 R
Yr £\r

where F'(r,b,mg) is defined as in (5.13). Thus, summing over all b € G,,,. and factoring

appropriately, we have

P P .
Cipi = =Clpy == 3 O
)T T K,T,l T Krl1

bEGm e

) ( (5.63)

2ng 002 -0 — 1)
=|—" F(r,b,mg)
To(mg) g +1)(t—1)? €2 beGZm
f’me &mK ®
Ur Lr

as desired. O

. 1
5.7 The Variance of 73 ()
In this section, we prove the bound on the variance of 7@1 (x) given in Theorem 5.2.6.

Proof of Theorem 5.2.6. In general, if yu = % Zﬁ;l An, then

1 & 1 ([
Rt (08) -
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Whence,

r 2 1 T 2
Wél(»’v) - CK,r,lﬂl/Q(w)‘ == Z [Wél(l’)] — [C'K,r,1771/2(37)]2
|Ca,t EeCay

1
a2

EECa,t

Concentrating on the first term on the right hand side of (5.64), we have

1 9 1
o > ()] = e > > 1+ > 1

EeCast E€Cay Np,Np'<z Np,Np'<z
Np=Nyp' Np#Np'
ap (B)=a, (E)=r ap (E)=a,/(E)=r
L deg p=deg p’=1 deg p=deg p’'=1

Let ¢ > 0 be given. We bound the sum over primes of equal norm by noting that

1 1 1 r,
’CT,H Z Z 1§m Z Z nK:nKm Z ﬂ'El(ac).

EeCayt Np,Np/'<z Ee€Cayy Np<lz FEeCayt

Np=Nyp’ ap (E)=r
ap (E)=a,/(E)=r deg p=1
deg p=deg p’'=1

Applying Theorem 5.2.1, we have

! > > 1<<£+E(:c;t).

Cat] E€Cayx  Np,Np/<z logz
Np=Np’
ap (E)=a, (E)=r
deg p=deg p’'=1
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For the primes of unequal norm, we argue as in the proof of Proposition 5.5.1 and write

P D Y v D VRSP D

at’

EeCay Np,Np' <z " B(r)<Np,Np'<z EeCayt
Np#Np’ Np#Np'  ap(E)=a,/(E")=r
ap (B)=a, (E)=r deg p=deg p’'=1

deg p=deg p’'=1

_‘Cit 3 Yoo [Car(E Ep )

B(r)<NpNp'<z  E/F, E'/F,
Np#NY' e B(F,)=p+1—r
deg p=deg p’'=1 #E’(Fp/):p/—l—l—r

1
Ol >, 1
&Y B(r)<NpNp'<z  E€Cat

Np#Np’ EP or EX' sing.
deg p=deg p’'=1

Thus, applying Lemma 5.3.3 on page 106 and arguing as in the proof of Proposition 5.5.1,

we obtain
1 n2 H(4p — r?)H (4p' — 1?)
1= K + O (F1(z,t)),
mr X %oy (B, 1)
at  NpNp'<z B(r)<p,p'<z
Np#Np’ PFEP
ap (E)=a,/ (E)=r fo(K)=fp (K)=1
deg p=deg p’'=1
(5.67)
where
Vzloglogzr  z/(logx)? [ 1 ] 9 (zlog z)4"K
Eqi(z,t) = + + + rlogx)*"K 4+ — 2~
iz t) log 2 tmin Rot) T Bty | (01087) Po(t)
By Proposition 5.5.2, the double sum over primes in (5.67) is equal to
2
ng H(4p — r2) n%( H(4p — 7“2)2 B 9 T
5 2 | X T = Okamp@) 0 g
B(r)<p<z B(r)<p<z
fp(K)=1 fr(K)=1
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Combining this with equations (5.65), (5.66), and (5.67), we have

T

(log 2)2+¢ + El(l’;t)> ;

L3 )P = [Cmnwlm(ﬂ?)fw(aow

‘Ca’t EeCay

and substituting this into (5.64), we obtain the desired result.
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Chapter 6

Conclusions and Future Work

In this thesis, four different number theoretic problems were discussed. In Chapter 2,
Hurwitz class number identities of a certain type were stated and proved. In particular,
three different techniques were demonstrated. The first involved counting elliptic curves
over finite fields; the second involved expressing the sums of interest as the coefficients of
a certain modular form; and the third involved manipulations of the Eichler-Selberg Trace
Formula. The tables of Section 2.5 state many conjectures which remain open. In the
future, it would be appropriate to pursue proofs of these conjectures. We also note that
several of the entries in the table of Conjecture 2.5.2 are empty. We believe that this is
due to the prescence of cusp forms in the associated space of modular forms. William
Duke has pointed out to us that the contribution of these cusp forms may be estimated as
in [Duk97, Jon08]. However, it may be interesting to study the specific cusp forms that
appear to see if anything more can be said in special cases.

In Chapter 3, we studied the problem of generating large order elements in finite
fields. The technique for generation involved explicit equations for modular towers discov-
ered by Elkies [EIk98]. However, the proofs never used this interpretation, but rather relied
on elementary manipulations. It would be interesting to see if using the modular interpre-
tation of these equations could lead to better bounds. However, the author admits that he

has no idea how to begin such a project. Other potentially useful projects include using
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Elkies “recipe” to “cook up” more examples of explicit equations for modular towers or
seeing if his techinque applies to the case of the curves X; (V) in addition to his description
for the curves Xo(IV).

The Chebotarév Density Theorem is a powerful and beautiful tool. In Chapter 4, we
studied the error in the approximation given by the Chebotarév Density Theorem. The best
known bounds on the error in the approximation are given by Lagarias and Odlyzko [LO77]
who give both unconditional bounds and stronger bounds under the assumption of GRH.
Estimates on the error term are useful when one needs to control the error incurred by
invoking the theorem. However, for many applications, such as in the proof of Proposi-
tion 5.4.1 on page 108, it is often sufficient to obtain bounds in some average sense. In fact,
one can often produce better bounds on average that what is “naively predicted” by GRH.
In Chapter 4, we studied the mean square error for the Chebotarév Density Theorem when
averaging over cyclotomic extensions of a fixed number field. In particular, we showed that
that the mean square error is small and gave an asymptotic formula for it as well. These
results are related to the classical Barban-Davenport-Halberstam Theorem and its variants.

With respect to future work, two ideas readily come to mind. The first comes from
noting that the ray class fields of QQ are precisely the cyclotomic extensions of Q [Cox89,
p. 164]. Thus, we may interpret the original Barban-Davenport-Halberstam Theorem (see
Theorem 4.1.1) as the mean square error for the Chebotarév Density Theorem when average
over all ray class fields of Q. In light of this new interpretation, it would be interesting to
obtain this result for the number field setting, where the ray class fields are not necessarily
the cyclotomic extensions of K. The second idea for future work would involve studying

the mean square error in estimating the sum

Z log p (6.1)

by the Chebotarév Density Theorem. Here, we would assume that K is a fixed Galois
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extension of Q of finite degree, linearly disjoint from Q((,), and C' is a fixed conjugacy class
of Gal(K/Q). A result of this type would be useful in extending the work of Faulkner and
James on the average Lang-Trotter problem for primes of degree 2 to certain non-Abelian
Galois extensions of (. We note that though only stated for finite Abelian extensions of
Q, the work of Faulkner and James [FJ] on the average Lang-Trotter problem for primes of
degree greater than 2 actually goes through for finite Galois extensions of ( more generally.
The Bombieri-Vinogradov type average error (see [Dav80, p. 161]) for the sum (6.1) has
already been studied by Murty and Murty in [MMS87].

Finally, in Chapter 5, we studied the Lang-Trotter Conjecture in number fields. In
particular, we extended and improved a recent result of Faulkner and James [FJ] on the
average problem for the case of degree 1 primes. The improvement involved showing that
the result holds for averages over “smaller boxes” of elliptic curves. The extension involved
showing that the assumption that the number field is Abelian over Q may be relaxed to
Galois over Q. Provided that one can obtain the proper Barban-Davenport-Halberstam
variant, extending this work to the case of degree 2 primes would be very natural. We
note that the Barban-Davenport-Halberstam variant associated to the sum (6.1) discussed
above should be enough to extend the result to any Galois number field with no nontrivial
intersection with Q%¢. In particular, this would apply to any Galois extension with a simple,

non-Abelian Galois group (e.g., an Az-extension).

132



Bibliography

[Bai07]

[Bar64]

[BBLIO5]

[BCDTO1]

[BCF*08]

[BCGT09]

[BCP97]

[Bur63]

[Che05]

[Che07]

[CohT75]

Stephan Baier. The Lang-Trotter conjecture on average. J. Ramanujan Math.
Soc., 22(4):299-314, 2007.

M.B. Barban. On the distribution of primes in arithmetic progressions “on
average”. Dokl. Akad. Nauk UzSSR, 5:5-7, 1964. (Russian).

Jonathan Battista, Jonathan Bayless, Dmitriy Ivanov, and Kevin James. Aver-
age Frobenius distributions for elliptic curves with nontrivial rational torsion.
Acta Arith., 119(1):81-91, 2005.

Christophe Breuil, Brian Conrad, Fred Diamond, and Richard Taylor. On the
modularity of elliptic curves over Q: wild 3-adic exercises. J. Amer. Math. Soc.,
14(4):843-939 (electronic), 2001.

Brittany Brown, Neil J. Calkin, Timothy B. Flowers, Kevin James, Ethan
Smith, and Amy Stout. Elliptic curves, modular forms, and sums of Hurwitz
class numbers. J. Number Theory, 128(6):1847-1863, 2008.

Jessica Burkhart, Neil J. Calkin, Shuhong Gao, Justine Hyde-Volpe, Kevin
James, Hiren Maharaj, Shelly Manber, Jared Ruiz, and Ethan Smith. Finite
field elements of high order arising from modular curves. Des. Codes Cryptogr.,
51(3):301-314, 20009.

Wieb Bosma, John Cannon, and Catherine Playoust. The Magma algebra
system. I. The user language. J. Symbolic Comput., 24(3-4):235-265, 1997.
Computational algebra and number theory (London, 1993).

D. A. Burgess. On character sums and L-series. II. Proc. London Math. Soc.
(8), 13:524-536, 1963.

Qi Cheng. On the construction of finite field elements of large order. Finite
Fields Appl., 11(3):358-366, 2005.

Qi Cheng. Constructing finite field extensions with large order elements. STAM
J. Discrete Math., 21(3):726-730, 2007.

Henri Cohen. Sums involving the values at negative integers of L-functions of
quadratic characters. Math. Ann., 217(3):271-285, 1975.

133



[Coh96]

[Con01]

[Cox89]

[Cro75]

[Dav80]

[Deudl]

[DH66]

[DH68)]

[DP99]

[DP04]

[DSO05]

[Duk97]

[Bic55)

[E1k98]

Henri Cohen. A Course in Computational Algebraic Number Theory. Springer-
Verlag, New York, 1996.

Alessandro Conflitti. On elements of high order in finite fields. In Cryptogra-
phy and computational number theory (Singapore, 1999), volume 20 of Progr.
Comput. Sci. Appl. Logic, pages 11-14. Birkh&user, Basel, 2001.

David A. Cox. Primes of the form x* 4 ny?. A Wiley-Interscience Publication.
John Wiley & Sons Inc., New York, 1989. Fermat, class field theory and complex
multiplication.

M. J. Croft. Square-free numbers in arithmetic progressions. Proc. London
Math. Soc. (3), 30:143-159, 1975.

Harold Davenport. Multiplicative Number Theory. Springer-Verlag, New York,
1980.

Max Deuring. Die Typen der Multiplikatorenringe elliptischer Funktio-
nenkorper. Abh. Math. Sem. Hansischen Univ., 14:197-272, 1941.

H. Davenport and H. Halberstam. Primes in arithmetic progressions. Michigan
Math. J., 13:485—489, 1966.

H. Davenport and H. Halberstam. Corrigendum: “Primes in arithmetic pro-
gression”. Michigan Math. J., 15:505, 1968.

Chantal David and Francesco Pappalardi. Average Frobenius distributions of
elliptic curves. Internat. Math. Res. Notices, 1999(4):165-183, 1999.

Chantal David and Francesco Pappalardi. Average Frobenius distribution for
inerts in Q(47). J. Ramanujan Math. Soc., 19(3):181-201, 2004.

Fred Diamond and Jerry Shurman. A first course in modular forms, volume
228 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2005.

William Duke. Elliptic curves with no exceptional primes. C. R. Acad. Sci.
Paris Sér. I Math., 325(8):813-818, 1997.

Martin Eichler. On the class of imaginary quadratic fields and the sums of
divisors of natural numbers. J. Indian Math. Soc. (N.S.), 19:153-180 (1956),
1955.

Noam D. Elkies. Explicit modular towers. In Proceedings of the Thirty-Fifth
Annual Allerton Conference on Communication, Control and Computing. Univ.
of Illinois at Urbana-Champaign, 1998.

Bryan Faulkner and Kevin James. Average Frobenius distributions for elliptic
curves over Abelian extensions. (preprint).

Etienne Fouvry and M. Ram Murty. On the distribution of supersingular
primes. Canad. J. Math., 48(1):81-104, 1996.

134



[Fre94]

[Gao99]

[Gol70]

[GS95a]

[GS95h]

[GS96]

[GS01]

[GV95]

[GvzGP9g]

[Hin81]

[HooT75]

[HPS89)

[Hun74]

[HZ76]

Gerhard Frey. Construction and arithmetical applications of modular forms
of low weight. In FElliptic curves and related topics, volume 4 of CRM Proc.
Lecture Notes, pages 1-21. Amer. Math. Soc., Providence, RI, 1994.

Shuhong Gao. Elements of provable high orders in finite fields. Proc. Amer.
Math. Soc., 127(6):1615-1623, 1999.

Larry Joel Goldstein. A generalization of the Siegel-Walfisz theorem. Trans.
Amer. Math. Soc., 149:417-429, 1970.

Arnaldo Garcia and Henning Stichtenoth. A tower of Artin-Schreier exten-
sions of function fields attaining the Drinfel’d-V1adut bound. Invent. Math.,
121(1):211-222, 1995.

Joachim von zur Gathen and Igor Shparlinski. Orders of Gauss periods in finite
fields. In Algorithms and computations (Cairns, 1995), volume 1004 of Lecture
Notes in Comput. Sci., pages 208-215. Springer, Berlin, 1995. Also appeared
as Orders of Gauss periods in finite fields. Applicable Algebra in Engineering,
Communication and Computing, 9 (1998), 15-24.

Arnaldo Garcia and Henning Stichtenoth. Asymptotically good towers of func-
tion fields over finite fields. C. R. Acad. Sci. Paris Sér. I Math., 322(11):1067—
1070, 1996.

Joachim von zur Gathen and Igor Shparlinski. Gaufl periods in finite fields.
In Finite fields and applications (Augsburg, 1999), pages 162-177. Springer,
Berlin, 2001.

Shuhong Gao and Scott A. Vanstone. On orders of optimal normal basis gen-
erators. Math. Comp., 64(211):1227-1233, 1995.

Shuhong Gao, Joachim von zur Gathen, and Daniel Panario. Gauss periods:
orders and cryptographical applications. Math. Comp., 67(221):343-352, 1998.
With microfiche supplement.

Jirgen G. Hinz. On the theorem of Barban and Davenport-Halberstam in
algebraic number fields. J. Number Theory, 13(4):463-484, 1981.

Christopher Hooley. On the Barban-Davenport-Halberstam theorem. I. J.
Reine Angew. Math., 274/275:206—223, 1975. Collection of articles dedicated
to Helmut Hasse on his seventy-fifth birthday, III.

Hiroaki Hijikata, Arnold K. Pizer, and Thomas R. Shemanske. The basis prob-
lem for modular forms on I'g(N). Mem. Amer. Math. Soc., 82(418):vi+159,
1989.

Thomas W. Hungerford. Algebra. Springer-Verlag, New York, 1974.

F. Hirzebruch and D. Zagier. Intersection numbers of curves on Hilbert modular
surfaces and modular forms of Nebentypus. Invent. Math., 36:57-113, 1976.

135



TK04]

[TR90]

[Jam04]

[JamO05]

[Jon08]

[Kna92]

[Kob93]

[Lan94]

[Lan02]

[Len87]

[Liu08]

[LN97]

[LO77]

[LT76]

[Mar77]

[Miy89]

Henryk Iwaniec and Emmanuel Kowalski. Analytic number theory, volume 53
of American Mathematical Society Colloquium Publications. American Mathe-
matical Society, Providence, RI, 2004.

Kenneth Ireland and Michael Rosen. A Classical Introduction to Modern Num-
ber Theory. Springer-Verlag, New York, 2 edition, 1990.

Kevin James. Average Frobenius distributions for elliptic curves with 3-torsion.
J. Number Theory, 109(2):278-298, 2004.

Kevin James. Averaging special values of Dirichlet L-series. Ramanujan J.,
10(1):75-87, 2005.

Nathan Jones. Trace formulas and class number sums. Acta Arith., 132(4):301-
313, 2008.

Anthony W. Knapp. Elliptic Curves. Princeton University Press, Princeton,
1992.

Neal Koblitz. Introduction to Elliptic Curves and Modular Forms. Springer-
Verlag, New York, 1993.

Serge Lang. Algebraic number theory, volume 110 of Graduate Texts in Mathe-
matics. Springer-Verlag, New York, second edition, 1994.

Serge Lang. Algebra. Springer-Verlag, New York, 3 edition, 2002.

Jr. H. W. Lenstra. Factoring integers with elliptic curves. Ann. of Math. (2),
126(3):649-673, 1987.

H.-Q. Liu. Barban-Davenport-Halberstam average sum and exceptional zero of
L-functions. J. Number Theory, 121(4):1044-1059, 2008.

Rudolf Lidl and Harald Niederreiter. Finite fields, volume 20 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge,
second edition, 1997. With a foreword by P. M. Cohn.

J. C. Lagarias and A. M. Odlyzko. Effective versions of the Chebotarev density
theorem. In Algebraic number fields: L-functions and Galois properties (Proc.
Sympos., Univ. Durham, Durham, 1975), pages 409-464. Academic Press, Lon-
don, 1977.

Serge Lang and Hale Trotter. Frobenius distributions in GLg-extensions. Lec-
ture Notes in Mathematics, Vol. 504. Springer-Verlag, Berlin, 1976. Distribution
of Frobenius automorphisms in GLs-extensions of the rational numbers.

Daniel A. Marcus. Number fields. Universitext. Springer-Verlag, New York,
1977.

Toshitsune Miyake. Modular Forms. Springer-Verlag, New York, 1989.

136



[MMS7]

[Mon70]

[Mur01]

[Mur02]

[Ono04]

[Sch8&7]

[SerT2]

[Ser98]

[Si186]

[Si194]

[SL96]

[Smia]

[Smib]

[SS77]

M. Ram Murty and V. Kumar Murty. A variant of the Bombieri-Vinogradov
theorem. In Number theory (Montreal, Que., 1985), volume 7 of CMS Conf.
Proc., pages 243-272. Amer. Math. Soc., Providence, RI, 1987.

H. L. Montgomery. Primes in arithmetic progressions. Michigan Math. J.,
17:33-39, 1970.

M. Ram Murty. Problems in analytic number theory, volume 206 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 2001. Readings in Mathe-
matics.

V. Kumar Murty. Splitting of primes in infinite extensions. In Number theory
for the millennium, III (Urbana, IL, 2000), pages 23-41. A K Peters, Natick,
MA, 2002.

Ken Ono. The web of modularity: arithmetic of the coefficients of modular forms
and g-series, volume 102 of CBMS Regional Conference Series in Mathematics.
Published for the Conference Board of the Mathematical Sciences, Washington,
DC, 2004.

René Schoof. Nonsingular plane cubic curves over finite fields. J. Combin.
Theory Ser. A, 46(2):183-211, 1987.

Jean-Pierre Serre. Propriétés galoisiennes des points d’ordre fini des courbes
elliptiques. Invent. Math., 15(4):259-331, 1972.

Jean-Pierre Serre. Abelian l-adic representations and elliptic curves, volume 7
of Research Notes in Mathematics. A K Peters Ltd., Wellesley, MA, 1998. With
the collaboration of Willem Kuyk and John Labute, Revised reprint of the 1968
original.

Joseph H. Silverman. The Arithmetic of Elliptic Curves. Springer-Verlag, New
York, 1986.

Joseph H. Silverman. Advanced topics in the arithmetic of elliptic curves, vol-
ume 151 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1994.

P. Stevenhagen and H. W. Lenstra, Jr. Chebotarév and his density theorem.
Math. Intelligencer, 18(2):26-37, 1996.

Ethan Smith. A Barban-Davenport-Halberstam asymptotic for number fields.
(preprint).

Ethan Smith. A generalization of the Barban-Davenport-Halberstam theorem
to number fields. (to appear in J. Number Theory).

J.-P. Serre and H. M. Stark. Modular forms of weight 1/2. In Modular functions
of one variable, VI (Proc. Second Internat. Conf., Univ. Bonn, Bonn, 1976),
pages 27-67. Lecture Notes in Math., Vol. 627. Springer, Berlin, 1977.

137



[Vol07]

[Wil69)]

[Wil95]

Richard Taylor. Automorphy for some I-adic lifts of automorphic mod [ galois
representations. ii. (preprint).

Richard Taylor and Andrew Wiles. Ring-theoretic properties of certain Hecke
algebras. Ann. of Math. (2), 141(3):553-572, 1995.

José Felipe Voloch. On the order of points on curves over finite fields. Integers,
7:A49, 4, 2007.

Robin J. Wilson. The large sieve in algebraic number fields. Mathematika,
16:189-204, 1969.

Andrew Wiles. Modular elliptic curves and Fermat’s last theorem. Ann. of
Math. (2), 141(3):443-551, 1995.

138



INDEX

absolute degree, 2
absolute Galois group
of a finite field, 7
of a number field, 6
representation of, 2021

Barban-Davenport-Halberstam Theorem,
73, 131

Bernoulli number (generalized), 26

Bezout’s Theorem, 12

Bombieri-Vinogradov Theorem, 132

Brun-Titchmarsch Theorem, 123

Chebotarév Density Theorem, 5, 21, 32,
74, 75, 109, 111, 112, 131-132
class number
Dirichlet, 17, 50
formula, 122
Hurwitz, 18-19, 28, 32-53, 120, 121,
123, 124
Kronecker, 17
congruence subgroup, 24
cusp, 24
cusp form, 28-29, 48

decomposition group, 3

absolute, 7-9
Deuring’s Theorem, 17-19, 36
Dirichlet’s Theorem, 4, 5, 73, 74
discriminant

of a number field, 94

of a quadratic form, 16

of a quadratic order, 19

of an elliptic curve, 9
division polynomial, 15

Fichler-Selberg Trace Formula, 30-32, 36,
50-51, 130

139

Eisenstein series, 26-28
elliptic curve, 10, 28-29, 3646, 48
conductor, 29
division field, 14
group law, 11-13
torsion (division) point, 12
Euler’s totient function, 5, 32, 50

form class group, 17
Frobenius
automorphism, 3, 8, 44
Density Theorem, 4, 5
element (substitution), 34
absolute, 6
trace of, 16, 21-24

Gamma function, 113, 119
Grand Riemann Hypothesis, see Riemann
Hypothesis

Hecke operator, 29-32
Hurwitz class number, see class number

inertia group, 3
absolute, 7-9
inertial degree, 2

Kronecker-Weber Theorem, 98
Lang-Trotter Conjecture, 2224, 32, 92

Maass form, 28

Mellin transform, 48
Mittag-Leffler Condition, 6-7
modular curve, 24

modular form, 25-32, 46-50
modular group, 24

quadratic form (binary), 16-17



ramification index, 2
ray class field, 131
Riemann Hypothesis, 82, 131

Siegel-Walfisz Theorem, 76

Tate module, 19-20
theta function, 26, 47
Turdn normal order method, 97

upper half-plane, 24

Weierstrass equation, 9-11
weight k operator, 25

140



SYMBOL INDEX

Ca,t(Ea,b Ea’,b’; p, p/) ) 104
Cat

t(Eapip) , 103

ap(E), 16

Ey(z;x1,x2), 27
gk(N>X)7 26
ep, 2

fp7 2

Gk, 6

T, 24
I(s), 113
To(N), 24
Gps 2

H(D), 18
H(z), 28
J4(z;a,b), 28
H(-D), 17
9, 24

h(—D), 17

e%k(]\ra X)7 25

ng, 94
e, 98

Py(v), 95
Pi(v), 95

Vi (x;q,a), 75
il (), 23
m1/2(x), 22
o(q), 32
¢K(q), 75

PE, 20
pPE, 21

yk(Na X)7 25

T ke,xs 30
Ty(E), 20

Ok (z;q,a), 75
Ok 1(x;q,a), 76
0(z), 26

tmin, 99

w(—d), 19

Xo(N), 24
X(q), 76

C(p 4



	Clemson University
	TigerPrints
	5-2009

	On Elliptic Curves, Modular Forms, and the Distribution of Primes
	Ethan Smith
	Recommended Citation


	Title Page
	Abstract
	Dedication
	Acknowledgments
	List of Tables
	List of Figures
	 Elliptic Curves, Modular Forms, and the Distribution of Primes 
	Classical Distribution of Primes
	Elliptic Curves
	Modular Curves and Modular Forms
	Organization of the Thesis

	 Elliptic Curves, Modular Forms, and Sums of Hurwitz Class Numbers 
	Statement of Theorems
	Elliptic Curves and Hurwitz Class Numbers
	Modular Forms and Hurwitz Class Numbers
	The Eichler-Selberg Trace Formula and Hurwitz Class Numbers
	Conjectures

	 Finite Field Elements of High Order Arising from Modular Curves 
	Constructions Arising from Modular Towers
	Number Theoretic Facts
	The Quadratic Tower for Odd Characteristic
	The Cubic Tower for Characteristic Not 3
	Comparison with a Recent Result of Voloch
	Examples of Theorems

	 The Mean Square Error for the Chebotarëv Density Theorem in Cyclotomic Extensions 
	The Barban-Davenport-Halberstam Theorem
	A Generalization for Number Fields
	An Asymptotic Formula for the Mean Square Error

	 Average Frobenius Distribution for Elliptic Curves over Galois Number Fields 
	The Lang-Trotter Conjecture for Number Fields ``on Average"
	More Precise Statements of the Main Theorems
	Counting Elliptic Curves over K
	A Weighted Average of Special Values of L-functions
	The Average Order of Er,1(x)
	The Product Formula for the Constant CK,r,1
	The Variance of Er,1(x)

	Conclusions and Future Work
	Bibliography
	INDEX
	SYMBOL INDEX

