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The replacement of traditional automotive mechanical cooling system components with computer
controlled servo-motor driven actuators can improve temperature tracking and reduce parasitic losses.
The integration of hydraulic actuators in the engine cooling circuit offers greater power density in a
smaller package space when compared with electric actuators. In this paper, a comprehensive nonlinear
backstepping robust control technique is developed to regulate the engine coolant temperature by
controlling a hydraulic coolant pump and radiator fan. An experimental test bench has been assembled
to investigate the hydraulic automotive thermal system performance. Representative numerical and
experimental results are presented and discussed. Overall, the proposed controller was successful in
tracking prescribed engine temperature profiles while harmoniously regulating the power consumption

of the coolant pump and radiator fan.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Traditional automotive cooling systems have relied on a
mechanical coolant pump and a radiator fan driven off the
engine’s crankshaft. The dependence of the pump and fan
operations on the engine speed often allowed the thermal
management system to overcool the fluid, thus, decreasing the
overall efficiency (Wambsganss, 1999). Advanced automotive
cooling system designs replace the conventional wax-based
thermostat valve with a variable position smart valve, and
upgrade the mechanical coolant pump and radiator fan with
computer controlled servo-motor actuators (Choukroun &
Chanfreau, 2001; Wagner, Paradis, Marotta, & Dawson, 2002).
Recent attention has focused on electric actuators to drive the
cooling system components (Allen & Lasecki, 2001) with possible
thermal management opportunities in HCCI applications (Shaver,
Roelle, & Gerdes, 2006) using a coolant rail (Chastain & Wagner,
2006). However, an opportunity exists to introduce hydraulic-
driven motors to power these variable speed cooling components
and leverage the attractive hydraulic properties such as power
density and compact packaging (Dostal, 1994). For large displace-
ment engines (e.g., buses, heavy duty trucks), the power
requirements for the coolant pump and radiator fan increase
significantly when compared to passenger vehicles. For electric
motors to meet these requirements, they are required to be either

* Corresponding author. Tel.: +1864 656 7376; fax: +1864 656 4435.
E-mail address: jwagner@clemson.edu (J.R. Wagner).
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a large single motor or applied in a distributed manner with
multiple motors.

A variety of mathematical models have been presented for
automotive thermal management system and hydraulic-driven
components. Vaughan and Gamble (1996) proposed a nonlinear
model for hydraulic solenoid valves. Havlicsek and Alleyne (1999)
developed a dynamic model that included stick-slip friction, time
delays, nonlinear valve flow characteristics, and deadzones for
electro-hydraulic equipment. Yao, Bu, Reedy, and Chiu (2000)
investigated electro-hydraulic single-rod actuated systems and
considered system nonlinearities and parametric uncertainties in
the analytical model. Henry, Koo, and Richter (2001) developed
and validated an automotive powertrain cooling system model for
light duty truck applications. Finally, Frick, Bassily, Watson, and
Wagner (2006) created a series of mathematical models that
described hydraulic driven heat exchanger for automotive cooling
applications.

To control the thermal management system components
(e.g., Setlur, Wagner, Dawson, & Marotta, 2005) and to operate
hydraulic-driven actuators (e.g., Chiang, Lee, & Huang, 2005),
different control architectures and operating strategies have been
proposed. Hamamoto, Omura, Ishikawa, and Sugiyama (1990)
developed an electronically controlled hydraulic cooling fan
system which identified the optimum fan speeds per engine
operating conditions. Liu and Alleyne (2000) created a Lyapunov-
based nonlinear control algorithm which tracked the force and
pressure of an electro-hydraulic actuator with a single-
stage servo-valve. Yao, Bu, and Chiu (2001) proposed a disconti-
nuous projection-based adaptive robust controller for an


www.sciencedirect.com/science/journal/conpra
www.elsevier.com/locate/conengprac
dx.doi.org/10.1016/j.conengprac.2008.10.016
mailto:jwagner@clemson.edu

610 M.H. Salah et al. / Control Engineering Practice 17 (2009) 609-621
Nomenclature Qip hydraulic pump motor load flow (LPM)
Q, uncontrollable radiator heat losses (kW)
a solenoid contact length (mm) R control valve coil internal resistance (Q)
byal hydraulic valve damping (N s/m) sgn standard signum function
B hydraulic motor damping (N s/cm) t current time (s)
By hydraulic fan motor damping (N s/cm) T, radiator inlet coolant temperature (K)
Bmp hydraulic pump motor damping (N s/cm) Ted desired engine temperature trajectory (K)
Ca conversion constant (m>/rad) Ty hydraulic motor generated torque (N cm)
Ce conversion constant (m>/rad) T; hydraulic motor load torque (N cm)
Cpa air specific heat (kJ/kgK) Tir hydraulic fan motor load torque (Ncm)
Cpe coolant specific heat (kJ/kgK) Tip hydraulic pump motor load torque (N cm)
Cq hydraulic motor damping coefficient T, radiator outlet coolant temperature (K)
Car hydraulic fan motor damping coefficient Tor design virtual radiator reference temperature (K)
Cap hydraulic pump motor damping coefficient T control input (K)
Ce engine block thermal capacity (kJ/K) Toro min. virtual radiator reference temperature (K)
Cim internal motor leakage coefficient (cm®/N's) T surrounding ambient temperature (K)
Cims internal fan motor leakage coefficient (cm®/Ns) Ue pump speed control law (k] rad/m?s)
Cimp internal pump motor leakage coefficient (cm®/Ns) uy hydraulic fan solenoid valve control law ((N s rad/cm?)
G radiator thermal capacity (kJ/K) v kPam3/kg)
D hydraulic motor displacement (m?/rad) up hydraulic pump solenoid valve control law ((Nsrad/
Dpp hydraulic fan motor displacement (m?/rad) cm?) \/kPam? /kg)
Dump hydraulic pump motor displacement (m?/rad) ur fan speed control law (kJ rad/m?s)
fr nonlinear function to related the fluid mass flow rate v control valve coil voltage (V)
with the load torque Ve volume of compressed fluid (cm?)
Fs force generated by the solenoid coil (N) Vi fan motor compressed fluid volume (cm?)
Fys steady-state fluid force on the solenoid (N) Vip pump motor compressed fluid volume (cm?)
FL steady-state force due to fluid exiting the main valve =~ W orifice area gradient (cm?/cm)
chamber to port A (N) wr fan orifice area gradient (cm?/cm)
F2 steady-state force due to fluid exiting port B to tank ~ Wp pump orifice area gradient (cm?/cm)
(N) X control valve spool displacement (m)
Fr transient fluid force on the solenoid (N) Xmf fan valve max. spool displacement (m)
Fl transient fluid force between loads A and B when  Xmp pump valve max. spool displacement (m)
spool displaced (N) Xp fan control valve spool displacement (m)
F2 transient fluid force to right of land B when spool  Xf fan control valve spool displacement (m)
displaced (N) Xr fan control valve spool displacement ratio
i control valve coil current (A) Xp pump control valve spool displacement ratio
J hydraulic motor and load inertia (kg cm?) B bulk modulus of hydraulic fluid (MPa)
Jr hydraulic fan and load inertia (kg m?) Br bulk modulus of fan hydraulic fluid (MPa)
Jp hydraulic pump and load inertia (kg cm?) P bulk modulus of pump hydraulic fluid (MPa)
kval hydraulic valve spring constant (N/m) £ effectiveness of the radiator fan (%)
lg solenoid valve reluctance gap (m) e engine temperature tracking error (K)
L control valve coil internal inductance (H) Ness engine temperature steady-state error (K)
Lg damping length (m) Ny fan speed tracking error (rad/s)
Mg fan air mass flow rate (kg/s) Np pump speed tracking error (rad/s)
e pump coolant mass flow rate (kg/s) nr radiator temperature tracking error (K)
mg hydraulic valve spool mass (kg) 0 temperature (K)
N; number of turns in solenoid coil Uo solenoid armature permeability (H/mm)
Py hydraulic motor supply pressure (kPa) o fluid density (kg/m?)
Py hydraulic motor return pressure (kPa) Pa air density (kg/m?)
Py hydraulic motor load pressure (kPa) Pc coolant density (kg/m?)
Py hydraulic fan motor load pressure (kPa) Pr hydraulic fan fluid density (kg/m?)
Py, hydraulic pump motor load pressure (kPa) Pp hydraulic pump fluid density (kg/m?)
Ps supply pressure (kPa) w hydraulic motor speed (rad/s)
Py hydraulic fan motor supply pressure (kPa) Wy hydraulic radiator fan speed (rad/s)
Ps, hydraulic pump motor supply pressure (kPa) Wsa designed desired fan speed (rad/s)
Pyys cooing system power consumption (W) wp hydraulic coolant pump speed (rad/s)
Pr Tank pressure (kPa) Wpa designed desired pump speed (rad/s)
Qin combustion process heat energy (kW) Wpo minimum coolant pump speed (rad/s)
Q hydraulic motor load flow (LPM) Wpd control input (rad/s)

hydraulic fan motor load flow (LPM)
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electro-hydraulic servo-system driven by double-rod hydraulic
actuators. Chen, Dixon, Wagner, and Dawson (2002) developed a
nonlinear backstepping exponential tracking controller for a
hydraulic cylinder and proportional directional control valve to
precisely position a mechanical load and accommodate inherent
system nonlinearities. Lastly, Kaddissi, Kenné, and Saad (2007)
created a nonlinear backstepping approach for the position
control of an electro-hydraulic servo-system.

In this paper, a nonlinear backstepping robust controller will
be developed to regulate the engine coolant temperature in a
hydraulic-based automotive thermal management system. This
control strategy was selected due to the system nonlinearities,
need to accommodate system disturbances, and presence of plant
uncertainties. The project’s key contribution is to implement, for
the first time, a hydraulic engine thermal management system
with harmonious pump and fan control. In Section 2, the
mathematical models are presented for the hydraulic-based
thermal management system components. A backstepping
robust tracking control strategy has been designed in Section 3.
Section 4 contains the experimental test bench followed
by representative numerical and experimental results in
Section 5. The summary is presented in Section 6. Appendices A
and B offer a standard Lyapunov-based stability analysis and the
Nomenclature list.

2. Mathematical models

A suite of dynamic models describe the transient response of
the hydraulic-based advance vehicle thermal management sys-
tem. The system components include a variable speed hydrauli-
cally driven coolant pump and radiator fan, two servo-solenoid
hydraulic control valves to operate the pump and fan hydraulic
motors, and six immersion electrical heaters to heat the coolant. A
thermostat valve was not inserted into the cooling loop so that
this study might exclusively focus on the hydraulic operated
water pump and radiator fan.

2.1. Automotive engine and radiator thermal dynamics

The cooling system’s dynamic behavior may be represented by
a reduced order two-node lumped parameter thermal model
(refer to Fig. 1) to minimize the computational burden for possible
in-vehicle implementation. The engine and radiator temperature
dynamic behaviors (Salah, Mitchell, Wagner, & Dawson, 2008)
may be expressed as

CeTe = Qin — cpetite(Te — Tr), (M
CrTr = —Qo + Cpethe(Te — Tr) — &Cpatita(Te — Teo). (2)

The variables Q;,(t) and Q,(t) represent the heat input generated
during the combustion process and the radiator heat loss due to
uncontrollable air flow, respectively.

2.2. Hydraulic-driven coolant pump and radiator fan dynamics

Two servo-solenoid hydraulic valves operated the pump and
fan hydraulic gear motors (Merritt, 1967). The control voltage, V(t),
applied to the solenoid coil generated a mechanical force which
displaced the internal spool to allow fluid flow. The solenoid
current, i(t), and force, Fy(t), are governed by (Vaughan & Gamble,

1996)
di _ 1 . _ Nfa,uo 2
Gg=7V-iR, F= <—4lg i, (3)

The magnitude of the transient and steady-state forces on the
valve spool can be described as

Fi® = [LaCqw+/2p(Psp — Par)IX,

F1? = [2C4w cos (0)(Psg — Par)Ix, (4)

where Psg = Ps or Pg, and P41 = P4 or Pr. The superscripts in Eq. (4)
denote the left and right lands. The hydraulic valve’s internal
spool displacement may be expressed as

F}r) - kvalx - bvalx]- (5)

1
= [Fs + (F% — FL) + (F2 —
S
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Fig. 1. Advance automotive cooling system featuring a variable speed hydraulic-driven coolant pump and radiator fan, control valves, and sensors (temperature, flow rate,

pressure).
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The valve’s position, x(t), determines the load flow, Q(t),
applied to the hydraulic motor and the corresponding load
pressure, P (t) (Merritt, 1967) such that

Ve . Ps—P
Qu = D+ ConPy +5P1 = <cdw,, /W) X, (6)
5 _ (2BCaw |(Ps—Pp) 2BCim 2D,
PL—< v, 0 >X— Vi P, — v, . (7)

The motor shaft acceleration, a(t), with an assumption of ideal
power transformation is

1
J

where Tg2DpP. and T.2£f (1h). The variable r(t) denotes the
mass flow rate of liquid or air. To facilitate the controller design
process, an expression for w(t) can be obtained from Eq. (7) and
then substituted into Eq. (8) to realize

) D? + BnC; BmV: \ ;
w=-"T__——""m m P; + ( m >P
( JDn, ) F\YDmp)

B Ps— Py Ty
— [ =—Cqw X——. 9
<]Dm d 5 ) (9)

@& =+ (Tg — Bnw — Tp), (8)

3. Hydraulic controller design

A Lyapunov-based nonlinear control algorithm has been
developed to regulate the coolant temperature to a given set
point and utilize hydraulic power in an efficient manner. The
controller’s main objective is to accurately track the temperature
set point, T.4(t), while compensating for system uncertainties (i.e.,
combustion process heat input, Q;,(t), radiator heat loss, Q,(t),
pump hydraulic motor load, T,(t), fan hydraulic motor load, T(t),
hydraulic pump load pressure variations, PLp(t), and hydraulic fan
load pressure variations, PLf(t) by harmoniously controlling the
hydraulic actuators. Referring to Fig. 1, the system control
components include two solenoid valves and two hydraulic-
driven gear motors. For Egs. (1), (2) and (9), the signals T.(t), T-(t)
and T..(t) can be measured by either thermocouples or thermis-
tors, the signal w (t) can be measured by optical encoders, and
system parameters B, Cpa, Cpes Car Ce, Cimy G Dy J, Vo W, B, € and p
are assumed to be known constants.

To facilitate the controller design process, four assumptions are
imposed:

A1: The signals Q;,(t) and Q,(t) always remain positive in Egs. (1)
and (2) (i.e., Qix(t), Qo(t)=0). Further, the signals Q;,(t) and
Q,(t) remain bounded at all time, such that Q;,(t), Q,(t) € Lu.

A2: The surrounding ambient temperature T (t) is uniform and
satisfies Te(t) — Too(t) >¢; at all time where ¢, is a real positive
constant.

A3: The heated coolant and radiator temperatures satisfy the
condition Te(t) — T,(t)>¢&, at all time where ¢, is a real
positive constant. Further, T.(0)>T;(0) assists in the bound-
edness of signal argument.

A4: The signals Ti(t), Pi(t), and Ps(t) always remain positive in
Eq. (9) (i.e., TL(t), P(t),Ps(t)=0 at all time) and Ps(t)> P(¢).
Further, the signals Ty (t), P.(t), and its first time derivative, P;(t),
remain bounded at all time, such that T (t), P.(t), PL(t) € L.

Note that Assumption A3 allows the heated coolant and radiator
to initially be at the same temperature (e.g., cold start); the
unlikely case of T.(0)<T(0) has not been considered.

3.1. Backstepping robust control

The control objective is to ensure that the measured tempera-
tures of the engine coolant, T.(t), and the radiator, T,(t), track the
desired trajectories Teq(t) and T,,(t). Further, the measured pump
speed, wp(t), and fan speed, wy(t), should track the desired
trajectories wpq(t) and wy(t). These four requirements can be
expressed mathematically as

[Tea(t) — Te(t)| <&,
|@pd(t) — wp(D) < é&p,

ITH(t) — Tur(®I<é&r,
|COfd(t) — CUf(t)\ <& as t — oo. (10)

The controller must also compensate for the system variable
uncertainties Q;,(t), Qo(t), Prp(t), Pis(t), Typ(t), and Tyz(t) where &,
& &p and & are real positive constants.

Remark 1. Although it is unlikely that the desired radiator
temperature setpoint, T,.(t), hydraulic coolant pump speed,
wpa(t), and hydraulic radiator fan speed, wg(t), are required (or
known) by the automotive engineer, it will be shown that the
radiator setpoint temperature, pump speed, and fan speed can be
indirectly designed based on the engine’s thermal conditions and
commutation strategy (refer to Remark 2).

Two additional assumptions are imposed to assist in the
controller design process:

A5: The engine temperature profile is always bounded and
chosen such that its first time derivative remains bounded
at all times (i.e., Tog(t), Teq(t) € Lo ). Further, Toq(t)> Too(t) at all
times.

A6: The engine temperature profile and radiator temperature
satisfy the condition T,4(t) — T,(t)>¢3 at all time where &3 is a
real positive constant. This assumption is needed to facilitate
the boundedness argument in the controller development.

To quantify the temperature tracking objective, the tracking
error signals 1,(£), 1,(t), n,(£), and 1(¢) are defined as

neéTed 7T€! ”’réTV*TW’ r’péwpd 76017'

ﬂfé(Dfd—(Uf. (11)
By adding and subtracting MT,.(t) to Eq. (1), and expanding the
variables m¢2p.ccwp, a2 p Cay, MEMiwpo, Mi2cpepCe,

My 2 eCpapyCa, and a)pdéa')pd + wpo, the engine and radiator
dynamics of Egs. (1) and (2) can be rewritten as

CeTe = Qin - M] (@pd - Wp)(Te - Tr) - M(Te - Tvr) + Mﬂr. (12)
CrTr = —Qq + My(wpg — 0,)(Te — Tr) — Ma(wpg — p)(Te — Too),

(13)
where wp, is a positive design constant that represent the
minimum coolant pump speed, and ¢ ¢, p. and p, are real

positive fully known constants. The dynamics of the coolant pump
and radiator fan hydraulic motors can be rewritten using Eq. (9) as

I . I .
PGy = f = MpXp, 1-op = fr — MgXy, (14)
Xmp Xinf

where
fa D7, + BapCimp Pyt (BwVo \p T

p DimpXmp p 2DimpBpXmp ) T Xmp’
Mpa By, [P =Py o %

p Dimp pWp 0, > p Xmp'
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foa D¢ + By Cims Py + B Vs b, Ty
f Dmfxmf f 2Dmfﬁfxmf f me !

B [P —P,
A POmf Sf Lf
Mf = 7Dmf Cdef 7'0-[ ,

and Xp £ X¢ /Xms.

3.2. Closed-loop error system development and controller
formulation

The open-loop error system can be analyzed by taking the first
time derivative of all the expressions in Eq. (11) and then
multiplying both sides of the resulting equations by C., G,
Jp/Xmp, and J/xy for the engine, radiator, hydraulic coolant
pump, and hydraulic radiator fan dynamics, respectively. The
system dynamics in Egs. (12)-(14) can be substituted in the
resulting equations and then reformatted to realize

Ce’.’le = CeTed — Qin + M(Te — Turo) — Mﬂr —M;(Te — Tr)np — Ue,

(15)

Crﬁr: *Qo +M(T8*Tr)*Ml(Te*Tr)’7p
+ My (T, — Too)”]f — CeTor + ur, (16)

]p . ]p . jf . ]f .
@”p—%wpd_fp'i‘up, Twnf_rwwfd_ff+uf' (17)

In these expressions, Eq. (9) was utilized plus T, 2Ty + Turos
Ue éIV[Tvr - M; (Te - Tr)(i-)pdy uréMl (Te - Tr)(l-)pd - MZ(Te - TOC)wfdv
up £ MpX,, and Uy éMfo. The parameter Ty, is a positive design
constant.

Remark 2. The control inputs T, (t), Dpq(t), wp(t), Xp(t), and X(t)
are uni-polar. Hence, commutation strategies are designed
utilizing the bi-polar control laws u(t), u,(t), up(t) and ug(t) as

o A [sgn(ue) — 1ue = o [1+ sgn(ue)lue

MM (T —T) " 2M
a [1+sgn(F)F
CH = M (T, — Too)” (18)
Xpé [1 + sgn(up)lu, Xfé 1+ sgn(uf)]uf, (19)

M, 2M;

where My, M,, M, and My were introduced in Egs. (12)-(14), and
F&M;(Te — Tr)@pq — ur. The control input, wgy(t) is obtained from
Eq. (18) after @pq(t) is computed. From these definitions, if

Table 1
The control laws u(t), u:(t), up(t), and ug(t) for the hydraulic actuators.

Ue(t), ur(t), Up(), Us(t) € Ly at all time, then @pq(t), Tur(t),
wf(t), Xp(t), Xf(t) € Lo at all time. The commutation strategies
presented in Eqgs. (18) and (19) are developed in a similar manner
to those presented in Salah et al. (2008).

The expressions in Egs. (15)-(17) may be rewritten as

Ceﬁe = Ne - Mnr - Ml(Te - Tf)rlp — Ue, (20)
Crily = Ny = My(Te = Ty, + Ma(Te — o)y — CrTor + U, (21)
I . b I, I

iy =Np + = pg +Up, 1 = Np + g + Uy, 22
X 1, =Np xp P00 F U Ny = Ny Xy 10 Y (22)

where the functions Ne(Te,t), Ny(Te, Ty, t), Np(pr,pr,TLp’ t), and
N¢(Pys, Pis, Tis, t) are defined as

NeéCeTed - Qin + M(Te - Turo), réM(Te - Tr) - Qo.
Np2 —f,, Ny2 —fp (23)

These functions can be upper bounded as Ne < €ee, Ny <&, Ny <&pp,
and Ny <¢y based on Assumptions Al, A3-A5, and A7, where &,
&m €pp and & are positive constants. By utilizing a Lyapunov
stability analysis, the control laws ue(t), uq(t), up(t) and us(t),
introduced in Eqgs. (15)-(17), are designed as shown in Table 1.

For Table 1, the variable F(t) was introduced in Eq. (18), K. is a
positive control gain, and the variables B;(e) through Byg(e) are
defined in Appendix A. The knowledge of u.(t), u.(t), up(t) and
ug(t), based on Table 1, allows the commutation relationships of
Egs. (18) and (19) to be calculated which provides Ty (t), @pa(t),
wyy(t), Xp(t), and Xg(t). Finally, the voltage signals for the pump and
fan servo-solenoid valves are prescribed using X,(t) and X(t) with
a priori empirical relationships.

3.3. Stability analysis

A Lyapunov stability analysis guarantees that the advanced
thermal management system will be stable when applying the
control laws introduced in Table 1.

Theorem 1. The controller given in Table 1 ensures that: (i) all
closed-loop signals stay bounded for all time; and (ii) tracking is
uniformly ultimately bounded (UUB) in the sense that |1,(t)|<é&e,
. (OI<ér, M,O)]<&p, Mp(H)I<& as t — oo.

Proof. See Appendix B for the complete Lyapunov stability
analysis.

Case Condition Ue ur u, uy

I u.>0, F<0 Ken, Bin, + By, Bon, + Bio?, + B111, By71, + Baglyy

11 u. <0, F<0 B3, + Ban, Bi2#, + Bz, + Bian, Bao#, + B3oly + Bsi#1,,

+Bi51H; + BiseM, + Bi711?

1 ue>0, F>0 Bs#, + Bgn, Bign, + Biot, + Baot, Bson, + B33, + Bsan,
+Bss1y + Bsee M, + Bsz#e,
+Bsg, 11, + B3otz + Baon?

v u.<0, F>0 B71, + Bst,. B211, + Bz, + Basn, B411, + Baz), + Bazn,

+Bastly + Baste i, + Baste1,
+Bua711, M, + BagnZ + Bagnt?

+B4lt; + BasieM, + Bash?
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4. Experimental test bench

An experimental test bench (refer to Fig. 2) has been
assembled to validate the advanced thermal management system
controller design in a flexible, repeatable, and safe testing

Data Aquesition
Board and  §
Amplifiers

Pressure

| Transducers
I =

Solenoid Valve | ||
) Drive Units

Electric

Directional

Valves Servo-Solenoid

Valves

Hydro-Pneumatic
Accumulator

Hydraulic
Pump

Hydraulic
2 Motor
-

Fig. 2. Experimental hydraulic-based automotive thermal test bench: (a) hydraulic
system that features an electric motor, accumulator, two directional valves, two
servo-solenoid proportional control valves, solenoid valve drive units, and pressure
transducers and (b) thermal system with six immersion heating coils, hydraulic-
driven coolant pump, radiator with a hydraulic-driven fan, and various (e.g.,
temperature, flow rate, and motor speed) sensors.

Table 2

Numerical and experimental model parameter and backstepping controller values.

environment. The test bench featured six immersion heaters,
a hydraulic-driven coolant pump, hydraulic actuated radiator fan,
two hydraulic servo control valves, and various sensors. Six Temco
(TSPO 2084) immersion coils heated coolant (12kW) that
circulated within the system. Note that the limited fluid heating
capabilities of the six coils necessitated the selection of lower set
point temperatures in Section 5. Once heated, the fluid was
circulated via a hydraulically driven centrifugal pedestal mount
coolant pump (e.g., maximum 220LPM) through a radiator (6.8L
capacity) where forced convection (e.g., maximum 42 m?3/min)
was provided by a hydraulically driven fan. The pump and radiator
fan were driven by Haldex hydraulic motors with maximum
displacements of 6.36 and 11.65cm>/rev, respectively. The
hydraulic flow to the motors was controlled with either two
servo-solenoid proportional control valves (BOSCH NG 6) and
accompanying Bosch PL 6 amplifier cards, or four solenoid
operated cartridge/poppet valves (Parker B09-2-6P). The supply
pressure for the hydraulic components was provided by a 5.6 kW
Baldor industrial electric motor spinning a Bosch hydraulic pump
with a displacement of 16.39 cm?[rev.

The engine (radiator inlet) and radiator outlet temperatures
were measured using two K-type thermocouples, while the
ambient temperature was measured by a single J-type thermo-
couple. All thermocouple signals were isolated, amplified, and
linearized via OMEGA OM5 signal conditioners. Two Monarch
Instruments optical sensors (ROS-W 6180-056) measured the
actuators’ rotational speed, while a turbine flow meter (TR-1000)
recorded the coolant flow rate. Honeywell (Sensotec) A-5 pressure
transducers measured the hydraulic supply and return pressures.
Data acquisition and control was accomplished with a dSPACE
1104 board.

The controller board interfaced with Matlab/Simulink allowing
for real-time execution of the control strategies. The coding in
Simulink permitted flexibility to implement C code, Matlab
M-files, and Simulink block diagrams. In addition, dSPACE’s
“Control Desk” software monitored the experiments and per-
mitted the capture of experimental results. The controller dyna-
mics were described in Matlab/Simulink and executed in real
time. The capabilities of the hardware and the slower dynamics of
automotive cooling systems allow the detailed controller design
to be implemented without concerns in the laboratory.

5. Numerical and experimental results

In this section, simulation and experimental results will be
presented to demonstrate the backstepping controller’s ability to

Symbol Value Unit Symbol Value Unit Symbol Value Unit
B 9.50e—01 Ns/cm K. 1.50e+03? - w, 3.62? cm?/cm
: 5.31 N's/cm Ky 2.50e+03% - Wy 3.62° cm?/cm
Coa 1.01° k]/kg K K, 2.00e+03* = Xmp 3.00% mm

e 4182 KkJ/kg K K, 1.50e+03? - Xmf 3.00? mm

Cap 6.30e—-01° - M, 4182 kJ/m3 K Bo 6.89e+02 MPa
Car 6.30e—01? - M- 6.33e—01° kJ/m>K P 6.89e+02 MPa

Ce 3.30e—01° kJ/K Ps, 3.45e+03? kPa & 6.30e—03? -

G 2.50e—03 cm®|N's Psy 6.89e+03% kPa Pa 1182 kg/m>
Cimy 2.50e—03 cm’/Ns M 3.00e+01 Nm De 9.97e+02? kg/m>
Cr 2.50e—01? kJ/K Tys 6.00e+01 Nm P5 9.00e+02° kg/m>
Dimp 1.012 cm®/rad Toro 3.17e+02° K Pp 9.00e+02? kg/m>
Dy 1.85° cm®/rad T, 3.00e+02? K Wpo-siM 3.50e+01? rad/s

B 9.04e—01 kg cm? Vip 1.19e+05 cm’® Wpo-Exp 4.00e+01? rad/s

I 113 kg cm? Vg 3.68e+04 cm’®

2 For real-time implementation of the proposed controller, the 32 required parameters are denoted by the superscript.
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track temperature setpoints. First, A Matlab/Simulink™ simula-
tion has been created to evaluate and analyze the robustness of
the nonlinear control algorithm to noise and prescribed loads.
Next, two experimental scenarios (e.g., variable heat with ram air,
steady heat) have been investigated to emulate typical ground
vehicle operating profiles. The system model parameters and
controller values are summarized in Table 2. Note that the value of
minimum coolant pump speed, wp,, for the simulation differs
from its value in the experiment as shown in Table 2. Setting the
magnitude at the same value does not change the experimental
results; however, the coolant pump must operate experimentally
above a certain threshold which may impact the power con-
sumption in the long run.

5.1. Numerical results

A numerical simulation of the backstepping robust control
strategy listed in Table 1 has been performed on the system
dynamics in Egs. (12)-(14). For added reality, band-limited white
noise was added to the sensors’ measurement (e.g., noise power =
107>, sampling time = 5.0e—03s). A series of constant mechanical
loads, T;p, and Ty, were applied to the hydraulic coolant pump and
radiator fan. A “load” cycle (e.g., 10<Q;;, <24 kW) and external ram
air disturbance (e.g., 0<Q,<15kW) were introduced as shown
in Fig. 3a and b. The desired engine temperature was T,q = 322 K.
The initial simulation conditions were T,(0)=313.7K and
T(0)= =3109K.

In Fig. 3c and d, the response of the engine and radiator
temperatures and the engine temperature tracking error have
been presented for the variable heat input and ram air
disturbance. The engine temperature was regulated to
[Mess) <0.5K despite the heat and external air variations. The
radiator temperature spiked at approximately t = 1000 and 1700s
when the heat input, Q;,(t), significantly decreased. The speed
of the hydraulic coolant pump and radiator fan are displayed in
Fig. 3e and f. The hydraulic pump speed seeks its maximum value,
wp = 150rad/s, due to the heat increase at t = 3005s. Note that the
coolant pump effort increased as the fan effort decreased which is
ideal for power minimization.

5.2. Experimental testing

Several comprehensive tests have been conducted on the
hydraulic-based thermal test bench to investigate the robust
controller design performance and compare it against several
classical controllers. The initial test scenario varied both the heat
input and air disturbance. Specifically, Q;,(t) changes from 8 to
12kW while Q,(t) has been selected such that it emulates a
vehicle traveling at 35 km/h t = 3000s. In Fig. 4a, the engine and
radiator temperature responses are presented for the sinusoidal
setpoint T,y = 322 + 2 sin(nt/150)K. The nonlinear controller
accommodated the heat input and ram air variations satisfactory
in Fig. 4b with the peak engine temperature absolute value
steady-state tracking error of |1,,|<0.9K. The hydraulic coolant
pump and radiator fan speeds are displayed in Fig. 4c and d. The
coolant pump speed remains relatively steady with the heat
variations, but the radiator fan introduces 10% more effort to
reject the system heat for 1500 <t<3000s.

The next case applies a fixed heat input of Q;;, = 12 kW (i.e., six
heaters) and no ram air disturbance (i.e., parked vehicle). For this
test, the desired temperature profile was selected to be a
sinusoidal with T,y = 322 + 2 sin(nt/150) K. In Fig. 5a, the engine
and radiator temperature responses have been presented which
demonstrate that the actual engine temperature successfully
tracked the desired temperature profile. In Fig. 5b, the controller

achieved a steady-state absolute value temperature tracking error
of |17,|<0.7K. In Fig. 5c and d, the hydraulic coolant pump and
radiator fan responses have been presented with a combined
power consumption of Ps,s = 165.2W.

Table 3 summarizes the second experimental test results for
the backstepping robust controller, as well as two other
controllers (e.g., PID, PWM) for comparison purposes. The initial
conditions and temperature set points were maintained for the
three controller designs. The backstepping robust controller
(Case 1) achieved the smallest absolute steady-state engine
temperature tracking error, |1, = 0.7 K, when compared to the
PID and PWM (poppet valve) controllers. For Case 3, the PWM
control effort essentially operated in a bang/bang manner at
f=1Hz which reduced power consumption (refer to Remark 3) by
23% to Psys = 127.9 W when compared to Case 1. The focus of the
comparisons in Table 3 were primarily temperature tracking error
and power consumption since they have been deemed critical in
this study. Overall, the backstepping robust controller demon-
strated the best temperature tracking error but consumed the
most power. The proposed controller offers greater precision in
tracking desired temperatures and rejecting disturbances per
Fig. 4 when compared with the other techniques. However, the
controller derivation was rather complex when compared to the
classical PID controller (Case 2). Note that the PID controller
offered satisfactory performance as evident by a 2.8% reduction in
power while increasing the temperature tracking error by 71.4%
when comparing the absolute and steady-state errors, |1l =
1.2K verses |1,,| = 0.7K, for the backstepping robust controller.
Finally, the PWM controller’s operation was not practical given the
bang/bang nature of the fan’s operation and maintenance
concerns.

Remark 3. The power measure

1 t
Pos =7 | IPo(®Qy(0) + Py Qo] de

calculates the average power consumed by the system actuators
during the test period.

6. Summary

An advanced vehicle thermal management system can track
engine temperature profiles while regulating cooling component
power consumption. In this paper, hydraulic-based cooling system
components have been mathematically modeled, simulated,
experimentally assembled, and controlled utilizing a Lyapunov-
based nonlinear backstepping controller. The proposed controller
successfully maintained the coolant temperature to its setpoint
with an improvement in the steady-state tracking error when
compared to classical controllers. More importantly, the project
demonstrated that hydraulic thermal management can be
accomplished with harmonious pump and fan control. An
excellent opportunity exists to integrate hydraulic actuated
engine cooling system components into ground vehicles for active
temperature regulation.

Appendix A. Control parameter definitions

The control parameters in Table 1 are bounded from Assump-
tions A2, A3, and A6 and may be described as

K2C,

- L KeCr
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Fig. 3. Numerical response for variable engine thermal loads and ram air disturbance with: (a) heat input profile; (b) ram air disturbance, to emulate different vehicle
speeds; (c) simulated engine and radiator temperatures response for a desired engine temperature of T,y = 322 K; (d) simulated engine commanded temperature tracking

error; (e) simulated coolant pump speed; and (f) simulated radiator fan speed.
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Fig. 4. First experimental test with a variable heat input and ram air disturbance for (a) experimental engine and radiator temperatures with T,y = 322 + 2 sin(nt/150)K;
(b) experimental engine temperature tracking error; (c) experimental coolant mass flow rate through the pump; and (d) experimental air mass flow rate through the

radiator fan.

K.C,
Big2M;(Te — Tr), Big2M (Te —Tp)|1 — ”}.
18 1(Te = Tp) 19 1(Te r){ MC,
By & —Kp,
JpKeM JK (T — Teg)
By1 2My(Te — Ty) + P pe ,
2 1Te r) Mlcrxmp(Te*Tr) M1Ceme(Te—Tr)2
KeM(T, — T
By 2 M (Te — r)+—Jp M Ed)zv
M CeXppp(Te — Ty)
] Ke(Tr - Ted) -] KK
B2 —Kp+F—————, Byt -—-FP
2 P Cxmp(Te =Tr)" 72 MyCoxonp(Te — T2
poa DKo o KM
BT T CxmpTe =T0) 2% MyCoxomp(Te — T2
By — My(Te — Tao), Bag2 — Ky, B2 — My(Te — Teo),

]pKeMZ (Te — Teo)

B3o2 —K;, B -
%0 ! e M CiXpp(Te — Tr)2

B2 KM JiKa G
MyCeXmp(Te — Too) ~ MaMC2Xyp(Te — Too)
_ ]fKrM ]sz(Te - Tvro)
MoCexpp(Te — Too)  MaCoXpnp(Te — T )?
_ JfKECH(Te — Turo)
M3 C2xnp(Te — Too)?
s JK2C JiKeK:
MyC2%(Te — Too)  M2CoXmp(Te — Toc)
IiK? ~ JKeMCH(Te = Turo)
MzCrxmf(Te Too)  MpClXps(Te — Too)?
JKM(Te — Toro) JM?

A
B3, =

M2 CeXmp(Te — Too)?
— M(Te — To),

MZCeme(Te —Tw)

JiKeM1(Te — Ty)
M CeXpnp(Te — Too)
_ .IfM1M(Te - Tr) _

M3 CeXmp(Te — Too)

JiKiM1(Te — Tr)
Mo CrXmg(Te — Teo)
]fKeKer (Te - Tr)
MzMCeme(Te - Too) '

L IKe K



618

330

T

D?esired Témperatﬁre

325 | \ """" Eﬁ'gine’Teﬁiperatufe """ ]

320
315
310
305

Temperatures [°K]

300

295 i i i i
1000 1500 2000 2500 3000

Time [sec]

0 500

(@)

200 T T T T T
180 ! ' ' ! !
160
140
120
100
80
60
40
20

Hydraulic Pump Speed [rad/sec]

0 500 1000 1500 2000 2500 3000
Time [sec]

M.H. Salah et al. / Control Engineering Practice 17 (2009) 609-621

O

Temperature Tracking Error [°K]

_2 i i i i i
0 500 1000 1500 2000 2500 3000
Time [sec]
d
120 T T T T T
OO0 fommmmmmmt e

Hydraulic Fan Speed [rad/sec]

0 500 1000 1500 2000 2500 3000
Time [sec]

Fig. 5. Second experimental test with a constant heat input of Q;; = 12 kW and no ram air disturbance: (a) experimental engine and radiator temperatures with a desired
sinusoidal engine temperature profile of T,y = 322 + 2 sin(nt/150)K; (b) experimental engine temperature tracking error; (c) experimental pump speed; and (d)

experimental radiator fan speed.

Table 3
Experimental summary for three cooling system control strategies with steady
heat, no ram air disturbance, and sinusoidal temperature tracking (test two).

Case  Operation strategies description  Valve [Mess| (K)  Pgys (W)
1 Backstepping robust controller Servo-solenoid 0.7 165.2
2 PID controller Servo-solenoid 1.2 160.5
3 PWM control method Poppet 22 127.9

For Case 2, the PID controller’s gains were Kp = 0.26, K; = 0.01 and K = 0.44. For
Case 3, the coolant pump speed was constant at 62.8 rad/s and the radiator fan was
controlled by a PWM control method. The PWM frequency was f= 1Hz with
variable duty cycle and PID controller with Kp = 0.02, K; = 7.6e—04, and K = 0.04.
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Appendix B. Proof of Theorem 1

Let V(z,t) € R denote the non-negative function

.lp .If

1
va jCene += Cr’7r np nf, (B.1)

where z&[n, 1, 1, 17f]T. The parameters #,(t), 1,(t), 11,(t), and 1(t)
are defined in Eq. (10). Note that Eq. (B.1) is bounded as (refer to
Theorem 2.14 of Qu, 1998) /1 [1z(t)|> < V(z, t)< A2 |1z(t)|*> where A,
and /, are positive constants. The first time derivative of Eq. (B.1)
becomes

V = 1,Ne + 1Ny + 1,Np + 1Ng — ,Ue + 1,y + 1,11

+ Nelly — M?’]ei’]r — My (T, - Tr)r]er]p
= Mu(Te = Tty + Ma(Te = Too)iy 1y = Crlor,
Iy I
4—;;;0hmﬂp-F;;;“ﬁ%ﬂﬂ (B:2)

where Egs. (20)-(22) were utilized. The expressions for

TN (0, Up/Xmp)@pa(O1,(0), and (¢ /Xpmp)ip(O1(t) can be
obtained as

o [1+sgn(ue)] » [sgn(te) — 1]
2

CrTvrrlr 2

I .
Fra _pw all pr
Xmp POP

[ +sen(F
I gy o LS80 B (B.3)

me

where F(t) and u.(t) were introduced in Eq. (18) and Table 1. The
parameters F(t), Fy(t), and F(t) are defined as

CiKe [~ M(Te — Toro) — Q; CrK?
M| Ted | = e Mellr
CrKeM;(Te — Ty) CKe ,

- MCe ’/Irnpi Ce s
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JpKe
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Ffé.lf[M1(bpd(Te -Ty) —uy] JfM1@pq
szmf(Te —Tw) MZCerf(Te —Tw)
% [Qo — M(Te — Ty) + My (Te — Ty, — Ma(T,
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— Too)ly — U1ty il Mlzcg:’;;f(rn - T:;zur] [Qin
- M(Te - Tvro) + M”],» + M1 (Te - Tr)"]p + Kene]’/lfv (B'G)

where the first time derivative of the expressions in Eq. (18) were
utilized. The control input, @p(t), and control law, u.(t), are
defined in Eq. (18) and Table 1.

The time derivative of the control input is defined as
d)pdé(xmp/ZJPnp)[sgn(ue) — 1JF,. The derivative, i,(t), is computed
based on the control conditions in Table 1. From Eq. (B.3),
C,T,,r(t)nr(t) and (J, /Xmp)@pa(t)1,(t) change with respect to the sign
of the control law u.(t) as defined in Table 1. Further,
U5 /xmf) 0 (DN(t) changes with respect to the sign of the signal
F(t) introduced in Eq. (18). Consequently, four cases may be
realized as shown in Table B.1.

In Case I, the expression of V(t), introduced in Eq. (B.2), can be
rewritten as

V =3,Ne+ 1Ny + NpNp + 1Ny — Nolle + 1,1y + NyUp + Nplls

— M, — My (Te = Tryne, — My (Te — Tryn,n,

+ My (T, — Too)”lrnf - CrTvr”Iry (B.7)
where

—KCr [
N, & 1\2 r Ted—%-i-—(’re Tyro)| + N

The variable N,(e) is defined in Eq. (23). Utilizing the boundedness
inequality for N,(e) and Assumptions A1, A5, and A7, N{(e) can be
upper bounded as N;<é& where ¢ is a positive constant.
Application of the previous bounding inequality, bounding
inequalities in Eq. (24), and Table 1 allows the expression for

Table B.1
Four cases for the Lyapunov stability analysis.

Case Condition Description
1 u.>0, F<0 . I, . Jr .
Colun(Om, 0. L dopa(tyy () =0, ﬁwfd(r)nfm =0
1 u<0,F<0 . b, I
GO =0, Z2iopa(,O#0, L Lipa(tyny(®) =0
mp m
11 ue>0, F>0 . ) i
G Tur(tn, () #0, x]—pwpd(f)ﬂp(f) =0, ?;,wad(t)nf(t)#o
mp mf
v u.<0, F>0 . I, . Jr .
G Tor (O, () = 0, ﬁwpd(f)ﬂp(f)#(), ﬁwfd(t)ﬂf(t)#o
mj
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V(t) in Eq. (B.7) to be upper bounded as

V< =112l + eeelel — Kealte* + 2117,1 — Kral, 12

+ epplity| — Kp2 1, 1* + &1y — Kl 1. (B.8)
In this expression, z(t) was utilized, as well as y£ min{Ke;,K;1,
Kp1,Kp1}, Ke2Ker + Kea, Kr2Kp1 + K2, Kp2Kp1 +Kpp, and Kp2
Kf + Ky,. By completing the squares for the last eight terms on

the right-hand side of (B.8), the following inequality can be
obtained (Qu, 1998)

V< —ylzl® + a, (B.9)
where

2 2 2
P Eoe & Epp r

4K 4K, 4Kpy 4K T

From Egs. (B.1) and (B.9) and inequality A;[z(H)|?><V(z, )<
A21lz(B)II?, then V(z,t) € L. Hence, 1,(t),1,(t), 1,(t), Np(£), Z(t) € Loo
and u.(t), u(t), up(t), us(t) € Lo, exist in Table 1 based on Assump-
tions A2 and A3. Further, the boundedness property of
Ue (), ur(b), up(t), us(t) € Lo allows the relationship @pq(t), Tur(t),
wp(1), Xp(6),Xf(t) € L, to be realized using Egs. (18) and (19) in
Remark 2 as well as the relations T, = Tyro + Tor and a)pdé
@pa + Wpo. From the previous bounding statements, T.(t), T:(t),
Wp(), Wp(L), M), g (t) € Loc. .

For the second and third cases, the expression for V(t),
introduced in Eq. (B.2), can be rewritten as

V = 1,Ne + 1Ny + 1,Na + 1Ny — nplte + 1,1y + 1,y
+ ’/Ifuf - M’/’er’r - M] (Te - Tr)rler,p - M] (TE - Tr)”lr’?p

I .
+ Ma(Te — Too), 15 + X—” Dpally» (B.10)
mp
V = neNe + 11,N3 + 11,Np + 11pNa — HeUe + ;U + 1,Up + 1yl
= Mnen, — Mi(Te — Trmh, — Ma(Te — Trm,
+ Ma(Te — Too)r]r"]f - CrTvrn,— + };]Lfd)fdnf- (B.11)
m
The expression for V(t) can be stated for the fourth case as
V = nNe + 1Ny + 1,N5 + 11sNe — HeUe + 1 Ur + 1, Up + Nyl
= Mnen, — M1(Te — Trmeh, — Mi(Te — Trm,
I . I
+ Ma(Te = Tty + 2 dpatly + > copatly. (B.12)
mp mf

Table B.2
Final Lyapunov inequalities for the four cases.

In these three equations, the parameters are

]pKeQin

Ny&Ny  + Ny, Ny&| —F———— |1,
M CiXmp(Te — Tr)? )

N22 A ]pKe |:_ Qin(Tr - Ted)
MiXmp(Te — Tr) Ce(Te — Ty)

M(Tr - Ted)(Te - Tvro) o
CTe—Tp) Tea| +No.
o T Te—T
o e R

£ JPKeGAM(Te = Tp) = Qo] JiKiIM(Te ~Tr) = Q]

Ny 2
4 CeCrXmy Crkomy
JKeKiTeq L IKeKiQinJiM Ted
Mme MCeme Xmf
+]f[M1 Qin — (MM + KK )(Te — Tyro)] + N,

Ceme

Ny 2 JM*Ce —KeC)Qin \ [ Jy(KeCr+ KiCo)Qin.
MoMCixinp(Te — Too)? ) ¢ \MpCoxpy(Te — T)*)
N5£Ns1 + Nsy,

N51 A ]pKe |:M(Tr - Ted)(Te - Tvro)
M Xmp(Te — Tr) Ce(Te —Tr)
_ Qin(Tr - Ted) o
ColTe —Ty) ~ Ted| TN
J,KeQ,
Nsy 2 —=P"= —_|pn, Ng2Ng + Ne,
> (Ml Crxmp(Te - Tr)2 ¢ !
Js o Qu(Tr = Teg)
A N _ xini’r  —edJ
N61 = Mg (Te — To) [ Ke(Te —T1) {MT“ T T =Ty
M(Tr - Ted)(Te - Tvro) KrQo MQin 7
T G -T) } ¢ T M
_MP(Te —Toro) _ KM(Te —Tp)| N,
Ce Cr

Case Lyapunov function V(z,t)

Definition of 4 and &,

V< —9lizI? + &

V< —9lizI? + &

V< —lizI? + &

11

V< —ylzl? + &

y2min{Kei, K1, Kp1,Kpi },
2
ég§e+8% +8gp+8ff
4Ky 4Ky 4Kp 4Kf2
Vémin{ (Ken - 51—1),1@1 Ky — 31K, }

7)
FUSL L T T
4K, " AKy 4Ky, | AKp

. 1 1
"/émm{ (Ka - E)’ (Krl - E),Km,(K,q —6y - 63)},

2 2 2 2
s Cee & Epp 2]

Ea

#ZaK, YAk, T Ak, Tk,

. 1 1 1
yémm{ (Kel o g>, (Kn - %)5“(]1] — 04),(Kfy — 65 — 56)},
&2, & ) &

A P £ 21
S A T Ay T Ay T A
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and

Ney 2 _ JiKrQin
% My CoXoy(Te — To}? ) "

+ Jr {MQin _ KeQin(Tr — Too)} .
Mmef(Te - TOO)Z Ce C(Te —Ty) €

Utilizing the boundedness inequalities for N;(e), Ny(e), and Nf(e) in
Eq. (23) and Assumptions A1-A3, A5, and A6, the terms Ni(e),
N3y(e), N3(e), Nai(e), Na(e), N5 (e), N5z (e), Ne1(e), and Ngy(e) can be
upper bounded as Nyj<én|n.|. Nzp<éx, N3<eés, Nii<éa,
Nap <é&424l,| + €42pI1,l, Nsi<és1, Nsy<ésy|n.l, Nei<é&s, and
Ne2 <&62411,| + €62p1,|, respectively. Note that the parameters
€21, €22, €3, €41, 420> €a2b» €51, €52, €61, E62a» AN Egp are positive
constants.

Application of the previous bounding inequalities, Eq. (23), and
Table 1 allows V(t) to be upper bounded in Table B.2. The
inequalities

2 2
| I

1
&1 Melly < 5 1el* + 31y

1
Eazalllel 1< 5 11> + dalms 12,

1
ezl 111 < 5 1,1 + 83112,

1
&s2 1|11, | < alneﬁ + dalnyl?,

1
eezalllellly| < 5 11> + ds 112,

and

1
g2 |1 1y < 5 I, 1* + 611

were utilized as well as the definitions of K, K, K,, and Krin Case L.
For Case II, K¢ 21/5] and Kp] 2(3] In Case III, K, 21/52,
K 21/53, and Kf] >0, +03. In Case 1V, Kg 21/54 + ]/55,
K;1>1/06, Kp1=04, and Kp=ds5+ Jds. For all cases, 6;Vi=
1,2,...,6 are positive constants. Finally, similar argument as in
Case I can show that all signals are bounded for the Cases II-IV to
conclude the inequality in Eq. (B.9).
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