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Abstract. The aim of this paper is to present a simple model of the intake manifold dynamics of a
spark ignition (SI) engine and its possible application for estimation and control purposes. We focus
on pressure dynamics, which may be regarded as the foundation for estimating future states and for
designing model predictive control strategies suitable for maintaining the desired air fuel ratio (AFR).
The flow rate measured at the inlet of the intake manifold and the in-cylinder flow estimation are
considered as parts of the proposed model. In-cylinder flow estimation is crucial for engine control,
where an accurate amount of aspired air forms the basis for computing the manipulated variables.
The solutions presented here are based on the mean value engine model (MVEM) approach, using the
speed-density method. The proposed in-cylinder flow estimation method is compared to measured
values in an experimental setting, while one-step-ahead prediction is illustrated using simulation results.
Keywords: combustion engine, AFR control, pressure dynamics, in-cylinder flow estimation, state
prediction.
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Figure 1. TWC conversion window.

1. Introduction
The use of three-way catalytic converters (TWC) in
exhaust after-treatment systems of combustion en-
gines is essential for reducing emissions to government
established standards. However, to achieve maximum
efficiency of TWC, the engine has to be cycled between
lean and rich operating regimes (see Fig. 1) [1].

Not only the emission standards, but also the power
and fuel consumption of a spark ignition (SI) engine
need to be taken into account to satisfy consumer
demands. To reach maximum power, the engine has
to work with a rich mixture (air fuel ratio (AFR)
≈ 12.6), producing pollutants such as hydro carbons
and carbon monoxide. However, if the engine works
in regimes often described as minimal consumption
(AFR ≈ 15.4), it will produce nitrogen oxides (see
Fig. 2). The mutual dependance between power, con-
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Figure 2. Power and consumption depending on AFR.

sumption and AFR has made AFR controllers more
and more important, as they balance acceptable fuel
economy with satisfactory power output, while mini-
mizing the environmental impact [2, 3].

Because of the highly nonlinear dynamics of internal
combustion engines, standard electronic control units
(ECUs) cannot always produce the desired accurate
control performance of the AFR. Ongoing research on
AFR controllers includes solutions utilizing various ad-
vanced techniques, e.g. robust control [4], sliding mode
control [5–7], or adaptive control [8–10]. In addition to
these approaches, some proposed AFR controllers use
advanced model-based approaches [1, 11–17]. Since
the quality of model-based control depends strongly
on accuracy, it is essential to create models that are
as dependable as possible.
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Figure 3. Simplified schematics of an SI engine.

This paper deals with modeling the air path, in
response to the in-cylinder air mass flow estimation
and intake flow measurements. Several works have
analyzed estimations of the in-cylinder flow, enabling
the air mass aspired into the combustion chamber to
be estimated [18–20]. A state-of-the-art approach is
to estimate the individual in-cylinder mass flow us-
ing periodic observers and Takagi-Sugeno design [21]
or precise estimation of the injector characteristics
[22]. However, certain modern algorithmic solutions
are inherently complex, causing possible issues with
real-time implementation, especially with predictive
control. An alternative straightforward approach en-
ables us to estimate the in-cylinder flow by applying
the well known and widely used mean value engine
model (MVEM) and the speed-density method. As
this approach is computationally less expensive, it will
be used throughout this paper.

The aim of this paper is to build a simple model that
can be used as a basis for calculating predictions and
thus for the design of an AFR predictive controller,
asynchronous with the engine events. Many works
deal with the air path dynamics of naturally aspired
engines or turbo-charged engines, see e.g. [18, 23]
and [24, 25]. Unlike works describing sampling syn-
chronous with the engine events [26], we define a model
describing pressure dynamics working asynchronously
to engine events. As a result, the sampling of the
proposed model is asynchronous. Due to its simplic-
ity the in-cylinder mass flow estimation technique
presented here utilizes direct differentiation, and a
possible extension to usual observer design techniques
can be found e.g. in [27]. As the test engine utilized in
the experiment does not feature variable valve timing
(VVT) or exhaust gas recirculation (EGR), the pro-
posed solutions are shown without considering these
effects. Moreover, because a practical analysis would
be troublesome, this work does not consider the effect
of thermal transients.

This paper is organized in the following fashion. In
Section 2, the dynamics of the air path is considered
and its connection with the intake manifold and the

in-cylinder flows are presented. Section 3 describes
the structure of the model predictions and the experi-
mental computation of the in-cylinder flow estimation
compared to measurement. Certain preliminary ex-
perimental and simulation results are presented in
Section 4.

2. Model of the Air System
The model for the air fuel ratio consists of two inde-
pendent parts: the air and the fuel system of the SI
engine. However, only the air system is taken into
consideration in this paper. The model is conceptually
illustrated in Fig. 3. The variables have the following
meaning: W variables deal with the mass flows, Wi
into the intake manifold (through the throttle), Wie
from the intake manifold to the engine, Wex from the
engine to the exhaust manifold, Wx out of the exhaust
manifold, Wix from the EGR to the intake manifold,
and Wxi from the exhaust manifold to the EGR. Ti,pi
describe the temperature and pressure in the intake
manifold, and Tx,px denote the temperature and the
pressure in the exhaust manifold.

2.1. Intake Manifold Pressure Dynamics
The dynamics of the pressure in the intake manifold
can be described by an equation based on the ideal gas
law, internal energy and enthalpy equations [18, 23].
Applying the ideal gas law gives us:

p(t)V = n(t)R̃T (t), (1)

where p is pressure, V is volume, n is the amount of
substance in the moles, R̃ is the ideal gas constant
(denoted with a tilde ‘̃ ’ to keep the notation uniform),
and T is the gas temperature (in Kelvins).
Since it is physically easier to measure mass, the

number of moles n is not a suitable variable for further
computation, and we will express it as mass m divided
by the molar mass M :

n(t) = m(t)
M

. (2)
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Figure 4. Input, states and outputs in an intake
manifold model.

In this way we can transform (1) into:

p(t)V = m(t) R̃
M
T (t) = m(t)RT (t). (3)

The internal energy of a system is equal to

U(t) = cvT (t)m(t), (4)

where cv is the specific heat at a constant volume.
If one analyzes the intake manifold system presented

in Fig. 4 and substitutes T (t)m(t) in (4) with (3) and
assumes that V is equal to manifold volume Vm, then
we obtain:

U(t) = cv
p(t)Vm

R
. (5)

The fundamental equation describing the physics
of gases assumes that R = cp − cv and κ = cp

cv
. Then

cv
R in (5) is equal to cv

cp−cv = 1
cp
cv

−1 = 1
κ−1 , and (5)

derives into:

U(t) = 1
κ− 1p(t)Vm. (6)

In the next step, the enthalpy of the system is
described as

Ḣi(t) = cpṁi(t)Ti(t) = cpWi(t)Ti(t), (7)
Ḣie(t) = cpṁie(t)Tie(t) = cpWie(t)Tie(t), (8)

where cp is the specific heat at a constant pressure.
Applying the change of the internal energy gives:

d

dt
U(t) = Ḣi(t) − Ḣin(t) + Q̇(t). (9)

If one substitutes equations (7) and (8) into (9),
and assumes that there is no heat transfer through
the walls of the intake manifold (Q̇(t) = 0 in Fig. 4):

1
κ− 1 ṗ(t)Vm = cpWi(t)Ti(t) − cpWie(t)Tie, (10)

and after transformation:

ṗ(t) = cp(κ− 1)
Vm

(
Wi(t)Ti(t) −Wie(t)Tie

)
, (11)

where cp(κ−1) = cpκ−cp = cpκ−cvκ = (cp−cv)κ =
Rκ. After substituting cp(κ− 1) into (11) we obtain
the dynamic equation describing the pressure in the
intake manifold:

ṗ(t) = Rairκ

Vm

(
Wi(t)Ti(t) −Wie(t)Tie

)
. (12)

In further sections both the flow measured at the
inlet of the intake manifold Wi and the in-cylinder
flow Wie will be considered.
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Figure 5. Bode diagram for the transfer function G(s).

2.2. Air Mass Flow Measurement
In this section, we take into account the input to the
differential equation given by Eq. (12), described as
the flow measured at the inlet of the intake manifold
Wi, or the flow through the throttle. The dynamics of
the air flow mass meter were modeled by the following
equation [18, 20]:

MAF i(t) = MAFmd(t) + τ
d

dt
MAFmd(t), (13)

where MAF i is the actual air mass flow, MAFmd is the
measured air mass flow, and τ is a time lag equal to
about 15ms. A disadvantage of this approach is that
the presented estimation may amplify the high fre-
quency noise present in the sensor measurements [7].

Since Eq. (13) describes first order system dynamics
with a time constant (equal to τ), the system can be
described by the transfer function

G(s) = 1
0.015s+ 1 . (14)

If one analyzes the Bode diagrams (see Fig. 5) of the
system in (14), one may notice that at frequencies
higher than 8Hz (50 rad/s) the signal amplitude starts
to be attenuated.
A frequency equal to 8Hz appears in the intake

manifold when the rotation speed of the engine is twice
as fast as the frequency registered in the manifold.
This is caused by the fact that during one turn of
a crankshaft (360 deg) two intake strokes take place.
This means that a frequency of 8Hz appears at an
engine speed equal to 1000 revolutions per minute
(rpm). The corresponding phase attenuation is equal
to 45 deg (see Fig. 5). Since a typical gasoline engine
usually works with speeds higher than 1000 rpm, the
phase is also decreased and (as can be seen in Fig. 5)
it can reach about −55deg.
Note that the air mass flow into the manifold Wi

(see Fig. 3) is in this case measured with the AFM.
However, it can be expressed as a function of the throt-
tle position, and the difference between the pressure
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in front of the throttle and behind it:

Wi = Ath
pa

RairTa

√
2κ
κ−1

[(
pim
pa

) 2
κ −

(
pim
pa

)κ−1
κ

]
, (15)

where the ‘im’ indexes refer to the intake manifold
conditions and the ‘a’ indexes refer to the ambient
conditions. Ath is a flow section through the throttle
and is a function of the throttle angle Ath = f(α),
while κ is Poisson’s constant.

2.3. Cylinder Flow Computation
In-cylinder flow estimation is based on the idea of
using the reading from the manifold absolute pressure
sensor (MAP) in the flow computation [18, 19, 24, 28].
An MAP sensor is mounted closer to the cylinders
(valves) than the AFM sensor, and it prevents the
influence of air accumulation in the manifold. As a
result, the in-cylinder flow can be estimated more
accurately, especially in transient regimes. The basis
for flow estimation [3] is Eq. (16):

ṁmix(t) = ρin(t) · V̇d(t)
= ρin(t) · ηv(p, rev) Vd

60N ne(t), (16)

where ṁ will from now on be denoted by W , ρin is
the density of the gas at the intake of the engine, ηv
is volumetric efficiency, Vd is displaced volume, ne is
engine speed and N is the number of revolutions per
one cycle (N = 2 for four stroke engines). Volumetric
efficiency depends on engine speed and load (expressed
as pressure).
If we use density ρin(t) in the form

ρin(t) = pin(t)
RinTin(t) (17)

and substitute it into (16), we obtain:

Wmix(t) = ηv(p, rev) pin(t)
RinTin(t)

Vd

60N ne(t), (18)

where p is absolute air pressure, R is the ideal gas
constant, T is gas temperature (in Kelvins) and the
‘in’ indexes refer to the conditions at the intake of the
engine.
Note that the gas density ρin in (17) refers to the

conditions at the inlet of the intake manifold. In
a real experiment we can measure the pressure and
the temperature in the manifold. These refer to the
manifold density ρm, which can be expressed as

ρm(t) = pm(t)
RmTm(t) , (19)

where the ‘m’ indexes refer to conditions in the mani-
fold.

If one rewrites Eq. (18) and substitutes ρin with ρm
and aims to have Wmix unchanged, then one has to
change the meaning of volumetric efficiency ηv. Thus,
now the new volumetric efficiency is related to the

manifold conditions, and is marked as η̃v. As is shown
in Fig. 9, the aspired mixture consists of air and fuel,
so it is necessary to compute the gas constant R and
the temperature T related to the mixture:

Rmix = (ṁair ·Rair) + (ṁfuel ·Rfuel)
˙mair + ṁfuel

(20)

Tmix = (ṁair · Tair · cpair) + (ṁfuel · Tfuel · cp,fuel)
(ṁair · cpair) + (ṁfuel · cp,fuel)

(21)
where: cair and cp,fuel are the specific heat of air and
fuel at constant pressure.

If we substitute Equations (20), (21) into (18), sub-
tract the fuel flow (Wf) from the air flow (18) and take
the changed volumetric efficiency into consideration,
we obtain the equation describing the in-cylinder flow:

Wie(t) = η̃v(p, rev) pm(t)
RmixTmix(t)

Vd

60N ne(t) −Wf(t).

(22)
The fuel flow that appears in Eq.(22) is defined as:

Wf = IIR · IF , (23)

where IF is the characteristic injector flow and IIR is
the ratio of the injection length to the intake stroke
length:

IIR = (pulse width)
(intake length) . (24)

2.4. Volumetric Efficiency Estimation
Volumetric efficiency η̃v is a crucial variable, which
influences the flow into the cylinders. It describes how
much air can be aspired into the chamber in compari-
son with the volume of the combustion chamber. It is
a nonlinear parameter and is a function of the engine
speed and load (η̃v(rev, load)) [3]. The goal of this
section is to describe the estimation routine of this
factor.

Since the air in the intake manifold has a dynamic
character, the air mass flow to intake manifold Wi
does not have to be equal to the cylinder air flow
Wie in the transient regime (see Fig. 3). However,
in steady states, these two flows are equal because
there is no other source charging the manifold with
air, and there is no other outflow. Thus, it is possible
to substitute in Eq. (22) the measurement from the
AFM (Wi) by the estimated in-cylinder flow (Wie):

Wi(t) = η̃v(p, rev) pm(t)
RmixTmix(t)

Vd

60N ne(t) −Wf(t)

(25)
We have obtained an equation with one unknown

variable — η̃v. This can be inserted on the left side
of the equation and thus the volumetric efficiency can
be computed as a dependance of AFM-measurement,
MAP sensor reading, manifold temperature and engine
speed:

η̃v(p, rev) =
60
(
Wi(t) −Wf(t)

)
RmixTmix(t)N

pm(t)Vdne(t) (26)
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Figure 6. Measured volumetric efficiency map.

A two dimensional map of the volumetric efficiency
estimated this way can be used in transient regimes to
compute the in-cylinder flow. In dependence on chang-
ing revolutions and loads, the volumetric efficiency
also changes and influences the estimated flow (see
Fig. 6). The presented map shows the volumetric effi-
ciency η̃v estimated in every 500 revolutions and every
10 kPa. Of course, the volumetric efficiency maps of
different engines differ. If one needs a more accurate
map, one may estimate it with higher resolution (for
example every 5 kPa, or every 250 revolutions), or use
higher resolution in areas with a strongly nonlinear
character, and lower resolution in less nonlinear areas.
The volumetric efficiency map presented in Fig. 6 is
based on a measurement which was carried out on
a test bench with an SI combustion engine made by
Volkswagen (1.4 liter volume, 16 valves, 55 kW power).

2.5. Summary of models
In Sections 2.2 and 2.3, both components of the
dynamic model were considered. If we substitute
Eqs. (22) and (13) into (12), the pressure dynamics
can be expressed as

ṗ(t) = RairTi(t)κ
Vm

(
Wi(t) + τ

d

dt
Wi(t)

)
− η̃v(p, rev)p(t) RairTie(t)

RmixTmix(t)
Vd

Vm

ne(t)
2 . (27)

Since we want to apply the equation in a discrete
time control system, we are interested in its discrete
time implementation. To solve this problem, we have
used the typical Euler numerical procedure for solving
ordinary differential equations. The solution looks as
follows:

p(k) = p(k − 1)

+ δT

(
RairTi(k)κ

Vm

(
Wi(k − 1) + τ Wi(k−1)−Wi(k−2)

δT

)
− η̃v(p, rev)p(k − 1) RairTieκ

RmixTmix

Vd

Vm

ne(k)
2 −Wf(k)

)
,

(28)

where δT is the sampling period, k is the sample
number, p is the system state and Wi is the input.

The analysis of (28) shows that the pressure in the
intake manifold can be simulated depending on the
past pressure values, input — flow through the AFM,
and further variables, such as temperature and engine
speed.

3. Prediction with the model
The dynamics of the air system presented in the pre-
vious sections offers the possibility to predict future
states of the system. It is obvious that equation (28)
can be rewritten in the form of a one-step-ahead pre-
diction, that is:

p̂(k + 1) = p(k)

+ δT

(
RairTi(k)

Vm

(
Wi(k) + τ Wi(k)−Wi(k−1)

δT

)
− η̃v(p, rev)p(k) RairTie(k)

RmixTmix(k)
Vd

Vm

ne(k)
2 −Wf(k)

)
,

(29)

where pressure p(k) and other variables measured at
a discrete sample time k enable future states p̂(k + 1)
to be predicted.

If one wants to increase the prediction accuracy, it is
possible to define a model of the temperature and the
engine speed and insert them into Eq. (29). Since we
have focused on the air path dynamics, we have used
a simplification assuming that the engine speed and
the temperatures are constant. The many-step-ahead
prediction is then defined as

p̂(k + i+ 1) = p̂(k + i)

+ δT

(
RairTi(k)

Vm

(
Wi(k) + τ Wi(k)−Wi(k−1)

δT

)
−η̃v(p, rev)p̂(k+i) RairTie(k)

RmixTmix(k)
Vd

Vm

ne(k)
2 −Wf(k)

)
.

(30)

The predicted pressure can then be used in air flow
computations. If we substitute p̂(k + 1) in Eq. (22)
we obtain:

Ŵie(k + i) = η̃v(p, rev) p̂m(k + i)
RmixTmix(k)

Vd

60N ne(k)

−Wf(k). (31)

Supposing that the engine speed is constant, the
intake stroke length can be easily computed. If we
integrate flows Ŵie(k + i) on a horizon (k to k + i),
(k+ i to k+ 2i), (k+ni to k+ (n+ 1)i) and so on (see
Fig. 7), it will be possible to compute the mass of air
aspired to the combustion chamber in future intake
strokes m̂(n) (where i is the determined amount of
prediction, and n is the number of predicted intake
strokes).
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Figure 7. Air mass flow prediction on a desired
amount of assumed intake strokes.

The following equation describes the vector of pre-
dicted masses:

m̂(n) =
set∑
i=0

Ŵie(n · set + i)tpred, (32)

where tpred = it/set is the time equal to an intake
stroke time divided by the number of prediction steps,
it is the intake stroke time, set is a parameter which
changes the accuracy of the computations (defining the
number of samples in one predicted intake stroke). Ac-
cording to this definition, the model can be computed
asynchronously to the engine events — with sampling
periods independent from engine speed. However, in
every computation period a constant number of future
intakes (or aspired masses) are predicted. Note that
n varies from 0 to the max amount of intake strokes
that are predicted, and i varies from 0 to max number
of integration steps.
Note that the volumetric efficiency changes with

the following iteration steps. These changes are not
accurate, because the volumetric efficiency depends on
the engine speed and pressure, and we predict only the
pressure changes. Importantly, volumetric efficiency
is the main source of nonlinearity that influences both
the pressure dynamics and the air mass flow into the
chamber.

4. Experimental and numerical
results

The in-cylinder flow estimation was evaluated exper-
imentally on the test bench with a Volkswagen SI
engine. Fig. 8 compares the air flow measured in the
inlet pipe with AFM (Wi) with the air flow obtained
by the speed-density calculation (Wie).
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Figure 8. Measurement with AFM is denoted by a
dashed line, computed air mass flow with a full line.
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Figure 9. Schematic representation of the intake
manifold.

Note that since the actual flow into the engine
cannot be measured in a straightforward way, the
quality of the estimation cannot be independently
judged. In a steady state, when no other source is
charging the manifold with air, and no other outflow
appears, the accuracy of the estimation is obvious.
The intake manifold has a relatively big volume, which
acts as an air accumulator (see Fig. 9). After the
throttle opens, it has to be filled with air and then air
can be aspired into the cylinder. A difference therefore
appears between Wi and Wie in the transient regime.
In this regime, the air accumulation also has to be
taken into consideration.
Since the aim of this paper is to define a model

which can be utilized as a basis for predicting system
states, a one-step-ahead prediction of the pressure
is presented here. Figure 10 shows the simulated
pressure with a full line, and the predicted pressure
with a dotted line.

Prediction of the aspired air masses in future strokes
will not be presented here. Since the prediction al-
gorithm runs asynchronously with engine events, it
is difficult to compare its results with the mass of
air aspired to the chamber. Moreover, it would be
interesting to analyze the future aspired masses in
a transient regime. The underlying problem here is
that the revolutions are not exactly constant in a real
test-run and a prediction gap appears, which is caused
by the assumption that the revolutions are constant
throughout the horizon (see Sect. 3). However, in the
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Figure 10. One step ahead prediction of the pressure.

simulations the predictions are completely accurate —
similar to the prediction presented in Fig. 10.

5. Conclusion
A model of the intake manifold dynamics has been
presented in this work. We have described its usage
in control and simulation. A comparison of the intake
and in-cylinder flows measured on a test bench with
a real SI engine have also been presented.
An important topic for future research will be to

apply the model presented here in a model-based
AFR predictive control scheme. Further efforts will
be focused on using the preliminary results achieved
in the works of [12] and [13] in designing an AFR
predictive controller. This paper deals only with an
engine model without an exhaust gas recirculation
(EGR) valve or turbocharger. Turbo-charged engines
have become especially interesting, and might be an
attractive research topic. The presented air system
(see Fig. 3) would have to be extended with equations
describing the exhaust manifold conditions (Wexm(t)
and ṗexm(t)). Then the flow through the EGR and
the turbocharger will influence the intake manifold
conditions (Winm(t) and ṗinm(t)), and there will be a
need to reformulate the model presented here. Some
of these issues are currently being investigated by the
authors.
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