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Quantized Solitons in the Extended Skyrme-Faddeev Model
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Abstract

The construction of axially symmetric soliton solutions with non-zero Hopf topological charges according to a theory
known as the extended Skyrme-Faddeev model, was performed in [1]. In this paper we show how masses of glueballs are
predicted within this model.
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We construct static soliton solutions carrying non-
trivial Hopf topological charges for a field theory that
has found interesting applications in many areas of
physics. It is a (3 + 1)-dimensional Lorentz invari-
ant field theory for a triplet of scalar fields �n, living
on the two-sphere S2, �n2 = 1, and defined by the
Lagrangian density

L = M2 ∂μ�n · ∂μ�n− 1
e2
(∂μ�n ∧ ∂ν�n)

2 + (1)

β

2
(∂μ�n · ∂μ�n)2 ,

where the coupling constants e2 and β are dimen-
sionless, and M has a mass dimension. The first two
terms correspond to the so-called Skyrme-Faddeev
(SF) model [2, 3, 4] proposed by the following idea
of Skyrme [5]. It was conjectured by Faddeev and
Niemi [6] that the SF model describes the low energy
(strong coupling) regime of the pure SU(2) Yang-
Mills theory. This was based on the so-called Cho-
Faddeev-Niemi-Shabanov decomposition [6, 7, 8] of
the SU(2) Yang-Mills field �Aμ, where its six physi-
cal degrees of freedom are encoded into a triplet of
scalars �n (�n2 = 1), a massless U(1) gauge field, and
two real scalar fields. Gies has computed the one-loop
Wilsonian effective action for the SU(2) Yang-Mills
theory and has found agreements with the conjec-
ture, which is provided that the SF model is modi-
fied by additional quartic terms in derivatives of the
�n field [9].
One can now stereographically project S2 on a

plane and work with a complex scalar field u related
to the triplet �n by

�n =
1

1 + | u |2 (u+ u∗,−i(u− u∗), | u |2 − 1). (2)

The static Hamiltonian associated to (1) is

Hstatic = 4M2 ∂iu ∂iu
∗

(1 + | u |2)2 −

8
e2

[
(∂iu)2(∂ju

∗)2

(1 + | u |2)4 + (β e2 − 1) (∂iu ∂iu
∗)2

(1 + | u |2)4

]
. (3)

Therefore, it is positive definite for M2 > 0, e2 < 0,
β < 0, βe2 ≥ 1. The Euler-Lagrange equations from
(1) read

(1 + | u |2) ∂μKμ − 2 u∗Kμ ∂μu = 0, (4)

together with its complex conjugate, where

Kμ :=M2 ∂μu+ (5)

4
e2

[
(β e2 − 1) (∂νu ∂νu∗) ∂μu+ (∂νu∂νu)∂μu∗]

(1 + | u |2)2 .

We choose to use the toroidal coordinates defined as

x1 =
r0
p

√
z cosϕ,

x2 =
r0
p

√
z sinϕ, (6)

x3 =
r0
p

√
1− z sin ξ,

where p = 1 − cos ξ
√
1− z, xi (i = 1, 2, 3) are

the Cartesian coordinates in R
3, and (z, ξ, ϕ) are

the toroidal coordinates. We have 0 ≤ z ≤ 1,
−π ≤ ξ ≤ π, 0 ≤ ϕ ≤ 2π, and r0 is a free parameter
with dimension of length. We use the ansatz for the
solution

u =

√
1− g(z, ξ)

g(z, ξ)
eiΘ(z,ξ)+i n ϕ, (7)

with n being an integer. We now impose the bound-
ary conditions

g(z = 0, ξ) = 0,

g(z = 1, ξ) = 1, for − π ≤ ξ ≤ π (8)

and

Θ(z, ξ = −π) = −m π,

Θ(z, ξ = π) = m π, for 0 ≤ z ≤ 1 (9)

with m being an integer.
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Fig. 1: The Hopf charge density isosurfaces for solutions
with various charges (m, n) = (1, 2) (left), (2, 2) (middle)
and (4, 1) (right) for βe2 = 1.1

The finite energy solutions of the theory (1) de-
fine maps from the three dimensional space R

3 ∼ S3

to the target space S2. These are classified into ho-
motopy classes labeled by an integer QH called the
Hopf index, which has values of QH = m n.
Substituting (7) into (4) and (5), we get two cou-

pled non-linear partial differential equations in two
variables. We have constructed numerical solutions
with several Hopf charges up to four by a successive
over-relaxation method. In Fig. 1, we present some of
the results of the Hopf charge density for the charge
(m, n) = (1, 2), (2, 2) and (4, 1).
Probably the main interest in studying the class

of the model is to get an insight into the mass of
the glueballs. Since our finding solutions are classi-
cal, they must be properly quantized. Making the
following replacement for the fields [10]

�n(�r) · �τ → �n′(�r, t) · �τ := (10)

A(t)
[
�n(R(B(t))�r − �X) · �τ

]
A†(t),

one obtains the kinetic contribution to the energy

T = 1
2
aiUijaj − aiWijbj +

1
2
biVijbj (11)

with ai := −itr(τiA
†Ȧ) and bi := itr(τiḂB†). Here

A and B are matrices in SU(2), and B works through

SO(3) form Rij(B) =
1
2
tr(τiBτjB

−1). �b is an angu-

lar velocity, and �a means an angular velocity in an
isospace. Quantizing these coordinates, one finally
finds the quantized mass of the Hopf soliton

Equanta :=
M

|e|Estatic −

Me2|e|
[
i(i+ 1)
2U11

+
j(j + 1)
2V11

+ (12)

k23
2

(
1

U33
− 1

U11
− n2

V11

)]
,

where Estatic is the energy corresponding to the
hamiltonian (3) and the inertia tensors Uab, Vab are
the function of the classical fields �n. Numerically U11

has a quite large value, so we omit the terms with
U11. As a result, the states are essentially labeled by
two quantum numbers (j, k3).
Krusch applied the basic FR constraints to the

Skyrme-Faddeev model, and finally found that the
quantum states with even topological charge QH

could be bosonic[11]. They may be possible candi-
dates for glueballs.

Fig. 2: The quantized spectra for the topological charge
(m,n) = (1, 2) and (4, 1) (bold line), compared with re-
sult of the lattice simulation [12]

We plot the lowest three states of (m, n) = (1, 2)
and (4, 1). First, we have fitted the first two spectra
to the result of the lattice simulation [12] and have
computed the third lowest spectrum corresponding
to JPC = 2−+. For (1, 2), the third state is lower en-
ergy than the second state because the second term
on the right hand side of (12) has a negative contribu-
tion to the quantum energy. On the other hand, if we
employ the solution of (4, 1), the third state appears
near to the prediction of the lattice. This is quite
promising. In [12], the authors also predicted the
root mean square radius

√
〈r2〉 ∼ 0.481 [fm]. In our

calculation, the radius is
√
〈r2〉 = 0.466 (for (1, 2))

or 0.536 (for (4, 1)) [fm]; the results are consistent.
We summarize our analysis. We have found

new Hopf soliton solutions for the extended Skyrme-
Faddeev model. The model is a low energy effective
model of QCD, and the solutions are possible candi-
dates for the glueballs. We have performed the collec-
tive coordinate quantization for the obtained classical
solutions and have computed the quantum energies.
Some of our results are in good agreement with the
study of the lattice gauge simulation.
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