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Regeneration in One-Dimensional
Gibbs States and Chains with Complete Connections

S. P. Lalley

Abstract: A chain with complete connections is a sta-
tionary sequence of random variables, valued in a finite state
space ), whose joint distribution is a DLR state (or equilib-
rium state, in the terminology of Ruelle [19]). It is shown
that every chain with complete connections whose interaction
function 7y, decays exponentially or polynomially admits a
representation as a block process, that is, a stationary process
obtained by stringing together i.i.d. random blocks (words)
from the alphabet Y. The length distribution of the random
blocks in this representation has exponentially decaying tail
if 4m decays exponentially, and has finite § — £ moment if
Tm = O(m~?).
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0. Foreword

This paper was written in 1984, and a much-abbreviated version was pub-
lished in the 1986 Annals of Probability (vol. 14, no. 4, pp. 1262-1271). In the
published version, only exponentially decaying interaction functions were consid-
ered. At the time, there was little interest in the case of polynomially decaying
interactions (or so the editors of the Annals of Probability decreed), and so 1
abandoned the problem and moved on to other things. Recently, there has been
renewed interest in regenerative represéntations. Therefore, at the suggestion of
Roberto Fernandez, I have decided to publish the original manuscript in full.

1. Introduction

Perhaps the most important technical device in the study of recurrent Markov
chains on denumerable state spaces is the decomposition of the sample path into
i.i.d. “blocks” (in the terminology of Freedman [10]) by means of the process of
successive returns to a distinguished state. This decomposition, apparently first
used by Doeblin [6], [7], affords an easy approach to the ergodic theory of such
chains, and also to the standard limit theorems for numerical functionals on the
chains, such as the Central Limit Theorem and Law of the Iterated Logarithm
(cf. Chung [4]) and the Renewal Theorem (cf. Smith [20]).

Recently Athreya and Ney [2] and Nummelin [17] discovered that a decom-
position into i.i.d. blocks may be achieved for certain Markov chain without re-
current points, the so-called (A. A, ¢, 1) - - recurrent chains. In this decomposition
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the recurrent set A serves as a surrogate for the distinguished recurrent point of
Doeblin’s decomposition; an auxiliary randomization is used to determine which
visits to A are labeled “regeneration” times. Athreya, Mac Donald, and Ney [1]
have also shown that the block decomposition may be used as the basis for an easy
proof of a general renewal theorem for Markov chains first established by Kesten
[13].

The purpose of this paper is to exhibit a block decomposition for a class of
stationary processes, the so-called “chains with complete connections . These
processes were introduced by Onicescu and Mihoc [18]; the basic ergodic theory
was developed by Doeblin and Fortet [8] and Harris [11]. Iosifescu and Theodor-
escu [12] and others have used chains with complete connections and various re-
lated processes as models for learning behavior. Recently Ledrappier [15] noted
that the class of chains with complete connections includes the one-dimensional
Gibbs states (also known as DLR states), which have been studied extensively in
the literature of statistical mechanics and topological dynamics (cf. Ruelle [19]
and Bowen [3] for surveys).

The decomposition described here is similar to that of Athreya and Ney in one
respect, to wit, it relies on an auxiliary randomization to select the regeneration
times. In others respects it is quite different: without the Markov property it
becomes necessary to deal with conditional probabilities involving the entire past.
The construction is explicit enough to give a relation between the “strength” of
the dependence (i.e., the rate of decay of the interaction) and the number of finite
moments allowed the regeneration time.

2. Statement of Principal Results

A chain with complete connections is a stationary process {Y,},ez taking
values in a finite state space ) such that

P(YI=EI:---:Yn=fn]>O; VEI‘---:gnEJh (2.1)

lim P(Yo=£o | Ya =§n,—-m<n< 1)

=PYo=E | Yo =2¢En, n < —1) exists for all (2:2)
E{}:E—l:{-—?v'--ey;

and

Ym 40, . (2.3)

where v,, is the interaction function, defined by
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PYn=6, 0<n<r|Yy=§, n<-1) 1]
P(Yn=§(,,0Sn<r [V, =6,05-1) ’

r<oo; £, & €Y, and & =&, Vn, —mSnS—l}.

A
Ym = sup
{ (2.4)

This definition is somewhat different than that of Doeblin and Fortet [8],
but more suitable for our purposes. Observe that k-step Markov dependence is
equivalent to v,, = 0, ¥m > k. Notice also that the conditional probabilities in
(2.4) are defined for all sequences £,,&; from Y, by (2.2) and the stationarity of
{Yn}nez .

To state our main results concerning chains with complete connections we
must clarify the notion of a regenerative representation. Roughly, a block process
1s a stationary process obtained by piecing together i.i.d. blocks of symbols from
Y (not necessarily of the same length). A block b is an element of the set }" of
finite sequences (words) with entries in the set ); its length is denoted by A(b).
Suppose that on some probability space are defined independent random blocks
{Bn}nez and an integer-valued random variable M such that

{Bn}ng—l,ng1 are 1.1.d. ;
EX(B;) < o0

P(Bo = b) = A(b) P(B; = b)/EA(B,); and (2:6)
P(M =k | {Bn}lnez) = 1/A(Bo), k=1,2,...,A(Bg).
Let
N(n)é min{mgO:Z,\(B,‘)-MZn}, n>0;
i=0 . (26}
£ min{m>0: M -1+ 3 ANB-i) > -n}, n<0;
=1
define
. N(n)
Y, = By (A(Byny) = (Y M(Bi) = M —n)), n >0;
§=0 (2'7)

N(n)
£ B_ne(M + ) A(B=i) +n), n <.

i=1

Then the process {Y, }nez is called a block process. Every block process
is stationary: the proof, which is an easy exercise in elementary renewal theory,
is left to the reader. It should be noted that block processes are derived from a
special kind of semi-Markov process (cf. Smith [20]), in which the blocks are the



2592 S. P. Lalley

successive states, and the block lengths A(B, ) are the sojourn times. In section 3
we shall prove the following two theorems.

THEOREM 1: Suppose {Yn}lnez is a chain with complete connections for
which the sequence {ym}m>o0 is exponentially decaying. Then there is a version
{Y:}nez of {Ya}nez which is a block process, and such that the block length
variable A(B)) has an exponentially decaying tail, i.e.,

Ee® B < 00, for some 6 > 0. (2.8)

NOTE: {ym} exponentially decaying means that there are constants C' < cc, 0 <
B < 1 such that ~,, < Cp™, for all m.

THEOREM 2: Suppose {Y,, }nez is a chain with complete connections for which

Tm = O(m~?) (2.9)

for some constant 8 > 1. Then for every p < (3 there exists a version {Y,' }nez of
{Ya}nez which is a block process, and for which the block length variable \(By)
satisfies

EXMB,)* < . (2.10)

It is not at all obvious that the hypotheses concerning the decay of v,, are
the “right” ones. To demonstrate that polynomial decay of v,, is the appropriate
hypothesis for (2.10), we shall prove (in section 4) the following.

PROPOSITION 1: For each p > 1 there is a chain with complete connections
{Ya}nez with v, = O(m~P+!) such that if {Y, },ez is a block process version
of {Yn}nez , then the block length variable A(B;) must satisfy

EX(B;)P*! = co. (2.11)

What is the minimal rate of decay of 4, sufficient to guarantee the existence of
a regenerative representation with (2.10)7 We have not succeeded in determining
this; however, Theorem 2 and Proposition 1 show that the answer is somewhere
between O(m~") and O(m~(P=2)),

The hypotheses concerning the rate of decay of +,, are by no means necessary
for the conclusions (2.8) and (2.10). It is quite possible for (2.8) to hold in a
regenerative representation of a chain with complete connections for which ~,,, 1 0
very slowly. The easiest examples are stationary renewal processes. Let 0 < f < 1
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and {ﬂm}mgl be constants such that a,, —+ 1 as m — oo, and a,,, > Bam4 for
all m, and 1 > fa,. Define a distribution on blocks of zeros and ones as follows:
P(By = (1)) =1 - Bay;
P(B), = (0,1)) = Ba; — B%ay;
P(B; = (0,0,1)) = B%az — Ba3;

Then A(B,) clearly satisfies Ee?*(B1) < oo for e < 1/8; moreover for the block
process constructed from this distribution

l‘ﬁ(an-i-l/an)
m > ==
Tm = fgﬁ 1= B(am+1/am)

which may converge to zero quite slowly, depending on the rate at which a,, — 1.

1

An important reason for studying chains with complete connections is the
fact that they arise from the so-called Gibbs states of ergodic theory (cf. Do-
brushin [5] and Lanford and Ruelle [14]), which we shall now describe. Let H
(the “Hamiltonian”, or “energy-per-site” function) be a continuous function on
the “configuration space” Y#Z | i.e., suppose that

6m 10, (2.12)

where

Om = sup{ | H(E) — H(€") | :£,6" € YZ and (2.13)
nze:zv OS |nl Sm}

For each finite interval A C Z and each configuration ¢ € yz\“ on Z \A,
define a probability measure yi5;¢c on Y* (the “Gibbs ensemble” for the boundary
condition (), by

paic({€}) = exp{=D_ H(e"(EV )}/ Z(A;Q), & € VP, (2.14)
neA
where
Z(A¢)= > exp{— Y H(c"(£" V()}. (2.15)
ErEYA neA

Here € V ( € YZ denotes the configuration on Z obtained by amalgamating &
and ¢, and ¢ denotes the shift operator on Y% |i.e.,V¥n,j € Z ,£E € Y%
(0"€)i = &n+j- (2.16)

A probability measure P on YZ is called a Gibbs state (or a DLR state) if
for every finite subset A C Z , every £ € YA, and every ( € YE\A
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. P(Ya =€ | Yz\an =) = pac({£}), (2.17)

where Y3 and Yz denote the coordinate projectionsn = n|Aandn = n | Z \A
for ne VZ _In other words, a probability measure on VZ is a Gibbs state if the
Gibbs ensembles pij|¢ form a system of regular conditional distributions for the
configurations on A. If P is a Gibbs state, then the stochastic process {Yn}nez
consisting of the coordinate random variables will be called a Gibbs process.

(=]

It is known that for a Hamiltonian function H satisfying ) ém < oo, there
is a unique Gibbs state P = Py. This measure is translatio;l-irlwariant. so the
resultant Gibbs process is stationary. (This result is, in essence, proved in Ruelle
[19], Ch. 5: cf. Corollary 5.6. It is not difficult to give a direct proof: P is just the
weak limit on Y% of the Gibbs ensembles p | ¢n» Where Ap = {-n,...,n—1,n}
and (, is any configuration on Z \A,).

PROPOSITION 2: Suppose the Hamiltonian function H satisfies of: dm < o0.
m=1

Then the Gibbs process {Y,}nez with distribution Py is a chain with complete

connections. Moreover, for 4., defined by (2.4),

m = 0()_ 6). (2.18)
j=m

The proof will be given in section 5.

It is relation (2.18) that makes Theorems 1 and 2 worthwhile. For (2.18) al-
lows one to relate the number of finite moments permitted the regeneration time
in a block process version directly to the continuity properties of the Hamiltonian
function H (or, equivalently, to the decay of the corresponding “interaction func-
tion” : cf. Ruelle [19]). In particular, if H is Holder continuous (i.e., ,, decays
exponentially) then there is a regenerative representation for which the block-
length variable has finite exponential moments. We remark that all of the Gibbs
states considered by Bowen in [3] have Holder continuous Hamiltonian functions.

3. Regeneration in Chains with Complete Connections

The problem of giving a block decomposition of a stationary process is es-
sentially the same as that of constructing a single regeneration point. This is
formalized in

LEMMA 3.1: Suppose that on some probability space are defined a Y-valued
stationary process {Y,}n>0 and a random variable T € Z + with ET < oo, such
that for all §;,(; € Y and k,m e Z ¥,
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PYoisn =&, 00 <k | T=m;Y; =6 j=0;1;.05,m=1) 51
=P(Yp =&, 0< n<k). 2:4)
Then there is a block process {Y,; }nez such that {Y }n>0 £ {Ya}n>0. Moreover,
the block process may be chosen so that the block length variable A\(B, ) is identical
in law to T.

PROOF: Let {Bp}nez be a sequence of i.i.d. random blocks, and M a random
variable satisfying (2.10), such that the distribution of the block variables B,
satisfies

P{By = (&1,...,m)} = P{T = mandYy = €,41,V 0 < n < m}. (3.2)

We must show that the block process {Y,} obtained from {B,} and M according
to (2.12) has the same law as {Y,,}. We may assume WLOG that the random
variables {Y,}n>0, {Bn}nez , T, and M are all defined on the same probability
space, with ({ By, }nez , M) independent of ({Y,}n>0,T).

For each k = 1,2,..., let {7:},,20 be the sequence of Y- valued random
variables obtained by prefacing the sequence {Yn}ngn by the first k& blocks B,
B, ..., By : specifically, let

(YD:YI"'- _‘;(31) 1) = (B1(1), - .., Bi(A(B1)));

(PaBa)ys -+ Vacsaeasa)—1) = (Bz(1), .., B2(A(B2)));

—k — _ .
Yi '\(-’3:')‘ ' Yi: A(B,)_1) = (Bk(1), ..., Bk (M(Bx)));

=1 =1

g !

Y
Y )= (Yo Vi,

E AB;) D A(B;)+1

=1

(

Then for each k > 1, the sequence {Y }n>o0 has the same law as {Y,}n>0. This
follows by an easy v induction argument (on k). That it is true for k£ = 1 follows im-
mediately from (3.1), (3.2), and the postulated independence of By and {Ys}n>0;
that it is true for k = K + 1 follows by combining the results for k = K and k =1,
since (Bs, ..., Bk4+1) has the same law as (B, ..., Bk).

Next notice that for each n > 0, Y — Y as k = oo; {Y }n>0 is the
process obtained by stringing together t.he entlre sequence ~[B;c }k>1 of blocks.
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Since each of the sequences {?ﬁ }n>0, k > 1, has the same distribution as {Y, }n>0,
it follows that {?ﬁo}ﬂzg is also equal to {Yn}n>0 in law.

Now let {Y;r}nez be the block process obtained from {Bi}iez and M ac-
cording to the specification (2.12). Since {T’?}nzg 2 {?f:,m}nzn z {Yn}n>o for
all m > 0, it is now enough to show that {??_,_m}nzn Y {Y, }n>0 as m = oo
(here convergence in distribution refers to the product topology on Y¥V). But this
is an easy consequence of the Feller-Erdos-Pollard renewal theorem (cf. [19], Ch.

k
13): in particular, since { By }x>1 are i.i.d., if 7(m) = min{k : 3 A(Bj) > m+1},
i=1

then
T(m)
lim P{E1 A(B;) —m = 1=n; Bym) = bo,...; Brimysr = bs}
j=
= P{M = A(bo) — n; Bo = bo; By = by;...; B, = b,}.
Hence {}_'?:_i_n]nzu 2} {Y;}nzu as m — oC.

W\

Notational Convention. If (2, F,Q) is a probability space on which are defined
random variables {Yn,}nez valued in Y, then for all subsets A,B C Z and
each sequence of values £, € Y, Q(£(A)) will denote Q(Y, = £,,¥ n € A) and
Q(E(A) | £&(B)) will denote Q(Y, = &n Yn € A | Y, = &, Yn € B). In addition,
the interval notations [ , ],(, ], etc., will be used to denote intervals of integers,
eg. [mn]l={m,m+1,... n},mn)={mm+1,... . n—1}.

LEMMA 3.2: Suppose {Y,}nez is a chain with complete connections. Then there

exists dg > 0 such that for every A C (—oo0,—1] and finite B C [0,00), and all
values €, € V,

P(¢(B) | £(A)) > o P(€(B)). (3.3)
PROOF. It clearly suffices to consider only cases A = (—oc, —1] and B = [0, m].
According to (2.3) there exist §; > 0 and an integer 1 < r < oo such that for all
choices of €, € V and all m < e

and consequently, for all k > r,

P(ﬁ[o- m] | E['kv"ln 2 le(f[ﬁ,m] | £[-—-1",- - 1]) (35)
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Now since there are only finitely many configurations (choices of &,) on
[=r,r=1] it follows from (2.1) that there exists d> > 0 such that for all &, € ¥

PE[0,r— 1] | §[-r.—1]) > 62 P(£[0, 7 — 1]). (3.6)
Therefore for all §, € Y and m > r — 1,

P(§[0,m] | {[-r,—1]) = P(&[r,m] | {[~r, 7 — 1]) - P([0,r — 1] | £[-r,-1])
2 61 P(§[r,m] | £[0,r — 1])82P(£[0, 7 — 1))

= 5162}3(6[0, m}}
(3.7)
(Here we have used (3.5) and (3.6), together with the stationarity of {Y,},which
guarantees that the conditional probabilities are translation invariant). Combining
(3.4) and (3.7), we conclude that for all £, € Y and all m <

P(&[0,m] | £(—o00, —1]) > 676, P(£[0, m]).
A\

PROOF OF THEOREM 1.

First we show that there is no loss of generality in assuming that

Y =7 <167% (3.8)

for all k > 1. For suppose {Y,}nez is a chain with complete connections on the
state space Y, such that 4} < C8* for some C < o0 and 0 < # < 1. Then the
process

A r
Zp = (Yar41, Yare2, - Yint1)r), n€ Z,

is a chain with complete connections on the state space Y such that 77 =4}, <
Co™ . By choosing r sufficiently large, one obtains v < (16)~% for all k > 1.
Now clearly if there is a block process with the same law as {Z,}, then there is a
block process with the same law as {Y,, }nez , for which the block length variable
is multiplied by a factor of r.

Next we define a (countable) family of probability distributions @, on the
sequence space Y(9%)  Let Qg be the probability measure defined by

Qo(£[0, m]) = P(£[0, m]) (3.9)

for all m > 0,&,&;,...,&m € Y. Fix § > 0 small. For each k¥ > 0 and each
choice of £o,£1,...,6k € Y, let Qi[f’:‘] be the probability distribution on Y+1:%)
specified by
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QR e[k + 1,k + m))

(3.10)
= (1= 8) 7 [QE* N (elk + 1,k + m] | &) — 8P(Ek + 1,k + m])]
forall €x41,...,Ek+m € Y, m > 1.In order that this be a valid recursive definition
it must be shown (inductively) that for 6 > 0 sufficiently small,
QI 1 &) 2 6P(). (3.11)

Before proving (3.11) we will show how to use the probability distributions

QE[“ 1 to build a regeneration point for {Y,}. Let (2, F, Q) be a probability
space on which are defined random variables {¥; },>0, {Y,E}n>0 (all valued in
Y) and T (valued in {1,2,...}) such that

QY A=bn, neA;YE =Co,nENy; T=k)

A ;B (3.12)
=Q(Y,' =&, n€M)Q(Yy =Gn, n€A) Q(T =k)
forall §,,(, € Y and k € Z *, and all finite subsets A;,A» C Z ; and
Q(T=k)=4(1 —J)k_l, P20 L T
QY =&n, n € A) = P(E(A)); (3.13)

QYA =6, 0<n<k)= QO{EU)HQ‘“’" e;)

i=1

forall {, € Y, AC Z, and k > 1. Define new random variables {Y,"},.>0 on
(Q,F, P) by

Yo =

A
{n,n<t (3.14)

Y2, %27,
We will argue that {Y,; },>0 has the same distribution as the original process
{Ya}n>o. It is clear from the construction that for all §;, {; € V,k,me Z*
Q¥iyn =0 <<k |T=m¥;=,0<j < m)
—Q( m+n —ﬁmos n Sk)
= P(Ya=6n,0<n <K)

so by Lemma 3.1, proving that {Y,}n>0 2 {Y;}ﬂzg will suffice to show that
{Ya}n>o0 has a representation as a block process.

To see that {Y,}a>0 2 {Y; }a>o0, use (3.12), (3.13), and (3.14) to write the
finite-dimensional distributions of {Y,} },>0 as
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QYy =6n, 0<n < k)

&k
=) QT=mQ(Y, =6,,0<n<m)QY,2 =& ,m<n<k)

m=1

+Q(T > K)Q(Y, =6:.,0< n < k)

k m=—1
=360 -8)m [T @ -e;)) P(elm, k)
m= j=0

1

(3.15)

k
+ (1 - 8)* T @~ Yg).

j=0

Now use the relation (3.10) successively for Qim'k_”. then QE[_O':“:’], etc. , to
get

k-1 m-—1
RHS (3.15) = Y 6(1 = &)™ [ TT @7 ~"(¢;)] P(€lm, k)

m=1 i=0

- 8)*- '[HQ“‘“ e QM en | &n-1)

j=0

k=2 m—1 ]
= Z 5(1 - 5)m-1[_[] Q7] Pelm. k)

+(1- 67 HQ“‘” ;)] Q5 (Elk — 1,K] | &-2)

il

Qo(€0)Qo(&[1, %] | &o)
= Qo(£[0, k])
= P(f[{],k]),

It remains to be shown that § > 0 can be chosen sufficiently small that (3.11)

holds for all k, so that the recursive definition of the probability measures Qim'k" 1
is valid. Recall from Lemma 3.2 that there exists dp > 0 so small that

P(&(B) | €(A)) > 6o P(E(B)) (3.16)
for all A C (—o0,k — 1] and finite B C [k, 0), and all choices of £, € Y. Choose

8 < 8p/4 < 1/4. (3.17)
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We will show by induction on k that for all k > 0,m > 1, and r > 0, and all
choices of £, € Y,

QSO* ek + m, k +m+ 1] | £k, k+m = 1))
Pk +mk+m+r] | [k, k+m—1])

~1| < 4)16)~™. (3.18)

Since RHS (3.18) < 1/2, it follows immediately from (3.16), (3.17), and (3.18)
that

QO elk + 1,k +n) | &) > g00P(Elk+1k+n) (319

for all k > 0,n > 1, and all choices of £; € Y. This clearly will prove (3.11).

Notice that (3.18), and (3.19), are trivial for £ = 0, by (3.9). We now assume
that (3.18) and (3.19) are true for some indeterminate value of k, and proceed to
show that (3.18), and hence (3.19), must also hold for & + 1.

Write
QUF etk + 14 m k+ 14+ m+r] | €[k +1,k+m))

3.20
_ ek + 1 k+14m ) 2
QM e[k + 1,k + m))

Now apply (3.10) to both numerator and denominator of RHS (3.20), then
divide by P(é[k+ 14+ m,k+ 14+ m++r] | €[k + 1,k + m]) to obtain

QEF etk + 1+ m k+1+m+r] | €[k +1.k+m])

Plk+1+mk+1+m+r]|Ek+1,k+m])

_1|

(3.21)
B |Qﬂ‘”‘-”(e{H1+m,k+1+m+r] | €k k+m)
PEk+1+mk+1+m+r]|Ek+1.k+m]) |
l 1 P(E[k + 1,k + m]) |“1
QP e[k + 1,k +m] | &)
< (1 - 2551)1 | QL ek + 14 m k+1+m+r]| €k, k+m)) 1l

PEk+1+mk+1+m+r)|Ek+1,k+m])

The last inequality follows from (3.19), which holds by virtue of the induction
hypothesis. Now by (3.17),

(1-245'0)""' <2,
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so to complete the proof it suffices to show that the | - | factor on RHS (3.21)
is no larger than 2(16)~™. But

QU + 1+ m ok + 14+ m+ 1] | €[k, k + m))
PEk+1+mk+1+m+r7]|Ek+1,k+m))

_ [Qi“’"“”(es[k +14+mk+1+m+r]| €k k+ m])]

P(&[k +m, k+m+r] | E[k, k + m]) (3.22)

[ P(Elk+m, k+m+r] | E[k, k+ m]) ]
Pk+mk+m+r]|E[k+1,k+m])

= [1+ (4)(16)"™ '] [1 & ym)

by the induction hyphothesis (3.18) and the definition (2.4) of 4,,. Consequently
the | - | factor on RHS (3.21) is no larger than

(1/4)(16)™™ + 3m + (1/4)(16)"mym < (2) - (16)™™,

by (3.8).
W\

The reader should note that the hypothesis (3.8) of exponential decay of %
is only used in this very last inequality. Notice also that we are forced to prove
(3.18) for all values of m, not just m = 1, because the case (m+1, k) is used in the
induction step to prove the case (m, k+1). This explains the need for exponential
decay of 7y, .

For polynomially decreasing «x the construction just completed fails: it is
impossible to choose § > 0 so that (3.11) holds for all k. However, it is still possi-
ble to represent chains with complete connections for which v = O(k~#),8 > 1,
as block processes. The construction will be somewhat more complicated. First,
regeneration will only be allowed following an ocurrence of a certain “codeword”
in the process {Y, } (by redefining the state space J we will arrange matters so that
regeneration is allowed only after Y, = y., where y. is a distinguished “letter”
(state) of ). Second, “regeneration opportunities ” will be separated by increas-
ingly lengthy intervals of time. Consequently the block length variable A(B;) will
end up having a somewhat longer tail.

LEMMA 3.3: Let {Y,}nez be a Y-valued chain with complete connections. Sup-
pose that on some probability space are defined a Y-valued process {Y, }n>o0 and
a random variable T € Z* with ET < oo, such that for all §;,(; € V and
kmeZ+
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P(Yroi=9) =1, (3.23)

P(Ymin =6n, 0<n<k|T=m;¥p=¢(n, 0<n<m—2)

N (3.24)
=P(Yp =&, 0<n< k),

and

P(Yo=6n, 0<n<k)=P(Ya=6, 0<n<k|Ya=u) (3.25)

Then there is a block process {Y,'}n,ez identical in law to {Yn}nez, for
which the block length variable A\(B,) satisfies

AB) 2T (3.26)

The difference between this lemma and Lemma 3.1 is that the “post-regene-
ration” process {¥Yr4n }n>0 is not required to have the same law as {¥,,}n>0.

PROOF: Let {Bp}nez be a sequence of random blocks and M an integer-valued
random variable satisfying (2.10), and with block distribution

P(B1 = (€1,..-,6n)) = P(Ya =41, 0<n <m T = m).
We will show that the block process {Y, }.ez obtained from {B,} and M via
(2.12) is identical in law to {Y, }nez -

Let {Y}n>0 be the process obtained by stringing together the random blocks
BlyBQ! ey i.B.,

(?01?1! s 9?A[B1)"‘1‘) = (Bl(l)‘ 81(2)1 ey BI(A(BI)))’
(YaB1)s YA(B1) 41+ -« - Y A(B1)4+A(Ba)=1) =
(B2(1), B2(2), ..., B2(A(B2))),

Using (3.23), (3.24), and an induction argument almost identical to that in
the proof of Lemma 3.1, it may be shown that {Y, }n>o0 is identical in law to
{Yn }n>0. Furthermore, an argument based on the Feller-Erdés-Pollard renewal
theorem, much like that in the proof of Lemma 3.1, shows that as m — oo

{Tontntnzo B {¥Inz0:

Consequently, to show that {V’},cz 2 {Yn}nez is suffices to show that as
m — 00,
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¥ D
{Ym-i-n}nzﬂ =¥ {Yn}nZOn
1.e., that

lim P(Ym4n =&, 0< n<k)

m—+00

= lim PV =60 0Sn <k |Yo1 = 3.) 3.27
=P(Ya=¢6é, 0Sn<k).

Assume that {Y,}.ez and {f’,,},,zg are defined on the same probability
space, and that the two processes are independent. Define random times 75, by

T =inf{m > k: Ypm_n = Ym_n for 0 < n < k}.

It is an easy consequence of Lemma 3.2 that 7. < oo with probability one,
forevery k=1,2,... (Lemma 3.2 guarantees that regardless of the comportment
of {Yn}o<n<m and {Yn}o<n<m, the probability of a match at time n = m is at
least 82). Now for any k,m,r € Z * with k < m, and any choice of En €)Y,

lP(YI’“+"=£"‘ 0<n<r)=P(Ym4n=6,0<n<r) |
m-1
<Y | P(Fmsn=bn, 0<n<r | 7 =)
i=k
—P(Ym4n =&, 0<n<r|n=7j)| - Pl =j)+ P(n > m)
< + P(m > m),

by the definition (2.4) of 4x. Since vx | 0 (cf. (2.3)), (3.27) follows.
\\\

PROOF OF THEOREM 2.

Assume that {Y,},ez is a chain with complete connections satisfying v, =
O(n=P) for some real 8 > 1. Fix p < 3. We will show that on some probability
space are defined a }—valued process {f",, }nza and a random time T € Z * such
that ET” < oo and (3.23) - (3.25) are satisfied. We may assume without loss of
generality that

M < %o, (3.28)

where 4. > 0 is some small constant which will be specified shortly (see the
argument in the first paragraph of the proof of Theorem 1).
Fix 6,0 < d < 1, and choose constants 0 < a,C,C.,v. < 1 such

(1-a)f <(1-6)<(1-a), (3.29)
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51+ C+7+Cr) <1, (3.30)
(1+C.)(1=0a) +(C./C)<1=6(1+C+7 +Cv), (3.31)
0<(1-Ccl1-a)’)'<1+C, (3.32)

and
(1-C)(1-7.)>6. (3.33)

Since 4, = O(n~?), there exists an increasing sequence {r}x>1 of positive
integers satisfying

r;=0((1—a)7%), k>1, (3.34)

M-

w
1

and
v <C.(l-0a) k>1. (3.35)

Now we shall define measures @, on various sequence spaces; these will be
used to build {}"'ﬂ},,m and 7 in much the same way as in the proof of Theorem
1. Both the indexing and definition of the family {Q, } are somewhat more com-
plicated, since “regeneration " is to take place only after occurrences of y., and
“regeneration opportunities” are to be widely separated.

Given a sequence {£,}n>0, define

to =1o({€}) = -1,
= tl({&}) = inf{n - s B Erl = y.} (336)
tet1 = tes1({€}) = inf{n > e + rxy1 1 &n = ua},

where ry are the integers satisfying (3.34)-(3.35). The dependence of t; on {£} will

be suppressed. The @, measures are indexed by finite sequences £[0,{x] having

precisely k occurrences of y. at successive gaps of (at least) ry,7s,...,7¢. The

[0,tx] -

measure Q'E is defined on the sequence space Y[t*+1.°) a5 follows:

Qo(€[0,m]) = P(£[0,m] | §-1 = va),

Qﬁﬁ h“](ﬂ] +iep1, m+tey]) = (3.37)

= (1= 0) " QP EML + tir, m + tiga] | €1 + b, tisa])
—8P(E[1 + trgr, m+ tia] | E(tk41)) )

Notice that £(tk+1) = y., so P(- | €(tk+1)) is just the fx4, translate of Qo;
moreover if {Y,, }n>0is a process with distribution Qp then {Y }n>o satisfies (3.25).
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As in the proof of Theorem 1, it must be verifed inductively (on k) that (3.37)
is a proper recursive definition, i.e., that

Q. | €01 + th, taaa))

(3.38)
> 8P(- | &(tks1)).
To accomplish this, we will prove by induction on k that
QO (4 <o) =1 (3.39)
and
| Qi[o'“](f[l +tkan, M+ tegn] [ €[] +tk, thsn]) 1
P[E[l +tk+n;m+ tk+l'1] I E{tkvtki-n}) (340)
<C(1-a)fr
for all k > 0,n > 0,m > 1 (with the convention £_; = y. for the case k = 0),

and for all choices of &, € ), subject to the restrictions imposed by (3.36). Since
(1=C)(1=9.) > 46 (cf. (3.33)) and 543 < 7. (cf. (3.28)), the inequality (3.38)
follows easily from (3.40) with n = 1.

To start the induction notice that by the definition (3.37) of @y, LHS (3.40) =
0 whenever k = 0. Furthermore (3.39) must hold for # = 0 because by the ergodic
theorem and (2.1), P(Y, = y. for infinitely many n > 0) = 1, and Qy < P.

Assume now that (3.39) has been established for all k, 0 < k¥ < K. Then

i[?_';"“], and hence QEEE';""](- | €[1+1k-1,1k]), attach all their mass to sequences

(€n)n>14t, for which the entry y. appears, i.o. . It therefore follows from (3.37)

that Qito""] attaches all its mass to sequences with infinitely many occurrences of
¥.. Thus, conditional on the validity of (3.38), we have established (3.39).

To prove (3.40), assume that (3.40) has been established for all values of k
with 0 < k < K, and that (3.39) has been established for 0 < £ < K + 1. Using
the definition (3.37) of Qk4+1, the induction hypothesis (3.40) for k = K, the

assumption (3.35) and the fact that fxi14n — tkyr < 3 75, (3.28), (3.32) and
=1
(3.31), we have

QRN R HE[L 4ty p14m, M+ LR 14n) | €L+ tk41, LK 414n))
P(E[1+tk414n,m+txs14n) | E[tk+1.tK4+14n))

_1'

- [ QXL e+t y14n, m + ticsren] | E[1+ 1, tr414n)) _1 |
P(E[1+ tk+14n, m+tk414m] | €[tk +1,tK+14n])

. ‘ 1= s PE+tk4y,m+tksr4n] | E[1+ 1K, tk414n]) |‘1
QS IENL + ticqr, m 4t 14n) | €1+ 1k, th)
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| Qﬂn RUEN + tgran. m+ tksri4n) | €[] + 1k, tk414n)) _
PE[1+ tks14n M+ Lk 414n] | €[t Lk +14n))

Pl + ik 4140, M+ tks14n] |tk tk414n]) ~1 |
P(zi[l + tk 4140, M+ tk+14n) | Eltk+1, LK 414n])

‘ | N { P(E[1+t}{+1.m+th’+l+ﬂ] | €tk tr41))
QP NEN + treqr,m + ticyrn] | €1+ 1k, trc4a))

 P(E[1+tk41, m+ tks14n] | E(tk41)) } |"
PN +tks1, m+1k414n] | Eltk tr 1))

= | (1£C01 - a1 £ vppnyn = —txe1) =1 |
C|1-8(1£C(1-a)’) (1m) |7
<{C(1-a)’™*V) 1+ C.(1-a)®" 4+ CC.(1 - a)PC+1)}
A1-6(140)(1+ 7))}

<C(l-a){(1-0a)’ +(C./C)+C.(1-0a)?}
A{1-8(14+C+7. +Cv.)}!

<C(l-a),

as desired. This proves (3.40) and hence (3.38), legitimizing the recursive defini-

tion of Qy .

We will now use the measures Qj to build a regeneration point, i.e., to carry
out the construction called for by Lemma 3.3. Let (Q,F,Q) be a probablllty
space on which are defined independent random processes {Y ]n>o and {Y },1)0
valued in Y, and a random variable N € {1,2,.. .} independent of {¥,A }n>0 and

{Y;2}s50, such that

QIN=k)=61-0)" k=1,2,...;

Q(V;B =¢n, n€A)=P(E(A) | €21 = yu);
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QU =6n; 0<n <t +m < trg)
k=1 '
= [T @™ el + 45, 4541)) (3.43)
j=0
QSO 4 b, m + 1))

forall A C Z*,k > 0,m > 1, and all choices of £, € V. Define a new random
process {Yn}ngo and a random variable T" € {1,2,...} as follows:

T=tn{Y }n30) + 1; (3.44)
and
# = J ¥4, mel, (3.45)
# Y2 a>T. '

Note that (3.39) implies Q(T' < oo) = 1. Notice also that since {YA}, {Y,B},
and N are independent,
Q(?m+n =&n, OSnSk[sz,?'n = Ca, 05n$m—2)
=P(Yn=6, 0<n<k|Y.; =¢)
by (3.42), as required by (3.24) and (3.25). It is clear from the construction

that Yr_; = y.. Therefore, by the result of Lemma 3.3, to complete the proof of
Theorem 2 it suffices to show that

QYn=£n, 0<nLk)=P(Yn=6,, 0<n< k| Y1 =p) (3.46)
and
ET? < co. (3.47)

The proof of (3.46) is virtually identical to the argument in the proof of The-
orem 1 showing that {Y;} }n>0 = {Yn}a>0 (see (3.15) and the ensuing discussion);
only the indexing needs changing. Consequently we shall omit it.

To prove (3.47) notice first that there is a constant € > 0 such that for all

k=0,1,... and all choices of &, € Y
Q™ etk +m+1) =y €N +te,m+ 1)) 2 €. (3.48)

This is an easy consequence of (3.40) (with n = 0), Lemma 3.2, and assump-
tion (2.1). Hence

Qf*thrs > th +riss +1) < (1 - )™ (3.49)
Using (3.41), (3.43), and (3.44). we therefore may stochastically bound 7" by

N N
1+ ZMJ' + ZT_,'
j=1 j=1
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where M1, Ms, ... arei.i.d., independent of N, and satisfy
P(Mj=n)=¢(l—€)""!, n=1,2,....

The fact that ET*? < oc now follows from Minkowski’ s inequality,

E( i M;)? < o0, (3.29) and (3.34):
i=1

N
EG r) <K-Y §(1-8)"""(1-0a)™ < o \\\
Jj=1 n

4. The Attainable Rate of Regeneration

The purpose of this section is to show that the number of finite moments
permitted the block length variable A(B;) in a regenerative representation of a
chain with complete connections may be limited by the rate of decay of +,,. Specif-
ically, we will show that for each p > 1 there is a chain with complete connections
{Ya}nez with the following properties:

n = O(n~#41), (4.1)

and if ({Y, }nez , { Bk }xez , M) is a regenerative representation of {¥;, }nez , then

EXB;)P*! = . (4.2)

The important features of the processes in question are summarized in

PROPOSITION 4.1: For each p > 1 there is a chain with complete connections
{Ya}nez valued in Y = {0,1}, such that for any sequence £, € Y, n > 1,

P(Yo=1|Yon=6n, n>1)=1/3+) 27%£u/3C,,
k=0

=]
where C, = Y 27ke = (1 =277)~'. This process is unique, in the sense that any
k=0
stationary process satisfying (4.3) must have the same distribution on {0,1}% as
{Yn}neﬁ .
The process {Yn}nez Is symmetric with respect to interchange of 0 and 1,
Le.,

{(1 = Ya)lnez 2 {Yalnez: (4.4)

moreover, {Y, }nez has the property

Y = O(n~(P=1)y; (4.5)
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and there is a constant C' > 0 such that for each k =1,2,.. .,

P(Yp=1|Yo=1)= P(Ys =1) > C27%. (4.6)

PROOF: Let (2, F, P) be a probability space on which are defined i.i.d. uni-
form (0, 1) random variables {Un}nez (ie., P{U, < 1) =t, Vi € [0,1]). Define
{Ya}nez as follows:

1, if Un < 1/3;
0, if Uy > 2/3;
Yo = k=1 ko (4.7)
Yooox, if 3 2792 <3C,(Un — —1/3) < Y 2747,
1=0 j=0

forne Z k€ Z ,k > 0. Notice that this definition “back references” at those n
for which 1/3 < U, < 2/3: however, since the {U,,}mez are i.id. and P(1/
3 < Un < 2/3) = 1/3, the number of back-references needed to ascertatin the
value of Y, is geometrically distributed, hence finite with probability one. Thus,
with probability one. all of the variables ¥, are unambiguously determined by
(4.7).

It is clear that the process {Y,}nez is stationary, since {Up}nez is . It is
also clear that (4.4) holds, because {1 — Y, },ez is the process which would be
produced by the mechanism (4.7), if, instead of using the i.i.d. uniform —(0,1)
sequence {Up}nez one used the 1.i.d. uniform —(0, 1) sequence {U}}nez , where

Un—2/3 if 2/3<U, < 1;

Cy if 1/3< U, < 2/3;
Ur =
Un+2/3 if 0<Un<1/3.

Furthermore, all finite configurations of 0’s and 1’s have positive probability,
as demanded by (2.1), because (4.7) clearly implies that for all £, € {0, 1},

P{Yo=6, 1<n<r} >3

To prove that {Y,}nez is a chain with complete connections it will suffice
to show that for any sequence &, € {0,1}, n > 1,

lim P(Yo=1|Y-n=6n, 1<n<m)
o0 (4.8)
=1/3+ Y 27%¢/3C,,

k=0

and that (4.5) holds. (cf. (2.2) and (2.3)). To establish (4.8) it suffices to look
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only at m=2 k=1,2,.... Now

P(Yo=1|Yon=E&, 1<n<2k

= P(Us < 1/3)
k i=1 . i i
+Y & - P(Y_ 27 <3C,(Uo—1) <y _27%)
j=0 i=0 i=0

k

+P(Yo=1,1/3+) 2797/3C, <Up < 2/3|Y-n =&, 1<n < 2¥)

i=0

k
=1/34 Y2797, /3C,
=0

k

+P(Yo=1,Y 2797/3C, < Up—1/3<1/3 | Yon =6 1< n < 2%).

j=0

(4.9)

Since Uy is independent of {Uy }n<-1, it is independent of {Yn]ng-u conse-

quently the last term on RHS (4.9) is no larger than

k
P()_2797/3C, < Up - 1/3 < 1/3)

j=0

k
=(1/3)1=>_2777/C,)

j=0
— 0 as k — co.

This proves (4.8).

To show that v, = O(n~(#~1)) it suffices to show that log(1 +v,) =
O(n~(P=1)). Recall that

= {IP(YR:EmOSnSk|Yn=£ﬂrn<0) I
Tm =S PUBY, =€, O<n<k|Y.=¢, n<0) '
n, En €Y and & =§, for —m <n<k}.

Since

P(Ya=6, 0<n<k|Ya=§ n<0),

k
=[P =6 1Yo mta, n<r)

r=0

to show that log(1 4 ym) = O(m~(#~1) it suffices to show that
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PYo=6& | Ya=6n. n<0)| . .
s“p{]"’gp(y.,-_-ga [Ya=t2, n<0)l =% o _"‘5"50}
= O(m~?).

But since P(Yo =& | Yo = &5, n < 0) > 1/3,

Ilo PYo=¢& | Yn=¢6r, n<0)
PYo=& |Ya =&, n<0)

< |log(1+3|P(Y0=£0 | Ya =&, n <0)
S P(Yo= | Ya =&, n<0)))]

<llog(1+3 Y 27%/3C,)|

k:2%>m
=0(m™").
for all choices of &,,£; € {0,1} such that £, = £, for —m < n < 0. This proves
(4.5).
To prove that {Yp}nez is the essentially unique stationary process for which
(4.3) holds. we assume that {Y,}nez 1s another. Without loss of generality

we may assume that {Y,}.ez is defined on (R, F, P). For each sequence £ =
(€n)n<-1, define a process {Yn(§)}nez as follows:

Ya(§) =&n, n< -1

1, if Un < 1/3, n>0;
0, if Up >2/3, n>0;
Y"(E)= i m=1 . m s
Ya_am(€), if 3 2792 < 3C, (U, — -1/3) < 3 277°,
j=0 j=0
n>0m>0.

Let Y = (Yp)n<—1 and ¥ = (Yn)nc—1. By (4.7),

Y = Ya(Y), ¥n > 0.

Define a new process {Z, }nez as follows:

Zn =?n, n S _1;

Zn =Yn(Y), n>0.
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Since we assumed that {}_’n}nez satisfies (4.3), i.e., that

P(Vo=1|Vn=£n, n<0)=1/3+ 275761 /3C,,
k=0
it follows that the processes {Z,}nez and {Y,}nez areidentical in law. We will
show that {Z,},ez and {Yn}nez are equal in law by showing that there exists
a random time T' € Z * such that

P(T < %) =1, (4.10)

and
Yo=Z, on n>T. (4.11)

(By the ergodic theorem (4.10) and (4.11) prove that {Y;} 2 {Zn}).

To prove (4.10) and (4.11) we will show that there is a random time T € Z *
satisfying (4.10), and such that for any two sequences £ = (£n)n<-1 and ¢ =
(Cﬂ)ﬂg—lt

Yo(€) = Ya(¢) on n>T. (4.12)

Notice first that ¥,,(£) is monotone in &, i.e., if £, < (, for all n < —1, then
Yn(€) < Ya(C) for all n € Z . Thus if £€(1) and £(°) are the sequences given by

W =1foralln < -1, 5,“10]' = 0 for all n < —1, then for all sequences &,

Ya(€©®) < Y, (€) < Ya(E™M).

It therefore will suffice to show that there is a random time T' € Z + satisfying
(4.10), such that

Yn(6?) =Y, (€M) if n>T. (4.13)

We introduce some terminology borrowed from the realm of branching pro-
cesses. Call each 1 appearing in the sequence {Y;(€)}nez an individual. If
m=1 : m .
n >0, ) 2797 < 3C,(Un — 1/3) < 32777, and Yp_2m(§) = 1, then call
§=0 j=0
the individual born at time n an offspring of the individual born at time n — 2™,
For a given individual, the offspring, the offspring’s offspring, etc., will be referred
to as descendants of the individual. Now for any individual born at a time n > 0
the expected number of offspring is

S ELLY 079 < 30, (Unsam —1/3) < 3 2797)

m=0 §=0 =0

= i 9-m03C,

m=0

=1/3;
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consequently the expected number of descendants of such an individual is

o2, 37" = 1/2. Similarly, for an individual born at time —n, where 2™ < n <
2m+1 | the expected number of offspring is 2~(™+1)? /3 and the expected number
of descendants is 2~ (m+1)7 /2.

The upstart of all this is that the expected total number of descendants
of all individuals born at times n < —1 in {Y,(£"))},ez is finite. because
Y om>02M2™™? < oo for p > 1. Since such descendants are born precisely at

those times n > 0 when Y,(€()) # ¥, (€(®)), the processes {Yn(£"))}a>0 and
{Yn(£(0))}n20 must coalesce after a finite (but random) amount of time. Thus
there exists 7" € Z T such that (4.10) and (4.12) hold: this completes the proof
of uniqueness.

To prove (4.6), it suffices to show that there is a constant C* > 0 such that
forallk=1,2,...,

P(Yor=1|Yo=1)— P(Yo =1 | Yo = 0)

S it (4.14)

because by (4.4) P(Yor = 1) = 1/2(P(Yoxr =1 | Yo = 1)+ P(Yox =1 | Yy = 0)).

We will rely on the formula

P(Y;m =1][Yo=0o)
- / PYn=1 I Yo =&n, n<m) ‘P((Yn)n(m € d(&n)ncm I Yo = (o)

(En)n(m
(4.15)

for (o = 0 and 1. The range of integration is the set of all possible configurations
(€ )n<m of zeros and ones on the interval (—oo, m).

Note that for all pairs of configurations (£,),<2x and (& )n<2+ such that
Eo=1, & =0,and §, =&, foralln #£ 0, n < 2k,

P(Yox =1 | Yo =6n, n<25) = P(Yox =1 | Yo = &5, n<2F)
=2 " 13c,,

by (4.3). Notice also that P(Yox =1 | Yo =0;Y, =&, n <2 and n #0) is a
nondecreasing function of (£, ), <2x. nxo, again by (4.3) (here nondecreasing means
with respect to the partial order (£,) < (&) iff &, < & for all n). Consequently
to prove (4.14) with C* = 1/3C,, it suffices to show that for every measurable
nondecreasing function f((€n)n<2xnz0) of configurations on (—o0,0) U (0, 2%y
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f((€a))P(Yn =60, n<2¥, n#0 | Yo =1)
{e")-n::" ingo

(4.16)

> j F(E)P(Yn =6n, n<2, n#0|Yo=0)

{i")ucﬂk:a$0

To establish this, we will use the sequence {U, },ez of uniform-(0, 1) random
variables which were employed in the definition (4.7) of {Y,}nez to create two

new sequences {Y©},cz and {Y\")}nez such that

Y9 <YV forallne Z; (4.17)
and
PY)=¢, n€A)=P(Yo=6n, n€A|Yo=() (4.18)
for ( = 0 and 1 and any choice of &, € {0, 1}, any finite subset A C Z .
Given a realization of the uniform sequence {U,}, let (R, R,..., Kr) be

the longest sequence of nonnegative integers such that

K]—l ) K: .
Y 279 < 3C, (U0 - 1/3) < Y2794,
§=0 j=0
and
Krp1-1 Krga }
Yo 270 <3C,U - —1/3)< D 27
i=o0 = Z 2Kn =0
forr=1,2,..., R— 1. Notice that this is the chain of back-references one would

make to determine the value of Yy by (4.7); it is finite with probability one. Define

& ifn=0;
YO={¢ ifn=-3 2K~ 1<r<R;

. m=1
Y., otherwise.

for ( = 0 and 1. It is clear that Y. > ¥,{%) for all n € Z . That (4.18) holds
follows from (4.7), because conditioning on Yy = ¢ is the same as conditioning on
the event that the chain of back-references starting at n = 0 in (4.7) ends in a (;
1.e., that

)

<1/3 (for¢
(=0)

U_[ i 2%a) { >2/3 (for

n=1

1

1
0
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(&1
=1
(4

This completes the proof of (4.14), and of Proposition 4.1.

W

That the processes {Y,}n,ez constructed in Proposition 4.1 enjoy property
(4.2) will follow immediately from (4.6) and the next result.

PROPOSITION 4.2: Suppose {Y,I }nez Is a block process valued in Y = {0, 1},
constructed from the sequence {Bp}nez of random blocks, and suppose that
{Y} is a chain with complete connections. Suppose also that for all choices of

£l|£2v---15m € {0: 1}

P(Y: =, 1<n<m)>0. (4.19)
If EX(B;)?*! < o for some p > 1, then

|P(Yp=1|Yy =1)= P(Y,, =1)| =0o(m™") as m — cc. (4.20)

PROOF: This is a relatively straight forward application of a coupling result due
to Ney [16]. We paraphrase Ney's result as follows:

Given a probability distribution {pn }n>0 such that }_ np, < <
and gecd. {n > 1:p, > 0} = 1, given independent “initial”
random variables Xy, X ¢ > 0, both integer-valued, and given in-
dependent i.i.d. sequences {Xp}n>1 and {X,}n>1 all with dis-
tribution {pm}m>o, and such that {X,},>0 and {.ﬁ'n}ngg are all
independent, there exist random (integer) times L L > 0 such

that
for each n,7i € Z * the event (L > n,L > #)isa (4.21)
function of {Xg,X;,....Xn;);'o,Xl, ..... X FA )
Sp=5;, where S, =" X; and 5, =) Xj; (4.22)
i=0 i=0
) N
P(SL > z)=O(P(Xo+ Xo+ »_ Zi > z)), (4.23)

i=1

where N, Xo, Xo, and Z,, n > 1, are all independent, {Zn}n21
are 1.i.d., EeON < x for some 6 > 0, and

P(Zn > 2) = 0> (n—2)pn). (4.24)

n=z
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This is slightly different than the statement of Lemma 1 in [16]: there it

is only asserted that Sp £ 5‘5. However, the proof of Lemma 1 in [16] actually
establishes the stronger statement S; = Sj .

Recall from (2.5)-(2.7) that a block process {Y'} is constructed from a se-
quence of random variable M satisfying (2.1). Let p, = P{A(B,) = n}, n > 0,
and assume that

ged. {n>1:p, >0} =1, (4.25)

so that the hypothesis of Ney's result is satisfied. We will show later how this
assumption may be removed. Finally, suppose that EX(B;)?*! < co.

Let {B,}nez be a sequence of random blocks, and M > 1 an integer - valued
random variable, satisfying

{Ba)lnez and M are independent of {Bn}nez and M; (4.26)

the variables B,, n € Z , are independent, and for

s 4.27
alln #0,B, = B;; and )
P(Bo=bM =k | {Bn}nzo)
_ P(B: :b)}félllgkg)x{b):b(k)z 1} (£:28)
E _ZZD 1{B(j) = 1}
J:

Notice that (4.28) is just the conditional distribution of (By, M) given that
Y7 =1 :cf. (2.5). Define random variables {X;}n50, {Xn}nz0, {Sa}, {Sn},
{N(n)}, and {N(n)} by
Xn=AXBn), n2>1,
Xy =XBp), n31;

Xo = A(Bo) — M;

Xo = A(Bo) — M;

Sa=)_Xj, n2>0; (4.29)
j=0

.§',.:ZX'J-, REU;

=0
N(n) =min{m >0: 5, >n}, n>0; and
N(n) =min{m >0:S,, >n}, n>0.
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By Ney’s result there exist random times L, L such that (4.21)-(4.23) hold;
observe that by (4.22),

N(SL)=1L,
fc’(g}:) = L.
Define a random process {Yy }n >0 as follows:

Bﬁ(n}()‘(éﬁ(n]} iz Sﬂ(“) + ﬂ) if N{ﬂ) S f,;

s : 4.30
{BN(n}(’\(BN(n)] —Snny+n) if N(n) > L. (4.30)

Observe that by construction (cf. (4.28)), ¥, = 1; in fact, for all k >
Y€yl €40, 1),

P¥n=6, 1<n<k)=PY; =&, 1<n<k|Ys =1). (4.31)

Moreover, since after S, = S; the construction of {¥,,} proceeds by stringing
together the same blocks {B,} that are used in the construction of {Y},

Yo=Y, for n>SL. (4.32)
Combining (4.31) and (4.32), we have

]P(};;, =1 ¥ =1)=PlY,= 1)|

4.33
< P(SL > m) 2%

Consequently, to prove (4.20), it suffices to show that
P(Sp, > m) =0(m™"). (4.34)

But this follows almost immediately from (4.23) and the independence of
N, Xo, Xo, and Z,, n > 1. For EA(B;)?*! < oo implies that EX{ < oo (cf. (2. ?

= . N
), EX{ < oo (cf. (4.28)),and EZf < oo (cf. (4.24)). Thus E(Xo+Xo+ 3 Zi)? <
i=1
o0, and (4.34) follows.

In proving (4.20) we made an extraneous assumption about the distribution of
the block length variable A(B)), to wit, (4.25), according to which the distribution
of A(B,) is supported by no proper subgroup of Z . Assume now instead of (4.25)
that

gde{n>1:p,>0}=d>1. (4.35)

Using the fact that {Y,’ },ez is ergodic (a chain with complete connections
is always ergodic), we will argue that
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DY }nez | M =0 mod d)

4.36
— D({Y;)) (1.38)

This will allow us to replace the variables M and M in the preceding argument
by variables which are congruent to 0 mod d; the rest of the argument may then
be repeated almost verbatim.

To prove (4.36), define a new process {W,}nez by

Wa = (Yoasr Yadsor - - Yngnya)s

these random variables assume values in {0,1}9. Clearly the process {Wy}.ez
is stationary and ergodic, since {Y,; }nez is. Moreover, conditional on M =
0( mod d), {Wh}nez is still a stationary process, because it is a block process!

This implies

D({Walnez | M = 0 mod d)
= D({Wn }nez},

because otherwise the probability distribution D({W,, },ez ) could be written as
a nontrivial convex combination of shift-invariant probability distribution on
({0,1}%)% | contraditing the fact that {W, },ez is ergodic.

W\

5. Gibbs Processes are Chains with Complete Connections

The sole purpose of this section is to prove Proposition 2 of section 2. To
prove that a Gibbs process {Y,,}.ez is a chain with complete connections, we
must verify (2.1), (2.2) and (2.3). Now the definition (2.17) of a Gibbs state
already guarantees that there is a system of regular conditional distributions for
the configurations on each finite set, given the “paste” and “future”: hence (2.2) is
trivial. Moreover, each of the Gibbs ensembles 5| attributes positive probability
to every configuration on A (cf. (2.14)): consequently (2.1) is trivial. To prove
Proposition 2, therefore, it suffices to show (2.18).

Define new constants 7, by

P(Yo=6,, 0<n<k|Yo=C,n<0,n>k)
—sup{| = e =k
PYn=&,, 0<n<k|Ya=(, n<0,n>k)

£!’h(rn C,:EJ) a.nd
(n=C, n>k and -—m‘_<n§~1}.

k>1

Integrating over the set Y*:%°) of all possible “futures” one easily obtains

m < Ym-
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Thus it suffices to show that 4;, = O( i d5).
j=m
Fix k > 1,and &n, Ca, ¢; € Y such that (, =(; forn > kand —m < n <
—1. Let Ay = {0,1,...,k}, and let ¢, ¢* be the configurations on Z \A; with
coordinates (,, (;, respectively. Then

P(Ya=6n, 0<n<k|Yn=0( n€Z\M)
P(Ya=6n, 0<n<k|Ya=(, n€2Z\Ak)

» Bac(€)

M M| ‘{E)

Al¢ 5 ) (5.1)
_ Z(AwC) exp{—ﬂgﬂﬂ(ﬂ €EvaQ)l
~ Z(Ak;C)

k
exp{~ 3 H(a"(€ V("))

by (2.17) and (2.14). Now the condition ¢, = (; forn >k and —-m < n < —1
implies
k
D |H (@ (€ V) = H(a™EV ()

n=0

5n+m

IA
M=

]
1
=]

IA
-Ma-
‘-l?‘

i
3

by (2.13). Now this holds for all configuration £ on Ay. Hence, using (2.15), we
have

RHS (5.1) = (120(3_ ;) (1£0(Y_ 4;))
j=m j=m

which shows that 72, = O( 3" §;).

j=m

W\
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