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Driven Tracer Particle and Einstein Relation in
One Dimensional Symmetric Simple Exclusion Process!

C. Landim, S. Olla, S. B. Volchan

Abstract: We investigate the behavior of a tagged parti-
cle under the action of an external constant driving force in
an infinite system of particles evolving in a one dimensional
lattice according to symmetric random walks with hard core
interaction. We prove that the position diffusively rescaled
eX (E-zt) of the test particle converges in probability, as
€ = 0, to a deterministic function v(t), for a large class
of initial distributions of the random environment. The func-
tion ﬂ() depends only on the initial distribution of the ran-
dom environment through a non linear parabolic equation. An
Einstein relation is satisfied asymptotically when the external
force is small. This law of large numbers for the position of the
tracer particle is deduced from the hydrodynamical limit of an
inhomogeneous one dimensional symmetric zero range process
with an asymmetry at the origin. This result is connected also
with the evolution of the interfaces in a Potts model in two
dimension under a Glauber dynamics at infinite temperature,
for some particular initial conditions.

Key words: Tagged particle, Einstein relation, Exclusion
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Introduction.

The motion of a tagged particle in an equilibrium fluid is one of the most
studied questions in statistical mechanics. It is a standard example of a classical
problem : deduce from a large system, typically infinite, evolving according to
Newton’s equations, a simple stochastic behavior of a small subsystem. In the
case of a tagged particle, the question resumes to derive the motion of a single
particle, through a macroscopic rescaling of space and time, from the dynamics of
the entire system.

Although the popularity of Brownian motion, besides some particular cases
(cf. [Spil], [DGL1,2], [Spo], [So] and references therein), a general deduction of
the macroscopic behavior of a tagged particle from the underlying microscopic
dynamics is far from being well understood. Several simplifications have been
introduced to investigate this problem rigorously : either by considering models
with known invariant measures (reducing the phase space, for instance [GLR1,2],
[Spo]) or introducing some randomness in the evolution (particles that dies after
the collision with the tagged particle [So], particles with random exponential life
time [PSV], particles evolving according to some stochastic dynamics [KV], [Spo]).
We refer to [So] for a recent review on the subject.
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We consider in this article the one dimensional, nearest neighbor symmetric
simple exclusion process. It can be described as follows. Particles evolve on the
one dimensional lattice Z with an exclusion rule that prevents more than one
particle per site. Each particle waits a mean one exponential time at the end of
which it attempts to jump to the right or left with probability 1/2. If the chosen
site is already occupied, the jump is suppressed to ¢onform to the exclusion rule.
We add to this system a tagged particle submitted to the same exclusion rule
that forbids more than one particle per site and that, in contrast with the other
particles, experiences the action of a constant external driving force. In result, the
tagged particle jumps with probability 1/2 < p < 1 to the right and ¢ =1 —p to
the left.

Without the presence of the environment, the tagged particle would behave as
an asymmetric random walk. In particular, if X; stands for its position at time {,
t~1(X,; — Xo) would converge almost surely to p— ¢ as t 1 co. The presence of the
symmetric environment affects dramatically the behavior of the tagged particle.
Since the un tagged particles behave as symmetric random walks, we expect an
accumulation of particles at the right of the tagged particle and a rarefection at
the left. The environment decelerates thus the motion of the tagged particle and
tends to confine it. In fact the main result of this article states that for a large
class of initial states,
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in probability, where v is a real number depending only on the macroscopic profile
of the initial state through the solution of a non linear parabolic equation with
boundary conditions. Burlatsky et al. ((BOMM], [BOMR]) derived (0.1) heuristi-
cally in the case where the initial state is a Bernoulli product measure with some
fixed density a.

The diffusive scale v/Z, already obtained by Harris [H] in the case of Brownian
particles with hard core interaction in dimension 1, is peculiar to the nearest
neighbor assumption that restrains the tagged particle to jump over the symmetric
particles. In higher dimension or in dimension 1 without the nearest neighbor
assumption, one would expect the tagged particle to move in the scale ¢.

In the context of interacting particle systems, the asymptotic behavior of a
tagged particle has been continuously investigated. The question was already
present in Spitzer [Spi2]. For general symmetric simple exclusion processes, it
follows from a general result on additive functionals of reversible Markov processes
due to Kipnis and Varadhan [KV] that t=1/2(X, — X;) converges in distribution to
a non degenerate Gaussian variable. More precisely Kipnis and Varadhan establish
an invariance principle, i.e., if the system is in equilibrium at a density of particles
a the distribution of the rescaled process €¢(X.-2; — Xo) converges to the law of a
Brownian motion with diffusion coefficient D(a). In general D(«) is a complicate
function of &. In dimension 3 or more, Varadhan [V1] proves that D(a) is Lipschitz
continuous. More recently Asselah, Brito and Lebowitz have proven some bounds
of D(a) in terms of the size or the range of the jumps [ABL]. In the case of the one

imensional nearest neighbor model it happens that D(a) = 0. In fact here the

= v (0.1)
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tagged particle is trapped between its neighbors and the fluctuations of its position
will depend directly on the fluctuations of the density of the particles around. In
this case, Arratia showed that t=1/4(X, — X;) converges in distribution, as t 1 0o,
to a Gaussian variable with variance

nd (0.2)

a m™

In fact (cf. [RV]) a corresponding invariance principle could be established, i.e.
the convergence of the properly rescaled process €(X.-+; — Xo) to a fractional
Brownian motion of parameter 1/2, i.e. a Gaussian process with covariance

\/gl_a(\/f+\/§—\/|t-—s|)- (0.3)

(a4

This behavior should be characteristic of every one dimensional nearest neighbor
model [Spo].
In section 6 we prove that if we start with an constant profile of density a then

v l—a [2

im =
p—q0p—gq a T

that means the Einstein relation between the mobility v given by (0.1) and the
diffusivity given by (0.2) is verified. This is in agreement with the heuristic results
of [BOMR].

Einstein relations can be established for a large class of weak-asymmetric models
(i.e. the asymmetry is rescaled with the parameter € relating the microscopic and
the macroscopic scales (cf. [LR])). If the asymmetry is strong (i.e. not rescaled in
the macroscopic limit) rigorous results on the Einstein relations are rare, essentially
for the difficulty to compute the stationary state of the environment as seen from
the tagged particle. The case studied in the present paper is non-stationary, but
somehow the local equilibrium established around the particle is responsible for
the validity of the Einstein relation.

Here is the idea of our approach. The first point is to understand that this is
a non-stationary problem: the tracer will start to push the particles in front and
generate an inhomogeneous density profile that will evolve deterministically under
a diffusive rescaling of space and time. The proper way to formulate the problem

is thus to prove that
€(Xe-2p — Xo) = v(2)

where v(t) is a deterministic function of the (macroscopic) time t. This suggest that
the problem is basically a hydrodynamic limit (cf. [KL]) with a moving boundary.
We prove in fact that this model has a hydrodynamic behavior described by the
solution of a Stefan problem (cf. (6.3)). The idea is to introduce Lagrangian
coordinates : there is a natural map that transforms a one dimensional nearest
neighbor exclusion process in a zero range process. This map transforms the



176 C. Landim, S. Olla, S. B. Volchan

moving boundary problem in a fixed boundary problem. Then we need to prove
the hydrodynamic limit for a zero range process with boundary conditions. The
hydrodynamic limit for systems with boundary conditions is an interesting problem
in itself: dissipative boundary conditions (like here in the totally asymmetric case
p = 1,¢ = 0) are a source of irreversibility of the system. Most hydrodynamic
limit proved until now are for systems with nice stationary measures.

Most interesting is the connection between this problem and the evolution of the
random interfaces in a 3-state Potts model at zero temperature under a Glauber
dynamics. Herbert Spohn made us notice that our results permits to deduce the
macroscopic evolution of these interfaces for some particular initial conditions.

The article is divided as follows. In section 1 we state the main results, explain
why the diffusive scale is the correct scale to investigate the motion of the tagged
particle and give the connection to the evolution of interfaces in the 2-dimensional
Potts model at zero temperature. In section 2 we introduce the terminology and
review some basic results concerning zero range processes used throughout the
article. In section 3 and 4 we prove the hydrodynamic limit for the associated zero
range processes in the cases p = 1 and p < 1. In section 5 we deduce the asymptotic
behavior of the tagged particle from the hydrodynamical limit. In section 6 we
obtain an explicit formula for the position of the tagged particle when the initial
state is associated to a constant profile and deduce Einstein’s relations. In section
7 we investigate the evolution of a surface model in a two dimensional Potts model.
In the appendix we prove the uniqueness of the weak solutions of the non-linear
diffusive equations involved in this work.

This paper is a detailed version of [LOV].

1. Statements of the results.

Consider a family of indistinguishable particles moving according to continuous
time, symmetric, nearest neighbor random walks on Z with an exclusion rule that
prevents more than a particle per site. To this system we add a tagged particle
that moves according to an asymmetric random walk, jumping with probability p
to the right, probability ¢ to the left, and that respects the exclusion rule. The
configuration of the system is denoted by (X,£), where X € Z is the position of
the tagged asymmetric particle, and £ € {0,1}% is the configuration of all other
particles. Clearly £(X) = 0, because that site is already octupied by the asym-
metric particle. The system just described is a Markov process whose generator
acts on local functions F:Z x {0,1}* 5 R as

LF(X,6) =(1/2) Y [F(X,&7**) - F(X,£)]

zEX-1,X g
+ p(1—€(X + D)[F(X +1,6) - F(X,€)] (1.1)
+ (1= p)(1—&(X — D)[F(X —1,€) - F(X,6)],

where £%*%1 is the configuration obtained from £, exchanging the occupation vari-
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abJes E(Z)t €(2 + 1) :

£(v) fy#z,z+1,
és.x-l-l(y) - 5(2) ify =z+41,
£(z+1) ify==z.

To fix ideas set p > 1/2 and Xo = 0. Here X; stands for the position of the
asymmetric tagged particle at time ¢. We prove in this article that for each ¢ > 0
and for a class of initial states of the random environment &, as N 1 00, X,n3/N
converges in probability to a real number v, that depends only on the distribution
of . We start describing the initial states of the random environment &;.

Denote by Z, the set of integers distinct from 0. For 0 < a < 1, denote by uq
the Bernoulli product measure on {0, 1}%+ with density o : '

Pa{E:E(3)=1} = a,

for every z in Z,.. More generally, for a positive integer N and a profile ko: R —
[0, 1], denote by p‘No ©) the Bernoulli product measure associated to %o :

ﬂgN,(‘){f ,€(z) =1} = Ko(z/N)
for z in Z. and by P,~ 5 the probability measure on the path space D(R4,Z x
LTS

{0,1}%) induced by the Markov process with generator £ defined in (1.1) and the
the initial measure o x pfY .

Before stating the theorem, we introduce some notation required to define the
limit v;. Fix a strictly positive profile ko. Denote by H:R — R, F:IR — R the
functions defined by

1
ro(#-1(B))

Here ! stands for the inverse of the strictly increasing, absolutely continuous
function #.
Consider the non-linear parabolic equation with boundary condition on R4 xR 4

Bep = (1/2)A%0(p)
p(t,0) =0 (1.3)
p(0,-) = F4(),
where F stands for the restriction of F on R4 and ®o(p) = p/(1 + p); and the
nonlinear paraholic equation on R4 x R with boundary condition at the origin
Bep = (1/2)A%0(p)
p®o(p(t,0+)) = qPo(p(t,0-))
8u®o(p(t,0+)) = 8uPo(p(t,0-))
p(0,-) = F() .

A
H(A) =/0 Ko(u)du, F(B) = 1. (1.2)

(1.4)
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A precise definition of solutions of these differential equations is given in sections
3 and 4. In the Appendix we prove a uniqueness result and in section 6 we show,
introducing Lagrangian coordinates, that this equation can be transformed in a
linear Stefan problem so that the original exclusion process with an asymmet-
ric particle has a hydrodynamic behavior described by the solution of a Stefan
problem.

Theorem 1.1 . Assume p = 1. Fiz a profile ko: R4 — [0, 1] such that ¢ < Ko <
1 — o for some o > 0. Then, for every d > 0,

lim P,~ “Xm, —v;l)é] = 0,

N—oo Hro()

where

v = u F(u) — p(t, u) pdu (1.5)
0

and p is the solution of equation (1.3).

Theorem 1.2 . Assume p < 1 and for o < 1 define let Y,(u) = al{u < 0} +
(g9a/p)1{u > 0}. Fiz a profile ko:R — [0, 1] such that ¥4 < kg < 1 — o for some
c>0,0< a< 1. Then, for every § > 0,

lim P, ~ [|X‘N — U

>8] =

where v, is given by (1.5) and p is the solution of equation (1.4).

The integral defining v; in (1.5) must be understood in the following sense :
consider the sequence { H,, n > 1} of real functions defined by

Hu(u) = (1—un~)t. (1.6)

It follows from the equation satisfied by p that f0+°° Hu(u){F(u) — p(t,u)}du
converges as n T oo. This limit defines the right hand side of (1.5).

In the case where the initial state is a Bernoulli product measure with a fixed
density a, more explicit computations can be made:

Theorem 1.3 . Fiz a > 0 and recall that po stands for the Bernoulli product
measure with density «. If the initial state is p,, then

p . = G0 %
p—q+0p—gq a T

Theorems 1.1 and 1.2 are proven in section 5. Theorem 1.3 and more asymptotic
results are proven in section 6.

We now explain why in Theorems 1.1 and 1.2 the asymmetric tagged particle
moves at scale v/Z and why is the displacement related to the solution of the
differential equations (1.3), (1.4).
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We start labeling all particles. The tagged asymmetric particle is labeled 0. For
J 2 1, we label the j-th particle at the right (left) of the tagged particle by j (-7)-
Vor z in Z, denote by n(z) the number of holes between particle z and particle
©+1. In this way we transformed a configuration of {0, 1}% with a particle at some
site X into a configuration {n(z), z € Z} of N%. Denote by 7:Z x {0,1}% — NZ?
the transformation just described. 7 induces a transformation on the space of
continuous functions (resp. probability measures) of Z x {0,1}% to the space of
continuous functions (resp. probability measures) of NZ still denoted by 7.

The dynamics of the process (X;,&;) induces a dynamics for 7, that can be
informally described as follows. For every z # —1, if there is at least one particle
at site z, at rate 1/2 one of them jumps to site z + 1 and, symmetrically, if there
is at least one particle at site z + 1, at rate 1/2 one of them jumps to site =
The picture is slightly different between sites —1 and 0 due to the behavior of the
asymmetric tagged particle. A particle jumps at rate ¢ from site —1 to site 0 if
there is a particle at —1 and a particle jumps at rate p from site 0 to site —1 if
there is a particle at the origin.

This process is the so called zero range process with an asymmetry at the origin.
The position at time ¢ of the asymmetric tagged particle corresponds in the zero
range model to the total number of jumps between 0 and ¢ from 0 to —1 minus
the total number of jumps in the same interval from —1 to 0 :

= Z{ﬂo(z) —m(z)} .

z20

Notice that though the sums 3=, 70(z) and 3°_5 0 me(2) might be both infinite,
we can give a precise meaning for the sum : the right hand side is to be understood
in the same sense as the right hand side of (1.5) by the use of the functions (1.6)
(with the limit in the L? sense) (cf. [RV]).

Since in the zero range process the jumps of particles over all bonds, except the
bond {—1,0}, are symmetric, we expect the process to have a diffusive hydrody-
namic behavior, i.e., that for a large class of initial profiles, the process accelerated
by N2 is such that for all continuous functions with compact support G,

N3 G(2/N)menalz) (1.7)

converges in probability to [3 G(u)p(t, u)du, where p is the solution of a nonlinear
heat equation.

The zero range processes we consider in this article have an asymmetry at the
origin. This asymmetry is reflected in the hydrodynamic equations (1.3) and (1.4)
by a boundary condition at the origin. |

In particular, approximating 1{u > 0} by the sequence defined in (1.6), it
follows from (1.7) that

U = N Y (@) — meva(2))

z20
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converges in probability to v¢ given by (1.5). This explains the renormalization in
V1 and the relation between v; and the differential equations (1.3) and (1.4).

We investigate also the evolution of a surface in a two dimensional Potts model.
On Z?, consider a spin system {o(z), z € Z?} taking three possible values : ¢(z) €
{-1,0,1} for z in Z? and the Hamiltonian £ defined by

(o) = = D Uo(2)de(z) o) »

z,yel?
lz—yl=1

where 8,4 is equal to 1 if a = b and 0 otherwise and, say, ¢(—1) < ¢(0) = ¢(1).
This assumption on ¢ states that 0-spins or 1-spins stick together strongerly that
—1-spins. It will be explained below.

We consider a spin flip dynamics where a spin is allowed to change at rate 1/2
if and only if it does not increase the energy. More precisely, consider the Markov
process whose generator acts on cylinder functions as

1
(Lapf)@) = (1/2) 3 Y 1{(Az;9)(0) < O}f(e™7) - f(o)],  (1.8)

relij=-1

where o* stands for the configuration where the spin at z is fixed to be equal to
6

o = {59 2

and (A; ;9)(o) is the modification of the Hami!* ian due to the flip of the spin
at z to j:

(Az,;9)(0) = H(e™7) = (o) .

The total energy may therefore only decrease for the dynamics just introduced.
Denote by M = M(N) the collection of non decreasing functions on N and by

A the set of configurations o for which there exists a function f in M such that

(a) o(z) = -1 if and only if z; < 0,

(b) o(z) =0 if and only z; > 0 and z; < f(z1),

(c) o(z) =1if and only z; > 0 and z; > f(z,).
The configurations of A are thus characterized by the monotone functions fin M :
there is a one to one correspondence between M and .A. Moreover, it is easy t.
check that the set A is stable under the dynamics induced by the generator L,-
defined in (1.8) because we assumed ¢(—1) < ¢(1). More precisely, for a config-
uration o, denote by P2P the probability on the paths space D(R, {—1,0, l}z’}
induced by the Markov process o, with generator L,, defined in (1.8) starting
from the configuration ¢. It is not difficult to show that for every o in A,

P;”[a,GA forautzo] =1.
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For each configuration ¢ in A, denote by f, the monotone function in M asso-
ciated to o. Since A is stable under the dynamics and the correspondence between
A and M is one to one, to investigate the evolution of o; starting from a configu-
ration ¢ in A we may as well examine the evolution of the process f; = fo, .

We now introduce some notation in order to state the fourth main theorem of
this article. Denote the configurations of the space N¥ by the symbol 5. For each
a > 0, denote by v} the product measure on N¥ whose marginals are given by

1 a \k
+ = = .
vt =k = = (=)
For each probability measure m on M, denote by 2m the probability measure on
N¥ that corresponds to the distribution of {f(z+1) — f(z), z > 0}. Fix a sequence
of probability measures {m™, N > 1} on M. We shall assume that
(A0) For every N > 1, m" {f, fo =0} =1,
(A1) The sequence (Am”") is bounded above (resp. below) by v} (resp. v}) for
some 0 < A < & < oo.
(A2) There exists a bounded function Ag: Ry — R4 such that for each continuous
function G: R4 — R with compact support and each § > 0,
i mN“N‘lEG(:/N)N“f(z)—/duG(u),\o(u)| >4d] = 0.

N—co

Assumption (A0) is just a normalization. Assumption (A1) requires the distri-
bution of the increments {f(z + 1) — f(z), z > 0} to be bounded above and below
by some product measure in order to be able to use coupling techniques. The third
one just imposes a law of large number for the surface at time 0.

For each probability measure m on M, denote by P?»:N the probability mea-
sure on the path space D(R4, M) induced by the Markov process f; = f,, with
generator (1.8) accelerated by N2 and the initial measure m.

Theorem 1.4 . Fiz a sequence of initial measures {m", N > 1} satisfying as-
sumptions (A0), (A1), (A2). For everyd > 0

N(0) — | > 8] =0,

. sp, N
h!l—l;noo ]P’“N [

where v; is given by (1.5) and p is the solution of (1.8) with initial condition Ay
instead of F,. Moreover, for any continuous function G:Ry — IR with compact
support and any é§ > 0,

lim BN [|N-IZG(:/N)N-1{M:)—f,(o)}—fduc;(u),\(t,u)| 25] = [

N—=oo

where A is the unique solution of
A = (1/2)0u®0(8uN) ,
OuA(t,0) =0, (1.9)
A(0,+) = Xo(-) -
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2. Zero range processes.

We have seen that the motion of the asymmetric tagged particle is related to
zero range processes. In this section we establish some notation and recall some
basic facts.

The nearest neighbor, symmetric, space homogeneous zero-range process (7 ):>0
is one of the simplest interacting particle systems that describes the evolution of
particles on the lattice Z. It can be informally regarded as follows. We fix a jump
rate g:N — R such that g(0) = 0 < g(k) for k > 1. If there are n particles at
some site z, at rate g(n) one of them, independently of the number of particles at
other sites, jump with probability 1/2 to one of its neighbors. This is a Markov
process on NZ whose generator acts on functions that depend only on a finite
number of coordinates as

(LHm) = (1/2) Y 9(@)f(e*¥n) - f(n)] , (2.1)

rel

where, for configurations 5 with at least one particle at z, ¢®'¥n stands for the
configuration obtained from 7 moving a particle from z to y :

n(z) if z # z,y,
(™¥n)(z) = ¢ n(z) -1 ifz=g, (2.2)
ny)+1 ifz=y.

To guarantee the existence of such process (cf. [A]), we assume the jump rate
to be Lipschitz : G = sup,5(|9(n+ 1) — g(n)| < co. Denote by Z: R4 — Ry the
partition function defined by

_ o
260) = 2 o)

and by 0 < ¢* < oo the radius of convergence of Z. In order to avoid some
degeneracy we assume that the partition function Z diverges as approaching its
domain of definition :
lim Z = . ;
Jim, Z(p) = oo (2.3)
For 0 < ¢ < ¢*, let i, be the translation invariant product measure on N% with
marginals given by :

TP a
vo{m;n(z) = j} = Z(p) g(1)---9(s) .

for j > 0. Let R(p) be the density of particles for the measure 7, :

R(p) = Ejp,[n(0)] . (2.5)
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From assumption (2.3) it follows that R:[0,¢*) — [0,00) is a smooth strictly
increasing bijection. Denote by ®:R, — [0,¢*) the inverse of R(-). Since R(yp)
has a physical meaning as the density of particles, instead of parameterizing the
above family of measures by ¢, we use the density p as parameter and we write :

Vp = Va(p)

for p > 0. With this convention,

®(p) = Evy,[9(n(0))]

Moreover, & is. a smooth function whose derivative is bounded above by G} and
below by a strictly positive constant on each compact set of Ry (cf. [KL]).

The hydrodynamic limit for the zero range in infinite volume with generator
given by (2.1) is presented in [LM]. The proof relies on the so called one and
two block estimates, that allow to replace cylinder functions by functions of the
empirical density (cf. [GPV], [KL]). In the two blocks estimate, a cut off to avoid
large densities must be introduced. In the context of zero range processes, to
Jjustify this cut off, we need to assume either that the product invariant measures
have all exponential moments finite (i.e. that Z(-) is finite on Ry) or that the
Jjump rate g(-) is non decreasing and that the initial state is bounded above by
an invariant measure. In the latter case the entropy arguments are replaced by
coupling arguments (that are in force because the process is attractive). Since we
are mainly interested in this paper in the case where g(k) = 1{k > 1}, we shall
assume throughout this article, that the jump rate is non decreasing and bounded
(if it were unbounded, it would belong to the first class of models).

3. The case p=1.

In the case where the asymmetric tagged particle jumps only to the right, the
evolution of the medium on its left is irrelevant for its motion. For the correspond-
ing zero range dynamics, p = 1 means that at rate 1 a particle at the origin jumps
to —1 and no particle jumps from —1 to 0. We may therefore assume that there
is at —1 an infinite reservoir or an absorption point to which particles from the
origin jump at rate 1 and from which no particle jumps. Moreover, the position of
the tagged particle at time ¢ corresponds in the zero range process to the number
of particles that left the system before time ¢.

Since the techniques required to prove the hydrodynamic behavior of such zero
range process apply to a large class of systems, we introduce a general set up. Fix
a jump rate g : N — IR} satisfying the assumptions of section 2. Consider the
zero—range process on N whose generator acts on cylinder functions as

L=1Lo+ Y {Leori+ Lot} BERY

20

where

Lzyf(n) = (1/2)9(n(2))[f(e*¥n) — f(n)]
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and

Lof(n) = 9(n(0))[f(n —20) — f(n)] -

Here, for a site z, D, stands for the configuration with no particles but one at z,
summation is performed site by site and ¥y is defined in (2.2).

To state the hydrodynamic behavior of the zero range process with absorption
at —1, we need to introduce some terminology on weak solutions of non linear
parabolic equations. Fix a bounded function pp:R4y — R. A bounded function
p:[0,T] x Ry — R is said to be a weak solution of the partial differential equation

8o = (1/2)A%(p)
p(t,0) =0 (3.2)
P(Oi ) = Pﬂ()

in the layer [0,7] x R4 if
(a) ®(p(t,u)) is absolutely continuous in the space variable and for every ¢ > 0,

jﬂtds i due"‘{ﬂu'b(p(s,u))}z < o0,

(b) p(t,0) = 0 for almost every 0 <t < T and

(c) For every smooth function with compact support G: Ry — R vanishing at the
origin and for every 0 <t < T,

/dup(t,u)G(u) - fdupg(u)G(u) =-(1/2) .[Dt ds /l+duG’(u)3u¢'(p(s, u)).

We prove in the appendix the uniqueness of weak solutions of (3.2). The ex-
istence for special initial conditions pg follows from the tightness of the sequence
Qun~ defined below in Lemma 3.5 and the regularity of the limit points of this
sequence proved in Proposition 3.6.

We now describe the initial states considered in this section. For ¢ < ¢*,
denote by D;f the marginal on N¥ of the product measure v, defined in (2.4). Fix a
sequence of probability measures {u”V, N > 1} on N¥. To prove the hydrodynamic
behavior of the system, we shall assume that

(H1) The sequence pu" is bounded above (resp. below) by ¥} (resp. ) for some
O<A<a<yp". '

(H2) There exists a bounded function pg: Ry — R such that for each continuous
function G: IR — R with compact support and each § > 0,

lim ,uN[lN'lZG’(:/N):;(::)—jduG(u)po(u)| 25] =0.

N—=oo



Driven Tracer particle and Einstein Relation 185

We already explained at the end of section 2 the first assumption. The second
one just imposes a hydrodynamic behavior (a law of large number for the empirical
measure defined below in (3.3)) at time 0.

For each probability measure 4 on N¥, denote by PY the probability measure
on the path space D(R 4, N¥) induced by the Markov process with generator (3.1)
accelerated by N2 and the initial measure p. Expectation with respect to 11":}r is
denoted by E) .

Theorem 3.1 . Fiz a sequence of initial measures satisfying assumptions (H1),
(H2). For any continuous function G:Ry — R with compact support and any
>0

Jim P2, [|N"ZG(2/N)nc(r) - j duG(u)p(t, u)| > 5] =0

where p is the unique solution of (3.2).

For each positive integer N and each configuration 7, define the empirical dis-
tribution 7V = 7™ (n) as the positive Radon measure on R ; obtained by assigning
a mass N~! to each particle :

N = N1 Zq(z)ﬁ,mr (3.3)

z20

and set ¥ = 7V (n;). Fix T > 0. Theorem 3.1 follows from the convergence in
distribution of the process {m¥, 0 < t < T}, stated below in Theorem 3.2, and
some standard topology arguments (cf. Chap IV of [KL]). To state the convergence
in distribution of the empirical measure, we need some notation. Denote by M, =
M (Ry4) the space of positive Radon measures on R4 endowed with the vague
topology, a metrizable topology. For each probability measure  on N¥, denote by
Qﬂ" the probability measure on the path space D([0, 7], M) induced by ]P‘J,";'r and

the empirical measure 7"V defined in (3.3).

Theorem 3.2 . The sequence @2",, converges to the probability measure concen-

trated on the absolutely continuous path w(t,du) = p(t,u)du whose density is the
solution of (3.2).

Guo, Papanicolaou and Varadhan introduced in [GPV] a method, well known
by now, to prove Theorem 3.2 provided one has a bound on the entropy and on
the Dirichlet form of the system with respect to some invariant measure. These
bounds are usually obtained computing the time derivative of the entropy of the
distribution of particles at time ¢ relative to the equilibrium distribution. In the
present context, however, there is only one invariant measure : the trivial one dg
concentrated on the configuration 0 with no particles. Since all other probabil-
ity measures on N¥ are orthogonal with respect to this one, the entropy of any
reasonable measure with respect to dp is infinite and the entropy method does
not apply straightforwardly. To overcome this problem, we compute the relative
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entropy with respect to an inhomogeneous product measure that is not invariant
but close to the invariant measure.

The proof of Theorem 3.2 may be decomposed in four distinct steps. We first
obtain an estimate of the entropy and the Dirichlet form of the system with respect
to some inhomogeneous product measure (Proposition 3.3). Then, in Lemma 3.5
we show that the sequence QfN is tight and that all limit points are concentrated
on absolutely continuous measures. This part is relatively easy and does not
differ from the conservative case in infinite volume (cf. [KL]). In the third step,
postponed to the appendix, we prove the uniqueness of weak solutions of equation
(3.2). Finally, in the last step, we prove that all limit points of the sequence QfN
are concentrated on weak solutions of (3.2). This is-done introducing a class of
martingales associated to the empirical measure. '

To obtain an estimate on the entropy and on the Dirichlet form, we first assume
that the initial state satisfies the more restrictive condition :

(H3) There exists a parameter # < ¢* for which the relative entropy of u™ with
respect to D;' is bounded by CyN for some finite constant Cj. - '

This assumption implies that the initial state is a local perturbation of the product
measure #3. In particular, it forces the initial profile pp to be asymptotically
constant.

To deduce an estimate on the entropy of the system, we need to introduce a class
of inhomogeneous product measures. Recall that we assumed the entropy of u™¥
with respect to D;' to be bounded by CoN. For z > 0, define v, by v, = B(1+z)/N
for0 <z < N-1and v, = ffor x > N. Denote by ﬁ,‘;‘(r_) the product measure
on N¥ with marginals given by

1 . (9e)*
Z(vz) g(k)

7Ny {nn(z) =k} = (3.4)

for all z > 0.
First of all, we claim that the entropy of u”v with respect to D,?E.) is bounded
by C1N for some finite constant C; depending only on Co, @ and 3 :

HN |92) < GuN . (35)
Indeed, by the explicit formula for the entropy,
di}
B du™
——dp® .
du_,(_)
By assumption (H3), the first term is bounded by CoN. Since v, = g for z > N,

the Radon—-Nikodym derivative dﬁg /dD,‘;v 5 is a cylinder function. Moreover, since

vz < B for all z, log Z(y:)/Z(8) < 0 so that the second term on the right hand
side is bounded above by

HGN |9Y,) = HGY 155) + [log

N-1
-3 los%’ f n(z)u" (dn) .

z=0
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Since 7, < B and since by assumption (H1) p™ < 7}, this expression is bounded
above by

N-1 %
—R(a) Z log —
=0 ‘6
that divided by N converges, as N 1 oco, to a finite constant because logu is
integrable in [0, 1]. This proves claim (3.5).

For each probability density f with respect to 7V () define the Dirichlet form
D, (f) by

Dy(f) = Dyp(f) + Dyi(f) = Dyp(f) + D Drzsa(f),

z20

where,

Dyolf) = (1/2) [ 9(a0)) [VF =00 - V)| o,

(3.6)
Decni(f) = (1/2) [ 90(e)) [VITH0ra =02 ~ VT ol

Proposition 3.3 . Let .S',N be the semi-group associated to the generator L in-
troduced in (3.1) accelerated by N2. Denote by f, = fN the Radon-Nikodym
derivative of ¥ SN with respect to v . There ezists a finite constant C = C(B)
such that

O H(uN SN Iﬁ.’,‘('.)) < —NZD-;(f:) +CN.

Proof, Denote by L} the adjoint operator of L with respect to N () It is easy to
check that f; is the solutlon of the forward equation

{3=f: =N’L}fi

3.7
fo = (du™)/(dm3(,)) (0

The explicit formula for the entropy gives that H(,u"‘".‘j"’\‘r Lt )) = Fh logf,du
Therefore, since f; is the solution of the forward equation (3.7),

QH(UNSN|ZN)) = /NZL;f, log fo oY, + /NZL;,«,@;;M(*_)
= ff;Nleogfgdﬁ.‘;\E,) (3.8)
2 Lfe, .~ 2 N
=N f:(LlOSf: — T) dV..r(_) + N Lfg dl},,r[_) i

Notice that the last term would vanish if D,?E,} was an invariant measure.
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Since for every a, b > 0, alog(b/a) — (b—a) is less than or equal to —(Vb-+a)?,
for every z, y > 0, we have that

2
felagloati~ Tigh & —(lxz)g(n(a-))[ fen+ 0y — s —\/_ft(n)]

fiLylog fi — Lufe < —g(n(0) [\/ft (7 =00) — \/ft(q)]z

Recall the definition of the Dirichlet form D, (-) introduced in (3.6). The pre-
vious estimate shows that the first term on the rightmost expression of (3.8) is
bounded above by —2N2D.(f.).

To estimate the term N2 f Lf; dﬁ,‘;‘z_), which correspond to the price we are
paying for not using an invariant distribution as reference measure, let us write it
explicitly

N? /Lft Vo —NZZf(Lr s41ft + Lzy1,2ft) dv (.)+N2befedl7-¢E.] (3.9)

z20

Performing the change of variable £ =  — 9, + 9y, the measures change as

dogiyMm) _ v9(EW) |
dvl (&) — we(n(z))

In particular, we have that

LT T + L: x — 1 2

j( z+1fe +1,20e) digly = (1/ )(%H
+ /(2 -1) [o@)nrm sy,

We may thus rewrite the right hand side of (3.9) as

(1/2) ) —=—= (ANT)(T') fg(n(z) fe(n) diy

r>1

_ 1) /g(q(: + 1)) fe(n) dﬁi}\f-)

(NW(T. ~1) [ ato)fm oy, (3.10)
+ N [ am(O)in = 20) = fi(m] a5,

In this formula, (Anxv)(z) stands for N2{y,41 + Yz—-1 — 27z }. By definition of 7,
(An7)(z) = 0 for all z except at z = N — 1, where (An7)(N — 1) = N%(yn-2 —
Yn-1) which is negative because v is non decreasing. The first line of (3.10) is
therefore negative. A change of variables £ = n — 09 permits to write the second
term of the second line as

N* [ v = g(a(ONf(m) oY,
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The second line of (3.10) is therefore equal to

BN + /)N (2 -3) [atmo)si(n sy, < oy

because 7o = §/N, f is a density and v; /90 = 2. This concludes the proof of the
proposition. O

For0<t<T,let f =t~} f; fsds. By Gronwall inequality, the convexity of
the Dirichlet form and of the entropy, we have the following estimates.

Corollary 3.4 . There erists a finite constant C depending only on a, B and Cy
such that

‘ -
H(t—l/o SFPNW‘{'\E‘)) + N2D,(ft) < CoNt™1 .

With the previous estimate on the entropy and on the Dirichlet form, we are
in a position to apply the classical entropy method to prove the hydrodynamic
behavior of the system. We start showing that the sequence Qf” is tight.

Lemma 3.5 . The sequence Qﬂ’" is tight. Moreover, all limit points are con-

centrated on weakly continuous paths m(t,du) that are absolutely continuous and
whose density are bounded above by R(«a) :

n(t,du) = p(t,u)du and p(t,u) < R(a).

Proof. The proof that the sequence is tight and that all limit points are concen-
trated on weakly continuous paths is similar to the proof of the same statement
in the space homogeneous case in infinite volume (cf. [KL]). Details are left to the
reader.

To prove that all limit points are concentrated on absolutely continuous mea-
sures with density bounded by R(a), consider a zero range process with reflexion
at the origin. Its generator L" is given by 3 _,o{Lzz41 + Lz41,z}. It is easy
to check that the homogeneous product measures v}, ¢ < ¢*, are invariant for
this system. Since u” is bounded above by ¥} and the process is attractive, it is
possible to couple the zero range process with absorption at the origin with a zero
range process with reflexion at the origin starting from #} in such a way that the
latter is always above the former. Since the latter is starting from an equilibrium
state with density R(a), in the limit N 1 co, the empirical measure becomes abso-
lutely continuous with density bounded by R(a). Since the zero range process with
absorption at the origin is below the one with reflexion, the lemma is proved. O

We now show that all limit points of the sequence foN are concentrated on
weak solutions of (3.2).

Proposition 3.6 . All limit points Q of the sequence Qf,, are concentrated on
paths ©(t,du) = p(t,u)du such that
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(i) For every smooth function G: R4 — R with compact support and vanishing at
0,

<p,G> — <py,G>= (1/2)f;ds fom du (AG)(u)®(p(s,u)) ,
(ii) For each 0<t<T,

/.: ds /ﬂm du {8,9(p(s,u))}* < oo

(ii1) For each 0 <t < T,
t
j ds®(p(s,0)) = 0.
0

An integration by parts in (i), taking advantage of (iii), shows that every limit
point of the sequence qu is concentrated on weak solutions of equation (3.2).

Proof. Fix a limit point Q and assume without loss of generality that the sequence
Qf,, converges to Q. For each smooth function G of class C¥% (R4) vanishing at

the origin, consider the martingale M N = ME defined by
t
M =<aN,G> - <={,G> - f dsN?’L <N G> .
0

A simple computation using the fact that G vanishes at 0 and that the jump rate is
bounded shows that the expected value of the quadratic variation of M vanishes
as N 1 oo. In particular, by Doob inequality, for every § > 0,

. N G i
A};_r}nmpyn[ogg&w. |>5] =0. (3.11)

On the other hand, a summation by parts shows that the integral term of the
martingale M can be rewritten as

(172) [ ds {N 3" ANG(/N)g(nn(2)) + (TNG)O)a(n(0)}

z21

In this formula, for each positive integer N, V and AN denote respectively the
discrete derivative and discrete Laplacian :

(V¥G)(w) = N{G(u+N") = G(w)},

(ANG)(w) = N*{G(u+N"")+G(u—N"") - 2G(w)} .
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For each positive integer £, denote by *(z) the density of particles in a box of
size 2£ + 1 centered at z :

1
n'(z) = 55— n(z) .
26+1 o I

Since 7 is a configuration on N, it is understood in the previous formula that
summation is carried out only over sites z in N.

Fix 0 <t <T. By Lemma 3.5, Q is concentrated on weakly continuous paths.
In particular, property (i) follows from (3.11) and from Lemmas 3.7 and 3.8 below.

Property (ii) is proved in a similar way as it is done for finite volume Ginzburg-
Landau processes (cf. [GPV]), lattice gases or non gradient models in contact with
stochastic reservoirs (cf. [ELS2], [KLO]).

Property (iii) follows from Lemma 3.9 below. O

Lemma 3.7 . For every continuous function H with compact support,

e—0 N—=oo

lim sup lim sup E, v [/T d¢|N—le(z/N){g(q,(z))_q»(,,gw(z))}H =0.
0 z>1 '

Proof. The proof follows from the, by now standard, one and two blocks estimates
made possible by the bounds obtained in Corollary 3.4 on the Dirichlet form and
on the entropy (cf. [GPV]. [KL]). O

Lemma 3.8 . Forevery0<t<T,
t
Jim B [ [ a(nu(0))as] = 0.

Proof. Recall that we denote by f; the Radon-Nikodym derivative of uV SN with
respect to ﬂ,ﬂ_) and that f, =t~} f[: fsds. With this notation, the expectation in
the statement writes '

t [ im0z, -

Adding and subtracting f;(n — 9o) and changing variables, we obtain that this
integral is equal to

t [ 9Ot = futn =203} + 1.

The second term vanishes as N 1 co because 49 = #/N. The first one, by Schwarz
inequality and a change of variables, is bounded above by

Z{lolleo + 70} + ADy (7).

for every A > 0. Choosing A = VN, we conclude the proof of the lemma in virtue
of Corollary 3.4. O
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Lemma 3.9 . For every0<t<T,

limsuplim supE, ~ [/: ds ¢(2qf’r‘(0))] =0.

e—0 N—=oo

Notice that in this last expression we multiply n/¥¢(0) by 2 to obtain the density
of particles on the box [0, eN].

The proof of Lemma 3.9 is performed in three steps. We first show that we may
replace the cylinder function g(n(0)) by an average over a small macroscopic box
around the origin. We then replace this average by ®(2n°V(0)) and recall Lemma
3.8 to conclude.

Lemma 3.10 . Foreach0<t<T,

e—0 N=oo

lim suplim supE,~ [ f‘ dsG(s){g(q,(O)) - (Ne¢)™? ﬁg(m(u))}] = -
0 por?

Proof. To keep.notation simple, denote by V(n,) the expression inside braces in
the previous formula :

Ne
V(n) = g(n(0) — (eN)™ )" g(n(v))

y=0

Recall that we denote by f; the average density t~! f;’ fsds. With this notation,
we may rewrite the expectation in the statement of the Lemma as

[ Viimas(an) .

The idea of the proof is to use an integration by parts formula for g(n(0)) —g(n(v))
to estimate the integral [ f(7)V (1)#.(,(dn) in terms of the Dirichlet form.

A change of variables £ = n — 0, gives that fV(q)fg(q)D_ﬁ_)(dn) is equal to

Ne z—1

W9 3% { [{Rr+2) - fn+o,)

z=0y=0

vy (dn) + [y — Yy / fe(n+ a,,H)a!;('_)(dq)} :

Since 7 is increasing in z, the second term is negative. ~

On the other hand, rewriting the difference {a—b} = {fi(n+9y) — fe (1 +0y+1)}
as {v/a—vb}{\/a+ b} and applying Schwarz inequality, we bound the first term
by '

A Ne z—-1 - . .
mZZw]{\/fe(Hay) = \/f:(n+ay+1)} 72 (dn)
z=0y=0 .
yl Ne z—1 _ )
+ AeN ZZ‘T&'j{f‘(n""oy)+fc(’l+by+1)}ﬂ_ﬁ_)(dq)

r=0y=0
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for every A > 0. Changing variables back, keeping in mind that + is a non.decreas-
ing function and inverting the order of summation, we show that this expression

is bounded above by

2
Z yy+1(fe) + "i”mfN
y=0

AN
2

for every positive A. Taking A = /eN, we conclude the proof of the lemma
applying Corollary 3.4. O

In view of Lemma 3.8, to conclude the proof of Lemma 3.9, it remains to replace
the average of the cylinder function g(n(z)) by ®(27V(0)). This is the content of
the next result.

Lemma 3.11 . For every continuous function G:[0,T] - R,

=0 N—aoo

lim sup lim sup E,, [MTdsG(s){(fN)-lf:g(q.(z))-q>(2q:N(:))}|] =
=0

Proof. Recall the estimates of the entropy and the Dirichlet form obtained in
Proposition 3.3. The proof of this result follows from these bounds and the, by
now standard, proof of the one and two blocks estimate for homogeneous zero
range processes that can be found in [KL], for instance. O

This concludes the proof of Theorem 3.2 under assumptions (H1), (H2), (H3).
A coupling argument permits to remove Assumption (H3).

Consider a sequence u' satisfying assumptions (H1) and (H2). Fix A > 0 and
let 44 be the probability measure on N¥ defined by

N,A N

o =g ®vs

Aan Asn

where Aay = {0,..., AN} and v, is the marginal of the probability measure v
on A.

Since uf < puV < v} and since all cylinder functions can be decomposed as
the difference of two monotone functions (cf. [KL]), a simple computation and the
explicit formula for the relative entropy give that

1 VAN VAN VAN
HMAWE) < s{H@EAN i) + HEd AN AN},

where v}™ is the marginal of v} on {0,...,m}. In particular, the entropy
H(uMA|v7) is bounded above by CoN for some finite constant Co depending
only on A a and A.

Let p (t u) denote the solution of (1.3) with initial condition p§ (u) =
po(u)1{u < A} + B1{u > A}. Investigating the time evolution of the integral
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Ja, due™p?(t,u)? we obtain uniform in A a priori estimates that show that oA

converges to the unique solution of (1.3) with initial condition po.

Since the jump rate g is non decreasing, we may couple a zero range starting
from u™ with another one starting from u™'4 and show that as 4 1 co both be-
haves exactly in the same way on compact sets. This coupling, the hydrodynamic
behavior of the empirical measure for a process starting from x4 and the conver-
gence of p# to p, permit to extend Theorem 3.2 to sequence of measures satisfying
assumptions (H1) and (H2).

4. The case p< 1.

We turn in this section to the case where the asymmetric tagged particle jumps
at rate p to the right and at rate ¢ to the left. The corresponding zero range
process has jumps at rate (1/2) over all bonds but {—1,0}. From the origin,
particles jump at rate p to —1 and from —1 particles jump at rate ¢ to 0. Recall
that to fix ideas we assume p > gq.

The purpose of this section is to deduce the hydrodynamic behavior of the
Jjust described space inhomogeneous process. Since the techniques required to
derive the hydrodynamic behavior apply to a large class of systems, we introduce
a general set up. Fix a jump rate g : N — R satisfying the assumptions of section
2 and consider the zero-range process on Z with generator given by

L= Y {Lietr+Loprz} + 2pLo—1 + 2¢L 10, (4.1)
r#=1

where L., is the generator defined just after (3.1). In contrast with the previous
section, this system possesses a one parameter family of invariant measures. For
each ¢ < ¢*/p, denote by v, the product measure on NZ with marginals given by

5 {n,n(z) = K} = ;ﬁ;—)ﬁ)—, (4.2)

where ¢, = pp for £ < —1 and ¢, = qp for z > 0. A direct computation shows
that the Markov process with generator given by (4.1) is reversible with respect
to these product measures.

Before stating the main result of this section, we introduce some terminology on
weak solutions of non-linear parabolic equations. Fix a bounded function pg: R —
R. A bounded function p: R4 x R — R is said to be a weak solution of the partial
differential equation

Op = (1/2)A%(p)
p®(p(t,0+)) = q®(p(t,0-))
0u®(p(t,0+)) = 0u®(p(t, 0-))
p(0,-) = po(-)

(4.3)

if
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(a) ®(p(t, u)) is absolutely continuous in the space variable and for every ¢ > 0,

‘s uelul s,u))}? 00
[ ds [ auei{a.e00,w) < o,

(b) p®(p(t,0+)) = q®(p(t,0-)) for almost every ¢t > 0 and
(c) For every smooth function with compact support G: R — R and for every ¢ > 0,

‘/ldup(t,u)G(u) - j;dupn(u)G(u) = - /u.tds LduG'(u)ﬁﬁb[p(s,u)).

Since p(t, u) is only a measurable function, requirement (b) must be understood

!i_l;r&j:ds{ptb(% [p(s,u)du) - q@(%]_[:p(s,u)du)} =0 (4.4)

for every t > 0. The third property in (4.3) just states that there is conservation
of the total mass at the origin.

We prove in the appendix the uniqueness of weak solutions of (4.3). The ex-
istence for special initial conditions py follows from the tightness of the sequence
Qﬁ"N defined below and the regularity of the limit points of this sequence proved
in Proposition 4.4.

For each probability measure u on NZ, denote by PJ the probability measure
on the path space D(R 4, N%) induced by the Markov process with generator (4.1)
accelerated by N2 and the initial measure yu. Expectation with respect to P4 is
denoted by Eff x

We now define the initial states we consider in the first main theorem of this
section. Fix a sequence of initial measures ™ on NZ. We shall assume that

as

(IS1) The sequence uV is bounded above (resp. below) by some invariant state i,
(resp. ) for some 0 < A < a < ¢*/p. .

(IS2) There exists a function pg:IR — R4 such that for each continuous function
G:R— R, and each § > 0,

Jim 1 [ [N Y 6@/Mn(@) - [ duGum)] 2 4] = 0.

It follows from assumption (IS1) that the function po in (IS2) is necessarily
bounded. Assumption (IS1) is relatively restrictive and is explained at the end
of section 2. The second assumption just imposes a hydrodynamic behavior (a
law of large number) at time 0.

Theorem 4.1 . Consider a sequence of initial states u’¥ satisfying assumptions
(1S1), (1S2). For any continuous function G:IR — R with compact support and
any é >0

Jim Py [|N_lzG(=/N)m(=) —fduG(u)P(t‘u)| > 5] =0
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where p is the unique solution of (4.3).

Like in section 3 (cf. also Chap. IV of [KL]), we deduce this result from the
convergence in distribution of the empirical measure 7™V = 7 () defined as the
positive Radon measure on R obtained by assigning a mass N~! to each particle :

™ = N‘IZn(z)J,IN. (4.5)
z€L

Set @Y = n™¥(n,) and denote by M4 = M, (R) the space of positive Radon
measures on R endowed with the vague topology, a metrizable topology. Fix T > 0.
For each probability measure u on N%, denote by Qf the probability measure on
the path space D([0,T], M) induced by IPf and the empirical measure 7 defined
in (4.5).

Theorem 4.2 . The sequence QLVN converges to the probability measure concen-

trated on the absolutely continuous path (t,du) = p(t,u)du whose density is the
solution of (4.3).

The proof of this result is divided in three steps. We first show that the se-
quence QfN is tight. We then prove that all limit points are concentrated on
weak solutions of (4.3). This is the content of Proposition 4.4 below. We conclude
arguing that there exists a unique solution. This last part is left to the Appendix.

Coupling arguments similar to the ones presented at the end of the previous
section show that it is enough to prove Theorem 4.2 under the assumption

(IS3) There exists a parameter 3 < ¢*/p for which the relative entropy of uV with
respect to ff;; is bounded by Cy N for some finite constant Cp.

Lemma 4.3 . The sequence Qﬂ"N is tight. Moreover, all limit points are concen-
trated on weakly continuous paths m(du).

The proof of the tightness of the sequence QfN is similar to the proof in the
space homogeneous case and is thus omitted (cf. Chap IV, V of [KL]).

Proposition 4.4 . Every limit point Q" of the sequence QJy is concentrated on
absolutely continuous paths w(t,du) = p(t, u)du such that

(a) pe(u) < r(u), where r(u) = R(pa)l{u < 0} + R(qa)1l{u > 0}, R(:) is the
function defined in (2.5) and a the parameter introduced in assumption (IS1).
(b) Recall the constant Cy introduced in assumption (IS3). Then,

E@.[/qusAdu {3u<l>(p(s,u))}2] & Chs

(c) p®(p(t,04)) = q®(p(t,0-)) in the sense (4.4).
(d) For every smooth function G:IR — R with compact support,

< ;B = < g @e —-(1/2)‘/;:!3/du(@uG)(u)3u¢(p(s,u)).
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Proof. Fix a limit point Q* and assume without loss of generality that the se-
quence Qf,., converges to Q*. Property (a) follows from assumption (IS1) and
some elementary coupling arguments since the process is attractive.

To prove (b), we show that there exists a constant C' = C(g) such that

B [sup{ [ at [ miaw @.6)t,w(ptt, ) - C@NGIEY] < G

In this formula, the supremum is carried over all smooth functions G: [0, T]xR — R
with compact support, ||-||2 stands for the L?([0, 7] x R) norm and m(u) = p1{u >
0} + q1{u < 0}. The proof of this estimate follows closely the proof of a similar
estimate in the space homogeneous case (cf. [KLO], [GPV]). We leave the details
to the reader.

Property (c) follows straightforwardly from Corollary 4.9 below.

To prove (d), fix a smooth function G:R — R with compact support and
consider the martingale MC = M,G N defined by

t
ME =<aN,G> - <x),G> - / N?’L<xN.G>ds.
0
A simple computation shows that the expected value of the quadratic variation of
ME vanishes as N t co. In particular, by Doob inequality, for every § > 0,
limsup]PfN sup |MS|> J] = 0 (4.6)
0<t<T

N—=oo

On the other hand, the integral part of the martingale MC writes

[o ds{%;(ﬁr\r@(r/ﬁ’)y(m(t)) + L 2(nG)(-1/N)

{9(n:(0)) +g(q.(—1))}}.

Since g is bounded and G has compact support, we may replace in the above
formula the discrete derivative and the discrete Laplacian by the continuous ones.
For a fixed e >0and 0 <t < T, let

VE(t) = jdu {(ac)we ("’“([“ —n f]))

+ (g- p)(vG)(O){¢(M) + Q(m([—:,{l}))} _
By (4.6) and Lemmas 4.5 and 4.6 below, for every 0 <t < T and § > 0,

t
limsupQ'H <pt,G>—<po,G> —(1/2)/ dsVS(s)
0

=0

>5] =0

because, by Lemma 4.3, Q" is concentrated on weakly continuous paths m;. In-
tegrating by parts V.° we obtain (d) applying parts (b) and (c) of the proposi-
tion. O

We proceed establishing the results needed in the proof of the previous propo-
sition.
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Lemma 4.5 . For every continuous function G:IR = R with compact support,

lim sup lim sup E]/x “/DT dtN~! ZG(Z/N) {a(m(2)) — @(r}f”(z))}” =0.
2€2

e—=0 N=aeoo

This result follows from the estimate on the entropy of u”¥ and the, by now
classical, one and two blocks arguments. Notice, however, that since g is assumed
to be bounded, we need the measure uV to be bounded above by some invariant
measure ﬁ; in order to introduce a cut off to avoid large densities in the two blocks
estimate.

For a site z, a configuration  and a positive integer £, denote by Mf (z,n) the
density of particles for the configuration 7 on a box of size £ at the right (left) of
@

4L z
M (z,7) HlZn(y) M; (z,n) = ;% > ).
y=z-1

Lemma 4.6 . For every continuous function H:[0,T] - R

hmsupllmsupEpN [l] dt H{i){g(m({})) ®(M.y (0, ) )}”

=0 Naeoo

The same result holds if g((n:(0)) is replaced by g((ne(—1)) and M} (0,n:) b
My (=1,m).

This result follows from the next lemma and the statement of Lemma 3.11
translated to the present context.

Lemma 4.7 . For every continuous function H:[0,T] — R,

e—0 N=oco

lim supllmsupIENN | j: dt H(t){g(m (0)) = (eN)™! (Ziv:g(m (z))}| ] =

The same result holds if g((n:(0)) is replaced by g((n:(—1)) and the average over
{0,...,eN} is replaced by the average over {—eN,...,0}.

Proof. To keep notation simple, denote by V(1;) the expression inside braces in
the previous formula :

Ne
V(n) = g(n(0)) — (Ne)™* > _ g(n(v))

y=0

Inspired by the proof of Lemma 3.10, the idea here is to use an integration by
parts formula for g(n(0)) — g(n(y)) to estimate the integral [ fi(n)V (n)&X () (dm)
by the Dirichlet form.
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By the entropy inequality,

E,~ [|/OT ds H(s)V (n,)

]
w ¥ ;,%logva;, [exp{|_/:dsG(s)ANV[q,)l}]

IA

for every A > 0. By assumption, the first term on the right hand side is bounded
by CA~'. To prove the lemma it is therefore enough to show that the limit of the
second one is less than or equal to 0 for every 4 > 0. Since el*! < e 4+ ¢~% and
limsupy N~!log{ay + by} < max{limsupy N~!logan,limsupy N~'logby},
replacing H by —H we deduce that we only need to prove the previous state-
ment without the absolute value in the exponent. By Feynman-Kac formula and
the variational formula for the largest eigenvalue of an operator,

. 1 &
lﬁnj;p;—ﬁlogﬁ% exp{fo ds G’(s)ANV(n,)}]

. (7)
< fo e sup { [ @V @FEn + 47 ND(W} .

In this formula, the supremum is taken over all densities f with respect to 17; and
D(f) is the Dirichlet form

D(f) = f\/fL\/fdv;.

We are now ready to integrate by parts the cylinder function V. The rest of
the proof is similar to the proof of Lemma 3.10 and omitted for this reason. O

The same argument permits to deduce the following result.
Lemma 4.8 . For every continuous function H:[0,T] — R,
T
timsupEly [| [ dt H(O{pa(n(0)) - as(m(-1)}]] = 0.
N—oo 0
The next result follows from Lemma 4.6 and Lemma 4.8.
Corollary 4.9 . For every continuous function H:[0,7] = R,
T
timsupEl [| [ de (0 {p@(M3(0,m)) - a@(05 (1,00 }]] = 0.
0

N—co
This concludes the proof of Theorem 4.2 under assumptions (IS1), (IS2) (IS3).
Assumption (IS3) was needed only in the derivation of the estimates of the entropy

and the Dirichlet form. The arguments presented in [LM] permit to deduce these
estimates with assumption (IS2) in place of (IS3). This proves Theorem 4.2.
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5. The asymmetric tagged particle.

We prove in this section Theorems 1.1 and 1.2 through the hydrodynamic be-
havior of the inhomogeneous zero range processes considered in the previous two
sections.

We have seen in the firét section that the displacement of the asymmetric tagged
particle corresponds in the zero range process to the total flux of particles through
the origin. For this reason, we start deducing the total flux through the origin
from the hydrodynamic limit proved in the previous two sections.

Proposition 5.1 . In the case p = 1, consider a sequence of probability measures
u satisfying assumptions (H1), (H2). Then, for everyt >0 and § > 0,

Jim L[V Y (@) = mo(@)} - [ dufptt,n) = pow)}] > 4] = 0, (51

z20

where p is the solution of (3.2). In the case p < 1, consider a sequence of probability
measures u"V satisfying assumptions (IS1), (IS2). Then, for everyt >0 and § > 0
(5.1) holds, where p is now the solution of (4.3).

In the previous statement, as explained in section 1, the sum and the integral
must be interpreted correctly. Proposition 5.1 follows from the hydrodynamic be-
havior of the inhomogeneous processes considered in section 3, 4 and the definition
of the sum and the integral.

Recall from section 1 that we denote by 7 the transformation that associates
to each configuration (resp. continuous function, probability measure) of {0, 1}%+
(the set of configurations of {0, 1}% with a particle at the origin) a configuration
(resp. continuous function, probability measure) of NZ. Theorem 1.1 and 1.2
follow from Proposition 5.1 if we prove the following proposition

Proposition 5.2 . Fir a sequence of initial states ,u‘:;(,) satisfying the assumptions
of Theorem 1.1 or 1.2. The sequence Tpg,(_) satisfy assumptions (H1), (H2) in
the case p=1 or (IS1), (1S2) in the case p < 1.

Proof. We start with the case p = 1. A simple computation shows that 7 trans-
forms the Bernoulli product measure p, in the product measure ﬁi"_p defined
by (2.4). Fix a profile po:R4 — [0,1] for which there exists & > 0 such that
o < po < 1— 0. Recall that we denote by pf;:) © the inhomogeneous product
measure associated to pg :

Hpo(1 (€ ,€(z) =1} = po(z/N)

for £ > 0. Denote by vx(_) the probability measure on N¥ associated to ),
through the transformation 7-. We shall now show that v;:; © fulfills assumptions
(H1), (H2).

We first claim that if y is a product measure on {0, 1}¥+ bounded above (resp.
below) by pu} for some 0 < p < 1, then T is bounded below (resp. above) by
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v p- Here u} (resp. 7}) stand for the restriction on N of the measures y, (resp.
V,). Notice that the inequalities are reversed by the application 7. To prove this
claim, for £ > 1, denote by +, the probability of finding a particle at z for the
probability u. Assume, without loss of generality that 4, < p. For j > 1, denote
by N; the position of the j-th particle at the right of the origin. Since v, < p for
every r and pu, u, are product measures, it is possible to couple y and p, in such
a way that N{' > Ny and Nfy, — N}' > Nf,, — N{ for all j > 1. In this formula,
NY (resp. NY) stands for the position of the j-th particle under the distribution
(resp. p,). Applying the transformation 7 to this coupling measure, we construct
a measure on NN x N¥ with first marginal equal to 7 u, second marginal equal

to Tuf = B , and concentrated on configurations (n*,n?) below the diagonal.

This shows that 7Tu > Df‘_P, what concludes the proof of the claim. In particular,
v} < v;:(_} < Er;"_a_for every N > 1 and assumption (H1) is verified.

Notice, however, that the claim “u' < u? implies Tpu' > Tu?”
Consider, for instance, the configuration £!, £€2 such that

is not correct.

€ (z) =1 ifandonlyifz#1,2,3and ¢%(z)=1 ifandonlyifz #1,3.

In this case the deterministic measures dg: are such that dg < &2 but it is not
correct that dr¢1 is above d7¢a.

We turn now to the second assumption (H2). Recall from section 1 that we
denote by H: R, — Ry, F:Ry — R, the functions defined by

A
1
HA:[ u)du, F(B) = —/—————— — 1.
( ) 5 pﬂ( ) ( ) PQ(H_I(B))
Here H~! stands for the inverse of the strictly increasing, absolutely continuous
function % It follows from this definition that

jB F(u)du = H_II(B) - B (5.2)
0

for every B > 0. In order to check (H2), we just need to show that under vi‘; Cy

[BN]

N~! Z n(z) (5.3)

z=0

converges in probability to foB F(u)du for every B > 0. Fix a positive integer n.
The following inequalities state that for the exclusion process the total number of
sites in A, = {0,...,n} is equal to the total number of particles plus the total
number of holes (that corresponds to the total number of particles for the zero
range process) :

~14+5 0, €(2) Zi=ob(z)

Ye) + D ny) <n+1 <D+ D) ).
=0

y=0 =0 é:O
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The convergence (5.3) follows from these inequalities, the fact that under the
measure ), N7' 3 0¢ . <(an €() converges to [ po(u) du and identity (5.2).
Details are left to the reader.

In exactly the same way, assumptions (IS1), (IS2) can be checked in the case
p < 1. The only difference is that we assume in (IS1) that the sequence of initial
measures is bounded below by an invariant measure 17:0 which is inhomogeneous
in space. This forces the initial profile py to be bounded below by the function
Ya(u) = (1 - a)l{u< 0} + [1 - (¢/p)a]i{u >0} forsome0<a<1l. O

6. Einstein relation.

We consider in this section initial profiles for which the solution of equation
(1.4) is self scaling. For two fixed densities p_ and p4 consider, for instance, the
initial condition pg(-) given by

po(u) = p+1{u>0} + p-1{y<0}.
The the solution of (1.4) takes the form p(t,u) = ¢(u/V/t), where ¢(-) is the

solution of
— 2¢/(2) = 87®0(p(2)) ,
p®o(p(0+)) = gPo(9(0-)) ,

P00 __ ¢(0-) ()
(T+p(04))? ~ T+(0-)?"
@(£00) = ps .

In this formula ®¢(a) = a/(1 + a).
It easy to see that in this case v, = v/t where v is given by

+o0
B & {p+ —¢(¥)} dy .

Moreover, since py = @(00), we may write the expression inside braces as
f[y'm) 0.p(z)dz. Performing an integration by parts and keeping in mind that ¢
is the solution of (6.1), we obtain that

0
(1+ ¢(04))?

We now transform (6.1) in a linear equation through a Lagrangian change of
coordinates. Define

z(z) = [(1 +(y)) dy

and set
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We leave to the reader to check that this transformation is in fact the inverse of
the transformation described in (1.2). Moreover, a simple computation shows that
m(z) is the solution of the linear equation

(m"(z) = —(z+v)m'(z),
_ m'(0+) _ m'(0-)
~ m(04+) T m(0-) ’
p(1 —m(0+)) = ¢(1 —m(0-)),

1
km(:l:oo):c&: T

(6.2)

In fact (6.2) describes the self scaling solution of the Stefan problem :

[ o (2,8 = % L.m*(z,1),

_ Ozm*(ve+,t) _ Ozm"(v:—,1)

7" T Tt t) | mr (v, ) (6.3)
p{l . m-(vt"'!t}} = Q{l - m'(t},—,i)} '

| m*(2,0) =a41{z >0} +a_1{z < 0}.

In other words, m(z/v/?) is the macroscopic profile of density as seen from the
tagged asymmetric particle.
The solution of (6.2) can be written as

Ay + B+/ e~ (W/V'-v gy forz >0,

m(x] = uz '

A_+ B_ j e~ (/2 -vy dy forz <0,
0

where the parameters are related by the equations

B, _ B_

p(l—Ay) = g(1-A-), —1’=A+ =i

ay = AzJ(xv)
and
+o0 =
Jv) = 1— v/ e~ (/2 =vy gy
0

It follows from the previous identities that the parameters p, a4, a_ and v satisfy

the equation .

This equation was obtained heuristically by [BDMO]. In particular, we cannot
write v as an explicit function of p, @), a_, but we can study some asymptotic
relations. We consider three distinct asymptotics.
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We first investigate the case of a constant initial profile : a4 = @_ = a. In this
case we can write a as an explicit function of p and v :
@ = {p—g) =t
® =T - 40
Elementary computations give the identity

(p- 2t m A=) -0 (6.5)

For small asymmetry p — ¢, we have a small displacement v. Expanding J(-)
around the origin we obtain that

Jv) =1 - £v+02+0(va).

Replacing in (6.5) J(v) by its expansion gives, for fixed @ and small p — g, that

v = (p—s')\/?—;—oi + o(p—q).

This proves the validity of Einstein relation for small drifts.
In the case @y # a_ one can expand around the equilibrium, i.e., for small
p(1 — a4) — g(1 — a—). The same expansions show that

_ p(1—0+)—q(1—0—)\/§ + o(p(l —ay) —g(l—a-)) .

pay —ga

A third possible asymptotics is given when the initial profile is constant and the
density @ = a4 = a_ is small. In this case, for a fixed drift p— g, the displacement
v is very large. Asymptotically, for |v| close to co, a simple computation shows
that

J(v) ~ v_lz' , J(—v) ~ ve’’12\/2r .

Using these expansions in (6.4) one obtains that

7. Surface motion in a Potts model.

We prove in this section Theorem 1.4. The spin flip dynamics induced by the
generator L,p on M coincides with the zero range dynamics investigated in section
3. We first define a correspondence between configurations f such that f(0) = 0
and configurations of N¥. Fix a monotone function f in M such that f(0) = 0. For

z >0, set
n(z) = f(z+1)-f(z). (7.1)
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Recall that for t > 0, f; = f,,. It is easy to check that 7, defined by n(z) =
fe(z+1)—fi(z), evolves according to the generator L introduced in (3.1) with jump
rate g(k) = 1{k > 1}. (There is a slight difference. For the zero range process
investigated in section 3, a particle at the origin is killed at rate 1{n(0) > 1},
while in the model we now consider it is killed at rate (1/2)1{n(0) > 1}. This
microscopic difference, however, does not modify the macroscopic behavior of the
system. Details are left to the reader).

Fix a sequence of probability measures m" satisfying the assumptions of The-
orem 1.4. Denote by u™ the sequence of Am" introduced in section 1. Clearly,
by construction, the sequence u™ satisfy assumptions (H1), (H2) of section 3. In
particular, since it follows from (7.1) that

N

fe(0) — fo(0) = D {mo(z) — m(2)},

20

from Proposition 5.1 we obtain that for each ¢ > 0, N~ !f,x2(0) converges in
probability to v, defined by (1.5), where p is the solution of (1.3) with initial
condition Ag instead of Fj.

Fix now a smooth function G:IR; — R with compact support. By definition of

Mty

NI Ge/NN (@) — 0] = NI {NT Y Gw/N) }ma) -

20 z20 yz2z+l

It follows therefore from Theorem 3.1 that for each ¢ > 0,

N='Y" G(z/N)N~[fens(z) — fena(0)]

20

converges in probability, as N 1 oo, to
f du G(u)A(t,u),
By

where A(t,u) = fu" p(t,v)dv and p(t, u) is the solution of (3.2). To conclude the
proof of Theorem 1.4, it remains to check that A is the solution of (1.9) but this
follows straightforwardly from the explicit form A and the fact that p(¢, u) is the
solution of (3.2).

8. Appendix : Uniqueness.

Case p = 1. This is an extension to infinite volume of an argument presented in
[ELS2]. Fix a weak solution p(t, u) of the differential equation (3.2). Since p(¢, )
is in L}, (R4), we may define R;:R%3 — R by

Ri(u,v) = /: plt,w)dw . (8.1)
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Denote by [-,] the inner product in L*(R%). Fix a smooth function H:R% — R
with compact support. Changing the order of summations we obtain that

(R, H] = f; du p(t, w)h(w) , (8.2)

h(w) = /jdu Lmde(u,v) - [ﬂmdulwde(u,v).

Notice that h is a smooth function with compact support that vanishes at the
origin. Moreover, its derivative is given by

where

h(w) = jom du {H(w,u) — H(u,w)} .

Therefore, in virtue of (8.2), property (c) of weak solutions and a change of vari-
ables, for every smooth function H with compact support

[Re, H] = [Ro, H] + /0' ds/l du A dv H(u,v){8,®(p(s, v)) — 0u®(p(s,u))} .

In particular, we have that

Rifw,n) = Ro(u,o) = [ ds{8,00(s,) = 0.8(p(s, )} (83

for almost all (u,v) in R3.

Consider now two solutions p!, p? of equation (3.2), denote by R}, R? the
respective functions associated to p!, p?, through (8.1) and set W, = R} — RZ,
pr = pi — pi. Denote by [, ] the inner product on L?(R32) associated to the
measure e~ (“1¥)dudv. In view of property (a) of weak solutions and identity (8.3),
R:[0,T] = L*(R2,e~(4+")dudv) is almost everywhere differentiable. Therefore,

%[wg,w,], = 2/du[dve*("*'")wg(u,v){a‘,'i'g(v)ﬂau'i'g(u)},

where ®,(v) stands for ®(p!(t,v)) — ®(p*(t,v)). An integration by parts gives that
the right hand side is equal to

-2 .[34. e U®,(u)p(t, u) + 2/du /dve'“"‘”%(u,v)‘i&(v) (8.4)

because [duexp{—u} = 1. By Schwarz inequality, the second term is bounded
above by

19 llolWe, Wile + T [ due™(@(u))?
@ s,

< |2 oo [We, Wele +.[l due " ®,(u)p(t, u)
+
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because ® is an increasing function with a bounded first derivative. Adding this
expression to the first term of (8.4), we obtain that the time derivative of [W;, W;].
is bounded above by

¥ lloo[We, Wele — [ due™@e(u)p(t,u) < [|9']loc[We, Wee

S

because @ is non decreasing. By Gronwall inequality, we deduce that tW;, Wile
is bounded above by [Wy, Wy exp{||®’||ct}, what concludes the proof of the
uniqueness of weak solutions of equation (3.2).

The case p < 1. The argument is similar to the one presented for p = 1. For
t >0, define R;:[R? - R4 as in (8.1). It can be shown that

Ri(u,v) — Ro(u,v) = fo ds {0,®(p(s,v)) — 8u®(p(s,u))}

for almost all (u,v) in R% Consider two solutions of equation (4.3). Denote by
m(du) = m(u)du the absolutely continuous measure with density m(u) = pl{u <
0}+¢1{u > 0} and fix a smooth function #: R — R such that 6(0) = 0, 8(u) = |u|
for u large enough and [ m(du)exp{—6(u)} = 1. Let [-,-]m stand for the inner
product in L2(R?) with respect to the measure m(du)m(dv)exp{—0(u) — 6(v)}.
Fix two solutions p!, p? of equation (4.3), denote by R}, R? the respective func-
tions associated to p', p?, through (8.1) and set W; = R} — R?. With the same
arguments presented above one can show that [W;, W;],, is bounded above by
[Wo, Wolm exp{C(0, ||®'||c)t}. In this deduction the use of the measure m(du)
instead of the Lebesgue measure is fundamental in the integration by parts per-
formed in (8.4) for the boundary term to cancel.
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