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RESUMO

O objetivo deste artigo é andlisar a utilizagdo da politica educacional no longo prazo como
mecanismo para a reducdo da desigualdade de renda entre familias de renda baixa, mediana
e alta. Se a decisdo sobre a politica for endogeneizada, de acordo com o teorema do eleitor
mediano, os resultados sdo os seguintes: i) o sistema educacional publico para todos, apesar
de garantir convergéncia de renda, produz uma menor taxa de crescimento da renda do elei-
tor mediano; ii) a combinacdo publico-privado (sistema educacional hibrido) permite uma
maior taxa de crescimento da renda do eleitor mediano, no entanto a desigualdade de renda
é inerente a este sistema. Como resultado final, o eleitor mediano ird escolher o sistema pu-
blico-privado, pois o crescimento da sua renda é maior, o que pode explicar a persisténcia e
as diferencas na desigualdade de renda das economias.
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ABSTRACT

I analyze a long run educational policy as a mechanism to close the income gap among low,
median and high-income families. If the choice is made endogenous by the use of the median
voter theorem, the results are as follow: i) public education system guarantees income con-
vergence, however the income growth rate of the median voter is smaller; ii) the combina-
tion public and private (hybrid) educational system allows faster income growth rate, but
income inequality is almost the natural outcome. The ending result is that the combination
public and private system will prevail, since the income growth rate of the median voter is
higher in this system. This might explain the persistence and differences of income
inequality among the economies.
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INTRODUCTION

The objective of this paper is to introduce an endogenous policy related to
educational system.! The endogenous policy research framework can be best
understood by the use of a counter example. The Romer (1990) model can
be reggarded as an exogenous policy model since human capital, the most
important input for technological advances, is not endogenously accumulat-
ed in the model. Its accumulation depends upon an educational policy.
However, any educational policy effect will depend upon the educational
system to be implemented. The objective here is to show how important
the educational system quality and its form, public or private, on growth
and inequality are.

The theory of endogenous policy linking the effects of income inequality
on growth was proposed by Persson and Tabellini (1994). Under their
view, income inequality lowers growth because it leads to policies that do
not allow for full private appropriation of returns to investment. Here, I
am concerned with the aspects of decision upon the educational system
and its effect on income inequality and growth. Thus, income inequality
as I perceive it is in part due to endogenous consumers’ decision when
choosing an educational system. The educational system is important be-
cause is through it that the economy accumulates human capital. The
choice of the dimension between what should be public and private sets
up the public investment in education. Their importance while either pub-
lic or private was stablished by empirical evidence. Indeed the empirical
evidence suggesting that growth rates can be improved by human capital
investment were present in studies like Mankiw, Romer and Weil (1992),
Levine and Renelt (1992), Barro and Lee (1993), Benhabib and Spiegel
(1994) and Dias and McDermott (2003), among others. On the other
side, there is also the benefit of public investment in education on income
equality. Sylvester (2002) found that income inequality would greatly be
reduced through public investment in education.

The medium voter theorem empirical test on growth and inequality was
conducted by Milanovic (2000). The author found that greater income ine-

1 A review on the classical endogenous policy can be seen in PERSSON & TABELLINI (1994).
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quality lowers growth because the redistribution policies sought by the me-
dian voter. Therefore, countries with greater income inequality redistribute

more to poor causing growth rates to be lower.

According to the above views, public investment in education would foster
growth and diminishes income inequality. Moreover, the median voter thus
plays a role on redistributional policies. Here, we seek to understand the
outcomes on growth and income inequality of the median voter’s choice of
an educational system.

The theoretical study that started building the bridge between growth, in-
come inequality and educational system was done by Glomm and Raviku-
mar (1992). They focused on the basic formal schooling as the means for
closing gaps between diverging productivity. Nonetheless, the authors did
not consider the decision as having been made by a medium voter nor treat-
ed the matter simultaneously under public and private education system.
Education quality may be an important aspect for existing private education
system. In addition, we have that quality of the education is positively relat-
ed to economic growth as found by Hanushek and Kimko (2000). Hence,
the quality difterence between the two systems may be one of the causes of
income inequality. (JALLADE, 1978; LAM & LEVISON, 1990; BAR-
ROS & LAM, 1993; and SOUZA, 1994).2 The last point is precisely what
I want to pursue in this paper. Hence, I will build a theory that posits it to
be an endogenous decision done by the medium voter.

In this paper, the public investment is made endogenous to the consumers.
The consumers decide how much to invest in public and private educational
system or both. This is done through the introduction of the median vote
rule. In such a model the median voter decides on the access to education
system and its forms, whether public or public-private combination. The
long-run objective of the consumer is to maximize income growth rate.
This endogenous decision may lead the median voter consumer to choose a

system where income inequality is present.

2 These papers directly or indirectly suggest that quality improvement in the education system is
the main objective to be pursued over the long run as a mean for permanent productivity
improvements and income inequality reduction.
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This paper is divided in six major sections. The forthcoming introduce the
human capital theory necessary for the model. Section two presents a heter-
ogeneous consumer theory. The medium voter theorem idea is developed in
section three. The public education for all system is analyzed in section four.
Section five presents the combination public-private education system anal-
ysis. The quality difference between public and private educational system is
the focus of attention of section six.

1. THE HUMAN CAPITAL THEORY

The human capital theory to be used is the one proposed by Dias (1995
and 1996). The use of the theory proposed by the author is justified since it
treats consumers as being heterogencous in their knowledge levels. Their
heterogeneity arises from aspects of reality where firms hire workers of dif-
terent knowledge to form a team to produce goods of specified quality.
However, by so doing, firms pay special attention to the amount of knowl-
edge required to use the equipment.® Thus, the firm objective it to match
required knowledge by the equipment with embodied knowledge on work-
ers. This assembled combination of knowledge levels forms what was called
quantum of knowledge. The quantum of knowledge distribution reflects
the heterogeneity of knowledge levels existing in the economy. This hetero-
geneity framework can be seen as an extension of the linear models where
only one type of knowledge is considered. (ROMER, 1986; and REBELO,
1991).

The outcome of this theory is that in average each individual’s productivity
depends upon the quality of his or hers knowledge. Moreover, it is given by

the following equation:*

Y(i) = Bi H, (1)

3 This view goes in hand with the capital-skill complementarity literature (e.g. ACEMOGLU,
1998).

4 Sce DIAS (1995).
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where B > 0 is a constant; 1 (E [( ,q] is the index of quantum of knowled-
ge, where ( is the lowest quantum of knowledge and q the highest quan-
tum of knowledge; and H; is the number of hours available of that specific

quantum of knowledge.

Now, because productivity is attached to individuals with a specific quan-
tum of knowledge, compatible consumer theory must be available. In the

next section, we develop a compatible consumer theory.

2. THE HETEROGENEOUS CONSUMERS’ THEORY

Equation (1) is equivalent to the income made by the individual with
knowledge level i. To transform equation (1) in income per hour worked,
we divided it by H;. It now refers to the income generated by a specific class

of workers.

y(i) = Bi @)

We assume the distribution function of the income per hour worked to be
normal. This initial shape does not interfere in our analysis. Since, neither
the initial nor the final shape is the centerpiece of the study. I am interested

in seeing whether initial income inequality gap is closing over time or not.

The normal distribution function has a very well known shape that makes it
more attractive and helpful. To simplify the analysis, even more, we will
work with representative consumers belonging to low, median and high-in-
come classes. According to the normal distribution function, the initial rela-

tionship between low, middle and high-income families is the following:

g=0o,u,L=0,( ad q=0( (3

where 0y is the standard deviation of the distribution function. The conditi-

on that 6, > 0 simply states that there is an initial income inequality:
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Although T have assumed f(i) to be continuous, the focus of my attention
will be on the three income classes (, 1 and q. By extension, I assume that
there are three types of family/consumers in this economy, families with low,
median and high-income. More specifically, each family has the following

welfare function

- £
W = _[% e”dt for £=1, and

4)
W = Jln(cj)e'p‘dt for £=1.

where ¢ is the consumption of family j where j=(, & and q, or rather, fami-
lies with low, median and high-income, respectively; £ is the parameter of
the welfare function; p is the discount or time preference rate assumed to be
the same across the families.

3. THE MEDIAN VOTER THEOREM

The median voter theorem proposed by Bowen (1943) and Black (1958)
states that under utility maximization conditions the subject of the anlysis
must be centered on the behavior of the individuals in the median of the
distribution, here represented by the median voter. This is because the pub-
lic expenditure is democratically decided by a majority rule. Therefore, pub-
lic expenditure always focuses upon the preferences of the median voter. In
economics, the median voter is represented by the individual with median-

income.

In our case, the median-income family representative will choose a public or
a public-private education system. The basic rule of the decision to be made
by this median voter is as follows: he or she always gets back in education
quality the same amount paid in tax.

The public system is the one to which everyone has access. However, in the

combination public and private education system the following may hap-
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pen: a) low-income families will choose public education; median-income
tamilies will combine public and private education; and high-income fami-

lies will choose private education.

4. THE PUBLIC EDUCATION SYSTEM
In the public education system, the following are assumed:
1) The public education system is accessible to everyone;

ii) The funding for improving the quality of the educational system will be

provided by tax on median and high class income families;

ii1) There is no intermediate cost between collecting tax and its transfer-

ence to schools.

Families increase their quantum of knowledge by forgoing units of con-
sumption and by improving the public school system by paying taxes. More
precisely, each family/consumer accumulates quantum of knowledge in the

tfollowing way:

(=y(0), —c, +6,E, Where y(¢), =B, (5)
=YW, —C, +6,E, where y(1), = (1-7,)Bu 6)
q=Y(a), —C, +0;E,, where y(q), =(1-1,)Bq 7)

where y(j)D with j=¢, Il and q is the family disposable income; ¢ is the
family consumption; 6, + 6, + 8, =1 is the family share of the public school
quality; and E, is the school quality. We assume the latter to be a direct
function of the amount of money collected through income tax or simply,

E, =1,y(W)+1,y(q) (9)
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where 0< 1,7, <1 are the income tax rates on median and high-income

class families.

Under this set up each family decision of how much to consume at any
point in time and, by extension, to invest in quantum of knowledge is inde-
pendent of each other. It is easy to notice, however, that by introducing a
transformation cost between consumption and quantum of knowledge

would not ad any extra information to the model.

The solution is quite simple. All we have to do is to set up a Hamiltonian
tunction for each family and find its solution. More specifically, the Hamil-
tonian functions are obtained by using equation (4), subject to the con-
straint imposed by equations (5)-(7), and the side conditions imposed by
equations (3) and (8) and the transversatility conditions.> Once we have
made the necessary substitution, the following set of discounted Hamilto-

nian functions comes up.

= (C/,)l-é- pt
H, e + y[Bl-c, +6,1,Bo,l +6,7,Boy(] [ 9
18 _
H, = {(C"l)él + y[(l-7,)Bu-c, +0,T,Bu+ OthBoou]Je"" (20)
18
H ={(°‘*) "+ w0 -7,)Ba ¢, + 0,78 +e3""“Bq]}e"" (11)
q 1_&' q q q o,

The solution to this set of Hamiltonian functions is well known and its deri-
vation can be seen in Dias (1995). So for welfare function and transversality
conditions to be satisfied, the following condition must be met:
B,>p>(1-¢)B, for j= j=(, u and q, Where B, =(1+6,1,0,+6,7,55) ,

B,=@-1,+6,1,+6,7,6,) and B,=(1-1,+6,7,+6, ”) % In other words, the
productivity parameter has to be greater than tne discount rate, while the
clasticity of marginal utility —& cannot be too close to zero. Henceforth,

the transversatility is satistied by this assumption.

The result I am looking forward to is the productivity growth rate and by

extension, the consumption growth rate. One must recall that these two

5 CHIANG (1992).

6 The Appendix I shows the complete derivation for the low-income family as an example.
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variables are identical in this model, linearity condition. Hence, the solu-

tions to the Hamiltonian functions produce the following growth rates:

c, [ 1
V=g == g Bt 00 + 01,07 o) (12
cC, u 1
w_ M
Yu = a = E: g B(l— TH +92‘cu +9217q60)—[3] (13)
¢, q 1 T
" c, a4 & ( T 300] P

In the above equations, there will be income transference from median

and high-income families to low-income families equal to
X = (911u60+91’tq(5§)20. The contribution to the public education

quality by middle-income family is ), = (-7, +9,7, +6,7,6,)<0; and

T
Xq = (=T4 + 05T, + 65 G—”) <01is the contribution of the high-income family.
0

Under the median voter theorem, the median-income family will maximize
its share of public education quality. In other words, the following is im-

plied:

Y T
—E =1, 41,6,=0 = Gy =——"
%, r,

Thus, in order to reduce initial income inequality (o), the tax rate imposed

(15)

on median class must be smaller than the one on the high-income class. Ac-
cording to the median voter theorem, the decision is upon the median class.
Hence, we do expect that 1, <1, which assures the long run income conver-
gence since we have the following: x4 = -4 <x, = -7, <, = 0. This result is
equivalent to substitute equation (15) into equations (12)-(14) and solve
for their growth rate which give us y, > y, > 7,. Hence, public education
system guarantees income convergence through education quality as long as
the income tax structure satisfies the median voter theorem.
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5. THE PUBLIC AND PRIVATE SYSTEM

The existence of public and private systems requires that some difference be-
tween these two exists. Indeed, the demand for a private education system
requires the existence of some advantage over the public system; otherwise,
there will be no demand for such system. Therefore, we need a behavioral

theory for the existence of the two systems.

In our behavioral theory, families will choose any system such that the out-
come of the system is superior to what families expend on it. Mathematical-
ly, it boils down to the following:

T T t
[Eudu> [Eydu= [i())ch, wherej= ¢, 4, g (19)
t t 0

According to equation (19) for every dollar invested in education quality,

t
Il(j)dl , more than a dollar will be received back in the private system,
0

T t
IEvdl > II (j)duv. Nonetheless, T assume it to be a dollar for a dollar for the
t 0

T t
public system, J E = J] (j)d .7 Hence, there is a quality difference between
t 0

the two systems and that explains the existence of the private system parallel

to the public one.

Thus, according to this behavioral theory, families will choose the system in
which the expected return of their future income is superior to what they
expend on quality improvement of the educational system. Thus, I expect
the low-income family always to use the public system, since it requires no
payment. The median-income family is expected to combine public and pri-

7 To simplity we have assumed the rate of discount to be zero. The integral from zero to time t
represents the past cost or investment in quality made in education; while the integral from
time t to the ending T represents the outcome to be received from that investment. In sum, at
point t end the knowledge accumulation and starts the income generation from the knowledge
accumulated that will last until T.
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vate systems in order to maximize its income growth. On the other hand,

the high-income family is expected to use the private school system.

For while I will posit that low and median-income families will share the
public education system with the high-income family choosing only private
education system. Under these assumptions our model becomes interesting
because the cross subsidy among the classes can be more easily analyzed.
However, I return to this subject in section six latter on. Under these as-
sumptions, the following conditions would be obeyed:

1) The quality of the public system attended by low-income families is

given by

Ep = (1=0)[1,,y (1) + Ty (A)] = (1-O)E, (20)

where 6 € [0,1] represents the share between the low and median-income
families; T,,Y(1) is the amount of tax paid by median-income family;
T4Y(0) is the amount of tax paid by high-income family.

ii) The quality of public and private systems attended by median-income

family is given by

E, =07, y(W) +6[t,,y(W) +1,¥(@)] = ¢1,,y(u) + 6E, (21)

where ¢ >1 is the parameter that represents the quality of the private
school system; rwy(u) is the share of income that goes to the private
school system; 6[1,,y(1) + T4,Y(0)] is the share of public school system
used by median-income family.

1) The quality of the private system attended by high-income family is
given by

E, =97,Y(q) (22)

where ¢ >1 defined above; rqu(q) is the share of income that goes to the

private school system.
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The family’s disposable incomes are the following:

y(0), =B( (23)
y(M)D = (1_ T — Tpv)Bl'L (24)
y(@)p, =(1-14 —174,)Bq (25)

The accumulation function for each family is given by the following set of

equations:
(=y(0), —c,+E, (26)
=y, —c, +E, (27)
q=Y(a)p —Cq +Eq (28)

The welfare function to be maximized is given by equation (4). The constraints
are given by equations (26)-(28) and the side conditions expressed by equa-
tions (23)-(25) and equation (3). It is worth to remember that each family
makes its own decision. Thus, each one has to maximize its own discounted

Hamiltonian. The set of Hamiltonians to be maximized is the following:

H = ©)*-1 + y[Bl-c, +(1-0)(t,,Bo,l +1,Bc20)] |e 29

‘ 1_§ ‘ ub™="*>0 gb=""0 ( )
(©)"-1 ”

My =| g w1057, 0BG, 40, Bl 0(5, B 1,0, B0] € (30)

qu[(cqz;;_l + W[(l_‘tqb _Tqv)Bq 'Cq+¢TqVBq ]je"’t (31)

Again, I had skipped the intermediate steps of the derivation of this set of
Hamiltonians. The outcome obtained is the growth rates of the families' in-

come or

v = o= = Bl -0 gu00 + o) o) (@)
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L1
Yo = C_H - % B E[B(l_rub T T (1)’17“\, + e(TMb + TquO))_p] (33)
n
c, q 1
Yq = i = a = g[B(l—rqb — Ty +¢rqv)—p] (34)

According to equations (31)-(34) the following conditions:
Ao = L= 0)(1,0, + 1402)]; A = [— Ty — Ty T 0T, +6(T, +rqb00)J; and
Xy = [_ Ty = Tg +0T qu are verified.

To be coherent with the median voter theorem and our behavioral theory,
the median-income family receives back in public school quality the same
amount it has paid in tax. This is equivalent to a maximization of y,,, with

respect to access to the public education system. The following result is thus

obtained:
aX v Tub
—ae” =Ty T Tp00 = 0 = 6= _; (35)

Recalling the definition of ¢, the rate of return for attending private school
system is greater than one. Thus, we can make ¢ = 1+v, where v > O repre-
sents the net rate of return for attending private system. Hence, » sets the
quality difference between private and public education systems. By using

this condition and equation (35) we have the following: y ,, =0;

X = l_ Tuo +VTWJ; and Yo = l— T +VTqVJ. Now, if the net return of
private education is higher than the tax paid by the median and high-inco-

me families, then convergence will not happen. As a matter of fact if

T = VT, and Ty = VT, , the income distribution will stay the same. For

convergence to happen the following conditions must be met: a) x,,, < 0; b)

Xy < 0; and |xuv | < | Xav | or :Lb > zib > v . The income tax on median and
woo v

high-income families used to foster public education must exceed the

amount of their income invested in private education. In sum, it requires

public investment in education that closes the gap quality between the two

systems.
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It is interesting to notice that even under the above convergence condition we
have that y,,, < x, and xq, < Xq In other words, the income growth rate under
the combined public and private education system will be higher, especially for
median and high-income families, when compared to the public educational sys-
tem only.

0. THE EDUCATION QUALITY DIFFERENCE

The objective of this section is two folds. First, it is to verify under what
conditions our assumptions on low and median-income families sharing
public education and high-income families using just the private educations
system are valid. Second, it is to analyze under what circumstances the qual-
ity differences between public and private education emerges. The analysis

will be done by each family:

0.1 Low-Income Families

To analyze the family willingness to move from a system to the other is
equivalent to compare the benefit difference between the two systems. It is
important to have in mind that the families have as objective to accumulate
the same amount of knowledge in whatever system. In the low-income fam-
ily case, moving from public to private educational system is equivalent to

compare the following two equations:

=Yy, -C + (1_ 9) Eb (36)

=(1-1,)y, -¢c, +E (37)

v

Sl s

Equations (36) and (37) are the knowledge accumulation under public and
private education, respectively. Specifically in equation (37), E ,, represents
the quality of the private educational system attended by poor tamily. By
equating these two equations and recalling that E , ,=(1+n)Eb the result is
T,.Y, = (v+0)E, . The public education quality can be represented by an in-
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come transference such that sy, = E,, where 0 < s < 1. Combining the

last two results, the following turns out

In vy (38)
S

It is easy to see that the low-income family is willing to invest in private

education the same amount received as income transference through public

education or *~ —1 . In this case, we have (1 - 6) = v. In another words,
Sﬁ

by giving up the income transference through public education, poor family

must invest the same amount of their own income to get back the same

quality share when nothing on their own is invested.®

Now let us change equation (37) to capture the sharing between public and
private system instead of just private system as previously done.

¢
?: (1_ Tzv)y/ -G, +9[(l— e)Eb +(1_ ez)Ezv (39)

Now, 0 is the share of public education with median income family and

0,€(0,2) . It represents the percentage of public education that our poor

tamily is willing to give up in exchange for private education. By equating

equations (36) and (39) and using the previous conditions that sy, =E,

b =1, then g, :1_i. When 0 = n+6 = 1, it implies that

S, v+0

and

0,<0.In this case there will be no willingness to attend private education.

When low-income family’s share of public education is very high and to-
gether with that there is a high quality difference between public and pri-
vate educational system such that v+6>1 then 6, <0 . In this case, low-
income families will attend public and private educational systems. Thus,

our assumption along the last section is equivalent to + 1 or the same as

stating that the combined access to public education and quality of private

8 This result is the same under the public education for all system when compared to moving to

private education. There the result is v =0,
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system does not justify low-income families to attend private education. It is
interesting to notice that more access to public education by low-income
tamily leads to a combination of public-private educational system. This
might be equivalent to low-income family to acquire the status of median-

income family by attending a better public education system.

0.2 Median-Income Family

The median-income family is the one that decides the quality of the private
education system through its willingness to invest in it. This is very reason-
able, since their decision of combining both systems is the key for emerging
private education system and therefore enabling families combines both.
The difference between the two systems under median-income family deci-
sion relay on the quality difference of the systems. . The analysis will seeck
the conditions under which median-income family will migrate from public
to public-private combination as proposed by our assumptions. The two set
of equations to be analyzed are

R @-1,)y, —c, +6E, (40)

=(@1-1,-1,)Y,—C,+6,6E, +(1-6,)E, (41)

e =

Where equation (40) represents the knowledge accumulation under public

education, equation (41) is the combination public-private one. Here, 0 is
the share of public education with the poor family and 0, & [0,1] represents
how much public education will be exchanged by private education. By re-

calling that public education quality can be represented by sy, = E; and

that & =1, the median-income family is willing to invest in private educa-
S
W

tion the same amount of the income being giving up under public educa-

. . . 1 .
tion. Under these conditions the result is 6, =1+ o v_1 In this case 6,
—_ V j—
will be positive for v > 0, the quality of the private education system has to

be superior to the public system attended by the median-income family.
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A much direct approach can be seen by replacing equation (41) by the fol-

lowing one:

%: (-7, -1,)Y, —C, +O0E, +E, (42)

Now, the median-income family does not have to give up any access to pub-

lic education in order to attend private education. Using the condition that

T
S,Y, = Epthe result is =~ =1+V . The investment made by the representa-
S
tive median-income family in excess of the return provide by the public edu-
cation will be the key for the quality of the private education system. This
decision made by the median-income family will set up the quality differ-
ence between public and private one. Thus, the quality is endogenous to the

median-income family decision to invest in private education.

0.3 High-Income Family

Under our made assumption high-income family will invest only on private
education system. Here, I compare this condition with the one that the
tamily attends both public and private education systems. This is equivalent
to compare the following two equations:

a_ (=T —Tq)Yq —Cy + Eq (43)

=(1- T — rqv)yq —-C,+0,E, + - eq)e3Eb (44)

oo o

The variable @ represents the amount of private education quality that me-
dian-income family is willing to give up for public education. However, the
limit to access public education is given by 03 its share under public educa-
tion for all. The result is 6, =1+Vv . In this case, it requires that the public
education must have the same quality as the private education system.

Hence, our made assumption seems reasonable under this set up.
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CONCLUSION

In a democratic system where the public expenditure tries to satisfy the me-
dian voter theorem, we have two outcomes depending upon the existing ed-
ucation system. First, if the adopted system is public education for all,
income inequality may be reduced over the long run through education
quality; since it will be more accessible to everyone. Second, if there is si-
multaneously public and private education system, income inequality will be

reduced only under very strict conditions.

If the choice of the system is up to the median voter, then the system to be
chosen is the combined public and private education system. This combina-
tion allows a greater income growth rate when compared to the public sys-
tem alone. Hence, over the long run the median voter will be better off
under the combination of public and private education system. Moreover,
the median voter will also set up the quality difference between the public
and private system. This last outcome may explain the persistence in income

inequality over time and across-countries.

APPENDIX: THE HOUSEHOLD MAXIMIZATION PROCESS

Here, I derive the household maximization process for the low-income fam-
ily as a way of demonstrating how the transversatility condition is satisfied.
Consider the Hamiltonian function given by equation (9). The solution is
given by the following set of equations:

i) ¢t =vy; i) y=py—yB,; and iii) It_im\u(t)ﬁ(t)e‘“ =0, (A1)
where B, =(1+0,1,6,+ equcé). By differencing equation i) with regards to

time and plugging this result into equation i1) we have iv) c_r_ é(Bé -p)-
c {
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The transversatility, equation iii), is easily satistied by the following condi-
tion: v) E+§< p. Dividing equation ii) by yand substituting into equa-
v

tion v) and using equation iv) we get vi) (1-&)B, <p . The positive growth
rate of knowledge accumulation implies that B, >p . Together these two re-

sults imply that vii) B, >p>(@=8)B,  This is easily satisfied for &> 1.

However, for 0 < £ < 1 equation vii) has to be made in assumption.
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