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Effect of Internal Radiative Heat Transfer on Melt/Crystal
Interface Shape in Czochralski Growth of Oxide Crystals
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Abstract

A global analysis of heat transfer was carried out to investigate the effect of internal
radiative heat transfer in the crystal and/or melt on the melt/crystal interface shape in
Czochralski growth of an oxide crystal. As a result, it was found that the interface shapes
change from convex to concave toward the melt as the crystal rotation rate increases, and that
the critical Reynolds number at which the interface inversion occurs decreases with the optical
thickness of the crystal when the melt is opaque. However, when the melt is semitransparent
and its optical thickness is the same as the crystal’s, the critical Reynolds number has a
maximum value for a certain optical thickness of the crystal and melt.

Key words : Internal radiative heat transfer, Interface inversion, CZ crystal growth, Oxide,
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1. Introduction

Oxide single crystals such as yttrium aluminum garnet, gadolinium gallium garnet and
lithium niobate are utilized as solid-state laser hosts and materials for acoust-opt-electronic
devices, and are commonly grown by the Czochralski (CZ) method. For the production of a
perfect oxide single crystal by the CZ method, it is important to acquire accurate information
about the heat transfer mechanism and then to control the heat transfer in the CZ furnace,
because the quality of the crystal is closely related to its thermal history and the transport
phenomena in the furnace.

Oxide single crystals are not opaque to infrared radiation, so the radiative heat absorption
and emission in the crystal strongly influence the heat transfer behavior and the shape of the
melt/crystal interface during the CZ crystal growth. For instance, it is experimentally known
that the radiative heat transfer through the crystal renders the interface deeply convex toward
the melt [1, 2], and that the change in the absorption coefficient of the crystal affects the
growth characteristics [3,4]. Recently, such influences of the radiative heat transfer in the
oxide crystal on the crystal growth behavior have also been demonstrated numerically with the
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global analysis of heat transfer [5-7].

Most of the above studies have mainly focused on the effect of the radiative heat transfer
in the oxide crystal. However, recent experimental studies [8-10] have suggested the possi-
bility of the influence of the radiative heat transfer in the melt on the crystal growth processes,
particularly on the melt convection. Therefore, Kobayashi ef /. [11] numerically investigat-
ed the effect using the “bulk flow” model, and indicated that the flow and temperature fields
in the melt change considerably with the variance of the absorption coefficient. They also
calculated the effect of the radiative heat transfer in the melt on the transition of the flow
modes with the increase of crystal rotation [12].

Since the Prandt]l number of the oxide melt is relatively high, the melt convection influ-
ences the heat transfer in the melt, and consequently, the melt/crystal interface shape. In the
CZ crystal growth of oxides, it is well known that the melt/crystal interface changes abruptly
from convex to concave toward the melt as the crystal rotation rate or crystal diameter
increases. This abrupt change, called “interface inversion”, is considered to be caused by the
change of the dominant melt flow near the interface from free convection to forced convection
driven by crystal rotation. Therefore, the relation between the melt convection and interface
inversion has been investigated numerically in many previous works [5, 6, 13-16], because the
interface shape during the crystal growth is closely related to the crystal quality. In most of
these works, the crystal was considered to be opaque, except in that of Xiao and Derby [5, 6]
who numerically demonstrated the effect of the radiative heat transfer in the crystal on the
interface inversion assuming the crystal to be totally transparent. However, the oxide crystals
are often semitransparent and their absorption coefficients vary depending on the amount of
dopant added, such as in Cockayne’s experimental work [1]. Thus, a more rigorous model for
a radiative heat transfer, i.e., a model taking into account semitransparency of crystal and/or
melt, is necessary to numerically investigate the interface shape in the CZ growth of an oxide
crystal.

The aim of the present work is to numerically investigate the effect of variations in the
absorption coefficients of the crystal and/or melt on the interface shape, using the global model
in which the radiative heat transfer in the crystal and/or melt can be accounted for.

2. Theory

In the CZ growth of an oxide crystal, radio-frequency (RF) induction heating, as shown in
Fig. 1, is commonly used. The ac electric current in the coil induces the eddy current in the
metal crucible wall, and consequently, the raw material of the crystal inside the crucible is
melted by the Joule heating from the eddy current. Therefore, in the global analysis of heat
transfer in the inductively heated CZ furnace, the electromagnetic field in the system should be
computed first to obtain the distributions of the eddy current, i.e., heat power in the crucible and
the after heater ; then flow and temperature fields in the furnace as well as the shapes of the
melt/gas interfaces are calculated.
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Fig.1 Schematic diagram of the inductively heated CZ furnace.

In the previous works, we developed a mathematical model with which we can predict the
electromagnetic, flow and temperature fields in the furnace and the interface shapes [16], and
subsequently extended the model by incorporating the P, method to account for the internal
radiation within the crystal and the melt [7]. For brevity, mathematical details of calculating
the electromagnetic field in the furnace are not included here, but are available in our previous
work [16]. However, the rest of the model is described below because some modifications
have been made.

The dimensionless forms of the governing equations of melt convection, i.e., the continuity
equation and the momentum equation based on the Boussinesq approximation, are expressed
as follows, assuming that the system is axisymmetric and in the quasi-steady state and that the
melt is laminar and Newtonian.
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V-v,=0. (1)
Vz'VVz:‘Vj)l‘V‘71+G7"(T1‘1)€z. (2)

Here, G is the Grashof number defined by 8’2’ Tw»&/vi:. The length is scaled with the
crucible radius #¢, velocity with v;/#¢, the pressure and stress with 06,;, vi/#, and the tempera-

« oy

ture with the melting temperature 7, in which the superscript refers to the dimensional
value.

The dimensionless energy equations are given as follows.

Melt : Pryv, -V T,.=V?T+ xNe(J— n5 TH). (3)
Crystal : PeeV Ts=uV?Ts+ wsNe(Js— n2TH). 4)
Crucible and after heater : KNV*Ti+ a@o=0 (i=c, h). (5)
Elsewhere : KV*T:=0. (6)

Pr, Pe and K; are the Prandtl number, Peclet number and thermal conductivity ratios to that
of the melt, defined by ©iCpi/ki, 06,sCh.s Virilki and ki/ki, respectively. & is the dimensionless
heat generation rate by the Joule heat in the crucible and after heater for a reference value of
the electric current in the RF coil, and is obtained from the analysis of the electromagnetic field
in the furnace. In the heat transfer analysis, « is determined as a part of the solutions so that
the temperature at the tri-junction may be the melting point, on the basis of the fact that the
local heat generation rate is proportional to the square of the current density in the coil. The
subscripts “/, s, ¢ and /%” in the above equations indicate the melt, crystal, crucible and after
heater, respectively.

In Egs.(3) and (4), the second terms on the right-hand side represent the contribution of the
radiative heat transfer, in which » and N are the optical thickness and radiation-conduction
interaction parameter defined by «'7¢ and 40’ T»2r./ki, respectively. In the present work, the
optical absorption coefficient @’ is independent of the wavelength, since we consider the
radiative heat transfer in gray absorbing-emitting media. #, and #s are the refractive indices
of the melt and crystal. J is the irradiance defined by the zeroth-order moment of radiative

intensity i, i.e.,
]:f_4 dw, (7)

and is governed by the following equations which represent an approximation of the equation
of transfer in a nonscattering medium with the P, model [17].

Melt - ?%mvm: ]~ i TH). ®)
Crystal : %%VZJS:;:S(]S—%%T:). ©)

J is scaled with 40’ Ty
The boundary conditions for Egs.(1)-(6), (8) and (9) are given by the following equations.
At the melt/crystal interface :



Effect of Internal Radiative Heat Transfer on Melt/Crystal Interface Shape in Czochralski Growth of Oxide Crystals (KoBAYASHI + HAGINO * TSUKADA + HozawA)

‘nis=v t=0, vire,;=7rRe, T\=Ts=1, (10a-e)
—VTz-nls-i—KsV Ts* nw=— PeSt(ez* nis), (109)
1 1
TMV/z'nls:Tkszs'nls. (10g)

At the melt/gas interface :

VieNe=0, 7/ Net=1: nge,=0, (11a-c)
VT neg=0, (11d)
fLV] ‘n :L< 1_‘011:7[ ><] niq % (11e)
Skl l lg 2 1+pzln il ).
At the crucible wall :
VirNs=Vvi t=vy,;* 60*0 (123—(3)
—VTz-nlc-l—KcVTc-mc 2(2 c )(]l n;TZ‘), (12d)
_L . :L 274
3% V]z nic 2(2‘8c> (]z niTi ) (126)

At the crystal surface:

VTs nse=0, (13a)
7L . _i 1— ‘Ogn > out
3ksv]s Nge— 2(1“‘.039" (]s nsts (13b)
Elsewhere :
— KN Ty mue= V(T g2). (14a)
At the centerline :
vitha=V; e;=0, 7,: nat=0, (15a-c)
VTI'ncl:VTs'ncs:vTc'ncl:Vn'nchO, (15d7g)
Vi na=V]s nes=0, (15h, i)

where Re and St are the Reynolds number based on the crystal rotation rate and the Stefan
number, defined by 7222’ /vi and AH}/Cps Tn, respectively. The Marangoni convection in the
melt is not considered here, as shown in Egs.(11b, ¢). In the CZ crystal growth system, each
material constituting the furnace, such as the melt, the crystal and the crucible, is surrounded

by a transparent gas, and the incident radiative heat flux to their surfaces through the ambient

t

gas, i.e., irradiation ¢?¢“, is partially absorbed and reflected if the material is opaque. In the

case of the semitransparent material, moreover, a part of the irradiation transmits inside the
material. Thus, the boundary conditions for temperature and irradiance, Egs.(11e), (13b) and
(14a), include ¢?**. The superscripts “out” and “in” refer to the outside and inside of the

u i3] t

surface adjoining the surrounding gas, respectively, and the subscript of ¢?“ implies the

incident flux.

Dut

To solve the above governing equations with the boundary conditions, ¢?* should be given
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explicitly. Here, let us consider that the gas phase in the CZ furnace shown in Fig. 1 is the
enclosure surrounded by N opaque and semitransparent diffuse-gray surfaces of uniform
temperature. The irradiation onto a surface 7, ¢%% is given by the following equation, creating
an energy balance regarding the surface ; in the enclosure :

q?y' = W(€JT4+ 7" —a), (16)

where ¢ is the incident radiative heat flux on the inside of a semitransparent surface ; such
as the crystal surface, and is expressed with the irradiance J as

q;nJ: i 3%; v]j"lsg- 17

In addition, the net radiative heat flux at surface j, ¢; in Eq.(16), is obtained as a solution of the
following matrix equations which govern radiative heat transfer in the enclosure :

< 1 >q_% Or F'qu:L(S’TA'i’qum
1_,0;' J k:11—pk J 1_,0j JLg J i,J
ij(€kaf+ fi"qi”k
(G=1,2, ........ ,N), (18)

where Fj, is the view factor which is calculated efficiently by combining the analytical solutions
[16]. If the material with surface ;j is opaque, the transmissivity z; in Eqgs.(16) and (18) is set
to be zero, while the emissivity &; is neglected in the case of semitransparent materials.

Egs.(3), (8) and (10)-(12) are the governing equations and the boundary conditions for the
semitransparent melt. While, in the case of the opaque melt, the second (radiative) term on the
right-hand side in Eq.(3) are eliminated, in addition to complete elimination of Egs.(8), (11e) and
(12e). Moreover, the boundary conditions, Eqs.(10f), (10g), (11d) and (12d), are replaced by the

following equations, Egs.(19a), (19b), (20) and (21), respectively.
At the melt/crystal interface:

—VTirn+KVTs n,= 2(2 . ) = (Js— niTd)— PeSt(e.- nus), (19a)
_ 1, e — &Ly 24
Sks V]s ns 2(2751) (]s nsTs)‘ (19b)

At the melt/gas interface:
61NR

—VT: n,e= (T#—q%%). (20)
At the crucible wall :
VTz-n,c=KcV Tc-nk. (21)

The melt/crystal interface shape is determined so that Eq.(10e) may be satisfied, i.e., so
that the interface coincides with the melting point isotherm. The melt/gas interface shape is
calculated by solving the Young-Laplace equation.
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The finite element method is used for the calculations of the temperature field in the
furnace and velocity field in the melt, as well as the shapes of the melt/crystal and melt/gas
interfaces, where the SUPG (streamline upwind Petrov-Galerkin) method [18] is applied for the
treatment of the convective term. The calculation domain is discretized by 7600 isoparametric
quadrilateral elements, and in each element, velocity vectors, temperature and irradiance are
approximated with bilinear polynomials and the pressure is considered to be constant. After
the electromagnetic field in the CZ furnace and o in Eq.(5) are calculated for a reference value
of current in the RF coil and the shape of the melt/gas interface is obtained, the global analysis
is carried out with the following procedure. 1) Eq.(18) is solved for the net radiative heat
fluxes at the surfaces adjoining the ambient gas phase, ¢;(j=1,2, .., N), with 7; and ¢%;
obtained in the previous step. 2) The temperature and velocity fields in the furnace, the
interface shape and « are calculated by simultaneously solving Eqs.(1)-(15) and (19)-(21), where
¢%** in the boundary conditions is calculated from Eq.(16) with 7; and ¢% in the previous step
and ¢ obtained in stepl. 3) Steps1 and 2 are repeated until all equations and boundary
conditions are satisfied.

3. Results and discussion

In the present work, we consider the heat transfer of an inductively heated CZ furnace with
4.6 kHz radio-frequency current, as shown in Fig. 1, where a LiNbO, single crystal (22.8 mm
diameter) is pulled continuously at the rate of 4 mmh™' from the melt in a Pt crucible (59.3
mm°P X 60.4 mm"X1.1 mmT"). The physical properties of LiNbO; melt and crystal, etc. used in
the calculations are identical to those used in our previous work [16]. For the optical
properties, the transmissivities on both sides of the semitransparent melt and crystal surfaces
are estimated with their refractive indices (n#,=#s=2.3) as [19, 20]
:1—p?”f:i— (3ni+1)(ni2—1) _ n?(a;ﬁ—ls)z 1n< n;,—1 >

2 6(%;’4’1) (%i‘|’1) n;+1

2033 +2n,—1)  8nini+1)
(24 1D(ni—1) (W31 (ni—1)2

out
Ti

+ In(7:) =0.80, (22a)

out
rit=1-pl'="1r 20,15, (22b)

On the other hand, when the melt is opaque, the emissivity of the melt into the gas phase can
be estimated to be 0.80 using Eq.(22a) for e,.(=1— %), and also the emissivity into the crystal
is 1.0 if #, is assumed to be equal to #s. The absorption coefficients of the melt and crystal
are varied within the limits of the optical thickness #(=a’7%) =1 because the P, approximation
used here is not very well adapted for optically thin materials. The Prandtl number P» and
the Grashof number G7 in this system are 13.6 and 4.67 X 10°, respectively.

Fig. 2 shows the effect of the crystal rotational Reynolds number Re on the temperature
distributions in the furnace and the flow pattern in the melt for two values of optical thickness
of the crystal xs, where the melt is opaque, i.e., x,=0c0, and the emissivities of the melt into gas
phase and the crystal are 0.8 and 1.0, respectively. The stream functions in the figures are
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Fig.2 Temperature distributions in the furnace and the flow pattern in the melt for x,=oo, where
AT=001 [—] and AT=0.2 [—].

scaled with »zv.. When the crystal is not rotated, i.e., Re=0, only the clockwise vortex caused
by free convection is present in the melt, and the flow pattern exhibits an undulating structure
at the bottom of the crucible due to a retarding force caused by the vertical stratification of the
melt. On the other hand, when Re increases, a counterclockwise vortex due to crystal rotation
appears under the crystal for both optical thickness xs=1 and 100. Such a melt convection
affects the temperature distributions in the melt and crystal because the Prandtl number of the
oxide melt is relatively large (>1), but the influence of the radiative heat transfer within
semitransparent crystals such as oxides is still more significant. The figures show that the
temperature gradients in the crystal decrease when the optical thickness decreases, because the
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Fig.3 Effect of the crystal rotational Reynolds number Re on the melt/crystal interface shapes
for different values of optical thickness of the crystal xs; and x;=oo.

contribution of the radiation to the total heat transfer through the crystal increases and the role
of the thermal conduction diminishes. The larger heat flux due to the radiation through the
crystal brings about the larger heat flux to the melt/crystal interface from the melt to
compensate it. Consequently, it can be seen from the case of Re=0 in Fig. 2 that the melt/
crystal interface increases its area and becomes more convex toward the melt.

Figs. 3 shows the effect of the crystal rotational Reynolds number Re on the melt/crystal
interface shapes for three different values of optical thickness of the crystal and x,=oc. In
these figures, Az in represents the axial displacement of the interface at the centerline from the
axial position of the melt/crystal/gas tri-junction (»=7s). If Az is negative, the interface
shape can be regarded as nearly convex toward the melt. Here, we use the expression “nearly
convex” because the interfaces take on a doubly curved, or ‘gull-wing’ geometry which is seen
for Re=410 and xs=1 in Fig. 2, in the changes of their shapes with Re. For all x;, Az
increases with Re, and the melt/crystal interface shape changes from convex to a ‘gull-wing’
geometry, and then becomes completely concave toward the melt. Fig. 3 demonstrates numeri-
cally that the interface inversion occurs with the increase of Re. When Re is relatively small
and the interface is convex toward the melt, the magnitude of the interface deflection Az
becomes larger as the optical thickness of the crystal xs decreases, and consequently Re. shifts
to a larger value, where Re. is the critical Reynolds number defined as Re at which Az becomes
a positive value, i.e., the interface inversion occurs. In addition, the dependence of Az on Re
near Re. becomes more remarkable as xs decreases, and thus the interface changes more
abruptly. This steep increases of Az are due to the melt flow toward the melt/crystal
interface caused by the crystal rotation.

Since the recent experimental studies [8-10] revealed the possibility of the influence of the
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Fig.4 Temperature distributions in the furnace and the flow pattern in the melt for »,=xs, where
AT=001 [—] and AT=0.2 [—].

radiative heat transfer in the melt on the crystal growth processes, particularly on the melt
convection, the effect of the crystal rotation on the CZ crystal growth process should be
investigated when both melt and crystal are semitransparent. Fig. 4 shows the effect of the
crystal rotational Reynolds number Re on the temperature distributions in the furnace and the
flow pattern in the melt for two values of optical thickness, where x;= x, and the reflectivity of
the melt, o, is 0.20 from Eq.(22a). In the case of optically thicker melt and crystal, i.e., x;=
xs=100, the shapes of the temperature distributions and flow patterns are almost the same as
those in Fig. 2, and the interface inversion occurs as Re increases. However, for x;=xs=1 and
Re=0, compared with the results for »,=xs=100, the undulating flow structure near the
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Fig.5 Effect of the crystal rotational Reynolds number Re on the melt/crystal interface shapes
for different values of optical thickness of the crystal xs and x;=xs.

crucible bottom does not appear, and a relatively simple convection with the vortex center at
the middle part of the melt occurs [7]. In addition, the intensity of the convection in the melt
is larger despite the decrease of the maximum temperature in the melt. These phenomena are
explained as follows : the radiative energy emitted at the crucible wall is absorbed inside the
melt and heats it. Also, the contribution of radiation to the total heat loss through the melt
becomes larger, in other words, the conduction becomes smaller. Consequently, vertical
stratification is not formed in the melt, but the horizontal temperature gradient is established
in the melt and the buoyant flow becomes stronger than that in the optically thicker melt. In
this case, also, the melt/crystal interface shape becomes more convex toward the melt as the
optical thickness of both melt and crystal decreases.

Fig. 5 shows the effect of the crystal rotational Reynolds number Re on the melt/crystal
interface shapes for three different values of optical thickness, when both melt and crystal are
semitransparent and x;=xs. For all xs, Az increases in the range of relatively small Re and
the melt/crystal interface changes from convex to concave toward the melt at Re.. This is the
same aspect as that in the case of the opaque melt shown in Fig. 3 although the gull-wing
geometry of the interface is not observed clearly. However, Re. for xs=1 is much smaller
than those for xs=10. With respect to this, the temperature distributions in the furnace and
the flow pattern in the melt for xs=1, 10 and Re=200 are shown in Fig. 6. The intensity of
clockwise buoyant flow for xs=1 is weaker than that for xs=10. Therefore, this leads to the
decrease of the Re. at which the dominant melt flow near the interface changes from free
convection to forced convection driven by crystal rotation.

To sum up the behavior on the shape of the melt/crystal interface, the effect of the optical
thickness of the crystal and/or melt on the Re. for the opaque and semitransparent melt is
shown in Fig.7. It is clearly found that the Re., when the melt is opaque, decreases
monotonically with the optical thickness of the crystal, whereas the Re. has a maximum value
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Fig.7 Effect of the optical thickness of the crystal and/or melt on the critical Reynolds number
Re. for the opaque and semitransparent melt.

for a certain optical thickness of the crystal and melt when the melt is semitransparent and x,

xs. However, there might be oxide systems showing that the absorption coefficients of the
melt and crystal are different and the conclusion regarding a maximum in Re. for the semi-
transparent melt might change if the ratio of x./xs is changed.

4. Conclusions

For the crystal growth of an oxide, the global analysis of heat transfer in the inductively
heated CZ furnace was carried out to investigate the effect of optical properties of crystal and
melt on the melt/crystal interface shape, in which the radiative heat transfer in the crystal and/
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or melt can be accounted for.

As a result, it was found that the interface shapes change from

convex to concave toward the melt as the crystal rotation rate increases, and that critical

Reynolds number at which the interface inversion occurs decreases with the optical thickness

of the crystal when the melt is opaque.

However, when the melt is semitransparent and its

optical thickness is the same as the crystal’s, the critical Reynolds number has a maximum

value for a certain optical thickness of crystal and melt, depending on the melt flow structure

composed of the free convection and the forced convection caused by the crystal rotation.

Nomenclature

absorption coefficient

heat capacity

unit vector

view factor

gravitational acceleration

Grashof number

latent heat of solidification

radiative intensity

irradiance

ratio of thermal conductivity

thermal conductivity

radiation-conduction interaction parameter
refractive index

normal unit vector

Peclet number

Prandtl number

pressure

standard volumetric heat generation rate
net heat flux due to the incident radiation on jth boundary surface
incident radiative flux on jth boundary surface
radial position in cylindrical coordinates
crucible radius

crystal radius

Reynolds number

critical Reynolds number

Stefan number

temperature

melting temperature

tangential unit vector

crystal pulling rate
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v = velocity vector
Az = axial displacement of the interface

Greek symbols

a = heat generation coefficient

A’ = thermal expansion coefficient

e = emissivity

x = optical thickness

¢ = viscosity

v’ = Kkinematic viscosity

0o = density

o™ = reflectivity

o’ = Stefan-Boltzman constant

T = stress tensor

™, %" = transmissivity

¥ = stream function

£’ = crystal rotation rate

w = solid angle

Superscripts

m = inside of boundary surface

out = outside of boundary surface

, = dimensional value

Subscripts

c = crucible

¢j = pointing from centerline to material ;
¢/ = pointing from centerline to melt
¢s = pointing from centerline to crystal
h = after heater

¥ = material J

jg¢ = pointing from material ; to gas phase
l = melt

lc = pointing from melt to crucible

lg = pointing from melt to gas phase

Is = pointing from melt to crystal

max — maximum value

min = minimum value

S = crystal

sg = pointing from crystal to gas phase
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