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Abstract: We prove that a system of N fermions interacting with an additional particle
via point interactions is stable if the ratio of the mass of the additional particle to the one
of the fermions is larger than some critical m*. The value of m* is independent of N and
turns out to be less than 1. This fact has important implications for the stability of the
unitary Fermi gas. We also characterize the domain of the Hamiltonian of this model,
and establish the validity of the Tan relations for all wave functions in the domain.

1. Introduction

Models of particles with point interactions are ubiquitously used in physics as an ide-
alized description whenever the range of the interparticle interactions is much shorter
than other relevant length scales. They were introduced in the early days of quantum
mechanics as models of nuclear interactions [2,3, 14,35,38], but have proved useful in
other branches of physics, like polarons (see [17] and references there) and cold atomic
gases [40]. While the two-particle problem is mathematically completely understood [1],
for more than two particles the existence of a self-adjoint Hamiltonian that is bounded
from below and models pairwise point interactions is a challenging open problem. It is
known that such a Hamiltonian can only exist for fermions with at most two components
(or two different species of fermions), due to the Thomas effect [5,30,35,39].

For N > 2, we consider here a system of N (spinless) fermions of mass 1, interacting
with another particle of mass m via point interactions. The latter are characterized by
a parameter « € R, where —1/« is proportional to the scattering length of the pair
interaction [1]. Purely formally, the Hamiltonian of the system can be thought of as

N N
1 1
H=—%Axo—EZAXiJFVZ‘S(XO_xi)’ (1.1)

i=1 i=1

where x; € R, and y represents an infinitesimal coupling constant. Models of this kind
have been studied extensively in the literature (see, e.g., [6—11,13,15,18-23,28,37])
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and can be defined via a suitable regularization procedure. More precisely, the formal
expression (1.1) can be given a meaning in terms of a suitable quadratic form [7,10,15],
which will be introduced in the next section. However, only in case the quadratic form
is stable, i.e., bounded from below, does it give rise to a unique self-adjoint operator and
hence gives a precise meaning to (1.1). We are interested in this question of stability.
We shall show that there exists a critical mass m™*, independent of N, such that stability
holds for m > m*. The value of m* is determined by a two-dimensional optimization
problem of a certain analytic function. A numerical evaluation of the expression yields
m* = 0.36.

In particular, the system under consideration is stable for m = 1. This latter case is
of particular importance, in view of constructing a model of a gas of spin 1/2 fermions
close to the unitary limit, where the scattering length becomes much larger than the range
of the interactions. For N + 1 such fermions, our result can be interpreted as proving
the existence of such a model in the sector of total spin (N — 1)/2, i.e., 1 less than the
maximal value. Of course stability holds trivially in the sector of total spin (N + 1)/2,
since the particles do not interact in this case due to the total antisymmetry of the spatial
part of the wave functions. We note that stability in other spin sectors is still an open
problem, whose solution would be of great interest because of the relevance of the model
for cold atomic gases (see [40] and references there). For its solution, it is necessary
to understand the problem of stability for general systems of N + M particles mutually
interacting via point interactions. In the case N = M = 2, anumerical analysis suggests
stability, see [19] for the case m = 1 and [12] for the full range of mass ratios where
stability for the 2 + 1 problem holds, i.e., for 0.0735 < m < (0.0735)~! ~ 13.6 [5].

2. Model and Main Results

Because of translation invariance, it is convenient to separate the center-of-mass motion
and to introduce relative coordinates X = (mxo + Z — x,) /(m+ N), yi = xi — Xg

for 1 <i < N in the usual way. With their aid we can formally write the operator H in
(1.1) as H = Hem + %1 Hyol, where Hop = —(2(m + N))~'Ax and

2
N
YV V47 Za(y, @.1)

[']relz_Z:A

i=1 1<l<j<N

for y = 2my /(m + 1). The latter operator acts on purely anti-symmetric functions of N
variables only.

The formal expression (2.1) can be given a meaning in terms of a suitable quadratic
form [7,10,15], which will be introduced in the next subsection.

2.1. Quadratic form and stability. The model under consideration here is defined via a
quadratic form F,, as follows. For 4 > 0 and ¢; € R3,1<i<N,let

—1

G@qr.....qn) = qu —— Y gi-qj+n 22)

1<z<]<N
The quadratic form F, has the domain
D(F,) = [u e L2ZRN) |u=w+Gé we HL®RWN), ¢ Hals/z(RW—”)} 2.3)
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where G¢£ is short for the function with Fourier transform

GE@ ... qn) = G(q1.....qn) Y (D™ E(q1. ... gic1. gist. ... qn)  24)
i=1
and the subscript “as” indicates functions that are antisymmetric under permutations.
For u € D(F,), we have

N 2 5
Fa(u) = <w ‘_ Dy Bi - m+ 1 Zl§i<j§N ViV +“‘ w> = el v,
N (@161 2o, + Taiag ) + Tor ©) 2.5)
where
Tae(® = [ BG.DPL.D)dsdg
R3I(N-1)
Tu®i= (V-1 [ E6DEDCE LD Q6
R;
We introduced ¢ := (q1, . . ., gn—_2) for short, and the function L is given by
12
m(m +2) 2, 2m
L(q1.....qy-1) ==271" qi - qj+ 1
(n+1)2 Z Ty 1<i</2'<:N—1 Y
2.7

Note that since G& ¢ H'(R3N) for £ # 0, the decomposition of u as u = w + G€& is
unique. Moreover, while w depends on u, & is 1ndependent of the choice of .
Clearly Tgiag(&) is bounded above and below by [|& 112 HI2RIN-D)> and also Toer(€)

is bounded in H'/2(R3N=D) (see Sect. 3). One readily checks that both D(F,) and
Fy (u) are actually independent of y for i > 0, even though Tyiag (§) and Tofr (§) depend
on . The domain D(Fy) is also independent of @ € R. Moreover, under the scaling
u — wup(-) = A3N2u(n-) for A > 0, F, changes as Fy(u;) = A F,-1,(u). In
particular, Fy is homogeneous of order 2 under scaling.

The quadratic form F, can be obtained as a limit of a suitably regularized version of
(2.1),see [10] and [7, Appendix A]. As we shall see in the next subsection, the parameter
« equals —2772 /a, where a denotes the scattering length of the pair interaction. We note
that other choices for quadratic forms are possible in the unitary case @ = 0 for small
mass m, see [8].

To state our main result, we define, for any m > 0,

A(m)

s2 4 Q2
= sup - =

2
5,KeR3,0>0 T (1 +m)

1
s, K, Q)‘1/2/ Sl (t, K, Q)
R3 1

» |(s+AK) - (t+AK)| dr

[(s+AK)>+(t + AK)?+ 2 (Q2+AK )] — [ﬁ(s+AK) : (t+AK)]2
2.8)
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where A := 2+m)~! and

m

1/2
R 2, M 2 2
(s, K, Q) = ((m+1)2(s+K) +m+1(s +0 )) (2.9)

A somewhat simpler, equivalent expression for A (1), involving only the supremum over
two positive parameters, will be given in Sect. 7. We shall show in Sect. 6 that A (m) is
finite, and satisfies the upper bound

4(1 +m)*> (2 +4m +m>)3/?

A(m) < o nm + )T (2.10)
Note that (2.10) implies, in particular, that lim,, -, A(m) = 0.
Our first main result is the following:
Theorem 1. For any & € Hy*(R3V=D) 11 > 0and N > 2,
Totr (§) = —A(m)Tdiag(§) (2.11)

In particular, if m is such that A(m) < 1, then F, is closed and bounded from below by

0 fora >0

2 2.12)
- (m) ||u||iZ(R3N) Jora <0

Fo(u) = {

forallu € D(Fy).

We note that (2.12) follows immediately from (2.11) in combination with the
simple estimate Tyjag(§) > 2n2ﬂ||5||12 (RIN-Dy* For @« < 0, one simply chooses

w = a?Q2r?(1 — A(m))~2, using the independence of F, (u) of . As a closed and
bounded from below quadratic form, F, gives rise to a unique self-adjoint operator [27,
Thm. VIII.15] for A(m) < 1. We shall describe it in detail in the next subsection.

The lower bound (2.12) is sharp as m — oo. For o < 0, —(ae/272)? equals the
binding energy of the two-particle problem with point interactions. As m — 0o, only
one of the fermions can be bound, hence the ground state energy becomes independent
of N in that limit.

We emphasize that in contrast to the previous work [7,9] we prove a bound on the
critical mass that is independent of N and, in particular, does not grow as N gets large.
Also the lower bound (2.12) is independent of N.

We shall prove Theorem 1 in Sect. 4 below. The right side of (2.10) turns out to be
less than 1 for m > 1.76, and hence stability holds in that region. For m = 1, it equals
about 2.47, however, and is larger than 1 as a result of the rather crude bounds leading
to (2.10).

In Sect. 7 we evaluate A (/) numerically and show that it satisfies A(1) < 1. In fact,
from the numerics we shall see that A(m) < 1 if m > 0.36 (see Fig. 1). Recall that F,
is known to be unbounded from below [7, Thm. 2.2] for any N > 2 for m < 0.0735. In
particular, the critical mass for stability satisfies 0.0735 < m™ < 0.36.
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Fig. 1. Numerical evaluation of A(m) defined in (2.8). In the region A(m) < 1, we prove stability of the
system. Asymptotically, A(m) =~ 1/(2+/2m) for large m (and in fact, approximately within a few percent
in the whole region m 2 1). For Aj(m) < 1, we prove that the domain of the operator I" in (2.13) equals

Hals (]R3(N *1)). Moreover, for A (m) < 1 the boundary condition in (2.18) implies that for every function in
the domain of Hy one has & € H;s/z(R3(N_1))

2.2. Hamiltonian. For A(m) < 1, Theorem 1 implies that
Tdiag(§) + Toir (§) = (§|I°§) (2.13)

defines a positive selfadjoint operator I" on Lgs(va -y, with domain D(I'") C
Hals/2 (R3NV=D)y Tn fact,

I'>(—A@m)L>(1—A@m)2r>/n (2.14)

where L is short for the multiplication operator in momentum space defined by (2.7).

It is not difficult to see that Hals (R3N=Dy = D(I') (see Sect. 3), but this inclusion
could possibly be strict. In fact, it was shown in [22,24] in the case N = 2 that "
is not selfadjoint on H'! for certain small m, but admits a one-parameter family of
semi-bounded self-adjoint extensions. In contrast, the following theorem implies that
D) = HalS (R3N=D)y for larger m, more precisely for Aj(m) < 1, which is slightly
more restrictive than our regime of stability, A(m) < 1.

To state our result, we define, analogously to (2.8), for § > 0 and m > 0,

Ag(m)

= sup ——— | =
s KR, 0x0 T (1+m) Jrs 12
(s + AK) - (t + AK)|
X 3 dr
[(s+ AK)2 + (1 + AK)? + L2 (02 + AK?)] — [(l+m)(s +AK) - ( + AK)]

2.15)

S2 + Q2 1 Ln(s, K, Q)(,B—l)/Z . (. K, Q)(,B—l)/2
Cu(t, K, Q)B+D/2 " g, (s, K, Q)B+D/2

Note that the integrand in (2.15) is increasing and convex in 8, hence Ag(m) is, as
a supremum over such functions, also increasing and convex. We have Ag(m) >
Ao(m) = 2A(m). We shall show in Sect. 6 that Ag(m) is finite for § < 3 and sat-
isfies lim;, . oo Ag(m) = 0. In particular, from the convexity it then follows that A g(m)
is continuous in 8 for 0 < g < 3.
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Theorem 2. For any £ € HL(R*V=D) > 0and N > 2,
ITEN2 2 aov-ny = (1= A1om) ILEN L -, (2.16)

In particular, if Ay(m) < 1, then D(I') = D(L) = H;S(R3(N’1)). More generally, for
0<p=<2

ILPTDREE D gagvnyy = (1= Ap(m) ILPD2E] 7 2.17)

(R3(N_]))
forall € € HLTVPR3N-D)y,

The proof of Theorem 2 will be given in Sect. 5. A numerical evaluation of Ag(m)
yields Aj(m) < 1 form > 0.72, while Ax(m) < 1 for m > 0.82 (see Fig. 1).

In terms of D(I"), the self-adjoint operator H, defined by the quadratic form F, in
(2.5) can be constructed in a straightforward way following the analogous construction
in the two-dimensional case in [10, Sect. 5] (see also [7,15,22,24,34]). The result is

D(Hy) = {u e LZR*™) |u=w+GE, we HARN), £ e D),

wlyy=0= Q1) =)V (o + r)s} (2.18)
and H, actsonu € D(Hy) as
al 2
(Hy + 1) u = —ZA”—m Z Vy - Vy, +u | w (2.19)
i=1 I<i<j<N

Note that as an H2-function, w has an L?-restriction to the hyperplane yy = 0, and the
last identity in (2.18) has to be understood as an identity of functions in L2 (R3"V=D),
In fact, the restriction of the HZ2-function w to the hyperplane yy = 0 is an H'/2
function, and hence we conclude that for any u € D(H,), the corresponding & satisfies
re 63 /I;I 1/2_ The last part of Theorem 2 thus implies that for A>(m) < 1, & is necessarily
in H>/~.

The last identity in (2.18) encodes the boundary condition satisfied by functions
u € D(H,) at the origin. To see this, consider the behavior of the function G& as
yy — 0 or, equivalently, the integral of (2.4) over gy in a large ball. A short calculation
using (2.4) shows that

. —~ 1 N
lim Gé(qr.....an) — — (=D""'E(q1....qnv-1) | dgn
K=00 Jigy|<k qy

N—-1

=/ (G(m,...,qzv)Z(—l)i+1§(q1,...,qi_1,qi+1,...,qzv)> dgn
R? i=1

~ . 1
+ (=D E(q, ---CIN—l)Klgnoo K (G(th,---,CJN) - q_2> dgn
gn|< N

= (—DNT&(@q1,.... qn-1) (2.20)
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where we have used that

: 1
L(qi,....qn-1) = — lim G(q1,---.qN) — — | dgn (2.21)
k=0 Jign1<k qy

We conclude that the boundary condition in (2.18) implies that any u € D(H,) has the
asymptotic behavior

/ a(qr, ....qn)dgy ~ GrK +a) (=DNE(qr, ..., gn—1) as K — .
lgn <K

(2.22)
In particular, u diverges as 272 /|yy|+a as |yy| — 0, and hence « is to be interpreted as
o = —272/a with a the scattering length of the point interaction. A precise formulation

of this divergence in configuration space will be given in Proposition 1 in the next
subsection.

As in the case of the corresponding quadratic form, H, is independent of the
parameter 4 used in its construction. Under a unitary scaling of the form Uy (-) =
A3N+D/24, (5 ), it transforms as U;l H, U, = AzHrla. Note that in contrast to D (Fy),
the domain D(H,) does depend on «.

2.3. Tan relations. In [31-33], Tan derived a number of identities that should hold for
any system of particles with point interactions (see also the review [4] and the references
there). These can be experimentally tested, see [16,25,26,29,36]. In this section, we shall
present a rigorous version of the Tan relations for the Hamiltonian H,, constructed in
the last subsection. The analysis in this section does not actually use the self-adjointness
and analogous results also hold for the general N + M system, irrespective of its stability
and the self-adjointness of the corresponding H,. We shall work with the assumption
£ € H', however, which is guaranteed to be the case for A;(m) < 1, by Theorem 2.

In order to state the results, we have to re-introduce the center-of-mass motion. The
Hilbert space for the N + 1 system is thus L*RH® LﬁS(RW ), and the form domain of
the corresponding quadratic form, which we denote by F, equals

DF) =V =9+t 16 e H'R) ® HY®R™). € e H'®) @ HYP®O™))

(2.23)
where

N —1
1 1
Gko, ki, ... ky) = (%kg +s > ki + u) , (2.24)
i=l1

G¢ is short for the function with Fourier transform
GE(ko, k1, ..., kn)
N .
= G(ko, k1, ..., kN) Z(—l)”lé(ko +kiki,. .. kict kivt, ..., kN) (2.25)
i=1

and, compared to (2.3), we have absorbed a factor ’g—;} into the definition of & for

simplicity. For ¢ € D(F,), we have
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N
1 1
fa(w) :<¢‘_2mAxo - 5 E Axi +u
i=1

2
+N <m Tl o ||E”i2(R3N) + Tiag(§) + %H(E)) (2.26)

¢> —H ||W||i2(R3(N+1))

where

Tiiag(§) := fR . | (ko, k1, K)|> L (Ko, k1, k) dko dk; dk

Tof (§) := (N — 1)/ E*(ko +s,t, K)E (ko +1, 5, K)G ko, s, t, k) dko ds dr dk
R3(N+D)
(2.27)

and we used k = (ka, ..., kny—1) for short. The function L is given by

_ 1/2
2m \*"? k3 1=

c(ko,kl,...,kzv_l):=2n2(m+1> <2(m°+1)+52k?+u (2.28)
i=1

Theorem 1 implies that
Tote (£) > —A(m) Taiag(6)  forall & € H/?(RY) @ HY2(RN-D). (2.29)

To see this, one can either mimic the proof of Theorem 1, or one simply argues as
follows. Displaying the dependence on p explicitly via a superscript in the expressions
for Tyiag/off and Tgiag off in (2.6) and (2.27), respectively, it is straightforward to check
that

2m
n
7zﬁag/off(s )= mal / dlag/off(np) dp (2.30)
~ 2
where fip = %(M + m) and
Ap( )= m_ﬂp_ZN‘l L p + L p
P (]17-~~,CIN71 m+N j:1 CI]:‘]I m+N 5""qu1 m+N

(2.31)
which is in H/?(R3V=D) for almost every P € R3. Since the bound (2.11) is uniform
in u, (2.29) follows.

Analogously to the discussion in the previous subsection, for A(m) < 1 the
quadratic form Tgisg (€) + Togr (§) defines a positive self-adjoint operator I on L2(R3) ®

L2 (R3V=D) Explicitly, " acts as

T&(ko, ki, ... ky—1)

= L(ko, k1, ..., kn—1)E ko, k1, ..., ky—1)
N—1

+Y (- 1)/”/ Gko — 5,5, k1. .... kn—1)

j=l1
x E(ko+hkj —s,5, k1, .. kj—1,kjst, ..., ky_1)ds  (2.32)
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Theorem 2 implies that the domain D(f) equals H IR ® HalS (R3W=D) in the case
A1(m) < 1. The domain of the self-adjoint operator H, corresponding to the quadratic
form F, is given by those ¥ € D(F,) where ¢ € H*>(R®) @ HZ(R3M), &£ € D(T') and
the boundary condition

_ =DM ome -
@ [xy=xo= W (m + F) & (2.33)

is satisfied. The Hamiltonian H,, acts as

1 1 &
(Ho + 1) ¥ = (—%Am — 3 A u) ¢ (234)
i=1

It commutes with translations and rotations, and transforms under scaling in the same
way as discussed for H, at the end of the previous subsection.

The connection between the boundary condition (2.33) and the asymptotic behavior
of ¥ € D(Hy) as [xy — xo| — 0 1is explored in the following proposition, whose proof
will be given in Sect. 8.

Proposition 1. For any v € D(Hy) with& € H' (R?N), we have
1,D(R+L Xlye..s XN—1, R — mr)

1+m> 1+m

2 _ 1\N+1
:<2L+a> 2m D e Rox s xy)

Ir| m+1 (27)3/2
+U(R,X1,...,XN_1,7) (2.35)
with v(-,r) € L*RN) forall r € R3, and lim, ¢ [[u(-, r)|| 23wy = 0.

Proposition 1 immediately implies a two-term asymptotics for the two-particle den-
sity

2))? dRdxy -+ deyo (236)

,O(V)=N/R3N|¢(R+ﬁ,x1,~-~,xN—1,R— e

as r — 0. In fact, p satisfies

1 2
o) = 2 (— — = )C+e() with lim|rg(r) =0 2.37)
2 \r)2  |rla r—0
where a = —272 /a denotes the scattering length and
2m \?
C= (m) NIENZ2 gax, (238)

In the physics literature, C is called the contact [31-33]. It turns out to play a crucial
role in various other relevant quantities, as we shall demonstrate now.

For general ¢ € L*(R}) ® Li (R3N), the momentum densities of the mass m (spin
up) particle n4 (k) and of the mass 1 (spin-down) particles n | (k) are defined as

n¢<k>=/ K P dky - iy
R3N

ny (k) = N/RsN |V (ko, k. ko, . ... kn)|? dko dks - - - dky (2.39)

Our rigorous formulation of the Tan relation for the energy is as follows.
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Theorem 3. For € D(H,) with & € HY(R3N), let C be given in (2.38), and let

_ 2 -2 ky|E (k kn) 2 dky - - - dk _ 2.40
PT—m”S”Lz(Rw) RN llg( Iy eve N)| 1" N> pi_apT ( )
Then

k> Kny (k) — ~eL'®) and k> kny(k) —

C
|k — p4l 2 € L'®)

_c
lk — pyl
(2.41)

and we have the identity

B (s ¢ L __¢
(Y| Hor) = ‘/Rs |:2m (k ”T(k) —|k—p¢|2> + > (k ni(k) |k—17¢|2)i| dk

m+ 1

Ca (2.42)
2m
Since C, p4 and p are uniquely determined by the momentum densities via (2.41),
Eq. (2.42) expresses the energy solely in terms of the momentum densities. The set of
possible momentum densities arising from wave functions ¥ € D(H,) is not known,
however, and can be expected to depend in a complicated way on both o and N.
The contact C thus determines the asymptotic behavior of both n4 (k) and n | (k), via
ny(k) = ny(k) ~ Clk|~* for large |k|. In fact, up to terms decaying faster than k|3,
we have for large |k|

L. ¢
kI2lk = pr1*  [kPPlk—py > [k—P*

ny (k) +ny (k) ~ (2.43)
for P = %(PT +py) = ”5”22(11{{31\/) wa kllé(kl, ... ky)|?dk ... dky. Note also that

due to the fact that lim g, o0 flk|<K(|k|‘2 — |k — p|~%)dk = 0 for any p € R>, one can
rewrite the identity (2.42) as

H =l K k ¢ K k ¢ dk
= [ (0 ) + 3 (0 )

m+1
2m

Ca (2.44)

For any stationary state, the contact C can be computed as the derivative of the energy
with respect to «, by the Feynman-Hellmann principle. In fact, for fixed ¥ (and hence

fixed &),

0 m+1
8—afa(¢)— o

Note that it is important to use the quadratic form formulation here, as the domain of
'Hy depends on « and hence ¥ cannot be fixed when taking the derivative of (V| Hq V)
with respect to «. Note also the minus sign in front of the last term in (2.42); a naive
derivative of (2.42) would give the wrong sign!

The L'-property (2.41) claimed in Theorem 3 does not make use of the boundary
condition (2.33) satisfied by ¢ € D(H,) and holds more generally, in fact. The identity
(2.42) only holds for i satisfying (2.33), however; i.e., it holds for all functions ¥ in the
domain of H,. (As already mentioned in the beginning of this section, self-adjointness

c (2.45)
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of 'H,, on this domain is not actually needed here. In particular, Theorem 3 holds for all
m > 0.)

The equations (2.37), (2.41), (2.42) and (2.45) can be interpreted as a rigorous for-
mulation of the Tan relations introduced in [31-33]. There is actually one more relation,
a virial type theorem. It is an immediate consequence of the relation U, "M, U, =
A%H, -1, for scaling the variables by A > 0 and we shall not discuss it further here.

The proof of Theorem 3 will be given in Sect. 9.

3. Preliminaries

Before giving the proof of the results in the previous section, we collect here a few
auxiliary facts that will be used in the proofs.

Lemma 1. The operator o on L*(R>) with integral kernel

1
o(s. 1) = (s2+ HYEDMAG2 4 1)—<;3+1)/4S2 e G.1)
is bounded for =2 < A <2 and -2 < 8 < 2.
Proof. We use the Schur test in the form
loll = %Slslph(S) /R3h(t)_1 (lo(s, D)l +o(z,s)]) dr (3.2)

for any positive function %, which is a consequence of the Cauchy-Schwarz inequality.
Since |A| < 2, a pointwise estimate of the kernel reduces the problem to the case A = 0.
Choosing h(t) = (t2 + 1) one easily checks that the right side of (3.2) is finite if and

onlyif(1+|8))/4<y <GS —18)/4. O

In the special case § = 0, Lemma 1 can be used to show that, for some
¢ > 0, |Toi(€)] < (N — D)Taiag(®) for all & € Hy/>(R3V=D) In particular, F,
is well-defined on its domain (2.3). Similarly, |L#~D/2T&|| > gsw-n, is finite for

£ e HPPD2@®3W-D) for 0 < g < 2. For B = 1, this implies that the domain of
I contains HL(R3N =),

Lemma 2. The operator o on L*(R>) with integral kernel

(s2+0)B=D/A (12 4 ) B=D/4 1
o(s,t) =

3.3
A FOR T T BOR | T2 A el O

is bounded and non-negative for =2 < 8 <2, v>1/2and -2 < A <0.

Proof. Boundedness follows immediately from Lemma 1. For § = 0, positivity can be
deduced from the integral representation

2,2 -1 * 1+1/2)1% 1+1/2)s2 _ri(t—s)?/2
(t +5 +ks-t+1> :/ eI/ g (A7 rdt=s)"2=7 qp — (3.4)
0
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noting that —2 < A < 0 and that the Gaussian has a positive Fourier transform. We are
thus left with proving positivity for 8 # 0. Without loss of generality, we may assume
B > 0, since o is invariant under the transformation § — —g. To this aim, we use

|
x P2 = Cﬂ/ rP2 dr (3.5)
0o X+r

with cg = 7~ !'sin (%) forx > 0and 0 < B < 2 to rewrite the kernel as
o(s,1) = cp(s> +v) B2 4y B-D/A
* 1 1 B2
x * d 36
/o <s2+v+r t2+v+r>s2+12+ks~t+1 " (3.6)

Let us rewrite the integrand further as

g 1 212420 +7r)

-
SZAvHrtZ+v+rs242 405t +1
B 1 1 2w Hr) —1—hs -1

=P 1+ 3.7
" s2+v+rt2+v+r< s2+t2+)»s~t+l> S

Using again (3.4), as well as 2(v +r) > 1 and A < 0, we see that (3.7) defines a
non-negative operator. This completes the proof. 0O

Lemma 3. Consider the bounded operator o on L*(R3) with integral kernel given by
(B3 for =2 < B <2, v>1/2and 0 < A < 2. Its positive and negative parts are the
operators with kernels

o.(s,t) = % (o(s,t)+o(s,—1))

o_(s,t) = —% (o(s,t) —a(s,—t)) (3.8)

respectively.

Proof. Let R denote the reflection operator (Rg)(s) = ¢(—s) for ¢ € L*(R3). The
operators R and o clearly commute. Moreover, the product o R equals the operator with
integral kernel (3.3) and A replaced by —A, which was shown to be non-negative in
Lemma 2. One readily checks that this implies that the positive and negative parts of o
are given by

1
oy = :EEO’ 1+£R), (3.9)

respectively. In fact, clearly 0,0 = o_oy = 0, and 01 = %UR(I + R), which is a

product of two commuting nonnegative operators. O
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4. Proof of Theorem 1

We assume N > 3 and define, for fixed g € R3W=2) gnd -2 < B < 2, an operator P
on L%(R3) via the quadratic form

1 L(s, Z])(ﬂ—l)/z L(t, é’)(ﬁ—l)/z R
B _ *
(plT¥le) = > /]RG @ ($)e(t) (L(t,ﬁ)(ﬂ”)/z + L. 5)F7 G(s,t,q)dsdr

4.1)
where L and G are defined in (2.7) and (2.2), respectively. Let K := Z,N:f gi, and
recall that A = 1/(m +2). The following observation is key to our further investigation.
We shall need it here for 8 = 0 only, but state it more generally for later use in the proof
of Theorem 2.

Lemma 4. The operator t# defined in (4.1) is bounded on L*(R®). Its positive and
negative parts, rﬁ, are the operators with integral kernels

Brg) = L. P02 LG, gD (G(s,1,3) + G(s, —t — 2AK, 3))
r D =GN\ Ta, B2 T L, §) B2 b ’ ’
P | L(s,)B~D/2 L@, §B-D/2 o e .
2(s, 15 q) = 1 <L(t,(})(f5+1)/2 LG. )P (G(s,t,q) — G(s, —t —2AK, q))
4.2)
respectively.

Proof. Let Q% = Z,N: _12 qiz, and define A := 2/(m + 1). A simple calculation shows
that

G(s—AK, i —AK,§) ' = +s>+xrs -t +C (4.3)
where
-~ m 2 2
C=C(q)=—<AK +Q)+u (4.4)
m+1
Similarly,

(4.5)

) 1,2
L(s — AK, §) = 27> (M 2 C>

m+1)2°

In particular, after a unitary translation by AK, the operator t# becomes the operator o
with integral kernel

m+1 <[m(m +2)52 + (m + 1)2C] P~V
U(S, t) =

42\ [mGm +2)62 + (m + 1)2C] P04
[m(m +2)i% + (m + 1)2c] PP
* B4
[m(m +2)s2 + (m + 1)2C]

x (t2+s2+ks~t+C)_l (4.6)

After a simple rescaling of the variables by /C, this is exactly of the form (3.3), with
v=(m+ 1)2/(m(m +2)) > 1/2 (in fact, > 1). Hence boundedness of o follows from
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Lemma 1. Moreover, Lemma 3 applies, which states that the positive and negative parts
of o are given by

1
o+ =:|:§o (1+R), 4.7
where R denotes reflection. Undoing the unitary translation by AK, this leads to the
statement of the lemma. O
1/2 — _ - - 2 -
Forg € Hy*(R3WV-1) wedefinep € L2 (R3N=D)by (s, §) = L(s. §)"/%E(s. ).
Then Taiag (§) = 1917 w1, and

Tofr (§) = (N = 1) /R L6 D DL, HTPLE PTG, 1, §) ds dr dg

v

—(N — 1)/ <p*(s,21)<p(t,(})rg(s,t;z}) ds dr dg (4.8)
R3N

where we simply dropped the positive part of the operator t° appearing on the right side.
Its negative part, 7°, is explicitly identified in Lemma 4. To proceed, we use the fact that
@ is antisymmetric. We introduce

T(5.G.1.0) =205, 1:9)8(G — O) 4.9)
for £ € R3V-2) , and rewrite the term on the right side of (4.8) as

N -1 f 0" (5, )o(t, )7 (s, 1 §) ds dr dg
R3N

N-2
= Z/ 9% (s, Po(t, OT_(gi, Gi, L, ;) ds dr dg Al (4.10)
= Jrov-n

whered; = (g1, ..., qi—1, 8, qis1s - .., qn—2) and &; = (€1, izt b, oo EN-2)
forl <i < N-—2,aswellasqy = s, go = ¢, Lo = t, Lo = £. To bound this last
expression, we use the Schwarz inequality, as in (3.2), to obtain

N-2
(4.10) < gl 72 a1, Suph(s. ) Y fR vy 1 O (g0 G i, £)] dr dE
s,q i=0 -

(4.11)
for any positive function i. Assume that A is symmetric with respect to permutations.
Inserting the special structure (4.9), the expression on the right side of (4.11) then equals

N-2
10117 > o1y, SUP s, @) Z/Mh(t,c}i)—ln?(q,-,t;é,->|dr (4.12)
S:q i=0

We shall choose A(s, §) = 52 ]_[7;12 q/z. in (4.12). The resulting bound is then
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N-2 6]2
2 i 1,0 .A
(4.10) < ||<P||L2(R3(N—1)) sup Z /}; t—12|f_(6h'» t;q;)|dt
4 i=0

1
< 2 S (2+ 2) ma / —17%(qi, t; )| dr 4.13
= lelly2gaw-1), Slg) $7+07)  max - 7170, 15 qi)l (4.13)

where we again use the notation Q° = va: _12 qiz, as in the proof of Lemma 4. Since for

any 1 <i < N —2, s> + Q? is symmetric under exchange of s and g;, we can drop the
maximum over i when taking the supremum over s and ¢, and simply take i = 0 (or
any other value of i, in fact). We thus arrive at

1 IR
(4.10) = I3z, sup (5% + 0%) / SIG Dl (@14
5,4 R3 I

To complete the proof of (2.11), we need to show that the term multiplying
”‘p”;(RW*U) = Tyjag(&) on the right side of (4.14) is bounded by A(m). Recall the

explicit expression of 79 (s, ¢; ), given in (4.2) above. We have

—1/4
- m
120(s, 13 4)| = (S+K)2+m(s2+Q2)+u>

( m

72(1+m) \(m+1)2

X(L(Z+K)2+L(t2+ 2) 4 )_1/4
(m+1)2 m+1 Q)+ p

» [(s + AK) - (t + AK)|

[(s + AK)2 + (t + AK)? + 12 (0% + AK2) + u]* — [ﬁ(s +AK) - (1 + AK)]2
(4.15)

For an upper bound, we can replace u by 0. Moreover, we can replace the supremum
over ¢ € R3™=2) by a supremum over all Q > 0 and K € R3. This yields (2.11).

To complete the proof of Theorem 1, we have to show that F,, is closed for A(m) < 1.
This was already proved in [7, Thm. 2.1], we include the proof here for completeness.
Given a sequence u, € D(Fy) with [up — umll2@rsvy — 0 and Fo(up — upy) — 0
as n,m — 00, we need to show that there exists a u € D(F,) with lim,,_, o ||u, —
ullp2msny = 0 and lim;,— o Fo(u, — u) = 0. We choose any u > 0 for « > 0, and
w > a2l — A(m))~2 for « < 0. For such a choice, writing u, = wy, + G&,, the
bound (2.11) implies that ||lw,, — w,, | g1 mavy = 0 and |&, — §m||H1/2<R3(N_1)) — 0
as n,m — oo, and hence w, — w and &, — & for some w and &, respectively, in
the corresponding norms. Since [|G (6, — &m) || p2rany < const [|§, — &mll L2w3v-1), Un

converges to u = w + G in L2(R3N). Moreover, since |Fy (u, — )| is bounded from
above by const (||lw, — w||%{1(R3N) + & — ‘5”21/2(11%3(%1))) (compare with the remark
after Lemma 1 in Sect. 3), the result follows. 0O

Remark 1. Tt is worth pointing out that the antisymmetry of the wave functions enters
our proof of stability in three different ways. The first two concern the very definition
of the model. First, there are no point interactions among the N particles of mass 1
themselves, due to the antisymmetry which forces the wave functions to vanish at particle
coincidences. Second, the term 7o in the definition (2.5) of the quadratic form F,, enters
with a plus sign, while it would have a minus sign for bosons. This fact is crucial, as it
allows to work with the negative part of the operator 7° in (4.1) instead of the positive
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part, which is larger. And third, we use the symmetry to replace the factor (N — 1) by a
sum over particles in (4.10).

This last step would also work for bosons, only the symmetry of the absolute value
of the wave functions is important. For the first two points, however, the antisymmetry
is crucial. In the bosonic case, there is instability for any N > 2 and any 0 < m < oo
[5,30,39] (a fact known as the Thomas effect [35]). While Ty can be bounded from
below by —Tgiag, as Theorem 1 shows, it is in fact known that Ty (§) < Tiag (&) is false
for suitable & for any m [7].

5. Proof of Theorem 2

Let us define the operator J by I' = L +J, i.e., Tor (§) = (£|JE) for & € HL(R3WV-D),
For 0 < B < 2, we have

IL#=Dl2rg |2, = |IL#*D2g)2,

(R3(N—l)) (R3(N—l))
+EITLP + LPDE) + LD TENT s,
= [LPDR2ENT, gaovny + EIULP +LPDE)  (5.1)

forall &£ € Héfﬂ)/z (R3N=D)_ The result (2.17) thus follows if we can show that

EIILP + LPDE) = —Agm) LT V2E 1T s, (5.2)

With ¢ = L#*D/2¢ this reads, equivalently,

for all ¢ € L2 (R3™=D). The left side equals

vr on o (L, P2 L(s, g) D2 ) .

_ *
(N 1)/]1{31\’(/) (s, e, q) (L(S,ZI)(ﬁ”)/Z + LG5 7 G(s,t,q)dsdrdg
(5.4)

where § € R3™=2) and L and G are defined in (2.7) and (2.2), respectively.

The above integral over s and ¢, for fixed g, is the expectation of (twice) the operator
7P defined in (4.1). Lemma 4 identifies its negative and positive parts. Dropping the
latter, we thus have

La. P~ V2 L. gD
L. @) P07 " Lt )PP

(54)= (N — 1)[ ¢*(s, et q) (
R3N

1 - - -
X 5 (G(s,t,q) — G(s,—t —2AK, q)) dsdt dqg (5.5)

The remainder of the proof proceeds in exactly the same way as in the proof of Theorem 1,
Egs. (4.9)—(4.14), and we shall not repeat it here. The resultis (2.17), forany 0 < 8 < 2.
The limiting case B = 2 is then obtained by monotone convergence, using that A g(m)
is convex and thus continuous in 3. (Note that for 8 = 2, the left side of (2.17) need not
be finite, a priori.) O
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6. Upper Bound on A g (m)

In this section we shall prove an upper bound on A g(m). While only the case 0 < 8 < 2
is of interest here, our bound is actually valid for all 0 < B < 3. We start with proving
the bound (2.10) on A(m). Recall the definitions of A(m) and ¢,, in (2.8) and (2.9),
respectively, as well as A = (2 + m)~!. We shall use that

(5. K. Q) > —Vm(”fr;'z)m + AK| 6.1)
m

and that

2 2 2
[(s +AK)? + (1 + AK)? + (0% + AK2)] - [(1 Py (s +AK) - (t + AK)]

[(s +AK)Y + (1 + AK)? + (0% + AKZ)]2
1+m

m
1+m

m(m +2)
~ (1+m)?
- m(m +2) [ m2 +m)
~ (1+m)?

2+4m+m

2
(741 ILQZ} 6.2)
+m

Together with the simple bound

1 1
|S+AK|1/2“+AK|1/2§\/§(S+AK)2+§(I+AK)2 63)
this gives
(1 + m)2 1 52 + Q2
A(m) < sup 1 y
2 3/ ) -
\/§7T [m(m + 2)] seR3,0>0/R [2)-7:;;:;-722 (S + t2) + l+m QZ]
A4(1+m)2Q2 +4m +m?)3/? 2+ Q2
- Va4 )P N 57 e 2Hm (6.4)
SER?,0>0 57+ i) (T+m)

Since 2 + 4m + m*> > (2 +m)(1 + m), the last supremum equals 1, and we obtain the
bound (2.10).

The same strategy can be used to derive an upper bound on Ag(m) in (2.15), for
B < 1. Instead of (6.3), one uses

s + AK| P21t 4 AR |=P2 4 s+ AK|T7P2) 4 AK|(1HP)/2
<V2(s + AK)2 +2(t + AK)2 (6.5)

(which follows from convexity of the exponential function, xy < %x Py cl, ylforx,y >0,

p>1, %+é = 1), resulting in

421 + m)2 2 + 4m + m?)3/2
7 [m(m +2))°

Ag(m) < forp < 1. (6.6)

For 1 < B < 3, we need an upper bound on ¢,,, and we shall simply use

+ AK?) 6.7)

(s, K, Q) < \/(S+AK)2+
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For a lower bound, we shall use (6.1) for one power of ¢,,, and

ln(s, K, Q) =

I (s2+ 0% (6.8)

for the remaining ¢f7V/% This leads to

A 1 (m+ DHBD/A 1 1 1
p(m) 72 mBAQ2 § m)32 SeRs;fgw &3 12\ |¢|(B=D/2 " (s2+ Q%)B-D/4
s2+ Q2

m(2+m) 2 m 2
|:2+4m+m2 (S +17) + 1+m 0

(B+7)/4 - -
4 (m+1) <2+4m+m2)(7 ﬂ)/4< 2 VAL ﬂ)/4))

T Z M2+ m) P/ 3-8 2 T((T-H)/4
(6.9)

dr

](7—/5)/4

for1 < B < 3, where I' denotes the gamma-function in the last expression. In particular,
Ag(m) is finite for B < 3, and decays at least like m~! for large m.

7. Numerical Evaluation of A ﬂ(m)

Recall the definition of A(m) in (2.8). In order to obtain a numerical value for A(m),
it is convenient to simplify this expression a bit. As a first step, we claim that, given
s, the supremum over K in (2.8) is attained at some K of the form K = —bs for
0<bh <1/A =2+m.To see this, we substitute s = s + AK, f =t + AK, and rewrite
(2.8) as

— (5 —AK)?+ 0% (m(m+2) , 2 S\ VA
Am = §,K€SR?3£,)Q>Q 721 +m) ( (m+1)2 (@7 +AK ))
1 m(m+2) , m 5 5 —1/4
X/RS AR <(m+1)2z + (0 + AK ))
X |S 't| & o

- p
[(2 472+ (02 + AK?)] — [(1+m)s t]

Since the term on the last line is invariant under the reflection f > —f, the integral above
is equal to

f 2+ A2K? m(m+2)
= = =+
R3 (2 +AZK2)2 —4A2(F - K)2 \ (m+1)?

—1/4

1(Q2 + AK%)

5-t -
x | - S di (7.2)
[+ 2+ 2502+ AR = [ F5 7]

When optimizing over the orientation of § and K, the very first factor after the supremum
in (7.1) is clearly largest if s and K are antiparallel. That the same is true for the integral
(7.2) is the content of the following lemma, whose proof is an easy exercise.
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Lemma 5. Let f and g be measurable functions on [—1, 1] that are non-negative, even,
and increasing on [0, 1]. Fora, b € S?,

/SZ fw-a)g(w-b)dw (7.3)

is largest if a and b are either parallel or antiparallel (as vectors in R3).

Proof. We can represent the functions f and g by their level sets, and write
(7.3) = / X(f>x)(@ - a)xg>y)(w - D) dwdx dy (7.4)
S2xR2

The support of the function @ > x{r=x}(@ - a) consists of the union of two spherical
caps, centered at £a, respectively, and similarly for x(g-y)(@ - b). If *a is parallel to
b, the integral over S? in (7.4) (for fixed x and y) is clearly largest, since one of the
characteristic functions simply equals 1 on the support of the other in this case. This
completes the proof. O

The angular part of the integral in (7.2) is exactly of the form (7.3). We thus conclude
that we can restrict the supremum in (7.1) to the set where K = —«s for some x > 0
or, equivalently, K = —bs forsome 0 < b =« /(1 +kA) < 1/A.

To evaluate A (m), we thus have to find the supremum over s € R3,x > 0and 0=>0
of

2 2 2 —1/4
SP(1+xkA)*+ 0 (m(m+2)~2 m (Q2+AK2§2))

72(1 +m) (m+1)2 m+ 1
2 2,232 —1/4
“+A 2
x/ ~ ~+ K-S _ m(m + );2+ m (Q2+AK2§2)
Ry (2 + A%k252)2 —4A22(7-5)2 \ (m + 1) m+1
5.7 i
X dr (7.5)

o~ 12 2
[s2 +12 4 (0% + AK2S2)] — [(lfm)s . t]

After carrying out the angle integration, this becomes

2 2 2 —1/4
s“(1+xA)“+Q (m(m+2) 2, m (Q2+AK2§2)>
m+1

(1 +m) m+1)2°
o0 2 m(m+2) , m By 2.2 —l/4
-+ + Ak“s
X/O t2+A2K2§2((m+1)2 mr1? “))
S|t In(1 — A1) —In(1 — A
|| i n( 1) — In( 2 4, 7.6
[2+12 + {2 (0% + Ak25?)] Ay — A
where
o 4A%Kc% 1252 Y 4 232 .
'@y 2T 12 (2452 + (0% + APi?))?2 ‘

By the overall scale invariance, we can set 52 = 1, and hence we are left with two
parameters to optimize over, @ > 0 and ¥ > 0 or, equivalently, 0 <b < 1/A =2+ m.
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Fig. 2. Numerical evaluation of the expression (7.6) (for 52 = 1), whose maximal value is A (1). The maximum
is attained at Q = 0 and b ~ 0.82, and has a value A(1) =~ 0.34

It is not difficult to see that (7.6) tends to zero as Q — oo (uniformly in b) and thus
the optimization is effectively over a compact set. The result of a numerical integration
of (7.6) in the case m = 1 is shown in Fig. 2. The supremum is attained at Q = 0
and b ~ 0.82, and equals A(1) &~ 0.34. In particular, it is less than 1. Moreover, the
numerical evaluation yields A(m) < 1 for all m > 0.36, i.e., the critical mass for
stability is less than 0.36, as shown in Fig. 1.

The same analysis applies to Ag(m) in (2.15). For B = 1 and B = 2, the graph of
these functions is plotted in Fig. 1.

8. Proof of Proposition 1
Let ¥ € D(Hy), and consider the partial Fourier transform
n(P,ki,....kn—1,7)

1_ J 1 ir-
- (27-[)3/2 _/l;w(%lj-"q,kl,-..,kN_],mP—q)e’rqdq 8.1

With the aid of (2.25) and (2.28)—(2.33) we can write

272 ) 2m (—1)N+!

Poki,....kyo1.r) = —+a ) —-—ZEP. ki, .. . ky_
n(P, ky N—=1,7) (|r| o m+l(27r)3/25( 1 N—1)

3
+> kj(Poki, o kyo1.7) (8.2)
j=1
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where
ki(P,ky, ... ky—1,1)
1 A 1 )
- m_ 1 p_ rq _
- G /qus(lfr"mP+q,k1,...,kN_1, P —q) (71 =1) dg (83)
and
K2(P7k17""kN—11r)
1 1 ir
:WA3Q(%P+q,k1,...,kN_1,mp—q) (é‘qu—l)
N-1
X Y (=D)ME (P gtk ki, ko ke kN1 1 P — q) dg
j=1

(8.4)

Introducing the function f(¢) = (e " —1+1) fort > 0 we further have

(P, k kn_1,7) (_1)N+1f rl 1xm . p g kn_1)
k3(Pokt, ... ky—1,7) = ———f [ — ki, k-
3 1 N-1.7 o7 \ 22 2m 1 N-1

X L(P ki, ... .kn—1E(P, ki, ... kn—1) (8.5)

Since ¢ € H2(R3(N+1)), one readily checks that lim,_,¢ ||k (-, r)IILz(R3N) = 0.

Moreover, since & € H L(R3N) by assumption, lim,_,¢ |[«3(-, 7)|| L2RIN) = 0 by dom-
inated convergence, using lim;_,o f(¢) = 0. The same holds true for k> if we can show
that

1
/ﬂ§3g(ﬁP+q,k1,...,kN71,mP—q)

><‘g(%l’+q+k1,kz,-.-,k1\/—1,ﬁP—q)‘dq (8.6)

isan L2(R3*V) function. For this purpose, pick a functionv € L>(R})@ L2 (R*V~D)and
integrate the expression (8.6) against v(P, ki, ...ky—1). After a change of integration
variables, this gives

[ V0 Ko ky-)G Gk )
R3(N+1)

X ‘é (ko + ki, ko, ..., kn)| dkodky - - - dky 8.7
Since & € H'(R3N) by assumption, Lemma 1 (for 8 = 1) implies that (8.7) is finite.

This shows that also ||k2( -, r) [ L2r3vy goes to 0 as r — 0, and thus completes the proof
of Proposition 1. O
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9. Proof of Theorem 3
We start with ny. For ¢ = ¢ + G& € D(H,), we have

_c
[k — pyl?

=k’ /W Bk, k1, ka, k)| dky dks dk
R

KPny (k) —

—k>N(N — 1)[ Gk, ki, ky, K)2E* (k + ki, ko, K)E (k + ky, k1, k) dk dky dk
RBN

- 2 2 1 . . -
+N / K2G (k. ky ko, B)2 — [ —— & (k + k1, ko, k)|* dky dko dk
RN m+1) |k—py|?

+2k2N Re N *(k, ki, ko, )G (k, k1, ka, K)E(k + k1, ko, k) dky dky dE ©.1)
R

where k € R3W —2)_ as before. We write the right side as Z‘j‘-:l MJT (k), with M]T cor-

responding to the term on the jth line on the right side. The first term M ]T is clearly in
L'(RY). Using (2.24) the second term can be bounded as

|M] (k)] < N(N - 1)/ 2Ié(/’<+k1,kz,/<)I|E(k+kz,/’cl,k)ldkl dky dk (9.2)

After integrating over k and using the Cauchy-Schwarz inequality for the (k, k) integra-
tion, we get

/ |M] (k)| dk
<NN - 1)/ k2 ||~’3( kl)”LZ(R%(N 1))||§§( k2)||L2(R?(N D) dky dk
< 4meN(N — 1)? |I$||H1/2(R3N) 9.3)

where ¢ equals the norm of the operator with integral kernel |k |~/ 2|ky |~ 1/2 (k% +k§)_ L
which can easily be shown to be finite (and, in fact, equals 272 [15, Lemma 2.1]).
Next we shall consider M3T (k), which we rewrite as

2m \* 1
M} (k) = N/ K2G(k, ki — k, ko, k)% — [ -2
: - m+1) k- pi2

x|E (k1, k2, k)|* dk; dky dk (9.4)

Since & € L2(R3V), M is clearly in Ll
behavior for large k. If we write

. om \* 1
KRGk, by — k ko, B — (= .
m+1/ |k— pyl

2 2 2 2 -
_ (_m) —k~< Mg = >+R¢(k,k1,kz,k) 9.5)

m+1) |k* +1

loc (R3) and we only have to investigate its
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the first term on the right side gives zero after integration when inserted in (9.4), by the
definition of py in (2.40). That is,

M (k) =N /R Rk ko DE ke, k. b dky dky di (9.6)

Moreover, in the region where k|2 > const (i + p%) we have

Ry (k, k1, ko, ... k)l
v 1/2 N 1/2
1 2 2 : 1 2 2
§constW ,u+pT+ij min l,m /,L+pT+ij
j=1 j=1
9.7

for suitable constants. If we integrate R4 over k in this region we thus obtain an expression
that is bounded from above by const (i + p% + Z?le k?)l/2 In(1+p+ p% + Z?[:l k?),

and we conclude, in particular, that ||M; 11 (R3) < const 1E3 ||%1l ®R3N)" Finally, using the
simple pointwise bound
M ()] < 4mN ik, )l 2om 1€ 2oy 9.8)

and the assumption that ¢ € HZ(R3V*D) the Cauchy-Schwarz inequality readily
implies that MI e LY(R3). This concludes the proof that kznT(k) —Clk — pT|’2
is integrable.

Similarly we have for n

7

¢ !
— =N "Mk =
_ 2 Z
k—p 2 o

K (k) —

= Nk? /Rm b (ko k. ko, k)| dko dky dk

—K*N(N = 1)(N —2) /];w Gko. k. ko, ..., kn)2E* (ko + ko, k. K3, ... kn)
Xé‘(k()+k3,k,k2,k4 ..... ky)dkogdky - -+ dky

—2*N(N - 1) / ., Gko. k. k2., K)2E* (ko + k, ko, k)& (ko + ko, k, k) dko dky dk
R,

FENW 1) [ Gl ko, 0218 +ka. kP dko dk ok
R

2m \? 1 .
PN / K2G ko ko ko k? — (22— L) etk + k. k. )1 dko dk dk
R3N m+1/) |k— p¢|2

+2k*N Re/ . &* (ko k. ko, k)G ko, k, ko, k)& (ko + k, k., k) dko dky dk
R

+2k2N(N — I)Re/ " % (ko, k, ko, k)G (ko, k. ka, k)E (ko + ko, k, k) dko dka dk (9.9)
R.
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The terms M 1¢ , Mzi , M3i , M5¢ and Mé can be treated in the same way as the analogous
terms in (9.1) above. Eq. (9.6) holds with M5i in place of M; with Ry replaced by

- - om \? 1
Ry (k. k. ko, K) = K2G (k1 — k. k., ko, B)? — [ ——
m+1 |k—p¢|2

2m_\? 2 (2 (9.10)
m+1) kA \mrr TP '

which also satisfies the bound (9.7). The expression M. i equals

My (k) = kK*N(N — 1) /RW Gko — ko, k. ka, K)2|E (ko k, k)|? dko dkr dk (9.11)
Performing the integration over k3, one readily checks that

M; (k) < const |[k[N(N — 1) /Rm € (ko, k, k)|* dko dk 9.12)

which is in L' (R3) since & € H'/2(R3V). Finally, using Cauchy-Schwarz in (k, k>, k),

/R} My (k)| dk < 4N (N — DI ]| 2o, /R3 g (Kko. )l z2gany dko (9.13)

which is finite for ¢ € H 2(R3(N _1)), as remarked above. We conclude, therefore, that
also k’n (k) — Clk — py|~2 is integrable.

Since all the terms in (9.1) and (9.9) are integrable, we can do the integration over
k term by term. For all the terms except M3T and M. 5¢ , we have actually shown that the

L'-property holds even if the respective integrands are replaced by their absolute value,
and hence we can freely use Fubini’s theorem for these terms. In the form (9.6) (and the

analogous expression for MSi ) the same applies to M3T and M5¢ , in fact.
For the norm of i, we shall write

4
W I s gsovsny = D 1j = 16172 gaovn, +2Re(@IGE)
j=1

— N(N — 1)/ G(ko, ki, ka, K)2E* (ko + k1, ko, K)E (ko + ko, k1, k) dko dk; dka dk
]R3N
+N / G(ko. ki, kz, k)| (ko + k1, k. k)|? dko dk; dky dk (9.14)
]R3N

‘We have

1 1 1 1Y
/R} (%Mf(k) + sz(k)) dk + uny = <¢ ‘—%Am -3 Y Ay +u ¢> (9.15)
i=1

and

1 1
/R3 [ﬂMzT(k) +5 (Mi(k) + M3l(k)):| dk + pn3 = —NTo55 (8) (9.16)
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Moreover, we claim that

1 1
fR3 [%1\@ )+ 3 (Mj(k) + Mé(k))] dk + png = —NTgiag(€) 9.17)

To see this, note that we can replace M; (k) by its symmetrized version %(M3T (k) +
M (—k)), and likewise for M2 . Then (9.17) follows from the fact that

1
\/I‘{h‘ (E (RT(k, kl, ...,kN)+R'T(_k1 kls "‘7kN))

1
7 (Ry(k ki, ....kn)+ R (=k, ki, ..., kn))

1 N
5 21:2 k?g(kl —k,k, ko, ..., kN)2> dk = —L(ky, ..., ky) 9.18)
which, in turn, uses that

2 1 1
< - dk =0 (9.19)
/RB (Ikl2 lk — pl? |k+P|2>

for any p € R (which can be proved, e.g., by computing the Fourier transform). Finally,

1 1
/u@ [% T + 5 (Mg(k) +M7¢(k))] dk + s

=2NRe f &* (ko, k1 — ko, ka, K)E (k1 ko, k) dko dk; dka dik (9.20)

In Fourier space, the boundary condition (2.33) satisfied by ¢ reads

~ - 2 A = N
/(P(ko,kl — ko, ko, k) dko = ( Tlaé +F§> (k1, k2, k) 9.21)
m
and hence
20) = 2N ( 7a; Tost 2m 2 2
(9.20) = 2N | Zaiag(§) + oft(§)+mall‘§lle(R3N) (9.22)

A combination of (9.15), (9.16), (9.17), (9.22) with (2.26) establishes (2.42) and thus
completes the proof of Theorem 3. O

Remark 2. The proof of Theorem 3 does not actually make use of the assumption & €
H'(R3M), it is only used that

N 1/2 N
1 ki*| |2 kil | 1€y, ... kn) 2 dky - - - dk
/RW +j;|/| n +j;|]| |& (k1 N7 dky N < 00

(9.23)
By Theorem 2, this is actually the case if Ag(m) = 2A(m) < 1 (instead of Aj(m) < 1)
since then, by continuity, Ag(m) < 1 for some 8 > 0, and hence § € H (1+p)/2 (R3N ).
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