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1 Introduction

We consider a gas of fermions confined in an external trap at zero temperature. The
particles interact through a two-body potential V which admits a negative energy
bound state. At zero temperature and low particle densities, this leads to the formation
of diatomic molecules forming a Bose-Einstein condensate. It was realized in the
’80s [14, 17] that BCS theory can be adequately applied to such types of tightly
bound fermions. It was pointed out in [4, 18-20] that in the low density limit the
macroscopic variations in the pair density should be well captured by the Gross-
Pitaevskii (GP) equation. From a mathematical point of view, the emergence of the
GP functional in the low density limit was recently proven in [12] for the static case,
and the dynamical case was subsequently treated in [10]. The assumption that the
two-body interaction potential allows for a bound state plays a crucial role. In the
case of weak coupling where the potential is not strong enough to form a bound
state, the pairing mechanism may still play an important role for the macroscopic
behavior of the system, but the separation of paired particles can be much larger,
in this case, than the average particle spacing. In fact this is the case in the usual
BCS description of superconducting materials. Close to the critical temperature the
macroscopic variation of the pairs is captured by the Ginzburg-Landau equation in
this case, as pointed out by Gorkov [7] soon after the introduction of BCS theory.
The first mathematical proof of the emergence of Ginzburg-Landau theory from BCS
theory was recently given in [6], which itself relied on earlier work on the BCS
functional [5, 8, 11].

In the current paper our starting point is the full BCS Hartree-Fock functional.
That is, we include the direct and exchange terms in the interaction energy. One also
finds this functional under the name Bogolubov-Hartree-Fock (BHF) functional in
the literature. The inclusion of the density-density interaction adds additional diffi-
culties concerning stability of the system. It forces us to restrict to systems with a
two-body potential V that, on the one hand, has an attractive tail deep enough to
allow for a bound state and, on the other hand, is sufficiently repulsive at short dis-
tances to guarantee stability. This is consistent with typically considered interaction
potentials [14].

Fig. 1 Fermions form diatomic x
molecules with their repulsive
interaction represented by an

effective scattering length g @ @
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We shall investigate the ground state energy of the BHF functional in the low
density limit. We introduce a small parameter / playing the role of the inverse particle
number, i.e., N = h~!'. We consider external potentials that confine the particles on
a length scale of order 4~ !, while the range of the interaction among the particles is
of order one. This implies that the density of particles is of the order 42. Hence the
small parameter / represents the square root of the density as well the ratio between
the microscopic and macroscopic length scale. We are going to show that in the
low density limit the fermions group together in pairs, such that the leading order in
the energy is given by the number of pairs, 1/(2h), times the binding energy of a
pair, — Ep. The next to leading order is given by the energy of a repulsive Bose gas,
consisting of fermion pairs, in a trap, and can be described in terms of the Gross-
Pitaevskii energy functional. More precisely, if EBHF (i) denotes the BHF energy of
1/ h fermions we shall obtain

EPHF(h) = — By + LEP (g) + 02,
2h 2

for small &, where ECP(g) denotes the Gross-Pitaevskii energy with appropriate
interaction parameter g, which can be computed in terms of the microscopic quan-
tities. The prefactor /4 /2 should be interpreted as Npos/ L2, where Npos = N /2 =
1/(2h) is the number of fermion pairs and L = 1/ is the macroscopic length scale
(Fig. 1).

We will also give a detailed description of the corresponding ground state of the
BHF functional. Its minimizer turns out to be given, to leading order in #, in the form
of the two particle wavefunction

a(x,y)=hao(x—y>w<hx;y>,

where « is the ground state of a bound fermion pair with energy —E}, and v solves
the GP equation and describes the density fluctuations of the pairs.

Our work is an extension of [12] in two directions. First, we include exchange
and direct terms in the energy functional. Second, we avoid working with infinite,
periodic systems, which allows us to significantly simplify the proof and also to
improve the error bounds, utilizing ideas in [10]. In particular, we do not need to use
here the rather involved semiclassical estimates of [6].

Our work presents the first proof of the occurrence of pairing in the ground state of
a non-translation invariant Bogolubov-Hartree-Fock system. (For a translation invari-
ant system this was previously shown in [3].) The ground state properties of the BHF
functional, in the context of Newtonian interaction, were studied in [15], see also
[1]. Still it could not be shown that the fermions in the ground state exhibit pairing.
Its occurrence was only shown numerically in [16]. In the low density limit, which
we are studying here, the ground state actually predominately consists of pairs, in a
sense to be made precise below. In particular, it is essential for our results that the
pairing term is included in the energy functional; the Hartree-Fock functional for
particle-number conserving states would lead to markedly different results, and is
inappropriate for the description of low density gases.
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2 Main Results

As in BCS theory, the state of a fermionic system is described by a self-adjoint oper-
ator I' € L(L*(R?) & L*(RY)), satisfying 0 < T' < L. It is determined by two
operators y, & € £L(L*(R?)) and has the form

F:(Z O‘_>,
al—y

where 0 < y < 1 is trace class and « is Hilbert-Schmidt and symmetric, i.e.
a(x,y) = a(y, x), which implies that «* = @. We denote by ¥, o the operators
with kernels y (x, y) and a(x, y), respectively. We note that we do not include spin
variables here, but rather assume SU (2)-invariance of the states [13]. The full, spin-
dependent Cooper-pair wave function is the product of o with an anti-symmetric spin
singlet. Since o is symmetric, the latter is thus anti-symmetric, as appropriate for
fermions.

Given an external potential W and a two-particle interaction potential V, the
corresponding Bogolubov-Hartree-Fock functional (BHF) is given by

1
EET) = Te(= 8+ W)y +5 [ Ve = ot Py

1
——/ ly (e, MIPVx — y) dPxddy
2 ]RG

+fRﬁ Y, )y, MV —y)dxdy. (2.1)

We note that the terms in the first line represent the BCS functional, while the
second and third line contain the additional exchange and direct terms in the inter-
action energy. A formal derivation of this functional from quantum mechanics can
be obtained via restriction to quasi-free states, see [2], [8, Appendix] or [13]. Let us
mention that our methods also allow to include a magnetic external vector potential,
but for simplicity we shall not do so here.

We study a system of 2 ~! fermions interacting by means of a two-body interaction
V = V(x —y), confined in an external potential of the form W (hx). Le., the external
potential varies on a scale of order 1/h whereas V varies on a scale of order one.
Since the trap W confines the particles within a volume of order 1/ /3, the particle
density is of the order #%. Hence the limit of small / corresponds to a dilute or low
density limit.

Since we expect the interaction energy per particle pair to be of the order
of the density, we shall also consider suitably weak external potentials, i.e., we
replace W by A2W. It is convenient to use macroscopic variables instead of micro-
scopic ones, i.e., we define x;, = hx, y, = hy, ap(x,y) = h’%{(%, %), and
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Fig. 2 Separation of scales:
The range of the interaction
between the fermions is of order
h, while the external potential
varies on a scale of order 1

vh(x,y) = h_3y(%, %). The resulting BHF functional is then given by (now
dropping the subscripts /)

1 _
EBHF(T) = Tr(—h%A + hZW)y + —/ V(x y>|oz(x, y)l2 dx d3y
2 R6 h

1 2 (*X Y\ 3.3
—5/R6|y(x,y)| V(—h )dxdy

+ [ rworoov (S5F) ey, 2.2)
RO h

where W = W(x) is independent of &. The corresponding ground state energy is
denoted as
EBHE () = inf(eBFF (M) |0 < T < 1, Try = 1/h). (2.3)

(Fig. 2)
Fory e H ! (R3) the GP functional is defined as

1
EP W) = /R 3 <5|w<x)|2+2W<x>|w<x>|2+g|w<x>|4) dPx. (2.4)

The factors 1/2 and 2, respectively, in the first two terms result from the fact that
(2.4) describes fermion pairs. The interaction parameter g > 0 will be determined
by the BHF functional and represents the interaction strength among different pairs.
We denote the ground state energy of the GP functional as

EP(g) = inf(€F () |y € H'RY), |y} =1). 2.5)

We shall consider the minimization problem (2.3) and show that its value in the
limit # — 0 is to leading order given by the binding energy of the fermion pairs, i.e.
—Ep ﬁ This assumes, of course, that the two-body interaction potential V allows for
a negative energy bound state, which is part of the following assumption.

@ Springer



13 Page 6 of 27 Math Phys Anal Geom (2016) 19: 13

Assumption 1 Let V € L®(R3) be real-valued, with V(x) = V(—x), such that
| - V() € Ll(R3) and —2A + V has a normalized ground state oy with
corresponding ground state energy —Ej, < 0.

Including direct and exchange term into the BCS functional gives rise to a new
problem. A priori it is not clear whether the functional guarantees stability of the
second kind. To ensure it we impose the following further assumption on V.

Assumption 2 Thereis U € L L(R3)NL®(R?), with non- negative Fourier transform
U > 0, such that V — —V+ > U.Here V, = 2(|V| + V) denotes the positive part
of V.

In other words, we consider potentials which, after cutting its positive part in half,
can be bounded from below by functions with a non-negative Fourier transform. In
particular, this means that the potentials have to have a strong enough repulsive core
and a relatively small attractive tail, which still has to be large enough to allow for
bound states.

Remark I The following construction shows that it is easy to find potentials V with
the desired properties of Assumptions 1 and 2: Choose a potential U which is strictly
negative on an open set @ C R3, such that U > 0. The latter property can be ensured,
e.g., by taking U to be the convolution of some function u with its reflection u(— -).
Now set V = 2Uy — U_. Obviously this V fulfills Assumption 2. Finally, scale V
according to V +— AV until the negative part is deep enough for a bound state to
appear.

With these assumptions we are ready to formulate our main theorem.

Theorem 1 Let W € L®(R3) be real-valued. Under Assumptions 1 and 2, we have
Sfor small h,
1 h
EBAF () = ~Epsr+ 5 EGP (g) + O(h*'%), (2.6)
where g > 0 is given by

e=0n)* [ @it er+En @ p=[ i@ P v de [ vids.

Moreover, if T is an approximate minimizer of EBHF | in the sense that
1 h
EBHF(M) & —Ep— + = (EGP(g) + e) 2.7
2h 2
for some € > 0, then the corresponding o can be decomposed as
a=ay+&  JEIE<OM).  Jeli= 00, (2.8)
where
_ X+ X —
ay (v, y) = 2 (S5 Jao( ). 2.9)

@ Springer
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and  is an approximate minimizer of EF in the sense that

EP W) < EP(g) + e+ 0m'?). (2.10)

Remark 2 In contrast to the case of the usual BCS functional [10, 12], where the
coupling constant g only consists of the BCS term

ghes = (21)° fR @) ep? + By &p, @11)

it receives here two additional contributions from the direct and exchange energies,

gdir = 2 / V)d®x and  gex = — / (a0 * 00) (X)|? V (x) dx
R3 R3

respectively. It is easy to see that our Assumption 2 implies that ggir + gex > 0, hence
g>0.

Remark 3 The proof of Thm. 1 partly relies on ideas in [10], where the corresponding
time-dependent problem was studied for the BCS functional, i.e., in the absence of
direct and exchange term. A similar result can also be shown to hold in the case of
the time-dependent BHF equation, which in a different context was studied in [9]. By
following the strategy of [10] and handling the exchange and direct terms in a similar
way as done here, one can derive the time-dependent GP equation with interaction
parameter g.

Notation: 1In the following we often write @ < b to denote a < Cb for some generic
constant C > 0.

3 Stability

Before giving a sketch of the proof of Theorem 1 we show how Assumption 2 gives
rise to stability of the second kind. In fact we simply show that the assumption guar-

antees that the sum of the direct and exchange terms is non-negative. To this aim we
first consider the exchange term and estimate

[ e PV 1) &y s [ PV (/) dy

>—fRﬁJ/(x,x)y(y, WV ((x—y)/h) d&xdy,

using |y (x, y)|*> < y(x,x)y(y,y). Hence we have for the sum of direct and
exchange term

2 [ r ooy ooV (a=n/n) Exdy= [y Py (-p/n) dxdy
> 2 [y 0y = Ve (= 3)/h) Ex dy

>2 [ yw oG - h) &y,
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where we used the assumption (V — %V+) > U. Since U > 0 the last term is non-

negative. Hence the question of stability is reduced to the corresponding problem for
the BCS functional, and is easily seen to hold under our assumptions on V.

4 Sketch of the Proof of Theorem 1

The proof of (2.6) consists of deriving appropriate upper and lower bounds on

4.1 Upper Bound

For the upper bound one has to construct a suitable trial state. We shall proceed
similarly to [10] and define the trial state I'y via the pair wavefunction

ay (e, = h 2y (o Yao (). @

Since we expect that the system in its ground state consists predominantly of pairs
we define the one particle density yy, such that to leading order it equals oy ary, . More
precisely, we choose the trial state

(W o
Ly =2V "V _ 4.2
v (avf 1—%//) *2
such that

vo = aydy + (1 +h'Payagayay . (4.3)

The function v here is only approximately normalized, i.e., |¥]l» = 1 + O(h?), to
ensure that Tryy, = 1/h. We will see below that for small enough / the definition
(4.3) guarantees that 0 < I'y, < 1.

In the limit of small / the GP energy functional emerges from the BHF functional
SBHF(Fw) as follows. If we consider the kinetic energy term plus the pairing term

and subtract the total binding energy, — %% = — % Tr yy, the contribution to

1 X —
Te(<2a+E2) v 5 [ V(P dixdy

coming from the oy &y term in (4.3) can be written as

1 . — E
/R3 <a¢(-, ., [—thx + §V<Ty) + 7”} oy (-, y)> &y,

Since ay (x, y) is symmetric we can replace Ay by %(Ax + Ay). In terms of center
of mass X = (x 4+ y)/2 and relative coordinates r = x — y the kinetic energy has the
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form Ay + A, = %A x + 2A,, such that in these coordinates the last term has the
form

2
h‘4/6 ao(r/ )y (X) {—ZAX —h*Ar + %V(r/h) + Eb/z} ao(r/ MY (X) & X d*r
R

h 243
= Z/Rs [V (x)|”d’x, 4.5)

where we used the fact that « is the normalized ground state of —A + %V.
The term oy @y oy @y of yy inserted into

Tr{—h?A + Ep/2lyy,

contributes the quartic term % Zhes f]R3 | (x)[*d3x term in the GP functional. The

remaining part of the % g fR3 [ (x)|* d3x term is due to the contribution of Oy Oy
in the direct and exchange interaction terms. The estimation of these terms is
straightforward but tedious and occupies the main part of the proof.

Furthermore, it will be easy to show that

T Way @y = h=2 / WO /DO Plaotr/ WP &
R

=h / WX X)1>d3X + 0>,
R

Consequently we shall obtain
1 h

EBIR(T ) + Ep—

GP 3/2
T 25 W) + Oh”77). (4.6)

Finally, we remark that the constraint Tryy, = 1/h implies for ¥ that ||1//||% =
(1 — O(h?)). Since
€ W) - (I + oMY | < 0P

we obtain the bound

1 h
inf EPFM)+E,— <= inf EPw)+om¥YH. @7
0<Ir<l 2h 7 2 yeH!'R3)

The precise derivation of this bound will be given in Section 6.

Remark 4

e Since the infimum of EBHF is attained by a projection [2], it would be natural
to chose the trial state I'y, as a projection. The operator yy would then satisfy
Yy = y@ + ayay. The expansion of yy in terms of ayay would be more
complicated, however, and we find the choice (4.3) more convenient.

@ Springer
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®  Our trial state satisfies 0 < I'y, < 1 for small enough . To see this note that the
condition is equivalent to 0 < I'y (1 — I'y). If yy is of the special form (4.3),
which is a function of o, @y, the off-diagonals of

2 T LTV — VO
Py = (DT e T s
YyQy — Qy Yy Yy —Vyo T Qyly
Z(Vw—yj—avf@() )
0 v v ey )
vanish and thus the statement is equivalent to
Yo = Vi — oy > 0. 4.8)
Plugging in the expression (4.3) for yy (4.8) is equivalent to
ayay (h'? =201+ W' Payay — A+ h'?) 2 (agag)?)ayay > 0. (4.9)

In Corollary 1 below we shall show that the operator norm of cy satisfies
oy lloo S h1'/2, which guarantees that (4.9) is satisfied for £ small enough. In
fact, h'/? in (4.3) could be replaced by any factor large compared to &, but a
different choice would not improve our error bounds.

4.2 Lower Bound
From the upper bound we learn that for an approximate ground state I" we can assume

1
BHF
< — J— 3
EPNM) < EbZh + O0(h)

We will show in Lemma 3 that the corresponding « necessarily has to be of the form

atr, ) = a0 6000 =29 (Yo () + @, @10)

for an appropriate ¥ € H'(R>), with £ being small compared to ay,ie.,
1§15 < PP llery 13 = O ().

The function i is obtained by projecting « in the direction of g with respect to the
relative coordinates,

v(X) = l/ ao(r/h)a(X +r/2, X —r/2) d&r.
]’l R3

We shall show that ||¥/ |2 = 1 + O (h?).

With this ¥ at hand one can then define I'y, as in (4.2)-(4.3). With the help of
the decomposition (4.10) one then argues that the difference between EBHF(I") and
SBHF(FV,) is bounded from below by a term of higher order than the contribution
from the GP functional. More precisely,

EBHF (M) > gBHE( ) — 0(h3/?). (4.11)

@ Springer
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This estimate is uniform in v, since it is possible to obtain a priori bounds on the
H'-norm of v that are independent of /. Using now our calculation (4.6) from the
upper bound immediately implies

1 _h
inf P+ Ey—>= inf €% (y) - om?). 4.12
oanl | )+ by 25 wé;ln](m ¥) (R7%) (4.12)
Tr)=1/h Iy 13=1

Together with (4.7) this combines to (2.6).

5 Useful Properties of the Pair-wavefunction

In the following we shall derive some useful properties of the pair wavefunction (4.3),
which will be used throughout the proof. Recall that oy was defined in Assumption
1 to be the normalized ground state of —2A + V. It is a rapidly decaying function,
and both |ag| and |Vey| have smooth Fourier transforms which are in L?(R3) for
any p > 2.

Lemma 1 Let oy be defined as in (4.3), with ¥ € HL(R3).
(i) Forn e {2,4,6},

ey 12 < B3 Il ool 112, (5.1a)
IVa—yayllt <A 2 1y 2 1TV aolll?, (5.1b)

where

(Vie—ypay) (x, ¥) = k29 ((x + 9)/2) (Vao) ((x — y)/ h).
(i) With gpes defined in (2.11),

. h
Tr ((—h*A + Ep/2)aytyoyty) = Egbcsnwnit +O0HIVYl5. (5.2)

(iii) llory @ (-, Yoo = sup ey @y (x, )| S B2 lleoll3 V5. (5.3)
X
(iv) Let o be a Hilbert-Schmidt operator. Then
ooy (x, )| S h o 02V 2 lleolls Vx € R?. (5.4)
Let us mention that we use the symbol || - ||, for the L”-norm of functions as well

as for the operator norm in the corresponding Schatten class. E.g., the left side of
(5.1a) concerns Schatten norms, while on the right side the norms are in L” (R3).

Proof of Lemma 1, Part I We postpone the proof of (5.1a), (5.1b) and (5.2) to the
appendix. In order to see (5.3) we use the Holder and Sobolev inequalities as

[ v Py = [ fao(e =) o+ ) &

oo/ 32 11¥ 12113 S B 2 e 31V Y13

(ayory)(x, x)

A
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Similarly,

loay)(x, x)| = h~?

[, 76 oa(x = )/ my (s + 0/2) &

S h 2o G0 lzlleoC/ DIz le S o G )1V lzlleols
which implies (5.4). [

Corollary 1 Let the assumptions be as in Lemma 1 and assume further that
Il g S 1. Then

log 13 < IV NIV el < h. (5.52)

g 1S < R IVIIS el < w°, (5.5b)

IVapay I S 2 IVYIS Va0l IS < A3, (5.50)

lory lloo S A2V Il @0lle S 22, (5.5d)

SUp (o oy oty 0y ) (X, X) < ||ozl/,||§O sup (o o) (x, x) S h L (5.5¢)
xeR3 xeR3

Moreover, with yy, defined as in (4.3),

vy llos < g lZ + (L 4+RYH) oy lI2, < h (5.62)
sup yy (x, x) S A2 (5.6b)
xeR3

Proof The estimates (5.5a)—(5.5¢) are a consequence of (5.1a) and (5.1b). In the case
of n = 6, we use the Sobolev’s inequality and in the case of n = 4, we use Holder
combined with Sobolev to conclude

1/4 3/4 1/4 3/4
s < el 1w ™ < vy vy,
Inequality (5.5d) follows immediately from ||y (oo < [loty |l6 together with (5.5b).
It is easy to see that

(ayorygayory)(x, x) < lloyaylloo(ayay)(x, ),

which implies (5.5¢) with the use of (5.3). Equation (5.6a) follows from (5.5d)
and (5.6b) is a direct consequence of (5.3) and (5.5¢). O]

Remark 5 Since yy is to leading order equal to oy oy, we obtain as a corollary that
the operator norm of yy is at most O(h), meaning that the largest eigenvalue of
the one-particle density matrix is of order 4. However, the two-body density matrix
corresponding to the state I'y, is to leading order of the form |y ) (ay |, and hence
has one large eigenvalue of order #~!. This is a manifestation of the Bose—Einstein
condensation of the fermion pairs.
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6 Upper Bound
For ¥ € H'(R3), we define the trial state T’ v as in (4.1)-(4.3). Since we require

the normalization condition Tryy = 1/h, we have to adjust the L?-norm of ¥
accordingly, i.e.,

h=Teyy = 203+ (B g
Together with (5.5a) this implies
Y13 = 1] S IV s,
and thus ||y [3 = 1 + O(h?).

The desired upper bound (4.7) is then an immediate consequence of the following
estimates:

1
T A+ Ep/2)yy + 5 /R V(= /)l P Ex
=h /R ([—lﬂwwz + %gbcswx)r‘) &x + om?), (6.1a)

Trh’Wyy = h/ W) | (x)|)? dx + 0h?), (6.1b)
h
=3 [ e P (52 5y = Do [ w060

h
om0y (52) xdy=Zea [ w0100, 610

where the constants gpcs, gex and gqir are defined in Remark 2. The remainder of this
section will be devoted to the proof of these estimates.

6.1 Kinetic and Potential Energy (Proof of (6.1a))

Equation (6.1a) is an immediate consequence of the calculation in (4.5) and the bound
(5.2), using the definition (4.3) of yy;.

6.2 External Potential (Proof of (6.1b))

By (5.5a) of Corollary 1, we obtain
TI'(]’l WO(TI,OlTI,Oh/,OlT/,) /’l ||W||oo Tr(awa,/,a,/,a,/,) < h

The leading contribution is thus given by /> Tr(Way o), which we can write as

B2 Tt(Way @y) = h* /6 W (x) oy (x, )P Ex Py = h /6 W X)W (X—hr/2)Plao(r))? X dr .
R R
6.2)
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From the fundamental theorem of calculus we obtain

R Trt(Wayay) = h/Rﬁ W) | (X Plao(r)|)? X &r
1 9
+h/ / W(X)— ¥ (X — thr/2)|Plao(r) | dtlao(r) > d* X dr.
R6 JO at

Using the Cauchy-Schwarz inequality for the integration over the X variable, the last
integral is bounded by

1
h /6/ WXOR(hr - V(X — thr/2)W (X — thr/2)) dtlag(r)* & X dr
RO JO

S IUW oo IV 2019 1211V - leoll3-

Since «y is the ground state of the Schrodinger operator —2A + V and hence rapidly
decaying, ||/ - |aoll2 is finite. This shows (6.1b).

6.3 Direct and Exchange Term (Proof of (6.1¢) and (6.1d))

We first argue that the leading order contribution of the direct and exchange
terms originates from replacing yy by ayary. To see this, we simply estimate the
differences

fRﬁ Iy G, IRV ((x = y)/h) Pxddy — Aﬁ (ety @) (x, VPV ((x — y)/h) Exd®y  (6.3)

and

[ om0V @ = /) ey
_ /R (@ D@ WV (= )/ Erdy. (63b)

Both expressions can be bounded using the following lemma, whose proof is
elementary.

Lemma 2 Let o(x,y) and §(x,y) be integral kernels of two positive trace class
operators. Then

| g Vx = ) [(0 + 8)(x, x)(0 + 8)(y, ¥) — o (x, ) (y, )] d*x d’y| 642)
<2 foo IV (x = M0 +8)(x, x)8(y, y) dx dy, :

and

| Jrs V& =) [[(0 + 8 (x, »I* = o (x, y)*] Pxdy|

<2 o6 IV(x = M0 + 8)(x, x)8(y, y) d3x d3y. (6.4b)
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Proof To show (6.4a), we simply use
(0 +8)(x, x)(@+ 8y, y) —ox,x)o(y,y)
=(0+ 8, x)8(y, y) +5(x, x)o(y, y)
< (0 +8)(x, x)8(y, y) +8(x, x)(0 +8)(, ).
Equation (6.4a) then follows by symmetry, V(x —y) = V(y — x).
For (6.4b) we follow a similar strategy and first split
V= |16 +8)0 P = ot ]

=V =) [@ + D M8, ) + 30, Mo, )]
< IV = WII© + 86 D86 )+ 180 W] o (., M-

Applying to o, §, and o + § the fact that for positive trace class operators a its kernel
satisfies

latx, pI < Vlate, 0lylaly,
together with the Cauchy-Schwarz inequality, we obtain the stated inequality. O

By applying Lemma 2 to 0 + 8 = yy and 0 = ayay the differences (6.3a) and
(6.3b) can be bounded by

AL+ ') foo IV (2 = 9)/ W) yy (2, ) @gayTyay) (v, y) dx dy
S lyw G lloo Jrs @pay@yay) (2, ) IV (2 = )/ )] Pxd’y  (6.5)
SNV Iy ¢ )l Tr@gay@yay) S %,
where we used (5.6b) and (5.5a) in the last step.
In order to recover the ||1p||j contribution we inspect the remaining parts of the
direct and the exchange terms separately. We begin with the exchange term and write
explicitly

1 —_— 2 3,43
- 5/ [y ay) (x, TV ((x = y)/h) d°xd”y
R6

1 [ [
= _5/12 ay (x, D)oy (2, Yoy (x, wiay (w, MV ((x — y)/h) dx By &z Pw.
R
Introducing new variables
xX+y
2
and rescalingr/h — r,s/h — s,t/h — t, the last expression becomes

X =

, Fr=XxX—y,§s=x—2, t=x—w,

h
3 / V(r)ao(s)ao(r — s)ao(t)ao(r — 1)
R12

XY (X +h(r —s) /W (X — hs/2)y (X — ht/2) (X + h(r — 1)/2) X &Er ddsd’r.
The latter equals

h 4 43
= 8ex Y ()" d°x + Aex,
2 R3
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where

h -
Aex = —5/ EX Er ds Pt Vr)aos)aor — s)aoOao(r — 1) X
]RIZ

1
x/ dir (w(x +th(r — 5)/2)¥ (X — ths/2)y (X — tht /)% (X + th(r — t)/Z)) dr.
0

This can be bounded by
|Aex] S B2IVY 1Y IRV (oxa0) (- leo) xeo) 1 S KAV STV I leoll3 | 1+ leo

using the Holder, Sobolev and Cauchy-Schwarz inequalities. This shows (6.1c).
We continue with the direct term. Its remaining part is given by

2°

[ s @@ o,V = n/m dxdy
= f oty (6, D) Plery (v, )2V (6 = )/ 1) Px Py dPw dz
R
= h/ L VOlao® PP (X +hr = 9)/2P W (X = htr +0/2)P & X dr ds &',
R!

where we changed to the variables

x+y
2

and rescaled r, s, t. By proceeding as above, we see that this expression equals

X = ,r=x—y, s=x—2z, t=y—w,

h
Seur [ WO & + Aa, ©6)

where
Adie = h/nw V() leo()* e (1) * x
1
X f dir (IW(X +Th(r —5)/2) 1Y (X — th(r + t)/2)|2) de Bx &r Psd’r,
0

is bounded by

|Adicl S PV 20111 leoll2 (I - 1V I eoll2 + IV IIVT Teoll2).-
This shows (6.1d), and thus concludes the proof of the upper bound.

7 Lower Bound

Our proof of the lower bound on EBHF () in Theorem 1 consists of two parts. As a
first step we obtain a priori bounds on approximate ground states.

Lemma 3 (A priori bounds) Let I" be a state satisfying Try = 1/ h and

1
EBHF(PY < —E)— + Ch,
IT) b2h+
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for some C > 0. Define the function ¥V as
1
Y(X) = E/ ao(r/Ma(X +1/2, X —r/2)dr, (7.1)
R3

and define g(X, r) =&X +r/2, X —r/2) through the decomposition
aX,r)=aX+r/2, X —r/2) = h_zl//(X)ao(r/h) —I—E(X, r).

Then these functions satisfy the bounds

Tr [(—h?A + LEp) (y — a@)] S . (7.22) €12 < n'/2, (7.2¢)
Tr(y?) < Te(y —a@) S h, (7.2b) IVxElla Sh™V2, (7.26)
Il < 1, (7.2¢) IViEl Sh™V2 (129
IV <1, (7.2d) Tr(aaaw) < h. (7.2h)

Note that our definition implies that E(X , +) is orthogonal to ¢o( - / k) for almost
all X. The norms in (7.2e)—(7.2g) are in L>(R®).

Proof We have seen in Section 3 that the sum of the direct and exchange terms is
non-negative. Consequently,

1
h > EBHF(M) + E,—
b T+ bon

1
> Tr(—h*A+ Ep/2)y + 5 fR V(G =)/ h)late, )P dx dy = B[ Wlloo Tr(y).

We bring the term 2 |W ||l so Tr(y) < h to the left side. Adding and subtracting the
expression Tr(—h%A + Ep /2)ae we obtain

1
h > Tr(—h>A+Ep/2)(y —at) + Tr(—h> A+ Ep/2)a@ + 3 / V(x—y)/h)le(x, I*dxdy.
R6
(7.3)
The last two terms on the right side can be expressed via center-of-mass and relative
coordinates as

s <a(-, ), [—thx + %V(_Ty) + %] a(, y)>L2(R3) d3y
- <a, [—%Ax — A+ 3V (r/h) + %] a)
=L [ VPO dBX + Vi)

+ J (FO. [0, 4 v/ + B 2] EX0) @,

L2(RS) (7.4)

where we used that g is the normalized zero energy eigenvector of the operator
—A+V/2+ Ep/2, as well as the fact that £ (X, -) is orthogonal to ap(-/ ) for almost
every X € R3. Hence (7.3) implies
2 ok 2 )
h 2 Tr(=h“A + Ep/2)(y — aa) + Z”Vl/f”z + ZHVX“E”z

~ 1 ~
+fR} EX, ), (—h*A+ SV /M) + Ep/2)E(X, ) X (1.5)
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Since all terms on the right side are non-negative, and y — y2 > a@, we immediately
obtain the estimates (7.2a), (7.2b), (7.2d) and (7.2f).

According to Assumption 1 the operator —A + V /2 has a spectral gap between the
ground state energy — Ej /2 and the next eigenvalue. This implies that we can find a
k > 0and an & > 0 such that

—(1—e)A+V/2+Ep/2 >k,

on the orthogonal complement of «p. Hence
~ 1 ~ ~ ~
/RS (X, (=W A+ SV /B + Ep/2)(X, ) d*X > k[E]13 + eh® [ V,E3

In combination with (7.5) this yields the estimates (7.2e) and (7.2g).
Since ||oc||% < Try = 1/h we obtain for the L?-norm of 1, that, by definition
(7.1) and the Cauchy-Schwarz inequality,

W13 = h=2 [gs ao(r1/WEX, r)eo(ra/ Wa(X, r) d&ry dr, d3X

< W2 o lao(ri /W) RIEX. ) By Era X = hla2 < 1, 7O

implying (7.2¢). Finally, to see (7.2h)7.2h) note that since y > o«
Tr(ado@) = Tr (y? — y(y — a@) — (y —a@)y + (v — a@)?) < Tr(y?) + Te(y — a@)* < h.
O

Observe that we do not necessarily have || ||% = 1. The norm deviates from 1 by
a correction of order A2,

1=} =h(Try — Trayd@y) < hTr(y — o@) + h |Tr(ay@y —a@)| . (1.7)

By (7.2b) and (7.2e) (and the orthogonality of E and o), the right side is O (h?).

With the aid of the function vy we can define a corresponding state I'y as
in (4.1)—(4.3). By multiplying i with a factor A = 1 + O (h?) we can assume
that Try,y = 1/h. The second step now consists of proving that for a lower
bound we can replace EBHF(I") by SBHF(FM/,) up to higher order terms. Together
with the calculations from the upper bound this implies the lower bound stated in
Theorem 1.

Lemma 4 With I" and Iy defined as above, one has
EBHF(1) > eBHE(D, 1y — 0(h3/%). (7.8)

Lemma 4 not only completes the proof of the lower bound (4.12), it also allows
to establish the claim about approximate minimizers in Egs. (2.7)—(2.10) in Theo-
rem 1. Given an approximate minimizer satisfying (2.7), Lemma 3 yields (2.8), while
a combination of (7.8) and (4.6) implies (2.10).

It remains to prove the bound (7.8), which is an immediate consequence of the
following estimates:
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Tr(—h*A + Ep/2)y + %/ V(& = y)/h)lax, y)Fdxdy
RO (7.9a)
>(—h?A+Ep/2yay+3 / V=)l (x, )P dxd’y — O ()

RTtWy > h2Tr Wy — O(h%) (7.9b)
- /u@ ly (e, PV ((x — y)/h) dPxdy

> f aw G PV (G — /) Exddy — 0D (1.9¢)
R(’

/RG y (@, )y (0, NV((x = y)/h) EPxdy

> [ om0V (e =/ Exdy = 0w (90

The remainder of this section will be dedicated to proving these estimates.
7.1 Kinetic and Potential Energy (Proof of (7.9a))

Let us decompose y according to
y =@ + a@ad@ + (y — a@ — y2) + (y — a@)? + ad@(y — a@) + (y — a@)ad,
where (y — a@ — y?) and (y — a@)? are positive self-adjoint operators and thus
Tr(—h*A + Ep/2)((y —a@ — y?) + (y — a@)?) = 0

Adding and subtracting the term

72 2 l _ 2 3. 43
Te(—h A+ Ep/Dyay + 3 | V(G =)/ h)lesy (e P P &y,

2

we obtain

Tr(—h*A + Ep/2)y + = / V(& —y)/h)lax, y)Fdxdy

> To(—h2A + By /D7y + /R V(= 0/l (0P ey
+Tr (=h*A + Ep/2)a@) + %/ V((x = y)/h)lax, )P dxdy

CTr((—h2A + By Doy i) — / V(G = )/ Bl (v, )2 x &y

+Tr[(—h*A + Ep/2)aaod] — Tr [(=h* A + Ep/2)0t.y @y oy Wiy |
+Tr[(=h*A + Ep/2)ad(y — a@) + (y — a@)ad
—h'2Te[(=h*A + Ep/2)y g iy @iy |- (7.10)
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The identity (7.4) immediately implies that
Tr ((=h*A + Ep/2)a@) + % /6 V((x =)/ h)lax, y)Pdx d®y
R
2 — 1 243 3 h 2
> Tr ((=h*A + Ep/2)ayay) + 3 /]RﬁV((x =0/ h)lay (x, )P dxd y=IVily. (7.1

and hence the sum of the second and third lines on the right side of (7.10) is bounded
from below by %(1 - A2)||V1ﬁ||% = O(h3). Hence the proof of (7.9a) reduces to
establishing the estimates

‘Tr(—th + Ep/2)|edod — akl,,maw,m]) <K, (112
| Tr ((=h*A + Ep/D)[ea(y — o) + (v — a@)ad])| S h3/2, (7.13)
BT (A + Ep/ Dy @y @) SH2 (114)

which we are going to show in the following.
Inequality (7.14) is an immediate consequence of (5.2). It also implies that it is
enough to show (7.12) for A = 1. To do this, we rewrite

QOO — Oy Oy Oy Oy = awﬁo@ + éaaay + EQaE + ay (o —ayoay)ay . (7.15)
With H := —h>A + % we obtain with the aid of Holder’s inequality for traces
| Tr (H[owow — ayapoyay |)| = |Tr (H'? [y GaE + Edatty + 00 + ay @a — ayay)oy |H?)|
<20 Hay lloll|ZIH 212 + i3I H 2E113

HIH 2oy |2 ]aa — ayay 3.
(7.16)

Note that for any operator 7', we have

172 Ep
|H'2T ), = IT*HT 1Y < \JIT* (=W M)T |y + LEIT*T |, <RIV lon +4/ 51T llon

1 Ey
< h E”VXTHZVL"_”VrT”Zn + 7||T||2n’

where in the last line the operators Vx7T and V,T are defined via the kernels
(VxT)(x,y) and (V,T)(x, y), respectively. By applying this to the terms in (7.16)
we obtain

h Ep
IH Paylle < SIVxeylls + Rl Vraylls + ) == llery ll <AV (117)
12 h Ep 1/2
|H“Ell2 < §||VX§||2+h||Vr§||2+ TIISIIz Sk, (7.18)
where we used ||[Vxaylle = lavylle < lavylla = VY llah~12, together with

(5.5b), (5.5¢), (7.2e), (7.2f) and (7.2g). The term ||@er — oy ay |32 in (7.16) can be
bounded by

o —agay 32 = oy +Eay +EEll32 < 2llay l6lEla+1ENI6lIE N2 < 2oy lslEN2+IEN3 < B,
9
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where we used (5.5b) and (7.2e). By combining (7.16) with (7.17)—(7.19) we obtain

(7.12).
To show (7.13), we can bound

|Tr (H[(y — o) + aa(y —aa)])| =2 77

mTr(Hl/Z(y—o@)Hl/2 ‘ a&Hl/Z)‘

<2TrH(y — a®) Hﬁaamz H .
o0

The first factor on the right side is bounded by O (%) according to (7.2a).

Moreover,
2 2
< | ZlleaHaw|? < | = (Tr Hagaw)'/? |
00 Ep Ep

which is bounded by O (h!/?) using (7.12) together with (5.2). This proves (7.13).

7.2 External Potential (Proof of (7.9b))

Since W is bounded, Tryy = O Hand » = 1 + O(?), it clearly suffices to
consider the case A = 1. Using the form (4.3) of yy we evaluate

RTeW(y —yy) = B2TeW(y —a@) +h2 TeW(aa — agay) — (1 + kY202 Te Wy ayayay)
> =R Wloo [Try — 0@ + €13 + 20y Ell + (1 + ') Tray @y @)

> —0?Y), (7.20)

where we used (7.2b), the decomposition & = ay + &, and |lay &1 < lay 21§12
<.

7.3 Direct and Exchange Term (Proof of (7.9¢) and (7.9d))

Our strategy is as follows. As a first step we reduce the direct term and exchange
term to corresponding expressions involving « only, and show that

‘/Rﬁ ly (e, WIPV((x = y)/h) dx dy

< n? (7.21)

- fR (@@, PV (& = y)/h) dxd’y

VR y (e 0y )V (= y)/h) Ex dy

< n’ (7.22)

- [ @@ @@V (s = )/ h) dx s
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As a second step, we show that up to an error O (h>/%) we are able to replace « by
ay in the corresponding expressions, i.e.,

/RG @@, MIPV (& = )/h) dxd’y

- fR . ety @) (x, MIPV ((x — )/ h) Bx dy| S h¥2, (7.23)

and

‘ /R (@) (x, ) (@@) (v, NV ((x = )/ ) Pxdy

- fR (@) (6, ) oy @) (v, )V ((x = y)/ h) Exdy| <n¥2 (724

These two steps together, in combination with A = 1 + 0 (h?), lead to (7.9¢) and
(7.9d), respectively.

The estimates (7.21) and (7.22) can be obtained by applying Lemma 2 with o =
oo and § = Yy — aa. As aresult we obtain that the left sides of both (7.21) and (7.22)
are bounded by

Z/RG V(& = »)/h)| (v = ae)(x, )y (v, y) Px dy
=2 /R V(= 2)/h)| (v = a@) (x, D)7 — @)y, ) Ex Py, (7.250)

+ 2/]1@ |V ((x = y)/h)| (¥ — a@)(x, x)(@@)(y, y) d*x d®y.  (7.25b)
By (7.2b), the term (7.25a) is bounded by
/Rﬁw = @), )y —a@ () [V(0r = 3)/h)| Exdy <Tr(y = @ PV oo S A2
For (7.25b), we are going to use the decomposition & = ay + & in the form
o = oy oy + Eay +ay€ +EE,
and we thus have to bound four terms. First, observe that
/}R v =@ (6, OEE (3, ) [V (G = )/ B Exdly <V lloo Tr(y — o@) Tr(EE) S 1.
Second, using (5.3),
/R v =@, D)@y @), 0 V(= )/ k)| Pxdy
<1 Te(y — @) [y @) G ool VI S B (7.26)

For the remaining terms we use (5.4) with ¢ = & and the Cauchy-Schwarz inequality
to obtain

fR6(y — @) (x, x) [(ay &) (y, YV ((x — y)/h)| Exd®y

<h! /Rg(y — @) (x, ) [EC, W2 [V (@ = y)/h)| dPxdy

SEYERLIVE/ P2 Ty — a@) < k2.
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We now turn to the estimates (7.23) and (7.24). The difference of the exchange
terms in (7.23) is bounded by

IV lloollacer — ay ey ll2lleee + aryay |2 -

The 2-norm of oce — oty @y can be bounded by the 3 /2-norm, which in turn is bounded
by O(h) according to (7.19). Moreover, |layaylla = llayll] < h'/? by (5.1a),
proving (7.23).

For the direct term we insert the decomposition & = ay + & into the difference
in (7.24), yielding 15 terms. However, due to symmetry, it suffices to estimate the
following 5 terms

Jre EE)Y(x, X)EE) (v, ) |V ((x — y)/h)| PxdPy, (7.27a)
Jre GEY(x, ) (ayay) (v, ) [V ((x — y)/ )| dP*x dy, (7.27b)
Jre €@y (x, X)(ay@y) (v, y) [V ((x — y)/B)| Exdy, (7.27¢)
Jre &) (x, x)E@y) (3, Y) [V ((x — y)/b)| Ex Py, (7.27d)
Jre o) (x, x)Eay) (v, ) [V ((x — y)/h)| Ex dPy. (7.27¢)

We begin with (7.27a). Obviously

A; EDDED V(@ /8] Erdy < IV oo TrED] < 1

For (7.27b) we obtain with the help of (5.3)
/R JED )@y @), ) [V (0 =)/ h) Ex d®y < TrED) oy @), Mo IV I S 12

For the last three terms we invoke Eq. (5.4) from Lemma 1 with ¢ = & and the
Cauchy-Schwarz inequality. For (7.27¢) this gives

/R (T (6 0 ey @) (3 3) [V (= )/ )] P dy

<h! /R NEC D@y @) (3, ) IV ((x = )/ )] dxd’y

SHNVE DI leyay ¢, )z

The desired bound O(h3?) then follows from the fact that the last factor
lloey 0y (-, -)|I2 on the right side is of order O(h™1). To see this, we write

ey 1 = [Ty o) Pl (. 0P x 'y
R

h8 /R  leo (e =)/ 1) Plao (G =2/ ) P1 (4 0)/2) P (@ +2/2) P Ex dy dz.

Changing to the variables r = x — y, s = x — z and x and using Cauchy-Schwarz in
x, we indeed obtain

ley @y (. )13 =h~° fR o (r/ 1) Pleto(s/ ) P G = r/DP 1Y (x = 5/2)1 P dr ds <072 a3 115
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For (7.27d) we get
/Rﬁ@é)(x, X)(Eap) (. ) |V (= y)/h)| Pxdy

<! /Rﬁ(sé)(x, ONEQ, M2 IV ((x — y)/ )| Exdy

SNV mIRIEN S B2,
and for (7.27e)
A (E@ 0 ET) 60 V(= )/ b)) dxd’y

Sh? /R I D 2EW 2 IV (= y)/ )] dx dy
SAIEISIVE/ D S 2.
This concludes the proof of (7.9¢) and (7.9d).
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Appendix: A Proof of Lemma 1

Proof of Lemma 1, Part II We first prove (5.1a) and (5.1b). For n € 2N, we can write

Tr ((oyy)"%) = fR Ly x)ay (02, x3) - oty (ot x)ary o x) dag - dx (AL
We switch to the following coordinates
_ 1y
X =5 2 k=1 (A2)
Tk = Xkt1 — Xk, k=1,...,n—1.

It is easy to see that the corresponding Jacobi determinant is equal to 1. Moreover,
we can recover the original coordinates via

1 n—1
x1=X-=> (n—in,
n -
i=1
X+l = Xk + Tk,
ie.
X=X+ 8501, 1)

for some linear functions si. We therefore obtain for the integral in (A.1)

larg I = 12" /R V(X4 X1 +52)) - V(X + Ssm +51)

xao(ri/h)---ao(ra/B) EX &ry - &ryoy,
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where we introduced r,, := — 2;11 r¢. Holder’s inequality in the X variable then

yields

oy 17 < B2 |12 frsamn |@o(ri/B) -+ eo(ra/h)| &ry-- - dry
= @)D 3y ol 12

which is (5.1a). The same calculation with «g replaced by Ve yields (5.1b).
Due to the symmetry oy (x, y) = oy (¥, x), we have

Tr (Aaw@aw@) = (ayayay, Axaw)Lz(Rs) = {ayayay, %(Ax + Ay)()lw)LZ(]RG)
= (ayyay, (FAx + Apay) 2 gs) -

Using the coordinates (A.2), for which we have in the case of n = 4

2
x1+x2=X—s x3+x4=X+s s(rl,rz,r3)=—rl+ r2 473
2 2 4
xz;x3=X—t xl;x4=X+t t(r1,r2,r3)=r3;rl,

and rescaling ry — hry, k = 1,2, 3, we can therefore write

Tr(—h? A + Ep/2)ay @y oy iy

= h/ V(X — hs)W (X — k)Y (X + hs) ¥ (X + ht)
RI2

x[(=A + Ep/2)a0(r) Jato(r)eg (r3) ot (—ry — 12 — r3) d*X dry d*ry dPr3

P
—Z(a¢a¢aw, Axory) 2 goy -

This term has the form
h@m)* Iyl /R @I (p? + Ep/) & p+ A + Ar 1,
where

1
Al = —Z(Olll,@aw, AX%//)LZ(RG) s

1
Ay = h! /12/ dir (w(x — th) (X — th)yr (X + ths) ¥ (X + rht)) dr
R 0

x[(=A + Ep/Dao(r) Jao(r)eo(rag(—ri —r2 = ) X & d*ra drs.

Using integration by parts, we can bound A; as

|A1l = = [(Vx (ayayay), Vxay)|

BIL A= N —

(Vxay)@yay +ay (Vxay)ay + ay@y (Vxay), Vxay )|

N

IVxay lI5lley 12, SV,
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where the last inequality follows from [|ay lleo < llaty l6, Which is < hY/2|| |6 as
shown above.

To estimate Ay, we carry out the derivative in 7 and subsequently use Holder’s
inequality for the X integration to obtain

[Az| < ||V1/f||2||1ﬂ||g/]Rg (Is] + 121) | (Vao) (rD e (r) o (r3)eto(—r1 — 2 — r3)| d3ry dPry drs.

Here we have also used that (—A+ Ep/2)ag = —%Vozo. We now note that |s| 47| <

% |ri4+ry+r3|+ % |ra]+ % |r3]. We plug in this bound in the integrand and use Cauchy-
Schwarz for the r» integration in the case of the terms |r; + r» + 3| and |r>|, and for
the r3 integration in the case of |r3|. This yields

3
|A2] < zllvlﬂllzllxﬁllgll‘/aolll llwolln llexoll2 |1 - lexo]], -

The desired result then follows from the Sobolev inequality ||V |ls < [Vi/]l2. This
concludes the proof of Lemma 1. O
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