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Abstract

We investigate a new model for populations evolving in a spatial continuum. This model can
be thought of as a spatial version of the A-Fleming-Viot process. It explicitly incorporates both
small scale reproduction events and large scale extinction-recolonisation events. The lineages
ancestral to a sample from a population evolving according to this model can be described in
terms of a spatial version of the A-coalescent. Using a technique of Evans (1997), we prove
existence and uniqueness in law for the model. We then investigate the asymptotic behaviour of
the genealogy of a finite number of individuals sampled uniformly at random (or more generally
‘far enough apart’) from a two-dimensional torus of sidelength L as L — oco. Under appropri-
ate conditions (and on a suitable timescale) we can obtain as limiting genealogical processes a
Kingman coalescent, a more general A-coalescent or a system of coalescing Brownian motions
(with a non-local coalescence mechanism) .
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1 Introduction

In 1982, Kingman introduced a process called the coalescent. This process provides a simple and
elegant description of the genealogical (family) relationships amongst a set of neutral genes in a
randomly mating (biologists would say panmictic) population of constant size. Since that time,
spurred on by the flood of DNA sequence data, considerable effort has been spent extending King-
man’s coalescent to incorporate things like varying population size, natural selection and spatial
(and genetic) structure of populations. Analytic results for these coalescent models can be very hard
to obtain, but it is relatively easy, at least in principle, to simulate them and so they have become
fundamental tools in sequence analysis. However, models of spatial structure have largely concen-
trated on subdivided populations and a satisfactory model for the ancestry of a population evolving
in a two-dimensional spatial continuum has remained elusive. Our aim in this paper is to present
the first rigorous investigation of a new model that addresses some of the difficulties of existing
models for spatially extended populations while retaining some analytic tractability. The rest of this
introduction is devoted to placing this research in context. The reader eager to skip straight to the
model and a precise statement of our main results should proceed directly to Section

Our concern here is with the extension of the coalescent to spatially structured populations. In this
setting it is customary to assume that the population is subdivided into demes of (large) constant
size, each situated at a vertex of a graph G, and model the genealogical trees using the structured co-
alescent. As we trace backwards in time, within each deme the ancestral lineages follow Kingman’s
coalescent, that is each pair of lineages merges (or coalesces) into a single lineage at a constant rate,
but in addition lineages can migrate between demes according to a random walk on the graph G.
The genealogical trees obtained in this way coincide with those for a population whose forwards in
time dynamics are given by Kimura’s stepping stone model (Kimura 1953) or, as a special case, if G
is a complete graph, by Wright'’s island model (Wright 1931).

The stepping stone model is most easily described when the population consists of individuals of just
two types, a and A say. It can be extended to incorporate selection, but let us suppose for simplicity
that these types are selectively neutral. Labelling the vertices of the graph G by the elements of the
(finite or countable) set I and writing p; for the proportion of individuals in deme i of type a, say,
we have

dpi(t)= D m;i (pi(0) = pi(0)) dt + v/vpi(0) (1 — pi(0)) Wi (D) M
Jj€I
where {W;(t);t > 0}, is a collection of independent Wiener processes, y is a positive constant
and {m;;}, jc; specifies the rates of a continuous time random walk on G. The graph G, chosen
to caricature the spatial structure of the population, is typically taken to be Z? (or its intersection
with a two-dimensional torus) and then one sets m;; = k 1g;_jj=1;, corresponding to simple random
walk.

J

Although the stepping stone model is widely accepted as a model for structured populations, in re-
ality, many populations are not subdivided, but instead are distributed across a spatial continuum.
Wright (1943) and Malécot (1948) derived expressions for the probability of identity of two individ-
uals sampled from a population dispersed in a two-dimensional continuum by assuming on the one
hand that genes reproduce and disperse independently of one another, and on the other hand that
they are scattered in a stationary Poisson distribution. However, these assumptions are incompatible
(Felsenstein 1975, Sawyer & Fleischmann 1979). The assumption of independent reproduction will

164



result in ‘clumping’ of the population and some local regulation will be required to control the local
population density.

A closely related approach is to assume that the genealogical trees can be constructed from Brownian
motions which coalesce at an instantaneous rate given by a function of their separation. The position
of the common ancestor is typically taken to be a Gaussian centred on the midpoint between the
two lineages immediately before the coalescence event (although other distributions are of course
possible). However, the coalescent obtained in this way does not exhibit sampling consistency. That
is, if we construct the genealogical tree corresponding to a sample of size n and then examine the
induced genealogical tree for a randomly chosen subsample of size k < n, this will not have the
same distribution as the tree we obtain by constructing a system of coalescing lineages directly from
the subsample. The reason is that whenever one of the lineages in the subsample is involved in a
coalescence event in the full tree it will jump. Furthermore, just as in Malécot’s setting, there is no
corresponding forwards in time model for the evolution of the population.

Barton et al. (2002) extend the formulae of Wright and Malécot to population models which in-
corporate local structure. The probability of identity is obtained from a recursion over timeslices
of length At. Two related assumptions are made. First, the ancestral lineages of genes that are
sufficiently well separated are assumed to follow independent Brownian motions (with an effective
dispersal rate which will in general differ from the forwards in time dispersal rate) and their chance
of coancestry in the previous timeslice is negligible. Second, it must be possible to choose At suf-
ficiently large that the changes in the population over successive timeslices are uncorrelated. (For
general At this will not be the case. The movements of ancestral lineages in one time step may
be correlated with their movements in previous steps if, for example, individuals tend to disperse
away from temporarily crowded clusters.) Over all but very small scales, the resulting probability
of identity can be written as a function of three parameters: the effective dispersal rate, the neigh-
bourhood size and the local scale. However the usefulness of this result is limited due to a lack
of explicit models for which the assumptions can be validated and the effective parameters estab-
lished. Moreover, as explained in Barton et al. (2002), although one can in principle extend the
formula to approximate the distribution of genealogies amongst larger samples of well-separated
genes, additional assumptions need to be made if such genealogies are to be dominated by pairwise
coalescence. If several genes are sampled from one location and neighbourhood size is small then
multiple coalescence (by which we mean simultaneous coalescence of three or more lineages) could
become significant.

Multiple merger coalescents have received considerable attention from mathematicians over the
last decade. Pitman (1999) and Sagitov (1999) introduced what we now call A-coalescents, in which
more than two ancestral lineages can coalesce in a single event, but simultaneous coalescence events
are not allowed. Like Kingman’s coalescent, these processes take their values among partitions of N
and their laws can be prescribed by specifying the restriction to partitions of {1,2,...,n} for each
n € N. For our purposes, the A-coalescent describes the ancestry of a population whose individuals
are labelled by N. Each block in the partition at time t corresponds to a single ancestor at time t
before the present, with the elements of the block being the descendants of that ancestor. Tracing
backwards in time, the evolution of the A-coalescent is as follows: if there are currently p ancestral
lineages, then each transition involving j of the blocks merging into one happens at rate

I’)\’j = f wW™2(1 — u)P I A(dw), (2)
[0,1]
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and these are the only possible transitions. Here, A is a finite measure on [0, 1]. Kingman’s coales-
cent corresponds to the special case A = §, the point mass at the origin.

Remark 1.1. More generally, one can consider processes with simultaneous multiple coalescence events.
Such coalescents were obtained as the genealogies of suitably rescaled population models by Mohle &
Sagitov (2001). Independently, Schweinsberg (2000) obtained the same class of coalescents and char-
acterised the possible rates of mergers in terms of a single measure Z on an infinite simplex. Coalescents
which allow simultaneous multiple mergers are now generally referred to as Z-coalescents.

Kingman’s coalescent can be thought of as describing the genealogy of a random sample from a
Fleming-Viot process. In the same way, a A-coalescent describes the genealogy of a random sample
from a generalised Fleming-Viot process. This process takes its values among probability measures
on [0, 1]. We shall describe it in terms of its generator, Z acting on functions of the form

F(P):ff(xlz---:xp)P(dxp)---P(dxl);

where p € N and f : [0,1]7 — R is measurable and bounded. First we need some notation. If
x =(xy,...,x,) €[0,1]7 and J € {1,..., p} we write

x! =xpnyifi€l, andx! =x;ifi¢J, i=1,...,p.

Then for A a finite measure on [0, 1], a A-Fleming-Viot process has generator

RF(p)= Z ;\’Ulf(f(x{,...,xj)—f(xl,...,xp))p(dxp)...p(dxl),

JS{L,..phl[>2

where [3’;\ i is defined in Equation . When A({0}) = 0, this can also be written

RF(p) = J J (F((l—u)p+u5k)—F(p))p(dk)u‘zA(du).
(0,11 J[0,1]

(When A({0}) > 0, one must add a second term corresponding to a classical Fleming-Viot process
and somehow dual to the Kingman part of the A-coalescent.) In this case, an intuitive way to
think about the process is to consider a Poisson point process on R, x (0, 1] with intensity measure
dt ® u"2A(du), which picks jump times and sizes for p(t). At a jump time t with corresponding
jump size u, a type k is chosen according to p(t—), an atom of mass u is inserted at k and p(t—) is
scaled down by (1 — u) so that the total mass remains equal to one, i.e.,

p(0)= (1 —wp(t-) +uby. 3)

The duality between A-coalescents and A-Fleming-Viot processes was first proved by Bertoin & Le
Gall (2003). Their approach uses a correspondence between the A-coalescents and stochastic flows
of bridges. The duality can also be understood via the Donnelly & Kurtz (1999) ‘modified look-
down construction’ and indeed is implicit there. An explicit explanation can be found in Birkner et
al. (2005).

In recent work (described briefly in Etheridge 2008), Barton & Etheridge have proposed a new class
of consistent forwards and backwards in time models for the evolution of allele frequencies in a
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population distributed in a two-dimensional (or indeed d-dimensional) spatial continuum which, in
the simplest setting, can be thought of as spatial versions of the A-Fleming-Viot and A-coalescent
models (although we emphasize that these are not the same as the spatial A-coalescents considered
by Limic & Sturm 2006). They share many of the advantages of the classical models for spatially
structured populations while overcoming at least some of the disadvantages. The idea is simple. Just
as in the A-Fleming-Viot process, reproduction events are determined by a Poisson point process but
now, in addition to specifying a time and a value u, this process prescribes a region of space which
will be affected by the event. In what follows, the region will be a ball with random centre and
radius. Within that region the effect is entirely analogous to Equation (3).

This approach differs from existing spatial models in three key ways. First, density dependent
reproduction is achieved by basing reproduction events on neighbourhoods (whose locations are
determined by the Poisson point process), rather than on individuals. Second, the offspring of
a single individual can form a significant proportion of the population in a neighbourhood about
the parent, capturing the essentially finite nature of the local population size. Third, large scale
extinction-recolonisation events are explicitly incorporated. This reflects the large scale fluctuations
experienced by real populations in which the movement and reproductive success of many individ-
uals are correlated. For example, climate change has caused extreme extinction and recolonisation
events that dominate the demographic history of humans and other species (e.g. Eller et al. 2004).

The spatial A-Fleming-Viot process, like its classical counterpart, can be obtained as a limit of in-
dividual based models. Those prelimiting models are discussed in Berestycki et al. (2009). In the
(backwards in time) spatial A-coalescent, ancestral lineages move around according to dependent
Lévy processes (in fact they will be compound Poisson processes), jumping whenever they are af-
fected by a reproduction event. Two or more lineages can coalesce if they are all affected by the
same reproduction event.

Our first aim here is to provide a precise mathematical description of the spatial A-Fleming-Viot
process and the corresponding spatial A-coalescent model and address questions of existence and
uniqueness. This is achieved through adapting the work of Evans (1997). The idea is to first
construct the dual (backwards in time) process of coalescing Lévy processes corresponding to a
finite sample from the population at time zero, and then to use a functional duality to define the
forwards in time model. The principal difference between our setting and that of Evans is that, in
his work, ancestral lineages evolve independently until they meet.

The system of coalescing Lévy processes that describes the genealogy of a sample from the pop-
ulation, mirrors the system of coalescing random walks that plays the same role for the stepping
stone model. For systems of coalescing walks a number of studies have investigated conditions
under which, when viewed on an appropriate timescale, and for sufficiently well-separated sam-
ples, the effect of the geographical structure of the population can be summarised as a single ‘ef-
fective’ parameter and the system of coalescing lineages converges to Kingman’s coalescent. One
of the first works along these lines is due to Cox (1989), who considers random walks on a torus
T(L)NZ4 of sidelength L with the walks coalescing instantly on meeting. This corresponds to taking
G =T(L)NZ% and y = oo in Equation . He shows that if one starts walks from any finite number
n € N of points chosen independently and uniformly at random from T(L) N Z¢, then in suitable
time units, as L — oo, the number of surviving lineages is determined by Kingman’s coalescent. For
two spatial dimensions, this analysis was extended by Cox & Durrett (2002) and Zéahle et al. (2005)
to random walks on T(L) N Z? with delayed coalescence (corresponding to y < o0o0). It is natural
to ask whether similar results are true here. Our second aim then is to establish conditions under
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which the genealogy of a sample taken at random from a large torus will converge to a non-spatial
coalescent. We shall concentrate on the most difficult, but also most biologically relevant, case
of two spatial dimensions. If reproduction events only affect bounded neighbourhoods, then, not
surprisingly, we recover a Kingman coalescent limit. However, we also consider the more general
situation in which in addition to ‘small’ events that affect only bounded neighbourhoods we allow
‘large’ extinction-recolonisation events (see Section (3| for the precise setting). Unless these events
affect a non-negligible proportion of the torus, on a suitable timescale, asymptotically we once again
recover a Kingman coalescent. The timescale is determined by the relative rates of ‘large’ and ‘small’
events. However, if we have extinction-recolonisation events that affect regions with sidelength of
order (L), then, again depending on the relative rates of ‘large’ and ‘small’ events, we can obtain
a more general (non-spatial) A-coalescent limit or a system of coalescing Brownian motions (where
the coalescence is non-local).

The rest of the paper is laid out as follows. In Section |2| we define the model. In Section |3, we
give a precise statement of the conditions under which we obtain convergence of the genealogy of
a random sample from a (two-dimensional) torus of side L as L — 0o. The corresponding conver-
gence results are Theorem and Theorem In Section [4| we establish existence of the process
and prove uniqueness in law. In Section [5| we gather the necessary results on Lévy processes in
preparation for our proofs of Theorem [3.3]and Theorem [3.7]in Sections[6|and[7} Finally, Appendices
[Al and [B] contain the proofs of the technical lemmas stated in Sections[5|and [6]

2 The model

First we describe a prelimiting model. Individuals in our population are assumed to have a type
taken from [0, 1] and a spatial position in a metric space E that we shall usually take to be R? (or
the torus T(L) in R?). Even though it will be clear that existence and uniqueness of the process
holds in much greater generality, the model is primarily motivated by considerations for populations
evolving in two-dimensional continua. The dynamics are driven by a Poisson point process IT on
R, x R? x (0,00) with intensity dt ® dx ® u(dr). If (t,x,r) € TI, the first component represents
the time of a reproduction event. The event will affect only individuals in B(x, r), the closed ball of
centre x and radius r. We require two more ingredients. The first, m, is a fixed positive constant
which we shall refer to as the intensity of the model. Second, associated to each fixed radius r > 0
there is a probability measure v, on [0,1]. In the sequel, we assume that the mapping r — v, is
measurable with respect to u.

For definiteness, suppose that the population is initially distributed according to a spatially homo-
geneous Poisson process. The dynamics of our prelimiting model are described as follows. Suppose
that (t,x,r) € I1. Consider the population in B(x,r) at time t—. If the ball is empty, then nothing
happens. Otherwise, independently for each event:

1. Select a ‘parent’ uniformly at random from those individuals in B(x, r) at time t— and sample
u € [0,1] at random according to v,.

2. Each individual in B(x,r), independently, dies with probability u, otherwise it is unaffected
by the reproduction event.

3. Throw down offspring in the ball, with the same type as the selected parent (who may now be
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dead), according to an independent Poisson point process with intensity umLeb|p, ) where
Leb denotes Lebesgue measure.

We shall refer to these events as reproduction events, even though they are also used to model large-
scale extinction-recolonisation events. Notice that recolonisation is modelled as being instantaneous
even after a large scale extinction.

Remark 2.1. For simplicity we have described only a special version of the model in which, even when
the reproduction event affects a large region, recolonisation is through a single founder. This guarantees
that if we look at the genealogy of a sample from this population, although we may see more than
two lineages coalescing in a single event, we do not see simultaneous mergers. More generally it would
be natural to take a random number of colonists and then, on passing to the limit, the corresponding
model would yield a spatial Z-coalescent.

Any reproductive event has positive probability of leaving the corresponding region empty, but be-
cause the neighbourhoods determined by different reproduction events overlap, an empty region
can subsequently become recolonised. Provided the measure u(dr) decays sufficiently quickly as
r — 00, Berestycki et al. (2009) show that there is a critical value of m above which the popula-
tion, when started from a translation invariant initial condition, survives with probability one. The
difficulty is that it is not easy to find an explicit expression for the distribution of the genealogical
trees relating individuals in a sample from the population. Knowing that an ancestral lineage is in
a given region of space gives us information about the rate at which that region was hit by repro-
duction events as we trace backwards in time. On the other hand, simulations reveal that this effect
is rarely significant. Mathematically, we overcome this difficulty by considering a model in which
the intensity m is infinite, but we preserve some of the signature of a finite local population size by
retaining the reproduction mechanism so that a non-trivial proportion of individuals in a neighbour-
hood are descended from a common ancestor. In particular, this will result in multiple coalescences
of ancestral lineages.

Now let us describe the model that arises from letting m — oo. (That the prelimiting model really
does converge to this limit will be proved elsewhere.) At each point x € R?, the model specifies
a probability measure on type space which we shall write p(t,x,-), or sometimes for brevity p,.
The interpretation is that if we sample an individual from x, then its type will be determined by
sampling from p,. The reproduction mechanism mirrors that for our discrete time model:

Definition 2.2 (Spatial A-Fleming-Viot process). The spatial A-Fleming-Viot process, {p(t,x,-),x €
R2,t > 0} specifies a probability measure on the type space [0,1] for every t > 0 and every x € R2.
With the notation above, the dynamics of the process are as follows. At every point (t, x, ) of the Poisson
point process 1, we choose u € [0, 1] independently according to the measure v.(du). We also select a
point g at random from B(x,r) and a type k at random according to p(t—,z,-). For all y € B(x, ),

P(t:y,') = (1 _U)P(t_;yz')+U5k~
Sites outside B(x, r) are not affected, that is p(t,y,-) = p(t—,y,-) for every y ¢ B(x,r).

Remark 2.3. There are many variants of this model, some of which are outlined in Etheridge (2008).
The model presented here should be regarded as fitting into a general framework in which the key
feature is that reproduction events are driven by a Poisson point process determining their times and
spatial locations, rather than on individuals. Barton et al. (2009) investigate a version of the model in
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which, instead of replacing a portion u of the population in a disc at the time of a reproduction event,
the proportion of individuals affected decays (in a Gaussian distribution) with the distance from the
‘centre’ x of the event. Whereas in the disc based approach in the prelimiting (individual based) model
we had to suppress reproduction events that affected empty regions, this is not necessary in the Gaussian
model. Moreover, (in contrast to the disc model) in that setting the prelimiting model has the Poisson
point process in R? with constant intensity m as a stationary distribution. Although the proofs would
be rather involved, analogues of our results here should carry over to the Gaussian setting.

Of course we must impose restrictions on the intensity measure if our process is to exist. To see
what these should be, consider first the evolution of the probability measure p(t, x,-) defining the
distribution of types at the point x. This measure experiences a jump of size y € A C (0,1] at rate

f f nr2v, (dwu(dr).
(0,00) JA

By analogy with the A-Fleming-Viot process, we expect to require that
A(du) = f u?r?v, (du)u(dr) “4)
(0,00)

defines a finite measure on [0,1]. In fact, in the spatial setting we require a bit more. To see
why, suppose that 1 is a bounded measurable function on [0, 1] and consider the form that the
infinitesimal generator of the process must take on test functions of the form {p(x, dk), vy (k)) (with
angle brackets denoting integration). Denoting the generator, if it exists, by G we shall have

G({p,y)) = f J r f M(((l—u)p(x,)—l-u(ﬂ,w)—(p(x,-),i,b))
R2 J(0,00) J [0,1]

[0.1] r
p(y,dk)v.(dwu(dr)dy
L.(x,
= JJ f %u(m(%-),w)—(p(x,-),¢>)vr(du)u(dr)dy,
R2 J(0,00) J[0,1]

where L,.(x,y) denotes the volume of the set B(x,r)NB(y,r). Notice in particular that L.(x,y) <
7'[1‘21{|X_y|52r}. In the non-spatial case, this term vanishes (set y = x), but here if we want the
generator to be well-defined on these test functions we make the stronger

Assumption 2.4.

A(du) = f ur?v, (duw)u(dr) (5)
(0,00)
defines a finite measure on [0, 1].

Condition controls the jumps of p at a single point. Since we are going to follow Evans (1997)
in constructing our process via the dual process of coalescing lineages ancestral to a sample from
the population, we should check that such a process is well-defined. First we define the coalescent
process more carefully.

In order to make sense of the genealogy of a sample at any time, we extend the Poisson point process
IT of reproduction events to the whole time line (—o0, +00). We need some notation for (labelled)
partitions.
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Notation 2.5 (Notation for partitions). 1. For each integer n > 1, let &, denote the set of parti-
tions of {1,...,n}, and define a labelled partition of {1,...,n}, with labels from a set E, to be a
set of the form {(7t1,xz,), ..., (7T, Xz, )}, where {my,..., M} € Py and (xr ..., x5 ) € EX. Let
gzsn@ be the set of all labelled partitions of {1,...,n}.

2. For each n € N, let g, denote the partition of {1,...,n} into singletons. Moreover, if E is the
space of labels and x = (x1,...,x,) € E", let p,(x) denote the element {({1},x,),...,({n}, x,)}
of 5”5

3. Ifne gvnf for some n € N, then bl(7t) will refer to the unlabelled partition of {1,...,n} induced
by m and if a € bl(1t), x, will be our notation for the label of a.

Our genealogical process will be a labelled partition. As in classical representations of genealogical
processes, a block of the partition at genealogical time t > 0 contains the indices of the initial
lineages which share a common ancestor t units of time in the past, and its label gives the current
location of this ancestor in E = R2.

From the description of the forwards-in-time dynamics, the evolution of a sample of ancestral lin-
eages represented by a labelled partition should be the following. We start with a finite collection
of lineages at time 0. At each point (—t,x,r) € II (with t > 0 here, since genealogical time points
towards the past), given that u € [0,1] is the result of the sampling according to v, each lineage
present in the ball B(x, r), independently, is affected (resp., is not affected) with probability u (resp.,
1—u). Assite y is chosen uniformly in B(x, r), and the blocks of all affected lineages merge into a sin-
gle block labelled by y. The other blocks and their labels are not modified. We write {.&/(t), t > 0}
for the Markov process of coalescing lineages described in this way. Its state space is Un>1 gnf
Note that .¢/ is constructed on the same probability space as that of the Poisson point process of
reproduction events. Writing P’ for the probability measure on that space, we abuse notation slightly
by writing P4 to indicate that .&/(0) = A, P4-a.s. Now let us verify that our Condition is suf-
ficient to ensure that the process {.&/(t),t > 0} is well-defined. Since two lineages currently at
separation y € R? will coalesce if they are both involved in a replacement event, which happens at

instantaneous rate
f L,(y,0) ( J u%r(du)) p(dr), (6)
(ly1/2,00) [0,1]

Condition is more than enough to bound the rate of coalescence of ancestral lineages. To
guarantee that we can fit together the measures p at different points in a consistent way, we also
need to be able to control the spatial motion of ancestral lineages. Consider the (backwards in time)
dynamics of a single ancestral lineage. It evolves in a series of jumps with intensity

L,.(x,0)
dt® >— uv,(dwu(dr)dx (7
(xl/2,00) JI0,1] 7T

on R, x R?. If we want this to give a well-defined Lévy process, then we require

) L,.(x,0)
(IA|x]?) >— uv,(dwu(dr) | dx < oo. (8)
R? (xl/2,000J 10,17 7T

But Condition certainly guarantees this. In fact it ensures that the rate of jumps of each ancestral
lineage is finite. In other words, ancestral lineages follow compound Poisson processes.
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Remark 2.6. At first sight it is disappointing that we have to take Condition and hence obtain a
system of coalescing compound Poisson processes rather than more general symmetric Lévy processes that
#) and would allow. However, biologically there is not much loss. The ‘gap’ between Condition (5))
and the weaker Condition () is that the latter would allow one to include very large numbers of
extremely small jumps (in which only a tiny proportion of the population is affected) as the radius of
the area affected by a reproduction event tends to zero. But in our population model, for small r we
expect that a large proportion of the population in the neighbourhood be replaced.

Remark 2.7. Notice that the locations of ancestral lineages are not independent of one another. Know-
ing that one lineage has jumped tells us that a reproduction event has taken place that could have
affected other lineages ancestral to our sample. Wilkins & Wakeley (2002) consider a somewhat anal-
ogous model in which a linear population evolves in discrete generations (see Wilkins 2004 for a two-
dimensional analogue). Each individual in the parental generation scatters an infinite pool of gametes
in a Gaussian distribution about themselves, and the next generation is formed by sampling from the
pool of gametes at each point. Individuals are assumed to have a finite linear width to avoid the patholo-
gies that arise when common ancestry in a continuum model requires two ancestral lineages to have a
physical separation of zero. They observe that “conditional on not coalescing in the previous generation,
two lineages are slightly more likely to be further apart than closer together”. In their setting a change
of coordinates settles the problem: the distance apart and the average position of two lineages do evolve
independently. For us the dependencies between lineages are more complex because the presence of a
jump contains the information that a reproduction event has taken place, whereas the conditioning
obviously tells us nothing about the timing of events in the discrete generation model.

3 The genealogy of points sampled uniformly from a large torus

We now turn our attention to populations evolving on a two-dimensional torus of sidelength L. Our
goal is to describe the genealogy of a finite number of individuals sampled uniformly at random
from the torus and subject to events of very different scales, as L — oo

To this end, we now consider a family of models indexed by N. For each L € N, we consider a
population evolving on the torus T(L) € R? of sidelength L. We identify T(L) with the subset
[—L/2,L/2]? of R? and use the Euclidean norm |- | induced on T(L) by this identification. Although
By1y(x,r) will be our notation for the ball in T(L) centred in x and with radius r, we shall omit the
subscript when there is no risk of confusion.

The population will be subject to two different classes of events that we call small and large. The
region affected by each small event will be uniformly bounded (independently of the size of the
torus). Large events will affect regions whose diameter is on the order of v); which will be taken to
grow with L, but they will be less frequent. We shall assume that the rate at which a given ancestral
lineage is affected by a large event is proportional to 1/p; with p; also chosen to grow with L.

Now let us make the model more precise. Let (vy;);>; be an increasing sequence such that there
exists a € (0, 1] satisfying
log;
lim
L—oo logL

=a, C))

and assume that |alogL —log;| = o((log L)"*/?) as L — oo.
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Remark 3.1. The latter assumption is not necessary since all our results would still hold with each
occurrence of (1 — a)log L replaced by log(Ll,bZl) (see the end of the proof of Proposition , but it is
weak and considerably simplifies the presentation.

Let (p;);>1 be an increasing sequence with values in (0, +o00], tending to infinity as L — oo. Finally,
let u*(dr) and u2(dr) be two o-finite Borel measures on (0, c0), independent of L, such that there
exist some positive constants R® and R? satisfying

inf{R:u’((R,00)) =0} =R°<oco and inf{R:u?((R,00)) =0} =RP < o0.

(For convenience, we ask that R® < 1/+/2 if a = 1.) To every r > 0, we associate two probability
measures v;(du) and vf(du) on [0, 1], and we assume that for « € {B,s} and for each ¢ € (0,R"),

u ({re[R"—&R]:v #60}) >0. (10)

If Condition (10) does not hold, we decrease the corresponding radius R* since otherwise the largest
events never affect a lineage.

Let us suppose that for each L > 1, the reproduction events of the forwards in time model can be of
two types :

¢ Small events, given by a Poisson point process IT; on R X T(L) X (0, co) with intensity measure
dt ® dx ® u’(dr). If (t,x,r) is a point of II}, then the centre of the reproduction event is x,
its radius is r and the fraction of individuals replaced during the event is chosen according to
vy

e Large events, given by a Poisson point process Hf on R x T(L) x (0, 00), independent of IT}
and with intensity measure (p,ﬂ/)%)_ldt ® dx ® uB(dr). If (t,x,r) is a point of 12, then the
centre of the reproduction event is x, its radius is ¢; r and the fraction of individuals replaced
during the event is chosen according to vf.

Notice that we allow p; to be infinite, in which case large events do not occur. Since IT; and H’L3

are independent, the reproduction events could be formulated in terms of a single Poisson point

process to fit into the Definition of the spatial A-Fleming-Viot process. However, our aim here

is to disentangle the effects of events of different scales, hence our decomposition into two point

processes.

Remark 3.2. Observe that, although the intensity of Hf is proportional to (p Lz/)%)_l, the rate at which
a lineage is affected by (that is, jumps because of) a large event is of order ﬁ(pL_l). Indeed, the volume
of possible centres for such an event is proportional to 1/)%, so that the jump rate of a lineage due to the
large events is given by

1
PL"L/J%

In order for the genealogical processes, which we now denote by ./’ to emphasize dependence on
L, to be well-defined for every L € N, we assume that Condition is fulfilled. In this setting, the
condition can be written

R 1 1 RE (1
f J r’u v (dwu’(dr) + —f J r’u vf(du)uB(dr) < 00.
o Jo PrJo Jo

RE 1 RE 1
f J n(l/)Lr)Zuvf(du)y,B(dr)zlj J r2u vB(dwuP (dr).
o Jo PL Jo Jo
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Let us introduce some more notation. We write

ri,l)= {x eT(L):|x|> é},

and for each integer n > 2,

L s
r'(L,n) = {{xl,...,xn} € T(L)" : |x; — x;| = @ for all i 751}-,
r,(L,n) = {{(al,xal seons (@, Xg )} € gn@ DX, Xg b € F(L,k)},
where as before Q‘f denotes the labelled partitions of {1,...,n}. When we require an element A of

I' ,(L,n) to have exactly n blocks, we shall write Ae T ,(L,n)".

In order to obtain a non-trivial limit, we rescale time for the process .* by a factor that we denote
@;. Recall that if A € yf for some n € N, bl(A) stands for the unlabelled partition of {1,...,n}
induced by A. For each L € N, let us define the (non-Markov) process .&#/** by

() =bl( (@ 1)), t=0.

Note that for each L € N, if we start .of* from A;, a labelled partition of {1,...,n} with labels from
T(L), then .&#%¥ takes its values in the Skorohod space Dg [0, 00) of all cadlag paths with values in
2, (the set of partitions of {1,...,n}), P, -a.s.

Recall the definition of a given in (9). In the absence of large events, our model is similar in many
respects to the two-dimensional stepping stone model and so it comes as no surprise that just as for
the stepping stone model, the genealogy of a random sample from the torus should converge (on a
suitable timescale) to a Kingman coalescent as the size of the torus tends to infinity (see in particular
Cox & Griffeath 1986,1990, Cox & Durrett 2002 and Zihle et al. 2005 for precise statements of this
result in different contexts). Our first result says that if a < 1, then we still obtain a Kingman
coalescent, but the timescale will be influenced by the large events: the latter reduce the effective
population size.

Before stating the result formally, let us try to understand why we should expect something like this
to be true. To understand the appropriate timescale we just need to consider two lineages. The
time they need to coalesce will be decomposed into two phases. If p; is not too big, the first phase
will be the time until they first come within distance 2RB+)); and the second will be the additional
time required for them to coalesce. During the first phase they evolve according to independent
compound Poisson processes. If p; is small enough, the coalescence event that will eventually occur
during the second phase will, with probability close to one, be triggered by a large event. For larger
values of p;, large events will not be frequent enough to hit the two lineages when they are at a
distance that would allow them to coalesce (i.e., less than 2R5%);), and coalescence will instead
be caused by a small-scale event. The first phase is then taken to be the time until the lineages
first come within distance 2R® of one another. The fact that with high probability they will not be
hit by the same large-scale event means that once again they evolve (almost) independently of one
another during this first phase. The second phase is now the time taken for them to coalesce due to
a small event. The transition between these two regimes is when p; w% log L. Now suppose that
we start from a sample in I'(L, n). The first phase is then long enough that, when it ends, the spatial
location of lineages is no longer correlated with their starting points. Finally, why do large-scale
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events not lead to multiple mergers? The key point is that, when a pair of lineages ancestral to our
sample first comes within 2RB1); of one another, all other pairs are still well-separated. So if p; is
not too big, this pair will coalesce before a third lineage can come close enough to be affected by a
common event. If we take larger p;, the reason is exactly the same but now lineages have to come
within distance 2R° and coalescence is driven by small events.

Here then is the formal result which makes explicit the convergence in distribution of our spatial
genealogies to a nonspatial coalescent process. In the following, 032 (resp., 01231,[:% pL_l) is the variance
of the displacement of a lineage during one unit of time due to small (resp., large) events, see (20)
below.

Theorem 3.3. Let & denote Kingman’s coalescent, and recall that for each n € N, g, denotes the
partition of {1,...,n} into singletons. In the notation of (9), suppose a < 1 (and holds). Then,
for each integer n > 2 and any sequence (A; ) ey such that A; € T ,(L,n)* for every L,

%, () = Zp, (H)  asL— oo,

where

(1-a)p L?logL e 1.9
T ongld? if — 00
2no 2?2 Py ¢L s
= (-or’logl e 19 ¥ logL
w = 2n(02+bo3) if Py 1,bL — b e [0,00) and e — 00,
L logl i - ; L2logL
2732 if (p; '} )>1 is bounded or —£= — 0.
S

Here 4p(X) denotes the law under the probability measure P of the random variable X and = refers to
weak convergence of probability measures.

For a = 1, things are more complicated. When 1); is commensurate with L, large scale events cover
a non-negligible fraction of the torus. If they happen too quickly, then they will be able to capture
multiple lineages while the locations of those lineages are still correlated with their starting points.
For intermediate ranges of p;, lineages will have homogenised their positions on T(L) through small
events, but not coalesced, before the first large event occurs and we can expect a A-coalescent limit.
If the large events are too rare, then coalescence will be through small events and we shall recover
the Kingman coalescent again.

To give a precise result we need to define the limiting objects that arise. In the case a = 1, for each
L €N, we set

oL if p;/(L?1og L) has a finite limit,

wy = L?logL
2no2

if 1. /(12log L) — +o0,

and define .o/ as before. Since we shall need to keep track of the labels (spatial positions) of the
ancestral lineages in some cases, it will also be convenient to introduce the following rescaling of
/", evolving on T(1) for all L € N:

7L v
o (t)zzd (o t), t>0,
where by this notation we mean that the labels are rescaled by a factor L™!. Similarly, for x € T(1)"

we write Lx for (Lxq,...,Lx,) € T(L)". Finally, let us introduce the processes which will appear as
the limits of our rescaled genealogical processes.
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Definition 3.4. Let b € [0,00) and ¢ > 0. We call .o/ " the Markov process with values in U 37’[

(with labels in T(1)) such that

neN

1. The labels of the lineages perform independent Brownian motions on T(1) at speed bosz (if b=0,
the labels are constant), until the first large event occurs.

2. Large events are generated by a Poisson point process ﬁB on R x T(1) x (0,1/+/2] with intensity
measure c_zdt®dx®u (dr). At a point (t,x,r) ofﬁB a number u € [0, 1] is sampled from the
probability measure v , and each lineage whose label belongs to Brqy(x,cr) is affected (resp., i
not affected) by the event with probability u (resp., 1 — u), independently of each other. A label Z
is chosen uniformly at random in Bry)(x,cr), and all the lineages affected merge into one block
which adopts the label z. The other lineages (blocks and labels) remain unchanged.

3. The evolution of the labels starts again in the same manner.

Remark 3.5. Notice that this process looks like another spatial A-coalescent, except that now ancestral
lineages perform independent spatial motions in between coalescence events. This process is dual (in
the obvious way) to a spatial A-Fleming-Viot process in which, during their lifetimes, individuals move
around in space according to independent Brownian motions.

For each r € [0,1/+/2], let V, denote the volume of the ball Br(1)(0, 7).

Definition 3.6. Let f € [0,00) and ¢ > 0. We use AP to denote the A-coalescent, defined on
UHGN 2., for which if there are currently m ancestral blocks, then each transition involving k of them
merging into one happens at rate

(v2)!
AP = f f (Vo) (1 = V)™ v (dw)pP (dr) + B S sy

Recall the notation g, and g, (x) introduced in Notation and %p(X) and = introduced in the
statement of Theorem [3.3] We can now state the result for a = 1.

Theorem 3.7. Suppose there exists ¢ > 0 such that for every L €N, ¢; =cL. Letn € N, x € T(1)"
such that x; # x; whenever i # j, and let (A ) ey be such that for every L, A, € T' ;;(L,n)*. Then, as
L — oo,

(@) If p L7* — b € [0,00),

Ponx (“Q{_L) = ‘%]P’gan(x) (”‘Zioo’b’c)’

2no? . e
(b) If p; L2 — o0, LZT;:LL — 3 € [0,00) and if the total rate of occurrence of large events is finite

(i.e., uB has finite total mass),
L, (M) = L5 (AP9).

(C) fLZIOgL OOJ
L, (M) > L (H).
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Notice that the case (a) differs from all other cases in that the influence of space does not disappear
as L. — oo and the evolution of the limiting genealogy still depends on the precise locations of the
lineages.

The intuition behind Theorem is as follows. If ¢; o L large events cover a non-negligible
fraction of the torus, and so only a few large events are sufficient to gather two lineages at a distance
at which they can coalesce. However, a local central limit theorem will give us that on a timescale
of order at most @(L?), a lineage subject to only small events behaves approximately like Brownian
motion, whereas after a time t; > L2, its distribution is nearly uniform on T(L) (for L large enough,
see Lemma [5.4). Since the mean time before a large event affects a lineage is of order @(p;),
the limiting genealogical process (when we include both large and small reproduction events) will
depend on how p; scales with L. If p; is of order at most @(L?), then space matters and the process
/" rescaled to evolve on T(1) on the timescale p; converges to a system of coalescing Brownian
motions, whereas if p; > L2, the homogenisation of the labels/locations of the lineages before the
occurrence of the first large event which affects them leads to a limiting unlabelled genealogical
process given by an exchangeable coalescent with multiple mergers.

Remark 3.8. It is somehow disappointing that we must impose a finite rate of large events to obtain
the convergence of Theorem [3.7(b). Indeed, it seems that case (a) should give us the right picture: in
the limit, in between large events lineages perform Brownian motions on the torus of sidelength 1 due
to small events, except that now the time required for at least one lineage to be affected by a large event
is so long that lineages exhaust space and their locations become uniformly distributed over the torus
before they are taken by a coalescence event. However, when u? has infinite mass, lineages are infinitely
often in the (geographical) range of a large reproduction event over any interval of time, and we need
good control of their complete paths to actually be able to say something about the epoch and outcome
of the first potential coalescence event. Now, observe that Equation can only be generalized to the
finite-dimensional distributions of these paths, and does not guarantee that a large event cannot capture
some of the lineages at a time when they are not uniformly distributed over T(1).

Theorem deals with the case where 4); is proportional to L. Let us now comment on the
remaining cases, in which a = 1 but ¢; < L. First, it is easy to see that the convergence in (c) still
holds, since it is based on the fact that large events are so rare that none of them occurs before small
events reduce the genealogical process to a single lineage.

Second, since the total rate of large events on the timescale p; is ,uB(RJr)Lz/I,b%, it cannot be
bounded unless u? = 0 (a situation we excluded in (10)). On the other hand, for the reason
expounded in Remark we are unable to derive a limiting behaviour for the genealogy when
large events can accumulate, and so the result of Theorem [3.7(b) has no counterpart when v; < L.

Third, as explained above, when p; < bL? any limiting process will necessarily have a spatial
component. Now, because we start with lineages at distance &(L) of each other, we need to rescale
space by L in order to obtain a non trivial initial condition. The last parameter we need is the
timescale @; on which to consider the genealogical process. But a separation of timescales will
not occur here, and so the computations done in Section [5| will show that the suitable choice of @,
depends on the precise behaviour of p; /L% and p; / 1/)%. Several limiting processes are thus possible,
and since all the arguments needed to derive these limits are scattered in Sections[5|and |7, we chose
not to detail them here.
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4 Existence and uniqueness of the forwards-in-time process

Our spatial A-Fleming-Viot process associates a probability measure on type space to each point in
R2. In other words, it takes its values among functions from R? to .#;([0,1]). Evans (1997) uses
duality with a system of coalescing Borel right processes on a Lusin space E to construct a family
of Markov processes with values in the set of functions from E to .#;({0,1}") (or equivalently, to
#1([0,1])). He also obtains uniqueness in distribution of the process. In his setting, coalescing
particles evolve independently until they meet, at which point they instantly coalesce. In our case,
the particles in the candidate dual do not move independently and nor do two particles hit by the
same reproduction event necessarily coalesce, but nonetheless the key ideas from his construction
remain valid. Note that, although we present the result in two dimensions, the proof carries over to
other dimensions.

First we give a formal description of the coalescing dual and then we use the Evans’ construction to
give existence and uniqueness in law of a process p which assigns a probability measure on [0, 1]
to each point in R?. We then identify p as the spatial A-Fleming-Viot process in which we are
interested.

4.1 State-space of the process and construction via duality

We shall only present the main steps of the construction, and refer to Evans (1997) for more details.

Let us define Z as the space of all Lebesgue-measurable maps p : R? — .#,([0,1]). Two elements
p; and p, of 2 are said to be equivalent if Leb({x € R? : p;(x) # p,(x)}) = 0. Let E be the quotient
space of = by this equivalence relation. If E is a compact space, let us write C(E) for the Banach
space of all continuous functions on E, equipped with the supremum norm ||-||,,. For each n € N, let
L(C([0,1]™)) be the Banach space of all Lebesgue-measurable maps ¢ : (R?)" — C([0,1]") such
that f(RZ)" |[®(x)]|o dx < 00. A remark in Section 3 of Evans (1997) tells us that the separability of

L'(C([0,1])) and a functional duality argument guarantee that Z, equipped with the relative weak*
topology, is a (compact) metrisable space. Finally, if A is a measure on a space E’, let us write L(1)
for the set of all measurable functions f : E’ — R such that g If (e)|A(de) < 0.

Let n € N. Given ® € L}(C([0,1]™)), let us define a function I,,(- ; ®) € C(E) by

L(p;®) = < ® p(xi),<I>(x1,...,xn)> dxq...dx,,

RO " 1<i<n

where as before the notation (v, f) stands for the integral of the function f against the measure v.
We have the following lemma, whose proof is essentially that of Lemma 3.1 in Evans (1997).

Lemma 4.1. The linear subspace spanned by the constant functions and functions of the form I,,(- ; ),
with® =9 ® (l_[?zl Xi), Y € LY(dx®) N C((R*)™) and y; € C([0,1]) for all 1 < i < n is dense in
C(E).

We need a last definition before stating the existence and uniqueness result. Let n € N. For any p €
2, TE 9”,1[ such that bl(n) = {a;,...,ax}, and any bounded measurable function F : [0,1]" — R,
we set

Thlp;m; F)= f F(va_l(l): cees Va_l(n))p(xal )(dval) e p(xak)(dvak)’
(0,13

178



where a=1(i) is the (unique) block a; which contains i and v, is the variable used for the measure

p(x, ) In words, we assign the same variable to all coordinates which belong to the same block
in the partition 7. (Recall that x, is our notation for the label of block a.) Recall also the notation
p,(x) and . introduced in Notation and the following paragraph.

Theorem 4.2. There exists a unique, Feller, Markov semigroup {Q,, t > 0} on E such that for alln € N
and ® € L1(C([0,1]™)), we have

JQt(p,dp’)In(p'; ‘1’)=J Ep, 00 [ Tn (05 (1);@(x1,...,x,)) ]dx; ... dx,. (11)
(®2)"

Consequently, there exists a Hunt process {p(t),t > 0} with state-space E and transition semigroup

{Qt) t 2 0}

Before proving Theorem let us make two comments on this result. First, since the E-valued
process we obtain is a Hunt process it is cadlag and quasi-left continuous, that is, it is almost surely
left-continuous at any previsible stopping time (see e.g. Rogers & Williams 1987 for a definition
of quasi-left continuous filtrations). However, more precise statements on its space-time regularity
seem to be a delicate question, which will require a thorough investigation.

Second, as in Kimura’s stepping stone model introduced in (I)), the duality relation (II) can be
interpreted in terms of genealogies of a sample of individuals. Indeed, recall the stepping stone
model is dual to the system ({n;(t); i € I}),>o of particles migrating from deme i to deme j at rate
mj; and coalescing in pairs at rate 1/N, when in the same deme: for any t > 0, we have

| [Trr@ | =&| [Tocore].

i€l i€l

These equations show that a function (here the n;(0)-th moments) of the frequencies at different
sites of Z? and at (forward) time t can be expressed in terms of the genealogy of a sample made
of n;(0) individuals in deme i for every i € I, and run for a (backward) time t: all lineages having
coalesced by time t necessarily carry the same type, whose law is given by the type distribution at
the site where their ancestor lies at backward time t (or forward time 0). Equation (11 can be
interpreted in exactly the same manner, but holds for a much wider collection of functions of p and
.

Proof of Theorem The observation that the construction of Evans (1997) can also be justified
in our setting follows from Remark (a) at the end of his Section 4.

Existence and uniqueness of .¢/ are easy from Assumptions (6) and (8). Next, we must verify
consistency of ./ in the sense of his Lemma 2.1. In fact, this is the ‘sampling consistency’ described
in the introduction and was a primary consideration in writing down our model. It follows since
the movement of the labels of a collection of blocks does not depend on the blocks themselves and
from the fact that a coalescence event of the form {({1}, x;), ({2}, x5)} — {({1,2}, x)} for a pair of
particles corresponds to a jump {({1},x;)} — {({1}, x)} onto the same site x € R? if we restrict our
attention to the first particle.

The next property needed in the construction is that provided it is true at t = 0, for every t > 0 the
distribution of the labels in .¢/(t) has a Radon-Nikodym derivative with respect to Lebesgue mea-
sure, and furthermore an analogue of Evans’ Equation (4.2) holds. In the setting of Evans (1997),
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the first requirement stems from the independence of the spatial motions followed by different labels
and the corresponding result for a single label. Here, since the motion of all lineages is driven by the
same Poisson process of events, their movements are correlated. However, the desired property is
still satisfied. To see this, note that each jump experienced by a lineage in the interval [—t, 0] takes
it to a position that is uniformly distributed over the open ball affected by the corresponding repro-
duction event. Thus, if .¢/(t) has k blocks and D ¢ (R?)X has zero Lebesgue measure, the probability
that the labels of the blocks of .&/(t) belong to D is equal to 0. Equation (4.2) of Evans (1997) then
still holds, without Evans’ additional assumption of the existence of a dual process for the motion of
one lineage (which anyway is satisfied since our lineages perform symmetric Lévy processes).

The last step is to check the strong continuity of the semigroup {Q,, t > 0}, but this readily follows
from the relation and the Feller property of ./ (which is itself evident since jumps do not
accumulate in our dual process).

The desired conclusion now follows from Theorem 4.1 in Evans (1997). O

4.2 Identification of the process

We can use to derive an expression for the infinitesimal generator of {p(t),t > 0} acting on
the functions I,(- ; ®) considered in Lemma This lemma and the uniqueness result stated in
Theorem guarantee that it will be sufficient to characterize the process p and to show that
it corresponds to the evolution we described in Section [2| in terms of a Poisson point process of
reproduction events.

Let n € N and & € C(E) be such that ® = ¢ ® ([]'_, x;), where ¥ € L'(dx®") n C((R*)") and
xi € C([0,1]) forall 1 <i < n. Writing G for the generator of the process p and ¥, for the generator
of the coalescing Lévy processes .«/ acting on functions of Q’f, we obtain from that

E, [I,(p(8), ®)] - I,(p, ®)
t

Gln(p ;@) = }I_I‘)I(l)
n

— lim ~ w(xl:"':xn){Epn(X) [Tn(P5*‘Zf(t);ﬁxl‘)] -
i=1

t—0 t (R2)n

(p(x0), m} dxen
1

i=

o e A R N L (12)
i=1

(R?)"

Note that the quantity on the right-hand side of is well-defined (and the interchange of limit
and integral is valid) since 1 belongs to L'(dx®") and the rate at which at least one of k < n
blocks is affected by a reproduction event is bounded by n times the integral in (5)), so that .«/ is a
jump-hold process and its generator satisfies

[ (o3 -] T:)] | = 20
i=1

for a given constant C < 0.

n n
Ty (p; - 21_[)(1') HOO <2Cn| lzilloo <0
i=1 i=1

Using the description of the evolution of .¢/ in terms of events in II, the right-hand side of is
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equal to

00 1 dz
dx®Y(xp,en) | dy | wdr) | vdw) | —
(R2) R2 0 0 B(y,r) nr

X Z |:l_[ lB(}’,T)(Xi)l_[ ]'B(y,r)c(xi’)i|
n}

Ic{l,..., iel i'¢l
S a1~ [l_[ (o(x), m)} |:<p(z), [Tz)-TTeen, x;)} . (3)
Jcl i I <

where | - | stands for cardinality. Indeed, given xi,...,x, in (13)), only one term in the sum over
I c {1,...,n} is non-zero. For this particular term, each of the |I| blocks whose labels lie in B(y, r)
belong to the set J of the blocks affected by the event with probability u (independently of one
another), and the affected blocks adopt the label z. After some algebra and several uses of Fubini’s
theorem, we obtain that is equal to

00 1 1
f dy J u(dr) J v, (du) d—ij p=(dk) f dxy .. dxy P(x, - - s X)
R2 0 0 B(y,) "7 Jo

x>0 T T G toe 20 | [ 150000

Ic{1,...,n} jé¢I i€l
X(n((l_u)pxi+u5k5)fi>_l_[<pxi5)(i>): (14)
i€l i€l
which is precisely the generator of the forwards in time process of Section |2l Using Theorem

we arrive at the following result.

Proposition 4.3. The martingale problem associated to the operator G defined by on functions
of the form given in Lemma is well-posed. Furthermore, the spatial A-Fleming-Viot process p of
Theorem is the solution to it.

5 Some estimates for symmetric Lévy processes

In this section, we gather some results on symmetric Lévy processes that we shall need to call upon
in our proofs of Theorem 3.3|and Theorem|[3.7] For the sake of clarity, the proofs of the three lemmas
are given in Appendix [Al

First, we introduce some notation that we shall use repeatedly.
Notation 5.1. 1. In the following, we shall suppose that all the random objects considered are con-
structed on the same probability space (2, Z,P), and if X is a process defined on Q with state-

space E and x € E, we shall write P,. for the probability measure on € under which X(0) = x
a.s.

2. For a stochastic process {X,};>q evolving in T(L), we shall write T(R,X) for the first entrance
time of X into By;)(0,R). When there is no ambiguity, we write simply T(R).
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Let (£¥);>; be a sequence of Lévy processes such that for each L € N, ¢ evolves on the torus T(L)
and ¢%(1) — ¢£(0) has a covariance matrix of the form O‘%Id. Assume that the following conditions
hold.

Assumption 5.2. (i) There exists 0% > 0 such that 07 — 0% as L — oo.
(ii) Eo[[€%(1)[*] is bounded uniformly in L.

Our first lemma describes the time £© needs to reach a ball of radius d; < L around 0, when it starts

at distance @(L) of the origin (recall the definition of I'(L, 1) given in Section [3).
loijg(?) — v €[0,1) as L — oo. Then,

1—7y)L%logL
e, [ > G705 ]
o

Lemma 5.3. Let (d;);>; be such that liminf; , d; >0 and

lim sup sup =0. (15)

L—=00 >0 x;er(L,1)

The proof of Lemma follows that of Theorem 2 in Cox & Durrett (2002). In particular, we shall
use the following local central limit theorem (which is the counterpart in our setting of Lemma 3.1
in Cox & Durrett 2002). Let |z] denote the integer part of z € R, and write p%(x, t) for P, [¢L(t) €
B(O) dL )] .

Lemma 5.4. (a) Let £; = (log L)~'/2. There exists a constant C; < oo such that for every L > 2,

LE'LLZJ
sup sup 5
t>]e, 2] x€T(L) L

pE(x, ) < C. (16)

(b) If v = o0 as L — oo, then

2 2

lim su sup — | pX(x t)—h =0 (17
p P 2 p > L2 - Y-

L2090 1> 1y,12) xeT(@) 4]

(c)Ifu, »ocoas L —ooand I(d;,x)=1+(|x|*V df), then

202t
dZL pL(x3 t)_]-
L

lim sup sup =0. (18)

L=00 yem(L) u, 1(d,,x)<t<e, L2

(d) There exists a constant C < 00 such that for every L > 1,

2
X
sup sup (1 + %) pr(x,t) < C,. (19)
>0 xeT(L) d;

In essence, Lemma says that on the timescale df < t < L2, the Lévy process £* behaves like two-
dimensional Brownian motion, whereas at any given time t > L2, its location is roughly uniformly
distributed over T(L).

Another consequence of Lemma is the following result, which bounds the probability that £ hits
a ball of bounded radius during a ‘short’ interval of time in the regime t > L2.

Lemma 5.5. Fix R > 0. Let (U;);>; and (u;);>1 be two sequences increasing to infinity such that
U L™2 = 0o as L — oo and 2u; < L%*(logL)~Y/? for every L > 1. Then, there exist C > 0 and Ly € N
such that for every sequence (U} );>1 satisfying U; > U for each L, every L > Lq and all x € T(L),
Cu;p
B[ TR ) e [U] —u, U] < -
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6 Proof of Theorem [3.3l

Armed with the estimates of Section [5} we can now turn to the proofs of our main results.

Notation 6.1. For each L > 1, let {EL(t),t > 0} be the Lévy process on T(L) whose distribution is
the same as that of the motion of a single lineage subject to the large and small reproduction events
generated by IT5 and IT5.

In the rest of this section, we assume that the assumptions of Theorem [3.3] are satisfied.

6.1 Coalescence time for two lineages

We begin by studying the genealogical process of a pair of lineages starting at distance (L) from
each other. Since the motions & f and & é of the lineages are distributed like two independent copies
of the process & until the random time T, at which they come at distance less than 2RB1);, the
difference

XM =e(—-&5(1), O0<t<T,

has the same distribution as {& Lat), o<t < % T(2RBy,, &L )}. We shall use Lemmato derive
the limiting distribution of T}, but first we need to introduce the relevant variances. Consider a
single lineage. Because it jumps at a finite rate owing to small and large events, the following two
quantities are well-defined and finite :

o’= f y* x'(dy,dz) and oi= f y2 ¥B(dy,dz), (20)

where y° stands for the intensity measure of the small jumps experienced by the lineage and y 2 for
that of the large jumps renormalised by 1/;[1 (the form of these two measures is given in ). We
now have all the ingredients we need to describe the asymptotic ‘gathering time’ of two lineages.

Proposition 6.2. (a) If p; '¢? — 00 as L — oo, then

1—a)p;L?logL
lim sup  sup Py, [TL > ( )p; > & t] —etl=o0.
L—oo >0 ajer,,(L,2)* 2nogyy
(b) prL_lll)% — b€ [0,00)as L — oo, then
] (1—a)L?logL .
lim sup sup Pao | TL> -5 t|—¢ |=0
L—0oo t>04,er,,(L,2) 2n(o; +boy)

Proof of Proposition Let us first recall two results on Poisson point processes, which are conse-
quences of the exponential formula given, for instance, in Section 0.5 of Bertoin (1996). Following
Bertoin’s notation, let {e(t),t > 0} be a Poisson point process on R x R, with intensity measure
k(dy) ® dt, where the Borel measure « satisfies

J [1—eY|k(dy) < oo and J y"k(dy)=0, me{l,3}. 21
R R
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Under these conditions, we have for each fixed t > 0

B[ (Sew)’| - rf yAx(dy), (22)
R

s<t

2
E[(Ze(s))q =3t2(f yZK(dy)) +tf yir(dy). (23)
R R

s<t

These properties will be useful in computing the variances and fourth moments of the random
variables considered below.

Let us start with the proof of (a). Consider the process £- defined by: for every t > 0,
1
Yy

This process evolves on the torus of sidelength w;lL, and makes jumps of size 6’(1,[);1) at a rate of
order @(p;), as well as jumps of size #(1) at a rate of order &(1).

Let us check that ¢! satisfies the assumptions of Lemma To this end, we view £(1) starting
at 0 as the sum of its jumps and adapt the problem to use the results on Poisson point processes
given above. First, let us define £ as the Lévy process on R? evolving like ¢! (but without periodic
conditions). For i € {0,1} and each L > 1, t > 0, let £(t) denote the i-th coordinate of £-(t). Note
that the distance reached by ¢ up to a given time t is less than or equal to the distance at which #*
traveled up to t, and so we can write

()= — &L (2p.t).

o [ (1] < B [H ] =B [ {1210 + 22212} ]
< 2{B [I41 (1)) +E, [142(1)*] }.

By symmetry, we need only bound E [£>1(1)*]. Let us denote by ay,ay, ... € [—2R /1), 2R /v, ]?
(resp., by, by, ... € [—2RB, 2RB]?) the sequence of the jumps of /1! before time 1 due to small (resp.,
large) events. Using the convexity of y — y*, we have

- 4 4 4
B[00 =5 | (et 207) | <880 (Ta) '+ (X0) | oo
i j i j
Applying (23)) to each term on the right-hand side of (24) yields

X o} P
Eo [0+ (1))*] <96-% o + 16—
Yy Yy

which is bounded uniformly in L since p Lq,bzz vanishes as L grows to infinity, and each integral
is finite. Coming back to the original problem, we obtain that Assumption (ii) holds for the
sequence of processes (£1); ;.

J y4yS(dy,dz) + 9603 + 16J y*yB(dy,dz), (25)

Concerning Assumption (i), observe that a% is simply the variance of ¢%!(1). To obtain the
asymptotic behaviour of o7, we show that up to time 1, ¢ does not see that it is on a torus. Hence,
with high probability ¢%1(1)? = £%-1(1)? and so

Eo [-1(1)2] ~mE[£21(1)?] = 2% J y2yS(dy,dz) + ZJ y*xB(dy,dz) =202+ 0(1)
L
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as L — oo, where the second equality uses (22)). To make the first equality rigorous, we apply Doob’s
maximal inequality to the submartingale |¢L|*. This yields, with a constant C > 0 which may change
from line to line,

w4
o g, PO g | < G s

But the calculation in (25) shows that the latter expectation is finite, and so

|: sup [0L(s)| > —} wL. (26)

0<s<1 QpL

On the event & = { supy<,;<; 0L (s)] < 3111 ——1, the paths of ¢* and " can be coupled so that £X(s) =

% (s) for every s € [0, 1], and since these quantities are bounded for each L we can write

Eo [(€41(1))*] =Eo [(Z1(1))* 14, ] +Eo [(£-1(1))? 14]
=Bo [(L41 (1] = Bo [(@%1(1))? 1ge ] +Eo [(€-1(1))% 1] (27)

By and the fact that ¢* evolves on the torus of size szl, the last term on the right-hand side
of is bounded by
12 4 2
C — w— =C 1/J_ 0 as L — oo.
Y7 vz
For the second term on the right-hand side of , let §7(1) = supp<,<q |€X(s)|. Using Fubini’s
theorem on the second line, we have

Eo[(241(1))% 1ge] < B [51(1)% 1]

=JOOIP’0 [§L(1) > 2y ﬁ] dy
0 3y,
2

:L—]P’[s(l)>—] oo]P’[s‘(l)>f]d (28)
R ST I PR L

992

Now, by the argument leading to , Py[$,(1) > /¥] is bounded by Cy~2 for each y > 0, where
C is a constant independent of y. Consequently, the right-hand side of is bounded by

d
Ch+CJ —y—>0 as L — oo.
L® oud) ¥’
Coming back to (27)), we can conclude that
2 _ o2
o7 =203 +0o(1) as L — oo.

If we now recall the equality in distribution described at the beginning of the section, we can use
Lemma applied to £ on the torus of size szl and the entrance time into B(0,2R?) to write
that

lim sup sup =0. (29)

=00 >0 Ayer,,(L,2)

P, |:TL pL(L/wL)zlog(L/wL) :|—e_t

271:(73
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By the assumption on |alog L — log(2); )| introduced just after @ and Lemma applied to ¢ to
2 2

bound the probability that T; lies between 2 LLZTltzgz(le/;l)L) and (17;‘3{’; LZLw;og L, (a) of Proposition
BYL BTL

follows from (29).

Let us now turn to the proof of (b). This time, we define £* for every t > 0 by

1
e (t) = —— &M (2y7t).
Y
Similar calculations give, as L — oo,
Eo [1€*(1D)P] =202 +2boj +0(1)  if p;'4p? — b€ [0,00).

and E, [IKL(1)|4J is bounded uniformly in L. We can therefore apply Lemma to L as above. [

Having established the time that it takes for two lineages starting from distance L apart to come close
enough together that they have a chance to coalesce, we now calculate the additional time required
for them to actually do so. We shall have to distinguish between several regimes, depending on
whether large or small events prevail in the evolution of the pair of lineages. Our goal in the rest of
this section is to prove the following result.

Theorem 6.3. For each L € N, let t; denote the coalescence time of the pair of lineages under consid-
eration. Then,

2
(a)If%—>ooasL—>oo,
L

1—a)p,L?logL
lim sup sup Py, |:tL > ( )pé 5 & t:| —efl=0.
L—=00 >0 A er,,(L,2) 2nogy
2 2
(b)If%Hbe [0,00) and %Ho@a@%o@
L L
1—a)L?logL
lim sup  sup Py, |:tL > (2)—g2 t] —etl=o0.
L—=00 >0 ajer,,(L,2) 2n(o; +boy)

4 _ ) 2
(c) U(%)L>1 is bounded or L;&L — 0as L — oo (and so q‘I’Lp(’gL
L= L L

— 0), then

lim sup sup

Py, |t >
L= >0 Ajer,,(L,2)

The cases (a) and (b) are separated only because the timescales of interest are not of the same
order, but the reasons why they hold are identical: in both cases, large jumps are frequent enough
that, once the lineages have been gathered at distance 2RB1);, they coalesce in a time negligible
compared to T;. In contrast, in (c) we assume that the rate at which the lineages are affected by
large events is so slow that we have to wait for the lineages to be gathered at distance less than 2R®
before they have a chance to coalesce (and they do so in a negligible time compared to L?logL).
If none of the above conditions hold, then the proof of (¢) will show that, also in this case, the
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probability that a large event affects the lineages when they are at distance less than 2R5); and
before a time of order @(L?log L) vanishes as L tends to infinity. However, we are no longer able to
describe precisely the limiting behaviour of t;, see Remark|[6.8]

Let us first make more precise the sense in which the additional time to coalescence is negligible
once the lineages have been gathered at the right distance.

Proposition 6.4. Let (®;) L>1 be a sequence tending to infinity as L — oo.

(a) If (®1);>1 is such that

w21 —>0asL—>oo,wehave

Jim sup Py, [tL>®1p.] =0, (30)

where the supremum is taken over all samples A; = {({1}, xf), ({21}, xé)} such that |x1 —X, L| < 2RBy,.

(b) Under no additional condition, we have

li Py [t,>®,]=0 31
LE{’I‘)SE’LP x [t > @] =0, €10

where the supremum is now taken over all samples A, = {({1},x}), ({2}, x%)} such that |x} — x}| <
2R°,

YilogL
PrL

Taking ®; = o log L(l ApLyY Lz) the result in (a) shows that when — 00, the coalescence

time of two lineages at distance at most 2R5+)); is indeed much smaller than T; (which is of order
L%logL x (1A ppp;2) by Proposmon.

Proof of Proposition Recall that for each L € N, we defined X! as the difference between the
locations of the lineages & % and & 5 on the torus T(L). In the following, if both lineages are affected
by the same event, we shall consider that X* hits 0 but the number of lineages remains equal to 2,
which means that they can separate again later (if the measures v} and vf are not all the point mass
at 1). However, it is the first time at which such an event occurs which will be of interest, and we
keep the notation t; to denote this time. As we already noticed, X’ behaves like {£X(2t), t > 0}
outside B(0,2R®1); ), whereas inside the ball it can hit 0 owing to reproduction events affecting
both lineages &% and &%.

Case (a). For each L €N, set qé = Qé =0 and for every i > 1,

Q=i f{t>q11 XL(t)¢B( RquL)}
and
=inf{t>Q!: X}()eB(o, ;RBwL)},

with the convention that inf @ = +o00. We shall use the following lemmas, which will enable us to
describe how X! wanders around in T(L), independently of whether it ever hits O or not.

Lemma 6.5. There exist a function g : R, — R, vanishing at infinity, C; > 0, uy > 1 and L, € N such
that for every L > L, and u > ug,

sup Py,x a7 > pru] <gw)  if pp = 0W7),
xeB(O,4RB)\B(O,(7/4)RB)
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sup Py, a7 > Y7u] < “ if p; 17 -0
X — .
XEBOARPN\B(O.(7/4RE) L logu Lt

Lemma will give us good control of the probability of a long excursion outside B(0, (3/2)RE+;).

Lemma 6.6. Suppose that
Leb({r € [0,RP]: vB ¢ {5,,5,}}) >0. (32)

Then, there exists a constant C, < 0o such that for each L > 1,

1 L
sup — By, [Q]] < Cq.
x€B(0,(3/2)RB) PL

Condition (32)) guarantees that, whenever X’ hits 0, it has a chance not to remain stuck at this value
for all times. Lemma then tells us that X starting within B((3/2)RB);) needs an average time
of order @(p;) to reach distance (7/4)RB+); from the origin.

Lemma 6.7. Suppose that p ngz remains bounded as L — oo. Then, there exists 0; € (0, 1) such that
forevery L > 1,

inf P, [X" hits 0 before leaving B(0,(7/4)R?y ;)] > 6;. (33)
x€B(0,(3/2)R?)

If liminf; pL_li,l)% =0, there exist 6, € (0,1) and 65 > 0 such that

inf P, . [X" hits 0 before leaving B (0,(7/4)R" )]

x€B(0,(3/2)RB)
2
292(1—exp{—03ﬁ}). (34)
Pr

The proofs of these lemmas are given in Appendix B

The following technique is inspired by that used in Cox & Durrett (2002) and Z&hle et al. (2005),
although the motions of the lineages and the mechanism of coalescence here are more complex and
require slightly more work. Our plan is first to find a good lower bound on the number of times
the lineages meet at distance less than (3/2)RB1); (and then separate again) before time ®; p;. In
a second step, we use the estimates on the probability that during such a gathering the lineages
merge before separating again derived in Lemma[6.7} and obtain that coalescence does occur before
®; p; with probability tending to 1. For the sake of clarity, we show in the case where p; 1/){2
remains bounded, and then comment on how to adapt the arguments in the general case.

Assume first that Condition ID holds. Recall the definition of Ql.L and qiL given above, and define
ky by
k; =max{n: Q. <&;p;}.

By Lemma there exists a positive constant 8; such that for every L > 1 and x € B(0, (3/2)RBvy,),

P, [X" hits 0 before leaving B(0,(7/4)R®y ;)] = 6.
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Hence, for every x € B(0,2R?1) ), we have
Pe[t,>®;p,] <Pt >Qf ] <E.[(1-6)"]. (35)

Let us fix x € B(0,2R%) ;) and show that k;, — oo as L — oo, in P-probability. The fact that the
bounds obtained below do not depend on x € B(0,2R?1); ) will then give us the desired uniformity.
Let M € N. We have

Py [ky <M] =P, [Q}; > P.p;]

M M-1
=P, [Z(Qf —qf )+ D (g -Qh> @m}
i=1 i=1

< J L L ;05 = L L ¢, p; 6
—ZPx Q=% > 5 +2Px qi—Qi>m , (36)
i=1 i=1

where the last inequality uses the fact that at least one of the 2M — 1 terms of the sums on the
second line must be larger than a fraction (2M — 1)~! of the total time. Now, using the Markov
inequality, the strong Markov property at time ql.L_1 and then Lemma we can write for each i

o, p 2M
L L LFL L L
Py |:Qi 917 o :| = . p; E [Qi —q;i4]
2M

< sup By, [QF]
PLPL yeB(0,(3/2)RP) oy

2MC,

'3

<

If we now apply the strong Markov property to X’ at time Qf and use Lemma together with the
fact that X L(Qf) € B(0,4RB1), ) with probability one, we obtain for each i, and L large enough

L_poLo 2P _ %
P [qi Q> 2(M—1)} Sg(z(M—l))‘

Coming back to (36]), we arrive at

2

Pk <M] < M +(M-1) i 0 L — 00
< - — | =0, as L — oo.
XL - 9, Elam -1

To complete the proof of (a) when Condition holds and p szgz remains bounded, let £ > 0 and
fix M = M(¢) € N such that
(1 - 91 )M < E.

Splitting the expectation in into the integral over {k; > M} and {k; < M} yields

limsup sup P,[t;>®;p; ] <e+limsup sup P.[k; <M]=c¢,
L—oo  xeB(0,2RB4;) L—oo  xeB(0,2RE4);)

and since € was arbitrary, the desired result follows.
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When Condition |l is fulfilled but p L@,b;z is unbounded as L — oo, we can apply the same tech-
nique to obtain (30). This time, using the second result of Lemma[6.7] we can write as in that,
for every x € B(0,2RB);),

Px[tL><I>LpL]SEXK1—02(1—exp{ eglpﬁf})) ]

The same arguments as above (using the second part of Lemma [6.5)) yield, for L large enough,

pL} _ 2CM?p; CMpy
U’L - "/J‘L“I’L 1/)%10g(‘1’L/2M)’

which tends to 0 as L tends to infinity by our assumption of (®;);>;. We conclude in the same
manner, using the fact that when 1/)% /P — o0,

(1-0(1-ex{ -0, 21})) """ o
L

Let us finish the proof of (a) by removing the assumption (32). In the preceding proof, the main idea
is that each time X' passes through B(0,(3/2)R®1), ), the two lineages have an opportunity to try
to coalesce and their success probability is bounded from below by the quantity obtained in Lemma
However, if we do not assume that holds, X’ may become stuck at 0 once it has hit it, and
so the number k; of such sojourns in B(0,(3/2)RBv);) may be finite. This makes our arguments
break down. Nevertheless, X% can only hit 0 through a coalescence event, and so this issue is merely
an artefact of the technique of the proof. To overcome it, let us increase the rate of reproduction
events by a factor 2, but divide each probability to be affected by 2. Overall, coalescence will take
a longer time in this new setting, but the motions of the lineages before their coalescence time will
remain identical in distribution.

sup [kL <M
x€B(0,2RBv )

More precisely, assume that . ) does not hold. Define HB as a Poisson point process on R x T(L) x
(0, 00), independent of IT} and TT? and with intensity measure 2(p %) 'dt ® dx ® u¥(dr), and for
each r > 0 such that vr 01, set vr = 81/ Let also HS be a Poisson point process with the same
distribution as IT; and independent of all the other point processes. Call X the process defined in
the same manner as X" but with IT? (resp., 1T}, v?) replaced by I1? (resp., IT5, ¥%). By computing
the intensity of the jumps of a single lineage, one can observe that it is equal to

2 (M L@ LL(
dt® (— 1{VB 51}” (dr)d(’t/)LX)+
| 1xI/2 Jo

PL Jix|/2 2nr

x)
5 U vﬁ(du),us(dr)dx) ,

which is precisely that of L. Here, L,(x) stands for the volume of B(0,r) N B(x,r). If we now
compute the coalescence rate of two lineages at distance z € [0, 2R5%)); ], we obtain the same term
due to small events for X* and X*, to which is added the respective contributions of large events

RB RE
1 1
_J Lr(z)l{vf:51}MB(dr) and 2_f Lr(z)l{vfzél}u’B(dr)
Pr %/2 PrL z/2

Hence, the evolutions of both processes follow the same law outside B(0,2R%4));), the contribu-
tion of large events whose area encompasses only one of the two lineages is identical even within
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B(0,2RB4);), and coalescence occurs at a higher rate for X! than for X*. This gives us for every
L>1and x € T(L),

P [ty > @ pp] <P, [, > P01 ],

where ; is defined in an obvious manner. But Condition holds for X%, and so we can use the
result obtained in the previous paragraph to complete the proof of (a) when does not hold.

Case (b). The arguments are essentially the same. First of all, since we assumed that p; grows to
infinity as L — oo, and because

P [t >®;] <P [t; > @]

whenever &; > <I>’L, we can restrict our attention to sequences (®;);>; such that pL_1<I>L — 0 as
L — o0. Let & denote the event that no large events affected any of the lineages before time ;.
Let 6,,,x € (0,00) be such that the maximal rate at which at least one of the two lineages of the
sample is affected by a large event is less than GmaXpL_l (recall that the total rate at which at least
one of two lineages is affected is smaller than twice the corresponding rate for a single lineage,
which is finite and independent of the location of the lineage). For each L € N, define e; as an

exponential random variable, with parameter GmaxpL_l. By our assumption on ®;, we can write

Qmaxq)L

P [&]1<Ple, <®;]=1~- exp{ -
PL

}—>O, as L. — oo.

The distribution of the process X% up to the first time at which it is affected by a large event is
equal to that of X! (defined as the process experiencing only small events) up to the random time
e(X1), so that if pL_19B’ 1 (x) is the rate at which at least one of two lineages at separation x € T(L)
is affected by a large event, then for each t > 0 and y € T(L)

P, [e(X") > t] =Ey[exp{—ftw ds}}.

0 PL

By the definition of 0,,,,, for each L € N the variable e, is stochastically bounded by e(X%). Conse-
quently, if £; denotes the coalescence time associated to X* (or, more precisely, to the model where
lineages are affected only by small events), we have for each x € B(0, 2R*)

Py [t 2@, ] <P, [t >®;; 6] +P,[6]]
<P, [{,>®,]+0(1) asL— oo,

where the remaining terms converge to 0 uniformly in x € T(L). Then, an easy modification of the
proof of (a) with “ap; = p; = 1” yields the desired result and completes the proof of Proposition

6.4 O

We can now turn to the proof of Theorem [6.3
Proof of Theorem [6.3}
Cases (a) and (b). For (a), let us define ®; for each L € N by

pLL?

L:d)%logL'
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Let t > 0 and (A;);>1 be such that A; € T' (L, 2)" for each L € N. Introducing the time T; needed
for the two lineages of the sample to come at distance less than 2RB1); , we can write

(1-a)p;L?logL
BYL
1—a)p;L?logL 1—a)p;L?logL
=Py, |:tL>( )p; 5 g ; L>( )p; 3 g t—@L} @37)
2oz Y7 2nogP7
1—a)p,L?logL 1—a)p,L?logL
+IP’AL[tL>( )p; 5 g t; TLS( )pé > g t—<I>L] (38)
2nogy 2nogy

Using the strong Markov property at time T; and the uniform convergence derived in Proposition
[6.4(a), we obtain that the expression in (38) tends to 0 as L — oo independently of the choice of
t >0 and (A;);ey. For (37), note that

(1-a)p;L?logL (1-a)p;L?logL
PAL|:tL> 2,/,2 s 1= 2,/,2 %
2nogy 2nogy
(1—a)p;L?logL
o, [ > Qo puitnt )
2nogy
1—a)p, L?logL 1—a)p, L*logL
SIP’AL[( ol logl o g, <T@l log t] (39)

2nogy 2nogy

Since X! (defined at the beginning of Section |6.1) has the same law as {££(2t),t > 0} until the
random time T}, we can bound the quantity in by working directly with the latter process. In

order to apply Lemmato {4 1EE(2p, L), t > 0}, with
(1—a)L?logL ®; L?
anoZy? 0 M 2p, 2y?
nozY] pr  2+7loglL

U, = and R = 2R5,

we need to check that U;y?L ™2 — oo and u; < (recall that this process evolves on the

LZ
¥ v/108(L/41)
torus of size wzlL.) Both conditions are fulfilled here, and so by Lemma the right-hand side of
is bounded by
ce Yy C

7 = —0 as L — oo.
pLL log L

Hence, coming back to (37), we can use the result of Proposition [6.2] and the uniformity in t > 0
and (A;);>1 of our estimates to obtain

=0.

lim sup  sup

(1—a)p;L?logL t] .
—e
L=00 >0 4, er,(L,2)*

P, | t; >
A [ t 2noiy?

The proof of (b) follows exactly the same lines, with &, = L2(logL)! and Lemma applied to
YY)

Case (c). In contrast with the two previous cases, where coalescence in the limit is due to large
events only, here the pair of lineages can coalesce only through a small event. To see this, let us
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define Tf as the first time at which the two lineages (indexed by L) come at distance less than 2R’
from each other, and 7; as the first time at which at least one of them is affected by a large event
while they are at distance less than 2R5+); (i.e., while X* € B(0,2RB4);)). Note that for each L,
T, and 7 are stopping times with respect to the filtration {Z#;, t > 0} associated to IT; U ng as we
trace backwards in time. In addition, define TL* as the entrance time of £ into B(0, 2R%) and %; as
the first time £ makes a jump of size @(+);) while it is lying in B(0,2R5+));). These two random
times are stopping times with respect to the filtration {%,, t > 0} associated to £. We claim that
for each L €N,

(XE(0), t <t AT {gh(20), 20 < 7, AT, (40)

where the notation @ refers to equality in distribution. Indeed, as long as X* has not entered
B(0,2R%) and no large event has affected it while it lay in B(0,2RB4;), coalescence events are
impossible and the rates and distributions of the jumps of both processes are identical. We cannot
include the terminal times in (40) since the values of the processes will differ if v, A T/ = 7, and
the corresponding event is a coalescence, but since X* and & are jump processes with finite rates,
we can easily see that the event {t; AT} =7} (resp., T, AT, =T}) is F e, nTi)- (TESP, ﬁ(%L,\T;)_)
-measurable. Hence, for each L € N, A= p,(x;,x,) and x = x; — x5 € T(L), we have

Pa[r, <T;] =P [%, < T/]. (41)

Let us now bound the right-hand side of under the assumption that (Pflwi) Len is bounded.
Analogous computations to those in the proof of Proposition show that {EX(2t),t > 0} itself
satisfies Assumptionwith 0'% = 2‘752 +o0(1) as L — oo. Hence, Lemma applied with d; = 2R®
gives us

lim sup sup =0. (42)

L=00 >0 x,er(L,1)

L?logL
& t] —et
2n0?

Py, [TL* >

Let 0,,., < 0o be such that for every L € N, the rate at which £ makes a jump of size @(v;) is
bounded by 6,,,./p;. Fixing ¢ > 0 and K > 0 such that e~277:K
and any sequence (x;);>; such that x; € I'(L, 1) for every L:

< g, we have for L large enough

Py, [ 1 < T/]
=P, [T, <T/ <KL?logL] +P, [%, < T} ; T; >KL*logL]
<P, [, <KL?logL] +P, [T/ >KL?logL]

0 KL?logL
< E,, [1 — exp{ — %J 1B(O,ZRB¢L)(§L(25))ds}] +e. (43)
L Jo

4/ logL L2/4/logL L24/logL KL%logL .

+f1p%1/10gL + L2/1/10gL+ L24/logL and using
the four results of Lemma there exists Ly € N, and a,a, > 0 independent of L, (x;);>; and
K > 0, such that for every L > L,

2
Splitting the integral below into the sum f (:p t

KL?logL
EXL |:f lB(O,ZRBlpL) (gL(ZS))dSi| < (Cl] + aZK)’Ql)% IOgL
0
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Hence, the first term on the right-hand side of is bounded by

2
ExL |: - J lB(O,ZRBll’L) (EL(ZS))dSi| < Omax(a; + axK) L s
PrL Jo PrL

which tends to 0 as L — oo, independently of the sequence (x;);>; considered. As ¢ in (43) is
arbitrary, we can conclude that

lim sup P, [%, <T']=0,
L—=0oy er(r,1) L L

and by , the same result holds for X’ and any sequence (A, )<y such that A, € T',(L,2)* for
every L. In words, we have obtained that with probability tending to 1, any pair of lineages starting
at distance @(L) from each other gather at distance 2R°® before having a chance to coalesce through
a large reproduction event. By using the same method as in (a) but this time with the result of
Proposition (b) and with Proposition replaced by (42), we obtain the desired conclusion
under the assumption that (pL_lwi') Len is bounded.

When p; > L?log L, with probability increasing to 1 no large events at all affect any of the lineages
by the time they are gathered at distance 2R’ by small events. The result then follows from the same
arguments, with & replaced by the motion of a single lineage subject to only small reproduction
events. |

Remark 6.8. Let us comment on the cases not covered by the theorem, that is Q/J‘L’r > p;, P is of order
at most L?log L and pL_l’L,D% log L has a finite limit (possibly 0). When the latter limit is positive, from
the results obtained so far coalescence events due to small and to large reproduction events occur on the
same timescale and depend on the precise paths of the two lineages. Therefore, we do not expect t; to
be exponentially distributed (with a deterministic parameter). When p;lgb% log L tends to O, the same
reasoning as in the proof of (c) gives us that the probability that a large reproduction event causes the
two lineages to coalesce before a time of order L2 log L vanishes as L — oo. However, X* does not satisfy
the conditions of Section |5| (Assumption as it does when the assumptions of (c) hold. Using instead
(= Ql)le L(gb%-), the time needed for the lineages to come at distance less than 2R® translates into
T(€%,2RS /ap;), which is not covered by Lemma and requires estimates of the entrance time of the
jump process into a ball of shrinking radius, which we have been unable to obtain.

6.2 Convergence to Kingman’s coalescent

To complete the proof of Theorem (3.3} we now turn to the genealogy of a finite sample, starting at
distance ¢(L) from each other on T(L).

We can already see from our analysis for a single pair of lineages that our spatial A-coalescent
is similar in several respects to the coalescing random walks dual to the two-dimensional voter
and stepping-stone models with short-range interactions (see e.g. Cox & Griffeath 1986, 1990 for
a study on Z2, and Cox 1989 or Zihle et al. 2005 for examples on the torii T(L) N Z2). It will
therefore be no surprise that the analogy carries over to larger samples. In most of the papers
cited above, the authors are interested in the sequence of processes giving the number of blocks in
the ancestral partition. They show that, when the initial distance between the lineages grows to
infinity, the finite-dimensional distributions of these counting processes converge to those of a pure
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death process corresponding to a time-change of the number of blocks of Kingman’s coalescent. In
Cox & Griffeath (1990), more elaborate arguments yield the convergence of the finite-dimensional
distributions of the unlabelled genealogical processes to those of Kingman’s coalescent. Instead of
adding a new instance of such proofs to the literature, we shall simply explain why the same method
applies to our case. This will also enable us to prove the tightness of the unlabelled genealogical
processes.

Proof of Theorem (i) Convergence of the finite-dimensional distributions.

We follow here the proofs in Cox & Griffeath (1986) (for the number of blocks of the ancestral parti-
tion) and Cox & Griffeath (1990) (for the unlabelled genealogical process of a system of coalescing
simple random walks on Z?). Notice that, since we work on the torii T(L), our rescaling of time dif-
fers from Cox and Griffeath’s. Another significant difference is the fact that, in their model, lineages
move independently of each other until the first time two of them are on the same site, upon which
they coalesce instantaneously. In our setting, the movements of lineages are defined from the same
Poisson point processes, and two lineages having reached a distance that enables them to coalesce
can separate again without coalescing.

Despite these differences, Lemma below shows that a key ingredient of their proof is still valid
here: at the time when two lineages coalesce, the others are at distance ¢(L) from each other and
from the coalescing pair. To state this result, we need some notation. Let 7;; be the first time lineages
i and j come within distance less than 2RB1); (resp., 2R®) if p; < tp% log L (resp., p; > 1/)% log L)
and 7 be the minimum of the 7;;’s over all pairs considered. Let also 7}, be the coalescence time of
the ancestral lines of i and j, and ©* be the minimum of the T:‘j over all lineages considered. Finally,

for each i we shall denote the motion in T(L) of the block containing i by & lL

Lemma 6.9. Under the conditions of Theorem 3.3} we have

lim sup P |:’L'* =15 |EL () = EL(rM) < —} =0, (44)
T 2o ’ log L

lim sup P |:’L'* =% 5 |EE (") - EL(r)| < } =0. (45)
Lm0y, er,(14y . 12 ° ! log L

The proof of Lemma[6.9]is deferred to Appendix

The other ingredients required to apply Cox and Griffeath’s techniques are a control on the proba-
bility of “collision” for two lineages during a short interval of time, obtained here in Lemma5.5] and
the uniform convergence of the coalescence time of two lineages, which constitutes our Theorem
With these estimates, one can obtain the limiting rates of decrease of the number of blocks of
/1% (namely those of the number of blocks in Kingman’s coalescent), and the fact that mergers are
only binary as in Cox & Griffeath (1986). In particular, the counterpart of their Proposition 2 here
gives us that for each n € N,

Mt}’:O,

5 (46)

lim sup  sup Py, [l™ ()| =n] — exp{ —

L—=00 t>0 4 er ,(L,n)*

which we state here because we shall need it for the case a = 1 (observe that our L corresponds to
their t). Note that in Proposition 2 of Cox & Griffeath (1986), the right-hand side of their equation
gives the probability that the number of blocks is less than n, instead of equal to n as it is stated.
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Furthermore, in (46) the supremum is over t > 0 instead of ¢t € [0, T] for some T > 0 (as in Cox
& Griffeath 1986). Our argument for this modification is the fact that the two quantities we are
comparing are monotone decreasing in t and both tend to 0.

Then, the same arguments lead to the proof that any pair of lineages is equally likely to be the first
one to coalesce, as in Lemma 1 of Cox & Griffeath (1990). The uniformity of the estimates obtained
enables us to proceed by induction to show the uniform convergence (on a compact time-interval)
of the one-dimensional distributions of .&#** to those of .#, which translate into the uniform con-
vergence of the finite-dimensional distributions, still on intervals of the form [0, T]. We refer to Cox
& Griffeath (1990) for the complete proof of these results.

(ii) Tightness.

This follows easily from the fact that the labelled partition .#* with initial value in T (L, n)* for
some n € N lies in I ;,(L, n) immediately after each coalescence event, with probability tending to 1.
Indeed, for each L € N, let y% <...< }fﬁ_l be the ranked epochs of jumps of .e7L% (if less than n— 1
jumps occur, then the last times are equal to +00 by convention). Let also n € N, A; € I" ,,(L,n)*
for every L > 1, and following Ethier & Kurtz (1986), for every &, T > 0 let w/(.o/%, T, 5) denote
the modulus of continuity of the process .o/ on the time interval [0, T] and with time-step &. Let
& > 0. With the convention that (4+00) — (+00) = 400, we have

n
Py, [w(", T,6)> €] <> Py [y —1i_, <51, (47)
k=2

An easy recursion using the fact that we consider only finitely lineages and the uniform bounds
obtained in Lemma[6.9] enables us to write that for all k € {1,...,n— 1},

sup ]P’A/L[yi <00 ; ﬂL(wLyﬁ)qéFd(L,n)] -0, as L — oo.
A €Ty (L,n)*

This result and an application of the strong Markov property at time yi_l yield
P, v = Vier <81 =Ba, [Npai(yyt per, i Pariio, it [r1 < 811+0(1)

(n—-k)(n—-k-1) .
< sup Py [y; <6]+0(1) (48)
2 Aer, L2y '

as L. — oo, where the last line uses the consistency of the genealogy to bound the probability that a
first coalescence event occurs to the sample of lineages before & by the sum over all pairs of lineages
of this sample of the probability that they have coalesced by time & (note that there are at most
(n—k)(n — k —1)/2 possible pairs just after yi_l). But these probabilities converge uniformly to
1 — e~% by Theorem and so for 6 small enough, we can make the right-hand side of less
than e/(n®) for L large enough (n is fixed here). Coming back to , this gives us

limsupP, [w'(*,T,6) > ¢] <e.

L—oo

Since &, is a compact metrisable space, we can apply Corollary 3.7.4 in Ethier & Kurtz (1986) to
complete the proof. O
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7 Proof of Theorem

We now turn to the case v; oc L. We still have small reproduction events of size &(1), but now large
events have sizes 0(L) (and rate 0(p; 1), so that they cover a non-negligible fraction of the torus
T(L). By Lemma if the lineages were only subject to small reproduction events, the location of
a single lineage would be nearly uniformly distributed on T(L) after a time t; > L2. This suggests
several limiting behaviours for the genealogical process ./, according to how p; scales with L:

e If p; is order at most @(L?), then large reproduction events occur at times when the locations
of the lineages are still correlated with their starting points, and so we expect space (i.e., labels
in the representation we adopted) to matter in the evolution of .o/*.

e If L2 < p; < L?logL, then the lineages have the time to homogenise their locations over T(L)
before the first large event occurs, but not to come at distance 2R’ from each other. Hence,
large events should affect lineages independently of each other, and bring the genealogy down
to the common ancestor of the sample before any pair of lineages experiences a coalescence
due to small events.

e If p; ~ L?logL, the fact that pairs of lineages have now the time to gather at distance 2R°
should add a Kingman part (i.e., almost surely binary mergers) to the genealogical process
obtained in the previous point.

e If p; > L?logL, Kingman’s coalescent due to small reproduction events should bring the
ancestry of a sample of lineages down to a single lineage before any large event occurs, so
that the limiting genealogy will not see these large events.

Proof of Theorem @ For (a), let us write down the generator ¢, of AL applied to functions of the
T(1)-labelled partitions of {1,...,n}. Recall the notation x, for the label of the block a of a labelled
partition A € gnf (introduced in Notation , and write |A| for the number of blocks of A. For each
L > 1, f of class C® with respect to the labels and A € ,@rf such that any pair (a;,a,) of blocks of A
satisfies [x,, — xq,| = (2R°)/L, we have

IA|
G,f (W)= pLZf dy f u(d)r(” f vi(dwu
T(L)

. . Y ®)
x| f (A @ xbu{(anxe + 7)) - F@] + 9P @, (49)
where we wrote A= {(ay, xg,),. -, (a|A|,xalAl)} and
@(B) A)
(V2)™
= —f J pP(dr) — Z l_[]-{x Bz, cr)}l_ll{xJ¢B(zcr)}
T(1) B(z,cr) “Cr Jc{1,...,|A]} i€l jel

f a0 | £ (ay (Uttanxa 1) of (Uer)}) - s
Jcl1Jo ieJ ieJ

is the generator of the coalescence events due to large reproduction events (recall V, is the volume
of the ball By(;)(0,7)). Note that %®) does not depend on L. Let us look at a particular term in the
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sum on the right-hand side of . Since f is of class C3 with respect to the labels of the blocks, a
Taylor expansion and the symmetry of the jumps due to small events give us

def ' (dr) r()’)j v,.(du)u (A\{(al,x )}U{(al,xal+y)}) f(A)]

_ ig : Af(A)+0('ZL)

where A; is the Laplacian operator on T(1) applied to the label of the block a; only. Since p LL_i—>
b € [0,00) by assumption and because f is continuous on a compact space, we obtain that ¥; f
defined on the compact set E; = {A € ?}”HZ : Llxq, — xaj| > 2R° Vi # j} converges uniformly towards

2 |A|

gf ()= Z AFA)+FDF(A).

Now, by the same technique as in Section[5] one can prove that the gathering time at distance 2R® of

two lineages starting at distance €¢(L) on T(L) and subject only to small events converges uniformly

L? logL

on the time scale to an Exp(1) random variable (in the sense of Lemma l In addition,

since the new locatlon of a lineage affected by a large event is chosen uniformly over a ball of T(L)
whose radius is of order @(L), if a large event affects a pair of lineages but does not lead to their
coalescence, then the probability that the lineages are at distance less than L(log L)~! just after the
event vanishes as L — 0. If we call TV‘L* the first time at which two lineages on T(L) are gathered at
distance 2R°® and t; their coalescence time in the original timescale, we readily obtain that for any
u> 0, and x| # x}, € T(1)?,

: * Tk, gk _
nggo Po,xxy Lt > 17 5 T) < pru] =0.

Indeed, as we already mentioned, if a large event does not make the lineages coalesce then with
probability tending to one, the latter start at separation ¢(L) and do not have the time to meet at
distance 2R’ before the next large event. Now, the number of large reproduction events that the pair
of lineages experiences before time p;u can be stochastically bounded by a Poisson random variable
whose parameter is finite and independent of L. Hence, if none of them leads to a coalescence then
with probability tending to 1, ”.Iv"f > p;u. It follows that, if u > 0 is fixed, we can use the consistency
of the genealogy and write

n
Poaxnldt € [0,u]: T O EETS D Py Lt > T3 17 < pru] —0.
i<j=1

Consequently, one can use Corollary 4.8.7 in Ethier & Kurtz (1986) (with E; as the subspace of
interest in condition (f)) to conclude that the law under P, ;) of Al converges to that of .o %P
as processes in the Skorohod space of all cadlag paths with values in the T(1)-labelled partitions of
{1,...,n}.

Let us now prove (b). Recall the assumption that the total rate at which large events occur is finite,
that is M = ¢ 2uB([0, (v/2)7']) < 0. Let us first analyse what happens during the first event which
may affect the unlabelled ancestral partition.
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Define for each L > 1 the stopping time e% by the following property: p; ef is the first time on the
original timescale at which either a large event occurs, or .¢/L undergoes a coalescence event due
to small reproduction events. Since large and small reproduction events are independent, p; ef has
the same distribution as the minimum of two following independent random times:

o the first time of occurrence of a large event, that is an Exp(M /p; )-random variable.

e the time t] at which a first coalescence event occurs between lineages of the genealogical
process .o/ * evolving only owing to small reproduction events.

. . 2702
By Il applied to the case p; = +o0o (i.e., no large events occur), LZT:gSL t; converges to an

Exp(n(n — 1)/2)-random variable under P4, , uniformly in (A;),ey such that A, € T ,(L,n)* for
every L. It is then straightforward to obtain

B, Leb > (] —exp ( — M+ g0 1))

lim sup  sup 2

L=00 t>0 4 er,(L,n)*

=0, (50)

where the formulation is also valid for 3 = 0. Also, by the independence of IT; and l'ILL3 , for every
(A;)ren as above we have (with an abuse of notation)

M
PAL [pLef = tz] = EAL [exp{ - — ti}] .
PL
Using Fubini’s theorem and a change of variable, we can write
M ! M,
]EAL[eXp{——tL}]z }P’AL[exp{——tL}>s]ds
PrL 0 Pr

1 2 2
2o 21O
0 L=logL ML4logL

ML2%logl & _Mi?logl 2no?
:—gJ e ZnUSZPLuPAL |:—S t*<ui|du
0

2no2p; L%logL
2 ©  ML2logL 2102
=1- m—logL e Zmrssz u IP)A TCO‘S ti 2 u du.
2no2p; ), L] L?logL
2
When f > 0, we have A;[iglzoj L, % and so we can use the uniform convergence derived in tl
sPL

and the fact that the distribution of t; does not charge points to conclude that

pn(n—1) _0
_ﬁn(n—1)+2M‘_

lim sup

L __ %
L IP)AL [pLel - tL:|
=™ er, (L)

The limit holds also for 8 = 0 by a trivial argument. A byproduct of this result is the existence of a
constant Cy > 0 and L, € N such that, for all L > L, and (A;) .y as above, P, [pLef < t;] = C,.
We shall need this fact in the next paragraph.

By Theorem in the case p; = oo, up to an error term tending uniformly to O, on the event
{p Le% = t;} the transition occurring to .o/ Lu at time p Le% is the coalescence of a pair of blocks,
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each pair having the same probability to be the one which coalesces. Let us show that, conditioned
on {p Le% < t;}, the locations of the lineages at time (p Le% )— are approximately distributed as n
independent uniform random variables on T(L). We use again the notation 7;;, Tj‘j and 7,7 (=
t; here) introduced in the proof of Theorem for the gathering time at distance 2R® and the
coalescence time of lineages i and j, and their minima (once again on the original timescale). These
quantities depend on L but, for the sake of clarity, we do not reflect that in our notation. In order
to use our results on Lévy processes, we need to make sure that no pairs of lineages have come at
distance less than 2R® before time p; ef. We have for each L € N

n
Py, [T < pLeﬂ prer <ti] < Z P, [7i; < prer| prey < tr], (51

i<j=1
Each term (i, j) on the right-hand side of is bounded by

Pa, [ 7i; < pre} —logL| prer <tr]

+Py, [pLef —logL < 7;; < pLeH pLef <ty]

= Co_l{PAL [%Tj > Ty +1log L] + Py, [%ij €[¢, —logL,¢p)] }, (52)

where for each L €N, ¢; is an Exp(M/p; )-random variable independent of all other variables, and
T;; and %fj are defined as above, but for the process ./*. By the strong Markov property applied at
time 7;; and the result of Proposition (b), the first term on the right-hand side of converges
to 0 uniformly in A; € ' ,(L,n)*. By a simple change of variable, the second term is equal to

[0.0]

o0
_ . _ logL
MJ e M P, [%;;€ [pLs—logL,pLs)]dSSMJ e™™s ¢ 7 ds — 0,
0 0

where the inequality comes from Lemma Therefore, back to (51)) we obtain that

lim sup P, [T< pLeﬂ prer <ti]=o. (53)
L=0op er, (Ln)*

Now, let Dy,...,D, be n measurable subsets of T(1), and for each i € {1,...,n} and L > 1, let
LD; C T(L) be the dilation of D; by a factor L. Let us show that

lim  sup
L—ooy, er  (L,n)

Pa, | (L., 8 (preb—) € (LD x ... x (LD,)|pret < ¢ ]

— ﬁ Leb(D;)
i=1

where & l.L(t) denotes the location of the i-th lineage of .e/* at time t. To do so, let us use the fact that
on the event {p; e% < t;}, the genealogical process .o/ L up to time p Lef has the same distribution

=0, (54)
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as /" up to time ¢; and on the event {#* > ¢;}. We have

L *
pLel < tL:|

By, |(EL . 8D (pret ) e[ [@Dy)
i=1

1 _ n
= ————— Py |(&],.... &) (prer =) €| |(LD); pref <t}
By lpref <] L Dowei el Jup; puet <]
1 - 5 n
= ————— Py |(E],....E0 () e | |(LDy); ¢ < &
Py, [prer <t;] ™t : !:1[ ' ]
1 - 5 n
= ————— Py |(€],....E0 () e | |(LDy); ¢ <% | +m1(AL)
Py, [PLef <t] L " !:1[ l ]
M

= f ds e B, [(EL,.. E)ps) e | Japy;
. |

Py, [PLe% <t;] i=1

%>pLS:| +T)L(AL)3 (55)

where 1;(A;) tends to 0 uniformly in (A;); ey by and the fact that P4, [p Lefl“ < t7] does not
vanish.

Let us fix s > 0 for a moment, and consider the corresponding probability within the integral. Up
to time %, the movements of the lineages are distributed as n independent copies E%, ... & ﬁ of the
motion of a single lineage, for which an easy modification of Lemma [5.4] (b) tells us that, if (¢;);ey
is such that e;, — 0 but £, p; > L2 as L — oo,

lim sup sup |IP’X [Ef(vp) e (LD)] - Leb(D)| =0. (56)

L—00 y>¢; xeT(L)

However, it is not entirely clear that this convergence will still hold for n independent lineages on
the event {7 > p;s} (where 7 is the first time at which at least two of them come at distance less
than 2R*). Keeping the notation A; for the initial value of the set of lineages and denoting the set of
n (non-coalescing) motions by A, we have

Py, [T+, €5)(prs—) € (LDy) X ... X (LD,); % < pys]

= Eyu, [1{%”3} P j1(2) [(gg, ) ..,Sﬁ)((pLs —%)—)e(LDy)x...% (LDn)] ] .

Splitting the preceding integral into {p;(s —&,) < % < p;s} and {# < p; (s —&;)}, we can use (56)
in the latter case to write

Ea, [ Liz<p,sp Pai(a) [(Eﬁ, & ((ps—1)—) € l_[(LDi)] }
i=1
=By, [l{pL(s—sL)SfSpLs} Pi(s) [(fi & ((ps—1) - ) € l_[(LDi)] }
i=1

+(] Trep@n) s, 1% < p1(s = )1 +6,(A), (57)
i=1
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where (6 (A;))ey tends to zero uniformly in (A;); <y as L tends to infinity (we still impose that
A; €T ,(L,n)" for every L). By the convergence of the distribution function of 72 lz o1 1o that of
an exponential random variable, uniformly in the time variable and in (A;); <y, We obtain that
Py, [p1(s —€,) <1 < p;s] converges to 0 uniformly in (A;) ey (Which is also true if § =0, i.e.,
pr < L?logL). Hence, we can find a sequence (67(AL))Len decreasing to O uniformly in (Ap) ey,
such that the whole sum on the right-hand side of is equal to

(ﬁLeb(Di))PAL [% < ps]+67(AL).
i=1

Likewise, we can find another sequence (5} )<y decreasing to zero uniformly in (A} ),y such that

P, [(EL,....ED)(pys—) € (LDy) x ... x (LD,)] = [ [Leb(D) + 57(A,).
i=1

Subtracting the two last equalities, we obtain

P [ i) € ] [aDs > pus] = { ] [1eb0) |, 2> pusd + o1,
i=1 i

i=1

where the remainder decreases to 0 uniformly in s > 0 and (A;);>; such that A; € I' ,,(L,n)* for
each L. Coming back to (55]), we obtain that it is equal to

M © (o N
mfo dse”" {(QLeb(Di))PAL[T > pys] +0(1)}

. PAL[%>gL:| n
Py, [T*>¢1]

Py, [T*> ¢ 1+ 0(1) +*
— P e o] !:llLeb(Di)+o(1),

Leb(D;) + o(1)
1

where the last line uses (53]). We can thus conclude that holds.

Condition on the first event being a large reproduction event. By the description of such an event,
the result for the genealogical process is the merger of at most one group of blocks into a bigger
block. Furthermore, the transitions depend only on the number of blocks and their labels, so for
convenience we derive the transition probabilities for A; of the form p,(x) only, although we shall
use the result later for more general labelled partitions. Let 7 be a partition of {1,...,n} such that 7
has exactly one block of size greater than 1, which we call J. Then if the large event has centre x and
radius cr in T(1), the probability that the transition undergone by .#%* is p, — 7 is the probability
that at this time, at least all the lineages in J have labels in B(x,cr) and are really affected by the
event, and all the other lineages present in B(x,cr) are not affected by the event. Summing over
all possible choices I C {1,...,n}\J for these “other lineages” (I can be empty) and using (54), the
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probability of the transition g, — 7 up to a vanishing error is given by

1
Z V‘J|+|]| (1 -V )tz—lJl—lIIJ u|J|(1 — U)“lVB(du)
cr r r
T 0

Mt "Bl =N . .
= (uvcr)“'Z( l. )v;r(l—Vcr)”‘“"l(l—u)lvf(du)
0 i=0

rl

= @V, )1 -V, +1 -V, )" VB (du)

0

(‘1
= WV V(1 = uv, )" VIvB(du). (58)
0

L

We now have the results we need to show (b). For every L € N, let us consider again the time e]

introduced earlier, and define for each integer i > 2,

el =inf{t>e’ | : pyt €I} or p,t is the epoch of a coalescence

due to small events}.

Let us also define similar times corresponding to A©). From the expression of its rates given in
Definition AP) is composed of a Kingman part (i.e., only binary mergers) run at rate 3, and
of a set of multiple mergers due to the part A(®) of its A-measure with the atom at 0 removed.
Furthermore, the finite measure A® on [0,1] is given by

2y
A(O)(dv):c_zvzf vB({u: uv,, e dv})ub(dr)
0

vy y
:C_ZVZJ l{V,:rZV},VrB (dV—)MB(dr)
0

cr

Following Pitman’s Poissonian construction of a coalescent with multiple mergers (whose A-measure
has no atom at 0, see Pitman 1999), let us define II as a Poisson point process on R, X [0,1]
with intensity dt ® v"2A®(dv). Note that because of our assumption on M, v_2A@(dv) is also a
finite measure, with total mass M. The atoms of II constitute the times at which A%*) acting on
the partitions of N experiences a multiple collision, and the probabilities that any given lineage is
affected by the event. The Kingman part of A% is superimposed on this construction by assigning
to all pairs of blocks of the current partition independent exponential clocks with parameter f3,
giving the time at which the corresponding pair merges into one block.

From now on, we consider only the restriction of A#) to 2,, although we do not make it appear
in the notation. Let e; be the minimum of the first time a pair of blocks of A/®*) merges due to the
Kingman part and of the time corresponding to the first point of I1. Define e; in a similar manner
for all i > 2, so that (e;);cy is an increasing sequence of random times at which A#-*) may undergo
a transition. Our goal is to show that the finite-dimensional distributions of {(eiL , . L’“(eiL)), i eN}
under P, converge to those of {(ei,A(ﬁ’c)(ei)), i € N} under P, , as L — oo. Since MY (resp.,
AP-¢)) can jump only at the times el.L (resp., e;), the fact that only finitely many jumps occur to A~
in any compact time interval, together with Proposition 3.6.5 in Ethier & Kurtz (1986) enable us to
conclude that this convergence yields (b). We proceed by induction, by showing that for each i € N:
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H(i) : if ay € T 4(L,n) for each L and there exists mq € &, such that for all L €N, bl(a;) = my, then
as L — o0

g]P’aL ({(e]f’ "dL’u(e%))’ (KRS} (el‘L’ ‘dL’u(eiL))}) = "%Pno ({(61’ A(ﬁ’C)(el))) [ERE) (ei’ A(ﬁ’C)(el))}) .
(Note that a; can have less than n blocks).
Let us start by H(1). Let t > 0, w € &, and write n,, for the number of blocks of 7. We have, in the
notation used in the previous paragraph (and with .e/>* defined as the unlabelled partition induced
by .«/" on the timescale p;),
Py, [ef <t; &(e}) =n]
= Py, [ef < t; M (e})=m; prey =t ] +P, [ef <t; FP(e])=m; prey <t;]
= Py, [t; < pit; Gt /o) =m; ] <, ] (59)
+P,, [ef <t; MM (e]) = 7'E| pre; <tj|P, [prer <tj]. (60)

By Theoremapplied with p; = 400, /"% with initial value a; converges as L — oo to Kingman’s
coalescent P started at 1, and run at rate 8, as a process in Dg [0,00) (if B = 0O, then Al

converges to the constant process equal to 7). Hence, by the independence of .&/* and {; for every
L and a simple time-change, the quantity in Il tends to that corresponding to ¢, that is

P, [P (e) =n]P, [ef <t (], (61)

where e‘l’{ is distributed like an Exp (3 W) -random variable and stands for the epoch of the first
event occurring to ##) and ¢ is an Exp(M)-random variable. By the construction of A9 given
in the last paragraph, || is the probability that the first event occurring to A®%) happens before
time ¢, is due to the Kingman part of the coalescent and leads to the transition 7y — 7. For (60),
note first that because Hf and IT] are independent, if we condition on p Le% being the time of the
first point (t£, x%, rlL) of I1B, then e% and the pair (xf, rlL) are independent. Hence, we have for each
L>1
Py, [ef <t ; a"(e]) = 7'C| prer <ti]
=P, [e] < t{ pre; < tj]Py [ ™ (ef) = 77:| prel <tr].
Using (50) and the same reasoning as for (59), we can write
Py, [eb < t| prel <tr] Pq, [prel <ti]
= Py, [e] <t; prey < t}]
= Py, [ef <t] =Py [ <t; prey =t;]

= ep{— (w+ ")} b [ <end]

= }P’nO[C<t/\ef{],

where the last equality comes from the fact that an Exp ([5%0_1) + M )-random variable has the

same distribution as the minimum of an Exp (ﬁ@) and an Exp(M )-random variables, inde-
pendent of each other. In addition, by the calculation done in (58),

P, [/""(e]) = 7t| pret <ti] — Pr, [AQ(eM) =n], as L — oo,
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where ef is the time of the first event of I1. Combining the above, and recognizing the transition
probability of A%< through the decomposition obtained, we can write

Lli_)rgloIF’aL [ef =t VQ{L’M(E%) =)= Pr, [e; <t; A(ﬁ’c)(el) =mn].

Since this result holds for each t > 0 and ©, € &,, using a monotone class argument we
can conclude that the distribution of (ef,.o/"**(e])) under P, converges to the distribution of

(el,A(ﬁ’c)(el)) under P as L — oo. This proves H(1).

Suppose that H(i — 1) holds for some i > 2. Let D € (R,)""!, t > 0 and m4,...,7; € 2,. Let also

L € N. By the strong Markov property applied to .#* at time p; eiL_l, we have

Py, [(e%,...,eiL_l) € D; eiL - eiL_1 <t; MMl = nl,...,,rsz’“(eiL) =]

L . Luc,Ly__
XPdL(pLel{l)[el <t; o “(el) = ﬂi]].

First, using arguments analogous to those leading to Lemma up to an error term vanishing
uniformly in (a;); ey such that a; € T'(L,n) for every L € N, we can consider that ﬁL(pLeiL_l) €
I 4(L,n). As bl(ﬂf/’L(pLeiLfl)) = m;_; for each L, we can therefore use H(1) to write that

Lh—{go ]PﬂL(PLeiLﬂ) [e% =t "dL,u(e%) = ﬂ:i] = ]pffi—l [el st A(ﬁ,d(el) = TCi]J
and so dominated convergence and H(i — 1) give us

LILIEOPGL [(ek,....el ) €D;er—el  <t; g (e)=my,..., d""(e})=m;]

.....

=P, [(e1,-.-,€i-1) €ED; e;—e;_1 < t; AP e =my,..., AP (e) = 7],

which again yields H(i) by standard arguments. The induction is now complete, and so we can
conclude that the finite-dimensional distributions of the embedded Markov chain and the holding
times of .o71** under PP, converge as L — oo towards those of AP under P . The proof of (b) is
then complete.

To finish, suppose that p; > L?log L. Then, we can find a sequence ®; increasing to +oo such that

sup P4[ alarge event affects at least one lineage before time ®; L?logL] — 0
A€T ,(L,n)

as L — oo. Hence, we can couple .o" with the process .&/* which experiences only small events,
so that the time by which they differ at step L is larger than ®; with probability tending to one,
uniformly in the sequence (A;);>; chosen as above. By the results obtained in Section @ with
pr = +oo, we know that .o/ converges in distribution towards .#, as a process in Dg [0, 00).
Since the sample size n is finite and under Kingman’s coalescent, a sample of n lineages reaches a
common ancestor in finite time almost surely, (¢) follows. O
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A Proofs of the results of Section 5]

Since the proofs of Lemmas|5.3|and[5.4]are highly reminiscent of those of Theorem 2 and Lemma 3.1
in Cox & Durrett (2002), we shall only give the arguments we need to modify and refer to their paper
for more extensive proofs.

Proof of Lemma Since ¢! is a Lévy process, for any integers n and L one can decompose £%(n)
into

0 (n) = €4(0) + Y _{e* (k) — ¢* (k- 1)},
k=1

where the n terms in the sum are i.i.d. random variables whose common distribution is that of ££(1)
under P,. Using Bhattacharya’s local central limit theorem (see Theorem 1.5 in Bhattacharya 1977)
and the boundedness assumption on Eq[|£%(1)|*], we can control the deviation of p’(x,n) from the
corresponding probabilities for Brownian motion up to an error of order o(n~!) independent of L.
Following Cox and Durrett’s arguments, we obtain the desired results for integer times. For arbitrary
times t, the Markov property applied to ¢L at time | t] (plus, for (d), the fact that the variations of
(% are bounded on a time interval [n,n + 1]) completes the proof. O

Proof of Lemma To simplify notation, we shall write T(d; ) instead of T(d;,£") in the rest of the
proof. For every L > 1, x € T(L) and A > 0, let us define the following quantities :

Fi(x,A)=E, [exp(=AT(d,))],
GL(X’A)zj e Mpl(x, t)dt =E, U
0 0

Applying the strong Markov property to £~ at time T(d;) and using a change of variables, we obtain
(for any x;)

o0

e Ty epod,nd f]

Gy(x, A) =, [e—“(dL>GL (¢1(T(dy)), k)] : (62)

From the results of Lemma we can derive the asymptotic behaviour of G;(x;,A). To this end,
let (vi);>; and (u;);>; be two sequences growing to infinity such that v;(logL)™"/?2 — 0 and
u;(logL)™! — 0 as L — oo. Splitting the integral in the definition of G, (x, ﬁ) into four
pieces, we obtain first by (b) of Lemma (5.4

1 © ( At ) Lxy, )de
exp | — Xz,
d?logL v L2 P\ log L P

S ( M )”d5(1+5 ) dt
= —_— e —_— _
d?logL P\ 12101 ) 12 b

vy L?

Y Avy Y ,
= X €xp _logL (1+5L,1):E (1+5L,1)

as L — oo, where §; 1,5 ; — 0 uniformly in x € T(L). By (a) of Lemma we have

1 vl ( At ) L) de < 1 Cd;} .2
— exp [ — xp,t)dt < ———— v
dfloglL |, ;- P L?logL P d?logL |L?%¢y ] t

Cyvg

” v/ logL

—0, asL— o
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by our assumption on v;. By (c) of Lemma

exXp | — P X,
dg IOgL uL(1+|XL‘2Vd]%) LZ logL

1 (et d2
J (1+6,,)dt

dZ IOgL uL(l-‘rlelZde) ZO-L
=— (ZlogL —log(1+ |x;|* Vv df) +loge; — loguL)(l +6;5)
207 logL ’
1—
L (1 + 5 2)’
whenever % — f3 as L grows to infinity. Here again, & ,, 5’L,2 — 0 uniformly in x € T(L) as

L — oo. Finally, by (d) of Lemma [5.4], we can write

1 uL(1+|xL|2Vdf) At L( )d
exp | — )t
Zlogl J, P\ 20gL )P M

Cy up(1+ Ixlevdf)
< — —
d?logL  1+4d;%|x|?

independently of (x;);>; since d; does not vanish and u;(logL)™! — 0.

108 x|

Combining the above, we obtain that if oz L

— 3, then

& L( A )=E+1_(I3 Y)+ o(1), as L — oo,

—_— G x ’—
d?log L P 12logL/ A

where the remainder does not depend on (x;);>;. Coming back to with x; € I'(L, 1), the
uniform convergence obtained above, together with the fact that £(d;) € B(0,d;) a.s. yield

2 _ 2
LILIEOEXL |:exp (— Ano” T(d,) )} _ (1-y)/(c=A) _ 1 63)

(1—y)L%logL 1-7)/(c?*A)+(1-y)/c? 1+A

which we recognize as the Laplace transform of an Exp(1)-random variable. Since the left-hand side
of is monotone in A and the function A — (1 + A)~! is continuous, this convergence is in fact
uniform in A > 0. By standard approximation arguments (see for instance the proof of Theorem 4
in Cox 1989), we obtain that for any fixed t > 0,

lim sup

=0,
L—ooy er(r,1)

P Ao T(d;)>t -t
| (1=y)L%logL L ¢

and, by monotonicity and the fact that all the quantities involved tend to 0 as t — oo, this conver-
gence is uniform in t > 0. The interested reader will find all the missing details in the appendix of
Cox & Durrett (2002). O
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Proof of Lemma |5.5] . Let x € T(L) and (U] ),y be as in the statement of Lemma 5.5 E Using the
strong Markov property at time T(R, ), we can write

P, [¢*(U; +u;) € B(O,R)]

ZJ J P, [T(R,ZL)Eds,EL(s)edy]IP’y [¢"(U; +u; —s)€B(O,R)]. (64
U’ —u, JB(OR)

Note that, on the right-hand side of , the quantity U/ +u; —s lies in [uy,2u; ]. We assumed that
2u; < L%(log L)~Y/2, and so we can use (c) of Lemma with d; =R and write

2

lim sup sup
L—0o yep(o,R) up<t<2u

P, [¢*(t) € B(O,R)] — 1‘ =0,

which gives us the existence of a constant C, and of an index L, such that for each L. > Ly, y €
B(0O,R) and t € [u;,2u; ],
Co
(t(t)eB(O,R > — > —
7, [0 eBOR] 2 72 50
Furthermore, since U; L~ — oo, we can use (b) of Lemma 5.4 to obtain the existence of L, € N and
a constant C; > 0 depending only on (U );>; such that for every L > L,

P, [£"(t +u;) € B(O,R)] |G
sup sup u;) € B(0, -
t>U,; yeT(L) Y 2 L2

Using these two inequalities in (64), we have for L large enough and for all x € T(L)

C; + mR? Co
———>P,[TR (M) e U] x —
o 2 B[TR ) € U] —u, U] x 5
which gives us the desired result. O

B Proof of the technical points of Section [f]

Proof of Lemma Let us start with the case p; = 6’(1[)%) as L — oo. The rate of decay of
the probability of a long excursion is known for simple random walks and Brownian motion (see
Ridler-Rowe 1966), and so the proof of Proposition [6.2] suggests that we should consider the process
= w;lX L(p;-). But £ here is not a Lévy process, since X is the difference of the locations of two
lineages whose motions are not independent in B(0, 2R}, ). However, it is not difficult to convince
oneself that for each y € B(0,(7/4)R®)°, the return time into B(0, (3/2)RE) of {* starting at y is
smaller than or equal to that of £L defined as the rescaled process w;liL (pr-) also starting at y.
Indeed, the rate at which reproduction events affect at least one of the lineages is bounded from
below by the rate at which a single lineage is affected, the distribution of the jumps of ¢* and ¢%
are identical outside B(0,2R?) and inside this ball, coalescence events make it easier for £* to enter
B(0,(3/2)RB). Hence, we shall establish the desired bound for ¢%. In addition, we shall consider
that £% evolves on R? instead of T(L), since the return time here can only increase with the available
space.
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For each L € N, set oy = 0 and let (0] );ey be the sequence of jump times of ¢*. Let p; 6; (resp.,
05) be the jump rate of £X due to small events (resp., due to large events). The quantities 6, and 0
do not depend on L since u®, u® and the probability measures vf’s do not. For each t > 0, we have
Cr(t) = €4 (0) + Dipr< {€F (o)) — €5 (0]}, where (£(0}) —£"(0} 1)) ey is a sequence of i.i.d.
random variables with covariance matrix of the form v :1d. Using the distribution of a single small
or large jump and the fact that a given jump is a small one with probability 6,p;/(6,p; + 03), we
easily check that there exists V > 0, independent of L, such that v; ~ V/p; as L — oo (recall our
assumption p; = ﬁ(w%)).

Let x in B(0,4R2)\ B(0,(7/4)R®) and let W be a two-dimensional Brownian motion starting at x.
For each L € N, by the Skorohod Embedding Theorem (see, e.g., Billingsley 1995) one can construct
a sequence (siL)ieN of stopping times such that the W(siL) have the same joint distributions as the
EL(aiL) : for every i € N, conditionally on W(siL_l), siL is the first time greater than siL_1 at which W
leaves B(W (sl ,),r}"), where r] is a random variable independent of W and of {sf, j < i} having
the same distribution as the length of the first jump of L. Now, we claim that there exists y > 0
independent of L and x, such that each time W visits B(0,R?/2) and then leaves B(0, (3/2)R®),
the probability that one of the siL’s falls into the corresponding period of time that W spends within
B(0,(3/2)RB) is at least y. Indeed, set To(W) = To(W) = 0 and define the sequences of stopping
times {T,.(W),k > 1} and {T (W), k > 1} by induction in the following manner:

T(W)=inf{t > T,_1(W) : W(t) € B(0,R"/2)},
T (W)=inf{t > T,(W): W(¢t) ¢ B(0,(3/2)R?)}.

(Note that each Ty is a.s. finite due to the recurrence of two-dimensional Brownian motion.)
Then for each k € N, if j is the index of the last siL before T).(W) and sf corresponds to a small
event, by construction we have |W(sf) — W(Tk(W))| < ZRSwzl and so W(s]@) € B(0,(3/2)R®)
for L large enough. If sf is due to a large event and W(sf) ¢ B(0,(3/2)RB), then necessarily
W(sf) € B(0,(5/2)RB). But the exit point from a ball B of Brownian motion started at the centre of
this ball is uniformly distributed over the boundary of B, and so one can define y as the minimum
over (y,r) with |y| > 3RB/2 and |y| —RB/2 < r < 2R® of the probability that W started at y escapes
B(y, ), through the part of its boundary which lies within B(0, (3/2)RB). Hence, if we define for
each t > 0 the random variable N(t) as the maximal integer k such that T,(W) < t, we can write
for each L

By, [qF > pru] =P, [(H(0h) ¢ B(0,(3/2)R%), V j < i(u,1)] <E,[(1— )" Ciwn)],

where i(u, L) = max{j : O']L~ < u}. Since N is a.s. a non-decreasing function of t, we have for any
givenme R,
Py, x [k >pu] <E.[(1- PNmI] [siL(u’L) < mu]. (65)

Now, i(u, L) is the number of points of the Poisson point processes IT} and ng which fall into the time
interval [0,up;] on the original timescale, it is therefore a Poisson random variable with parameter
u(6,p; + 63). If a > 0, then by the Markov inequality

P, [i(u, L) < aub,p; ] < e®%PrE[e7 D] = exp {ub,p;(a+e ! —1) +uby(e™ — 1)},

so that this quantity converges exponentially fast to 0 for a > 0 small enough. On the event
{i(u, L) > aub,p;}, sl.L(u 0 is the sum of at least aub,p; i.i.d. random variables, each of which
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corresponds to the exit time of Brownian motion from a ball of radius at most 2R®/); with proba-
bility 6,0, /(0,0 + 05) and to the exit time of Brownian motion from a ball of radius at most 2R?
otherwise. Therefore, one can find V' > 0 independent of L such that E[S%] ~V’ pL_1 as L — oo.
Using the same technique as above then gives us that for m > 0 small enough, there exists k(m) > 0
and L(m) € N such that for all L > L(m) and u > 0,

P, [i(u,L) > aub,py, sk, ;) <mu] < e *me,

Let us now prove that
loglogu
P, [N(mu) <Kloglogu] <C

logu

for a constant C > 0 independent of x € B(0,4R?) \ B(0,(7/4)RB) and u large enough (again
independently of x). The reasoning is identical to that made to arrive at , with qiL (resp., Qf)
replaced by T;(W) (resp., T;(W)). Using the fact that C; = SUPep(0,R? /2) E,[T;(W)] < oo and

C
sup P [Ty(W)>u] < @ (66)

y€B(0,4RE)

for a constant C, and u large enough (see Theorem 2 in Ridler-Rowe 1966), we can conclude that
for each x € B(0,4R?) \ B(0,(7/4)R®), and u large enough,

2C;(loglogu)? C,loglogu - C’loglogu

P, [N(mu) <logl =
« [N(mu) <loglogu] < -~ log (mu/(2loglogu)) ~  logu

again for C’ > 0 and u large enough independently of x. Coming back to (65]), we obtain for a
constant C”” > 0 and for all x € B(0,4R?)\ B(0,(7/4)R?),

Py, x [qh >pu] <(1- y)loglogt + p TN (mu) < loglogu] + e~ C'u

C’loglogu
C'loglogu

< (1 _ Y)loglogu + e—C”u. 67)

logu

Define g(u) as the expression on the right-hand side of to obtain the result.
When 1,[1% p;l — 0, the probability that a large event occurs by time ugl)% is given by

2
1—exp{—93uﬁ}—>0 as L — oo.
PL

On the event that no large events occur by time uzp%, the first visit of W into B(0, R®/2) will produce
a time s;" such that W(s}) € B(0,(3/2)R?) with probability 1 for the reason expounded above, and
so the first term on the right-hand side of is now the probability that T; (W) is greater than mu.
The inequality in and the exponential decay of P, [siL(u’ < mu] now imply the result. O
Proof of Lemma The arguments are slightly different according to whether p; 1/)[2 is bounded
or tends to infinity as L — oo. Let us consider the first case. Recall the definition of pL_leB given
in the proof of Lemma [6.5] as the maximal rate at which a lineage is affected by a large event.

The coalescence rate of two lineages is then bounded by 2pL_19B, regardless of their locations. By
our assumption , there exist r € (0,R®) and 6 > 0 such that Leb({r’ € [r,r + 5] : vﬁ ¢
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{60,61}}) > 0. We shall use these events to send the two lineages at distance at least (7/4)R5;
from each other, whatever their initial separation was. The proof is quite natural, so we just give
the main arguments. If only large jumps occurred, then if a sequence of at least 7R%/(2r) large
events increased |X!| by at least (r/2)v); each before the first coalescence happened, X’ starting
within B(0, (3/2)RB1);) would certainly leave B(0,(7/4)RE+;). Moreover, a large event affecting
X! and conditioned on not leading to a coalescence biases the jump towards increasing |X*| (we do
not allow some centres that are too close to both lineages). This remark and guarantee that
the rate at which these separating events occur (that is, events increasing |X*| by at least (r/2)v)
is bounded from below by pglesep, where 6, is a positive constant. The total rate at which large
events affect X* is bounded by 2pL_19B, and so there is a positive probability pp,, independent of
the starting point of X%, that X’ leaves B(0,(7/4)RB) ;) before coming back to 0 through a (large)
coalescence event. As regards the effect of small events, recall that we assumed that p Lq,bzz is
bounded. Hence, the probability that X’ starting from B(0, r+; /2)¢ does not enter B(0,2R®) after
a time of order @(p;) only through small jumps is bounded from below and by the symmetry of
these small jumps, with probability at least 1/2 the radius of X* increases between two large jumps.
Hence, up to modifying p,, to take into account the effect of the small jumps, the probability that
X* leaves B(0,(7/4)RB+); ) before coming back to 0 is still bounded from below by Psep > 0.

By the definition of R® and Assumption , large events of size close to R® occur at a positive rate
and lead to the coalescence of the lineages with positive probability, so that the waiting time for the
coalescence of two lineages at distance at most (7/4)RB4); is bounded by p; times an exponential
with positive parameter y. This gives us that pL_lQﬁ is stochastically bounded by Zle N;, where k
is geometric with success probability pg, > 0 and {N;,i € N} is a sequence of i.i.d. Exp(y) random
variables, all of them independent of the initial value x € B(0, (3/2)RE4);) of X*. We can therefore
choose Cq = (YPsep) -

When pL_lll,'% — 0, if we use the same reasoning as above there is a positive probability that a large
event separates the two lineages at distance at least ri;, regardless of their separation just before
this event. In addition, the rate of these separating events is at least equal to pL_lesep > 0. Between
two large events, X only does small jumps, and as long as X* ¢ B(0, 2R®), the Skorohod Embedding
Theorem (see the proof of Lemma enables us to assert that X' will leave B(0,(7/4)RB+;) in a
time of order ﬁ(lﬁ%). Moreover, for € > 0 small, the same argument shows that the probability that
X" leaves B(0, (7/4)RB ) before entering B(0, 7)) is bounded from below by a constant ps. > 0
independent of L and of the value y € B(0, ;)¢ of X© just after the large jump described above.
A fortiori, peg. is also a lower bound for the probability that X* started at y leaves B(0,(7/4)RB;)
before entering B(0, 2R*) only through small jumps, and so we obtain that between two large events
such that the first large jump sends (or keeps) X! out of B(0,r;), X’ escapes B(0,(7/4)RB,)
with probability at least p.,. (recall that the total rate of large events affecting at least one of the
lineages is bounded by 265 pL_1 and p; > w%). Consequently, Q% is this time stochastically bounded

by Zle N;(L), where k is a geometric random variable with success probability p.s. > 0 and for each

L eN, {N;(L),i € N} is a sequence of i.i.d. Exp(pL_19sep) random variables, all of them independent
of the initial value x € B(0, (3/2)RB4;) of XL. The desired result follows, with Cq = (Osep Pesc) L. O

Proof of Lemma [6.7} The inequality in can be restated as in (the quantity inside the
brackets then tends to 1), so we prove both inequalities using this form. Let 6, be such that pL_19C is
the minimum rate at which two lineages at distance at most (1 + §)RB1); from each other coalesce
(where 6 > 0 is defined at the beginning of the proof of Lemma . By the definition of R®
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and assumption |l the rate at which a reproduction event of radius r € [RE(1 — %)w L, REY, ]
occurs and leads to the coalescence of the lineages does not vanish as L tends to infinity (when
multiplied by p;), and so 6. > 0. Let us show that if > 0 is small enough, the probability that X*
starting within B(0,R®1) ) does not leave B(0, (1+ 6)R®1) ) through only small jumps by time ni)?
is bounded from below by a positive constant, independent of L large. The term inside the brackets
in will then come from the probability that a large event occurs before time m,b% and the first
such event leads to the coalescence of the lineages (i.e., a jump onto 0 for X©).

Let n > 0 and x € B(0,R), and let 75 denote the epoch of the first large event affecting X*.
By the argument given above, the probability that X* starting at x hits O before leaving B(0, (1 +
5)RB+);) is bounded from below by the probability that X started at x stays within this ball until
Té, Té is less than or equal to m/)% and the first large event leads to the coalescence of the lineages.
Writing &, for the event that X" stays within B(0, (1 4+ §)RPv) before 7} and 7} < n3?, this

probability is equal to
P, [ the first large event is a coalescence | & , [P, [& ] (68)

If, for each L € N, pL_lE < 0o denotes the rate at which a single lineage on T(L) is affected by a
large reproduction event, then the rate at which at least one of two lineages are affected is bounded
by twice this quantity, and so the first probability in is bounded from below by 6,/(2E). Now,
X% experiences no large reproduction event before time Té, and so we can again use the equality in
distribution stated in the proof of Proposition [6.4](b) (we also keep the notation introduced there).
Write to for the first time X* leaves B(0, (1 + 8)RB4) ), and f.y, for the corresponding time for Xt
(which sees only small events). We have

Py (6] =Py [texie = 755 T < NY7]
=P, [T = e(X"); e(X") < nyp?]
> Py [Fexic = M5 e(X") <myp?]
=P, [e(XL) =< mﬂf | ‘:-exit = WP%]P;C [Eexit > nw%] . (69)

Since a pair of lineages is affected by a large event at rate at least pL_lE , the first probability on the
right-hand side of is bounded below for all x € B(0,R34);) by

2
1 —exp{ - nEﬁ}.
PL

Now, if X! starts within B(0,RB+)); ), it needs to cover a distance of at least 5RB4)); to exit B(0, (1 +
5)RBa);). Furthermore, coalescence events tend to keep X! within B(0, (1 + §)RB+);), and so for
each x, the second probability on the right-hand side of is larger than Py [ £y > m/)%], where
foyie is the exit time from B(0, 5RB);) of the process {EL(2t), t > 0} which experiences only small
jumps. Decomposing this Lévy process into the sum of its jumps and applying Doob’s maximal

inequality to the submartingale |EX|?, we obtain
. 1 N 2no?
Po| swp [ENROP > (GROYL2| < s B (I8P = i,
° [Ostfnlfl)%/Z i (6R%4 ) o171 1] 52(RP)?

where the last equality comes from (22). Choosing 1 > 0 small enough so that the quantity above
is less than 1, we obtain that for all x € B(0,R5+));)
27)052

Py [fexic = MY7 ] = Polfeyie = nYp7]1>1— 52 RB)? =0,>0.
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Combining the above and choosing 0, = 0,6, /(2E) and 65 = nE, we obtain (34). O

Proof of Lemma If we were considering the times 7;; rather than T;-kj, Lemma would follow
from the same arguments as in Cox & Griffeath (1986) (see Lemma 1). Here, we have to work a bit
harder and decompose the event in into more cases. Recall the definition of @; given in the
statement of Theorem For each L € N, the probability in is bounded by

P4, 7 < hads ] +P, [T > d? ;T =T, T 712] (70)
- logls 't \flogL
+ Py, _T*ZT);Z; \/%STZT12<TTZ—(IO;U—2)Z] (71)
+ Py, [ = Tlas DL ST=T12;T12 > T)y— L; Ji € {1,2}, 75 € (119, T"l‘z]] (72)
: JiogL (og LY
[ ¥ @y, . % Ly % Ly % L
+ Py, | 77 =0y 1 <T=7T1; Vi€ {1,2}, 13 > 1], €T (7)) - EX(7 )IS@]. (73)

~

0g

Suppose first that p; < wflogL. The first term in li is bounded by the sum over i # j €
{1,...,4}% of Py, [T < wL(logL)_l/z], which tends to 0 uniformly in A; by Proposition and
the consistency of the genealogy. The quantity in (71), expressing the probability that the first pair
to meet is the pair (1, 2) but then coalescence of these lineages takes longer than @ /(log L)? units
of time, is therefore bounded by

P, |7k “L

Ay [712 —Ti2> (log—L)Z]’

which converges to zero as L — oo, uniformly in A; (apply the strong Markov property at time 71,
and use (a) of Proposition [6.4). The expression in (72)) corresponds to the event in which (1,2) is
the first pair to meet and “quickly” merge, but another pair of lineages manages to meet between
713 and 77,. It is thus bounded by

P [ @y < T =TT E(T — wy H
" ST="Tiz; T13 12,7121 7
L \/@ (logL)2
(o)
+IPAL[ ST=T12§T23€(712’T12+ ; 2”
Tog L (logL)

Applying the strong Markov property at time 71, and using Lemma|5.5{with ({*(¢)),>¢ = (wgl {& lL -
ELY((§% A pp)t))iso for each i € {1,2} (as in the proof of Theorem|6.3)), we can conclude that each
of the above terms tends to 0 uniformly in A;. On the event described by (73), that is (1,2) is the
first pair to meet and merge, no other pair meets in between but the distance between lineages 1
and 3 at time ©* is smaller than L/logL, the differences {& — &%} and {&} — £} have the same
distribution as two independent copies £ and EL of the process &L run at speed 2 up until 7, and
so if we write T; (resp., T;) for the entrance time of £~ (resp., £¥) into B(0,2RBv); ), with a slight

abuse of notation for the initial value to simplify the notation, (73)) is bounded by
wr Wy

logL’

8 (1)< ]

P [T >T >
A | T > 11 TogL

v L .
logL; ~§L(TL)| = @] S Py, [TL =
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A straightforward application of Lemma (b) with (€5 () >0 = (q,bzléL ((pg, Az/;%)t))tzo yields the
uniform convergence of the last term to 0. Finally, the second term in (70), i.e., the probability that
(1,2) is the first pair to meet but not to merge, is bounded by the sum over all pairs {i, j} € {1,...,4}?
such that i # j and {i, j} # {1, 2} of

g @) g
Py [TZ ;T*:T*;T=T~-]SIF’A[ <t=1;<1} ——;T*.>T*]
L IOgL 12 1 L logL 1 12 (logL)z ij 12
wr wp
+P [T*zr* > iTi € [T* e H
AL 12 ’_logL ij 12 (logL)2 12

We can now conclude as we did for and (72).

When p; > 1/)% log L, we saw in the proof of Theoremthat with probability increasing to 1, a pair
of lineages will not be affected by a large event during the periods of time when the lineages are at
distance less than 2RB1); from each other, until they come at distance less than 2R*. Consequently,
we could consider the evolution of the lineages to be independent until their gathering time at
distance 2R°. Because we are still considering a finite number of lineages, the arguments we used
are applicable here again, and the proof of the last paragraph also yields in this case. The proof
of is analogous, and is therefore omitted. O
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