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Abstract. We construct martingale solutions to stochastic thin-film equations by introducing a
(spatial) semidiscretization and establishing convergence. The discrete scheme allows for variants of
the energy and entropy estimates in the continuous setting as long as the discrete energy does not
exceed certain threshold values depending on the spatial grid size h. Using a stopping time argument
to prolongate high-energy paths constant in time, arbitrary moments of coupled energy/entropy func-
tionals can be controlled. Having established Holder regularity of approximate solutions, the conver-
gence proof is then based on compactness arguments—in particular on Jakubowski’s generalization
of Skorokhod’s theorem—weak convergence methods, and recent tools on martingale convergence.
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1. Introduction. For fluids consisting of just a small number of molecules, the
validity range of models from fluid mechanics may be enhanced by incorporating
thermal fluctuations into the model.

In the case of a thin liquid film with a thickness corresponding to just around
10*-10% molecule layers (cf. Figure 1), classical models of continuum mechanics do
not always give a precise description of thin-film evolution. While morphologies of
film dewetting can be captured by thin-film models (see [2]), discrepancies arise with
respect to time-scales of dewetting. To put it concisely, certain effects, which acceler-
ate film rupture at its very onset, seem not to be included in these models. Based on
physical considerations, thermal fluctuations may have a strong influence during the
first stage of rupture of very thin films—cf. [47]. This fact motivated Griin, Mecke,
and Rauscher [37] to formally derive a stochastic thin-film equation which reads

(1.1) du = —div (m(u)V (Au — W' (u)))dt + div (y/m(u)dS)

and which is considered on rectangular spatial domains subjected to periodic bound-
ary conditions. Parallel in time, Davidovitch, Moro, and Stone [17] presented a differ-
ent derivation under the perspective of investigating the influence of fluctuations on
droplet spreading. In both cases, a no-slip boundary condition has been assumed at
the liquid-solid interface, leading to a degeneracy m(u) = u?. Numerical simulations
n [37] indicate that thermal noise is indeed able to overcome the aforementioned
discrepancies with respect to time-scales of dewetting.

In (1.1), u corresponds to the height of the thin liquid film, and m(u) is the
thickness-dependent mobility function which depends on the flow condition at the
liquid-solid interface. The effective interface potential W(u) reflects the effect of
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412 JULIAN FISCHER AND GUNTHER GRUN

(attractive and repulsive) interaction forces between liquid and substrate molecules,
and dS denotes vector-valued white noise.

In the present work, we study the existence of nonnegative solutions in the one-
dimensional case. We focus on a mobility m(u) = u?, which—with a grain of salt—
corresponds to a Navier slip condition at the liquid-solid interface (cf. [49]). For the
potential W, a prototypical example compatible with our assumption (H2) below is
given by W(u) = =% —u~2 + 1. This potential stands for disjoining and conjoining
van der Waals interactions between fluid and solid based on 6-12-Lennard—Jones pair
potentials.

In Remark 3.3, we will show that space-time white noise is not compatible with
finiteness of the physical energies encountered in thin-film flow—hence rendering the
mathematical analysis of the stochastic thin-film equation infeasible due to the strong
nonlinearities in the equation.

Therefore, we will consider Q-Wiener processes. Denoting the eigenfunctions
of the Laplacian on the spatial domain O = (0, L) subjected to periodic boundary
conditions by gy, ¢ € N, introducing a sequence of independent Brownian motions
(Be)een as well as a sequence (A¢)gen of nonnegative real numbers that converges to
zero sufficiently fast, we assume that the noise is of the form

(1.2) AW =" NegedBe.

(=1

It is well-known (see, e.g., [51]) that the increments of W = >",2 | A\rgefB¢ come along
with Gaussian laws

Po(W(t)—=W(s) ' =N(0,(t-5)Q) V0<s<t<T,
where the self-adjoined operator @) is defined by
(1.3) Qg =Mg, VYILEN.

Examples of such covariance operators (—and hence, examples of such noise—are
provided by Hilbert—Schmidt operators of the form

L
(1.4) @) () = / oy — 2)f(v)dy

with nonnegative, symmetric, L-periodic, and sufficiently smooth kernels ¢: Following
the results of Blémker [10], such operators share the system of orthonormal eigenfunc-
tions with the Laplacian.

Recall that the decay of the eigenvalues is related to the smoothness of g. Choosing
g compactly supported, we infer from Theorem 3.3 in [10] that the correlation of the
(physical) noise £(¢, x) := ;W is given by

E(§(t,2)8(s,y)) = 0(t = s)q(z — y),

where §(-) denotes the Dirac d-distribution. In this spirit, the size of the support of ¢

gives twice the correlation length of the noise. Assuming a finite interaction length,

@-Wiener processes seem to be a reasonable ansatz from a physical point of view, too.
Altogether, in our setting the stochastic thin-film equation reads

(1.5) du = — (m(u) (uzs — W’(u))w)x dt + Z (Aev/m(u)ge) dpe
=1

on O x [0,00) subjected to periodic boundary conditions.
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F1a. 1. A thin liquid film consisting only of a limited number of flutd molecules.

The main result of the present contribution is the existence of a weak martingale
solution to the stochastic thin-film equation (1.5); see Definition 3.1 and Theorem 3.2
below. For properly chosen initial data, the solution turns out to be positive on
O x [0,T] almost surely. The assumptions on the probabilistic setting, initial data,
and the effective interface potential W will be made precise in section 2; see (H1)—(H4).

For the deterministic thin-film equation

(1.6) ug = —div(m(u)VAu)

and its variants, in recent decades an extensive mathematical theory has been de-
veloped. Despite the lack of comparison principles, it allows for globally nonnega-
tive solutions. The first result on existence and nonnegativity of weak solutions in
the case of one spatial dimension is due to Bernis and Friedman [6]. More refined
results—addressing in particular positivity properties and the regularity of solutions
at Ofu(-,t) > 0]—were obtained in [3] and [7]. Without further conditions, weak so-
lutions to the thin-film equation are in general nonunique, at least for initial data
with compact support. Well-posedness might hold true if another condition at the
free boundary O{u(-,t) > 0} is imposed in addition to the natural condition v = 0.
Physical considerations suggest prescribing the contact angle (or equivalently, |Vul)
at the free boundary. In the case of complete wetting |Vu| = 0, this boundary condi-
tion may be enforced implicitly by additional regularity constraints on the solution,
so-called entropy estimates [3, 7]. In the case of partial wetting |Vu| = a > 0, enforc-
ing the contact angle condition for weak solutions is significantly more complicated;
see [9, 48, 50].

Equation (1.6) has been studied in multiple space dimensions, too. Results on
existence and nonnegativity of entropy solutions can be found in [15] and [36]—see
also [20] and [32] for basic results on fourth-order degenerate parabolic equations.

For local-in-time results on existence and uniqueness, we refer to [25, 27, 28, 29,
30, 43, 46].

There is a rich qualitative theory of solutions to the thin-film equation: Finite
speed of propagation of solutions and upper bounds on the propagation of free bound-
aries have been established in space dimension d = 1 in [4, 5] and in [41]. Results
in multiple space dimensions were obtained in [8, 34, 33]. The large-time behavior
of solutions to the Cauchy problem has been analyzed in the case m(u) = u in [14].
Waiting time phenomena were studied in [16, 26]. Rigorous lower bounds on the
propagation of the free boundary and sufficient conditions for instantaneous forward
motion of the free boundary—based on the discovery of certain monotonicity formulas
for the thin-film equation—have been deduced in [22, 23, 21].

Quite recently, much progress has been made in the analysis of nonlinear parabolic
stochastic partial differential equations. Debussche, Hofmanové, and Vovelle study
quasi-linear degenerate second-order parabolic stochastic partial differential equations

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/19 to 193.170.152.74. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

414 JULIAN FISCHER AND GUNTHER GRUN

in [18], Hofmanovd, Roger, and von Renesse prove the existence of weak solutions for
stochastic mean curvature flow of two-dimensional graphs [39], and Breit, Feireisl,
and Hofmanové identify incompressible limits of solutions to stochastic compressible
Navier-Stokes equations [11]. These papers take advantage of novel approaches to
construct martingale solutions introduced in [13] and in [40].

The general strategy for the proof of our existence result is to combine these
probabilistic techniques with methods used in the numerical analysis of thin-film
equations (cf. [38, 35, 52]. The latter are based on discrete versions of some integral
estimates for the thin-film equation—the energy estimate and the entropy estimate.

It is worth mentioning that we only discretize in space, which allows us to control
the degeneracies and singularities in the equation from the very beginning using Ito’s
lemma. For fully discrete approaches to stochastic partial differential equations, we
mention the papers [12] and [1] on stochastic Navier—Stokes equations and stochastic
Landau—Lifshitz—Gilbert equations, respectively. For a first result on fully discrete
convergent schemes for stochastic versions of degenerate parabolic equations, we refer
to [31], which is about the discretization of the stochastic porous-medium equation
with linear multiplicative noise inside a source term.

Let us specify the fundamental integral quantities to be used in the paper. The
energy Flu] of a thin liquid film is given by the sum of the surface energies associated
with the interfaces between liquid and ambient fluid/vacuum and between liquid and
solid. In lubrication approximation, the former is given by [, o V1+|ug?de ~ /. ol+
3|ug|? dz, the latter by [, W(u)dxz. One may subtract the constant [,, 1 dz, resulting
in the expression

(1.7) Elu] ::/O%|um\2+W(u)dx.

A second integral expression useful for analysis and numerics of thin-film equations is
the so-called mathematical entropy

(1.8) STl = /O Glu) dz

with its density given by
u S 1
G(u) == / / drds.
1 J1om(r)

Especially in our setting, we get

Slul :/ —logu+u — 1dz.
o

A formal application of Ito’s lemma yields for solutions to the stochastic thin-film
equation (1.5)

E/@;%P—FW(u)dx‘j
T
- —]E/O /Om(U)\(um — W (1)) |? da dt
T
+%Z)\§]E/O /O|(\/Wgz)m|2dmdt

LeN

T
+ %Z/\f ]E/o /OW”(u)|(\/m(u)gg)w‘2dxdt

LeN
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E/ G(u) dx =—]E/ / Uge — W' (U)) gy d dt
o

+- Z/\f // |(Vm(w)ge), | dx dt

ZEN

and

:—E/ /|um|2+W”(u)|uz|2dmdt
0
1
+5 D A ]E/ / |(V/m(u)ge),|” du dt.
0

LeN

Recalling the relation m(u) = u?, we therefore obtain for the weighted sum E[u] +
kS[u] for k large enough

T
EE[u] + xES[u]|” < —]Ei/ / Bt [PV () [t P () (0 — WV (1)) 2 i
0 0

1
5D AME //W” |(Vm(u)ge), | da dt

LeN

+ - ZAE / /|\/ u)gr) | dx dt
EEN

+z Z)\Z // |(Vm(u)ge), | da dt.
ZGN

Further estimates and an application of the Gronwall lemma then yield a suitable
energy-entropy estimate which in particular gives a uniform bound of the form

IE{ sup FElu]+ sup S[u]}

t€[0,T) t€[0,T]

T T
(1.9) +]E/ /|um|2dmdt+]E/ /u2|(um—W'(u))t\2 dx dt
’ o Jo o Jo ’
T
—HE/ / —p=2 dedt
0 O

<C(p,T,up) < 0.

We emphasize that this estimate is a special case of a much more general result on
formal integral estimates for stochastic thin-film equations obtained by Dirr and Griin
(see [19]).

Let us give the outline of the paper. In section 2, we formulate a semidiscrete
scheme for the stochastic thin-film equation. Aiming at discrete counterparts of
the formal integral estimate (1.9), the mobility m(u) = u? is discretized following
ideas from numerical analysis. In section 3, our result on existence and positivity,
Theorem 3.2, is stated. Sections 4 and 5 are devoted to its proof.

In Lemma 4.1, we show that a bound on the discretization-adapted energy Fj,[v]
(which is a slight modification of E[v]; see (4.1)) for a function v € X, entails
a strictly positive lower bound on v, uniformly with respect to h. Based on this
observation, solutions u”, p" to our semidiscrete scheme (2.1) are constructed in
Lemma 4.2 by reducing the problem to a classical existence result for SDEs. In
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Proposition 4.4, we derive uniform estimates on the combined energy-entropy func-
tional R(t) := Ep[u(t)] + £Sp[u"(t)] as well as on its dissipation, the most important
terms of which are fOT”“” Jo My (u")|ph|? dz dt and fOTm” Jo |Apu"|2dzdt where p" is
an appropriate discretization of the pressure —ug, + W’ (u). The derivation of these
bounds makes use of Ito’s formula and a subtle discretization of the degenerate mo-
bility m(u) = u? which is inspired by numerical analysis (cf. [38], [35]). Based on
the Burkholder-Davis-Gundy inequality, we also obtain estimates on stochastic mo-
ments of the pathwise supremum SUD4 (0,00 R(t) of the combined energy-entropy
functional. Starting from these uniform energy-entropy estimates, in Lemma 4.11 we
obtain uniform estimates on the solution u" in an appropriately chosen Hélder space.
The passage to the limit A — 0 is based on tightness results for height, pressure,
and flux of the thin film in appropriate function spaces. Jakubowski’s generalization
of Skorokhod’s theorem to nonmetric spaces [42] and recent strategies on martingale
convergence (cf. [11, 13, 18, 40]) turn out to be crucial tools to succeed. Convergence
in the deterministic terms follows by classical arguments of pde-theory.

Notation. Throughout the paper, we use standard notation for Sobolev spaces
and from stochastic analysis. The spatial domain O is given by the interval (0, L),
and we abbreviate I := [0,7T]. The notation a A b stands for the minimum of a and
b, and Lo(X,Y) denotes the set of Hilbert-Schmidt operators from X to Y. For
values of s, € (0,1), C7=7(O x [0,7T]) denotes the space of continuous functions
on O x [0,T] which are Holder-continuous with exponent 7, (respectively, ;) with
respect to space (respectively, time). In particular, the exponent v will exclusively
be used for Holder properties related to the martingale solution for the stochastic
thin film equation. For a stopping time T, we write x7 to denote the (w-dependent)
characteristic function of the time interval [0,7]. The abbreviation (v)e is used for
the mean value of a function v over a domain O.

Further notation related to the discretization will be introduced in section 2.

2. Preliminaries on the discretization. In this section, we will introduce a
semi-discrete scheme which will serve to obtain spatially discrete approximate solu-
tions to the stochastic thin-film equation. Existence of those approximate solutions
will be established in section 4 applying a stopping time argument to solutions of an
appropriate system of ordinary stochastic differential equations (SDEs).

e Given an integer fraction h of a real number L > 0, by X}, we denote the space

of periodic linear finite elements, i.e., the space of periodic continuous functions
on [0, L] that are linear on each of the intervals [0, k|, [k, 2h],..., [L — h, L].

e By e¢;, we denote the function in X}, that equals 1 at x = ¢h and that vanishes
for all other x = kh, k # 1.

e Let Cper ([0, L]) be the space of periodic continuous functions on [0,L]. By
Iy, ¢ Cper([0,L]) — X, we denote the nodal interpolation operator uniquely
defined by (Zv)(ih) := +(ih) for all i € {1,..., Ly}, where Ly, :== Lh™! is the
dimension of X},.

e On the Hilbert space X}, we introduce the scalar product

(@0 = 3 b )i i)

and the corresponding norm

Ly 1/2
[T (Z h|¢’l<ih>|2> :
=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/19 to 193.170.152.74. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SOLUTIONS TO STOCHASTIC THIN-FILM EQUATIONS 417

Note that the norm || - ||, is equivalent to the L?(O)-norm on X}, uniformly in
h. With a slight misuse of notation, we will frequently abbreviate (Z¢,¥p)n
for functions ¢ € Cpe ([0, L]) and ¢, € X, by (¢, ¥n)n-

e By ;" and 9;", we denote the forward and backward difference quotients,
respectively, i.e., 9F" f(z) := h™1(f(z + h) — f(x)) (with f extended outside
of [0, L] by periodicity).

e The discrete Laplacian Apv" of a function v® € X}, is defined by the variational
formulation

(Apv", ")), = —/ ot oldr Wl € X,
o

We note the identity Apv" = 07" (0" ).
e Sometimes, we abbreviate v; := v(ih) for functions v € C°(O) and i =

1,.

o Ln.

Now we are in position to formulate the general assumptions on the data.

(H1)
(H2)

The mobility is given by m(u) = u?.

The effective interface potential W(u) has continuous second-order deriva-
tives on R* and satisfies for some p > 2 and u > 0 the following estimates
with appropriate positive constants:

ciu P72 — ey W' (u) < Chu P72,

W(u) > Cu™P.

For nonpositive u, we define W(u) := +oo0.
Let A be a probability measure on H;er((’)) equipped with the Borel o-
algebra which is supported on the subset of strictly positive functions such

that there is a positive constant C with the property that

-1
€SSSUD, csupp A {E[Ihv] + (/Ovdx) + (/Ovdx> } <C

for any h > 0 with E[-] as defined in (1.7).

Let (Q, F, (Ft)t>0, P) be a stochastic basis with a complete, right-continuous

filtration such that

— W is a Q-Wiener process on Q adapted to (F;);>o which admits a de-
composition of the form W = Z;’;l AegefBe for a sequence of independent
standard Brownian motions , and nonnegative real numbers (Ag)een,

— the noise W is colored in the sense that Y ,- ¢4\? < oo,

— there exists a Fyp-measurable random variable ug such that A = Powug L

We refer to Remark 3.3 for a discussion of why we do not expect existence results
under the assumption of space-time white noise. Finally, with respect to (H3) it is
worth mentioning that we do not know of any stochastic thin-film-type equation which
would allow for (at least formal) integral estimates compatible with just nonnegative
initial data.

Let us define our scheme for approximation. On a stochastic basis satisfying (H4),
given a positive time T},q, and introducing Epg,,, = 2h~P=2/P+2) we consider

solutions
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ul € L2(Q; C([0, Thnael; X1)),
p" € L2(% L((0, Trnaz); Xn))
to the system of SDEs
(2.1a) (u(T),¢")n = (uo, ¢

"
TATy,
_ / / M (u)plh da dt
0 O

Nn  TATY,
-3 / / Aeul god da: d By Yo" € Xy,
=170 ©
(2.1b) (", ¢")n = X, /O ugdyde + xz, W' (u"), 6" Yo" € Xy,

where x1, = X7, (t) is an abbreviation for the characteristic function of the time
interval [0,Ty] and where T}, is the stopping time defined by T}, := Tias A inf{t >
0 : Eplul(t)] > Epazn}- Here, N € N is a cutoff for the noise for the purpose
of discretization, subject only to the condition N; — oo for h — 0. Furthermore,
M, (u") is a suitable modification of the pointwise mobility m(u"); see below.

Discrete initial data are computed by the formula u?(w) := Zjug(w). We note the
following result, which can be established in a standard way.

LEMMA 2.1. Let (u”,p") be a solution of (2.1). Then,
(2.2) (uh(t,w))o =1 (v"(t,w), l)h =1 (uf(w), 1)h = (ug(w))o vt >0,

1/2
(2.3) | (ug)n(w) = (uo(w))o| < Ch </O I(uO)z(W)F) ;

where (v) denotes the mean value of a function v over O.

The discrete mobility Mj,(u") is defined as follows. Choose o := %hQ/ (P+2) and
consider the shifted mobility m, (u) := m(max(c,u)). Then, for an element v" € X},
the discrete mobility Mj, (v") is given as the elementwise constant function defined by

mg(vlh) if vlh = vihH,

(2.4) My (0")|n 4 0pn) = Vit 1 T eh Lot
(fvgfr ma(s)ds) if v # vy 1

Related to the discrete mobility Mp,(-), we introduce the nonnegative discrete entropy
density

(2.5) Gh(s) == /1S /f ! drdp

me(7)

and similarly gy, (s) := G},(s). For further reference, we note the identity

(2.6) / Mh(uh)pﬁﬁw (Ihgh(uh)) do = / pﬁug dx,
1) o

which is commonly referred to as entropy consistency of the discrete mobility; cf. [38]
and [52]. Moreover, observe that

(2.7) My, (™) in i 1yn) = - ully

2
if min(uf, ul,,) > o = Lhpt2.
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3. Main results.

DEFINITION 3.1. Let A be a probability measure on H},, (0). We will call a triple

per
(€, F, (ft)tzo,f[j’), @, W) a weak martingale solution to the stochastic thin-film equa-
tion (1.5) with initial data A on the time interval [0,T] provided
Q) (0 F, (Fi)i>0,P) is a stochastic basis with a complete, right-continuous fil-
tration,
(i) W satisfies (H4) with respect to (Q, F, (Fi)eso0, P),
(iii) @ € L2(Q; L2((0,T); H2,,.(0))) N L2(Q; C7/4(O x [0,T))) with v € (0,1/2)
s positive P-almost surely,

(iv) there exists an Fo-measurable H}

per(O)-valued random variable tg such that

A=Po ﬂal, and the equation

[ atods= [ aopda [ t [ @) ez = W @) ds
—in/ot/omgmdwdm

er

holds P-almost surely for all t € [0,T] and all ¢ € H}..(0).

We are going to establish the existence of a weak martingale solution via approx-
imation by solutions to the semidiscrete scheme (2.1).

THEOREM 3.2. Let the assumptions (H1)-(H4) be satisfied and let Tyar > 0 be
given. Assume u”, p" (where h — 0) to be a sequence of solutions to the Faedo—
Galerkin scheme (2.1) for the stochastic thin-film equation (1.5) with Enaen =
h=P=2/P+2) | Let 0 < v < 1/2 be given.

Then there exist a stochastic basis (Q,]}, (ﬁt)tzo,ﬁp) as well as processes i, p",
and @ € L*(Q; L2([0,T); H).,(O))) such that the following holds: The processes ",

per

P have the same law as the processes u™, p" and for a subsequence we P-almost surely
have the convergence @' — @ strongly in CVV/4(O x [0, Tynaz)) and /My, (a")ph —
—1 ((Ggy — W' (@), weakly in L?(O x [0, Trnaz)). Furthermore, @ is a weak martingale
solution to the stochastic thin-film equation in the sense of Definition 3.1 satisfying
the additional bound

T
El sup  Eli’| +E / / (@) (e — W (@))a 2 da dt | < Cuo, P, Tonas)
te| 0o Jo

0,Trmax]

for any p > 1. In particular, u is positive P-almost surely.

Remark 3.3. Note that the regularization of the noise (see hypothesis (H4)) is
actually necessary: Due to the strong nonlinearity in the leading-order term in the
thin-film equation (1.1) with m(u) = u", even for W = 0 any weak formulation of the
thin-film equation involves either terms like the Dirichlet energy density |Vu|? or even
higher derivatives. Therefore, without any control of the Dirichlet energy of solutions,
establishing a weak formulation of the thin-film equation seems to be impossible.

However, in the case of space-time white noise dS, even for linearized model
equations, the finiteness of the Dirichlet energy fails: Considering the one-dimensional
model equation

(3.2) du = —A%udt +V - dS
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with white noise dS on (0,27) subjected to periodic boundary conditions, we may
reformulate it as

du = —Ugppdt + ; (\/1% Sin(&r)) ) dfBae + ZZ:% (\/1% cos(ﬁx)) ) dfB2ei1

for a sequence of independent standard Brownian motions (8¢)een. For the “excita-
tion” of the mode sin(¢z)/+/m, we infer

1

d — sin(fx)u(z,t) dx
(02m) VT (Erju(a)
1 1
= —@4/ — sin(fx)u(x, t) dedt — £ = sin®(Lx) dx dB?H.
0.2m) VT ( (1) (0,2m) T (tz)

Solving this SDE and computing the variance shows that at time T := 1, the probabil-
ity distribution of the excitation of the mode sin(¢z)//7 is a Gaussian with vanishing
expectation and standard deviation

1 1
o —sin(lz)u(x,t)dx | ~ .
(/(o,zfr) VT (trjulz, 1) ) l

As the excitations of the different modes are stochastically independent, even at the
level of the linear fourth-order model equation (3.2) forced by the spatial derivative
of space-time white noise, one may not expect finiteness of the Dirichlet energy.

4. A priori estimates.

4.1. Discretization of the energy and entropy functionals. To estab-
lish a discrete counterpart of the combined energy-entropy estimate, we introduce
discretization-adapted variants of the energy E[u] and of the entropy S[u]. We set

(4.1) Enlu] ::/Oélvw|2+1h[W(v)]da:
and
(4.2) Sh[v] ::/OIh[Gh(v)] dz.

A bound on the energy Ej[v] entails a lower bound on the thickness of the thin film
as well as on its oscillation.

LEMMA 4.1. Let u" € X, be strictly positive. We then have the estimate

-1
(4.3) sup (u")™' < C (][ ul da:) + CEp[uM? =2,
zeO o0

If in addition the bounds

_p=2
(4.4) Eplu] < h™pt
and

2
(4.5) F sz a7
o
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hold, we have the estimates

_2
(4.6) minu” > ch2+p
z€O
and
(4.7) _ul(ih) <C
’ uh((i+1)h)| —

foralli=1,... Ly.
Proof. To establish (4.3), we first estimate

[y = oo why e <o) ([ oty ([ e
(4.8) <2C(p ( i p>1/2Eh[uh}1/2§CEh[uh].

Note that we use hypothesis (H2) in the last step, while the second inequality is built
upon

Lp,
/ (u")"P dx < 2h Z(uh
o i=1
which in turn follows from the estimate

/ (u") 7P dx :/ <uh(z’h)(i+1)h_x —l—uh((i—kl)h)x_ih)p da
[ih,(i+1)h] [ih,(i+1)h] h h

< h- (min{u” (ih), u" ((i + 1)h)}) 7P
< R ((u"(ih) 7P + (u((i + 1)h))7P).

Using (4.8), we infer

sup (uh)—l _ (Sup (uh)—(p—Q)/2)2/(p72)
zeO )

Iy~ (p—2)/2 hy—(p—2)/2 2=
< ( inf ~(— ~(p-
< (in, @02 [ ()02, ao)
Sclné (uh)fl#—CEh[uh]Q/(pr)
xE

-1
<C (][ ul dm) +CEh[uh]2/(p_2).
o

Having established (4.3), (4.6) is an easy consequence of the assumption (4.4). To see
(4.7), we use the embedding

[u" () — u ()|

sup o < Cllul|| 20y < C(Ep[u"])?
z,y€0 |z —yl /
to compute
_ul(ih) |- [ul(ih) — ul((i + 1)h)] - Ch'/2\/Ey[u"] <c I
uh((i + 1)h) uh((i + 1)h) - 2 -

ch 2+p
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4.2. Existence of solutions for the semidiscrete scheme. Let us now show
that our Faedo—Galerkin scheme (2.1) admits a solution.

LEMMA 4.2. Let Tyar be a positive real number and Enqqzn = %h_(p_Q)/(p+2).
Then there exist a stopping time T), and stochastic processesu™ € L?(Q; C([0, Trnaz); X1),
p € L2(; L>°((0, Tynaz); Xn)) with the following properties:

e Almost surely, we have Ty, = Tyax A inf{t € [0,00) : Ep[u"(-,t)] > FEmazn}

o Almost surely, the process p" solves (2.1b) for t < Tyar and is contained in

C([O, Th]; Xh).
o Almost surely, the process u" solves (2.1a) for t < T, and is constant for
t € [Th, Tmaz) (and thus solves (2.1a) for t < Tpas)-

Proof. The proof proceeds by reducing the assertion to a standard existence result
for SDEs. For given @/ (t) € X}, consider the associated p"(t) defined through

49) (" oM = / e + W (i), ") Vol € X,
(@]

First notice that p"(¢) (as an element of the finite-dimensional vector space X},) is
uniquely determined by @"(t). Moreover, it is a Lipschitz continuous function of
@"(t) € X), as long as we have Ep[0"(t)] < 3Epaqe,n (as the latter condition implies
a positive lower bound for @"(t) and therefore differentiability of W' at a/(z,t)).
Denote by P[a"(t)] the function p(t) associated to 4" (t) via (4.9).

Let 6 : R — [0,1] be a cutoff with 6(s) = 1 for s < E,4,,n and 0(s) = 0 for
$ > 2Emaz 1 Note that Ej[0"(¢)] is a Lipschitz continuous function of 4" (t) € X, as
long as we have Ej [0/ ()] < 2Emaz,h-

We then solve the SDE

(4.10) du”(t,ih) = — %9 Ep[u / My, (u"(t, ) Plu"(t)]. (el da dt

Np

1
*EF) (Enlu ZM/ (t,x)ge(e])s dz dBy

with initial data u(0, ih) = Zpug(ih), i = 1,..., Ly,. Thisis possible as for Ej,[u"(t)] <
2F q2,n (which implies a positive lower bound on u”(t)) the coefficients of the SDE
depend in a Lipschitz-continuous way on u”(t) and for Ej[u”(t)] > 2Eqq 5 the coef-
ficients are zero.

Now, define T}, as Ty, := Trpax A inf{t € [0, Thaz] : En[u"(-,t)] > Epasn} and
modify u"(¢) to be constant for t € [T}, Trnax). Finally, we define p”(¢) by (2.1b). We
then see that for this choice, the assertions of the lemma are satisfied. ]

4.3. The energy and entropy estimates. We now demonstrate that our
spatial semidiscretization preserves the combined energy-entropy estimate as long
as the energy remains below a critical threshold. As before, we choose Eqzn =
%h_(p_m/(p”) to be the threshold energy. In particular, it becomes infinite in the
limit A — 0.

Writing u”(z,t) = Ef"l a;(t)e;(x), we first note that (2.1a) may be rewritten as

Np

(4.11) da; = lLi(s) ds+ Y Zi(Mege)dpe,
h =1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/19 to 193.170.152.74. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SOLUTIONS TO STOCHASTIC THIN-FILM EQUATIONS 423

where we have introduced

(4.12) Li(s) = —xa, (s /Mh 0 (5) (€1, da

and Z; : L?(0) — R defined by

1 & h h
(4.13) =X h;/ (90, w) L2(0)u gf)zei dx.

For given positive parameters « and k, we consider the integral quantity
(4.14) R(a, K, h,s) = o+ Ey[ul(s)] + £Sk[u"(s)].

For ease of presentation, we will often abbreviate R(s) := R(«, &, h, ).
The following result of calculus is immediate.

LEMMA 4.3. Let p > 1 be given. Let R(s) := R(a, k,h,s)P. The first and second
variations of R(s) are given by

(4.15) DR(s) = pR(s)P"Y(DE}(s) + kDSp(s))
and

D?R(s) = pR(s)P~(D*Ey(s) + kD*Sy(s))
(4.16) +p(p — 1)R(5)"*(DEn(s) + £DSh(s)) @ (DEn(s) + £DSy(s)),

respectively, with

(4.17) DEy(h)o" _/ ul ol de + (W' (u), ¢ ),

(@)
(4.18) (D2Ey ()¢ ) = /@ St dz + (W' ()", "),
(4.19) DSu(s)¢" = (gn(u"), ¢" )i,

where gy, is the derivative of Gy, and

(4.20) (D28}, ()", ") = (

o) .
7 h

Using Ito’s formula, we derive the following integral estimates.

1
me (uh)

PROPOSITION 4.4. Let p > 1 be arbitrary and let u",p" be a solution to (2.1a)
and (2.1b) for a parameter 0 < h < 1. Then, for sufficiently large o and k depending
only on (A¢)¢ and on P, there exist positive constants C1 and Cy independent of h
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and independent of initial data such that for all t € [0, Tnaz] the following inequality
holds:

E[R(t ATh)"]

o s)P~1 uP(s))|p"(s)|? dz ds
/0 R(s) /OMh< ()" (s) d d]

tATy

+ CH1E

+ Cl skE

o

R(S)”_llﬁhuh}lidé*}

Ly,

tAT), ) ult ih
/ R(s)P~1 Z][ |Trp*2d7/ [ul(s)[? d ds
0 i—1 ui.ll (i—1)h

+tE [(uo)?g’] )

+ Cl sE

) tAT), )
< E[R(0)?] + 7 (k, @, \, p) (E [ /O R(s)" ds

(4.21) < E[R(0)" + 7t (uo) 5] exp(Ft)

with

«
=1 =1 =1

KPP — 1) = = =
5= Oy (p(p)zg + (p+ pr + =*p(p — 1))2%5 +pZ£4A;%> .

Moreover, for Tyax > 0 arbitrary but fized and sufficiently large o and &, there exists

a positive constant C' depending only on p, (Ae)een, Tmaz, and initial data such that

(4.22) E| sup R(EtAT,)P| <C.
t€[0,Tmaz]
Proof. Using the notation
1 Ly
(4.23) o(h,s) = 7 ; L;(s)e;
and
Lp,
(4.24) O(h, s)(w) =Y _ Zi(w)e;,
i=1
we may rewrite (2.1) as
(4.25) du™ = o(h, s)ds + ®(h, s)(dWé)
with
Ny
(4.26) W§ = Z Negefe.
=1

By Ito’s formula, we deduce
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tATy
R(t ANTy)P = R(0)? + / pR(s)P(DE}), + kDSy)p(h, s) ds
0

tATH
+ / PR(s)P"(DEy, + kDSy)®(h, s) AW,
0

Nu  otAT),

> /0 PR(s)P" (D*Ep+£D?S)(®(h, 8)(Aege), ®(h, 8)(Aege)) ds
1 [';hl tAT),

+ = Z/o o(p — 1)R(S)ﬁ_2(DEh + kDSy) ® (DE}, + kDSy)

2
(=1

Ll
2

(@ (h 5)(Aege), @(h, s)(Aege)) ds

tATy,
:R(O)ﬁ+ﬁm/() R(s)P~ fll( ZL ) ds
h
Np,

tATy,
+23“Z/0 R(s)"™! <gh(uh)vZZi()‘lg£)ei> dpBe
h

=1

tATy, B 1
+p/0 R(s)P~1 - W (4 ZL }ds

Ny otAT),
+ﬁ2/ R(s)"~ ( ZZ (Aege)e ) dp,
Ly,

/=1
t/\Th B
+]3/ )P / ZL (ei)z dxds
0
Np,

t/\Th
+ﬁZ/ 5)P~ 1/ Zz Aege) (i) da dfy

(=1

B Nn  stAT - 1 N 2
+ % ;/0 R(s)"™ (mg(uh)’ <; Zi()\zge)%) ) ds
- - h

2

R(s)PH W' (u <ZZ Aege)e > ds

h

’E |

tAT},

2
dx ds

Ly
D Ziege) (s
O li=1

P

+2;/0

+?§: / Ry
213:1 0

_ Nn  ntAT), L
n P(PQ— 1) Z/ R(s)P"? <f€gh(uh) W (W), Zi(/\egz)ez)
— Jo i=1 h
n [ 2
+/(9 up (,_Zl Zi()\ZQE)(ei)m> dx} ds
(4.27) = RP(0)+ L+ + o

In what follows, we will frequently take advantage of the identities
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Lh
(4.28) (w, Z Zl-(gg)ez) = X7, / (uMge)oZpw]de Y w € CSET(O)
i=1 h o
and
1 &
(4.29) — | w, Z Li(s)e; | = —xm, / My, (u™) Ty, [w), da,
& i=1 h o
which can easily be deduced from (4.12), (4.13) together with the fact that the h—1/2¢;

form an orthonormal basis with respect to the scalar product (-, -)p.
By (4.29), we infer

L <gh(uh)v§:Li(5)ei> = —/ My (u")pi Tnlgn (u)]s da.
h i=1 h °© :

Noting the identity —Apu® = p" — T;,[W’'(u")] and using entropy consistency of M,
(cf. (2.6)) and (2.1b) gives for s < Tp,

Ly,
1 h hoh
— | gn(u ),ZLi(s)el) = f/ Uy P, dx
h ( i=1 h o

= —[lp" = ZuDV (@")]I[}; + 1 Z6 V' @I = (Zn[V' (")), p")
= —llAnu™ ([ = (ug, ZaV (u")]2)

h

h
(i+1)h

Ln - pufyy
— NS f e ds [ s,
; uh ih
i=1" "
where in the last step we have exploited that u” is constant on the interval (ih, (i+1)h).
Hence, using (H2) and [, [ul(-, s)|* dz < R(s) we infer

tATh B
I = —pw / R(s)P Y| A2 ds
0

tAT), o Lnpuly (i+1)h
— ]3/-@/ R(s)P~! Z][ W (s) ds/ |u|? dx ds
0 i—=1 ufb ih

tAT B N
< _pr / R(s)71 | Apu |2 ds
(130) : g

tAT), o Lnopuly, (i+1)h
- z_mcl/ R(s)P™1 Z][ |s|7P2 ds/ |ul|? dz ds
0 i=1 uf‘ ih

tATh B
+ pKCy / R(s)P
0

=: =l + I

Obviously, E[I,] and E[I3;] have a good sign and may be used for absorption purposes,
while E[I;.] becomes a Gronwall term. In the same spirit, we have for s < T},
Lh

(o 1
E <W (uh), ;L1(5)62> ) -+ E /O ’U,;l ;Ll(s)(el)m dx

Ly
2.1b) 1 4.29
(St ) 2 [ P de,
h =1 h o
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Hence,

tATy
(4.31) Is+ 15 = —;5/ R(s)ﬁfl/ My, (uP)|ph? da ds.
0 o

To verify (4.21), let us take the expectation in the terms on the right-hand side of
(4.27). Observe that E[Iz] = E[l4] = E[Is] = 0 due to the martingale property of I,
1, Is which follows using Corollary 21.76 in [45] and the definition of the stopping
time T}, (see Lemma 4.2) combined with Lemma 4.1.

Ad I7: By Lemma 4.5, we find

Z_)H Ni tATH . 1 Lp 2
— E / R(s)P~ , Zi(Xege)e; ds
2 ; o me (uh) ; ¢
v h
0 tAT}, -
<pr Y MNE / R(s)P~1
(=1 0

2
e (x)|* dx

i daz} ds} =: (%)1.

u(z + h) — u(x)
h

Ly 1 ih
>< S —
;ma(“h)i /(il)h
ih
+[ P
(

i—1)h

ge(w +h) — ge(z)
h

By convexity, we have

(2 + h) — ul () 2

/(.il)h h o
h ( wh(ih) —ut(G = D) [* | (e ((i+ D) —uh(z’h>’2> |
-2 h h

Using in addition the estimate fwf < C¢?, we obtain

h
()1 < p CiAQE /MT}L R( )ﬁ—lhi vt 1 u?—U?_lfd
* —

L= 1 ‘ 0 i 2 me(uh);  me(ul);_y h 5

FPROY PNE [ | RO+ R ds] = (2
=1 0

For p > 2, for any § > 0, there exists Cs > 0 such that —— < §sP + Cj for all

me(s)

s > 0. Together with (4.7) and [, |ul(-, s)|* dz < R(s), we infer

tATY, L p@Min (i+1)h
/ R(s)p*z][ |2 dr/ (2 dz ds
0 = ih

(#)2 < 0pr Y ATE
=1 uh);

(4.32)  +Cspr Y PNE
=1

tATy, B B
/ R(s)? + R(s)p_l(uo)?g ds] =: I7, + I7p.
0

Note that for ¢ sufficiently small, I7, can be absorbed in E[I1,], while I7;, will become
a Gronwall term due to Lemma 2.1 and (H3).
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Ad Is: In the same spirit, using in particular inequality (4.7), we have

_ Np tATy Lp 2
g E / R(s)P~H | W' (u (ZZ Aege)e ) ds
=1 0
h
0 t/\T;L (i+1)h
coa)ZA%E/ )~ 12][ i sz/ u§|2dxds]
=1 0
0 tATh
(4.33) +C(p) > CPNE / R(s)Pds| =: Isq + Is.
(=1 0

For sufficiently large &, Ig, can be absorbed by E[I1,], while Is, will become a Gronwall
term.
Ad Iy: Using periodicity and the special form of the stiffness matrix, we obtain

17 Np tATh ) Ln 2
§ZE / R(S)pil/ (Z Zi(&%)(ﬁik) dx ds
=1 0 o \i;1
P No tAT), Ln
— 7_1 2
- % Z:l]E A R(s)p ;(2Zi - ZiZi—l - ZiZiJrl)()\ggg) d8‘|
17 [ Nn t/\Th Ly
- %E Z/ p ! Z i+1 — /\ggg) ds
L¢e=1"0
_ [ Nn t/\Th 9
p 1 h Cir1 — €
= 7E i+l ™ ©
2h ; /0 Z ( / Aege)x ; dx) ds]
P [ Nn t/\Th
= %E ZA?/ p 1 Z (/ ah 'LL g[ €Z+1 de’) d3‘|
Le=1 0
p s , t/\Th X Lh .
§ 7E )\ / P Qh/ u gl N dxds
on |2 , D2 [ ()
0 tATy, B
< 2]52 )@E / R(S)pfl/ |5’{(u};gg)|2dxds]
=1 0 o
0 tATh B
+4p) AE / R(S)p‘l/ (g0) 205, ul"? da ds]
=1 0 o
0 tATh B
+4ﬁz )\?E / R(s)p1/0|uh|2|62_((ge)x)2dxds]
=1 0

00 tATy, )
_C’]SZ/\?E / R(s)”fl/ |Apul|? dx ds
e 0 o
s t/\Th
+CpY PNE V 5)P~ 1/ |ul|? da:ds]
(=1

s tATh B -
(4.34) + CﬁZﬁ‘*A%E [/O {R(s)p + R(s)P™! (uo)é} ds] =: Iy, + Igp + Ioe.
(=1
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Note that Lemma 2.1 has been applied in the last step. The term Iy, can be absorbed
in E[I1,] provided k is sufficiently large. The remaining two terms are Gronwall terms.
Ad Io: By (4.28), we have

Ly,
(4.35) (gh(uh),ZZi(Aege)ei> =X /O(Uhge)xzh[gh(uh)] dx.

h

Combining (4.28) and (2.1b), we identify

Ly Lp
<W’(uh),zzi(/\£ge)6¢> + / UZZZ7(/\pgg)(61)¢ dzx
i=1 h O =1

Ln
(4.36) =X\ (pha > Zi(!]e)@) = —)\z/ geu"ply da.
i=1 h °©

Hence, we obtain

(5 Nn  rtATy, L
p(p2— UE Z/ R(s)?—2 l(mgh(uh) + 1/\//(uh)7 Z Zi()\ggg)ei>
¢=1"0 i=1 h

2

Ly
—&—/Ou’; <; Zi()\@gg)(ei)m> daz] ds

[ Ry (/[ a0.zutantay da:)2 s

tATh B 2
+/ R(s)P~2 (/ geuph da:) ds]
0 o

0 tATh B
<pp—1)C(0) S AR [ﬁ / R(s)P2 / 2 T g ()] e 2 iz ds
=1 0 o

<pp-1) Y AE
(=1

tAT}, B
e / R(s)P~ /o [ (T g ()] 2] (g2 | e dis
0

tATy, B
+ / R(s)?~? / |ge|2Mh<uh>|pZ|2dxds] —: (¥)s.
0 (@)

By Lemmas 4.6 and 2.1 as well as R(s) > «, we have

25051 o tATY, B . 9
(1)s < 1’(7;)0((9);6%3 {E l | {rer + Rer @) ds]

tAT), o Ln ol (i+1)h
+E / R(s)P~! Z][ |7'|_p_2d7'/ |ul'|? dx ds
0 =1 u;’“ ih
(o — 1 oo tATh B
+ p(pa )C(O) > XE / R(S)P—l/ My (u")|pl|? da: ds]
— 0 o

(4.37)
=: I19q + L0 + T10c-
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For o > 1 sufficiently large, I is readily absorbed in E[I,], and I, is absorbed
in E[I5 4 I5]. The remaining term is a Gronwall term.

Taking the expectation in (4.27), moving all the terms with a negative sign to
the left-hand side, choosing « and x sufficiently large for the sake of absorption, and
estimating all the remaining terms as suggested by the estimates (4.32), (4.33), (4.34),
and (4.37), we infer the first part of (4.21), i.e., with the right-hand side given by

i AT ) )
E[R(0)?] + 7(, v, A, p) <E [/0 R(s)? ds| + (E [(uo)?g’]).

Combining the estimate

tAT), B t B
/ R(s)Pds < / R(s NTp)Pds
0 0
with Gronwall’s lemma and the first part of (4.21), we get
E[R(t A T3)?) < E[R(0)” + 17 (u0) 5| exp(71)
for all t € [0, Tynaz]. Hence, the left-hand side of (4.21) is bounded by

tAT)
/0 R(s)Pds| + t4E [(u@?ﬂ)

<E[RO) + 17 (u0) | exp(7t),

E[R(0)?] + 7(x, a, A, p) (E

which gives the second part of (4.21), too.
To establish (4.22), by (4.27) we may estimate

sup  R(s)?
se [O7Tmaw /\Th]

E

<E[R(0)’] +E sup (I + I3+ Is + Iy + Ig + Iy + I10)

€0, TmaxATh]

+E sup (I2 + I+ Is)

sE [OyTHLa:L' /\Th]

To establish (4.22), we only have to estimate the expected values of the suprema with
respect to time of the absolute values of the stochastic integrals, i.e., the terms Io, Iy,
and Ig, as we have already established the desired estimates on the remaining terms
above. We note that E[supse(o 7,,,. a7, B(5)?] is finite due to the cut-off mechanism
applied.

We begin with I, and Is. Using (4.36), we get

Np,
I4+Is=l32/
¢=1"0

Nu o tAT), i N,
+pZ/() R(S)P—l/ougZZZ(Agge)(el)z d{L‘dﬁg
=1

=1

tAT

Ny,
R(s)P™! (W/(Uh), > Zi()‘égl)ez) dpBe
=1 h

Np, tATH B
(439) =Y [ RN [ dihedsds
=170 (@]
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Consider the Hilbert-Schmidt operator 7;(s) : QY?L?*(0) — R for s € [0, Tynas]
defined by

T (3)(w) = xr, () R(s)P! /O uPpl Py, [w) da,

where Py, : L?(O) — span{g, ..., gn, } is the orthogonal L2-projection. Using (4.7)
gives

o 2 N, 1/2
(Z |7'1(5)(Q1/29z)|2> - (Z ﬂ(sx@l”gm?)

=1 =1
Ny, 2 1/2
= S s)P~ 1 2 uPpM) (s x
= X, () R(s) (;)\e /o( Pz)(8)ged )

N, 1/2
(4.39) < Cxr, (s)R(s)"™" <Z )\?/OMh(uh)Ipﬂde) :
{=1

|

TrazNTh B Np, 1/2
< 5CuDeE ( / R(s)72 3 X2 / Mh(uh)|p;%24xds>
0 = Jo

By the Burkholder—-Davis—Gundy inequality, we have

pE sup
t€[0,Trnax]

tAT}, B Np,
/ R(s)P~! Z)\g/ ulphge da dp,
0 - Jo

< pCppcE [ Sup R(s)P/?
$€[0,TrnaxATh]

Tmaa‘,/\Th, _ Nh’ 1/2
X (/ R(s)p_zz)\?/ My, (u™)|ph? dwds)
0 = o

sup R(s)?

<lg
4 | 5€[0,Thnaw ATH]
TrazNTh B
/ RGP [ My kP dads
0 O

o0
+Chpeh” Z AE
=1

(4.40) =: Iyq + I4p.

Note that I, can be absorbed by E[sup,c(o.7,... 7, B(5)P]. For Iy, we estimate

02 o TomaxNTh B
Iy < Baim;a?ZAzE / R(S)p_l/ My (u™)|ph|? da ds| .
=1 0 o

This term can be controlled by the bound on the right-hand side of (4.21) and therefore
by a constant depending on Tynaz, D pcy 4\, p, a, K, and initial data.
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Finally, let us discuss I. Using (4.35), we get

Ni  tATy, Lp
I, = %152/ R(s)P~ (gh(uh)azzi()‘fgé)ez) dpby
(=170 i=1 h
Ny tAT),
= Hﬁz/o R(s)ﬁfl)\g/o (uhgg)xl'h[gh(uh)} dx df,.
=1

Consider T5(s) : QY/2L?*(0) — R defined for s € [0, Tjnaz] by
(4.41) Ta(s)(w) := XT,L(S)R(S)ﬁ_l/ (u" P, [w]), Tnlgn(u")] da.
o
Similarly as in (4.39), the Hilbert—Schmidt norm of 73 is estimated by
o 1/2
I Ta(3) || o (@72 r2(0)m) < X7, (5)C(O)R(s)P (Z A?/@ |(uh9e)x1h[9h(uh)}|2dfﬂ> ~
=1

By Burkholder-Davis—Gundy, we get as above

Ny ATy, Ly
kpE su / R(s)P1 ul , Zi(A e; d
E| P ; | R() <9h( ); (Aege) )h ﬁz]

—_

<q8| s mey]

0<s<TmaxATh

TmaxNTh >
+ 2622CE / R(sy2 3 A2 / |u2|2|Ih[gh(uh)]|2dxds]
0 = Jo

Tm,az /\Th _ oo
22 CE [ / R(s)" 23 A2 /O i T g (a2 (90) ? e ds]
0 =1

(4.42) < Iga + I2b + IQC.

The term I5, can be absorbed similarly as I4,. Combining Poincaré’s inequality with
Lemma 4.6 and taking expectations, we find

ToasNTh B 00 Ly uﬁH (
/ RsP 23 A2 ][ P2 dr /
0 [ ih

9 9 © 9 TrmazNTh 1
+Cr?p? Y NE R(s)P~1ds
0

(=1

o0 TomaxzNTh
+CRp* Y AR V R(s)P™1 / lu"|? da ds]
=1 0 (@]

i+1)h
Ly+I. < Ck*p°E

lul|? da ds]

C 5\ TmazANTh - Ln “?-f—l (i+1)h
< Cmp N g / R(s)p—lz][ |T|_p_2d7'/ il 2 da ds
«Q 0 i=1 uf ih
C n A TrmazNTh B
+ M]E / R(s)? ds
@ 0

TraxNTh

(443)  +CrP*Y NE l / R(5)Pds + Tpnas (uo)f;”] .
=1 0
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Note that the first term on the right-hand side can be controlled by the right-hand
side of (4.21) multiplied by a constant factor depending on &, p, A, and «. Similarly,
the remaining terms can be bounded using (H3) and (4.21). Summing up and noting
that @ and k have to be chosen depending on (A¢)sen and p, (4.22) is established. O

In the proof of the combined energy-entropy estimate, we have used the following
auxiliary lemmas.

LEMMA 4.5. We have the estimate

Lp,
ma (Z Zi(gz)€i>
i=1 h

1 ih uh(x—i-h) —uh(x) 9 )
= QZ:W </('—1)h‘ h ’ gé(l‘) dx

2

?

ih
+/ (u" (x + b)) V”x+2 e ‘m)
(

i—1)h

for arbitrary ¢ € N and positive u" € X,.
Proof. By the identity Z;(g¢) = fo ulgy)ze; dr, we have

Lh 2 L}L 2
_ h
- (ZZ a)e ) =13 Gy e ()
L

. 2
1 1 1 i 1 (Z+1)h
= h —_—— - h d _ h d
ng((uh)i> h2 ( h/(il)hu ge ax + h/ih U geax

=1
Ly,

= 1 " wM a4 h) —uh(a)
- hz mg ((uh);) h? </(i—1)h h ge(x) dx

i=1
ih h 2
+/ uh(x+h)g€(x+ f)L—gz(af) dx) ,
(

i—1)h

which implies the assertion of the lemma. 0

LEMMA 4.6. Assuming u” to be strictly positive and to satisfy the estimate Ej,[up)
< %h_(P—Q)/(P-*-?), there exists a positive constant C independent of h and u" such that
the estimate

/WW%MWWWM$M+/MWWMWW%ﬁM
(@)

('u.h)i ih
<C (EQ/ |u”| 2dx+z][ |7'|_p_2d7'/ \u2|2dx+/ |u22dx>
(uh)ios (i—1)h o

holds for each ¢ € N.
Proof. By the boundedness of Ej[u"] and (4.6), we have

gWMm:/ Fl=1- s

1
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Hence,
x— (i —1)h)? ih — x)2
UhIh [gh(uh)”((i—l)h,ih) = %(U? -1)+ %(U?—l -1)
(x — (i —1)h) - (ih — x) 5 5 ul | ul
+ 12 Uy T Uy — P - U?il :

By (4.7), we get
" T [gn (u")]] < C(1+uf +uiy).

Hence,

(4.44) / T lgn ()] 2| (g0)? die < CF2 / fun? da.
(@] (@]

Furthermore, one has
lgn(s)]* < C(s7P72 +1)

for any s > 0. Therefore, the estimate
[ P Tl Pl do < C [ P funl 77+ 1) da
o o

holds, which in connection with (4.44) and (4.7) yields the assertion of the lemma. O

4.4. Uniform Ho6lder continuity. Let us prove that appropriate Hélder norms
(with respect to space and time) of solutions to our semidiscrete scheme are square-
integrable with respect to the probability measure. We begin with an auxiliary result
on the stochastic integral.

LEMMA 4.7. Let h € (0,1], Typaz >0, 0> 1, a € (07%). Assume ul, p" to be a
solution to (2.1a) and (2.1b) with initial data satisfying (H3) and (H4).

If 2ap > 1 holds, the stochastic integral

Lp Np

tATY,
(4.45) In(t)=>_ Y % /0 /O (u"Xege) , ei dz dBe(s)e;

i=1 (=1

is contained in L*P(Q; CP([0, Tynax); L?(0))) with B = o — 2% and there exists a
constant Cy independent of h > 0 such that

(4.46) [k | L2 (05 (10, Timaali22(0))) < C1
holds.

Remark 4.8. Choosing o and p sufficiently large, we infer the estimate
(4.47) k1l 22001740, anli L2 (0)) = €

with an h-independent positive constant Cf.

The proof of Lemma 4.7 makes use of the following lemma from [24].
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LEMMA 4.9 (Lemma 2.1 in [24]). Letp > 2 and a < 3; let H be a Hilbert space.
Then, for any progressively measurable process f € LP(2 x [0,T); La(L?(O); H)), we
have

t

I(f) = | [fdW e LP(Q;W*P([0,T]; H))

with an estimate of the form

T
E[ ) yn o)) < Clor @)E [ | 1010 dt} -

Proof of Lemma 4.7. In light of Lemma 4.9, it is sufficient to show that

Ly, Np,
Z(s)(w) = xz, (s Z/ ( hZM ge, w L2(0)ge> e; dx e

is progressively measurable and contained in
L?P(Q x [0, Tmaal; L2 (L*(0); L*(0)))

with a uniform bound in h. Indeed, this result would imply Ij(:) to be contained
in L2 (Q; W2 ([0, Traz); L2(0))), again with a uniform bound in h. Hence, (4.46)
would follow by the continuous embedding

W2((0, Trnaa]; L2(0)) = €72 ([0, Tinas); L (0)

for a and p satisfying the assumptions of the lemma.
Note that we have [|gs||0) < C, as the gy are basically sine functions (since O

is a real interval of finite length). Computing the Hilbert—Schmidt norm of Z, using in
particular the equivalence of the norm ||- ||, on X}, with the L?-norm (with constants
independent of h), we get

o0

||Z(S)H2L2(L2 0);L2(0)) Z )(ge HL2(O)
/=1

oo

o) Lp
N C 2

<O N2 = 53 Zm(s)hzxﬁl [ g0ecs
=1
2 2

hXT" ZAZ;/ [(u" o)z dm/@eidx
< cm(s)ZAz [ 16t g0, s
_ O
< Cxr, (s (Zm?/ |ul|? drc+Z)\2/ [ul|? dx>.

By Proposition 4.4, Lemma 2.1, (H3), and }_,2, £2A? < oo, we infer
Z(-,-) € LPP(Q x [0, Tina]; Lo (L?(0); L*(0)))

with a uniform bound in k. Finally, we note that Z is progressively measurable as it
is a continuous composition of terms having this property. This gives the assertion of
the lemma. O
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LEMMA 4.10. Under the assumptions of Lemma 4.7 solutions u" of (2.1a) are
contained and uniformly bounded in the space

L*(9; 01/4([0,Tmm];[/2((’)))).
In particular, a positive constant Cs independent of h > 0 exists such that

h h 2
u(t1) —u(t
sup |Ju"(t1) 2542)||h
t1,t2€[0,Timaz] [t1 — o

(4.48) E < C,.

Proof. Starting from the weak formulation

to AT},
(u(t2) = u"(t1), 6n), /t / My, (u")pl ol da ds

1ATh
= (In(tz) — In(t1), én), Vo € Xy

for any t1,ty € [0, Tinaz) with ¢ < t5 and P-a.e. w € Q (note that this follows from
(2.1a) and the definition (4.45)), we obtain P-almost surely

to AT},
(u(t2) = u"(t1), 6n), /t /Mh plol dz ds

1ATh

< sup | (In(t2) = In(tr),vn) |
[l¥nll<1

’U.h —uh
for all ¢, € X with ||¢n||z2(0) < 1. Choosing ¢y, := \|u"(t2§t—27)ﬂL(t1§r|132(o)’ we have

[P (t2) = w" ()7
[[uh(ta) — u”(t1)||L2(0)
1
= uh(t2) = (t1)] 220

+ n(t2) = In(t)ll 20y -

to AT},
/ / Miy(u)ph (uh () — u(#1)), da ds

1ATh

Multiplying by [|u”(t2) — u"(t1)]|12(0), using the h-independent equivalence of || - ||,
and || - [|z2¢0) on Xp, and applying Young’s inequality, we see that there exists a
constant C independent of h such that

to AT},
[u(t2) — " (t1)][2 < C / /O My (u)ph (u (t2) — " (1)), e ds

1/\Th
(4.49) + [n(t2) — Ih(tl)Hiz(O)

is satisfied.
From Remark 4.8, we infer the existence of a function C € L?(Q) such that

(4.50) [ 1n(t2)(w) — In(t1) (W)l L2(0) < C(w)lt2 — ty |/

holds for all t1,t5 € [0, Tynaz] with ¢; < t5, P-almost surely.
Inequality (4.49) and Poincaré’s inequality entail P-almost surely

[|u" (b2, w) = u" (1, 0)| [}
1/2

2 toNT,
<C (1 + Taz (/ U()) + Sup ||U’ ( )|L2(O)> < / Mh(uh)|pgg> Vig—t1
O t1 ATy, (@]

+ CC?(w)|ty — 1|2,
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Dividing by |ty — t1|'/2, taking the supremum with respect to t; and t, and taking
expectations, we get

h h 2
to AT t1 AT
S ||U (2 h) u ( 1 h)”h

2/4
t1,62€[0, Tonae] [to — 1]/

4
sup Rz(s) + Tr%zar </ Uo de>
S€[0,ThmazATh] ©

Tmaz /\Th
/ R(s) / My (u)|p]? da ds
0 O

E

<CE

+ CE + CE[C*(w)].

By Proposition 4.4, the result follows, as the spatial Holder property is a consequence
of the standard embedding H'(0) c C/?(0O). d

LEMMA 4.11. Under the assumptions of Lemma 4.10, solutions u" to (2.1a) are
space-time Holder-continuous almost surely. In particular, there is a positive constant
Cs independent of h > 0 for which we have

(4.51) ]E[||Uh||i~1/2,1/8(0x[0,T,,w])] < Cs.

Proof. We apply a standard interpolation argument—combining (4.48) with the
embedding of H],,.(O) into C'/2(0). Using the notation of Lemma 4.10, taking & > 0
sufficiently small, we estimate for ¢1,t € [0, Thnae) and x € O

|uh(x,t1) — uh(x7t2)|

z+9 T+
][ uh<x,t1>—uh<y,t1>dy+][ () — (s ) dy

x

)
+][ ul(y, ta) — u'(z,to) dy’ = |T 4 IT + ITI|.

Note that |I + ITI| < 6'/%sup, |[u?|| 20 and

h h V2 [t — b/
1] < 671/2 (/ W (2, t1) — (x,t2)|2dx> < clw) 2
(@]
with C € L?(Q). Choosing § := [t; — ta|'/4, we get

|ty — ta|/4

I+I1+1111<C t — to] /8 4 2
T 01 4 121] < ) (1 - 54 2

) < Gt — to]/3

with C € L?(Q), where we have used the property sup, R(t) € L?(Q). This entails the
result. |

4.5. Estimates on the pressure. Finally, in our passage to the limit we need
the following uniform estimate on the pressures p”.

LEMMA 4.12. For any q € [1,2) there exists some C > 0 such that

Tras a/2
E / /Ip§|2+lphl2dxdt <C
0 O

holds for all h € (0,1].
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Proof. The proof only makes use of the energy-entropy estimates (4.21) and (4.22)
as well as the lower bound on u" in terms of E[u”"] provided by (4.3). Fixing ¢ > 1,
we have by Hoélder’s inequality

(/ / |ph|? da dt)
- 1 q/2

My (u ph 2dedt sup —_—

</ / | 2€0,t€[0,Tmaz] My (u(z,t))

Tm,aw q/2 1 (27‘])/2
<|E / / M, (u? pZ 2dx dt E sup Sup ————————— .
< l 0 © Hlee LE[0. o) 20 Ul (2, 1)[20/(2=0)

The first factor in this estimate is bounded by an h-independent constant due to
(4.21) (applied for p = 1). The second factor is also bounded by an h-independent
constant, as may be seen by applying (4.3) and then (4.22) for appropriate p.

By Poincaré’s inequality, it only remains to establish a bound of the form

E / / pldx| dt < C.
0 O

Using the results of Lemma 2.1, this may be easily accomplished by testing the weak
formulation (2.1b) of p" by a constant as test function, resulting in the bound

Trmax 2 TN NTmaq 9 Q/Q
E (/ (", 1), dt) <E </ (ZoWV' (uM), 1), dt)
0 0

<C+CE

q/2

q/2

tE[0, Tonas] z€0 |Ul (2, )| (PT1)a

; ]
sup  sup )

where in the last step we have used hypothesis (H2) for W. The second term on the
right-hand side may be estimated by (4.3) and (4.22) for appropriate p. 0

5. Convergence of the scheme.

5.1. Compactness. We intend to apply the Jakubowski—Skorokhod theorem
[42] to identify a stochastic basis such that a subsequence of the solutions to the
semidiscrete scheme (2.1a), (2.1b) almost surely converges in topologies which are
appropriate for a passage to the limit in the nonlinearities of (1.5).

In the subsections to follow, we shall show that this limit is indeed a weak martin-
gale solution to the stochastic thin-film equation (1.1) in the sense of Definition 3.1.

THEOREM 5.1 (Jakubowski [42]). Let (X,7) be a topological space and assume
that there exists a countable family {f; : X — [=1,1]};ez of T-continuous functions
which separate points of X .

Let (Xp)nen be a sequence of X-valued random variables. Suppose for each € > 0
there exists a compact subset K. C X such that

(5.1) P{X,cK.}>1-¢ VneN.
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Then, there exist a probability space (Q, F,P), a sequence (Xn,)ken, and a sequence
(Yi)ken of X-valued random variables on Q with the following properties: The law
of Xp, on X coincides with the law of Y), for all k € N. Furthermore, there exists
a random variable Yoo : Q — X such that for almost every w € Q the convergence
Yi(w) = Yo (w) holds in the topology of X .

In our setting, we consider for v € (0,1/2) the path spaces

X, = 07*7/4(0 X [O,Tmax])v
Xy = (L2([0, Trpas)s Hrer (O)))weaks

per
XJ = Lizueak(o X [Ovaaﬁ])

associated with the solutions to our semidiscrete scheme u”, p”, and the corresponding

pseudofluxes

(5.2) "= X\ M (),

respectively. Denoting the laws of u”, p", and J" by fi,», Hph, and gy, respectively,
we obtain the following result on tightness.

LEMMA 5.2. Let Tiuar > 0 be arbitrary but fized. Let (uP,p", J") be a sequence
of discrete solutions as constructed in Lemma 4.2. Then, the families of laws (pyr)n,
(tpr)ns and (pgn)p (for h € (0,1]) are tight.

Proof. We begin with (fi,n)n. From Lemma 4.11 we infer uniform boundedness
of (up)p in L2(Q; CY21/3(0O x [0, Thaz])). As CV/2Y/8(O x [0, Tae])) is compactly
embedded in C?7/4(O x [0, Truaz])) with v € (0,1/2), the ball Bg in CV/21/8(0 x
[0, Trmaz])) is a compact subset of C77/4(O x [0, Tinae))). Furthermore, we have for
any R >0

figh (mﬂ/‘l(o % [0, Tonaz]) \BR)

E[l[u*[71/2./5]

= P[||u"||c1/2a/s > R] < T

Thus, choosing R large enough (independent of h), we have found a compact set
K C X, with pn(K) > 1— € for all h.

Concerning (j;n)n, we argue as follows: Denote by Br the subset {f € L*(O x
[0, Thnaz)) : [|f]lz2 < R}. Due to the bound

T’anl.’t
(5.3) E{/O /O|Jh|2dxdt} <,

we have

_ C
]P[J 4 ¢ BR} < ﬁ
As closed balls in L? are compact in the weak topology, the conclusion follows by
choosing R large enough depending on e.
To see the tightness of (p,n ), one may argue similarly: Closed balls in the space

L2([0, Tynaz); H;e,.((’))) are compact in the weak topology. It is therefore sufficient to

show that the probability that p” is not contained in a ball Bg in L?([0, T},4.); Hl,.,.(O))

per
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converges to zero as R — 0o, the convergence being uniformly with respect to h. By
Lemma 4.12 (applied for example for ¢ = 1), we have

Elllp"[|z2(0,2m0slitr, (0] _ C
]PH|Ph|\Lz([O,TmM];H;W(o)) > R] < R 2 < ik
the constant C' being independent of h. ]

As a fourth path space, we introduce
(5.4) Xw = C([0,T]; L*(0)).

Let pw be the law of W (i.e., the law of Y- ,cy AegeBe). As C([0,T]; L?(0)) is a Polish
space (completely metrizable and separable), uyw is a regular measure and therefore a
Radon measure (see [45, Theorem 13.6]). Being a Radon measure means in particular
regularity from the interior, i.e.,

#(C([0,T]; L*(0))) = sup{u(K) : K € C([0,T]; L*(0)) compact}.
Similarly, initial data are treated by the space X,,, := H},, (O). We conclude together

per
with Lemma 5.2.

LEMMA 5.3. On the path space X := X, x X, x Xy x Xy X Xy, the joint laws pp,,
pn(AxBxCxDxE) :=P[{u" € A}n{p" € Byn{J" e C}n{W € D} {u € E}],

for h € (0,1] are tight.

Following the strategy sketched at the beginning of this section, we apply the
generalization of the Skorokhod theorem due to Jakubowski (i.e., Theorem 5.1) to
obtain the following.

PROPOSITION 5.4. Let v € (0,1/2) be given and assume u", p", Ty, to be a se-
quence of solutions to our semidiscrete scheme (2.1) in the sense of Lemma 4.2,
defined on the same stochastic basis (2, F, (Ft)i>0,P) with respect to the Wiener pro-
cess W. Then there exist a subsequence (not relabeled), a stochastic basis (Q, F,P),
sequences of random variables

@ Q — CTHO x [0, Thaz)),

" Q= L2([0, Thaal; Hp.r (0)),
Jh Q- Lz([OaTmamkH;er(O)),
ay QO — H.,.(0),

per
a sequence of L?(O)-valued processes Wh on Q, and random variables

u € LQ(Q; 07’7/4(0 % [0, Tnaz])),
ﬁ S LB/Q(Q; L2([O, Tmam]; H;m(o)))?

Je L3(Q; L*(O x [0, Thnae))),
i € L*(Q; HL,,(0)),

per

as well as an L?(O)-valued process W on Q such that the following holds:
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(i) The law of (@, p", J*, W, alt) on CY/*(Ox[0, Tynae]) X L2([0, Tnae); HL,., (O))

per

X L2(O % [0, Timaz]) X C([0, Thnaz]; L2(0)) x HY. (O) under P coincides for any

per
h with the law of (uh,gh, Jﬁ,VV,uo) under P. o
(i) The sequence (a",p", J", W @g) converges P-almost surely to (i, p,J, W, i)
in the topology of X .

Furthermore, we introduce the random times
Th, := Trnax Anf{t > 0: Ex[a"(t)] > FEmazn}-

Their behavior for A — 0 is the content of the following lemma.

LEMMA 5.5. Along a subsequence, the convergence limy_,q Ty, = Tonaw holds P-
almost surely.

Proof. By Markov’s inequality and (4.22), we have for each 7 € (0, Ty,q,] the
estimate

P{T, <7})=P{Th <7}) =P ({w|ts[1(1)p)Eh(uh(-,t)) > %h;:g}> < Ch%.

Hence, Ty — Tinas in probability for A — 0. The assertion follows in a standard way.O
The relationship of J", p, and u” is preserved for the Jh, P, and @".

LEMMA 5.6. Under the assumptions of Proposition 5.4, we identify J" as
(5.5) J" = X, My (")l
Furthermore, p" satisfies

(5.6) 0= [ o de 4 (V@) 0),
O

for all ¢ € X}, and P-almost all w.
Proof. For arbitrary ¢ € C*°(O x [0, Tinqz]), by coincidence of laws (note that

Th(w) and T}, (&) are measurable functions of u”(w) € CV/4(O x [0, Thas]) and
a"(@) € C7/4O x [0, Tynaz)), respectively) and Lemma 4.12 the expectation

Trax _ TonaxNTh
/ / J"¢ da dt 7/ / M2 (@)pl ¢ da dt”
0 O 0 O
Trmax TrazNTh
)/ / Jh$ dx dt—/ / M2 (Wl da dt”
0 O 0 O

is well-defined and equal to zero (see (5.2)), which gives the claim regarding J".
Similarly, by (2.1b) we have for all ¢ € X, and all 0 <t < ta < Than
to
B (| [0 on—xa, [ o de—xq, @VEL0), a|
ty

E

=E

to
/ ¥, 8)n = xr, / wpde dv = xr, (TnDV' ("), 9), dtH =0. DO
t1 o
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The next step is to verify that W and W are Q-Wiener processes adapted to
suitably defined filtrations (F;);>0 and (F}")¢>o-

We define (]—"t)t>0 to be the P-augmented canonical filtration associated with
(’[L W UO)

(5.7) Fi = o(o(ril,sW)U{N € F: B(N) = 0} U o(ip)).

Here, r; is the restriction of a function defined on [0, Tiues] to the interval [0,¢],
t €10, Tmazl-

Note that we do not need an explicit dependence of the filtration on rJ and 7P,
as the fluxes J" and the pressures p" depend in a measurable way on @" (cf. Lemma
5.6) and—later on—we will identify J = limy_J" = lim,_ XThM/ (aMph =
MY2(@)p, and p = limy_yo p" = —iige + W' (20).

Analogously, we introduce the filtrations (F}");>o as the P-augmented canonical
filtration associated with (@, W", aft)

(5.8) .7:'? = U(U(rtﬂh, rtWh) U{N e F: I@(N) =0} U 0(123)).

LEMMA 5.7. The processes Wh and W are Q-Wiener processes adapted to the
filtrations (F*)i>0 and (Fi)i>0, respectively. They can be written as

(5.9) Wt) =D NeBp(t)ge
=

and

(5.10) W(t) =Y NeBe(t)ge,
teN

respectively. Here, (B?)geN and (B¢)een are families of independently and identically
distributed Brownian motions with respect to (.7: )i>0 and (]-'t)t>0, respectively.

Proof. Recall that the W have the same law as W. Therefore, the W are Wiener
processes having the same covariance operator as W. Hence, the decomposition in
(5.9) holds true for the W". To prove that W is an F;-martingale, we follow the ideas
in [11, 13, 18, 40]. Consider for arbitrary but fixed ¢; € [0, T),q.] continuous functions

(5.11) v Xuljo,r) X Xwljo,e,) — [0,1].

Combining the martingale property of W with the identity of laws, we have for t5 €
[tl ) Tmar]

0=E[y(u"]0,t,), Wlio,0)) (W (t2) = W (t1))]
(5.12) = E[y(@lj0,01), W"|j0,00)) (W (£2) = W"(t1))].

Again by the identity of laws, we have

S%PE[HW}I(Q)H%%O)] = S%PE[HW(Q)H%z(o)] < 00.
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Vitali’s convergence result and (5.12) entail
E[y(lo,,), W|[o,t1))(W(t2) —W(t))] =0,

which establishes the martingale property of W. Finally, the decomposition (5.10)
with independent Brownian motions immediately follows—using Levy’s characteri-
zation of Brownian motion (cf. [45])—from the C([0, Tas); L2(O))-convergence P-
almost surely of W combined with the fact that

A AT W (), go) p20) (W (1), gim) £2(0) — demt

is a martingale. In fact, using higher moments of Brownian motion, the argumentation
of (5.12) can be mimicked. |

5.2. Convergence of the deterministic terms. In this subsection, we prove
higher regularity of @ as well as the identification of the pseudoflux J

(5.13) J = up,
and the identification of the pressure p
(5.14) P =~y +W'(@).

For ease of presentation, let us collect the convergence and boundedness results es-
tablished so far:

(5.15)

" = in C7/4(O x [0, Thnaz]) P-almost surely,
(5.16)

= p weakly in L*([0, Trnaa]; Hper (O0)) P-almost surely,
(5.17)

Jh = X7, Mn (@)2ph = J  weakly in L*(O x [0, Thnas]) P-almost surely,

(5.18)
P
E sup (/ a2 (t) du +/IhW(1]h)(t) da:) < C(P,up) < oo for every p > 1,
t€]0,Tmaz] \J O o
(5.19)
i -5
E sup (/ a” da:> + sup (/ a" d:c) < C(p,ug) < oo for every p > 1,
t€[0,Tmaz] \JO t€[0,Tmaz] \J O
ThANTmax 2
(5.20) E/ | AR ||, dt < C(ug) < oo,
0
Tma.:c ~
(5.21) IE/ / |J"? dx dt < C(ug) < oo,
0 o
T’YLGAE 3/4
(5.22) E (/ / 112 4 |p"|? da dt) < C(ug) < oo,
0 o
where Aa" satisfies the identity
(5.23) Apal = oMo hal) = —p + T W (")

for t € [0, Th A Thnazl; cf. (2.1Db).
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LEMMA 5.8. We have almost surely

inf a(z,t) > 0.
z€0,t€[0,Tmax]

Proof. The estimates (5.18) and (5.19) imply by Fatou’s lemma

-1
liminf sup En[a")(t) + (/ ah da:)
h=0 " +€[0,Tmas] o

E <C< oo

and therefore

-1
liminf sup | Ep[a"](t) + ( / a" dm) < 0
h=0" 1[0, Tmax] o

almost surely. Thus, by (4.3) we have almost surely

lim sup min @ (x,t) > 0.
h—0 x€0,t€[0,Thaz]

The almost sure uniform convergence (5.15) therefore entails strict positivity of the
limit @, almost surely. 0

LEMMA 5.9. For the limits J and p, we have the identification
J = s
and
P = —lge + W ()

pointwise a.e. almost surely. Furthermore, we have Ugzy € L2((9 X [0, Thnaz]) almost
surely.

Proof. For J", by (5.5) for any ¢ € C°°(O X [0, Tjnae]) the equality

Tmaw - TrmasATh
E ’/ /J”(bdmdt—/ /M;/Q(ah)nga;dxdt‘ =0
0 O 0 O

holds. In order to pass to the limit in this expression, we apply Fatou’s lemma to the
expectation: By our convergence properties, we have almost surely

Trax ~ Trax ~
/ / J’%;Sda:dt%/ / Jodz dt,
0 (@) 0 (@)
Trmaz /\Th Trmax
/ / M2 (@M ph ¢ da dt —>/ / MY2 (@) ¢ da dt
0 (@] 0 O

for h — 0; note that the restriction of the time integral to Tyqe A Th is immaterial,
as by (5.6) we have p" = 0 for ¢ > T},. Therefore, Fatou’s lemma yields

Tmax B TrmazATh
‘/ /J¢dxdt—/ /M1/2(ﬂ)ﬁx¢dxdt‘ -0
0 O 0 O

for any ¢ € C°°(O x [0, Tjnaz]). This provides the identification of .J.

E
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Similarly, by (5.6) we have for all ¢" € X}, and all 0 < t; <ty < Thnas

(5.24) E [

to
/ " ") — x5, / apl do — xq, (V' (@")], 6"), dtH =0
tq O

For a smooth test function ¢ € C°°(Q), consider the sequence of test functions ¢" :=
Tnl¢] € X3. We then have the convergence ¢ — ¢ strongly in L>(O) and Ap¢" —
A¢ strongly in L°(O) (the latter assertion is an easy consequence of the Taylor
expansion). Furthermore, we have

to to
(ph,¢h)hdt—/ /phqﬁhd:rdt‘
t1 (@)
to  Ln
ny (ﬁh(ih)cbh(ih) -/ ot dx) ‘
ty i=1 ((i=1)h,ih)

ta
< Oh/ B2 210y 18" | e o) + 118" | Lo (o) |02 11 (0) .

t1

From Lemma 5.5, we infer x5 =1 on [t1,t2] for h small enough (depending on @).
Putting these considerations together, the convergences

/t (", ™)y dt — /p¢dxdt

ty

to to
/ th/ ol da dt = —/ Xz, (0", Apo™), dt — —/ /wm dx dt,
t1 JOo t1 ) t1 O

/: Xz, (TuWV' (@), 6"), dt%/tltz/ow’(ﬂ)cﬁd:cdt

hold almost surely (where for the last one we have used the @-dependent lower bound
for @ from Lemma 5.8 and the uniform convergence almost surely).

Therefore, we may pass to the limit » — 0 in (5.24) using Fatou’s lemma for the
expectation. This yields

?|
and thus provides the desired identification of p (first as a distribution, then due to
p € L*(O x [0, Tas]) a.s. and W (@) € L?(O x [0, Trnaz]) a.s. also in the L? sense).

Using the lower bound from Lemma 5.8, the fact that J € L*(Ox[0, Trnaz]) almost

surely, the identity p, = j/M1/2(a), and the identity in the sense of distributions
Py = —Ugzz + W' (1), we deduce that almost surely iz, € L2(O X [0, Thnaz])- O

Op¢d33+/ou¢mdx—/ow(u)qbda:dtH =0

5.3. Convergence of the stochastic integral. Consider for v € ngr((’)) ar-
bitrary, but fixed, the operator My, , : 2 X [0, T)nqe5] — R defined by

tATh
Mo (t) := (ul(t) — ul, Pro)y + / / My, (u™)p"(Prv), da ds
0 (@]

h tATh N
. - A da dB)(s).
(5.25) ;/@ /O(u ¢g¢) , Prv dx dB(s)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/19 to 193.170.152.74. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

446 JULIAN FISCHER AND GUNTHER GRUN

Here, P, : H),,(O) — X}, is a projection operator satisfying

2 li — —
(5.26) limn [Py — vl =0

for all v € H!, .(O). Observe that by the optional stopping theorem, M}, , is a real

per
valued martingale; that is, denoting by 7, the restriction of a function on [0, Tjnaz]

onto [0, s], we have
(5.27) E ([Mpo(t) = Mpo(s)] O (reu”, rsW)) =0

for all 0 < s <t < Tiax and for all [0, 1]-valued continuous functions ¥ defined on

CT40 x [0, 5]) x C([0, s}; L*(0)).
LEMMA 5.10. For the quadratic variation of My, ., we have

((Mpp))e = /OMTh %)\4 </ u ‘g0)x Pro dm)2 ds

W
(5.28) <Cllol,. /O ()] o0 -
Proof. Consider R(u",v) : Q x [0, Tinaz] X L?(O) — R defined by
(w,t,2) = X1, (t,w)/ (u" Py, 2)2Prv da(t,w),
o

where Py, denotes the orthogonal L2-projection onto span{gi,...,gn,}. For the
Hilbert—Schmidt norm, we get using ||ge||pe < C(L) and Y2, A2 < 00

2
| R(u",v)(t,w ||L e pa(onm = XTn(t )\g (u"g0) 0, Pro da
2(Q (O);R)

CXTh t HuhHLz(o) (t W) ||UHH1

per

IN

By Lemma 2.4.3 in [51], the result is obtained. 0

Remark 5.11. From (4.21) and (5.28), we infer that My, , is a square-integrable
martingal.

Similarly, M? é\[:"l Y (fo (u"g) s Pro dx)2 ds is a martingale. For the
identification of the stochastlc integral in the limit A — 0, we will study the processes

t
(5.29) ﬁe(t)Z/O/o )\%ggdex

and their cross variations with My, ,,.

( INT,

LEMMA 5.12. For £ € N the cross variation ((Mp, ., Be))e is given by the formula

Ae o I fo(uhge)xphv drds, €< Np,

(530) <<Mh,v7/85>>t = {0 /> Nh.

Proof. Consider the mappings S+ (u”,v) : Q x I x QY/2L?(0) — R given by

1
Z = X1, </ 0 (UPN, 2)Prvdx + )\—/ gez dx)
(@) ¢tJo
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with Py, as in the proof of Lemma 5.10. Obviously,

[[Sx( u,v)(t,w ||L2(Q1/2L2((9) R)

)\ 2
= xm, (1) <>\k/ Or (WP, gi) Prv da £ / gégk/\* diC)

k=1

= X1, (t) (; Ak (/O&C(uhgk)th dx) i

> A
£2)° )\k/ 8 (u" P, g ) Prv dx/ gege =t dx
o o A
k=1
e} )\ 2
+ (/ glgk)\* df) )
k=1 ¢

Nh
X1, (t ( (fo uP \rgr) ’thdx) +2X¢ [, 0:(u gk)thdx—i—l) £ < Ny,

X, (t ( (fo uP \.gr ) Prov dx) > , £ > Ny,

Using (Mo, B0))s = 1 ({(S(u,0)s + {(S—(u*,v)))1). we get (5.30). 0

In particular, Mpy_,Bc — ¢ fo(')ATh fo(uhgg)zphv dzds for £ < Nj, and My, [, for
¢ > N}, are martingales, too.
By equality of laws, we deduce that

—~ tAT
(5:31)  Muo(t) = (@(t) — @ (0), Pro)n + / /O My (@) (Phv)., de ds,

Np,

t/\Th 2
(5.32) M%w(t) —/0 Z/\f </ a"go) thdx) ds,

. tAT),
(533) ./\/lhﬂ)( )6@ )\// / a g/ th dxds for ¢ < N,

(534) Mh,u( )6@ ( ) for £ > Ny,
are (,}:g‘)-martmgaleb where 37 (t = /o fo " LgedW" dz. In particular,
_ tATy, Nn 2

(5.35) ((Mpw))e :/ ZA% (/ "o (Prv)a dx) ds
0 — 0]

and

. ~ t/\T;L ~h . <

(5.36) (Wpos By = 40" Jo (@ 90)sProduds i £ < Ny,

0 if £ > Ny.

Exemplarily, for Mvh,v(t) we argue
0=E (\I/(rsu rsW)[Mpo(t) — My o(8)])
= E (W0, r, W) M (1) = Mio(s)])
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for all 0 < s < t < Thax and all [0, 1]-valued continuous functions ¥ defined on
CT/4O x [0,5]) x C([0, s}; L*(0)).
Starting point for the passage to the limit h — 0 are the identities

(5.37) E((Mpo(t) — Mpo(s)®(ra®, r,Wh)) = 0,

(5.38) E ((ﬂim — M3 (s)

tATy, Nn 2 }
_/ Z/\% (/ (ahge)(’]?hv)JJ dx) dr> ‘I’(Tsﬂh,rsWh)> —0,
S/\Th =1 (@]

and

(5.39) E ((ﬂh,v(t)ﬁf(t) — Myo(s)BP(s)

tAT) -
7/ )\g/ (ﬂhgg)xphv dx dT) \Il(rsﬁh,rswh)> =0
s O

/\Th
for all s < ¢ € [0, Tmax] and for all [0, 1]-valued continuous functions ¥ defined on
Cr/4(0O x [0, 8]) x C([0, s]; L*(0)).
Let us pass to the limit in (5.37).

LEMMA 5.13. For all [0, 1]-valued continuous functions ¥ defined on CV7/4(O x
[0, s]) x C([0, s]; L*(0)), we have

(540) E (( /o (a(t) — a(s))v da + / t /O m(@)ppvy da dT) W(r.i, TSW)) —0

for all0 < s <t < Thax-

Proof. Note that due to Lemma 5.5, we have x; =1 on [s,t] for h sufficiently

small depending on w. By definition (5.31), we first discuss the term (a"(t) —
@"(s), Phv)n. By the strong convergence of @" in C7V/4(O x [0, Tyaz]) P-almost
surely and of Pyv toward v in L?(0O), we readily identify

(5.41) lim (@" (t) — @"(s), Ppo)n = / (a(t) — a(s))v dz.
h—0 o
In addition, W[r,a", r,W"] converges P-almost surely to ¥[r,i, W] in R by continu-
ity of ¥, the C7/4(Ox[0, Tynax])-convergence of @ — i, and the C([0, Tnaz]; L2(O))-
convergence of W,
To discuss the convergence behavior of

tAT) -
(5.42) / / My, (@) ph (Prv) e do dr U (roa®, rWH),
s O

A T)l

we proceed as follows. Due to (5.15), My, (@) converges to @2 in L®(O x [0, Tnaz]) P-
almost surely. By (5.18), Lemma 2.1, (H3), and Poincaré’s inequality, we have at
uniformly bounded in L?(Q; L°°(O x [0, Tynaz])). By Vitali’s theorem,

(5.43) My, (@) — @% in LP(€; L=°(O x I)).
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Next, we show that

(544) Mh(ah)(th)x\Ij(rsﬂhv TsWh) — fwx\IJ(rsﬂ, TSW)

strongly in L2(Q x O x [0, Tjnaz]). We note that in the discussion of L2—conv~ergence,
the W-term is readily handled as it is uniformly bounded and converging P-almost

surely. We have
Trmax 2
E / / My, (@) (Ppv)y — Gvg| dxdr
( ; |V (ah)(

- 2
< 2B (@] ouiomp ) 1PHE = 0)all3ac0)
2 (Pu)e a0 E (HW —i

and the right-hand side converges to zero due to (5.15), (5.18), and (5.26). Hence,
(5.44) is proven.

By the weak convergence of J" toward .J in L*(O x [0, Tynaz]) P-almost surely,
(see (5.17)), we infer

2
Lw(@x[o,me])> 7

tAT), _
lim / My, (a")ph (Prv), da dr O (rya®, r W)
o

h—0 S/\Th
t/\Th

- }1111% /O\/Mh(ﬂh)jh('th)m dsz\I/(rsﬁh,rSWh)

S/\Th

t
(5.45) = //ﬂvmjdxdT\Il(rsﬂ,rsW)
s O

P-almost surely. Setting

t/\f‘h

Bh(ﬂh7ﬁh7va S7t) = /
s

/ \/ My (@) T (Pyv), da dr W (roa?, r W)
(@]

ATy,
and using the estimate

|Bh(ah7ﬁh>v> S,t)‘

t/\'fh _ 1/2 1/2 Tmax 1/2
< / / |J"? dx dr sup My (ah) / / |(Ppv).|* do dr
sAT, JO Ox[0,Trmax] 0 o

as well as Lemma 2.1, (H3), and (4.22), we infer uniform integrability of a g-moment
of By, (a",p", v, s,t) for a number ¢ > 1. Vitali’s theorem then entails

t
lim E (Bh(ﬂh,ﬁh,v, s,t)) =E (/ /fwxjdacdr \Il(rsﬂ,rsVT/)) :
h—0 s o

By Lemma 5.9, we get, in particular, J = @p,. Together with (5.41), the lemma is
proven. 0
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LEMMA 5.14. For all [0, 1]-valued continuous functions ¥ defined on CV7/*4(O x
[0, s]) x C([0, s]; L*(O)), we have

t Nn

(5.46) E ((M,Q(t) — M (s) —/S SN (/Oang d:c)z d7> \I/(rsﬁ,rSW)> -0

{=1

for all 0 < s <t < Thax, where

t
M (t) = / (alt) — a(0)) v da + / / @20, d dr.
o 0o Jo
Proof. Combining Lemma 5.5, (5.17), and the results of subsection 5.2, we have
(5.47) J" = ap, in L2(O x [0, Trnaz)) P-almost surely

for an appropriate subsequence. Mimicking the argument which entails (5.41) and
using Lemma 5.5 as well as the convergence P-almost surely of @, J" in X, and X,
respectively, we infer that

. AT 2
Mi (1) = ((ah@)ﬁh(owhv)w /0 /O Mh(ahw’;(mv)mdxm)

converges (along a subsequence) P-almost surely to

MUQ(t) _ (/O(ﬂ(t) _ﬁ(o))vdx_i_/ot /0122]5sz dxd7>2

for all t € [0,T) with p = —ty, + W' (Q).
The next step is to prove

—2

(5.48) E(M2 (1) = E(M, (1) ¥ t € [0, Tnaz)-

For this, we show higher integrability starting from the representation

N Ny,
(5.49) Mpo(t) = —

Combining the martingale moment inequality (see [44, Prop. 3.26])

t/\T}L

)\g/ @ ge(Prv)y dz dBP.
(@]

E(| Mo (0)7) < CE{(M0)))

for any ¢ > 0 with (5.28) formulated for Mvh,v, we get—using Lemma 2.1 and (H3)—

N 5 t/\f}L 9 g
E(|Mno(8)*) < C |l E <</ [ )20 ds) )

q
(5.50) <C Hv||i?1 Tr‘fme[ sup  Ep(a"(s))?+ sup </ al(s) d:r) 1 .
ber o

S€[0,Tmax] s€(0,Trmaa]

Choosing 1 < ¢ < p, we deduce the uniform integrability of |M\/h,v(t)| in L29(Q).
Using Vitali’s theorem and the boundedness of ¥, (5.48) is established.
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Now, we discuss the convergence behavior of (<M;L,U>>t which—according to
(5.35)—is given by

tAT, Nn 2
(5.51) / >N ( / " go(Phv) s d:z:> ds.
0 (@]

{=1

Convergence P-almost surely is obvious, given the boundedness of the g;, £ € N, as
well as the strong convergence of ("), 0 and ((Prv)z)n—o in L2(O x [0, Trnaz)) and
L2(0), respectively. Higher integrability for (5.51)—which equals ((M_,));—has
already been proven in (5.50); hence, we may conclude by Vitali’s theorem. |

Furthermore, we have the following result on the cross variation of ./T/l:) and Bg,
the proof of which we omit as it is similar to the preceding proofs.

LEMMA 5.15. For all [0, 1]-valued continuous functions ¥ defined on CV7/4(O x
[0, s]) x C([0, s]; L*(O)), we have

(5:52) E ((mw@e(t) - M) - [ by [ agn)avas dT) W(r il TSW>) ~0

for all ¢ € N and all s <t € [0, Tynax)-
LEMMA 5.16. We have

o0

(553) M0 =3 [ 3 [ (oo i

(=1

Proof. 1t is sufficient to show that the quadratic variation of

—— i t ~
Mv(t)—;/o )\g/o(ugg)zvdxdﬂg

vanishes (as a martingale with vanishing quadratic variation is almost surely con-
stant). We get

__ > ) 3 .
<<MU() - ;/0 )\g/o(ugg)mv dmdﬂe>>T
= ((M,0)))_ + <<§/0” 5 [ (@900 da d@>>T
=0 5 .
(5.54) -2 <<Mv(-),;/0 )\g/o(ugg)mv dx dﬂg>>T.

For the third term on the right-hand side, we use the cross-variation formula (cf. [44,

section 3.2]) to get
> r) .
<<Mv(.)7;/o )\E/O(ugg)wvd:vdﬁe>>T
oo T o B
(5.55) =37 [ [ ol de a0 (). BC).

{=1
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By the identity

T
(M BeCr = [ [ (age)sodoae
0 o
(which follows directly from (5.52)) and @, € L*®([0, Tyaz); L*(O)) P-almost surely,

we observe that the process s — ((My(-), Be(-)))s is absolutely continuous P-almost
surely. As a consequence,

(Mo (). Be()))e = Ae /O (i(3)ge)v da ds.

Hence,
(5.56) o o 2
<<Mv(')7;/0 Az/o(ﬁgz)xvdxdﬁz>>T :/o ;)\5 (/O(ﬁge)xvd»%) ds.

Together with the identities

(M) = /OTiA? (/O(ﬂge)wdx>2ds

=1
and
[e%s) (.) _ [e%e] T 2
<<Z/ /\e/ (ﬁgg)wvdxdﬁg>> = Z/ Y (/ (ﬂgg)xvdﬂc) ds,
=170 o r =170 ©
we note
—— > r0) ~ -
My () — Z/ )\(/ (@ge)zv dx dfBy, =0,
=170 o T
which gives the claim. ]

It remains to establish Theorem 3.2.

Proof of Theorem 3.2. From Proposition 5.4, Lemma 5.7, and Lemma 5.9, we
infer the existence of a stochastic basis (2, F, (F¢)i>0, P), of a Wiener process W (t) =
Y req AeBe(t)ge, and of random variables

@€ L*(Q;CTHO x [0, Trnaa))),
DE L3/2(Q§ LQ([()?Tmaz]? H;er(o)))7

j S L2(Q x O x [O,TmaID

satisfying
J = tp, P-almost surely in L2(O x [0, Tjnae]),
P = —lge + W' (1) P-almost surely in L2(O x [0, Tjnae]),
@ € L*([0, Thas); Hpr (0)) P-almost surely.

Furthermore, we have A = Po Ug ! by construction.
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Lemma 5.13 implies that for arbitrary v € HZ,,.(O)

Mv(t):/O(a(t)—a(O))vd:ch/(:/Oa?ﬁmumdxdT

is an (ft)tzo-martingale. Due to Lemma 5.16, we conclude

/O(ﬂ(t)—a(O))vdx+/Ot/oa2;5xvx dxdT:ei;At Ag/(o(ﬂgg)xvdmdﬁg.

Furthermore, Lemma 5.8 almost surely provides a positive lower bound for .
Finally, by Fatou’s lemma and Proposition 4.4, we have for any p > 1

Tmam -
E |lim inf sup  EylahP —l—/ / |J"? dx dt
h=0 "\ +€[0,Tynae] 0 1)

T’YL(L(ﬂ -
sup  Ep[a"P + / / |J"? dx dt
t€[0,Tmax] 0 o

< C(ﬁ) Ug, Tmaﬂ:)'

< liminfE
h—0

By the almost sure convergence of @" in C77/4(Ox [0, Tnq2]) and the almost sure strict
positivity of the limit @, we deduce [, Z,W(a") dz — [, W(a) dz in L°([0, Tiaq))
almost surely. By the lower semicontinuity of the L?(O x [0, Taz]) norm with
respect to weak convergence (for J" — J) and the lower semicontinuity of the
L>([0, Tynaz]; HY(O)) norm with respect to convergence in the sense of distributions
(for @ — @), we finally get

Tma:{: ~
sup  Ela)? +/ / |J|? dx dt
] 0 o

te[0,Trmax

E S C(ﬁv UO;Tmax)- |

6. Concluding remarks. We have proved a first result on the existence of
almost surely positive solutions to a stochastic thin-film equation. In a forthcoming
paper, we wish to study pathwise uniqueness of solutions—this way establishing the
existence of pathwise solutions. Even concerning existence of solutions, interesting
questions remain open: The case of higher space dimensions and the case of general
mobilities m(u) = u™, n > 0, which refers to different flow boundary conditions
at the liquid-solid interface. For both problems, we do not expect the techniques
developed in this paper to carry over easily. For the thin-film equation in the multi-
dimensional setting, this is due to the fact that already in the deterministic setting
Holder regularity of solutions is still an open problem.

Acknowledgment. Ten years ago, Nicolas Dirr and the second author derived
a family of formal integral estimates for general stochastic thin-film equations (see
[19]). It is one of these formal estimates the result of this paper is built around.
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