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AN OPEN PROBLEM ON JEŚMANOWICZ’ CONJECTURE

CONCERNING PRIMITIVE PYTHAGOREAN TRIPLES

Hai Yang and Ruiqin Fu

Xi’an Polytechnic University, P. R. China and Xi’an Shiyou University, P. R.
China

Abstract. Let m > 31 be an even integer with gcd(m, 31) = 1. In
this paper, using some elementary methods, we prove that the equation
(m2 −312)x +(62m)y = (m2 +312)z has only the positive integer solution
(x, y, z) = (2, 2, 2). This result resolves an open problem raised by T.
Miyazaki (Acta Arith. 186 (2018), 1–36) about Jeśmanowicz’ conjecture
concerning primitive Pythagorean triples.

1. Introduction

Let Z, N be the sets of all integers and positive integers, respectively. Let
(a, b, c) be a primitive Pythagorean triple with 2 | b. Then we have

a = m2 − n2, b = 2mn, c = m2 + n2, m, n ∈ N, m > n, gcd(m,n) = 1, 2 | mn

and

(1.1) a2 + b2 = c2.

In 1956, L. Jeśmanowicz ([2]) conjectured that the equation

ax + by = cz, x, y, z ∈ N

has only the solution (x, y, z) = (2, 2, 2). Jeśmanowicz’ conjecture has been
proved to be true in many special cases ([6]). But, in general, this problem is
not solved as yet.
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We now consider Jeśmanowicz’ conjecture for some fixed n. In 1959, W.-
D. Lu ([3]) proved that if n = 1, then the conjecture is true. After fifty-five
years, N. Terai ([7]) solved the case that n = 2. Very recently, T. Miyazaki
([4]) using Baker’s method to prove that, for any fixed n with n ≡ 3 (mod 4),
if m > C(n), where C(n) is an effectively computable constant depending
only on n, then Jeśmanowicz’ conjecture is true. Moreover, he solved the
conjecture for some values of n with n ≡ 3 (mod 4). In the same paper, T.
Miyazaki showed that because of the constants C(n) obtained from Baker’s
method are so large, Jeśmanowicz’ conjecture is not settled for several small
values of n with n ≡ 3 (mod 4). The smallest one is n = 31. Thus, he raised
the following as an open problem.

Problem. Prove Jeśmanowicz’ conjecture for n = 31.

Theorem 1.1. Let m > 31 be an even integer with gcd(m, 31) = 1, the
equation

(1.2) (m2 − 312)x + (62m)y = (m2 + 312)z , x, y, z ∈ N

has only the solution (x, y, z) = (2, 2, 2).

2. Preliminaries

Lemma 2.1 ([5, Section 15.2]). For any positive integer ℓ, every solution

(X,Y, Z) of the equation

X2 + Y 2 = Zℓ, X, Y, Z ∈ N, gcd(X,Y ) = 1, 2 | Y
can be expressed as

X + Y
√
−1 = λ1(f + λ2g

√
−1)ℓ, λ1, λ2 ∈ {−1, 1},

Z = f2 + g2, f, g ∈ N, gcd(f, g) = 1, 2 | fg.
Lemma 2.2. Let p be an odd prime, and let f, g, ℓ be positive integers such

that gcd(f, g) = 1, p | g and 2 ∤ ℓ. If pe || ℓ, where e is a nonnegative integer,

then

(2.1) pe
∣

∣

∣

∣

(ℓ−1)/2
∑

i=0

(

ℓ

2i+ 1

)

f ℓ−2i−1(−g2)i.

Proof. Since gcd(f, g) = 1 and p | g, we have p ∤ f . Hence, if e = 0,
then p ∤ ℓ,

(ℓ−1)/2
∑

i=0

(

ℓ

2i+ 1

)

f ℓ−2i−1(−g2)i ≡ ℓf ℓ−1 6≡ 0 (mod p)

and (2.1) is true.
If e > 0, then

(2.2) pe || ℓf l−1.
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For any positive integer i, let psi || 2i+ 1. Since psi ≤ 2i+ 1, we have

(2.3) si ≤
log(2i+ 1)

log p
≤ log(2i+ 1)

log 3
< 2i.

Hence, by (2.3), we get

(2.4)

(

ℓ

2i+ 1

)

f ℓ−2i−1(−g2)i ≡ (−1)iℓ

(

ℓ− 1

2i

)

f ℓ−2i−1 g2i

2i+ 1

≡ 0 (mod pe+1), i = 1, · · · , ℓ− 1

2
.

Therefore, by (2.2) and (2.4), we obtain (2.1). The lemma is proved.

Let α, β be algebraic integers. If α + β and αβ are nonzero coprime
integers and α/β is not a root of unity, then (α, β) is called a Lucas pair. Let
A = α+ β and B = αβ. Then we have

α =
1

2
(A+ λ

√
D), β =

1

2
(A− λ

√
D), λ ∈ {−1, 1},

where D = A2 − 4B. Further, for any nonnegative integer j, one defines the
corresponding sequence of Lucas numbers by

(2.5) Lj(α, β) =
αj − βj

α− β
.

Obviously, Lj(α, β) (j = 1, 2, · · · ) are nonzero integers.

Lemma 2.3 ([1, Theorems IV and XII]). Let p be an odd prime such that

p ∤ ABD and

(2.6) p | Lr(α, β)

for some positive integer r. Further, let r1 be the least value of r with (2.6).
Then we have

(i) A positive integer r satisfies (2.6) if and only if r1 | r.
(ii) p− (D/p) ≡ 0 (mod r1), where (∗/∗) is the Legendre symbol.

Lemma 2.4. For any real number t with t ≥ 9, we have

0.2180t+
1

2
log 1488 > log t.

Proof. Let f(t) = 0.2180t+ 1
2 log 1488− log t. Since f ′(t) = 0.2180−1/t,

where f ′(t) is the derivative of f(t), we have f ′(t) > 0 for t ≥ 9. Therefore, if
t ≥ 9, then f(t) ≥ f(9) = 0.2180× 9 + 1

2 log 1488− log 9 > 3.4173 > 0. Thus
the lemma is proved.
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3. Proof of Theorem 1.1

In this section, we assume that (x, y, z) is a solution of (1.2) with
(x, y, z) 6= (2, 2, 2). By [4], it suffices to consider the case that x, y, z and
m satisfy

x ≡ y ≡ 2 (mod 4), 2 ∤ z,(3.1)

x < z(3.2)

and

(3.3) 23 || m.

Lemma 3.1. y > z > y/2, y ≥ 6 and z > 3.

Proof. Since x < z by (3.2), if y ≤ z, then from (1.1) and (1.2) we
get (m2 − 312)z + (62m)z > (m2 − 312)x + (62m)y = (m2 + 312)z = ((m2 −
31)2 + (62m)2)z/2 > (m2 − 312)z + (62m)z, a contradiction. So we have
y > z. On the other hand, since 62m > (m2 + 312)1/2, by (1.2), we get
(m2 + 312)z > (62m)y > (m2 + 312)y/2 and z > y/2.

Since (x, y, z) 6= (2, 2, 2) and x ≡ y ≡ 2 (mod 4) by (3.1), we have
max{x, y} > 2, z > 2 and y ≥ 6. Further, since z > y/2, we get z > 3.
The lemma is proved.

Lemma 3.2. 3 | m.

Proof. If 3 ∤ m, then m2− 312 ≡ 1− 1 ≡ 0 (mod 3) and m2+312 ≡ 1+
1 ≡ 2 (mod 3). Since 2 | m and 2 ∤ z, by (1.2), we get 1 = ((m2 + 312)z/3) =
((m2 + 312)/3) = (2/3) = −1, a contradiction. Thus, the lemma is proved.

Since 2 ∤ z and 2 | m, applying Lemma 2.1 to (1.2), we have

(m2 − 312)x/2 = f

∣

∣

∣

∣

∣

∣

(z−1)/2
∑

i=0

(

z

2i

)

fz−2i−1(−g2)i

∣

∣

∣

∣

∣

∣

,(3.4)

(62m)y/2 = g

∣

∣

∣

∣

∣

∣

(z−1)/2
∑

i=0

(

z

2i+ 1

)

fz−2i−1(−g2)i

∣

∣

∣

∣

∣

∣

,(3.5)

m2 + 312 = f2 + g2, f, g ∈ N, gcd(f, g) = 1, 2 ∤ f, 2 | g.(3.6)

By (3.3) and (3.5), we get

(3.7) 22y | g.

Lemma 3.3. 3 | g and 31 | g.
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Proof. By Lemma 3.2, we have 3 | m. Hence 3 ∤ m2− 312, and by (3.4),
we get 3 ∤ f . If 3 ∤ g, then from (3.5) we obtain

0 ≡
(z−1)/2
∑

i=0

(

z

2i+ 1

)

fz−2i−1(−g2)i ≡
(z−1)/2
∑

i=0

(−1)i
(

z

2i+ 1

)

≡ ±2(z−1)/2 6≡ 0 (mod 3),

a contradiction. So we have 3 | g.
Let

(3.8) α = f + g
√
−1, β = f − g

√
−1.

Notice that α + β = 2f , αβ = f2 + g2, (α + β)2 − 4αβ = −4g2, gcd(f, g) =
gcd(2fg, f2 + g2) = 1 and α/β = ((f2 − g2) + 2fg

√
−1)/(f2 + g2) is not a

root of unity. Then (α, β) is a Lucas pair. Further, let Lj(α, β) (j = 0, 1, · · · )
be the corresponing sequence of Lucas numbers defined as in (2.5). By (2.5),
(3.5) and (3.8), we have

(3.9) (62m)y/2 = g |Lz(α, β)| .
If 31 ∤ g, then from (3.9) we get

(3.10) 31 | Lz(α, β).

We see from (3.10) that

(3.11) 31 | Lr(α, β)

for some positive integers r. Let r1 be the least value of r with (3.11). Since
f2 + g2 = m2 + 312 and 31 ∤ m, we have 31 ∤ fg(f2 + g2). Hence by (i) of
Lemma 2.3, we see from (3.10) that

(3.12) r1 | z.
On the other hand, since (−4g2/31) = (−1/31) = −1, by (ii) of Lemma 2.3,
we have

(3.13) 31 + 1 ≡ 25 ≡ 0 (mod r1).

Further, since L1(α, β) = 1 and 31 | Lr1(α, β), we have r1 > 1. Therefore,
we find from (3.13) that 2 | r1. But, since 2 ∤ z, (3.12) is false. Thus, we get
31 | g. The lemma is proved.

Lemma 3.4. m > g.

Proof. By assumption 31 ∤ m, 31 | g of (3.3) and (3.7), we have m 6= g.
Since m ≡ g ≡ 0 (mod 24) by Lemmas 3.2 and 3.3, if m < g, then we have
g ≥ m+ 24. Hence, by (3.6), we get m2 + 312 = f2 + g2 ≥ 1 + (m + 24)2 =
m2+48m+577, whence we obtain 16 ≥ m ≥ 31, a contradiction. So we have
m > g. The lemma is proved.

Lemma 3.5 ((i) of Lemma 8.1 in [1]). z − x > (logm)/ log 31.



276 H. YANG AND R. FU

Let

(3.14) 3e1 || z, 31e2 || z, e1, e2 ∈ Z, e1 ≥ 0, e2 ≥ 0.

By Lemmas 2.2 and 3.3, we have
(3.15)

3e1
∣

∣

∣

∣

(z−1)/2
∑

i=0

(

z

2i+ 1

)

fz−2i−1(−g2)i, 31e2
∣

∣

∣

∣

(z−1)/2
∑

i=0

(

z

2i+ 1

)

fz−2i−1(−g2)i.

Hence, by (3.5) and (3.15), we get

(3.16) 3y/2−e1 | g, 31y/2−e2 | g.

Further, by (3.7) and (3.16), we obtain

(3.17) g ≥ 1488y/2

3e131e2
.

Therefore, by Lemma 3.4, we get from (3.17) that

(3.18) logm > log g ≥ y

2
log 1488− (e1 log 3 + e2 log 31).

By Lemmas 3.1 and 3.5, if (e1, e2) = (0, 0), then from (3.18) we get

logm ≥ y

2
log 1488 >

z

2
log 1488 >

1

2
(z − x) log 1488

>
(logm)(log 1488)

2 log 31
> logm,

a contradiction.
If (e1, e2) 6= (0, 0), then either 3 | z or 31 | z. Since z > 3 by Lemma 3.1,

we have z ≥ 9. By (3.14), we have 3e131e2 | z. It implies that

e1 log 3 + e2 log 31 ≤ log z.

Hence, since y > z and y ≥ z + 1, by (3.18), we get

(3.19) logm ≥ z

2
log 1488− (log z − 1

2
log 1488).

Recall that z ≥ 9, by Lemma 2.4, we have log z − 1
2 log 1488 < 0.2180z.

Therefore, by (3.19), we get

logm > (
1

2
log 1488− 0.2180)z > 3.4345z > 3.4345(z − x)

>
3.4345 logm

log 31
> logm,

a contradiction.
To sum up, the theorem is proved.
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Int. J. Appl. Math. Stat. 56 (2017), 46–72.
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