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ABSTRACT. Let m > 31 be an even integer with gcd(m,31) = 1. In
this paper, using some elementary methods, we prove that the equation
(m? —312)% 4 (62m)¥ = (m? 4+ 312)# has only the positive integer solution
(z,y,2) = (2,2,2). This result resolves an open problem raised by T.
Miyazaki (Acta Arith. 186 (2018), 1-36) about Jesmanowicz’ conjecture
concerning primitive Pythagorean triples.

1. INTRODUCTION

Let Z, N be the sets of all integers and positive integers, respectively. Let
(a,b,c) be a primitive Pythagorean triple with 2 | b. Then we have

a=m?—n? b=2mn,c=m?+n? mn €N, m>n, ged(m,n) =1, 2| mn
and
(1.1) a? +b% =2

In 1956, L. JeSmanowicz ([2]) conjectured that the equation
a®+b =c* x,y,z €N

has only the solution (z,y,z) = (2,2,2). JeSmanowicz’ conjecture has been
proved to be true in many special cases ([6]). But, in general, this problem is
not solved as yet.
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We now consider Jesmanowicz’ conjecture for some fixed n. In 1959, W.-
D. Lu ([3]) proved that if n = 1, then the conjecture is true. After fifty-five
years, N. Terai ([7]) solved the case that n = 2. Very recently, T. Miyazaki
([4]) using Baker’s method to prove that, for any fixed n with n = 3 (mod 4),
if m > C(n), where C(n) is an effectively computable constant depending
only on n, then Jesmanowicz’ conjecture is true. Moreover, he solved the
conjecture for some values of n with n = 3 (mod 4). In the same paper, T.
Miyazaki showed that because of the constants C(n) obtained from Baker’s
method are so large, JeSmanowicz’ conjecture is not settled for several small
values of n with n =3 (mod 4). The smallest one is n = 31. Thus, he raised
the following as an open problem.

PROBLEM. Prove Je$manowicz’ conjecture for n = 31.

THEOREM 1.1. Let m > 31 be an even integer with ged(m,31) = 1, the
equation

(1.2) (m? — 313" + (62m)Y = (m? + 31%)%, 2,9,z €N
has only the solution (x,y,z) = (2,2,2).

2. PRELIMINARIES

LEMMA 2.1 ([5, Section 15.2]). For any positive integer £, every solution
(X,Y,Z) of the equation

X24v? =2 XY, ZeN, ged(X,Y)=1,2|Y
can be expressed as
X +YV=1=M(f+ XagV—1)% A1, do € {~1,1},
Z=f"+¢% f.geN, ged(f,9) =1,2] fg.

LEMMA 2.2. Let p be an odd prime, and let f, g, £ be positive integers such
that ged(f,g) =1, p| g and 24 L. If p© || £, where e is a nonnegative integer,
then

(-1)/2
e ¢ —2i— %
(2.1) e || ; (2”1)# S (—g?)

PROOF. Since ged(f,g) = 1 and p | g, we have p 1 f. Hence, if e = 0,
then p 1 ¢,

ez, | |
S ()1 e = 20 od )
=0

and (2.1) is true.
If e > 0, then

(2.2) Pl e
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For any positive integer 4, let p* || 2i + 1. Since p® < 2i + 1, we have

- log(2i+ 1) - log(2i+ 1)

2.3 i 21.
(2.3) 5= logp - log 3 <2

Hence, by (2.3), we get

(2Zi 1) f672i71(_92)i

(_1)z€ (é 2_Z 1) fl*Qifl 9—21

(2.4) 2i + 61 1
=0 (modpeﬂ),i:l,---,%.
Therefore, by (2.2) and (2.4), we obtain (2.1). The lemma is proved. O

Let «, B be algebraic integers. If a +  and af are nonzero coprime
integers and a/ is not a root of unity, then (a, ) is called a Lucas pair. Let
A=a+ f and B = af. Then we have

o= %(AJr)\\/l_)), 3= %(A—)\\/ﬁ),)\ € {-1,1},

where D = A% — 4B. Further, for any nonnegative integer j, one defines the
corresponding sequence of Lucas numbers by
ol — Bi

(25) Lj(Oé,B) = o —ﬁ

Obviously, L;(a, 8) (j = 1,2,---) are nonzero integers.

LEMMA 2.3 ([1, Theorems IV and XII}). Let p be an odd prime such that
pt ABD and

(2.6) p| Li(a,B)

for some positive integer r. Further, let r1 be the least value of r with (2.6).
Then we have

(i) A positive integer r satisfies (2.6) if and only if r1 | r.

(ii) p— (D/p) =0 (mod r1), where (x/x) is the Legendre symbol.

LEMMA 2.4. For any real number t with t > 9, we have
1
0.2180t + 3 log 1488 > logt.

PROOF. Let f(t) = 0.2180t+ 3 log 1488 —logt. Since f'(t) = 0.2180—1/t,
where f/(t) is the derivative of f(t), we have f’(¢) > 0 for ¢t > 9. Therefore, if
t >0, then f(t) > f(9) = 0.2180 x 9 + 1 log 1488 — log 9 > 3.4173 > 0. Thus
the lemma is proved. O
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3. PROOF OF THEOREM 1.1

In this section, we assume that (x,y,z) is a solution of (1.2) with
(r,y,2) # (2,2,2). By [4], it suffices to consider the case that x,y,z and
m satisfy

(3.1) xr=y=2 (mod4), 21z,
(3.2) r <z

and

(3.3) 2% || m.

LEMMA 3.1. y > 2>y/2,y>6 and z > 3.

PROOF. Since x < z by (3.2), if y < z, then from (1.1) and (1.2) we
get (m? — 312)% + (62m)* > (m? — 31%)* + (62m)¥ = (m? + 312)* = ((m? —
31)2 + (62m)?)*/? > (m? — 31%2)* + (62m)?, a contradiction. So we have
y > z. On the other hand, since 62m > (m? + 31%)%/2 by (1.2), we get
(m? 4 312)% > (62m)¥ > (m? + 312)¥/2 and z > y/2.

Since (z,y,z) # (2,2,2) and * = y = 2 (mod 4) by (3.1), we have
max{z,y} > 2, z > 2 and y > 6. Further, since z > y/2, we get z > 3.
The lemma is proved. O

LEMMA 3.2. 3| m.

PROOF. If 31m, then m? —312=1-1=0 (mod 3) and m*+31? =1+

1 =2 (mod 3). Since 2 | m and 21 z, by (1.2), we get 1 = ((m? + 31%)?/3) =
((m? +312)/3) = (2/3) = —1, a contradiction. Thus, the lemma is proved.

0

Since 2 1 z and 2 | m, applying Lemma 2.1 to (1.2), we have
(z—1)/2

(34)  (m*-31%)"2=f ; (;) =g
LI . ‘

(3.6) m? +312 = f2+ 4% f,g €N, ged(f,g) =1,21f,2] 9.

By (3.3) and (3.5), we get

(3.7) 2% | g.

LEMMA 3.3. 3| g and 31| g.
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PROOF. By Lemma 3.2, we have 3 | m. Hence 3 {m? — 312, and by (3.4),
we get 31 f. If 31 g, then from (3.5) we obtain

(2—1)/2 . s . (2—1)/2 _ ;
2 (2i+1>f (a*= 2 (-1 (2i+1>

1=0 1=0
=426"1/22£0  (mod 3),

o
Il

a contradiction. So we have 3 | g.
Let

(3.8) a=f+gvV-1,8=f—gv-1.

Notice that a + = 2f, af = f*> + ¢*, (a + B)* — 4af = —4¢?, ged(f,g) =
gcd(2fg, f2 + ¢%) = 1 and a/B = ((f* — ¢) + 2£gv=T)/(f> + g?) is not
root of unity. Then (a, 8) is a Lucas pair. Further, let L;(a, 3) ( =0,1,--+)

be the corresponing sequence of Lucas numbers defined as in (2.5). By (2.5),
(3.5) and (3.8), we have

(3.9) (62m)"/? = g| L. (v, B).
If 31 { g, then from (3.9) we get

(3.10) 31| L.(a, ).

We see from (3.10) that

(3.11) 31| L,(a, B)

for some positive integers r. Let r; be the least value of r with (3.11). Since
2+ g% = m? + 312 and 31 { m, we have 31 ¢ fg(f? + ¢g?). Hence by (i) of
Lemma 2.3, we see from (3.10) that

(3.12) r1| 2.

On the other hand, since (—4¢%/31) = (—1/31) = —1, by (ii) of Lemma 2.3,
we have

(3.13) 31+1=2°=0 (mod ry).

Further, since Ly(a,8) = 1 and 31 | L, («, 3), we have r1 > 1. Therefore,
we find from (3.13) that 2 | ;. But, since 21 z, (3.12) is false. Thus, we get
31| g. The lemma is proved. O

LEMMA 3.4. m > g.

PROOF. By assumption 311m, 31| g of (3.3) and (3.7), we have m # g.
Since m = g = 0 (mod 24) by Lemmas 3.2 and 3.3, if m < g, then we have
g > m + 24. Hence, by (3.6), we get m? +31%2 = f2+ g2 > 1+ (m + 24)? =
m? +48m + 577, whence we obtain 16 > m > 31, a contradiction. So we have
m > g. The lemma is proved. o

LEMMA 3.5 ((i) of Lemma 8.1 in [1]). z — 2 > (logm)/log31.
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Let
(3.14) 3| 2,31 || 2, e1,e2 € Z,e1 > 0,e9 > 0.
By Lemmas 2.2 and 3.3, we have
(3.15)
3e1H (Z_ZI)/Q z fz—2i—1(_ 2)1' 31€2|| (Z_Zl)/2 z z—2i—1/__ _2\i
— <2¢+1) g — <2i+1)f =g)"
Hence, by (3.5) and (3.15), we get
(3.16) 3v/2me g, 31v/2ee | g,
Further, by (3.7) and (3.16), we obtain
y/2
o s L

Therefore, by Lemma 3.4, we get from (3.17) that
(3.18) logm > logg > % log 1488 — (e1 log 3 4 e2 log 31).
By Lemmas 3.1 and 3.5, if (e1,e2) = (0,0), then from (3.18) we get

1
logm > % log 1488 > g log 1488 > 5(2 — x)log 1488

(logm)(log 1488)
2log 31

> logm,

a contradiction.
If (e1, e2) # (0,0), then either 3 | z or 31 | z. Since z > 3 by Lemma 3.1,
we have z > 9. By (3.14), we have 3°131°2 | z. It implies that

e1log3 + eslog3l <logz.
Hence, since y > z and y > z + 1, by (3.18), we get

1
(3.19) logm > glog 1488 — (log 2 —  log 1488).

Recall that z > 9, by Lemma 2.4, we have logz — %log 1488 < 0.2180z.
Therefore, by (3.19), we get

1
logm > (5 log 1488 — 0.2180)z > 3.4345z > 3.4345(z — )

3.4345logm

1
log 31 = logm,

a contradiction.
To sum up, the theorem is proved.
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