View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Rose-Hulman Institute of Technology: Rose-Hulman Scholar

Rose-Hulman Undergraduate Mathematics Journal

Volume 9 .
lssue 2 Article 5

Counting Containment Partitions

Nathan Langholz
St. Olaf College, langholz@ucla.edu

Joe Usset
St. Olaf College Joe Usset

Follow this and additional works at: https://scholar.rose-hulman.edu/rhumj

Recommended Citation

Langholz, Nathan and Usset, Joe (2008) "Counting Containment Partitions," Rose-Hulman Undergraduate
Mathematics Journal: Vol. 9 : Iss. 2, Article 5.

Available at: https://scholar.rose-hulman.edu/rhumj/vol9/iss2/5


https://core.ac.uk/display/268182327?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://scholar.rose-hulman.edu/rhumj
https://scholar.rose-hulman.edu/rhumj/vol9
https://scholar.rose-hulman.edu/rhumj/vol9/iss2
https://scholar.rose-hulman.edu/rhumj/vol9/iss2/5
https://scholar.rose-hulman.edu/rhumj?utm_source=scholar.rose-hulman.edu%2Frhumj%2Fvol9%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholar.rose-hulman.edu/rhumj/vol9/iss2/5?utm_source=scholar.rose-hulman.edu%2Frhumj%2Fvol9%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages

Counting Containment Partitions

Nathan Langholz, Joseph Usset

Department of Mathematics, Statistics and Computer Science
St. Olaf College, Minnesota, USA

October 1, 2008

Abstract

The study of integer partitions has wide applications to mathematics, mathematical
physics, and statistical mechanics. We consider the problem of finding a generalized ap-
proach to counting the partitions of an integer n that contain a partition of a fixed integer
k. We use generating function techniques to count containment partitions and verify exper-
imental results using a self-made in program Mathematica. We have found explicit solutions
to the problem for general n with k=1, 2, 3, 4, 5, and 6. We also discuss open questions and
ideas for future work.

1 Introduction to Partitions

Integer partitions have been studied for hundreds of years dating back to Leonhard Euler.
They have applications in mathematics, mathematical physics, and statistical mechanics.
For instance, nonparametric statistics use ideas involving restricted partition problems while
particle physics use partition asymptotics and partition identities [?].

We begin with the definition of a partition.

Definition 1.1. A partition A = (A1, Ag,..., A\;) is a weakly decreasing sequence of non-

negative integers where A1, \a,..., A\x sum to a positive integer, n. The ); are called the
parts of a partition.

A simple example of a partition with n = 16 is A = (7,5,3,1). Each partition also has a
graphical representation known as a Young diagram or Ferrers graph, which provide addi-
tional methods for studying partitions.

Definition 1.2. For a given partition A, where > \; = n the Young diagram Y, of shape
A is a left-justifed diagram of n boxes, with \; boxes in the i-th row.

Ezxample 1.3. Below is an example of a Young diagram for a partition of 16.

Figure 1: Young diagram for the partition of 16, A = (7,5,3,1).



The most notable function relating to partitions, is the partition function. This function is
simple to define, but mathematicians continue to find new properties with further study.

Definition 1.4. Let p(n) equal the number of partitions of n. This is called the partition
function.

Ezxample 1.5. The partitions of 4 are:
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Thus, there are 5 partitions, so p(4) = 5.

We note that when n = 0, p(0) = 1. It is simple to explicitly count the number of partitions
for small n, but as n increases slightly, p(n) grows quite quickly. For example, p(5) = 7,
p(20) = 627, and finally p(100) = 190,569,292, far too many to simply be counted. Our
research looked at a subset of the partition function and took into account a number of its
properties.

2 Containment Partitions

In this paper, we will consider the problem of enumerating containment partitions. A func-
tion for containment partitions became useful when counting the number of non-isomorphic
subgraphs in a given graph G. We define containment partitions.

Definition 2.1. A partition A\ + n contains a partition of k if there exist parts
>‘i1a/\i27---7>‘7?j C /\1,/\2,...,>\|/\‘ with 7 < n such that A\;;, + A, + -+ + >\ij = k. Let
p(n | k) equal the number of partitions of n that contain some partition of k.

The definition of a containment partition can be easily understood through an example.

Ezample 2.2. The containment partition p(4|2) can be counted directly. Again, the partitions
of 4 are:

= NN W
— N

1
1,1

) ?

The partitions of 2 are (2) and (1, 1), thus the last three partitions of 4 contain some partition
of 2. So, p(4]2) = 3. Notice the last three partitions of 4 contain multiple partitions of 2,
but each is counted only once.

We created a program in Mathematica to exhaustively count the number of containment
partitions for any p(n|k). We obtained the data in Table 1 with this program (See Appendix
for more values of n and k). This allowed us to look for any patterns or trends in the
containment partition numbers. Theorem ?? outlines the first pattern observed in Table 1.



Table 1: Containment partitions p(n|k) for n < 10 and k& < 10.

k\n|1 2 3 4 5 6 7 8 9 10
1 11 2 3 5 7 11 15 22 30
2 0 2 2 3 5 8 11 17 23 33
3 0 0 3 3 5 6 11 15 23 30
4 0 0 05 5 8 11 14 22 33
) 0 0 00 7 7 11 15 22 25
6 0o 0 0 0 0 11 11 17 23 33
7 0 0 000 0 15 15 23 30
8 0 0000 0 0 22 22 33
9 0 0000 0 0 0 30 30
010 0 000 O 0 0 0 42

Theorem 2.3. For all integers n > 0, p(n|n) = p(n + 1|n).

Theorem 77 is proved using a bijection. Obviously, the number of partitions of n that contain
a partition of n is just the number of partitions of n. Adding a single 1 to each partition of
n will result in all the partitions of n 4+ 1 that contain some partition of n. Conversely, by
subtracting a 1 from all the partitions of n 4+ 1 that have a part of a single 1 results in all
the partitions of n.

The second theorem observed in Table 1 outlines the symmetry seen between p(n|k) and
p(njn — k).
Theorem 2.4. For all integers n > 0, p(n|k) = p(njn — k).

Again we prove bijectively. A partition of n that contains some partition of k will have
remaining parts equal to n — k. Thus, the partition of n will contain some partition of n — k.
Conversely, a partition of n that contains some partition of n — k will have remaining parts
equal to k.

This result is useful; once values for p(n|k) for k from 1 to § are found, by the symmetry
property the values of p(n|k) for k from § 41 to n — 1 are also found. Now we turn to the
main focus of our study, looking for a way to enumerate containment partitions.

3 Generating Functions for Containment Partitions

In mathematics, a generating function is a formal power series whose coefficients represent
information about a sequence in question. Thus, generating functions are particularly useful
in transforming problems about sequences to problems about functions. Leonhard Euler
discovered a generating function for the partition function in the 18th century. To construct
this generating function Euler began by taking the infinite product of geometric sequences
with a common factor ¢* for all k from 1 to co. This is illustrated below:

A+d' +@++ )1+ +¢" )1+ +¢° )AL +q" +¢° )

This product can be grouped as follows:

(1_~_q1_’_q1+1_~_q1+1+1+.“)(1+q2+q2+2+q2+2+2...)(1+q3+q3+3+_._)(1_~_q4+q4+4._.).“



Next we can rearrange the g terms so that all the terms with equal exponents are grouped
together. Notice how every possible combination of these integers is present:

1 +q1 4 (q1+1 +q2) + (q1+1+1 +q2+1 +q3) + (q1+1+1+1 +q2+1+1 +q2+2 +q3+1 +q4) .

Finally, by summing like powers we get a series in which the coefficient of the ¢™" term
equals p(n):

1+q+2¢° +3¢> +5¢* - (1)

For instance, the 5¢* term in equation (1) represents that there are five partitions of the
integer four. Since a geometric series with common factor ¢ converges to 1/(1 — q); the
definition of the generating function for the partition function is as follows.

Definition 3.1. The generating function for the partition function p(n), is

> s = I = 2)
n=1 k=1

To create generating functions for containment partitions we use the relationship p(n|k) =
p(n) — p(n|k), where the notation p(n|k) signifies the number of partitions of some integer n
that do no contain any partition of some integer k. To construct a generating function for
p(n|k), restrictions were put on the generating function for p(n) such that no combination of
positive integers that sum to k are included. In the following sections we show you how to
construct the generating functions for p(n|1), p(n|2), and p(n|3). We also list the generating
functions for p(n|4), p(n|5), and p(n|6).

3.1 Generating Function for p(n|1)

The generating function Y~ p(n|l) is simple to create. Note that > 7 p(n|l) =
Yoo p(n) = Y02 p(n|l). We know Y07 p(n) = [l ﬁ, thus, it remains to find
the generating function Y ° | p(n|1). The function Y ° ; p(n|1) is constructed by placing
restrictions on the the generating function for partitions. Obviously the only partition of 1
is (1). So clearly, p(n|1) equals all partitions of n with parts of size 2 or greater. Thus, the
generating function > 7 | p(n|1)¢" is shown below:

(oo} (oo} oo 1
Zp(nﬁ)q" = Zp(n with parts size 2 or greater)q” = H T (3)
n=1 n=1 k=2
Hence,
Theorem 3.2.
ZP(”H)‘I :H l—qk 71_[ 1_qk (4)
n=1 k=1 k=2

To search for relationships in the containment partitions, we computed all of our generating
functions with a common denominator. So, to find a common denominator for Y>> | p(n|1)g™
we multiplied the Y7, p(n|1)¢" term by (1-q)/(1-q). With this common denominator our
generating function simplifies to:

(e’ . q
p(n | 1)¢" = 55—
nz::l [iZi1-¢*

Recall our explanation of the generating function for all partitions. A single ¢ represents a
single 1. Thus, the function m represents all partitions of n with at least a single 1.
By removing a 1 from all the partitions of n that contain at least a single 1, we get all the
partitions of n — 1.



Corollary 3.3. For all integers n > 0, then p(n|l) = p(n —1).

For the generating functions of p(n|k) for £k =2, 3, 4, 5, and 6 we repeat this process of
finding a common denominator. This simple algebra that can be run in Mathematica allows
us to look at the containment partitions in a new perspective. We will discuss an interesting
pattern we found by listing the containment partitions in this format later in the paper.

3.2 Generating Function for p(n|2)

To find a generating function for p(n|2), we again use the relationship that p(n|2) = p(n) —
p(n|2). Clearly, (2) and (1,1) are the only partitions of 2. So to find > | p(n|2), restrictions
must be put on Y >, p(n) such that no more than a single 1, and no 2’s are represented.
Thus, the generating function will represent all partitions of n that contain parts 3 or greater,
or parts 3 or greater and a single 1. The generating function for partitions of n with parts
3 or greater is shown below:

0o (o]

1
Zp(n with parts size 3 or greater)q”™ = H A (5)
n=1 k=3 b I

If we multiply this generating function by ¢!, the function for the partitions of n with parts
size 3 or greater and a single 1 is formed. This function is shown below:

o0 oo

1
Zp(n containing a single 1 and parts size 3 or greater)q” = ¢ H
n=1 k=3

F (6)

1—¢q

By summing equations (??) and (??), we get

oo B o 1 o 1
> )" =] T +q]] e
n=1 k=3 k=3
which results in - -
Y rnl2)g" =0 +a) [
n=1 k=3 q
Since p(n|2) = p(n) — p(n|2):
Theorem 3.4.
Yo" =] —= -0+ ][] —= (7)
n=1 k=1 1 q k=3 1 q

With a common denominator the generating function reduces to

St . 2(]2*(]4
212

n=1
from which Corollary 77 arises.

Corollary 3.5. For all integers n > 0, then p(n|2) = 2p(n —2) — p(n — 4).

3.3 Generating Function for p(n|3)

To find the generating function for p(n|3), we need to produce the generating function for
p(n|3). The three partitions of 3 include (3), (2,1), and (1,1,1). Thus, we put restrictions
on the generating function of p(n) such that no combination of these integers are included.
With k = 3 we organize the production of >_°7 | p(n|k) into three parts. The first, being



all partitions of n with all parts size greater than k. Thus, for £ = 3 this is the generating
function for partitions of n with all parts size 4 or greater. The function is shown below:

oo

oo 1
Zp(n with parts size 4 or greater)q” = H A (®)
n=1 k=4 b i

The second term encompasses partitions of n with parts greater than size & combined with
at least one part less than size k that sum to less than k: Thus, for all k this second part is
equal (p(1)g" + p(2)¢® + -+ + p(k — D" ) (TTispsr 1_ ). Following this form for k = 3,
the generating function for partitions of 3 with parts greater than size 3 and at least one
part less than size 3 that does sums to less than 3 is shown below:

oo

(a+2) ][]

k=4

1
— )

The final term for the generating function of p(n|k) contains parts greater than size k and
parts less than size k that sum to more than k. For k = 3, this term consists of partitions
of n with parts size 4 or greater and more than a single 2. Recall that 1/(1 — ¢?) represents
all possible quantities of 2’s in a partition of n. Thus, ¢**2/(1 —¢?) = ¢*/(1 — ¢*) represents
all possible quantities greater than one, of 2’s . The generating function for this term with
respect to k = 3 is shown below:

o0

o0
Zp(n with parts size 4 or greater and at least two 2’s)¢" = ¢* /(1 — q H

n=1

Combining the three parts represented by equations (8), (?7) and (?7?) we get the generating
function for p(3):

oo 4 oo
=\ q 1
> p(l3)g =1+ (¢ +2¢°) + (—) [[ ——=
1—gq l1—gq
n=1 k=4
Thus,
Theorem 3.6.
o) oo q4 o0 1
(1 2 11
;::1 p(n|3)q" 1;[ +q+q+1 q)gl_q (11)

We used Mathematica to find a common denominator that transforms the generating func-
tion to:

§:pn|3 % — ¢ —2¢5+¢°
Hk:l 1—qg*

from which Corollary 77 arises.

Corollary 3.7. For all integersn > 0, then p(n|3) = 3p(n—3)—p(n—5)—2p(n—6)+p(n—=38).

3.4 Generating Function for p(n|4)

Using similar techniques we found the generating functions for the containment partitions of
p(n|4), p(n|5), and p(n|6). These functions are shown on the next page.



Theorem 3.8.

an|4 ! —(14+q+2¢° +3q+ 3>H1—q (12)
With a common denominator Theorem 7?7 looks as so:
q _2q 7_5q8+2q9+2q10+2q11+q12_2q13
3ol 4

[iZi1-¢*
and its resulting corollary.
Corollary 3.9. For all integers n > 0, then p(n|4) = 5p(n —4) — 2p(n — 6) — 2p(n — 7) —
5p(n — 8) + 2p(n — 9) + 2p(n — 10) + 2p(n — 11) + p(n — 12) — 2p(n — 13).
3.5 Generating Function for p(n|5)

The generating function for p(n|5) and corollary.

Theorem 3.10.

> o0 2 3 4, 4 4°+q’ i ¢ q’
Zp(n | 5)q" = H 1 B (14+qg+2¢°+3¢° +5¢* + 1—q2 + =g T + =) (1=ah + (1—(13)(1—(14))
= - - i
n=1 k=1 l—q [Ti=6 T_gF
(13)
With a common denominator we have
Zp n | 5 7q _ 3(] _ 3(] _ 4(] 5q10 + 3q11 + 6q12 + 3q13 + 2q14 _ q15 _ 3q16 _ 3q17 + 2q19

[t —q*
resulting in the corollary.
Corollary 3.11. For all integers n > 0, then p(n|5) = 7Tp(n —5) — 3p(n — 7) — 3p(n — 8) —
4dp(n —9) — 5p(n — 10) + 3p(n — 11) 4+ 6p(n — 12) + 3p(n — 13) + 2p(n — 14) — p(n — 15) —
3p(n — 16) — 3p(n — 17) 4+ 2p(n — 19).
3.6 Generating Function for p(n|6)
The generating function for p(n|6) and corollary.

Theorem 3.12.

> p(n]6)g" = (14)

n=1
00

2 3 4 54 o7 4 4 42¢°+q° | q"+q*+q°+2¢'0+q'? ¢ g
[ (L+a+2¢"+3¢° +5¢"+7¢° + 4" + Tgn™ + = + o= + amae)

_ gk ES 1
k=1 1—q Hk’:7 1—qgk
Theorem ?7 is eqivalent to

> p(n|6)g
n=1

11¢5—5¢%—5¢° —7¢1°—2¢'1 —2¢12 4 11¢13 +12¢ 4 £ 7¢" 5 45416 —2¢17 —2¢'8 —13¢19 —3¢2° — 242! +-2¢?2 + 4423 + 4q%* 1245 —442°
o 1—gF
k=1

and its corresponding corollary.



Corollary 3.13. For all integers n > 0, then p(n|6) = 11p(n — 6) — 5p(n — 8) —
5p(n —9) — 7p(n — 10) — 2p(n — 11) — 12p(n — 12) + 11p(n — 13) + 12p(n — 14) +
7p(n—15)+5p(n—16) —2p(n —17) — 2p(n — 18) — 13p(n — 19) — 3p(n — 20) — 2p(n —
21) + 2p(n — 22) + 4p(n — 23) + 4p(n — 24) + 2p(n — 25) — 4p(n — 26).

4 Open Problems/Future Work

We were able to find the generating functions for partition containment for all n
with k& up to 6. Additionally, we are confident we could find generating functions
for partition containment for any fixed k, however, it would become increasingly
exhaustive as k gets larger. Finding a general way to count containment partitions
is our ultimate goal. Future work could also look to other general forms of partition
containment as precursors to the general form of p(n|k). For instance, research into
to p(2n|n) or p(2n + 1|n) would be valuable functions to consider.

We think generating functions are the proper means of reaching our goal. The
numerators of the generating functions for & = 1,2,3,4,5,6 did not simplify or
factor to any simpler forms. That may have helped us find a pattern that could
lead to a generalizable generating function of p(n|k) for all k. Yet, we saw a few
trends in our generating functions that need further investigation. When we looked
at our generating functions with common denominators, the terms in the numerator
followed an interesting inclusion/exclusion pattern that needs further study. Let us
notice the first terms in the numerators of our generating functions with common
denominators. For p(n|1), this term is g, for p(n|2) it is 2¢2, p(n|3) is 3¢3, p(n|4)
is 5¢*, p(n|5) is 7¢°, and p(n|6) is 11¢°. These terms follow the form p(k)q®. We
also see a pattern in the highest power terms in the numerator of these generating
functions. The highest power term for p(n|1) is ¢, for p(n|2), —q¢*; for p(n|3), ¢%; for
p(nld), —2¢'3; for p(n|5), ¢'%; and finally for p(n|6) the last term is —4¢%¢. Observe
that for consecutive k, the difference in the powers, of the highest power terms is
consecutive! Also, we notice that the signs of the highest power terms alternate for
the consecutive k£ found thus far.

Additional work could look into the asymptotics of the partition containment func-

tion with fixed k& such as the lim p(n|k)
n—oo p(n)
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Appendix

The following is Mathematica code for the program that counts containment parti-
tions p(n|k). The function ”func” indiciates with true or false whether a partition k
is contained in some partition n.

func[n_, k_] :=
Module[{p, i, nn, big, j, 1, kk, x, y, z, q, r, s, t, part, test},

P =n;

1:=4};

nn = Length([p];
big = p[[1]];

Do[AppendTo[l, Count[p, il],
{i, 1, Sum[p[[j]], {j, 1, nn}]1}];

x = k;

y = {};

kk = Length[x];
z = x[[1]1];

Do [AppendTo [y, Count[x, ql],
{q, 1, Sum[x[[r]], {r, 1, kk}]13}];

t = PadRight[y, Sum[p[[jl], {j, 1, nn}]];

part = 1 - t;

test = True;

Do[If[! NonNegativel[part[[i]l]l], test = Falsel, {i, 1,
Length[part]}];

If[test == False, Return[False], Return[Truel];

]

The function ”contain” indicates with a true or false whether a partition of some
integer k is contained in the input partition, par.

contain[par_, kk_] := Module[{n, 1, k, park, p, ans, i, j},

p = par;

1 = Length[p];

n = Sum[p[[il], {i, 1, 1}]1;
k = kk;

park = IntegerPartitions([k];

ans = False;

Do[If [func[p, park[[i]l]], ans = Truel, {i, 1, Length[park]}];
Return[ans]]

The function ”finalcontain” counts the number of partitions of some integer k con-
tained in the partitions of some integer n.

finalcontain[nn_, kk_] := Module[{n, 1, k, parn, count, i, j},
n = nn;
k = kk;

10



parn = IntegerPartitions[n];

count = 0;

Do[If[contain[parn[[i]], k] == True, count++], {i, 1,
Length[parn]}];

Return[count]]

The function ”CP” will output a list of the number of partitions of some integer k
contained in the partitions of all the integers up to n with the list starting from k.

CP[nn_, kk_] := Module[{n, k, i, x, j, 1},

k = kk;
n = nn;
x := {};

Do[AppendTo[x, finalcontain[i, k]], {i, 1, n}];
j = Droplx, k - 1];
Return[j]]

11
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