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°+·�»�«Ïµ|®���®\¬À¯Q³Ï«³�°+·Ë»+¸_°+±T¹��

C
³kº��i¹G¬À¯o°+±Ï±½Ä�®��f¸u³��G°+±k®\·|«

«-¹'«Ïµ|®�¨Y¸|Á\±½³�»u®q°+·�»+¸�°+±m¹��
C ��� ·]¾�°+¬À«�³ÂÁ\¸�±�°+¬�	 C ³kº��i¹G¬\¯o°+±Ï±½Ä�ºE®\± �À¿¦»+¸�°+±��¶³Ï«ÏµV¬8®>º-¾|®>Á\«

«-¹b«Ïµ|®�¨Y¸�Á\± ³�»�®q°+·,³Ï·|·�®\¬Q¾�¬>¹f»+¸|Á\«]³ ��°+·�» ¹G·|± Äb³ �
C

³kº��i¹G¬À¯o°+±Ï±½Ä1ºE®\± �À¿¦»+¸�°+±��¶³Ï«Ïµ
¬8®>º-¾|®>Á\«�«�¹o«Ïµ|®��'®\¬À¯Q³Ï«�³�°+·É³Ï·|·�®\¬�¾�¬8¹f»+¸�Á\« �

^ 9_cv7qcÉtke�6+A_B+<q9_cf7�A_B+<>6G<8tkB+A B+p¥c87�`_t y 6+?kcvA r c�B+p r Buj�cfe"w�9�t r 9,tke�tdzVx�BJ7¦<>6=A�<i�
^ w�B r Buj_cfe

C
6=A_j

C ′
6+7qc ��-0/'� � �"����@!�tdp[<89_cv7qc¥tke�6Qx�cv7qz{`�<>6G<8tkB+A�B+p�<89_c¥tdA_j_t r cfe

{1, 2, ..., n} w�9_t r 9,egcfA_j_e"ci6 r 9Î<89_c r Buj_c\w�BJ7gj_e�B+p
C
<8Bb<q9_BJegc�B+p

C ′
� 5�6 h tkA_a<-w�B r Buj_cfe'6=7qcQp}BJ7gz�6=?k? h c87�`_t y 6+?kcvA�<¥tke�w�ci6=�+cf7¥<89|6=A1e86 h tdA_a$<q9|6=<�<89_c r Buj_cfe'6+7gccE7�`_t y 6+?kcvA�<f� � A$B+<89�cf7&w�B+7qj_efl_tdp C

6+A_j
C ′

6+7gc�c87�`_t y 6+?dcfA�< r Buj_cve�<q9_cfA�<89_c h z{`_eg<9_6 y c�<89_c¥e86=zVc�eqx�c r <87g`_z�l���`�<�<89_c r BJA y cv7qeqc�tke3A_B+<3<87g`_c¥tkA$a+cfA_cv786+?�
� Aop�6 r <il�td<�tde���A_BEw�AV<89|6G<�<�wYB r Buj�cfe�6=7qc�x�cf7qz{`�<>6=<qtkBJA�cE7�`_t y 6+?kcvA�</tdp�6+A_joBJA_? ht�p�<q9_c h 6+7qc�tkegBJzVc\<87gt r � � h 6Q7qcveq`_?�<�B+p��©6 r ��tk?d?ktd6+zoe8�\�
��?d?_<89_c�c\Æ�6+zox_?kcve/��cf?kBEw,eq6=<8tdegp h <89_c	��tdcfzV6+A_Ao9 h x�B+<89_cveqtde��_`�<�BJA�? h <89_c�9_cÀÆ F6 r Buj_c��	c\Æ�6+zox_?dc¥tde r B y cf7qcvj©� h ^ 9_cvBJ7qcvz CEH ��cf?kBEw¥�

� U��"2 �'�� ��![®\«

G =









1 0 0 1 0 1 0 1
0 1 0 1 0 1 1 0
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1









" ®{«Ïµ|®�´u®\·�®\¬g°+«-¹G¬]¯o°+«¬À³£ªÉ¹��Q°ÉÁ>¹f»u®
C
¹�+®\¬

GF (2) �$# µu³kº{³kº�° " ³Ï·�°+¬\ÄVºE®\± �À¿¦»+¸�°J±
[8, 4, 4]

Á>¹f»u® �%� ·&�v°uÁ\«�	�«}µu³kºV³kº"°+·Î®gªJ«¬8®\¯o°+± # ÄÀ¾|® ��� ÁÀ¹f»u®('s«Ïµ|®>ºE®V«�®\¬À¯]º)�¶³Ï±Ï± " ®»u®+*�·O®8» " ®\±k¹�-, �
# µ|®�º-¾|®>Á\«¬À¸u¯ ³kº

[1, 0, 0, 0, 14, 0, 0, 0, 1]
	.�&®\³�´Gµu«&®\·|¸u¯�®\¬q°+«-¹G¬&¾|¹G±½ÄG·�¹G¯Q³�°+±�³kº

AC(x, y) = x8 + 14x4y4 + y8,
°+·�»0/G®\«Â°1�À¸u·�Á\«�³Â¹G·É³kº 2T 2+2T+1

5(1−T )(1−2T )
�

243 1 4 ' 4 +9:;)=DI1659' )�, 4 :;)+5-'�) 4 +9'�6=:�'8<>,#797 +87!? 1 4 +9'�)�:;)-9�, DI291 2-)�.:7�;E)�:/7-D8' : 4 )=<8' 4 ,.> 2-7-D 4 :/1 7A+-,#)791?<8'CF�1E'�) L

@



� U��"2 �'���� ![®\«

G =

















2 0 1 2 1 1 0 0 0 0 0 2
0 2 0 1 2 1 1 0 0 0 0 2
0 0 2 0 1 2 1 1 0 0 0 2
0 0 0 2 0 1 2 1 1 0 0 2
0 0 0 0 2 0 1 2 1 1 0 2
0 0 0 0 0 2 0 1 2 1 1 2

















" ®¥«}µ|®�´u®\·�®\¬g°+«�¹G¬¥¯o°+«�¬À³£ª;¹��'°�Á>¹f»u®
C
¹�+®\¬

GF (3) � # µu³kº¥³kº]°�«�®\¬À·�°+¬ÀÄ�ºE®\± �À¿¦»+¸�°J±
[12, 6, 6]

Á>¹f»u® �1� · �v°uÁ\«�	Y«Ïµu³kº'³kº{°+·Ê®gªJ«�¬8®\¯V°+± # Ä>¾|® �4��� Á>¹f»u®)'s«}µ|®>ºE®�«-®\¬\¯]º���³Ï±@± " ®»u®+*�·O®8» " ®\±k¹�-, �
# µ|®;º-¾|®>Á\«¬À¸u¯ ³kº

[1, 0, 0, 0, 0, 0, 264, 0, 0, 440, 0, 0, 24]
	 ��®\³�´Gµu«V®\·|¸�¯�®\¬g°+«-¹G¬

¾|¹G±½ÄG·�¹G¯Q³�°+±�³kº

AC(x, y) = x12 + 264x6y6 + 440x3y9 + 24y12

°+·�»0/G®\«Â°1�À¸u·�Á\«�³Â¹G·É³kº 3T 2+3T+1
7(1−T )(1−3T )

�
��cvn_A_c]<89�c'n|A�td<8c¥n|cv?kj©B+p�p}BJ`_7	cv?kcvzVcvA�<qe�6+e�p}BJ?k?dBEw�ef� � cv<

z
j_cvA_B+<qc{6V7qBuB=<�B=p

<q9_c 7�`|6=j_786=<qt r x�BJ? h A_BJzotk6+? x2 +x+1 ∈ GF (2)[x]
l�w�9_cv7qc

GF (2)[x]
j_cvA_B+<8cve/<q9_c

x�B+? h A_BJzot@6=?�7gtkA_a�tdA$<q9_c¥tkA_j_c\<8cv7qzotkA|6=<qc x
� � cv<

GF (4) = {0, 1, z, z + 1}
� w�9_t r 9

wYc�tdj_cfA�<8tdp h w�t�<89"<q9_c 7�`_B+<8tdcfA�<37qtdA_a GF (2)[x]/(x2 + x + 1)
�\� ^ 9_tke&egcv<�tde&6]n|cv?kj

B=p r 9_6+786 r <8cv7qtdeg<8t r
2
`�A_j_cf7¥<q9_co`_eg`|6+?¶x�BJ? h A_BJzotk6+?�6+j_j_t�<8tkB+AË6+A_j1zQ`�?d<8tdx�?dt r 6=<8t�BJAml�=cfcfx�tkA_a"tdA©zotkA_j

z2 + z + 1 = 0
� 9|BJ7	6+A h a ∈ GF (4)

lOj_cvn_A_c
a = a2

� ^ 9_tke	tke
6 r BJAG�g`_aJ6=<8tdBJA"tkA�<89_c�egcfA_egc�B=p�<q9_c�x_6+786+a+786+x_9�6+��B y c�cE7�`|6=<8tdBJA � ÍJ��6+��B y c=l_eqBQwYc
r 6+A�j_c\n|A_c¥<89_c���cf7gzVt�<8tk6+A�j�`|6+? r Buj_c

C⊥
B=p�6 r Buj_c

C ⊂ GF (4)n
6+e���cvp}B+7qc+�

� U��"2 �'���� ![®\«

G =





1 0 0 1 z z
0 1 0 z 1 z
0 0 1 z z 1





" ®�«}µ|®�´u®\·�®\¬g°+«�¹G¬¥¯o°+«¬À³£ª;¹��]°;Á>¹f»u®
C
¹�+®\¬

GF (4) � # µu³kº�³kº{° �f¸�°+«�®\¬À·�°+¬ÀÄ ��®\¬À¿¯Q³Ï«�³�°+·�ºE®\± �À¿¦»+¸�°+±
[6, 3, 4]

Á>¹f»u®�°+·�»Ë³kº"¬8®+�i®\¬À¬>®q»É«�¹Ë°Gº"«Ïµ|®�#��JU��"����� � � � · �v°uÁ\«+	«Ïµu³kºV³kº"°+·Î®gªJ«�¬8®\¯o°+± # Ä>¾|® ��� Á>¹f»u®('s«}µ|®>ºE®o«�®\¬À¯]º)�¶³Ï±Ï± " ®�»u®+*�·�®q» " ®\±k¹�-, ��� ¹G«�®«Ïµ�°+«Y«Ïµu³kºQÁ>¹f»u®¥³kº��
	�� �
# µ|®�º-¾|®>Á\«¬À¸u¯ ³kº

[1, 0, 0, 0, 45, 0, 18]
	.��®\³�´Gµu«3®\·|¸u¯�®\¬g°+«�¹G¬�¾|¹G±½Ä=·�¹G¯Q³�°+±�³kº

AC(x, y) = x6 + 45x2y4 + 18y6

°+·�»0/G®\«Â°1�À¸u·�Á\«�³Â¹G·É³kº 1
(1−T )(1−4T )

�
G



^ 9_c;j�`|6+? r Buj_c���B+p
C
9|6=eox|6+7q6+zVc\<8cv7qe

[n, n − k]
�Î��BJ7qcvB y cf7vl&j_cvA_B+<qc�<q9_c

zotdA_tdz{`_z j_tke¦<>6+A r cVB+p�<q9_cVj�`|6+? r Buj_cV� h d⊥
�I9|BJ7¥p}`�<8`_7qco7qc\p}cf7gcfA r c+l�A_B=<8c�<89|6=<

t�p
C = C⊥

<89_cvA � cE7u`_6=<8tdA_a"j_tdzVcvA_eqtdBJA_e8�
k = n − k

lOp}BJ7 r tkA�a
n
<8B"��c]c y cvA16+A_j

k = n/2
� ^ 9_cB�S���0/ 4�B+p�6+A

[n, k, d]
F-r Buj�c

C
tde3j_cvn|A�cfj©� h

γ(C) = n + 1 − k − d.
^ 9_tke�zoci6=eq`_7qcve�9�BÇw W-p�6+736Ew&6 h <q9_c r Buj_c¥tke&p}7qB+z ��cftdA_a��;��5TY>�
� ��2C23��� � � C

³kº'°oºE®\± �À¿¦»+¸�°+±TÁ>¹f»u®¥«Ïµ|®\·É³Ï«Ïº�´u®\·|¸�º�ºf°+«�³kº+*&®>º
γ = n/2 + 1 − d �

� �$�0��� = � <3eg` " r cfe3<qBQeg9_BÇw <q9|6=<
k = n/2

tdp
C = C⊥

����`�<&<89_tde�w�6+e3B+�_eqcv7 y cfj$tkA
<q9_c¥j_tde r `�eqeqtdBJA;6+��B y c=�

¤

����� 	 ���
 ��.�.��¦/��
�(J2	�4�Y���s�+#
^ 9_c"aJBJ6+?/B=p3<q9_tke'egc r <8tkB+AÊtke¥<8B©x_7qB y cV<89_c��;6 r ��td?k?dtk6=zoe�tdj_cvA�<8t�< h � p}BJ7'egtkzox_?kt r\F
t�< h l¶7qcveg<q7qt r <8cvj�<8B�<q9_c��_tdA|6+7 h r 6+eqci�\� ^ 9_tdeQtdj_cfA�<8t�< h tke{A�c r cveqe86=7 h <8B y cv7qtdp h <89_cp}`�A r <qtkBJA_6+?Tc87�`|6G<8tkB+A � G+��p}BJ7	<q9_cQ��`_`_7qegz�6"�vcv<>6�p}`_A r <8tdBJAm��5�c y cv786+?�?dcfzozV6+e�6+7gc
A�cfcvj_cfj <8BËx_7qB y c$<89_tde�tdj_cfA�<8t�< h � ^ 9_c�x_7gBuB+p�aJt y cfA���cv?kBEw p}B+?k?dBEw�e��	td?k?3:�9m� C Í
 ¤� ����� ¢ �

� ��2C23�� ![®\«
C
" ®'° " ³Ï·�°+¬ÀÄo±½³Ï·�®q°+¬

[n, k]
Á>¹f»u® �

� � ��³£ª y ∈ GF (2)n−C⊥ ��� º x
¬g°+·u´u®>º�¹�+®\¬Y«Ïµ|®��+®>Á\«�¹G¬�º-¾�°uÁ>®

C
	4«Ïµ|® �f¸_°+·|«�³Ï«Ä

x · y «s°���®>º¥«Ïµ|®��G°+±½¸�®
0
°+·�»

1
®��f¸�°+±Ï±½Ä�¹��À«�®\· �

� � # µ|®��i¹G±Ï±k¹�¶³Ï·u´o³�»u®\·|«³Ï«�Ä�µ|¹G±�»Gº��
∑

c∈C

(−1)c·y =

{

2k, y ∈ C⊥,
0 y /∈ C⊥.

�'�$�0��� =���6=7g< C = � cv<
A = {x ∈ C | x · y = 0} 6+A_j B = {x ∈ C | x · y = 1} �� c\<

u
��c'6 r Buj_cvwYBJ7qj;B+p¶:�eq` r 9;<q9|6=<

u · y = 1
� � cv<

u + A = {u + a | a ∈ A} �^ 9_cfA
u + A ⊂ B

lOp}BJ7�tdp
a ∈ A

l�<q9_cfA
(u + a) · y = a · y + u · y = 0 + 1 = 1

�
5utkzotd?k6=7q? h u + B ⊂ A

�{�	cvA r c=l |A| = |u + A| ≤ |B| = |u + B| ≤ |A| � ^ 9�`_efl
|A| = |B| ���6+7¦< I = � p

y ∈ C⊥
l�<q9_cfA

c · y = 0
p}BJ7�6+?d?

c ∈ C
l�6+A�j�eqB ∑

c∈C(−1)c·y =
|C|·1 = 2k

� � p
y /∈ C⊥

<q9_cfA]� h ��6+7¦< C l+6+e x
786=A_aJcve�B y cf7�<89_c y c r <8BJ7Teqx|6 r c C

lG<89_c
����: 4 +9'CF 4 +9'�� 2-DI.�:�59'C,@7 1#F�� 'CF�<�: 4 :;,@7 L

H



7�`|6=A�<qtd< h x · y <>6+�+cve&<q9_c y 6+?d`_c 0
6=A_j

1
c87�`|6+?d? h B+pÏ<8cvAml�aJt y tkA_a ∑c∈C(−1)c·y = 0

�
¤

� ��2C23��� �[¹=¬]®q°uÁ>µ
x ∈ GF (2)n

«Ïµ|® �i¹G±Ï±k¹�¶³Ï·u´�¾|¹G±½ÄG·�¹G¯Q³�°+±m³�»u®\·|«�³Ï«�Ä�µ|¹G±�»Gº��
∑

y∈GF (2)n

zwt(y)(−1)x·y = (1 − z)wt(x)(1 + z)n−wt(x).

� �$�0��� =

∑

y∈GF (2)n zwt(y)(−1)x·y =
∑

y1∈{0,1}

∑

y2∈{0,1} · · ·
∑

yn∈{0,1} zy1+···+yn(−1)x1y1+···xnyn

=
∑

y1∈{0,1} · · ·
∑

yn∈{0,1}

(
∏n

i=1 zyi(−1)xiyi

)

=
∏n

i=1

(
∑

j∈{0,1} zj(−1)xij
)

= (1 − z)wt(x)(1 + z)n−wt(x),

egtkA r c ∑
j∈{0,1} zj(−1)rj = 1 + z

l_tdp
r = 0

l�6+A�j
= 1 − z

l_tdp
r = 1

�
¤

� # �T�S�$��2 � ' �Ë°uÁ�²�³Ï±Ï±½³�°+¯]º��_³�»u®\·|«³Ï«�Ä
, � � � C
³kºo°�±½³Ï·�®q°+¬VÁ>¹f»u®�¹�+®\¬�°+·|Ä�*�·|³Ï«-®

*�®\±�»
F
¹��{¹G¬g»u®\¬

q
«Ïµ|®\·

AC⊥(x, y) = |C|−1AC(x + (q − 1)y, x − y).

^ 9_tde�tde�<q9_cQa+cfA_cv786+?�eg<86=<8cvzVcvA�<�B+p¶<89_c��©6 r ��tk?d?ktk6=zoe	tdj_cfA�<8td< h � � <�tde�cE7u`_6+?k? hy 6+?ktdjQw�9_c\<89_cv7 C⊥
tke¶<q9_c Ì ` r ?ktkj�ci6+Aoj_`_6+?�B+7¶<89_c	��cf7gzVt�<8tk6+AQj_`|6=?Âl�eqtkA r c�<89�c h 6+7gcp}B+7qzV6+?d? h cE7�`_t y 6+?kcvA�<&� h ��cfzV6+7q� C � ^ 9_tde&x�7qBuB+p4w�td?k?�7qcveg<87gt r <�<8B]<89�c��_tdA|6+7 h r 6+eqc=��'�$�0��� = Ì Æ�x�7qcfegeo<89_c�x�BJ? h A_B+zVtk6+? f(z) =

∑

c∈C

∑

y∈GF (2)n zwt(y)(−1)c·y
tkA

<-w�B�w�6 h ef�
��A�BJA_c¥9|6=A_jml � cfzozV6 H tkzox_?dt�cfe

f(z) =
∑

c∈C(1 − z)wt(c)(1 + z)n−wt(c)

= (1 + z)n
∑

c∈C

(

1−z
1+z

)wt(c)

= (1 + z)nWC

(

1−z
1+z

)

= AC(1 + z, 1 − z)
��A$<89_c¥B+<q9_cf739|6+A_j�l|7qc y cv7qegtkA_a�<89_c¥BJ7gj_cf73B+p�eg`_zoz�6=<qtkB+A�aJt y cfe

�



f(z) =
∑

y∈GF (2)n zwt(y)
(
∑

c∈C(−1)c·y
)

=
∑

y∈C⊥ zwt(y)2k (by Lemma
G
, Part 2)

= 2kWC⊥(z).
��cvx_?k6 r tdA_a

z
� h y/x

tdA�<89_c�6+��B y c�a+t y cve

AC(1 + y/x, 1 − y/x) = 2k · AC⊥(1, y/x).
5utkA r c

AC

6+A_j
AC⊥

6+7gc�9_B+zVB+aJcfA_cvBJ`_e{x�BJ? h A_B+zVtk6+?�e]B=p�j_cfaJ7gcfc n
l�z{`_?�<8tdx_? h tdA_a��B=<89�egtkj_cve�� h xn

aJt y cfe3<89�c¥<q9_cfB+7qcvz tdA�<89_c¥��tkA|6+7 h r 6=eqc+� ¤� p
C = C⊥

l[<89�cfA |C| = qn/2
� ^ 9_cv7qcvp}B+7qc+l�<89_c��©6 r ��td?k?ktd6+z$§¤e � j_cfA�<8td< h r 6+A��c¥7gcvw�7qt�<q<qcfA�tkA�<q9_tke r 6+eqc�6+e

AC(x, y) = q−n/2AC(x + (q − 1)y, x − y) = AC(
x + (q − 1)y√

q
,
x − y√

q
),

w39_cf7gc
q = 2

�

� � W$W"R���� � �	�&P
� �"W$N�XYP[Z\S'N

� ��� ������	�s�������
^ 9_c�p}BJ?d?kBEw�tdA_aQj_cvn_A_td<qtkBJA$aJcfA�cf786=?ktk�vcfe3<89_c�tdj_ci6�B=p�<89�c¥w�cftdaJ9�<�cfA�`_zocf7q6=<8BJ7�x�BJ? h FA�BJzot@6+?�B=pY6 r Buj_c=� � <�tke�A_B+<���A_BÇw3A19_BEw <8B�j_c\<8cv7qzotkA_c{t�p/6"x|6+7¦<8t r `_?@6=7	x�BJ? h A_B Fzotk6+?�tkA�<�w�B y 6+7gt@6+��?kcve'w�t�<89ÊA_BJA F A_cva�6=<qt y c�tdA�<8cvaJ786=? r Buc#" r tkcvA�<qeQtke]6É�	6+zozVtdA_a
wYcftdaJ9�<�cfA�`_zocf786G<8BJ7�B+pY6+A16 r <8`|6+? r Buj_c=� ^ 9_cv7qc\p}BJ7qc=l4w�c�z{`_e¦<¥cvA_?@6+7gaJc]<89�c r ?@6=eqe
B=p�x�BJ? h A�BJzVtk6=?de&w�c�?kBuBJ�"6=<�<8BoeqB Fsr 6+?d?kcvj�W y td7g<q`|6+? Y	w�cvtkaJ9�<	cvAu`_zocf7q6=<8BJ7gefl�j_c\n|A_cvj6=e3p}BJ?k?dBEw�ef�

OI��� �'�V!$���@��� ��9_B+zVB+aJcfA_cvBJ`_e'x�BJ? h A_BJzot@6=? F (x, y) = xn +
∑n

i=1 fix
n−iyi

B=p
j�cfaJ7gcfc

n
w�td<q9 r BJzox_?dc\Æ r Buc#" r tkcvA�<8e;tke r 6+?k?dcfj 6 � ���*!$/��"I>������@#6! ���0/ 23�T�E�

�Z!*�S� � BJ7©� � Ì �;w�td<q9P4+/ � �:�S�*!
supp(F ) = {i | fi 6= 0} � � p

F (x, y) =
xn +

∑n
i=d fix

n−iyi
w�td<q9

fd 6= 0
<89_cvA r 6+?d?

n
<89_cN5��� �"!$# B=p

F
6+A_j

d
<89_c

23��� ��2 / 2 � ��4E!+�"�'���VB+p
F
����cvn_A_c

F⊥
� h F⊥ = F ◦ σ

l�w�9_cf7gc

K



σ =
1√
q

(

1 q − 1
1 −1

)

^ 9_c�23��� ��2 / 2 �'��4E!*�"� ���ÉB=p
F⊥

tde�j_cvA_B+<8cvj
d⊥
�$5�` r 9�6=A

F
B+p&c y cfAÊj_cvaJ7qcvc

eq6=<8tdegp h tkA�aQ<89�c¥tkA y 6+7qtk6+A r c r BJA�j_td<qtkBJA

F (x, y) = F (
x + (q − 1)y√

q
,
x − y√

q
) = F⊥(x, y),

tde r 6+?d?kcvj�6 � ���*!$/��" 48������ � / �" >��Z�5�@#6! �Z� /'2&���$��!+�@� � BJ7��¥5���� Ì p}BJ7¥eg9_BJ7g<>�
B y cf7

F = GF (q)
9|6 y tkA�a �S���0/ 4

γ(F ) = n/2 + 1 − d.
� p

b > 1
tde$6+A�tkA�<8cvaJcf7�6+A_j

supp(F ) ⊂ bZ
<89_cvA�<89_cÉ� � Ì

F
tke r 6+?d?kcvj

b
�

� � � ��48��%'5���
��A�cÀÆ_6=zVx_?dc¶B+p�6 y tk7¦<8`|6=?+w�cvtkaJ9�<�cvAu`_zocf7q6=<8B+7 F (x, y)

tkem<89_c/�	6+zozVtdA_a�w�cvtka+9�<
cvAu`�zVcv786=<qBJ7QB+p�6+A�6 r <8`|6=? r Buj_c

C
l
AC(x, y)

� � A�p�6 r <fl/tkAÊ<89�c r 6+egc
F (x, y) =

AC(x, y)
l�<89_c�?kcvA_a+<89ÎB+p

F
tkeV<89_c�?kcfA�a+<89ÎB+p¥<89_c r Buj�c

C
6+A_jÎ<89�cÉzotkA_tdz]`_z

j�tkeg<86+A r c©B+p
F
tkeo<89_c©zotkA_tdz]`_z j_tke¦<>6+A r c�B=p�<89�c r Buj_c

C
� ��AÎc\Æ�6+zox_?dc©B=p�6

y td7g<8`_6+?4egcf?dp F j_`|6+?�w�cftdaJ9�<	cvAu`_zocf7q6=<8B+7�tde3<89_c'�	6+zozVtdA_a{w�cvtkaJ9�<�cfAu`�zVcv786=<qBJ7�B+p�6
egcf?�p F j_`_6+? r Buj�c+�

� </tke�6+zV6+�vtkA_a�<q9|6=<¶<89_c
b
F j_t y tkegtk�_?�c y tk7¦<8`|6+?_egcf?�p F j_`|6=?�w�cftdaJ9�<�cfA�`_zocf786G<8BJ7ge r 6+A

��c r ?@6+egeqtdn_cfjm�

� # �T�S�$��2 � '��&±k®q°GºE¹G·|¿ÂÃY³Â®\¬>Á>®\¿ � º>º\¯Q¸�º\¿ �É°+«�«}ºE¹G· , ![®\« F
" ®Ë°

b
¿¦»+³��E³kº\³ " ±k® � ��¿	"²"¨ ¹�+®\¬

GF (q) �
# µ|®\·�®\³Ï«Ïµ|®\¬

��� q = b = 2
	

�4� � q = 2
	
b = 4

	

�4��� � q = b = 3
	

� � � q = 4
	
b = 2

	

� � q
³kº]°+¬ " ³Ï«�¬q°+¬ÀÄ 	

b = 2
	Y°+·�»

F (x, y) = (x2 + (q − 1)y2)n/2 �

�



9|BJ7
�	eqeqz{`_e�6+A_j©�©6G<q<8egBJAm§¤e�x_7gBuB+p�B=pT<89�tke&<89_cvBJ7gcfz�l|x_?dci6+egc¥eqcvc]5�?kBJ6+A_c� ¡5�? ¢ �
A cÀÆu<ilOtdA;BJ7gj_cf7�<qB r 6+7gcvp}`_?d? h j�cvn|A_c�<89_c�x_7qBJ��?kcfz <89|6G<�<89_tde�x|6+x�cv7�6+j�j_7qcveqeqcvefl

<q9_c�A_B=<8tkB+A"B=p ^ h x�cve�B+p4w�cvtkaJ9�<&cfA�`_zVcv786=<qBJ7qe&6+7gc�tdA�<87gBuj_` r cfjm� ^ 9_cvBJ7qcvz � zoB+<8t F
y 6=<8cve�<89�c¥p}B+?k?dBEw�tdA_aQj�cvn|A_t�<8tdBJAm�

OI��� �'�V!$���@����� � p
F
tke�6

b
F j�t y tkegtk�_?�c��¥5��>� Ì B y cf7

F
<89_cvA

F
tde r 6+?d?kcvj















Type I, if q = b = 2, 2|n,
Type II, if q = 2, b = 4, 8|n,
Type III, if q = b = 3, 4|n,
Type IV, if q = 4, b = 2, 2|n.

^ 9_c�j_t y tdeqtd�_td?dt£< h r BJA_j�td<8tdBJA{tke�c\Æu<87gcfzocf? h 7qcfe¦<87gt r <qtkA_a¥6=A_jmlJp}BJ7�c\Æ�6+zox_?kc=lJp}BJ7 r cfe<q9_c¥?kcvA_a+<q9
n
<qBo��c¥c y cfAm�

� # �T�S�$��2 � � ' ��±k¹f°+·�®\¿ �Ë°+±Ï±k¹��º\¿ 	¥¸u¸�¬8º\¯o° , � � F
³kº�°

b
¿¦»+³��E³kº\³ " ±k® � � 	�²�¨ �¶³Ï«Ïµ±d®\·u´+«}µ

n
°+·�»V¯Q³Ï·|³Ï¯Q¸u¯ »+³kº\«Â°+·�Á>®

d
«Ïµ|®\·

d ≤















2[n/8] + 2, if F is Type I,
4[n/24] + 4, if F is Type II,
3[n/12] + 3, if F is Type III,
2[n/6] + 2, if F is Type IV.

9|B+7�6�x�7qBuB+p�l_egcfc'��`_`�7qeqzV6� ¡��Í ¢ �
��A.�JU0!*�$��23�(

b
F j_t y tkegtk�_?�c y tk7¦<8`|6=?&egcf?dp F j_`|6+?Yw�cftdaJ9�<ocvAu`�zVcv786=<qBJ7QtkeQBJA�c�p}BJ7

w39_t r 9;c87�`|6=?ktd< h 9_BJ?dj_e�tkA$<q9_c'6+��B y c¥<89_cvBJ7qcvz;� ^ 9_c'A_cÀÆu<�egc r <qtkBJA$p}B r `_egcfe	BJA$<89_c^ h x�c � � c\Æu<87gcfzV6+? r 6=eqc+� ��t�<89 ^ 9_cfBJ7gcfzoe � 6+A�j C+C l�<89_cop}BJ`_A_j_6=<8tdBJA_e�B+p��	` F
`�7qeqzV6�§¤e�x_6+x�cf7� ¤��Í ¢ c\Æu<qcfA_j�p}7qB+z eqcv?dp F j_`|6+? r Buj�cfe�<qB y td7g<q`|6+?�eqcv?dp F j�`|6+?Yw�cftdaJ9�<
cvAu`�zVcv786=<qBJ7qev� ^ 9_tde¥tde���c r 6+`�eqc�<89�c r Buj_tkA_a F <89�cfBJ7gcv<8t r y cv7qegtkBJA_e�B+p/<89�c ^ 9_cvBJ7qcvz
� 6+A_j CJC l�`_egcfj$� h �	`_`_7qegz�6�l�tkAVp�6 r <�9_BJ?kjVp}BJ7 y tk7g<q`|6+?�eqcv?dp F j_`|6+?�w�cvtkaJ9�<&cfA�`_zocf7 F6G<8BJ7gef�

OI��� �'�V!$���@��� � ' 	¥¸u¸�¬8º\¯o°�� 	 ��� ,I�	eqeq`�zVc
F
tkeQ6 y tk7¦<8`|6=?Yw�cftdaJ9�<�cfA�`_zocf7q6=<8BJ7

x�B+? h A_BJzot@6=?_B=pm?kcvA_a+<89 n
6=A_j�zotkA�tkz]`_z j_tke¦<>6+A r c

d
� � x�B+? h A_BJzot@6=? P (T )

9|6 y tdA_a
r Buc " r tkcfA�<8e�tdA

C
B=p�j_cvaJ7qcvc

n + 2 − d − d⊥
p}BJ7&w�9_t r 9

(xT + (1 − T )y)n

(1 − T )(1 − qT )
P (T ) = · · · + F (x, y) − xn

q − 1
T n−d + . . . .

tde r 6+?d?kcvj�6�O / /�� 4823���J�J!*� �:�@V)�� �@2C�5�"�� �
F
�

CED



^ 9_c�7qtdaJ9�< F 9|6=A_j"egtkj_c�B+p4<89_c�6+��B y c�j_tkegx_?@6 h cfj�cE7�`|6=<8tdBJA�tde&eqtdzox_? h <q9_c ^ 6 h ?dBJ7cÀÆ�x|6+A_egtkBJA � 6+��B+`�<
T = 0

�&B=pT<89�c¥?kcvpÏ< F 9|6=A_j$egtkj_c=�

� �$�����@4+�V!$�5�@��� � � � d ≥ 2
°+·�»

d⊥ ≥ 2
«}µ|®\·Ê«Ïµ|®\¬>®"®gªJ³kº\«ÏºV°;¸u·|³ �f¸|® 	�¸�¸u¬8º\¯o°

/Ç®\«s°�¾|¹G±½ÄG·�¹G¯Q³�°+±�¹��'»u®Â´+¬8®>® ≤ n − d �
4��S�T!*� # � �(�'�$�0����� ^ 9_tde'tde�x_7gB y cvAÊtdAË<89_cV6+x_x�cfA�j_t�ÆË<8B©:�9_tkA�cfAÎ ¡: IG¢ ����cf7gcVtke
<q9_c¥7qBJ`�aJ9�tdj_ci6�� Ì Æ�x_6+A_j (xT+y(1−T ))n

(1−T )(1−qT )

tkA$x�BÇwYcf7qe�B=p
T
<qBoa+cv<

b0,0y
nT 0 + (b1,1xyn−1 + b1,0y

n)T 1 + (b2,2x
2yn−2 + b2,1xyn−1 + b2,0y

n)T 2 + ...
+(bn−d,n−dx

n−dyd + bn−d,n−d−1x
n−d−1yd+1 + ... + bn−d,0y

n)T n−d + ... ,

w39_cf7gc
bi,j

6+7gc r Buc " r tkcvA�<8eYw�9_t r 9"zV6 h j_cvx�cfA_j�BJA q
� ^ 9_c��	`_`_7qegz�6'x�BJ? h A_B+zVtk6+?tde'6�x�BJ? h A_BJzot@6=?�B+p&j_cvaJ7qcvc n + 2 − d − d⊥

� ��7gB y tkj�cfj d⊥ ≥ 2
l�<q9_c���`�`_7qegz�6

x�B+? h A_BJzot@6=? r 6+A���c3w�7qt�<q<qcfAo6+e P (T ) = a0 +a1T + ...+an−dT
n−d

� A BÇw¥l�7qcvw�7gtd<qc
<q9_c�<8cv7qzoe�B+pTj_cvaJ7qcvc ≤ n

(xT + y(1 − T ))n

(1 − T )(1 − qT )
P (T ) = ... +

F (x, y) − xn

q − 1
T n−d + ...

� h zoci6+A_e3B+pT<q9_c¥z�6G<87qt£Æ�c87�`|6=<qtkBJA B · ~a = ~A
aJt y cvA�� h















b0,0 b1,0 . . . bn−d,0

0 b1,1 . . . bn−d,1

0 0 b2,2 . . .��� � � � ���
0 . . . 0 bn−d,n−d

























an−d

an−d−1���
a0











=











An/(q − 1)
An−1/(q − 1)���
Ad/(q − 1)











.

� <]tde'A_B=<]9|6+7qj�<8B©egcfcV<89|6G<'<89_cVj_cvn_A_tkA_a©cE7u`_6=<8tdBJA�p}BJ7¥<89_c
bi,j

§¤e{6=�OB y c�tdzVx�?kt�cfe
<q9|6=<�<89_c3j_t@6=aJBJA|6=?�cvA�<q7qtkcve¶B+p�<89�tke�z�6=<q7qt£Æ

B
6+7qc3A�BJA F �vcf7gB_� ^ 9_cf7gcvp}BJ7gc�<q9_c�zV6=<q7qt£Æ

tde3tkA y cf7g<qtk�_?dc�6+A_j$<q9_c¥c\Æ�tke¦<8cvA r c�tke3cveg<>6+��?ktdeq9_cvjm�
^ Bocfeg<86+�_?dtkeq9$`_A�t 7�`_cfA�cfeqevl�eq`_x�x�BJeqc¥<89|6G<

(xT + y(1 − T ))n

(1 − T )(1 − qT )
P1(T ) = ... +

F (x, y) − xn

q − 1
T n−d + ...

6=A_j
(xT + y(1 − T ))n

(1 − T )(1 − qT )
P2(T ) = ... +

F (x, y) − xn

q − 1
T n−d + ...

CJC



9�BJ?kj��/5�`_��<q786 r <8tdA_aQ<89_cveqc�aJt y cfe

(xT + y(1 − T ))n

(1 − T )(1 − qT )
(P1(T ) − P2(T )) = 0.

^ 9_tke3p}BJ7 r cve
P1 = P2

�
¤��A�cÀÆ_6=zVx_?dc�w�tk?d?���c�a+t y cvA�tkAÉÈ8Í��

^ 9_cBO /'/��,4+23� �J�J!*�	� / �'� !$�5�@��B+p
F
tde3j_c\n|A_cvj;tkA"<8cf7gzVe&B+p�<89_c��fc\<>6�x�BJ? h FA�BJzot@6+?O� h zoci6=A_e�B+p

Z(T ) =
P (T )

(1 − T )(1 − qT )
.

� @ �
� A r 6+eqc�B+pY6+z{�_tdaJ`_t�< h j_cvA_B+<qcQ<89�tke�p}`_A r <8tkB+AË� h ZF

� ^ 9_c�zoBJe¦< r BJzozVB+AÉ`_eq6+aJc
B=p&<q9_tke�tde�tkAË<89_c r 6+eqcow�9_cfA

F (x, y) = AC(x, y)
tke¥<q9_cow�cftdaJ9�<]cvAu`_zocf7q6=<8B+7�B+p

6=A�6 r <8`_6+? r Buj_c
C
� � AË<q9_tke r 6+egc+l4w�co6+�_`_egc�A_B+<>6G<8tkB+AË6+A_jÉw�7qt�<8c

ZC

tkA_e¦<8ci6=j1B=p
ZF

�Ê��c\n|A_c$<q9_c � ����23�(�'� #@)=���"!$#���4+��4"<8BË��c"<89�c�p}B+?k?dBÇw�tdA_a©eg<86=<8cvzVcvA�<8=�6+?k?
� r B+zVx_?dc\Æ_�¥�fcv7qBJe{B+p

Z(T )
e86G<8tke¦p h |T | = 1/

√
q
� ^ 9_tke]tke�<89�c�6+A_6+?kBJa�p}BJ7'?dtkA_cf6+7

r Buj_cve	B=pT<q9_c¥eg<8td?k?�`�A_eqBJ? y cfj r BJAÇ�gc r <q`_7qc�7gcfa�6=7qj_tdA_aQ<89�c���tdcfzV6+A_A��fc\<>6Qp}`_A r <8tkB+Am�
^ 9_c���`�`_7qegz�6]�vcv<>6'p}`_A r <8tdBJA�e86=<qtkegn_cfe36=A�6+A|6=?kBJa'B+pm<89�c�p}`�A r <qtkBJA|6=?�c87�`|6G<8tkB+A

p}B+7�<89_c���tdcfzV6+A_A��fc\<>6"p}`_A r <qtkB+Am� �Y`�<¥��cvp}BJ7gcQeg<>6G<8tkA�a"<89_c{p}`_A r <8tdBJA|6+?�cE7�`|6=<8tdBJAml
A�cvw A_B+<86=<8tdBJA�tke3A_cvcfj_cvjm�

��c r 6=?k?
F⊥ = F ◦ σ

l�w�9_cv7qc

σ =
1√
q

(

1 q − 1
1 −1

)

.

^ 9_cf7gc]tke	6�p}`_A r <8tdBJA|6+?4c87�`|6=<qtkBJA;7gcf?@6G<8tkA�a
Z
6+A_j

Z⊥ = ZF⊥

� 6+A�j©9_cvA r c{6+?deqB
P6=A_j

P⊥ = PF⊥

�\� A B=<8c]<89_6=<�c y cfAÉ<89�BJ`_aJ9 F
zV6 h A_B+<�j_cfx�cvA_j1B+A q

l
F⊥

� 6=A_j
9�cfA r c

Z⊥
�&j�Bucfef�

� �$�����@4+�V!$�5�@��� � # µ|® 	�¸�¸u¬8º\¯o°(/G®\«s° �À¸u·�Á\«³Â¹G·�ºf°+«�³kº+*&®>º"«Ïµ|® �À¸u·�Á\«�³Â¹G·�°+±�®��f¸�°J¿«�³Â¹G·

Z⊥(T )T 1−γ⊥

= Z
( 1

qT

)( 1

qT

)1−γ

.
� GJ�

� ·�°+±k¹q´u¹G¸�º\±½Ä�	�«Ïµ|® /G®\«s°¥¾|¹G±½Ä=·�¹G¯Q³�°+± P = PF

ºf°+«�³kº+*&®>º¥«Ïµ|® �À¸�·�Á\«�³Â¹G·�°+±T®��f¸�°+«³Â¹G·

P⊥(T ) = P
( 1

qT

)

qγT γ+γ⊥

,
� H �

��µ|®\¬8®
γ = n/2 + 1 − d

°+·�»
γ⊥ = n/2 + 1 − d⊥ �

CÇI



^ 9_tde&x|6+x�cv7 r BJA r cf7gA_e3<q9_c��fcv7qBJe&B+p4<89_c��vcv<>6]p}`�A r <qtkBJA"tkAV<89_c r 6+eqc�w�9_cf7gc
F
tke

6=A�c\Æu<q7qcfzV6+? y td7g<q`|6+? b F j_t y tdeqtd�_?dc�egcf?�p F j_`|6=?�w�cvtkaJ9�<�cvAu`_zocf7q6=<8B+7�B=pT< h x�c � �{�

� ��� ��� �u�_�[���.Q*Î���u�����.��&�4.¦ ��Ç� �	�. 
 �4�F	��Y� � �3�����m�_����¶�_

9|B+?k?dBEw�tdA_a���`�`_7qeqzV6� ¡��Í ¢ l|j_cvn_A_c�<q9_cB/'V!*�$�"4!�'# �T�,�����( �:�@5)����@2C�5�"

Cm
n (x)

BJA
<q9_c¥tkA�<8cv7 y 6+? (−1, 1)

� h

Cm
n (cos θ) =

∑

0 ≤ k, ` ≤ n
k + ` = n

( m + k
k

)( m + `
`

)

cos((k − `)θ).

^ 9_tke�tke/<89_c	<8cv7qzotkA_BJ?dB+a h `�eqcfj � p}BJ7YcÀÆ_6=zVx_?dcE��� h ��`_`_7geqzV6
	�eqB+zVc�B=<89_cv736=`�<89_B+7qer 6+?d?|<q9_cfegc W���cfa+cfA��|6+`_cv7Yx�BJ? h A_BJzot@6=?dev� Y ^ 9_tke/j_cvn_A_cfe&6¥p}`_A r <8tkB+A Cm
n (x)

l�p}B+7
x
tkA

<q9_c¥tkA�<8cv7 y 6+? −1 ≤ x ≤ 1
�

^ 9_c¥p}B+?k?dBÇw�tdA�a{<89�cfBJ7gcfz�	tke3j_`_c�<8Bo��`_`�7qeqzV6� ¡��Í ¢ l|egc r <8tkB+AQG�� I �

� # �T�S�$��2 � � !�®\«
Q(T ) = P (T )(1 + 2T )

°+·�»Ê±k®\«
P
" ®;«}µ|® 	¥¸u¸u¬>º\¯o° /G®\«s°

¾|¹G±½ÄG·�¹G¯Q³�°+±�¹��É°+· ®gªJ«�¬>®\¯o°+± # Ä>¾|® ��� �E³Ï¬À«¸�°+±�ºE®\± �À¿¦»+¸_°+±���®\³�´Gµu«V®\·|¸u¯�®\¬q°+«-¹G¬Ë¹��±d®\·u´+«}µ
n = 3m + 3

°+·�»V¯Q³Ï·|³Ï¯Q¸u¯ »+³kº\«Â°+·�Á>®
d = m + 3 � # µ|®\·

Q(T 2/
√

2) =
m!2

(3m)!
TmCm+1

m

(T + T−1

2

)

.

^ 9_c�zV6+tdA�7qcveq`_?�<�tke3e¦<>6=<qcfj���cf?kBEw¥�

� # �T�S�$��2 � � # µ|® 	¥¸u¸u¬>º\¯o° /G®\«s° �À¸u·�Á\«³Â¹G· ¹���°+· ®gªJ«�¬8®\¯V°+±&ºE®\± �À¿¦»+¸�°+±���®\³�´Gµu«
®\·_¸�¯�®\¬g°+«�¹G¬�¹�� # ÄÀ¾|® � � �¶³Ï«Ïµ1±k®\·u´+«Ïµb»+³��E³kº\³ " ±k® " Ä��;ºf°+«³kº+*&®>º�«Ïµ|®�3³Â®\¯o°+·|·�µuÄG¿¾|¹G«Ïµ|®>º\³kº �
�'�$�0��� = � <f§¡e�6��uA�BÇw�AQp�6 r <3 Å5�� ¢ <q9|6=<�6=?k?u<q9_c&7qBuB+<qe�B+p�`�?d<87q6+eqx�9_cf7gt r 6=?�x�BJ? h A_B+zVt F6=?ke
Cm

n

?dtkc�BJA�<89_c�tkA�<qcf7 y 6+? (−1, 1)
� ^ 9_tke�x�BJ? h A�BJzVtk6+?�tke�j_cfaJ7gcfc n

6+A_j;eqBo<89_cv7qc
6=7qc

n
eq` r 9;7qBuB+<qef� � A�<q9_c�<89_cvBJ7qcvz 6+��B y c=l|7qcfx�?@6 r tkA_a T

� h eiθ
�
θ
7gci6+?@��aJt y cfe

Q(e2iθ/2) =
m!2

(3m)!
eiθmCm+1

m (cos θ).
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A B+<qc©<q9|6=<�w�t�<89
T = eiθ

l T+T−1

2
= cos θ

l�6+A_j |T 2/2| = |e2iθ/2| = 1
2

� � h<q9_cÉ6+��B y c r BJzozVcvA�<fl3<89�cf7qcÉ6+7gc m y 6+?d`_cfe"B=p θ
p}B+7Vw�9_t r 9

Cm+1
m (cos θ) = 0

�
^ 9_cf7gcvp}BJ7gc+lO6+?k?�<89_c�7qBuB=<8e�B+pT<89_c�j_cvaJ7qcvc

m
x�BJ? h A_BJzot@6=? Q 9_6 y c�<q9_c¥p}BJ7qz e2iθ/2

	
9�cfA r c�6+?d?�<89�co7qBuB=<8e¥B+p

P
?dtkc{BJAË<89_c r td7 r ?dcQB+p�786=j_tk`_e

1/
√

q = 1
2

� ^ 9�tke y cf7gtdn|cve
<q9_c���tdcfzV6+A_A�9 h x�B=<89_cveqtke�tdA�<89_c r 6+eqc�w�td<89$?kcvA_a+<q9�j�t y tkegtk�_?dc�� h 3

�
¤

� ��� � � ��� � �

^ 9_c{n|7geg<�c\Æ�6=zVx_?dc]��cf?dBÇw r BJzox_`�<qcfe�6"��`_`_7qegz�6"�vcv<86�p}`_A r <qtkB+A W-� h 9|6+A�jZY]tkA�6egtkzox_?dc r 6+eqc=� ^ 9_tde¥tde�j_B+A_cQ<8B$9_cv?kxÉ<89�c�7qcf6+j_cv7¥`_A_j_cv7qe¦<>6+A_j1<q9_c�e¦<8cfx�e¥<89|6G<�<89_c
6=?kaJB+7qt�<q9_z tdzVx_?dcvzocfA�<8cfj'tkA Ð�Ñ�ÒYÓ x�cf7gp}B+7qzoe�w�9�cfA r BJzox_`�<qtkA_a�<89_c&��`�`_7qegz�6��vcv<>6
p}`�A r <qtkBJA W-j_tk7gc r <q? h Y>�

� U��"2 �'�� � � :�BJA_eqtdj_cf7�<q9_c'��tkA|6=7 h eqcv?dp F j_`|6+? r Buj_c C
B+p�?kcfA�a+<89

n = 6
l�j�tkzocfA F

egtkB+A
k = 3

l36+A_j zotkA_tdz]`_z j�tkeg<86+A r c
d = 2

� ^ 9�tkeVtkeo`�A_t 7�`_c;`_x <8B�c87�`_t y 6 F
?dcfA r cV6+A_j19|6+e¥w�cvtkaJ9�<�cfAu`�zVcv786=<qBJ7

W (x, y) = x6 + 3x4y2 + 3x2y4 + y6
� ^ 9_c

Ð�Ñ¶ÒYÓ r B+zVzV6+A_j�e
�	��
�

sage: q = var("q")
sage: T = var("T")
sage: x = var("x")
sage: y = var("y")
sage: f1 = lambda q,T,N: sum([ sum([q^i for i in range(k+1)])*T^k for k in range(N)])
sage: f2 = lambda x,y,T,n: sum([ binomial(n,j)*(x-y)^j*y^(n-j)*T^j for j in range(n+1)])
sage: a0,a1,a2,a3,a4 = var("a0,a1,a2,a3,a4")
sage: F = expand(f1(2,T,6)*f2(x,y,T,6)*(a0+a1*T+a2*T^2+a3*T^3+a4*T^4))

r BJzox_`�<qc�<89_c�n_7qeg<
6
<8cf7gzVe � 6+e463x�BEw�cf74eqcv7qtkcve[tdA

T
�OB+pu<q9_c¶eqcf7gtkcve (xT+y(1−T ))n

(1−T )(1−qT )
P (T )w39_cfA

q = 2
l
n = 6

l
k = 3

lO6=A_j
d = 2

� A c\Æu<il Ð�Ñ¶ÒYÓ r BJzox_`�<8cve	<q9_c r Buc " r tdcfA�<8e
6=A_j�7qcf6+j�B ;�<89�c�zV6=<q7qt£Æ

B
=

�	��
�

sage: aa = (F.coeff("T^4")).coeffs("x")
sage: v = [expand(aa[i][0]/y^(6-i)) for i in range(5)]
sage: B0 = [v[0].coeff("a%s"%str(i)) for i in range(5)]
sage: B1 = [v[1].coeff("a%s"%str(i)) for i in range(5)]
sage: B2 = [v[2].coeff("a%s"%str(i)) for i in range(5)]
sage: B3 = [v[3].coeff("a%s"%str(i)) for i in range(5)]
sage: B4 = [v[4].coeff("a%s"%str(i)) for i in range(5)]
sage: B0.reverse(); B1.reverse(); B2.reverse(); B3.reverse(); B4.reverse()
sage: B = matrix([B0,B1,B2,B3,B4])

C @



sage: B

[ 1 -3 4 -2 1]
[ 0 6 -12 12 0]
[ 0 0 15 -15 15]
[ 0 0 0 20 0]
[ 0 0 0 0 15]

A B+<qc�<89|6=<3<89�c¥j_t@6+a+BJA|6+?�cvA�<q7qtkcve�6+7qc��_tkA�BJzot@6=? r Buc#" r tkcvA�<8ev�
9�tdA|6+?d? h l�<89_c y c r <qBJ7 ~A

tke3j_c\<8cf7gzVtdA_cfj$� h egBJ? y tkA�aQ<q9_c¥c87�`|6=<qtkBJA B · ~a = ~A
=

�	��
�

sage: Wmx6 = 3*x^4*y^2+3*x^2*y^4+y^6
sage: c = [Wmx6(1,y).coeff("y^%s"%str(i)) for i in range(2,7)]
sage: c.reverse()
sage: cc = vector(c)
sage: (B^(-1)*cc).list()
[4/5, 0, 0, 0, 1/5]

^ 9_tke�tdzVx�?kt�cfe�<89_6=<�<q9_c¥�fc\<>6�x�BJ? h A_B+zVtk6+?OB+p C
tke3aJt y cfA�� h P (T ) = 1

5
+ 4

5
T 4
�

^ 9_c�A_c\Æu<�cÀÆ�6+zox_?kcve&td?k?d`_e¦<87q6=<8c�<89_c r BJzox_`�<>6G<8tkB+A�B+p4<89_c���`_`_7geqzV6{�fc\<>6]p}`_A rÀF
<qtkB+A�p}BJ7�6 7u`_6=<8cv7qA|6+7 h r Buj_c+�

� U��"2 �'�� � � ^ 9_c�9_c\Æ�6 r Buj_c�p}7qB+z Ì Æ�6+zox_?kc�Í]tke�6+A$�©��5 r Buj_c=� � A"aJcfA�cf786=?Âl�td<
tde&<87q`�c�<89|6G<�<q9_c���`_`_7geqzV6o�vcv<86ox�B+? h A_BJzot@6=?OB+p�6=A h �©��5 r Buj_c¥tke P (T ) = 1

�
� U��"2 �'�� � �)�	cf7gc$tdeQ6ÉzoBJ7qc"tdA�<qcf7qcveg<qtkA_aÉcÀÆ�6+zVx�?kc+� � c\<

z
j_cvA_B+<qc�<89_c�eq6+zoc

cv?kcvzVcvA�<�6+e3w�6+e�j�cvn|A�cfj©tdA Ì Æ_6=zVx_?dc¥Í�� � cv<

G =

0

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0 0 0 1 z + 1 1 1 z 1 1 z + 1 z
0 1 0 0 0 0 0 0 0 z + 1 z + 1 0 z 0 1 z z + 1 z + 1
0 0 1 0 0 0 0 0 0 z + 1 1 0 z + 1 z + 1 z + 1 z 0 z
0 0 0 1 0 0 0 0 0 0 z + 1 1 0 z + 1 z + 1 z + 1 z z
0 0 0 0 1 0 0 0 0 z 1 1 z + 1 z + 1 1 1 z 1
0 0 0 0 0 1 0 0 0 z z + 1 z + 1 z + 1 0 1 z + 1 0 z
0 0 0 0 0 0 1 0 0 0 z z + 1 z + 1 z + 1 0 1 z + 1 z
0 0 0 0 0 0 0 1 0 z + 1 z 1 0 z 0 z + 1 z + 1 z + 1
0 0 0 0 0 0 0 0 1 z + 1 1 1 z 1 1 z + 1 1 z

1

C

C

C

C

C

C

C

C

C

C

C

A

��c]6oaJcvA_cf7q6=<8B+7	zV6=<q7qt£Æ�B+p¶6 r Buj_c
C
� ^ 9_tde	tde	6+A;cÀÆ�<q7qcfzV6+? ^ h x�c � � r Buj_c'B y cf7

6{n|cf?dj$w�td<89�p}BJ`_73cf?kcvzVcvA�<qef� � rvr BJ7gj_tkA_a�<qB Ð�Ñ�ÒYÓ l|<89_c¥�fc\<>6ox�B+? h A_BJzot@6=?Op}B+73<q9_tker Buj_c3tke
P (T ) = 48

143
T 4 + 48

143
T 3 + 32

143
T 2 + 12

143
T + 3

143

� � < r 6=A���c r 9_c r �=cfjVj_tk7gc r <8? h l`�eqtkA�a Ð�Ñ�ÒYÓ l|<q9|6=<3<89_tde3e86=<qtkegn_cfe3<89_c���tkcfzV6+A_A�9 h x�B=<89_cveqtkev�
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sage: F.<z> = GF(4,"z")
sage: MS = MatrixSpace(F, 9, 18)
sage: G = MS([
....: [1, 0, 0, 0, 0, 0, 0, 0, 0, 1, z^2, 1, 1, z, 1, 1, z^2, z],\
....: [0, 1, 0, 0, 0, 0, 0, 0, 0, z^2, z^2, 0, z, 0, 1, z, z^2, z^2],\
....: [0, 0, 1, 0, 0, 0, 0, 0, 0, z^2, 1, 0, z^2, z^2, z^2, z, 0, z],\
....: [0, 0, 0, 1, 0, 0, 0, 0, 0, 0, z^2, 1, 0, z^2, z^2, z^2, z, z],\
....: [0, 0, 0, 0, 1, 0, 0, 0, 0, z, 1, 1, z^2, z^2, 1, 1, z, 1],\
....: [0, 0, 0, 0, 0, 1, 0, 0, 0, z, z^2, z^2, z^2, 0, 1, z^2, 0, z],\
....: [0, 0, 0, 0, 0, 0, 1, 0, 0, 0, z, z^2, z^2, z^2, 0, 1, z^2, z],\
....: [0, 0, 0, 0, 0, 0, 0, 1, 0, z^2, z, 1, 0, z, 0, z^2, z^2, z^2],\
....: [0, 0, 0, 0, 0, 0, 0, 0, 1, z^2, 1, 1, z, 1, 1, z^2, 1, z]])
sage: C = LinearCode(G)
sage: print C.spectrum()
[1, 0, 0, 0, 0, 0, 0, 0, 2754, 0, 18360, 0, 77112, 0, 110160, 0, 50949, 0, 2808]
sage: R.<T> = PolynomialRing(CC,"T")
sage: P = C.sd_zeta_polynomial(4)
sage: P
48/143*T^4 + 48/143*T^3 + 32/143*T^2 + 12/143*T + 3/143
sage: rts = R(P).roots()
sage: [abs(r[0]) for r in rts]
[0.500000000000000, 0.500000000000000, 0.500000000000000, 0.500000000000000]
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