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1 Introduction

In this note we determine all birational isomorphism types of real elliptic curves
and show that it is the same as the orbit space of smooth cubic real curves
in P?(R) under linear projective equivalence. There are two families, each de-
pending polynomially on a real parameter in a open subinterval of R. We further
show that the complexification of a real elliptic curve has exactly two real forms.
Thus the real elliptic curves come in pairs which are isomorphic over C. Finally,
the map taking a real elliptic curve to its j-invariant maps the two families onto
the real line in C, intersecting only at the value 1728, the special curve with 4
automorphisms and two topologically distinct real forms.

This paper is self contained and uses nothing more than the basic definitions
of algebraic geometry and the computations of, say, college algebra.



2 Definitions and background information

2.1 Real varieties and their complexifications
We assume that the following notions from basic algebraic geometry:
e affine space A™(k) and projective space P™(k) over a field k,
e homogeneous coordinates (Xo: X : -+ : X,;) of a point in P™(k),
e definition of an affine and projective variety,
e definition a k-rational map between varieties, and
e definition of a smooth point on a variety.

Definition 1 For a real projective variety X the complexification, Xc, is the
variety over C obtained by extending scalars to C, i.e., the complex solutions of
the defining equations. When needed, we will denote the real points of a variety
by XR.

Definition 2 We have four notions of isomorphism for real projective varieties.

o Two varieties are birationally isomorphic if there is a bijective, birational
map from one variety to the other, defined over R.

o Two varieties are ambiently, birationally isomorphic if there is a bijec-
tive, birational map, defined over R, between the complexifications of the
varieties bijectively carrying real points to real points.

o Two varieties are birationally isomorphic over C if their complexifications
are birationally isomorphic over C.

o Two real varieties are linearly, projectively isomorphic if there is a lin-
ear transformation of P™(R) carrying one variety bijectively to another.
Similarly for varieties defined over C.

Proposition 3 If two non-empty real elliptic curves are birationally equivalent
then they are ambiently birationally equivalent.

Proof. Suppose that EL and EZ are the real parts of two complex curves and
¢ : B} — E3 a birational isomorphism. We take this to mean that Ej C
P™(R) and E3 C P"(R) and two rational maps ' : P™(R) — P"(R) and
©? : P*(R) — P™(R), such that ¢ = go‘lEl ol = g0|2E2. From the definition
R R
of complexification and the definitions of rational maps we get extensions (¢ :
P™(C) — P"(C) and @2 : P"(C) — P™(C), p&(EL) C E2 and @i (E2) C EZ,
whenever these maps are defined. On a smooth curve, every partially defined
birational map to projective space extends to a map defined on the entire curve.
Thus the maps ¢¢ : B} — E2% and 50(51 : B2 — Bl are well defined, and
the compositions ¢ Lo e and ¢ o ©c ! are the identity on the infinite sets
E} and EZ respectively and hence equal the identity on the complexifications.
But we have now produced the maps that explicitly give the ambient birational
isomorphism. m



2.2 Elliptic curves

Definition 4 A real elliptic curve E is a projective curve whose complexifica-
tion Ec is a genus 1 curve over C.

A cubic curve in P%(k) is a variety given by a single homogeneous equation of
degree 3 as in equation 3 in Section 4. It is well known that smooth cubic has a
group law but we only need to know that the group of birational automorphisms
acts transitively on the points.

Proposition 5 A smooth cubic in P?(k) has a transitive group of birational
automorphisms, when k =R or C.

Proof. We may assume for the purpose of this proof that the curve E is given
in the affine plane by a cubic equation of the form f(x,y) = 0. First let (zo, yo)
and (z1,y1) be any two distinct points on the curve. We are going show that
the line through these two points meets the curve in a third point that is easily
computed in terms of the coordinates of the two points. Parameterize the line
through the two points and consider f along the line to get a function.

k(t) = f(xo +t(x1 — z0),y0 + t(y1 — ¥0))-

This is a polynomial of degree 3 in ¢ whose coefficients are polynomials in
{0, Y0, 21,y1}. Since k(0) = f(zo,y0) = 0,k(1) = f(x1,y1) = 0, then k(t) =
t(t - 1)(gt - h)7 where g = g(x()uy()axlvyl) and h = h(x()ay()v‘rlayl) are pOIY'
nomials in {zg,yo,x1,y1}. The third point occurs when ¢ = h/g and so the
point

(w2,92) = (20 + 3 (w1 = 20), 30 + 7 (41 = 0)

is the third point. Now let (z1,41), (z2,y2), be any two distinct points on the
curve, let (zo,y0) be the third point on E meeting the line containing (z1,y1)
and (22,y2). Define a map ¢ : E — F by

g($07y0,$,y)
h(.T(), y07$7y)

Q(CEano,x,y)

h(zo, Yo, z, y) (y — ¥0))-

go(ac,y) = (Z’o+ ($—$0),y0+
With a little work on can show that it is a well-defined rational map with an
inverse of similar form. By construction, ¢(z1,y1) = (22,y2). It is also clear
that if E is defined over R and (z1,y1), (z2,y2) € Er then ¢ is a real rational

mapping. H

The following well known fact follows from the Riemann-Roch theorem, and
justifies considering only the Weierstrass form in the next section.

Proposition 6 An elliptic curve is birationally isomorphic to a cubic curve in
P2



3 Weierstrass form, double covers, and invari-
ants

Let E be real projective curve. The equation of F is in (non-degenerate) Weier-
strass form if it has affine form

y? = g(x) = apr® + a12? + agx’ + a3

with ag # 0. This affine curve may be smoothly completed to obtain E by
adding a single real point at infinity which we denote co. The real curve Eg
and the complexified curve E¢ will be both be smooth if and only if g(x) has no
multiple roots. Now consider the map ¢q : Eg — P'(R) and its complexification
qc : Ec — PY(C), given by (z,y) — z. For the real map this is a degree two
map with fibres {(z, v/g()), (z,—+/g(x))}, provided g(z) > 0. The fibres are
degenerate when g(x) = 0 or at {oo} lying over co € P?(R). A similar statement
holds for the complex map except that we replace the condition g(x) > 0, with
g(z) # 0. It follows that the real map has two or four branch points and that
the complex map always has four branch points. More generally, a double cover
is a degree 2 rational map ¢ : Eg — P!(R). The map will not be onto though
the complexification qc : Ec — P!(C) is surjective with exactly four branch
points in P*(C).

Now let’s analyze further a double cover defined by the Weierstrass form.
Observe that the image Eg in P!(C) has either one or two components depend-
ing on the number of real roots of g(x). If there are three real roots A1, A2, A3 then
there are two components which are closed intervals in P!(R) C P!(C) whose
endpoints are the branch points {\1, A2, A3, 00}. If there is one real root A\; and
two complex roots i, o then the image is an interval bound by the two real
branch points {A;,00}. Next, consider the closure of the set {z : g(z) < 0} in
PL(R). The fibres of qc corresponding to these values of z are of the form.

{(z,iv/—g(x)), (x,—i+/—g(x))}. These points form a closed subset of Ey C E¢

which map to the interval(s) complementary in ¢(Eg). The set Fy maps to the
real elliptic curve Ey defined by y? = —g(z) by (z,y) — (z,1y).

3.1 Cross-ratio and j-invariant

Let w1y, ws, w3, ws be the four branch points and construct the following cross-
ratio

)\:

(U}4 - U)1> (’11)3 - w2) (1)
(w4 — wa) (w3 —w2)

The value ) is determined by selecting the unique linear fractional transforma-
tion

(2 —w1) (w3 —wy)

(z — wq) (wz — ws)

L:z—

satisfying
L(wy) =0, L(we) =1, L(ws) = o0



and then defining A = L(w,). We compute from the cross-ratio the j-invariant
defined by
(A= A+1)3

Two values A, X give the same j-invariant if and only if

1 A 1 A-1

/
e R N et @

Indeed, permuting the indices of w1, ws, w3, w4 in 1 gives the six different values.
These transformations form a very famous group of substitutions of the projec-
tive line; we shall call it the J-group. The j-invariant is uniquely associated to
a branch set and we have the following well-known theorem. A proof may be
found in almost any text on elliptic curves. A specific reference is [1].

Proposition 7 Two complex elliptic curves are birationally isomorphic if and
only if their j-invariants are equal.

In the next section normal Weierstrass forms for real curves are determined.
Form the preceding discussion they are of two general types:

e a one parameter family with three real branch points y? = z(z—1)(z — \).

e a one parameter family with conjugate complex branch points of unit
modulus, y? = x(x — \)(z — \),

The j-invariants are given in Table 1 in the next section.

4 Reduction to a Weierstrass normal form

In this section we find normal forms for real cubic curves under linear projective
equivalence. We first note that given any curve X, a point Py on X, any other
point Qo € P?(R), and tangent direction o at Qq, there is a projective linear
transformation such that L(Py) = Qq and the tangent direction of L(X) is u .
Moreover the coefficients of the projective linear transformation come from the
field generated by the coefficients of Py, Qo and . Recall that a flex is a point
on the curve whose tangent line has triple contact with the curve. A projective
linear transformation maps a flex of X to a flex of L(X), since it preserves order
of contact of curves and takes the tangent line to the tangent line. We will make
use of the following, it can be proven in various ways.

Proposition 8 [?] Fvery smooth real projective cubic curve has at least one

flex.

Our first task is to put a generic smooth cubic into Weierstrass form. To
this end we may assume the following:



e the projective equation of the curve is given by:

0 = F(X,Y,Z) (3)
= X+ XY +aXY?+azY?
+Z (b X2+ b1 XY + by Y+ Z% (co X + 1Y) +do 23

e The point Py = (0:1:0) is on the curve and is an inflection point (and,
by definition a smooth point).

e The tangent direction of the curve at Py is given by (u,v) = (1,0) in the
local coordinates w = X/Y, z = Z/Y at B.

In the local affine coordinates w = X/Y, z = Z/Y at Py (w = 0,z = 0) the
equation of the curve is:

0 = h(w, 2) = ap w+a1w?+as wtaz+z (bo w?+ by w by)+22 (co wcy ) +do 2° = 0
Since Py is a smooth point then either
s = hy(0,0) # 0, or by = hy(0,0) % 0. (4)
Consider an expansion along the tangent direction (u,v) from (0,0)
h(tu,tv) = h(0,0) + t(uhw(0,0) + vh,(0,0))

t2
+§(u2hww(0, 0) + 2uvhy,(0,0) + v2h..(0,0)) + 3K (u, v),

for some degree 3 homogenous polynomial K (u,v). Now h(0,0) =0 so
az = h(0,0) =0 (5)
Along the tangent direction (u,v) = (1,0) the coefficient of ¢ must vanish so

hy(0,0) = 0 and
as = hy(0,0) = 0. (6)

Finally, since P, is a flex then the coefficient of * must vanish along the tangent
direction giving hq.,(0,0) = 0,giving

a3 = huww(0,0) = 0. (7)
It follows that
FX,)Y,2)=ao X* + Z(bo X?> + b1 XY + by Y?) + Z% (o X + 1Y) + dy Z3

In the affine plane, with the affine coordinates x = X/Z,y = Y/Z, the equation
becomes

0= f(z,y) = ap x> + boa® + bizy + boy® + cox + c1y) +do



or
0= f(z,y) = by y® + (bix + 1)y + ag > + box? + cox + do.

Next, make the substitution y = y—px —q, solve for p and ¢ to make the y terms
vanish, and divide the new f(z,y) by bs. The values are p = 21)712, q= %, and
we get an equivalent equation.

b2 b 2
(——L + b()) (Co — El—]-) S o4
4b 2 b 0
flay) = % + 20+ - z? + CAPSE L
2

b b2 b2 b2

We note that dividing by b, is legitimate because of the smoothness criterion
4 and the tangency condition 6. Thus by suitable redefinition we may assume
that the affine equation is given by

y? = apzr® + box? + cox® 4 do = g(z)

or
flz,y) = g(x) —y* =0,

after suitable redefinition of the coefficients. Also note that the coefficients are
real since we always used real coefficients in our transformations. It is well
known that the curve is smooth if g(z) has distinct roots, and if there is a
singularity then the curve is singular at (x = A,y = 0), where A is a multiple
root of g(z). Furthermore, if there are multiple roots then all roots are real.
Now let us find normal forms under the equivalence relation of invertible affine
transformations:
T(z,y) = (pr +qy + 7,57 +ty +u)

and projective equivalence, i.e. f — % foT, for a non-zero real w. Let us apply
the transformation. Applying the transformation f — f(ax,cy)/c?. We get:

3 2
apa® 5  boa® 5  coa 9
U5y
c c c

Now we want to find a and ¢ so that %3—3 = 1. Then we must have aga® = ¢?, and

this can be done by choosing a = +1 so that aga® > 0 and setting ¢ = v/aga3.
Hence after redefining the coefficients we may assume that ag = 1. We then
have two possibilities, Case I: three distinct real roots

v = (z — M)z — Xo)(z — A3), (8)
and Case II: one real root, two conjugate complex roots, all distinct,
y* = (z = N)(z — p)(z - 7). (9)

Now assume that A; is the smallest root in equation 8. The substitution (z,y) —
(z 4+ A\1,y) yields the equivalent real equation

y? =z(z — (A2 — M) (@ — (A3 — A1)



Thus we may assume that the equation is y?> = z(z — Xg)(z — A3) with 0 <

A2 < A3. Next applying the transformation (z,y) — (Asz,/A3y) we get an
equivalent equation

y? = a(r — Ao/N3)(x — 1) = x(z — \)(z — 1) (10)

with 0 < A = )\2//\3 <1
For the complex case II we may use the substitution (x,y) — (z + A,y) to
make the real root zero: y? = z(z — p)(z — ). Considering the transformation

3 —
(@,y) = (ulz,\/|ul"y) we get y* = @(z — p/|ul)(@ — 7/ |u]). Thus we may
assume that the complex roots are on the unit circle. The two cases are given
in the following table.

Proposition 9 Fach linear equivalence class of smooth real elliptic curves has
an affine Weierstrass model (normal form) as in the following table.

Table 1

Type | equation restriction | j-tnvariant
I 2 = 1)(z — A 0<A<l |j())=2562240°

V= ala— (@~ A<l |0 — 25652

i i .o cos —1)3

I V=z(z—ez—-c?) |0<b<7 j(e??) = 1287(2%3((223))_11)

y? = x(2? — 2cos(f)z + 1)

2 = 222 — 2bx + 1) 1<b<1 | j(b)=128U=3"
y? =a(x 1‘ Jj(b) = )

5 The real moduli space in complex moduli space

Proposition 10 For all real elliptic curves E the j-invariant j(E) is real, and
all real numbers are realized. A real elliptic curve has a single component if and
only if j(E) < 1728 and has two components if and only if j(E) > 1728.

Proof. From the form of the j-invariant it is clear that it is real in all cases.
That all real numbers are realized will follow from the remainder of the proof.

Let us consider Type I. We just need to prove that j(A) sweeps out the range
2 3

[1728,400). The plot of j(\) = 256% is given in Figure 1. We have the

limits limy_,0 j(A) = limy_1 j(A\) = +o0, and derivative

A= A+1)22A -1\ +1D(A—-2)

7'(\) = 256 o1y




It follows that in the given interval the minimum can only occur at A = 1/2
with minimum value of 1728.

50001

4000

3000

2000

10001

0 02 04 06 08 1
Fig 1. j-invariant in the real Case I

For Type II we need to prove that j(e’??) sweeps out the range (—oo,1728].

The plot of k(e???) :128% is given in Figure 2. We have the limits
i20

limg ¢ j(e"??) = limg_, j(¢2?) = —o0, and we have

(2cos(20) — 1)2(4 cos(2t) — 5) sin(2t)
(cos(260) — 1)°

d .. iz
Ziei20y = 12
da](e ) 8

The maximum can only occur when sin(26) = 0 or § = 7/2,with a maximum
value of 1728.

20001

10004

-1000

-2000-

Fig 2. j-invariant in the complex Case II

6 Real forms and real birational isomorphism

If Y¢ is a projective variety with real defining equations then there is an anti-
holomorphic involution oy with of Y¢ with fixed point set Yg. The involution is



defined by complex conjugation o : (Xo: X1 :---: X,,) — (Xo: Xq:--+: X,,)
of the coordinates of the ambient projective space in which Y¢ lies. Now let X
be any projective variety. A symmetry or complex conjugation of X is defined
to be any anti-holomorphic self-mapping of order 2 created as follows. Map
¢ : X — Yc C P*(C) by a birational isomorphism to a variety Y¢ defined over
R and pull back the canonical symmetry, i.e., set 0 = ¢ logp (see Remark
13 below). Observe that under our construction of o the real points Y of Y¢
correspond to the fixed point set X, = {z € X : o(x) = z} under ¢. Thus
there is a 1-1 correspondence between real defining equations of X (up to real
birational equivalence) and the symmetries of X. The various fixed point sets of
symmetries are called the real forms of X. By considering symmetries of X we
can capture all the real forms of X at once in the context of the automorphism
group of X. This is made explicit by the following proposition.

Proposition 11 Let X be a complex projective variety X defined over R. Let
Aut(X) denote the group of birational (holomorphic) automorphisms of X, T
some fized but arbitrary symmetry of X, and o1 and oo be two arbitrary sym-
metries of X. Then we have the following.

1. For ¢ in Aut(X), o190y is an automorphism of X. Hence, o105 is an
automorphism of X, by taking ¢ to be the identity map.

2. Let Aut(X)7 = {¢7 : ¢ €Aut(X)}. Then the set Aut™(X) = Aut(X) U
Aut(X)7 is a group of transformations of X containing Aut(X) as a sub-
group of index 2.

3. Every symmetry of X has the form o7 where

TOT = cp_l. (11)

Further, if ¢ €Aut(X) then the transformation @71

X.

is a symmetry of

4. The real forms X,, and X,, of X are (ambiently) birationally isomorphic
over R if and only if o9 = po1o~t for some ¢ €Aut(X). Thus the real
forms of X are in 1-1 correspondence with the Aut(X)-conjugacy classes
of symmetries of X.

Proof.

1. Suppose that o1 = cpflaogol and oy = @5170902 where oy and 7¢ are
canonical involutions on possibly different projective spaces. Then

o100y = (7 o0er)e(es 'Tops)
= o1 (01093 To)ps

It is not hard to show that oo, pps 70 is the rational morphism obtained
by conjugating the coefficients, but not the variables in the formula for
P1PPy 1 Hence 01905 is a rational map. It is bijective since its factors
are bijective.

10



2. Tt follows from statement 1 that Aut(X)U Aut(X)7 is closed under mul-
tiplication. Since Aut(X)N Aut(X)7 is empty, because a map is not si-
multaneously holomorphic and anti holomorphic, Aut(X) is a subgroup
of index 2.

3. If o is any symmetry of X then o = o(77) = (o7)7, with o7 €Aut(X) by
statement 2. Now o = 7 and id = 02 = @7p7. It follows that 7T = 1.
The rest of Statement 4 is left to the reader.

4. Suppose that o1 = cpl_laocpl and o5 = @5170@2 for maps ¢; : X — Y C
P™(C) and ¢y : X — Zc C P™2(C) as in the proof of statement 1 above.
Now suppose that in addition oo = po1p~! for some ¢ €Aut(X). Then
0(X,,) = X,, and ¢ = o ' maps Yo — Zc carrying Yg — Zg. It is
sufficient to show that p,¢pp; " is a real rational mapping. As discussed
in the proof of Statement 1 the map Togp2<pgpflao is the same as the
map <p2<p<p1_1 except that all the coefficients have been replaced by their
complex conjugates. Thus we need only show that

Topapp1 Lo0 = a7

Our conjugacy hypothesis can be written oop = o or

03 ' Towa = w1 tooe,

or
ToPaPP1 " = P91 00
Thus
Topapl 100 = a0y 10000 = a0y
Now suppose that there is a birational isomorphism ¢ : Yoz — Z¢ which
is defined over R and maps Ygr — Zg isomorphically. Because the map is
real then 7g1og = 1. In the previous part of the proof we had ) = <p2g0<p1_1

so let us try ¢ = @5 L4p¢p, for our conjugating map. We need to show that
o9 = o1~ ! or oo™t = id. Now

oapo1p™! = (03 Toes) (03 ey ) (01t ) (o1 T ey)
03 oot ey = @y T e, = id.

Remark 12 It is possible that the real form X, is empty. FE.g., the complezifi-
cation of the variety defined by x> +vy2 = —1 has empty real form. On the other
hand z? —y* =1 ((z,y) — (iz,y)) and 2*> +y* =1 ((x,y) — (iz,iy)) are other
real forms which are not empty.

Remark 13 More generally, a symmetry or complex conjugation of a projec-
tive variety X 1s defined to be any anti-holomorphic self mapping of order 2.
Under this more general definition the symmetries are all elements of Aut(X)r

11



which satisfy TpT = @1, and are easily identified if the group is known. In the
case of curves general symmetries and symmetries created by pullback are the
same. However our restricted definition is sufficient.

Remark 14 For elliptic curves the automorphism group is infinite and tran-
sitive on the curve, more precisely the real automorphism group is transitive
on the real part and the complexr automorphism group is transitive on the com-
plex curve. Once we fix the base point at infinity, by assuming a Weierstrass
form, we may replace the automorphism groups in the forgoing by the groups of
automorphisms and symmetries fixing oc.

7 Real forms and symmetries of elliptic curves

Because all our curves are in Weierstrass form, we are only going to consider
real forms that pass through the base point of the elliptic curve, oo, i.e., the
identity point of the group law. According to the Remark 14 in the last section,
we need only consider automorphisms and symmetries that fix this point. It
is well known that the automorphism groups of complex elliptic curves, fixing
the base point, are as follows, where we have written the equations to make the
automorphism groups obvious.

Table 2
Case | equation j-invariant Aut(F) and generator
I y? =az(z? - 1) 1728 Zy, (z,y) — (—x,1y)
1I y=23-1 0 Zg, (z,y) — (wz, —y),
w = exp(2mi/3)
11 y? =x(x — M\)(z — A2) | all other reals | Za, (z,y) — (2, —y)

The real forms are as follows:

Table 3
Case | equation j-invariant real forms
I y? =z(z? - 1) 1728 y? =z(z? - 1)
y? =xz(z?+1)
11 y=23-1 0 Y =x3-1
y2 — $3 + 1
111 y? = xz(x — A\)(z — A2) | all other reals | y? = +a(z — A1) (z — \2)

The real forms can be found by the following general procedure. Pick 7 to
be standard complex conjugation 7 : (z,y) — (T,7) in the affine plane. Now
assume that an automorphism ¢ is given by an affine linear transformation. Find
another linear transformation 1, which need not fix F such that o7 = ¢,
Then ¢(ER) is a real form corresponding to ¢r.

Let us demonstrate this by working out the examples in the table. Every
elliptic curve has the following automorphism. ¢ : (z,y) — (z,—y), T is
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(z,y) — (T,—7), let us now prove it is a symmetry. Next, set ¢ : (z,y) —
(z,4y), then o1 = Y111, and so o7 is a symmetry. Making the substitution
(x,y) — (,iy) transforms y? = g(z) to y* = —g(z). More generally, suppose
that ¢ is the monomial transformation (x,y) — (ax,By) Then the symmetry
condition 11 is given by

(@, By) = (o~ 'z, B y),

This condition holds if and only if v and 8 are complex numbers of unit modulus.
Seeking a v of similar form, set ¢ : (z,y) — (v, 6y). With o1 = 7~ we get

(o, BY) = (712,86 1y).

Assuming v and § to also be of unit modulus we get the equations 72 = «
and 6% = 8. Thus in every case the entire set Aut(X)7 consists of symmetries.
But how many real forms are there? By statement 4 of Proposition 11 we
need to determine the Aut(X)-conjugacy classes of Aut(X)r. Observing that
1 =~ ! for all ¢ € Aut(X), then,

Yot = Yoy = Per.

The set H = {p? : ¢ € Aut(X)} is a subgroup of index 2 and so the conjugacy
classes are in 1-1 correspondence to the cosets of H in Aut(X). Thus there are
two real forms for complex elliptic curves defined over R. In every case except
j = 1728, the inversion automorphism ¢ : (x,y) — (z,—y) is not a square,
therefore it follows for all these curves that y?> = g(x) and y> = —g(z) are
non-equivalent real forms.

Now let us consider the two special cases. In the Case I ¢ : (x,y) — (z, —y)
is a square in Aut(X) so y* = —g(x) will not be a distinct real form. However
the generator of Aut(X) is not a square. Applying the method in above with
v =i and 0 = exp(ir/4) the substitution (z,y) — (yx,dy) takes y? = x(2? —1)
to y> = z(z? + 1). For Case II, we have listed a different form of the real
equations to make the automorphisms obvious. To get to the standard forms
of equation with = 7/12, 117/12, apply the transformation y* — g(x) —

ﬁ((ﬁy)z—g(\/gswrl)) to convert y? = 2% — 1 to y? = z(z® + 3z +1), and
(z,y) = (V3z — 1, V2Ty), y* — g(z) — #((ﬁyﬁ —9(V/3x — 1)) to convert
y? =23 +1toy? = x(z® — 3z + 1).

8 The birational isomorphism types of real el-
liptic curves

Theorem 15 The birational isomorphism types of real elliptic curves areas are
as given in Table 1.

Proof. All real elliptic curves must occur in the two families listed. If two real
elliptic curves are isomorphic, then their complexifications are also isomorphic,
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and hence their j-invariants are the same. Thus it suffices to show that any two
curves listed with the different j-invariant are not isomorphic. First observe that
none of the curves in the first group are isomorphic to those in the second group
because of a component count. First we consider isomorphism between curves
of Type I. Assume that our curves have the equations y?> = x(z — 1)(z — \)
y? = z(x — 1)(z — \), with 0 < A\, ) < 1. According to the condition 2 we
must have X' = 1 — \, as suggested by Figure 1. Indeed, the J-group maps
the interval (0,1) to itself, (1,4o00) and (—o00,0) with exactly two mappings
fixing each interval. The substitution (z,y) — (1 — x,y) takes the equation
y? =xz(z —1)(z — A) to y?> = —z(x — 1)(z — \'). Thus E3, E]IA/ and Ep, E]R/
are pairwise isomorphic. If E§ and Eﬁl were isomorphic then there would be
an automorphism ¢ of E(é which would conjugate the symmetry defined by E§
to that defined by E?. However the two symmetries are og : (z,y) — (%,7) for
E} and o1 : (z,y) — (%, —Y) for E. For all A # 1 under consideration E2 has
a single non-trivial automorphism ¢ : (x,y) — (z, —y) fixing co, which satisfies
@oop ! = 0p. Thus E3 and E3  are not real isomorphic.

Now assume the equation of our curve is y? = x(z — e¥)(z — e7%), 32 =
z(2?—2cos(f)z+1). The j-invariant is j(e*?). The values of the cross-ratio e
sweep out the unit circle minus the point 1. The J—group again maps this set
to itself, the unit circle centered at 1/2 and the vertical line = 1/2. There are
exactly two mappings carrying each set to itself. The three curves intersect at
the parameter value corresponding to a special curve with extra automorphisms.
For points in the unit circle two points A = €2* and \' = 2% will have the same
j-invariant if and only if X' = 1/, i.e. ' = 7 — 0 as suggested by Figure 2. The
transformation (z,y) — (—z,y) takes the equation y? = z(2? —2cos(f)z+1) to
y? = —z(2? + 2cos(0)z + 1), i.e., y* = —z(z% — 2cos(f')x + 1). The remainder
of the proof for this case is exactly as in the previous case. m

The analysis in Section 7 proves the following

Proposition 16 The elliptic curve with four symmetries and j = 1728 is the
only elliptic curve where the real forms may have a different number of compo-
nents. It is the intersection of the "real"” and the "imaginary" curves.

Proposition 17 Two smooth real elliptic curves in P%(C) are birationally iso-
morphic if and only if the are linearly isomorphic.

Proof. Table 1 was constructed by selecting at least one linear isomorphism
type for every smooth real curve. If there were duplication among the set then
two curves would be birationally isomorphic. Howewver, this contradicts Theorem
15 m
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