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Author’s note on Calculation of the Killing Form of a Simple Lie Group

The following article was article was written as an unpublished note as a companion to the
authors 1987 paper Volumes of subgroups of compact Lie groups. The note was include
included in the Rose MSTR series to make it available on the internet.

S. Allen Broughton 5 Aug 14



CALCULATION OF THE KILLING FORM OF SIMPLE LIE ALGEBRA
S. A. Broughton

Cleveland State University

Let L be a simple, complex Lie algebra, H a Cartan subalgebra
AEEH* the root system. Let « be the restriction of the Killing form of
L to H and K* dualized form on H*. These forms satisfy:
K*(x*,y*) = x*(y) = k(x,y), X,y €H,
where x*e H* is the element defined by
x*(y) = k(x,y) y € H.
The invariant form on H* (which is unique up to multiplication by
a scalar) is frequently normalized by requiring short roots to have length 1.
If (*,*) denotes this normalized form then
K*( ANw o= e( A
where € = K*(a,a), a a short root. The Killing form is determined once ¢
is known.
A list of the values of € 1is given in Table A, p. 527 of Freudenthal
& de Vries monograph [F-V].
Before calculating e below we need to establish some notation. For
EERT let Ouud = 2¢O, W/k (oW = 200, W/ (). Let apseeero

r

be a basis of simple roots of A. There is a unique long root az and a

unique short root a° such that <a£,ai) < O,(as,ai> <0 («® = o* 1f there
is only one root length). Let ag = al then there are unique integers

3 % g ) s s
Myseeesm with my = 1 such that E:ani = 0. Let mO,...,mr be similarly

r i=0
defined. That hl = §:1nf equals the Coxeter number is well-known.
i=0



r
By analogy let us call n® = E:lni the short Coxeter number. The number
i=0
of roots in A is given by
(1) |a] = ron*
L

Set ay = o and construct an extended Dynkin diagram as follows.

Adjoin a node, % to the ordinary diagram. For each Gi, i >1 join

oy to o, by a bond of strength <a0’ai>(ai’a0>’ draw an arrow from a longer
2
to a shorter root, and write m, above the node ai' For the root ©°

we get a similar diagram. The extended diagrams are recorded in Table 1

where the node «a is blackened. They can be constructed using Table 2,

0
p. 66 of [H]. We denote the extended diagrams corresponding to long (short)
£ A,B,C,D,E,F,G by A,%,0,d %,%,& &
roots o r’ r’ Cr? or? Tr? T4 V2 %Y Ap P b DB Fus 6y r’
Br’ Cr’ Dr’ Er’ F4’ GZ)

Proposition. Let L be a simple Lie algebra over € of rank r, H a
CSA, AC H* the root system and K* the dualized Killing form on H*.
Let as,al € A be as above and let hS(Av) be the short Coxeter number
of the dual root system. Then

(08 = (o, ahyn_ (")

2 2 -
In Table 2 we give the values of hS(Av), (a,a”) and e 1 for each algebra.

Proof. Using the notation of [H], let, for A€ H*, ty € H be the element
such that A(h) = k(t;,h), h €H, f.e. X = (£)".  Let hy = 2e%/k(t_,t )
then & (a,a) = x(t_,t) = 4/c(h,h ), and &(h_ ) = 26(ty,t ) /k(t ,t ) =
ZK*(B,G)/K*(G,U) =<(B,ay . If a is a long root then (al,al)e = (a,a)e =
4/K(ha,ha). Thus it suffices to show that, letting h® = hs(Av),

_ S
(2) K(ha,ha) = 4h° .



rz4

Table 1.

Extended Dynkin Diagrams

Long Rroot

i
b3=640

>?_8~-8#8

§3=6—6---5—5b

R

=

x__g_a_i,..a_g
2
x._s._a__s_é_i
b2 3533

b=

—&

—5—8
3

short Root

AR,
bbb bbb
;8—-8 ce B

same

§—b=0—b—&



Table 2.

Algebra (al,az) h®(a") el
AL t2>1 1 r+ 1 r+ 1
Br L > 2 2 2r = 1 4r - 2
c, %23 2 r+ 1 2r + 2
Dr L >4 1 2r - 2 2r - 2
E6 1 12 12
E7 1 18 18
E8 1 30 30
F4 2 9 18
G2 3 4 12
Table 3.
A | 2] R |R|

Ar r>1 r(r + 1) Ar—2 (r - 2)(r - 1)
B r> 2 2r2 2+ 2(r - 2)2

r T2 A xB

2 1 r-2 9
C r >3 2r 2(r - 1)
r - . C
r-1

Dr r>4 2r{(r - 1) A1 <D , 2+ 2(r - 2)(r - 3)
E6 72 A5 30

E7 126 D6 60

E8 240 E7 126

F 48 18

4 C3
G2 12 A 2



Since ha acts diagonally with respect to a basis of root vectors with
2 2
eigenvalues <B,a) = g(h ), g € oA, then k(h ,h ) = E: g(h )™ = §:<B,a> .
a o a a
BE A Be A

Since o 1is long then <B,a>=+1 if g # +a and (g,ad# 0.

Let b be the cardinality of {B]<3,a> # 0} . As (a,a>2 + <—a,a)? =8 ahd
there are b - 2 roots B with (B,aj>2 = 1, then

k(h ,h ) =6 + b.
a ¢

Therefore, it suffices to show that

5_56 .

(3) b = 4h
We need to compute the number of roots orthogonal to . Since roots

of the same length are conjugate under the Weyl group, the number

| {8 € A|(a,B) = 0}| depends only on the length of a.

Let = al. Remove from the extended Dynkin diagram, corresponding

%0
to a long root,ao and all nodes connected to it, as well as bonds connected
to removed nodes. This leaves us withk a union of ordimary Dynkin diagrams.
Let N denote the subset of {al,...,ar} so determined and denote by
R the subroot system generated by N.
Claim: R = {gp & 4: (a,B) =0 }.

Assuming the claim, we have b = |a| - |R|. It then suffices by (3)
to prove:
(4) la] - |R| + 6 = 4n®.

The proof of (4) follows immediately from Table 3 above. In turn, Table 3
is easily constructed from Table 1 and (1) by means of the claim.

r
Now to prove the claim: Let g = }:'niai be perpendicular to ag:
i=1

> 0 or all

r
Then ;Zgni(ai,ao7 = (. Since <aifa0> < 0 and either all n,

n, < 0, then all terms above are zero. Thus n, = 0 1if (ai,a0> # 0.

This implies that the support of B8, supp(B) = {ai|ni # 0}, 1lies in N.



Since the support of a root is always connected we may assume that

supp(B) € M the set of nodes of some connected component of the diagram

determined by N. Assume B 1is negative, B = Z:naa, na.i 0 and let
asM

ht(g) = Z:n . If <B,a,>»>0 for some a,€M then o (B) =B - {B,a.da
ok @ i i ai i’ 71

is a negative root, perpendicular to %y with support in M and such that

ht(au (B)) < ht(B). TIterating this process we arrive at vy with
i

<Y,GO7= 0, {(v,27< 0 «a€M. It cannot happen that {y,a)>= 0 for all
a & M.

Form an extended Dynkin diagram from y and M. The resulting diagram
is connected and must be one of the diagrams in Table 1. Let &8 € M U {y}
correspond to the blackened node, then M WV {y}\{§} is a basis for the root
system generated by y and M. Thus the diagram for M must be obtained
by removing a non—disconnecting node, i.e. <y, from one of the diagrams
in Table 1. Moreover the root Y, and hence B, belongs to the root system
generated by M 1if and only if the removed node is a blackened node or one
equivalent to it by an extended diagram symmetry. By inspection of Table 1,
if vy is not in the root system generated by M, then the only possibilities

for M U {y} and M are:

M UL {y} M
%R r >3 D
r — r
(ol D
r r
E; A;
Eg Ags Dg
~
¥ B,
~S
F C4
58
63 Ay
~ S
G, )



If there is a counterexample to the claim then one of the M's listed above

is a component of some N, and A will contain a subroot system generated

by M U {vy}, If M= A,, A or A then A = A4, A, or A by Table 3.

22 77 8 9 10

(We are using the symbols Ar’ Br’ ... to denote a root system and the corresponding

diagram.) It follows then that G2 §;A4, E7 E:Ag’ E, < A The first is

8 ="10°

false since A4 has only one root length while G2 has 2. The last two

fail because of order considerations. If M = B4 then F4g; B6’ an impossibility

since the short roots of B6 form an A1 X Al X Al X Al x A1 x A1 and the

short roots of F4 form a D4. For similar reasons we eliminate C

M = D4 then we get Br S:Dr+2’ B

4o If
6 < Ey» r+2° Cg S E7 or Egc Do

The first four are rejected by root length conmsiderations and the fifth by

< E C_ <D
— r—-

order condiserations. All is now proven.
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