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Abstrak 

Kajian yang lepas menunjukkan model kemandirian campuran dua komponen 

mencatatkan prestasi yang lebih baik berbanding model kemandirian berparameter 

klasik tulen. Namun terdapat juga keperluan yang penting bagi model kemandirian 

campuran tiga komponen kerana tingkah laku data kemandirian heterogen yang 

lazimnya merangkumi lebih dari dua taburan. Oleh itu dalam kajian ini dua model 

bagi tiga komponen telah dibina. Model 1 adalah model kemandirian  campuran  

berparameter tiga komponen bertaburan Gamma dan Model 2 adalah model 

kemandirian  campuran  berparameter tiga komponen bertaburan Eksponen, Gamma 

dan Weibull. Kedua-dua model telah dianggar menggunakan Pemaksimuman 

jangkaan  (EM) dan pengesahan prestasi model melalui kajian simulasi dan 

empirikal. Simulasi telah diulang 300 kali dengan mengambil kira tiga saiz  sampel 

berbeza: 100, 200, 500; tiga peratus penapisan yang berbeza: 10%, 20%, 40%; dan 

dua set kebarangkalian bercampur secara: menaik (10%, 40%, 50%) dan secara 

menurun (50%, 30%, 20%). Beberapa set data sebenar telah digunakan dalam kajian 

empirikal dan perbandingan model-model telah dilaksanakan. Model 1 telah 

dibandingkan dengan model kemandirian berparameter klasik tulen, model 

kemandirian berparameter campuran dua dan empat komponen bertaburan Gamma. 

Model 2 telah dibandingkan dengan model kemandirian berparameter klasik tulen 

dan model kemandirian berparameter campuran tiga komponen bertaburan sama. 

Persembahan grafik, log likelihood (LL), Kriteria Maklumat Akaike  (AIC), Min 

Ralat Kuasa Dua (MSE) dan Punca Min Ralat Kuasa Dua (RMSE) telah digunakan 

bagi menilai prestasi. Dapatan simulasi menunjukkan bahawa kedua-dua model 

mencatatkan prestasi yang baik pada saiz sampel yang besar, peratus tertapis yang 

kecil dan  pada kebarangkalian bercampur secara menaik. Kedua-dua model 

menghasilkan ralat yang kecil berbanding dengan model kemandirian jenis lain 

dalam kajian empirikal. Ini menunjukkan bahawa kedua-dua model yang dibina 

adalah lebih tepat dan merupakan pilihan yang lebih baik untuk menganalisis data 

kemandirian heterogen. 

Kata kunci: data survival, heterogen, tiga komponen, eksponen, Gamma, Weibull,   

Pengmaksimuman Jangkaan   
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Abstract 

Previous studies showed that two components of survival mixture model performed 

better than pure classical parametric survival model. However there are crucial needs 

for three components of survival mixture model due to the behaviour of 

heterogeneous survival data which commonly comprises of more than two 

distributions. Therefore in this study two models of three components of survival 

mixture model were developed. Model 1 is three components of parametric survival 

mixture model of Gamma distributions and Model 2 is three components of 

parametric survival mixture model of Exponential, Gamma and Weibull 

distributions. Both models were estimated using the Expectation Maximization (EM) 

and validated via simulation and empirical studies. The simulation was repeated 300 

times by incorporating three different sample sizes: 100, 200, 500; three different 

censoring percentages: 10%, 20%, 40%; and two different sets of mixing 

probabilities: ascending (10%, 40%, 50%) and descending (50%, 30%, 20%). 

Several sets of real data were used in the empirical study and models comparisons 

were implemented. Model 1 was compared with pure classical parametric survival 

model, two and four components parametric survival mixture models of Gamma 

distribution, respectively. Model 2 was compared with pure classical parametric 

survival models and three components parametric survival mixture models of the 

same distribution. Graphical presentations, log likelihood (LL), Akaike Information 

Criterion (AIC), Mean Square Error (MSE) and Root Mean Square Error (RMSE) 

were used to evaluate the performance. Simulation findings revealed that both 

models performed well at large sample size, small percentage of censoring and 

ascending mixing probabilities. Both models also produced smaller errors compared 

to other type of survival models in the empirical study. These indicate that both of 

the developed models are more accurate and provide better option to analyse 

heterogeneous survival data. 

Keywords:  survival data, heterogeneous, three components, Exponential, Gamma, 

Weibull, Expectation Maximization. 

  



 

 iv 

Acknowledgement 

All praise and gratitude are due to Allah (SWT) the Lord of heavens for providing 

me the strength and sparing my life to witness the completion of this work. I would 

like to express my endless thanks to my wonderful supervisors Associate Professor 

Dr Bidin Yatim and Dr Suzilah Ismail, for their inspiration, motivation, guidance, 

and commitment. Without their supervision this thesis would not have been 

completed to this level. Once again, I express my deep gratitude and appreciation. 

Special thanks go to UUM CAS staff, especially the staff of the School of 

Quantitative Sciences (SQS) for their kind assistance whenever needed. My special 

thanks also go to my postgraduate colleagues both the local and international 

students from different countries which include Nigeria, Yemen, Iraq, Jordan and 

Sudan to mention a few, for the good spirit of cooperation, motivation and 

encouragement among them, and wish them all the best. My appreciations go to the 

Nigerian community for their cooperation and encouragement. Great appreciation 

and gratitude go to my mother Maryam Mohammed and my father Abbakar 

Mohammed for their continued prayers and inspiration. Thanks to my brothers and 

sisters, for their continued encouragement. Thanks and appreciations go to my loving 

wife, Dr Zainab Abdallah for her prayers, encouragement and patience. My thanks to 

my wonderful children Mohammed, Abubakr, Rayyan and Abdallah for their 

inspiration and patience. Finally, I would like to thank and express my appreciation 

to all those who in one way or the other contributed to the completion of this work 

and I could not mention their names, but still they are in my heart. Thank you very 

much. 

 

 

 

 

 

 

  



 

 v 

Table of Contents 

Permission to Use ..................................................................................................................... i 

Abstrak ..................................................................................................................................... ii 

Abstract ................................................................................................................................... iii 

Acknowledgement .................................................................................................................. iv 

Table of Contents ..................................................................................................................... v 

List of Tables ........................................................................................................................ viii 

List of Figures ......................................................................................................................... xi 

List of Appendices ................................................................................................................. xv 

Glossary of Terms ................................................................................................................. xvi 

List of Abbreviations ........................................................................................................... xvii 

CHAPTER ONE INTRODUCTION ....................................................................... 1 

1.1 Background of the Study ........................................................................................ 1 

1.2 Problem Statement ................................................................................................. 2 

1.3 Objectives of the Study .......................................................................................... 6 

1.4 Significance of the Study ....................................................................................... 7 

1.5 Outline and Summary of the Thesis ....................................................................... 8 

CHAPTER TWO REVIEW OF THE LITERATURE ........................................ 10 

2.1 Introduction .......................................................................................................... 10 

2.2 Censoring ............................................................................................................. 14 

2.2.1 Some Types of Right Censoring ................................................................ 15 

2.3 Parametric Methods in Survival Analysis ............................................................ 16 

2.3.1 The Exponential Distribution ..................................................................... 16 

2.3.2 The Gamma Distribution ........................................................................... 20 

2.3.3 The Weibull Distribution ........................................................................... 22 

2.3.4 The Lognormal Distribution ...................................................................... 24 

2.3.5 The Gompertz Distribution ........................................................................ 26 

2.3.6 Summary of Parametric Methods in Survival Analysis ............................. 28 

2.4 Non-Parametric Methods in Survival Analysis ................................................... 29 

2.5 Mixture Models .................................................................................................... 31 

2.6 Three Components Parametric Survival Mixture Models of Same Distribution . 38 



 

 vi 

2.7 Three Components Parametric Survival Mixture Model of Different Distributions

 .................................................................................................................................... 39 

2.8 Summary .............................................................................................................. 41 

CHAPTER THREE METHODOLOGY ............................................................... 43 

3.1 Introduction .......................................................................................................... 43 

3.2 Development of Model 1 and Model 2 ................................................................ 46 

3.2.1 Validating the Performance of the Models Using Simulated Data ............ 47 

3.2.2 Validating the Models Using Real Data .................................................... 52 

3.3 Summary .............................................................................................................. 56 

CHAPTER FOUR THREE COMPONENTS PARAMETRIC SURVIVAL 

MIXTURE MODEL OF THE GAMMA DISTRIBUTIONS .............................. 58 

4.1 Introduction .......................................................................................................... 58 

4.2 Theoretical Development of Model 1 .................................................................. 58 

4.2.1 General Formulation of Three Component Parametric Survival Mixture 

Model .................................................................................................................. 59 

4.2.2 Estimation of Parameters Using the EM .................................................... 61 

4.2.3 EM for Parametric Survival Mixture Model .............................................. 66 

4.3 Validation of the performance of Model 1 Using Simulated Data ...................... 71 

4.3.1 Model 1 with Mixing Probabilities in Ascending Order............................ 71 

4.3.1.1 Sample of Size 100 Observations .................................................. 72 

4.3.1.2 Sample of Size 200 Observations .................................................. 78 

4.3.1.3 Sample of Size 500 observations ................................................... 83 

4.3.2 Model 1 with Mixing Probabilities in Descending Order .......................... 88 

4.3.2.1 Sample of Size 100 observations ................................................... 88 

4.3.2.2 Sample of Size 200 observations ................................................... 94 

4.3.2.3 Sample of Size 500 observations ................................................. 100 

4.3.3 Special Case of Model 1 .......................................................................... 105 

4.4 Validating Model 1 Using Real Data ................................................................. 107 

4.4.1 Bone Marrow Transplant Data ................................................................. 107 

4.4.2 Kidney Catheter Data ............................................................................... 113 

4.4.3 The Special Case of Model 1 ................................................................... 119 



 

 vii 

4.5 Summary ............................................................................................................ 121 

CHAPTER FIVE THREE COMPONENTS PARAMETRIC SURVIVAL 

MIXTURE MODEL OF THE EXPONENTIAL, GAMMA AND WEIBULL 

DISTRIBUTIONS .................................................................................................. 123 

5.1 Introduction ........................................................................................................ 123 

5.2 Theoretical Development of Model 2 ................................................................ 123 

5.3 Validation of the performance of Model 2 Using Simulated Data .................... 131 

5.3.1 Model 2 with Mixing Probabilities in Ascending Order.......................... 131 

5.3.1.1 Sample of Size 100 observations ................................................. 132 

5.3.1.2 Sample of Size 200 observations ................................................. 138 

5.3.1.3 Sample of Size 500 observations ................................................. 143 

5.3.2 Model 2 with Mixing Probabilities in Descending Order ........................ 148 

5.3.2.1 Sample of Size 100 observations ................................................. 148 

5.3.2.2 Sample of Size 200 observations ................................................. 154 

5.3.2.3 Sample of Size 500 observations ................................................. 159 

5.4 Kidney Catheter Data ......................................................................................... 164 

5.4.1 Model 2 versus the Pure Classical Parametric Survival Models ............. 164 

5.4.2 Model 2 versus Three Components Parametric Survival Mixture Models of 

the Same Distributions ...................................................................................... 169 

5.5 Summary ............................................................................................................ 174 

CHAPTER SIX CONCLUSION .......................................................................... 176 

6.1 Summary ............................................................................................................ 176 

6.2 Problems and Limitations .................................................................................. 177 

6.3 Future Research .................................................................................................. 178 

REFERENCES ....................................................................................................... 180 

  



 

 viii 

List of Tables 

Table 2.1 ................................................................................................................................ 18 

Some Important Parametric Distributions in Survival Data Analysis ................................... 18 

Table 3.1 ................................................................................................................................ 48 

Some Previous Simulation and Real Data Applications ........................................................ 48 

Table 4.1 ................................................................................................................................ 75 

The Estimated Parameters the Simulated Data of Postulated Model 1 with 10%, 20% and 

40% Censoring Observations ................................................................................................. 75 

Table 4.2 ................................................................................................................................ 77 

The Repeated Simulation of Set of 100 Observations ........................................................... 77 

Table 4.3 ................................................................................................................................ 80 

The Estimated Parameters the Simulated Data of size 200 with 10% Censoring Observations

 ............................................................................................................................................... 80 

Table 4.4 ................................................................................................................................ 82 

The Repeated Simulation of Set of 200 Observations ........................................................... 82 

Table 4.5 ................................................................................................................................ 85 

The Estimated Parameters the Simulated Data of size 500 with 10% Censoring Observations

 ............................................................................................................................................... 85 

Table 4.6 ................................................................................................................................ 87 

The Repeated Simulation of Set of 500 Observations ........................................................... 87 

Table 4.7 ................................................................................................................................ 91 

The Estimated Parameters the Simulated Data of Postulated Model 1 with 10% Censoring 

Observations .......................................................................................................................... 91 

Table 4.8 ................................................................................................................................ 93 

The Repeated Simulation of Set of 100 Observations ........................................................... 93 

Table 4.9 ................................................................................................................................ 97 

The Estimated Parameters the Simulated Data of size 200 with 10% Censoring Observations

 ............................................................................................................................................... 97 

Table 4.10 .............................................................................................................................. 99 

The Repeated Simulation of Set of 200 Observations ........................................................... 99 

Table 4.11 ............................................................................................................................ 102 

The Estimated Parameters the Simulated Data of size 500 with 10% Censoring Observations

 ............................................................................................................................................. 102 



 

 ix 

Table 4.12 ............................................................................................................................ 104 

The Repeated Simulation of Set of 500 Observations ......................................................... 104 

Table 4.13 ............................................................................................................................ 107 

The Estimated Parameters of Simulated Data of the Pure Classical Survival Model of 

Gamma Distribution ............................................................................................................. 107 

Table 4.14 ............................................................................................................................ 108 

The Estimated Parameters of Model 1 of Marrow Transplant Data .................................... 108 

Table 4.15 ............................................................................................................................ 110 

The Estimated Parameters of Model 1 for Bone Marrow Transplant Data ......................... 110 

Table 4.16 ............................................................................................................................ 112 

The Estimated Parameters of (G1_G2) of the Bone Marrow Transplant Data .................... 112 

Table 4.17 ............................................................................................................................ 112 

The Estimated Parameters of of (G1_G2_G3_G4) of the Bone Marrow Transplant Data .. 112 

Table 4.18 ............................................................................................................................ 113 

The LL and AIC Values of the Parametric Survival Mixture Models of the Gamma 

Distribution .......................................................................................................................... 113 

Table 4.19 ............................................................................................................................ 114 

The Estimated Parameters of Model 1 of Kidney Catheter Data ......................................... 114 

Table 4.20 ............................................................................................................................ 116 

The Estimated Parameters of Model 1 for Kidney Catheter Data........................................ 116 

Table 4.21 ............................................................................................................................ 118 

The Estimated Parameters of (G1_G2) of the Kidney Catheter Data .................................. 118 

Table 4.22 ............................................................................................................................ 118 

The Estimated Parameters of of (G1_G2_G3_G4) of the Kidney Catheter Data ................ 118 

Table 4.23 ............................................................................................................................ 119 

The LL and AIC Values of the Parametric Survival Mixture Models of the Gamma 

Distribution .......................................................................................................................... 119 

Table 4.24 ............................................................................................................................ 120 

The Estimated Parameters of Vaginal Cancer Data of the Pure Classical Gamma Distribution

 ............................................................................................................................................. 120 

Table 5.1 .............................................................................................................................. 135 

The Estimated Parameters of the Simulated Data of Postulated Model 2 with 10% Censoring 

Observations ........................................................................................................................ 135 

Table 5.2 .............................................................................................................................. 137 

The Repeated Simulation of Set of 100 Observations ......................................................... 137 



 

 x 

Table 5.3 .............................................................................................................................. 140 

The Estimated Parameters the Simulated Data of size 200 with 10% Censoring Observations

 ............................................................................................................................................. 140 

Table 5.4 .............................................................................................................................. 142 

The Repeated Simulation of Set of 200 Observations ......................................................... 142 

Table 5.5 .............................................................................................................................. 145 

The Estimated Parameters the Simulated Data of size 500 with 10% Censoring Observations

 ............................................................................................................................................. 145 

Table 5.6 .............................................................................................................................. 147 

The Repeated Simulation of Set of 500 Observations ......................................................... 147 

Table 5.7 .............................................................................................................................. 151 

The Estimated Parameters the Simulated Data of size 100 with 10% Censored Observations

 ............................................................................................................................................. 151 

Table 5.8 .............................................................................................................................. 153 

The Repeated Simulation of Set of 100 Observations ......................................................... 153 

Table 5.9 .............................................................................................................................. 156 

The Estimated Parameters the Simulated Data of size 200 with 10% Censoring Observations

 ............................................................................................................................................. 156 

Table 5.10 ............................................................................................................................ 158 

The Repeated Simulation of Set of 200 Observations ......................................................... 158 

Table 5.11 ............................................................................................................................ 161 

The Estimated Parameters the Simulated Data of size 500 with 10% Censoring Observations

 ............................................................................................................................................. 161 

Table 5.12 ............................................................................................................................ 163 

The Repeated Simulation of Set of 500 Observations ......................................................... 163 

Table 5.13 ............................................................................................................................ 166 

The Estimated Parameters of Model 2 Using Kidney Catheter Data ................................... 166 

Table 5.14 ............................................................................................................................ 167 

The LL and AIC Values for the Kidney Catheter Data ....................................................... 167 

Table 5.15 ............................................................................................................................ 171 

Parameters, LL and AIC of Model 2 and Parametric Survival Mixture Models 

Corresponding to Each Component of Model 2 .................................................................. 171 

  



 

 xi 

List of Figures 

Figure 2.1 Hazard Function of Exponential Distribution  = 0.25 ...................................... 19 

Figure 2.2.Survival Function of Exponential Distribution  = 0.25 .................................... 20 

Figure 2.3.Probability Density Function of Gamma Distribution α = 3  and β = 1............. 21 

Figure 2.4.Survival Function of the Gamma Distribution =3 and =1 ........................... 22 

Figure 2.5.Hazard Function of the Weibull Distribution  ........................................... 23 

Figure 2.6.Survival Function of the Weibull Distribution  ......................................... 24 

Figure 2.7 Density Function of the Lognormal Distribution  and  ................... 25 

Figure 2.8.Survival Function of the Lognormal Distribution μ = 5  and  σ = 3 .................. 26 

Figure 2.9.Probability Density Function of the Gompertz Distribution α = 1.2 and β = 1 . 27 

Figure 2.10.Survival Function of the Gompertz Distribution α = 3 and α = 1 .................... 28 

Figure 2.11.Kaplan-Meier Survival Function ........................................................................ 30 

Figure 2.12.Nelson-Aalen Cumulative Hazard Function ....................................................... 31 

Figure 3.1.Methodology Frameworks of Model 1 ................................................................. 44 

Figure 3.2.Methodology Frameworks of Model 2 ................................................................. 45 

Figure 4.1 Probability Density Function of the Simulated Data of Model 1 with 100 

Observations and 10% Censoring. ......................................................................................... 73 

Figure 4.2 Probability Density Function of the Simulated Data of Model 1 with 100 

Observations and 20% Censoring. ......................................................................................... 73 

Figure 4.3 Probability Density Function of the Simulated Data of Model 1 with 100 

Observations and 40% Censoring. ......................................................................................... 74 

Figure 4.4 The Hazard Functions of the Simulated Data of Model 1 Corresponding to 10%, 

20% and 40% Censored Observation. .................................................................................... 76 

Figure 4.5 Probability Density Function of the Simulated Data of Size 200 Observations and 

10% Censoring ....................................................................................................................... 78 

Figure 4.6 Probability Density Function of the Simulated Data of Size 200 and 20% 

Censored Observations. ......................................................................................................... 79 

Figure 4.7 Probability Density Function of the Simulated Data of Size 200 Observations and 

40% Censoring. ...................................................................................................................... 79 

Figure 4.8 the hazard functions of the simulated data of size 200 corresponding to 10%, 20% 

and 40% censored observation. .............................................................................................. 81 

Figure 4.9 Probability Density Function of the Simulated Data of Size 500 Observations and 

10% Censoring. ...................................................................................................................... 83 





 

4 

4 

0  1 



 

 xii 

Figure 4.10 Probability Density Function of the Simulated Data of Size 500 Observations 

and 20% Censoring. ............................................................................................................... 84 

Figure 4.11 Probability Density Function of the Simulated Data of Size 500 Observations 

and 40% Censoring. ............................................................................................................... 84 

Figure 4.12 the hazard functions of the simulated data of size 500 corresponding to 10%, 

20% and 40% censored observation. ..................................................................................... 86 

Figure 4.13 Probability Density Function of the Simulated Data of Model 1 with 100 

Observations and 10% Censoring. ......................................................................................... 89 

Figure 4.14 Probability Density Function of the Simulated Data of Model 1 with 100 

Observations and 20% Censoring. ......................................................................................... 90 

Figure 4.15 Probability Density Function of the Simulated Data of Model 1 with 100 

Observations and 40% Censoring .......................................................................................... 90 

Figure 4.16 the Hazard Functions of the Simulated Data of Model 1 Corresponding to 10%, 

20% and 40% Censored Observations. .................................................................................. 92 

Figure 4.17 Probability Density Function of the Simulated Data of Size 200 Observations 

and 10% Censoring. ............................................................................................................... 95 

Figure 4.18 Probability Density Function of the Simulated Data of Size 200 Observations 

and 20% Censoring. ............................................................................................................... 95 

Figure 4.19 Probability Density Function of the Simulated Data of Size 200 Observations 

and 40% Censoring. ............................................................................................................... 96 

Figure 4.20 The Hazard Functions of the Simulated Data of Size 200 Corresponding to 10%, 

20% and 40% Censored Observation. .................................................................................... 98 

Figure 4.21 Probability Density Function of the Simulated Data of Size 500 Observations 

and10% Censoring. .............................................................................................................. 100 

Figure 4.22 Probability Density Function of the Simulated Data of Size 500 Observations 

and 20% Censoring. ............................................................................................................. 101 

Figure 4.23 Probability Density Function of the Simulated Data of Size 500 Observations 

and 40% Censoring. ............................................................................................................. 101 

Figure 4.24 The Hazard Functions of the Simulated Data of Size 500 Corresponding to 10%, 

20% and 40% Censored Observations. ................................................................................ 103 

Figure 4.25The Density Functions of Pure Classical Parametric Survival Model of the 

Gamma Distribution ............................................................................................................. 106 

Figure 4.26  probability density function of Model 1 using Bone Marrow Transplant Data

 ............................................................................................................................................. 108 



 

 xiii 

Figure 4.27.Model 1 vs the Pure Classical Survival Model of the Gamma Distribution (G0) 

Using Bone Marrow Transplant Data .................................................................................. 109 

Figure 4.28 K-M, the Survival function of Model 1 and the Pure Survival Model ............. 111 

Figure 4.29 the probability density function of Model 1 using Kidney Catheter Data ........ 114 

Figure 4.30.Model 1 vs the Pure Classical Survival Model of the Gamma Distribution (G0) 

Using Kidney Catheter Data ................................................................................................ 115 

Figure 4.31 K-M, the Survival function of Model 1 and the Pure Survival Model ............. 117 

Figure 4.32 The Pure Classical Parametric Survival Model of the Gamma Distribution for 

Vaginal Cancer Data ............................................................................................................ 120 

Figure 5.1 Probability Density Function of the Simulated Data of Model 2 with 100 

Observations and 10% Censoring. ....................................................................................... 133 

Figure 5.2 Probability Density Function of the Simulated Data of Model 2 with 100 

Observations and 20% Censored Observations. .................................................................. 133 

Figure 5.3 Probability Function of the Simulated Data of Model 2 of size 100 Observations 

and 40% Censored Observations. ........................................................................................ 134 

Figure 5.4 the Hazard Functions of the Simulated Data of Model 1 Corresponding to 10%, 

20% and 40% Censored Observations. ................................................................................ 136 

Figure 5.5 Probability Density Function of the Simulated Data of Size 200 Observations and 

10% Censoring. .................................................................................................................... 138 

Figure 5.6 Probability Density Function of the Simulated Data of Size 200 and 20% 

Censored Observations. ....................................................................................................... 139 

Figure 5.7 Probability Density Function of the Simulated Data of Size 200 Observations and 

40% Censoring. .................................................................................................................... 139 

Figure 5.8 the hazard functions of the simulated data of size 200 corresponding to 10%, 20% 

and 40% censored observation. ............................................................................................ 141 

Figure 5.9 Probability Density Function of the Simulated Data of Size 500 Observations and 

10% Censoring. .................................................................................................................... 143 

Figure 5.10 Probability Density Function of the Simulated Data of Size 500 Observations 

and 20% Censoring. ............................................................................................................. 144 

Figure 5.11 Probability Density Function of the Simulated Data of Size 500 Observations 

and 40% Censoring. ............................................................................................................. 144 

Figure 5.12 the hazard functions of the simulated data of size 500 corresponding to 10%, 

20% and 40% censored observation. ................................................................................... 146 

Figure 5.13 Probability Density Function of the Simulated Data of Model 2 with 100 and 

10% Censored Observations. ............................................................................................... 149 



 

 xiv 

Figure 5.14 Probability Density Function of the Simulated Data of Model 2 with 100 

Observations and 20% Censoring. ....................................................................................... 149 

Figure 5.15 Probability Density Function of the Simulated Data of Model 2 with 100 and 

40% Censored Observations. ............................................................................................... 150 

Figure 5.16 the hazard functions of the simulated data of Model 2 corresponding to 10%, 

20% and 40% censored observation. ................................................................................... 152 

Figure 5.17 Probability Density Function of the Simulated Data of Size 200 and 10% 

Censored Observations. ....................................................................................................... 154 

Figure 5.18 Probability Density Function of the Simulated Data of Size 200 and 20% 

Censored Observations. ....................................................................................................... 155 

Figure 5.19 Probability Density Function of the Simulated Data of Size 200 and 40% 

Censored Observations. ....................................................................................................... 155 

Figure 5.20 the hazard functions of the simulated data of size 200 corresponding to 10%, 

20% and 40% censored observation. ................................................................................... 157 

Figure 5.21 Probability Density Function of the Simulated Data of Size 500 and 10% 

Censored Observations. ....................................................................................................... 159 

Figure 5.22 Probability Density Function of the Simulated Data of Size 500 and 20% 

Censored Observations. ....................................................................................................... 160 

Figure 5.23 Probability Density Function of the Simulated Data of Size 500 Observations 

and 40% Censoring. ............................................................................................................. 160 

Figure 5.24 the hazard functions of the simulated data of size 500 corresponding to 10%, 

20% and 40% censored observation. ................................................................................... 162 

Figure 4.25.Model 2 vs the Pure Classical Parametric Survival Models (E, G and W) for the 

Kidney Catheter Data ........................................................................................................... 165 

Figure 4.26.Model 2 vs the Pure Classical Parametric Survival Models (E0, G0 and W0) for 

the Kidney Catheter Data ..................................................................................................... 166 

Figure 5.27 K-M, the Survival function of Model 2 and the Pure Survival Models 

Corresponding to Each Component ..................................................................................... 168 

Figure 5.28.Model 2 vs the Parametric Survival Mixture Models Corresponding to Each 

Component Model 2 ............................................................................................................ 170 

Figure 5.29.Model 2 vs the Parametric Survival Mixture of Exponential and the Pure 

Classical Distribution of Each Component .......................................................................... 173 

Figure 5.31.Model 2 vs the Parametric Survival Mixture of Weibull and the Pure Classical 

Distribution of Each Component ......................................................................................... 173 

 



 

 xv 

 

List of Appendices 

Appendix A Real Data for Model 1 ..................................................................................... 186 

Appendix B Real Data for Model 2 ..................................................................................... 191 

Appendix C Computer Coding for Model 1 ........................................................................ 193 

Appendix D Computer Coding for Model 2 ........................................................................ 201 

Appendix E Log-likelihood Derivations Model 1 ............................................................... 209 

Appendix F Log-likelihood Derivations Model 2 ................................................................ 212 

Appendix G Published Articles ........................................................................................... 219 

 

  



 

 xvi 

Glossary of Terms 

E1_E2_E3 PARAMETRIC SURVIVAL MIXTURE MODEL OF 

EXPONENTIAL_EXPONENTIAL_EXPONENTIAL 

DISTRIBUTIONS. 

E_G_W PARAMETRIC SURVIVAL MIXTURE MODEL OF 

EXPONENTIAL_GAMMA_WEIBULL DISTRIBUTIONS. 

G1_G2_G3 PARAMETRIC SURVIVAL MIXTURE MODEL OF 

GAMMA_GAMMA_GAMMA DISTRIBUTIONS. 

W1_W2_W3 PARAMETRIC SURVIVAL MIXTURE MODEL OF 

WEIBULL_WEIBULL_ WEIBULL DISTRIBUTIONS. 

 

 

 

  



 

 xvii 

List of Abbreviations 

AIC   AKAIKE INFORMATION CRITERION  

EEG  EXTENDED EXPONENTIAL-GEOMETRIC  

EM   EXPECTATION MAXIMIZATION 

KM  KAPLAN-MEIER 

LL   LOG LIKELIHOOD 

MCM  MIXTURE CURE MODELS 

ML   MAXIMUM LIKELIHOOD 

MSE  MEAN SQUARE ERROR 

MTIWD MIXTURE OF TWO INVERSE WEIBULL DISTRIBUTION  

RMSE  ROOT MEAN SQUARE ERROR 



 1 

CHAPTER ONE 

INTRODUCTION 

1.1 Background of the Study 

 Survival data analysis is the analysis of time to occurrence of a particular event of 

interest. The data are usually related to clinical studies of human, or laboratory 

studies of animal, or studies to test the life time of some devices. Major applications 

are in the areas of human clinical studies and industrial life testing (Kalbfleisch & 

Prentice, 2002). 

The event of interest in clinical studies could be death, remission, or some other 

clinical events. The event of interest could be time taken to learning a new skill, exit 

from unemployment, divorce of a couple or failure of a device, to mention a few. 

The variable of interest, the time to occurrence of particular event T, which is a 

positive random variable, should clearly be defined in the study at hand. The start 

and end with the length of the time period in-between corresponding to T, should 

also be clearly defined prior to the commencement of the study (Lee & Wang, 2003).  

Generally, in survival analysis, some individuals or objects do not experience the 

event of interest for one reason or the other, either they are lost to follow up during 

the period of the study or they do not experience the event until the end of the study. 

In such situation, the information about this particular individual will not be exactly 

known, and such individuals are referred to as censored observations or censored 

times.  



The contents of 

the thesis is for 

internal user 

only 
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