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Abstrak

Pelbagai permasalahan dalam situasi kehidupan nyata melibatkan kadar perubahan
satu atau lebih pembolehubah tak bersandar. Kadar perubahan ini boleh diungkapkan
dalam bentuk terbitan yang kemudiannya menjurus kepada pembentukan persamaan
pembeza. Secara konvensional, masalah nilai awal bagi persamaan pembeza biasa
peringkat tinggi diselesaikan dengan menurunkannya ke sistem persamaan pembeza
peringkat pertama yang setara terlebih dahulu. Kemudian, kaedah berangka
bersesuaian yang sedia ada bagi persamaan pembeza biasa peringkat pertama diguna
untuk menyelesaikan persamaan yang terhasil. Walau bagaimanapun, pendekatan
ini akan menambah bilangan persamaan lalu meningkat bebanan pengiraan yang
boleh menjejaskan kejituan penyelesaian. Bagi mengatasi kelemahan ini, kaedah
langsung dicadangkan. Malangnya, kebanyakan kaedah langsung sedia ada
menganggar penyelesaian berangka pada satu titik sahaja pada satu masa. Kaedah
blok kemudiannya diperkenalkan bertujuan untuk menganggar penyelesaian
berangka pada beberapa titik serentak. Beberapa kaedah blok baharu yang
menggunakan pendekatan interpolasi dan kolokasi untuk menyelesai masalahan nilai
awal persamaan pembeza biasa peringkat tinggi secara langsung telah dibangunkan
dalam kajian ini untuk meningkatkan kejituan penyelesaian. Dalam pembangunan
kaedah ini, siri kuasa telah digunakan sebagai penyelesaian hampir kepada
permasalahan persamaan pembeza biasa peringkat d. Siri kuasa diinterpolasi pada d
titik sebelum dua titik terakhir dan terbitannya yang tertinggi dikolokasi pada semua
titik grid bagi menerbitkan kaedah blok yang baharu. Di samping itu, sifat bagi
kaedah baharu seperti  peringkat, pemalar ralat, kestabilan-sifar, ketekalan,
penumpuan dan rantau kestabilan mutlak turut dikaji. Kaedah baharu yang telah
dibangunkan kemudiannya diaplikasi bagi menyelesai beberapa permasalahan nilai
awal persamaan pembeza biasa peringkat tinggi. Keputusan berangka menunjukkan
kaedah baharu menghasil kejituan yang lebih baik jika dibandingkan dengan kaedah
sedia ada apabila menyelesai permasalahan yang sama. Oleh itu, kajian ini telah
berjaya menghasilkan beberapa kaedah baharu bagi menyelesaikan masalah nilai
awal persamaan pembeza peringkat tinggi.

Kata kunci: Interpolasi, kolokasi, kaedah blok, penyelesaian langsung, masalah
nilai awal peringkat tinggi.



Abstract

Countless problems in real life situations involve rates of change of one or more
independent variables. These rates of change can be expressed in terms of
derivatives which lead to differential equations. Conventionally, initial value
problems of higher order ordinary differential equations are solved by first reducing
the equations to their equivalent systems of first order ordinary differential
equations. Then, suitable existing numerical methods for first order ordinary
differential equations will be employed to solve the resulting equations. However,
this approach will enlarge the equations and thus increases computational burden
which may jeopardise the accuracy of the solution. In overcoming the setbacks,
direct methods were proposed. Disappointedly, most of the existing direct methods
approximate the numerical solution at one point at a time. Block methods were then
introduced with the aim of approximating numerical solutions at many points
concurrently. Several new block methods using interpolation and collocation
approach for solving initial value problems of higher order ordinary differential
equations directly were developed in this study to increase the accuracy of the
solution. In developing these methods, a power series was used as an approximate
solution to the problems of ordinary differential equations of order d. The power
series was interpolated at d points before the last two points while its highest
derivative was collocated at all grid points in deriving the new block methods. In
addition, the properties of the new methods such as order, error constant, zero-
stability, consistency, convergence and region of absolute stability were also
investigated. The developed methods were then applied to solve several initial value
problems of -higher order ordinary differential equations. The numerical results
indicated that the new methods produced better accuracy than the existing methods
when solving the same problems. Therefore, this study has successfully produced
new methods for solving initial value problems of higher order ordinary differential
equations.

Keywords: Interpolation, collocation, block method, direct solution, higher order
initial value problems.



Acknowledgement

I return all glory to GOD ALMIGHTY who has made it possible to accomplish this
research work, may HIS name be praised forever. My profound gratitude goes to my
supervisor. Prof. Dr. Zurni Omar for the tremendous help rendered to me in the
course of this research work. | quite appreciate his strong interest and close
supervision | received at every stage of this work. | also appreciate him for given me

free access for consultations and discussions at any time.

My appreciation goes to friends and senior collegues who have also contributed in
one way or the other to the success of this research work particularly, Mr Akindoyo
Edward, Mr Akindoyo Olabode, Mr Abdul Rahim Raft’s, Mr Aliyu Yahaya, Mrs
Abiodun  Oluwatosin—Oluwaseun, Mr Agboluaje Ayodele, Mr. Akindoyo

Oluwatosinloba and all the children of God who supported me in prayers.

| am grateful to my parents Mr. F. B. Kuboye and chief (Mrs) R. M. Kuboye for their
support in cash and kind throughout the program. | am aslo indebted to the executive
Governor of Ondo State , Dr. Olusegun Mimiko and Mr Moses Omane Ogunbameru
for the financial support rendered throughout the program. | equally appreciate the
support of my sister Mrs. lyabode Omoseyi and my brother Mr. Kuboye Oluwafemi
for taken much of their time to pray for the success of this research work.

My special appreciation goes to my wife Mrs Kuboye Oluwatoyin Abigael for her
prayers, patience, and encouragement given to me throughout this research work. |

sincerely thank you all.



Table of Contents

PErMISSION 10 USE.....oiiiiiiiiiiiiiieiieie ettt bbbttt bbb i
ADSIIAK ..ttt r et re e teene e reeee e i
N 0L = Tod TP PR R ii
ACKNOWIBAGEMENL........eiieee et sre e esraeee s iv
Table OF CONENLS ..o bbb %
LIS OF TaDIES.....eeeeeee ettt enes Xii
LISE OF FIQUIES ...t XVi
LiSt OF APPENAICES .....cvveiiciccieee e XViii
CHAPTER ONE: INTRODUCTION ....cooiiiiiiieesiiee e 1
1.1 Background Of the STUAY..........cccoiiiiiiiiiice e 1
1.2 Existence and Uniqueness TREOTEM ........ccveiviiiiireririsiseeieee e 3
1.3 MUKISTEP MELNOM ..ottt e b e are et teeteeneesreas 5
1.4 BloCkehtiorhi@nbe ... ... NN . BON......... . ... DN ARVEEN................. 9
1.5 Probleny stete€ment. ... W ... 0. WA ... 00N BN .. W.OB............... 10
1.6 Objectives 0f the RESEarCN ... s 12
1.7 SigRIFCAMETOINE Studmirsmpe i i LIty M oL aas @ s 12
1.8 Limitation 0f the STUAY .....c.cceeieeiece e 13
CHAPTER TWO: LITERATURE REVIEW ... 14
20 A 1 0o L1 od 1 o o PSRRI 14

2.2 Review of the Existing Methods for Solving Ordinary Differential Equations...14

2.2.1 Predictor-Corrector MEthOd.........ooeeeveeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee 15
2.2.2 BIOCK MEINOU.........ooeeeeeeeee e 17
2.2.3 CollOCAtioN METNOM ....ooeeeeeeeeeeeeee et e e e e e e ee e eeeeeees 20

CHAPTER THREE: DEVELOPING BLOCK METHODS FOR SOLVING

SECOND ORDER ODES DIRECTLY ...cooiiiiiiiiietceseee e 30
K200 A [ 0o [ od 1 o] o SO SRSRRR 30
3.2 Three—Step Block Method for Second Order ODES.........ccccoeiveveeiieieeie e, 30

3.2.1 Derivation of Three—Step Block Method for Second Order ODEs............ 30

\Y



3.2.2 Properties of Three—Step Block Method for Second Order ODEs............ 34
3.2.2.1 Order of Three—Step Block Method for Second Order ODEs....... 34
3.2.2.2 Zero Stability of Three—Step Block Method for Second Order

OIS, .t e 36

3.2.2.3 Consistency and Convergence of Three-Step Block Method
for Second Order ODES.........ccooviiiiiiiii i 37

3.2.2.4 Region of Absolute Stability of Three—Step Block Method

for Second Order ODES.........ccooiiiiiieieieiese e 37
3.3 Four —Step Block Method for Second Order ODES.........cccccoeiieveeiieieeie e, 39
3.3.1 Derivation of Four—Step Block Method for Second Order ODEs............. 39
3.3.2 Properties of Four-Step Block Method for Second Order ODEs............... 44

3.3.2.1 Order of Four—Step Block Method for Second Order ODEs. ....... 44
3.3.2.2 Zero Stability of Four—Step Block Method for Second Order

(6] D) 2 PP 47
3.3.2.3 Consistency and Convergence of Four—Step Block Method

for Second Order ODES...........cooeiiiiiiiii e 47

3.3.2.4 Region of Absolute Stability of Four—Step Block Method for
Second Order ODEs. ... .. ... . 48
3.4 Five —Step Block Method for Second Order ODES........cccccoociieieeeseere e 49
3.4.1 Derivation of Five—Step Block Method for Second Order ODEs. ............ 49
3.4.2 Properties of Five-Step Block Method for Second Order ODEs............... 55

3.4.2.1 Order of Five-Step Block Method for Second Order ODEs......... 56
3.4.2.2 Zero Stability of Five—Step Block Method for Second Order

OIS, .t 59

3.4.2.3 Consistency and Convergence of Five—Step Block Method for
Second Order ODES.........ooiiiiiiiiiiiiieeee e 59

3.4.2.4 Region of Absolute Stability of Five—Step Block Method for

Second Order ODES........couiiiiiiiiiii e, 60
3.5 Six—Step Block Method for Second Order ODES..........ccccccvevieeiieiie e, 61
3.5.1 Derivation of Six—Step Block Method for Second Order ODEs. .............. 61
3.5.2 Properties of Six—Step Block Method for Second Order ODEs................. 70

Vi



3.5.2.1 Order of Six—Step Block Method for Second Order ODEs. ......... 70
3.5.2.2 Zero Stability of Six—Step Block Method for Second Order

ODIES. .ttt 74
3.5.2.3 Consistency and Convergence of Six—Step Block Method

for Second Order ODES.........ccooviiiinieieieiese e 74

3.5.2.4 Region of Absolute Stability of Six—Step Block Method for
Second Order ODES........oouiiiiiiiiiiii e, 74
3.6 Seven-Step Block Method for Second Order ODES. .......ccccoevveviecieiiececienn, 76
3.6.1 Derivation of Seven-Step Block Method for Second Order ODEs........... 76
3.6.2 Properties of Seven—Step Block Method for Second Order ODEs............ 87

3.6.2.1 Order of Seven—Step Block Method for Second Order ODEs. .....87
3.6.2.2 Zero Stability of Seven—Step Block Method for Second Order

OIS i 93
3.6.2.3 Consistency and Convergence of Seven-Step Block Method
for Second Order ODES...........coeiniiiiiiii i, 93
3.6.2.4 Region of Absolute Stability of Seven—Step Block Method for
Second Order ODES........c.coiiii e, 93
3.7 Eight—-Step Block Method for Second Order ODES. ..., 95
3.7.1 Derivation of Eight—Step Block Method for Second Order ODEs............. 96

3.7.2 Properties of an Eight—Step Block Method for Second Order ODEs......109
3.7.2.1 Order of Eight-Step Block Method for Second Order ODEs. ....109
3.7.2.2 Zero Stability of Eight-Step Block Method for Second Order

ODIES. ..ttt 115
3.7.2.3 Consistency and Convergence of Eight-Step Block Method
for Second Order ODES.........ccooiiiiiiiiiiiiii e, 116
3.7.2.4 Region of Absolute Stability of Eight-Step Block Method for
Second Order ODES........c.coiviiiiiiii i, 116
3.8 Comments on the Properties of the Block Methods for Second Order ODEs...118
3.9 Test Problems for Second Order ODES .........ccccviiriiiienieneeeee e 119
3.10 Numerical Results for Second Order ODES..........cccooovriiiinniiie e 120
3.11 Comments 0N the RESUILS..........ccoiiiiiiiiie e 139



.12 SUMIMANY oottt e e sbbee s rbb e e s be e e s be e e anbne s 140

CHAPTER FOUR: DEVELOPING BLOCK METHODS FOR SOLVING

THIRD ORDER ODES DIRECTLY .oiiiiiiccit e 142
o A 1 oo [0 Tox o] ST PSSR 142
4.2 Four—Step Block Method for Third Order ODES. ........cccoovvevvivieiiececiecieeen, 142
4.2.1 Derivation of Four—Step Block Method for Third Order ODEs.............. 142
4.2.2 Properties of Four—Step Block Method for Third Order ODEs............... 149
4.2.2.1 Order of Four—Step Block Method for Third Order ODEs. ........ 149
4.2.2.2 Zero Stability of Four—Step Block Method for Third Order
ODIES. ..ttt 151
4.2.2.3 Consistency and Convergence of Four—Step Block Method
for Third Order ODES.........cccoeiviieiieiiee e 152
4.2.2.4 Region of Absolute Stability of Four—Step Block Method for
Third Order ODES.......ccoiiiii i i 152
4.3 Five—Step Block Method for Third Order ODES..........cccoereieieneneneneeeenenn 153
4.3.1 Derivation of Five—Step Block Method for Third Order ODEs. ............. 154
4.3.2 Properties of Five—Step Block Method for Third Order ODEs............... 162
4.3.2.1 Order of Five—Step Block Method for Third Order ODEs.......... 162
4.3.2.2 Zero Stability of Five—Step Block Method for Third Order
ODES. ..ttt e 166
4.3.2.3 Consistency and Convergence of Five-Step Block Method
for Third Order ODES.........cccooiiiiiiiesieeee e 166
4.3.2.4 Region of Absolute Stability of Five—Step Block Method for
Third Order ODES.......c.oviiiiiie e, 167
4.4 Six—Step Block Method for Third Order ODES...........cccoceevieviiiieccic e 168
4.4.1 Derivation of Six—Step Block Method for Third Order ODEs. ............... 168
4.4.2 Properties of Six—Step Block Method for Third Order ODEs.................. 180
4.4.2.1 Order of Block Method Six—Step Block Method for Third
Order ODES. ...t 180
4.4.2.2 Zero Stability of Six—Step Block Method for Third Order
ODES ..ttt 185



4.4.2.3 Consistency and Convergence of Six—Step Block Method

for Third Order ODES.........ccooeiiiieiieiiee e 186

4.4.2.4 Region of Absolute Stability of Six—Step Block Method for
Third Order ODES. .....o.viiiii e, 186
4.5 Seven—Step Block Method for Third Order ODES. ........c.ccoceevivveiievecieseene, 188
4.5.1 Derivation of Seven-Step Block Method for Third Order ODEs............ 188
4.5.2 Properties of Seven—Step Block Method for Third Order ODEs............. 203

4.5.2.1 Order of Seven—Step Block Method for Third Order ODEs....... 203
4.5.2.2 Zero Stability of Seven—Step Block Method for Third Order

ODES. ..ttt e, 209
4.5.2.3 Consistency and Convergence of Seven—Step Block Method

for Third Order ODES. .......ccoviiiiiiiieieeeee, 210

4.5.2.4 Region of Absolute Stability of Seven—Step Block Method for
Third Order ODES......cvvee it virene e vaee e eeeenes 210
4.6 Eight—Step Block Method for Third Order ODES. .......cccocevieiiiinienienenccenn 212
4.6.1 Derivation of Eight-Step Block Method for Third Order ODEs............. 212
4.6.2 Properties of Eight-Step Block Method for Third Order ODES .......... 230

4.6.2.1 Order of Eight—Step Block Method for Third Order ODEs........ 230
4.6.2.2 Zero Stability of Eight—-Step Block Method for Third Order

ODES. ..ttt e 237
4.6.2.3 Consistency and Convergence of Eight-Step Block Method
for Third Order ODES.........coovviiiiiiiieie e, 237
4.6.2.4 Region of Absolute Stability of Eight-Step Block Method for
Third Order ODES. .......ooviiiiie e, 237
4.7 Comments on the Properties of the Block Methods for Third Order ODEs......239
4.8 Test Problems for Third Order ODES.........ccccooiiiiiiiiiiie e 240
4.9 Numerical Results for Third Order ODES. .........cccoovevveiieiieene e 241
4.10 Comments 0N the RESUILS........ccviieiieice e 255
A.11 SUMIMATY oottt ettt sttt ssbe e e ss e e e ssb e e e snb e e e ssbeeessaeeeseeeansneeanseaeas 256

CHAPTER FIVE: DEVELOPING BLOCK METHODS FOR SOLVING
FOURTH ORDER ODES DIRECTLY ..o 257

IX



Lo A (] (o [ 1o} £ o] FUU TSP RRRRRR 257

5.2 Five—Step Block Method for Fourth Order ODES. ........ccccccovviieiinieiie e 257
5.2.1 Derivation of Five—Step Block Method for Fourth Order ODEs. ........... 257
5.2.2 Properties of Five—Step Block Method for Fourth Order ODEs. ............ 269

5.2.2.1 Order of Five-Step Block Method for Fourth Order ODEs........ 269
5.2.2.2 Zero Stability of Five—Step Block Method for Fourth Order

ODES. ..ttt 273
5.2.2.3 Consistency and Convergence of Five—Step Block Method

for Fourth Order ODES.........coviiiiiieiceeee e, 273

5.2.2.4 Region of Absolute Stability of Five—Step Block Method for
Fourth Order ODES.........cooviiiiiiiie e 273
5.3 Six—Step Block Method for Fourth Order ODES. ........ccccocvevviieiiee e 275
5.3.1 Derivation of Six—Step Block Method for Fourth Order ODEs. ............. 275
5.3.2 Properties of Six—Step Block Method for Fourth Order ODEs. ............... 291

5.3.2.1 Order of Six—Step Block Method for Fourth Order ODEs.......... 291
5.3.2.2 Zero Stability of Six-Step Block Method for Fourth Order

SDES . ... ... ... B 295
5.3.2.3 Consistency and Convergence of Six—Step Block

Method for Fourth Order ODES. ........ccccoeiiieie i 296

5.3.2.4 Region of Absolute Stability of Six—Step Block Method for
Fourth Order ODES.........c.coiviiiiiiiie e, 296
5.4 Seven-Step Block Method for Fourth Order ODES. ........cccccccveveiievieciccieene, 298
5.4.1 Derivation of Seven—Step Block Method for Fourth Order ODEs........... 298
5.4.2 Properties of Seven—Step Block Method for Fourth Order ODEs........... 318

5.4.2.1 Order of Seven—Step Block Method for Fourth Order ODEs. ....318
5.4.2.2 Zero Stability of Seven—Step Block Method for Fourth Order

ODES. ..ttt e, 324
5.4.2.3 Consistency and Convergence of Seven—Step Block Method

for Fourth Order ODES.........coooiiiiiiieiiee e 325
5.4.2.4 Region of Absolute Stability of Seven—Step Block Method for

Fourth Order ODES.........coiiiiiiiiie e 325



5.5 Eight-Step Block Method for Fourth Order ODES. .........ccccccvvevevieveciccieen, 327

5.5.1 Derivation of Eight—Step Block Method for Fourth Order ODEs............ 327
5.5.2 Properties of Eight-Step Block Method for Fourth Order ODEs............ 349
5.5.2.1 Order of Eight—Step Block Method for Fourth Order ODEs. .....349
5.5.2.2 Zero Stability of Eight-Step Block Method for Fourth Order
ODES. ..ttt 361
5.5.2.3 Consistency and Convergence of Eight—Step Block Method
for Fourth Order ODES.........ccooiiiiiinieeee e 362
5.5.2.4 Region of Absolute Stability of Eight-Step Block Method for
Fourth Order ODES. ........oviiiiiiiieiieee e 362
5.6 Comments on the Properties of the Block Methods for Fourth Order ODEs. ...364
5.7 Test Problems for Fourth Order ODES ........cccccooieiiiiiiieiiee e 365
5.8 Numerical Results for Fourth Order ODES..........cccccooviiienenn s 366
5.9 CommeNtS 0N the RESUILS..........ouvmrreiirmmmn et ssmmes e rssmes e msne e nee e 373
5.10 SUWMaf.. .- NG ... RN ... B ... B SN ... 374

CHAPTER SIX: CONCLUSION AND AREA OF FURTHER RESEARCH.375

6.1 GoncllsioRd | ... S ___w ... ... . 375
6.2 Areas for FUMNEr RESBAICI ..ottt et e e e e e eeeeeas 377
REFERENCES. .. .ottt ettt ettt e et te e e e e e e e e e et e e e e e e a e e e e e teeeeeeetaneees 378

Xi



List of Tables

Table 2.1: The Highlights in Literature REVIEW ..........ccccveiveiiiiieiiiicc e 22
Table 3.1: Interval of Absolute Stability of Three—Step Block Method for Second Order

L0115 USSP 38
Table 3.2: Interval of Absolute Stability of Four—Step Block Method for Second Order

L0 15 RS SRPI 48
Table 3.3: Interval of Absolute Stability of Five—Step Block Method for Second Order

L0 5 USSP 60
Table 3.4: Interval of Absolute Stability of Six—Step Block Method for Second Order

L0 5 USRI 75
Table 3.5: Interval of Absolute Stability of Seven—Step Block Method for Second Order

L0 5 PP PRI 95
Table 3.6: Interval of Absolute Stability of Eight-Step Block Method for Second Order

ODES R ..o S oo .. Qe o SR e o s 117

Table 3.7: Comparison of the New Block Method k=3 with Predictor-Corrector

Method ( Kayode & Adeyeye, 2011) and Block Method (Badmus &

Yahaya, 2009) for Solving Problem L ..o 121
Table 3.8: Comparison of the New Block Method k=3 with Block Predictor-Corrector

Method ( Adesanya et al., 2012) and Modified Block Method (Awoyemi

et al.,2011) for Solving Problem 2.........cccceeiii i 122
Table 3.9: Comparison of the New Block Method k=3 with Block Method (Awoyemi

et al.,2011) and Predictor-Corrector Method (Awoyemi & Kayode, 2005)

TOr SOIVING ProbIem L. ..o 123
Table 3.10:Comparison of the New Block Method k= 4 with Block Methods (Awari
etal., 2014) for Solving Problem 4 ... 124

Table 3.11: Comparison of the New Block Method k=4 with Block Method (Adesanya,
et al.,2013) and Predictor-Corrector Method (Awoyemi & Kayode, 2005) for
SOIVING ProbIem L. ... 125
Table 3.12: Comparison of the New Block Method k=4 with Predictor-Corrector
Method (Awoyemi & Kayode, 2005) and Predictor-Corrector
Method (Awoyemi, 2001) for Solving Problem 5 ........ccooooioiiiiiiii e 126
Table 3.13: Comparison of the New Block Method k=5 with Block Hybrid Backward

Xii



Table 3.14:

Table 3.15:

Table 3.16:

Table 3.17:

Table 3.18:

Table 3.19:

Table 3.20:

Table 3.21:

Table 3.22:

Table 3.23:

Table 3.24:

Difference Formula (Mohammed & Adeniyi, 2014) and Block Method

Mohammed, 2011) for Solving Problem 3 ... 127
Comparison of the New Block Method k=5 with Block Method (Omar, 2004)

in which Maximum Errors were considered for Solving Problem 6................ 128
Comparison of the New Block Method k=5 with Block Method (Badmus &
Yahaya, 2009) for Solving Problem 7. 129
Comparison of the New Block Method k=6 with Numerical

Methods (Adeniyi & Alabi, 2011) where two Continuous Collocation

Methods for k=6 were considered for Solving Problem 1 ..........cccccevvvvenennenn, 130
Comparison of the New Block Method k=6 with Uniform Accurate Block
Integrators (Awari et al., 2014) and Zero Stable Continuous Block

Method (Awari & Abada, 2014) for Solving Problem 4.........c..ccccovvviiinennnn. 131
Comparison of the New Block Method k=6 with Block Method (Mohammed

et al., 2010) for Solving Problem 3..........ccooiiiiiiiiiee e 132
Comparison of the New Block Method k=7 with Zero Stable Continuous

Block Method (Awari & Abada, 2014) for Solving Problem4...................... 133
Comparison of the New Block Method k=7 with Zero Stable Continuous

Block Method (Awari & Abada, 2014) for Solving Problem 11..................... 134
Comparison of the New Block Method k=7 with Block Method (Omar,

1999) whereby Maximum Errors were selected for Solving Problem 6........... 135
Comparison of the New Block Method k=8 with Block Method (Omar,

1999) whereby Maximum Errors were selected for Solving Problem 8........... 136
Comparison of the New Block Method k=8 with Block Method (Omar,

1999) where selection of Maximum Errors were considered for Solving
PrODIEM O ... e 137
Comparison of the New Block Method k=8 with Block Method (Omar,

1999) whereby Maximum Errors were selected for Solving Problem 10........ 138

Table 4.1: Interval of Absolute Stability of Four—Step Block Method for Third Order



Table 4.4: Interval of Absolute Stability of Seven—Step Block Method for Third Order

ODIES.. ittt bbbttt ettt e nens 211
Table 4.5: Interval of Absolute Stability of Eight-Step Block Method for Third

OFAEI ODES ....viiiitisieie ettt bbbttt 239
Table 4.6: Comparison of the New Block Method k=4 with Block Method (Sagir,

2014) for Solving Problem L14.........cccooiiiiiiiesee e 242

Table 4.7: Comparison of the New Block Method k=4 with Block Method (Adesanya

etal., 2011) and Four-Point Implicit Method (Awoyemi et al., 2014) for

Solving Problem 15.... ... 243
Table 4.8: Comparison of the New Block Method k=4 with Block Method (Adesanya.,

et al., 2012) and Numerical Method (Awoyemi et. al.,2006) for Solving

(0] o] T 4 I TSR 244
Table 4.9: Comparison of the New Block Method k=5 with Block Method (Adesanya
etal., 2011) for Solving Problem 15.......cccccoiiiiiiiiiiicc e 245
Table 4.10: Comparison of the New Block Method k=5 with Block Method (Olabode,
2009) for Solving Problem 16.......cccccoviiiiiiiiiii ettt 246
Table 4.11: Comparison of the New Block Method k=5 with Block Method (Olabode,
2007) for Solving Problem 17.......cccu o oiiiiinie e siesie e ieeeecsne st e 247
Table 4.12: Comparison of the New Block Method k=6 with Block Predictor-
Corrector Method (Olabode, 2013) for Solving Problem 13.......c.cceccoeveienene. 248
Table 4.13: Comparison of the New Block Method k=6 with Block Method and
Predictor-Corrector method (Olabode, 2013) for Solving Problem 16............ 249
Table 4.14: Comparison of the New Block Method k=6 with Block Method and
Predictor-Corrector Method (Olablode, 2013) for Solving Problem 18 .......... 250

Table 4.15: Comparison of the New Block Method k=7 with Block Method (Omar,

1999) in which Maximum Errors were considered for Solving Problem 19 ....251
Table 4.16: Comparison of the New Block Method k=7 with Block Method (Omar,

1999) in which Maximum Errors were considered for Solving Problem 20 .... 252
Table 4.17: Comparison of the New Block Method k=8 with Block Method (Omar, 1999)

in which Maximum Errors were considered for Solving Problem 19.............. 253
Table 4.18: Comparison of the New Block Method k=8 with Block Method (Omar,

1999) whereby Maximum Errors were considered for Solving Problem 21 ....254
Table 5.1: Interval of Absolute Stability of Five-Step Block Method for Fourth Order



Table 5.2:

Table 5.3:

Table 5.4:

Table 5.5:

Table 5.6:

Table 5.7:

Table 5.8:

Table 5.9:

Interval of Absolute Stability of Six—Step Block Method for Fourth Order

Comparison of the New Block Method k=5 with Predictor-Corrector
Method ( Kayode , 2008a) and Predictor-Corrector Method (Kayode ,

2008b) for Solving Problem 22............ccooiiiiiiiiecee e

Comparison of the New Block Method k=5 with Predictor-Corrector
Method ( Kayode , 2008a) and Predictor-Corrector Method (Kayode ,

2008Db) for Solving Problem 23..........cooiiiiieee s

Comparison of the New Block Method k=5 with Block Method (Omar

& Suleiman, 2004) for Solving Problem 24 in which Maximum Errors

(Tl (R o0 0 [0 [T <o RO

Comparison of the New Block Method k=6 with Block Method (Olabode,

2009) and Block Method (Mohammed, 2010) for Solving Problem 25 ...........

Comparison of the New Block Methods k=6, 7 and 8 with Block

Method (Omar, 1999) where the selection of Maximum Errors were made

JOPGOTV LA ProbIem 24 « - o v S e T B Bl oy g« Bl g B oo g e § oy e enenes

Table 5.10: Comparison of the New Block Methods k=6, 7 and 8 with Block

Method (Omar, 1999) whereby Maximum Errors were considered for

SOIVING ProbIEM 26........cviiiiiiiiieeee e

XV

..369



List of Figures

Figure 3.1. Three—step interpolation and collocation method for second order ODEs.......... 31

Figure 3.2. Region of absolute stability of three—step block method for second order

Figure 3.3. Four-step interpolation and collocation method for second order ODEs. .......... 39

Figure 3.4. Region of absolute stability of four—step block method for second ODEs. ........ 49

Figure 3.5. Five —step interpolation and collocation method for second order ODEs........... 49
Figure 3.6. Region of absolute stability of five—step block method for second ODEs........... 61
Figure 3.7. Six-step interpolation and collocation method for second order ODEs.............. 61

Figure 3.8. Region of absolute stability of six-step block method for second order ODEs. .76
Figure 3.9. Seven-step interpolation and collocation method for second order ODEs. ........ 77
Figure 3.10. Region of absolute stability of seven—step block method for second ODEs. ....95
Figure 3.11. Eight-step interpolation and collocation method for second order ODEs......... 96
Figure 3.12. Region of absolute stability of eight-step block method for second ODEs. ...118
Figure 4.1. Four—step interpolation and collocation method for third order ODEs.............. 143
Figure 4.2. Region of absolute stability of four-step block method for third order ODEs ..153
Figure 4.3. Five—step interpolation and collocation method for third ODEs....................... 154
Figure 4.4. Region of absolute stability of five—step block method for third order ODEs. 168
Figure 4.5. Six-step interpolation and collocation method for third order ODEs. .............. 169
Figure 4.6. Region of absolute stability of six—step block method for third order ODEs.... 188
Figure 4.7. Seven-step interpolation and collocation method for third order ODEs........... 189

Figure 4.8. Region of absolute stability of seven—step block method for third order

ODES. . .ttt 212

Figure 4.9. Eight—step interpolation and collocation method for third order ODEs............ 213
Figure 4.10. Region of absolute stability of eight—step block method for third order

ODEES. ..ttt b ettt 239

Figure 5.1. Five—step interpolation and collocation method for fourth order ODEs............ 258

Figure 5.2. Region of absolute stability of five—step block method for fourth order

Figure 5.3. Six-step interpolation and collocation method for fourth order ODEs............. 276
Figure 5.4. Region of absolute stability of six—step block method for fourth order

O ES. e 298
XVi



Figure 5.5. Seven-step interpolation and collocation method for fourth order ODEs......... 299

Figure 5.6. Region of absolute stability of seven—step block method for fourth order

Figure 5.7. Eight-step interpolation and collocation method for fourth order ODEs.......... 328
Figure 5.8. Region of absolute stability of eight-step block method for fourth order

XVii



List of Appendices

Appendix A: MATLAB CODE OF THREE-STEP BLOCK METHOD FOR SOLVING

SECOND ORDER ODES........ocoooiiiiiieriseeeseenee e 390
Appendix B: MATLAB CODE OF FOUR-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES........ccoooiiiiiierieieesee e 391
Appendix C: MATLAB CODE OF FIVE-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES........ccooiiiiiiierieiee e 393
Appendix D: MATLAB CODE OF SIX-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES........ccoooiiiiiiereeiee e 395
Appendix E: MATLAB CODE OF SEVEN-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES........ccoiiiiiiiereeiee e 397
Appendix F: MATLAB CODE OF EIGHT-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES.........ccoooiiiiii e 400
Appendix G: MATLAB CODE OF FOUR-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES. ...ttt e 403
Appendix H: MATLAB CODE OF FIVE-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES. ..........ooiiiiiiiiiitiiei st 405
Appendix I: MATLAB CODE OF SIX-STEP BLOCK METHOD FOR SOLVING
LHIRBORDERODES/IErSiil. Uiara. . Malaysla...... 407
Appendix J: MATLAB CODE OF SEVEN-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES. ..ottt 409
Appendix K: MATLAB CODE OF EIGHT-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES. ......c.ooiiiii it 412
Appendix L: MATLAB CODE OF FIVE-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES........ccooiiiiiiiiiie ettt 415
Appendix M: MATLAB CODE OF SIX-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES........ccociiiieiitiiie et 417
Appendix N: MATLAB CODE OF SEVEN-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES.........c.ootiiiitiiee e 419
Appendix O: MATLAB CODE OF EIGHT-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES.........c.oooiiiiiiieee e 423

xviii



CHAPTER ONE

INTRODUCTION

1.1 Background of the Study
Mathematical models in the field of science and engineering are usually developed to
understand the physical phenomena. These models are always resulted to differential
equations. Ross (1989) highlighted some of the problems that involved differential
equations as follows:

1. The problem arising from determining the projectile motion, satellite, rocket

or planet.

2. The problem of how to determine the charge or current in an electric circuit.

3. The study of chemical reactions.

4. The study of decomposition rate of radioactive substance or population

growth rate.

The problems mentioned above obey certain scientific laws that involve rates of
change of one or more quantities. Mathematically, these rates of change can be
expressed by derivatives. When the problems are converted to mathematical
equations they will form differential equations.
A differential equation can be defined as an equation containing an independent
variable, a dependent variable and one or more derivative of the dependent variable
with respect to the independent variable. In other words, a differential equation is an
equation that contains the derivatives of one or more dependent variable with respect
to one or more independent variable (Omar & Suleiman, 1999). It can be classified
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into two categories; ordinary differential equations (ODEs) and partial differential

equations (PDEs).

An Ordinary differential equation is a differential equation in which the unknown
function is a function of a single independent variable. On the other hand, a partial
differential equation is a differential equation in which the unknown function is a
function of two or more independent variables. A differential equation can further be
classified according to the order and the degree of the differential equation. The
order of a differential equation is the highest derivative included in a differential
equation. The power to the highest derivative that occurs in the differential equation
is known as degree. The below differential equations are some examples that will

enhance the understanding of the terms defined above:

d°y | (dyY
e T 11
dx® Xy(dxj (LD
4 3
ot 2OI X—%:sinz (1.2)
dz* dz® dz
NNy (1.3)
0s ow
300\ 2 2
owW| oW _ow_y (1.4)
OX oy oz

Equations (1.1) and (1.2) are ODEs while equations (1.3) and (1.4) are PDEs.
Equation (1.1) is of order 3 with degree 1 and equation (1.2) has an order 4 as well as
degree 1. Meanwhile, equation (1.3) is having order and degree 1 while (1.4) is of

order 3 with degree 2.



The d-th ODE can be generally denoted as

FOXY(X),y ()Y (%), Y7 (%), ¥ (X)) =0 (1.5)
where d is identified as the order of the differential equation, F is a continuous
function, X is an independent variable and y(x),y (X),...,y‘(x)are the dependent
variables. The canonical form of equation (1.5) is represented by

y =y, y (9., Y (X)) (1.6)
In order for equation (1.6) to have a unique solution certain conditions need to be
imposed at the initial point as follows

y*(@)=n,s=01)d -1 .7
Equation (1.6) together with (1.7) is called the d-th order Cauchy problems or the d-
th order initial value problems (I\VPs). When the conditions are given at more than
the initial point, it is then called boundary value problems (BVPs).
Equation (1.5) is said to be linear if it can be expressed in the following form

a,()y Y +a, ()Y e +a,, (X)y' +a,(x)y =b(x)
where a, is not identically zero. An ordinary differential equation that is not linear is
known as nonlinear ordinary differential equation (Omar, 1999). In the examples

given previously, equation (1.1) is a nonlinear ODE and equation (1.2) is a linear

ODE.

1.2 Existence and Uniqueness Theorem
The solutions to higher order ODEs as in (1.6) can be obtained by using two

approaches:



1. Reduction to systems of first order ODEs.

2. Direct methods, i.e. without reduction.
Two theorems are going to be stated: Theorem (1.1) discusses about the existence
and uniqueness of first order ODEs and Theorem (1.2) guarantees the uniqueness of

higher order ordinary differential equations.

Theorem 1.1 (Henrici, 1962): Let f(X,y) be a real function and continuous for all
points (X,y) in the region D defined by x €[a,b], y € (—0,0), containing initial
values(X,,Y,) Where a, b are finite. Let there exists a constant L called Lipschitz
constant such that for anyx e[a,b] and for any pairs Y,,Y, for which(X,y,),
(X,y,) are both in D[f(x,y,)=f(X¥,)|<L|y,=V,[. Then for any given

number X € [a,0], the first order initial value problem has a unique solution y(X).

The proof of Thearem 1.1 can be seen in Henrici (1962).

Theorem 1.2 (Wend, 1969): Let D be the region defined by the

inequalities X, <X <X, +a,|s; —¢;|<b, j=01..,.d ~1(a>0,b>0). Suppose that

f(x.c,,....C,,) >0 and f(x,s,,...,S,,) is defined in R and in addition

o1
1. f is non-negative and non-decreasing in each of X,S,,...,S,, in R.
2. f(x.c,,..,c,,)>0 forx, <x<x,+a.

3. ¢, 20, k=12)d-1.

Then the d-th order initial value problem has a unique solution in®R. The proof of

Theorem 1.2 can be found in Wend (1969).



Shortly after the introduction of calculus, it was discovered that not all ODEs can be
solved analytically. In order to overcome this great challenge, numerical methods of
solving ODEs were introduced with the aim of providing approximate solution to the
ODEs. Numerical method is an approach by which difficult problems in mathematics
are solved on a computer (Gerald & Wheatley, 1994). Some of the most famous
numerical methods are the Euler method (Atkinson, 1989), linear multistep methods

(Hairer, Norsett & Wanner, 1993) and Runge-Kutta methods (Lambert, 1991).

There are basically two types of numerical methods: single step method and

multistep method. In a single step method, information computed from the previous
X, are used to approximate the numerical solution at X, ,,. Furthermore, the
approximate value Y, ., to the solution y(X,.,)at the grid point X,,, is made if only
the values of X,y and the step-size are known. Multistep method, on the other

hand, requires the information used from the previous steps for the approximation of
solution at the current step (Omar, 1999). Multistep method will be employed in this

work and therefore it will be described in details.

1.3 Multistep Method
A multistep method is a computation method for determining the numerical solution

of initial value problems of ODEs which form a linear relation betweeny,,;
and f ., J=0()k. This is a method which requires starting values from several

previous steps for the approximation of solution at the current step. For instance, in



the method k-step, the values of ycomputed at the previous k-step, that is

X,,; =X, +jh, J=0(@)k -1 are used to calculate y, , (Omar, 1999).
The general form of linear multistep method is given as
k d k
Zajynﬂ = h Zﬁ](x) fn+j (18)
j=0 j=0

where

fn+j =f (Xn+i ! yn+j ! yf‘Hj e y:j)’
yn+j = y(xn+j)' J = O(l)k'

d is the order of the differential equation, «;and f; are real constants where both

a, and f,are not zero.

According to Lambert (1988), equation (1.8) can be represented by
Kk
p(r) i Zaj yn+j
j=0
and
d k
o(r)=h"> B f...
j=0

p(r)and o(r) are known as the first and second characteristics polynomials

respectively.

Definitionl1.1 (Atkinson, 1989): Linear multistep method (1.8) is said to be implicit

if B, #0, that is, the approximate solution at X,,, whichis y,,, reflects on the both

sides of (1.8). On the other hand, (1.8) is explicit if 5, =0 , that is, the approximate



value of y, ., can directly be determined in terms ofy ., f =0(1)k-1.An

n+j J

implicit method requires the determination of initial values for y,_ .y, ,,...Ys, in

terms of £ (X, ., YoreYor)-

Definition 1.2 (Adesanya, 2012): Numerical method for solving differential equation

is based on principle of discretization in which the approximate solutions are

evaluated at each grid point. We consider the sequence of point {X,}in the interval
| =[a,b] defined by a=x, <X <X,,..<X,=b ;h =x,,—% , i=0Qn-1. The
parameter h. is called the step-size. If the solution to linear multistep method is y(x)
approximated by y, ., i=0()k, any numerical method that computes Yy, .; by using

the information at X, X,,,,..., X, iscalleda k- step method.

The development of approximate solution of ordinary differential equation led to
comprehensive research into the analysis of the basic properties of numerical
methods which involves the convergence and stability of the approximate solutions.

These are defined below:

Definition 1.3 (Gear, 1971): The linear operator L associated with (1.8) is given by
Kk

LLy(x);h]= > [ y(x+ jh)=h* B y° (x+ jh)] (1.9)
j=0

where d is the order of the differential equation and y(x) is an arbitrary function that

is continuous and differentiable on [a, b]. Using the Taylor series at point x to

expand y(x+ jh)and y’(x+ jh) gives



LLy(x);h]=C,y(x) +C,hy' (X) +.cvevuvne. +C h7y?@(x)+C,, ,h™y*™ (x) +...

where

C,=(a,+a,+a,+....+a,)
C =a+2a,+3a,+.....+ ka,

1 1 _ _
C, :a(oc1 +2%, +3%a, et K, ) — (q—d)!(ﬂ1+2q B, KB

forq=23,...
The linear multistep method (1.8) is said to have order p if

=0, C,., #0.The first coefficient that

p+(d-1)

does not vanish C_, is known to be the error constantand C__ h"y®®(x ) is

p+d

called the principal local truncation error.

Definition 1.4 (Lambert, 1973): A linear multistep method (1.8) is consistent if the
following conditions stated below are satisfied:
1. p=>1

Kk

2. da, =0

j=0

Definition 1.5 (Adesanya, 2012): Linear multistep (1.8) is said to be zero-stable if
no root of the first characteristic polynomial p(r) =det[rA° — A']is having a
modulus greater than one and every root of modulus one is simple, where A° and
A*are the coefficients of y - function in equation (1.10). The roots with modulus one

is known as the principal roots and the other roots are called spurious roots.



Definition 1.6 (Lambert, 1973): A linear multistep method (1.8) is said be absolutely
stable in R region of the complex plane if, for all H(,zh) € R, all roots of the stability
<1ls=12,..,kand

polynomial ﬁ(r,ﬁ) associated with the method satisfy |r,

rS

<|r] s=23...k.

Theorem 1.3 (Henrici, 1962): A linear multistep method (1.8) is said to be

convergent if it is consistent and zero-stable.

Definition 1.7 (Lanczos, 1965): Collocation is the evaluation of the differential
system of the basis or trial function at some selected grid points while interpolation
is the evaluation of the approximate solution also at some selected grid points. This
collocation method is widely considered as a means of providing numerical solution

to ordinary differential equations.

1.4 Block Method

Block method was first proposed by Milne according to Olabode (2007). This
method can be seen as a set of linear multistep method simultaneously applied to
initial value problems and then combined to yield a better approximation. In other
words, the set of new values derived by each application of the method is known as
block. That is, at each iteration of the algorithm, the values of Y, ,;, Y,.p- oo Yoo 1€
computed simultaneously.

Basically, there are two types of block methods, namely one-step and multistep
block methods. In one-step block method, the value of the new block v, ;... =11k

9



is derived from the information at y . On the other hand, when the values of the

previous blocks are used to compute the next block, it is called a multistep block

(Omar, 1999). In this work, block method of the form

d-1 1
A%, =Y h'A™Y Y +h* > B'F
i=0

= N (1.10)
is adopted to simultaneously generate the numerical solution at all the selected grid
points. In equation (1.10), d is the order of differential equation, A"*and B'are both

squared matrices,
YN = [yn+1’ Yiio oo Yok ]T , Yl\f?l = [yr@ku’ yr(Bk+2"1 yr(1i)]T , FN :[fml’ fn+2"" fn+k ]T and

F =[f . f 1.

N-1 n—k+17 "n-k+2°**? "n

1.5 Problem Statement

Higher order ordinary differential equations are conventionally solved by a reduction
to a system of first order ordinary differential equations and then suitable numerical
method for first order would be used to solve the system (Fatunla, 1988; Lambert,
1973; Awoyemi, 2001; Jator, 2007; Brugnano & Trigiante, 1998). This method
computes the numerical solution at one point at a time. However, the major setbacks
for this method are computational burden which affects the accuracy of the method
in terms of the error. In addition, the computer program to examine the accuracy of

the method is always found to be complicated (Awoyemi & Kayode, 2004).

In order to overcome these challenges and bring improvement on numerical method,
scholars such as Olabode (2009a, 2009b), Mohammed (2010), Jator (2007), Omar

and Suleiman (1999), Badmus and Yahaya (2009) and Omar (2004) developed block
10



methods for direct solution of higher order ordinary differential equations whereby
the accuracy of the methods is better than when it is reduced to system of first order

ODEs.

In the work done by Olabode (2009a, 2009b) and Mohammed (2010), interpolation
and collocation method was used in the derivation of blocks with step-length k=5
and k=6 for solving third and fourth order ordinary differential equations. The points
of interpolation and collocation were taking at some selected points within the
specified interval. It is noted that the accuracy of the methods were not efficient in

terms of error.

Moreover, Adesanya et al (2012) used interpolation and collocation method for the
development of block predictor-corrector of order six that solves second order
ordinary differential equations. However, the implementation of predictor-corrector
method causes computational burden which affects the accuracy of the method in

terms of error (James et al., 2013).

Furthermore, in the method proposed by Badmus and Yahaya (2009), a uniform
order six block method having a step-length k=5 was developed whereby the points
of interpolation were made at the beginning of the interval. In the problems solved to
examine the accuracy of the method, it is observed that the errors are too large. A
family of implicit block integrators was also developed by Awari et al. (2014) using
a step-length k=4(1)6 whereby collocation was only made at one point. The accuracy
of the methods was very low. The accuracy of the methods can be improved if more

points of collocation are considered.
11



Based on the drawbacks of these previous works, we attempt to increase the
accuracy of the method by using different strategy which is interpolating at the d

points before the last two points within the interval and collocating all grid points.

1.6 Objectives of the Research

The main objective of this research is to develop a set of block methods for direct
solution of higher order initial value problems of ordinary differential equations. In
order to achieve this, the following needs to be done.

1. To develop a continuous implicit schemes that solve second, third and fourth
order ODEs by interpolating and collocating within the selected grids points.

2. To develop new block methods using the developed continuous implicit
schemes for solving second, third and fourth order ODEs directly.

3. To establish the basic properties of the new block methods. That is, zero-
stability, order, consistency, convergence, error constant and region of
absolute stability.

4. To compare the results generated from the new block methods with the

existing methods in terms of error.

1.7 Significance of the Study
New block methods for solving higher order ODEs directly without the rigor of
developing separate predictors are developed. The methods are of step length

k =(d +1)(1)8for second, third and fourth order ODEs, where d is the order of

differential equation. This increases the accuracy of the method in terms of error
12



significantly. The methods are more accurate when compared with the existing

methods for solving second, third and fourth order ODEs directly.

1.8 Limitation of the Study

This study considers comparison in terms of error as each runtime per program
solution varies with respect to computer model and hence was not considered in this
work. Furthermore, generalization of the method to d-th order ODEs is impossible
because the point of interpolation depends on the order of differential equation. As
the order of the differential equation increases the point of interpolation also
increases. Therefore, because of this difficulty in generalization of the method and
for the purpose of comparing with the existing methods in terms error, our scope of
study in this research is limited to the steplength k=(d+1)(1)8 for single equation of

linear and nonlinear second, third and fourth order ODEs.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Most of the modeled problems in ordinary differential equations do not have
analytical solutions; therefore approximate solutions to the problems need to be
considered. These approximations are computed through numerical methods which
results in a discretization of solution. Discretization is when solution is represented
by function value on the grid points which are mutually connected by interpolation
of function. In this chapter, some literatures on the existing methods will be

reviewed for solving ordinary differential equations

2.2 Review of the Existing Methods for solving Ordinary Differential Equations

In most application, higher order ordinary differential equations are solved by a

reduction to a system of first order ordinary differential equation of the form

Y, =Y
Y,=Y =Y,
Y.=Y =Y,
Yo=Y =y,

Y, =y = f( Y0 Yo ¥es), Y@=y, as<x<b
Then any suitable numerical methods would be used to solve the resulting equation.
This approach is extensively discussed by scholars such as Spiegel (1971), Lambert

(1973), Goult et al. (1973), Lambert and Watson (1976), Jain et al. (1984), Fatunla

14



(1988), Sarafyan (1990), Awoyemi (1999), Jator (2001) and Jaun (2002). It was
noticed that this reduction process has a lots of setbacks such as difficulties in
writing computer program for the method, computational burden which affects the

accuracy of the method in terms of error and wastage of human effort.

Therefore, it will be appropriate and more efficient if direct method of solving (1.6)
is employed as suggested by Dahlquist (1959), Henrici (1962), Chakravati and
Worland (1971), Jeltsch (1976), Hall and Suleiman (1981), Twizeland and Khalig
(1984), Fatunla (1988), Taiwo and Onumanyi (1991), Awoyemi (1998, 1999),
Onumanyi et al. (2001), Omar (2004), Kayode (2004, 2005, 2008), Adesanya et al.
(2009), Sharp and Fine (1992) and Dormand et al. (2003). Much and considerable
attention have been dedicated to solving higher order ordinary differential equations
of the form (1.6) directly without being reduced to system of first order ordinary
differential equation. For instance, Hairer and Wanner (1976) proposed Nystrom
type method in which some additional conditions are being stated for determining
the parameters of the methods. Explicit and implicit Runge-Kutta Nystrom type

methods were independently developed by Chawla and Sharma (1981).

2.2.1 Predictor-Corrector Method

In predictor-corrector method, an explicit method is usually meant for predictor
step while an implicit method for the corrector step. The development of Linear
Multistep Method (LMM) through the predictor-corrector mode has been carefully
considered by scholars such as Brown (1977), Lambert (1988), Awoyemi (1999,

2001, 2003, 2005), Kayode (2009), Udoh et al. (2007), Olabode (2007), Onumanyi
15



et al. (2001) among others. These researchers independently suggested a multi-
derivative Linear Multistep Method (LMM) which was implemented in a predictor-

corrector mode where Taylor series algorithm is used to supply the starting values.

A P-stable linear multistep method for numerical solution of third order ordinary
differential equations was developed by Awoyemi (2003), where the strategy of
implementation was through predictor-corrector mode. The method is associated
with computational burden due to the evaluation of many functions per iteration in
both predictor and corrector method. Awoyemi (1998) stated the advantage of
continuous linear multistep method over the discrete methods such that; it gives a
simplified form of coefficients for additional analytical work at different points that

guarantee easy approximation of solutions at all the interior points of the interval.

Two-step implicit method of order four for the solution of second order ODEs was
developed by Omolehin et al. (2003) but the accuracy of the method is not efficient
in terms of error. In order to improve the accuracy of the results generated by
Omolehin et al. (2003), Kayode and Awoyemi (2005) presented a five-step method
for solving second order directly with the use of power series method. Kayode and
Adeyeye (2011) and Kayode (2011) also developed a three-step hybrid implicit
method and a class of one-point zero-stable continuous hybrid methods
respectively in which the implementation was through predictor-corrector whereby
the accuracy of the methods were found better than Awoyemi and Kayode (2005).

In addition, an efficient zero-stable numerical method for direct solution of fourth

16



order ODEs was developed by Kayode (2008) which was also implemented in

predictor-corrector scheme.

Although the methods implemented in a predictor-corrector mode produced good
results, the process is more costly to implement. Furthermore, the subroutines are
very difficult to write because of the special techniques required to supply the
starting values which leads to a more human effort (Jator, 2007; Olabode, 2007).
The major disadvantage of methods being implemented in predictor-corrector
mode has been the use of predictors of lower order for the implementation of the

scheme (Kayode & Adeyeye, 2013).

2.2.2 Block Method

In order to overcome the difficulties mentioned in predictor-corrector method,
block method was developed (Fatunla, 1991). This method computes the discrete
method at more than one grid point simultaneously. According to Olabode (2007)
and Ehigie (2011) block method was firstly proposed by Milne (1953) who
advocated the use of block as a means of getting a starting value for predictor-
corrector algorithm and later adopted as a full method (Anake et al., 2012;

Adesanya et al., 2013).

Authors who previously worked on block method for solving ODEs are Rosser
(2967), Chu and Hamilton (1987), Fatunla (1991), Voss and Abbas (1997) and
Omar and Suleiman (1999) to mention a few. They stated that numerical solutions

on block method are produced with less computational efforts when compared with
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non-block method (Majid, 2004). This is because evaluation is made at more than
one point simultaneously. Block Backward Difference Formula (BBDF) for the
solution of stiff first order ODEs was proposed by Ibrahim et al. (2007) where two
points were computed simultaneously using x,.; and x, as the back values in each
block. Furthermore, Ibrahim et al. (2008) developed a fixed coefficients block
backward differentiation formulas for the numerical solution of stiff ODEs.
Likewise, convergence of the 2-point block backward differentiation formulas was
also considered by Ibrahim et al. (2011). All these developed block methods could

only cater for first order ODEs.

Fatunla (1991, 1994) proposed block method for the solution of second order
ODEs. Omar and Suleiman (1999, 2003) later developed implicit and explicit
parallel block methods for the solution of higher order ODEs through numerical
integration where Newton backward difference is used as an interpolation
polynomial. The accuracy of the methods in terms of error, however, is not
encouraging. Furthermore, a parallel 3-point implicit block method for the solution
of second order ODEs was proposed by Omar (2004) but the method is of lower
accuracy. Ismail et al. (2009) adopted this method to develop a 3-point implicit and
explicit block method for the solution of special second order ODEs. A 3-point
implicit block method for the solution of first order ODEs based on Newton

backward divided difference formulae was derived by Majid et al. (2006).

Jator (2007) and Jator and Li (2009) proposed a five-step and four-step self-starting

methods respectively where continuous linear multistep method to obtain a block is

18



adopted for the direct solution of second order ODEs. The accuracy of the methods
can be improved if the step-length increases. A family of implicit uniformly
accurate order block integrator for the solution of second order ODEs was
examined by Awari et al. (2014). The accuracy of the methods developed are very
low. A uniform order six block method of lower accuracy for solving general
second order ODEs was developed by Badmus and Yahaya (2009). However, an
improvement on the accuracy of the method can be achieved if another strategy of

interpolating is considered.

Furthermore, in the work carried out by Yahaya and Sagir (2013), an order five
implicit three-step block method with one off-grid point at f — function was
examined. The results produced when the method was applied to second order
ODEs were not efficient in terms of error. Mohammed, Jiya and Mohammed
(2010) proposed the development of a class of six-step block method for the
solution of second order ODEs directly. The method developed depends on the
points of interpolation which leads to many functions to evaluate that resulted to
the lower accuracy of the method (Kayode, 2008a). Furthermore, the research
article entitled three-point block methods for direct integration of general second
order ODEs was carried out by Ehigie, Okunuga and Sofoluwe (2011). The
accuracy of the method is expected to be better when more points are considered.
Adesanya et al. (2012) developed an order six block predictor-corrector method for
direct solution of second order ODEs. The method is associated with much
computational burden that reduced the accuracy of the method in terms of error. A

two-step block method for solving second order ODEs was proposed by Adesanya
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et al. (2009). Higher accuracy can be accomplished if more step-length is

considered.

Bolarinwa et al. (2012) developed a one-step implicit hybrid block method using
collocation method for the solution of third order ODEs where three sub-step
methods were considered. Bolaji et al. (2012) proceeded by developing a four-step
implicit hybrid block for direct solution of the same third order ODEs. The method
developed is of lower accuracy. The numerical solution of third order ODES using
an accurate block hybrid collocation method was examined by Yap et al. (2014).
Moreover, Adesanya et al. (2012) developed a new block predictor-corrector
algorithm for the solution of third order ODEs. The method resulted to more
functions to be evaluated per iteration which in most cases affects the accuracy of
the method in terms of error. Likewise, researchers like Olabode and Yusuph
(2009) and Olabode (2009a, 2013) proposed block methods for solving third order
ODEs using multistep collocation approach, the results generated are not efficient
in terms of error. Additionally, Olabode (2009b) and Mohammed (2010) developed
six-step block methods for solving fourth order ordinary differential equations
whereby the accuracy of the methods are not encouraging. The accuracy could be

better if more points were considered.

2.2.3 Collocation Method
The method of collocation was firstly introduced by Kantorovich in 1934 according
to Faire and Meade (1989). The method was originally introduced for the solution

of PDEs in two variables. The collocation method was considered by Frazer et al.
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(1988) for the solution of ODEs and how it would be applied to the solution of
ODEs. The use of collocation by polynomial as the roots of orthogonal polynomial
rather than at the equidistant points was advocated by Lansczos in 1973. This type
of collocation method is known as orthogonal collocation method. That is, it uses
collocation at zeros of some orthogonal polynomial to convert the PDEs to a set of
ODEs. The solution of ODEs, PDEs and integral equations through Chebyshev

orthogonal collocation was described by Fox and Parker (1968).

Ever since then, research in the area of developing methods for the solution of
ODEs has greatly improved. Awoyemi (2003) described collocation as now the
most essential numerical process for obtaining continuous methods for the solution
of ODEs. It has been a great interest to scholars in making use of power series as
the basis function for the development of numerical methods. Power series method
was adopted by Awoyemi (2003) to develop a numerical method for the solution of

initial value problem of ODEs.

Researchers such as Yahaya (2007), Awoyemi et al. (2009), Kayode (2008, 2011),
Olabode (2007, 2009b), Jator (2007), Mohammed (2010), Olabode (2009a, 2009b);
Adesanya (2012), Adesanya (2013), James et al. (2013), Awari et al. (2014),
Awoyemi et al. (2014), Sagir (2014) and Odekunle et al. (2014) adopted a power
series polynomial for the generation of a continuous linear multistep method.

The highlights in the literature review is shown in the Table 2.1
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Table 2.1

The Highlights in Literature Review

Authors

Methods

Advantages

Disadvantages

Awoyemi (1998,

Developed a class of

The method

The methods are

1999, 2003) continuous methods, a solve second | associated with
class of continuous and third much
stormer-cowell type order ODEs computational
methods for second order | directly burden
ODEs and a P-stable linear
multistep method for third
order ODEs which were
implemented in predictor —
corrector mode

Omolehin et al. Developed a two-step The method The accuracy of

(2003)

Implicit method of order
four using multistep

collocation

solves second
order ODEs
without going
through the
process of

reduction

the method is not
efficient in terms
of error. This was
improved by
Kayode and

Awoyemi (2005)
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Table 2.1 continued

Kayode and | Proposed a five-ste The method
Y P P The method resulted to
Awoyemi multistep collocation solves second .
more functions to
(2005) method for solving order ODEs
evaluate per step
second order ODEs directl
y that leads to
which was implemented .
computational burden
in predictor-corrector
mode
Kayode and | Developed a class of The method The appearance of
Adeyeye hybrid implicit methods | solves second | hybrid points at f—
(2011) for the solution of second | order ODEs function increases the
order ODES which was without computational burden
also implemented in reduction and this leads to lower
predictor-corrector mode.. | method accuracy of the method
Kayode Developed an efficient The methods The method requires

(2008, 2011)

zero-stable numerical
method and a class of
one-point zero stable
continuous hybrid
methods using predictor-

corrector method

directly
applied to
fourth and
second order

ODEs

much human effort
compared to non-
predictor-corrector

method




Table 2.1 continued

Omar and Developed implicit | The methods The accuracy of
Suleiman (1999, and explicit parallel | solve higher the methods in
2003, 2005) block methods using | order ODEs terms of error is

numerical directly not encouraging

integration
Ibrahim et al. Developed a 2-point | The method The method cannot
(2007) block method for solves only first | solve higher order

solving stiff first order ODEs ODEs

order ODEs through

numerical

integration using

backward

difference formula

as an interpolation

polynomial

Developed a 3-point | The method The accuracy of

Ismail et al. (2009)

implicit and explicit
block method using
linear difference

operator

solves special
second order

ODEs directly

the method in
terms of error is

not encouraging
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Table 2.1 continued

Majid et al. (2006)

Developed 3-point

The method solves

The method cannot

block method first order ODEs solve higher order
using numerical ODEs
integration
Yahaya and Developed a The method solves | The accuracy of
Badmus (2009) uniform order six | second order ODEs | the method is not
block method for directly efficient in terms
direct solution of of error.
second order ODEs
Jator (2007) Proposed a five- The method does The accuracy of

step self-starting
block method for
the solution of
second order ODEs
using multistep

collocation method

not associate with
computational

burden

the method can be
better if the step-

length increases

Jator and Li (2009)

Developed a four-
step self-starting
block method for
second order ODEs
using multistep

collocation

The method solves
second order ODEs

directly

Lower accuracy of

the method
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Table 2.1 continued

Olabode (2009b)

Developed a six-
step block for
solving fourth
order ODEs using
multistep

collocation

The method does
not require more
functions to

evaluate per step

The method is of

lower accuracy

Awari et al. (2014)

Developed a
family of implicit
uniformly accurate
order block

integrator

The methods
directly solve

second order ODEs

The accuracy of
the methods
developed are very

low

Yahaya and Sagir

(2013)

Proposed an order
five implicit three-
step block method
with one off-grid
point at f —
function using
multistep
collocation

method.

The method was
applied to second
order ODEs
without reduction
to system of first

order

The method is of

lower accuracy
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Table 2.1 continued

Mohammed et

Developed a class of

six-step block method

The method

solves second

The accuracy of

the method is

al. (2010)
with the use of order ODEs very low
interpolation of power | directly
series approximation
approach
Ehigie et al. Developed a three-point | The method is | Accuracy of the
(2011) block method for direct | without method can be

integration of general

second order ODEs

reduction to
system of first

order

improved when
more points are

considered

Adesanya et al.

(2009, 2012)

Proposed a two-step
block method and an
order six block
predictor-corrector
method using
interpolation and

collocation method

The methods
solve second
order ODEs

directly

Higher accuracy
can be
accomplished if
higher step-length
is considered. The
method associated
with much
computational
burden that
affected its

accuracy
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Table 2.1 continued

Mohammed (2010)

Proposed a six-step
block method for the
solution of fourth

order ODEs

The method
solves fourth
order ODEs

directly

The method is not

efficient in terms

of error.

Bolaji et al. (2012)

Developed one-step
and four-step
implicit hybrid block
method using
collocation method
for solving third

order ODEs.

The methods
directly solve

third order ODEs

The methods are of

lower accuracy.

Yap et al. (2014)

Proposed a
numerical solution

of third order ODEs

The solution is
without reduction

to system of first

Higher step-length
will produce a

better accuracy

using an accurate order

block hybrid

collocation method
Olabode and Proposed block The rigor of The results
Yusuph (2009) and | methods for solving | developing generated are not

Olabode (20094,

2013)

third order ODEs
using multistep

collocation approach

separate predictor

is not involved

efficient in terms

of error
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Table 2.1 continued

Awoyemi (2003),
Yahaya (2007),
Kayode (2008,
2009), Olabode
(2007, 20094,
2009b), Jator
(2007),
Mohammed
(2010), Adesanya
etal. (2013) and
Odekunle et al.

(2014)

Adopted power
series for the
development of
multistep

collocation method

Itis used as a
starting polynomial
which helps in
generating
multistep
collocation

method.

The order of the
power series
approximate
depends on the
number of
interpolation and

collocation points
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CHAPTER THREE

DEVELOPING BLOCK METHODS FOR SOLVING SECOND ORDER
ODEs DIRECTLY

3.1 Introduction

In this chapter, the development of block methods with step-length k =3(1)8 using

interpolation and collocation approach for solving second order initial value

problems of ODEs is discussed.

3.2 Three-Step Block Method for Second Order ODEs
In this section, the derivation of a three—step block method and the establishment of

its properties are considered.

3.2.1 Derivation of Three-Step Block Method for Second Order ODEs

We consider power series of the form

k+2

y(x)=> ax! (3.2.1.1)
j=0
as an approximate solution to the general second order problems
y' =00 YY) = Yo, V(%) =Yg (32.1.2)

where the step-length k in equation (3.2.1.1) is 3. The first and second

derivatives of (3.2.1.1) are

k+2

y'(x) = Z ja,x'* (3.2.1.3)

k+2

y"'(X) = ; i(i—-Dax?=f(xyy) (3.2.1.4)
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Equation (3.2.1.1) is interpolated at the points x=Xx

n+i?

(3.2.1.4) is collocated at the points x = x

n+i?

and I represent collocation and interpolation points respectively.

C C C C

=01 while equation

i =0(1)3 (refer to Figure 3.1), where C

Figure 3.1. Three—step interpolation and collocation method for second order ODEs.

Asa result, we will get

1 x, X X X x: \a, Y.
1 Xn+1 X§+1 X:+l X:+1 X:+l al yn+l
0 0 2 6x 12x2 ~20x|a, | {f
O O 2 6Xn+1 12X§+1 20X:+1 a3 n+1
O O 2 6Xn+2 12X§+2 20X:+2 a4 n+2
O O 2 6Xn+3 12X§+3 20X:+3 a5 n+3

(3.2.1.5)

In order to find the values of a’s in (3.2.1.5), Gaussian elimination method is

employed. The values of a’s are given below:

2 X° X
a,= Y, +%+120”h3 (f, —-3f  +3f ,— fn+3)+3?”h(36y - 36y
4
11X f _18Xn fn +1 + 9Xn fn+l - 2Xn fn+3 Xn 2 (2 fn _5fn+1 + 4'fn+2 - fn+3)
4h
%X f 19h Xn fn+l _@Xn fn+2 +an fn
360 60 120 45
13h 19h 97h h 11
a= —f ——f ——F ——f —x1f - +—xf -
! 120 "* 60 ™ 360 " 45 (s =) 12h
RV xf S (f _3f 43f —f )-

2h n n+l 4h nne2 6h n n+3 24h3

+ 4 fn+2 - fn+3)

n+l
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3

1 X, X,
a2 = E fn +12h (11fn _18 fn+l +9fn+2 _2fn+3) +12h3 (fn _3fn+l +3fn+2
XZ
_fn+3)+ 4|,:2 (2 fn _5fn+l +4fn+2 - fn+3)
11 1 1 1 X
a,= —(—f ——f +—f ——f -0 (2f —5f +4f —f )—
3 (36h n 2h n+1 4h n+2 18h n+3 6hz( n n+1 n+2 n+3)
Xy
12h3 (fn _3fn+1 +3fn+2 - fn+3)
4= — (f —5f +4f —f )+ (f —3f _43f _—f )
4 T 24h2 n n+l n+2 n+3 24h3 n n+l n+2 n+3
1
a'5 = _W(fn _3fn+l +3fn+2 - fn+3)

Substituting the values of a’s into equation (3.2.1.1) and on simplifying, gives a

continuous linear multistep method of the form:

y(X) =k22aj )Y, + hzi B0 f, (3.2.1.6)

. | X —X ! -
Using the transformation z = —h“—“ where k=3 implies

x.=zh+X +2h (3.2.1.7)
Substitute (3.2.1.7) into (3.2.1.6) and on simplifying gives

a,(z)=-1-z

a,(z)=2+z

Bo(2) = ——

(90 +69z +30z° -9z°)
1080

1
p.(2) = E(100+1222 —10z° +5z* +3z°) (3.2.1.8)

B,(2) = 3_6130(30+1592 +180z% +30z° —30z* —92°)

1
7)=——(-8z+20z° +15z* +3z°
B:(2) 360( )

Evaluating (3.2.1.8) at the non-interpolating points. i.e at z =0 and 1 produces the

following schemes
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2

Yoo =2Y0a = Ya +;'—2(fn+2 +10f ,, + f) (3.2.1.9)

2

Yoz =3Ya —2Y, + :Ir_]—z(fn+3 +12f,,, +21f,  +2f)) (3.2.1.10)

Differentiating (3.2.1.8) once gives

a,(z)=-1
a,(z)=1

: 1 (3.2.1.11)
z) =——(23+10z% —15z°
B, (2) 360( )

, 1
7)=—(122-60z° +20z° +15z*
B.(2) 120( )

B,(2) = %(53+1202 +30z%? —40z° -15z%)

. 1
z)=——(-8+60z%>+60z° +15z*
B.(2) 360( )

Evaluating (3.2.1.11) at all the grid points, that is, at z =-2, -1, 0 and 1 yields
360hy’ —360y, , +360y, =h*(-8f ,+39f ,—144f —97f) (3.2.1.12)

n+l n+3

360hy’ . — 360y +171f

+360y, =h?(7f ,—36f +38f)  (3.2.1.13)

n+1 n+2 n+1

360hy’ , —360y, , +360y, =h*(-8f , +159f , +366f  +23f) (3.2.1.14)

360hy

Joining equations (3.2.1.9), (3.2.1.10) and (3.2.1.12) produce a block of the form
(1.10) as follows

~360y. , +860y, =h’(127f . +444f  +291f  +38f,) (3.2.1.15)

n+3

—24 12 0Yy.,) (0 0 -12Yy.,) (0 0 0 Yy.,
-3 0 12|y, |=(0 0 —-24 |y, |[+h0 O O |vy.,
~360 0 O)\y.) (0 0 —360) v, 00 -360) vy,

10 1 0Yf., 00 1Yf,
+h?l 21 12 1 |f _,|+h*l0 O 2 | f
~-144 39 -8 f 0 0 -97) f

n+3
Multiplying the above equation with the inverse of A° gives
1 0 0Yy 0 0 1Yy,,) (0 0 1Yy,
0 1 0fy,|=|/0 0 1]y, |[+hl0O O 2|y, |+
0 0 1ly.) (0 0 1)y 0 0 3]y,

n+l
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57 -39 3 0 o 2%

180 360 135 f , 1080 | f
|8 =8 6 ¢ linlo o 8¢
45 45 135 270
8t 81 9 (f) o o 17 (F,

30 120 60 120
whose solution is
. h?
=y +hy + 24f . —117f  +342f +291f
yn+1 yn yn 1080 ( n+3 n+2 n+1 n)

2

(12f ,—36f , +396f  +168f )

. h
=y +2hy +
yn+2 yn yn 270

2

(18f, , +81f ,+324f , +117f)

. h
=y +3hy +
yn+3 yn yn 120

Substituting (3.2.1.17) into (3.2.1.13) — (3.2.1.15), the derivative
of the block is obtained

You =V, +7hz(3fn+3 ~15f  +57f +27f)
. § 11N
yn+2 3 yn +§(3fn+2 +12 fn+1 +3fn)

y;1+3 7 yn - —;z (9 fn+3 + 27 fn+2 r 27 fn+1 F 9 fn)

3.2.2 Properties of Three-Step Block Method for Second Order ODEs

(3.2.1.16)

(3.2.1.17)

(3.2.1.18)

(3.2.1.19)

(3.2.1.20)

(3.2.1.21)

(3.2.1.22)

The order, zero-stability, consistency and absolute region of three—step block method

are described in this section.

3.2.2.1 Order of Three-Step Block Method for Second Order ODEs

In finding the order of the block (3.2.1.17 — 3.2.1.19), y and f functions are expanded

about x using Taylor series as follows
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Comparing the coefficients of h"andy™ gives

i

1, 201 1 . o s
5—1080_(1080)(0!)(342(1) -, K 0
| (2)2 _ 168 B 1 0 0 0 A
&= 270 (270)(0") 4 a2 (EJ
(3)2 147 E 1 ) 0 0
20~ 2oy B2 81 +18°)

1 1 , ) .
é_m(:mz(l) ~117(2)* + 24(3)") .
_ (2)3 _ 1 1 1 1 —
C, =| 5 (270)(]!)(396(1) 36(2)* +12(3)") _{SJ
@ 1 (32401) +812) +18(3)")
3 120))
1 1 2 2 2
@ @osoya 2" 7@+ 240)7) 0
_ (2)4 _ 1 2 2 2 —
Co= (270)(2!)(396(1) 362)" +123)°) [8}
B 1 (3241)? +81(2)* +18(3))
A (120)(2Y
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mz;ﬂy o —ﬁ —2;(1080)( el )(342)" -117(2)" +24(3)")
- (2h) m ! 2 " - hZ o (2+m m m m _
2 —ZO | g Z 270) y@™ (396(1)" -36(2)" +12(3)" )| =| 0
(3h)m @m" n 117, 2em n n
mZ; o Z; TR 20(120 ok y&™ (324(1)" +81(2)" +18(3)")



é—m(342(1)3 _117(2)° + 24(3)°) .
C. = (?. _(2701)(3!)(396(1)3—36(2)3+12(3)3) =0
(3)5 1 3 3 3 0
S o), P20 812’ +18())
1 1 ( 4 4 4) —7
& dogoyan 3420 117" + 249 .
Co = (is)! _(2701)(4!)(396(1)4‘36(2)4““12(3)4) N ;_g
@ 1 812 +1803)) | | e
2 _(120)(4!)(324(1) +81(2)* +18(3)*) | | 160

By using definition 1.3, the block method has order (4,4,4)T with the error constants
(—_7 -1 —_9jT
480°30'160 )

3.2.2.2 Zero Stability of Three-Step Block Method for Second Order
ODEs.

In order to find the zero-stability of the block (1.10), we only put into consideration

the coefficients of function y according to definition 1.5 that is

_ 0 _ AM7_
p(r)=det[rA” —A”]=0 (3.22.2.1)

where A® and A® are the coefficients of y_.,i =1(1)k and y, in (1.10). Therefore,

for a three-step block method (3.2.1.17—- 3.2.1.19), we have
1 0 0) (0 01
det[rA® —A®]=[rl0 1 0|-|0 0 1|=0
0 0 1) (0 01

which implies r =0,0,1. Hence, the method is zero stable.
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3.2.2.3 Consistency and Convergence of Three-Step Block Method
for Second Order ODEs

The block method (3.2.1.17 — 3.2.1.19) is consistent because it satisfies the
conditions listed in Definition 1.4. Hence, it is also convergent because it is zero-
stable and consistent.

3.2.2.4 Region of Absolute Stability of Three—Step Block Method for
Second Order ODEs.

The method known as boundary locus method proposed by Lambert (1973) and

Henrici (1962) is adopted in finding the region of absolute stability of the block
(1.10). This is given as ﬁ(r) = % where /(r) is the first characteristics polynomial
o(r

and o(r) is the second characteristics polynomial. The test problem of the form

y = 2%y is substituted into the block (1.10) to give

d-1 1
AY =D hAMY D +h > BIA Y
i=0 i=0

1

which produces

AOYN (r) - AlYN—l(r)

h(r,h) = 3.2.2.4.1
() B%y, (1) + By, (r) ( )
where h = 2%h® . Equation (3.2.2.4.1) is written in Euler’s form as
_ 0 _ 1
n(o,h) = A Yu(0) = AY,,(0) (3.2.2.4.2)

By, (0)+B'y,,(0)
Equation (3.2.2.4.2) is called the characteristics matrix. Finding the determinant of
(3.2.2.4.2) gives the stability polynomial of the method.

Applying (3.2.2.4.2) to three-step block (3.2.1.17— 3.2.1.19) gives
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e’ 0 0) (0 01

0 e 0 |-|0 01

hon 0 0 e“) |0 01
" (342 go 17 o 24 o) (o, 291
1080 1080 1080 1080
ﬁem _ﬁezm E % 14010 0 @
270 270 270 270
324, 8L, 18 | g o 107
120 120 120 120

The above matrix is simplified and after finding the determinant we have

80(e™” —1)
2e¥ +13

The above equation is expanded trigonometrically and the imaginary part are

h(o,h) =

equated to zero to give

80co0s36 —80

h(o,h) =
2€0s360 +13
Evaluating h(d,h) at interval of & of 30° produces results as tabulated in Table 3.1

below

Table 3.1

Interval of Absolute Stability of Three—Step Block Method for Second Order ODEs.

0 030 60 90 120 150 180

h@h) |o |-615 |-1455 |-615 |0 -6.15 | -14.55

Therefore, the interval of absolute stability is (-14.55, 0). This is shown in the

diagram below
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Figure 3.2. Region of absolute stability of three—step block method
for second order ODEs.

3.3 Four-Step Block Method for Second Order ODEs

A four—step block method is derived in this segment. In addition, the properties of

the method are also established.

3.3.1 Derivation of Four—Step Block Method for Second Order ODEs.

Power series of the form (3.2.1.1) is considered as an approximate solution to the
general second order problem of the form (3.2.1.2) where the step-length k =4 is
used. The first and second derivatives of (3.2.1.1) are given in (3.2.1.3) and (3.2.1.4).

Interpolating equation (3.2.1.1) at the points x = x_.,i =1,2and collocating (3.2.1.4)

n+i?

at the points x = x__.,i =0(2)4 produce Figure 3.3 below

n+i?

Figure 3.3. Four—step interpolation and collocation method for second order ODEs.
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This strategy yields

n+! n+l n+l n+l n+! n+! aO yn+l
1 n+2 X:+2 X:+2 X:+2 X:+2 X:+2 al yn+2
0 0 2 6x, 12xI 20x’ 30x. |a, f,
0 O 2 6Xn-¢-l 12X:+1 20 n+l 30Xn+l a'3 = fn+1 (3311)
0 O 2 6Xn+2 12X§+2 20 n+2 3OXnJrZ a‘4 fn+2
0 0 2 6Xn+3 12X§+3 20Xn+3 20Xn+3 a5 fn+3
0 0 2 6x, 12, 20x°,20x', \a,) \f.,

In order to find the values of a’s, Gaussian elimination method is applied which then

gives the values of a s as below:

a = 2y -y 4 peg o Mpep T Lpep Loy
240 20 120 60 240
5 4
- );h3 (5f —18f  +24f  —14f  +3f ) +28X$(35fn _104f 11141
X 481h
=56 f , +11f ) +—— —0n (f, —4f,  +6f ,—4f . +f )+ X, f,
49h 11h 7h 3h X
—X, f,—=Xf.,+=xf  ,——X + 25f,
40 n n+l 80 n on+2 72 n n+3 160 n n+4 (yn+1 n+2) 72h (
_48 fn+1 +36 fn+2 _16fn+3 +3fn+4)
~ 49 481 7 3 1
Al hf — W PSRl L hid L L aqf | -= -
1 80 n+2 40 n+l 1440 n 72 n+ 160 n h (yn+1 yn+2)
X N
—oar (251, - 48f,, +36f,, —16f, +3f, ) -t (5f, ~181,, +24f,, -
X X®
l4fn+3 n+4) - ;_]2 (35fn _104 fn+1 +114fn+2 _56fn+3 +11fn+4) - 120h4 (fn
_4fn+1 + 6fn+2 _4fn+3 + fn+4)
1 3 X2
a, = S f o (5, —181, 4241, —14f, 431, )+ (35T, -
4
104f , +114f , -56f . +11f ,)+ 4;;}4 (f,—4f ,+6f ,—4f .+

+1 + 36 fn+2 _16 fn+3 + 3 fn+4)

n+4
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2
a3 = __25 fn +£ fn+1 _i fn+2 +£ fn+3 _i fn+4 _X_n(Sfﬂ _18fn+1
72h 3h 2h 9h 24h 24h°

3

X

+24fn+2 _14fn+3 +3fn+4)_36_n4(fn _4fn+1 +6fn+2 _4fn+3 + fn+4)_

Xn

oy (357, -104f, , +114f,, =561, , +11f, )

35 13 19 7 11 X2
a, = f -—f +—Ff ———f + f  +—(f
! 288h* " 3gh° "' 48h* "* 36h? " 288n* " 48h“( !

_4fn+l + 6fn+2 _4fn+3 + fn+4) +ﬁ(5 fn _18fn+1 + 24fn+2 _14fn+3 +3fn+4)

-1 3 1 7 1 X
a, = f+——F ———f + f,-——f ,———(f -
°48n° " 40n® ™ 10n® ™* 120h* ™ 80h* ™ 120h“(”

4fn+1 + 6fn+2 _4fn+3 + fn+4)

Xn
ae = 720h4 (fn _4fn+l + 6 fn+2 _4fn+3 + fn+4)

Substituting the values of a’s into equation (3.2.1.1) and on simplifying gives a

continuous linear multistep method of the form:

YOI= 3@, (Y, +hY B 001, (33.12)

Using the transformation z = é%ﬁ where k =4 this implies

X=zh+Xx +3h (3.3.1.3)

Substitute (3.3.1.3) into (3.3.1.2), the following coefficients of y . and f  are

obtained
a,(z)=-1-z
a,(z)=2+12

1
7z)=——(-18+15z-60z° —-15z* +18z° +62°
By (2) 4320( )
,Bl(z)zg—(lao(36+l8z+3023+5z“—9z5—226)

B,(2) = 7—;0(582+7472 —180z° +15z* +362z° +62°)
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B.(2) = i(36 +154z +180z% +50z° — 25z* —15z° — 22°)
360 (3.3.1.4)

B.(2) = ﬁ(—G —27z+60z° +552* +182° +22°)
Evaluating (3.3.1.4) at the non-interpolating points, that is, at z = -3, 0
and 1 produces the following schemes

240y , —480y_ . +240y =h*(—f +204f

+4f  +14f +19f) (3.3.1.5)

n+l n+4 n+2 n+l

240yn+3 - 48Oyn+2 + 240yn+1 = h2 (_ fn+4 + 24 fn+3 +194 fn+2 + 24 fn+l - fn) (3316)

240y, —720y_, +480y,  =h*(17f , +252f  +402f , +52f —3f) (3.3.1.7)

Differentiating (3.3.1.4) once gives
a/(z)=-1
oy (2) =1

1
"(z2)=——(5-60z% —20z° +30z* +12z2°
B (2) 1440( )
Bi(z) = —L(18+9022 +20z° —45z2* -127°) (3.3.1.8)
360
Ba(z) = 2710(249—18022 +20z° +60z* +122°)

R\AF %(154+3602 +150z% —1002° - 75z —127°)

{
"(2) = ——(-272+180z% +220z° +90z* +122°
Bi@y= 1o )

Equation (3.3.1.8) is evaluated at all the grid points. i.e, atz=-3, -2,-1, 0 and 1.

As a result, the following schemes are obtained:

1440hy’ —1440y_ , +1440y,  =h?(27f,, —140f , +198f

(3.3.1.9)
—1764f  —481f)
1440hy’ | —1440y , +1440y  =h?(-11f , +72f _ —330f (33.1.10)
—472f  +21f) o
1440hyr,1+2 _1440yn+2 +1440yn+1 = h2 (11fn+4 - 76 fn+3 + 582 fn+2 (3 3 1 11)
+220f  —17f) o
144Ohyn+3 _1440yn+2 +144Oyn+1 = h2 (_27 fn+4 + 616 f”+3 +1494 fn+2 (3 3 1 12)

+72f , +5f)

n+1
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1440hy. , —1440y, , +1440y,  =h?(475f , +1908f,, +966f, ,
+284f  —33f) (3.3.1.13)

n+4 n+2 n+1 n+4

Joining equations (3.3.1.5) - (3.3.1.7) and (3.3.1.9) gives the following block method
of the form (1.10)

—480 240 0 0 (v, 0 0 0-240|vy,,
240 —-480 240 0 |y ,|=|/0 0 O O |y, |+
480 -720 0 240y 0000 V.
1440 -1440 0 0 y 0000 y
n+4 n
00O 0 . 204 14 4 -1 .
000 o |’ | 24 194 24 -1} ™
h yn—z +h fn+2 +
000 0 v 52 402 252 17| ¢
n— n+3
0 0 0 —1440 y.l ~1764 198 -140 27) ;
n n+4
000 19 f
0 0 0 -1 "
h f,
000 -3/|;
n-1
0 0 0 -48L) ¢
Multiplying the above equation with (A%)*, we have
1 =0 0001 00 0 1) .
yn+1 yn—3 yn—S
0100 0001 000 27
yn+2 = yn—2 +h yn—z +
0010 0001 000 3"
yn+3 yn—l yn—l
0001 0001 0 00 4) .
yn+4 yl'l yn
162 -141 87 —63 0 o o 1101
432 720 1080 4320 4320
24 -3 24 -3 |, 00 0 I9|f,
2| 15 9 135 90 2 270
h B1 81 9 -27 I +h 0o o Ml 1f‘ (3.3.1.14)
120 240 24 480 f”*3 480 f“‘l
g @ @ 0 n+4 000 @ n
45 45 135 135

which leads to

2

yn+l = yn + hyn + h (_63f

Jg0 (03Ts.0 3481, ~846f, . +1620f

+1101f,) (3.3.1.15)

n+1

43



2

yn+2 = yn + 2hyn + h

7 9T, +481,, ~90f, , +4321,, +1591,) (3.3.1.16)
2
y... =Y, +3hy +%(—27fm4 +180f, , +162f , +1404f , +441f)) (3.3.1.17)
2
Y... =Y, +4hy + ;—5(192 f.,+144f , +576f  +168f ) (3.3.1.18)

Substituting (3.3.1.15) and (3.3.1.16) into (3.3.1.10) — (3.3.1.13) gives the
derivative of the block method

y.. =V +7L20(—19fn+4 +106f  —264f  +646f  +251f ) (3.3.1.19)
Y., =V, +9—T)(—fn+4 +4f , +24f ,+124f  +29f) (3.3.1.20)
V.. =Y, + % (-3f , +42f . +72f ,+102f  +27f) (3.3.1.21)
Yo=Y, + Zh§(14 f.,+64f  +24f , +64f  +14f) (3.3.1.22)

3.3.2 Properties of Four-Step Block Method for Second Order ODES

In this section, the order, zero-stability and region of absolute stability of four —step

block method are established.

3.3.2.1 Order of Four-Step Block Method for Second Order ODEs.

In finding the order of the block method (3.3.1.15 — 3.3.1.18), the same strategy

mentioned in section 3.2.2.1 is used as displayed below
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y® ™ (1620(1)" —846(2)" +348(3)" —63(4)")

D Lk "_§(4320)( mt) >

A "‘% Y.~ Gt
;(Sr:?my:_g(:‘;h?m n_ 441 2(48(:)*("‘ 5
i@h?mym‘i(‘lh?myﬂm_g Y Zo 135)( "

ye ™ (432(1)" —90(2)" + 48(3)" -~ 9(4)")
y® ™ (1404(1)" +162(2)" +180(3)" - 27(4)")

y ™ (576(1)" +144(2)" +192(3)" )

Comparing the coefficients of h™andy gives

1-1) (0
1-1| |0
C, = =
1-1| [0
1-1) (o0
yr|
/2
C, = =
3-3
4-4
1 1101
W
(@7 159
2 270
C,=
@) _441_
2 480
(4)° 168 _
2 135

4320 (4320)(0")

1

1
(270)(01)
1
(480)(01)
1
(135)(01)

(1620(1)° —846(2)° +348(3)° —63(4)°)
(432(1)° -90(2)° +48(3)° - 9(4)")
(1404(1)° +162(2)° +180(3)° — 27(4)° )

(576(1)° +144(2)° +192(3)°)
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11 1 1 1 :
§_m(lezo(l) ~846(2)' +348(3)' - 63(4)')
@ 1 _00(2)' + 48(3) —9(4)

T oy (0 90 48 -9)

@ 1 L 162(2) +1803) — 27(a)
G (1404(1)° +162(2)! +180(3)’ — 27(4)’)
@ 1 L 144(2) +192(3)

T @) (576(1)" +144(2)" +192(3)')
11 ) : : :
700’ 846 3489 ~634) )
@ 1 _00(2)" + 48(3)" —9(4)’
) (432(1)° - 90(2)" + 48(3)° ~9(4)’)
@ 1 : 1 162(2 +180(3) - 27(4)
2 (480)(2!)(1404(1) +162(2) +180(3): - 27(4)?)
@ 1 ' 144(2) +102(3)
) (576(1)* +144(2)* +192(3)?)

v/ gl

5 a5a0) ) (6700 -B46C2)"+ 489 634y

%) Rrf _90(2)° + 48(3)° — 9(4)°
?_m(mm ~90(2)° +48(3)° - 9(4)°)
O N
51 (480)(31)
@ 1

(1404(1)° +162(2)° +180(3)° = 27(4)°)

(576(1)° +144(2)° +192(3)°)

5 (135)(3)

1 1
6 (4320)(4)
) 1
8 (270)(4)
3)° 1
6 (480)(4)
(4 1
6 (135)(4)

(1620(1)* —846(2)* +348(3)" - 63(4)*)

(432(1)* ~90(2)* +48(3)" - 9(4)")

(1404(1)* +162(2)* +180(3)" — 27(4)")

(57600 +144(2)* +192(3)")
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1 1

) (1620(1)° —846(2)° + 348(3)° — 63(4)°) 1(1)820
@7 L (430" ~90(2)° + 48(3)° - 9(4)°) 16

o | T @O0E) _| 630
O L (14040)° +162(2)° +180()° — 27(4)°)| | 5or

7 (480)(!) %

@ 1 ; : ; 630
T @E) (576(1)° +144(2)° +192(3)°) 630

Hence, the block method has order (5,5,5,5)T with the following error constants

107 16 9 32
10080°' 630 224'630 )

3.3.2.2 Zero Stability of Four-Step Block Method for Second Order
ODEs.

Applying the equation (3.2.2.2.1) to the block (3.3.1.15 — 3.3.1.18), this gives

1 00O 0 0 01

-y L R Oy 1
det[rA? = AP =r — =0

Owag1 0 00 01

0 0 0 1 0.0 0 1

which impliesr =0,0,0,1. Hence, the method is zero stable.

3.3.2.3 Consistency and Convergence of Four—Step Block Method
for Second Order ODEs

Based on the conditions listed in Definition 1.4, the block method (3.3.1.15-

3.3.1.18) is consistent. It is also convergent because it is zero-stable and consistent.
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3.3.2.4 Region of Absolute Stability of Four—Step Block Method for
Second Order ODEs.

Equation (3.2.2.4.2) is applied to the block (3.3.1.15 — 3.3.1.18), this gives

e’ 0 0 0 0 001

0 e 0 0 0 001

0 0 " 0 0 001

H(H h) = 0 O 0 e 0 001
’ 1620 ,, _ 846 o, 348 s _ 63 ) (o o o 1101
4320 4320 4320 4320 4320
Lszeiﬁ _ﬂeziﬂ 478e3i9 _ieﬂﬁ 0 O O @
270 270 270 270 " 270
%eiﬁ Eeﬁe @eiﬁe _Eeﬂe 0 O O ﬂ
480 480 480 480 480
@eie &ezm geﬁa O 0 O O @
135 135 135 135

The above matrix is simplified, after finding the determinant and equating the
imaginary part to zero we have

225c0s 460 — 225
3c0s460 —28

h(6,h) =
Evaluating h(6, h) at intervals of @ of 30°gives results shown in Table 3.2

Table 3.2

Interval of Absolute Stability of Four—Step Block Method for Second Order ODEs

0 0 30 60 90 120 150 180

h@h) |o | 1144 |1144| 0 | 1144 | 1144 0

Therefore, the interval of absolute stability is (0, 11.4). This is shown in the diagram

below
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10

- 10 -5 5 10

Figure 3.4. Region of absolute stability of four —step block method for second
ODEs.

3.4 Five-Step Block Method for Second Order ODEs

This section considers the derivation of block method with k=5 for direct solution of

second order ODEs. The properties of the method are also included.

3.4.1 Derivation of Five-Step Block Method for Second Order ODEs.

Power series of the form (3.2.1.1) is considered as an approximate solution to the
general second order problem of the form (3.2.1.2) where k =5 is the step-length.
The first and second derivatives of (3.2.1.1) are given in (3.2.1.3) and (3.2.1.4).

Equation (3.2.1.1) is interpolated at x=x__.,i=2,3and (3.2.1.4) is collocated at

n+i?

x=Xx_.,1=0(1)5. This diagram is demonstrated below:

n+i?

C C C C C C

Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5

Figure 3.5. Five —step interpolation and collocation method for second order ODEs
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As a result, the following is obtained

l n+2 §+2 X:+2 X:+2 Xr?+2 Xr?+2 Xr7|+2 ao yn+2
l n+3 X|f+3 X:+3 X:+3 Xr?+3 le+3 Xr:+3 al yn+3
0 0 2 6x, 12x; 20x; 30x, 42x° | a, f,
0 0 2 6Xn+l 12X§+1 20x° X1 30Xn+1 42Xn+1 a, _ fn+1 (3411)
0 0 2 6Xn+2 12Xn-v-z 20Xn+2 30Xn+2 42Xn+2 a4 fn+2
0 0 2 6x,, 12x;, 20x:,30x,, 428 | & f.s
0 0 2 6Xn+4 12X§+4 20 3OXn+4 42Xn+4 aG fn+4
0 0 2 6x,, 12x., 20x’.30x‘. 42x’, \a, fos

In finding the values of a’s in (3.4.1.1), Gaussian elimination method is employed.

The values of a’s are below:

1 257

49 31 1

a = 3 -2 +—h*f +=—h? f. +—nh? f.. +—h*f —h? f..
0 yn+2 yn+3 15 n 240 30 120 n+3 — 30
1 1 6
—h*f _+=x°f + 3f —14f , +26f ,—24f ,+11f 2f )+
240 n+5 2 n'n 20h4( n+1 n+2 n+3 n+4 n+5)
5 4
v h3 @7f,—71f ,+118f ,-98f . +41f ,—-7f . )+—— 288h2 (45f,
X3
154fn+1 + 214fn+2 _156 fn+3 + 6:I‘fn 1Ofn+5) + (yn+2 yn+3) + ; (137 fn
360h
7
~o e 300  +200f 3+ 75F.—12§ ) + 0h5 {0k  +10f
_1Ofn+3+5fn+4_ fn+5)+397h n'n 14101h n "n+l @ n n+2 @ n "n+3
1260 10080 1260 5040
N 397h 14101h 659h 1739h B 6_1h 149h
1260 " " 10080 " "' 1260 " "™* 5040 " "° 630 " ™ 10080 " "*°
a - E _14101 B 659 _1739 B 397 149 N - B
' 630 " 10080 "* 1260 "* 5040 "° 1260 " 10080 " "
1 X2 x>
— - -——"_(137f -300f ,+300f . —200f .+75f f
h (yn+2 yn+3) 120h( n n+l n+2 n+3 ned n+5) 120h4 ( n
-14f ,+26f ,—24f  +11f ,-2f .)- (17f —-71f , +118f ,—-98f . +41f ,
3 6
=71 5)— i (45f, —-154f  +214f ,-156f ,+61f ,-10f . )——— ; (f,-5f ,+
10fn+2 _10fn+3 +5fn+4 - fn+5)'
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4 3

X X
(3T, 141, 4261, ~ 241, 411f,  ~2f, )+

a7f —71f  +

n+1

2 n n+l n+3

a = 1f+
2

2

118f , —98f _ +41f , —7f )+ 4;# (45f —154f  +214f  —156f _ +61f , -

5

o #3001, = 2001, +756,, ~12f,,) + b (f, =51,
+1Ofn+2 _10fn+3 +5fn+4 - n+5)'
3
a- Mg 5S¢ Sy Sy 5 L % 35 _14f

+— -——f  +— -
: 360h " 6h " 6h "* o9h " 24h ™ 30h "° 36h*

2
26f ,—24f ,+11f ,—-2f .)— 48 yrTel ——7f —71f , +118f , -98f , +41f ,-7f .)

4

X
h5 (fn _5fn+1 +1Ofn+2

(45f —154f  +214f —156f _ +61f , —10f )

2 2
_10fn+3 +5fn+4 - n+5)'
5 77 107 13 61 5
a, = f - fo+ f ., - f .+ f .- f
) 32h* " 144h° " 144h* 7 24h> "7 288h° "' 144h® "7
2
- (8f, ~14f,, +26F,, —24f, 4111, —2f
XS
+118fn+2 _98fn+3 + 4]'fn+4 n+5) + e 144h5 (fn _5fn+l +10fn+2 _lOfn+3 +5fn+4
—fn+5)'
a - —17f+71f_59f+49 _if_Lf
’ 48Oh3 " 480h° " 240h® " 240h® "° 480h° "* 480h° "°
X2
~To0 h“ (3f, —14f ,+26f ,—24f ,+11f ,-2f .)— 220 ——(f, —5f , +
10 fn+2 _10 fn+3 +5fn+4 - fn+5)'
a’G = 1 fn - 7 fn+1 + 13 fn+2 - 1 fn+3 + 11 fn+4 - 1 fn+5 +
240h* 360h* 360h* 30h* 720h* 360h*
X” (fn _5fn+1 +1Ofn+2 _10fn+3 +5fn+4 - fn+5)'
720h®
1
a7 = _7(fn _5fn+1 +10fn+2 _10fn+3 +5fn+4 - fn+5)'
5040h°

Substituting the values of a’s into equation (3.2.1.1) and simplifying, this

gives a continuous linear multistep method of the form:

51



y(X) =§ai (X)Y,.; + hZ B,(0)f,., (3.4.1.2)

where x=zh+x +4h (3.4.1.3)
Substituting (3.4.1.3) into (3.4.1.2) and on simplifying gives
a,(z)=-1-z2
a,(z)=2+1z
7) = ———(-120z + 2527° +105z* —632° — 422° - 62’
B (2) = 300 40( )
1
=——(705z2-1680z° —630z* + 441z° + 2522° + 30z’
B(2) 3024 (7052 - + + +302")
B,(2) = (504+522+8402 +2457* —2317° —982° —1077) (3.4.1.4)
,83(2)— (4074+5429z -16802° —70z* +3572° +1122° +10z")
/L(z)— (3024—+12336z<+151202 +5460z° —1575z* —1575z2° —378z2°
—102 )

Bs(2) = L(—42—1492+33623 +350z° +1472° +282° +2z7)
10080

Evaluating (3.4.1.4) at the non-interpolating points .that is, at z = -4, -3, 0 and 1.
This produces the following schemes
480y, , — 720y, +240y, =h*(f

+62f . +392f

n+3 n+2 n+s n+4 n+3 n+2 (3 4 1 5)
+257f . +16f1).
240yn+3 _480yn+2 + 24Oyn+l - h ( fn+4 + 24fn+3 +194fn+2 + 24 fn+l (3416)
~f).
240yn+4 _480yn+3 + 240yn+2 - h ( fn+5 + 24fn+4 +194 fn+3 + 24 fn+2 (3417)
- fn+1)'
240yn+5 - 720yn+3 + 480yn+2 = h2 (16 fn+5 + 257 fn+4 + 392 fn+3 + 62 fn+2 (3418)
-8f ,+f).
The derivative of (3.4.1.4) are
a(2)=-1
ai(z)=1
Bi(2) = —( —40+252z° +140z° —105z" —84z° —14z°)
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Bl(2) = —(235 16802z>

—840z° +735z* +504z° +70z°)
100 0

(3.4.1.9)

Bi(z) = WGZ +2520z% +980z° —1155z* —588z° —70z°)

————(5429 5040z*

Bi(z) = —280z° +1785z* +672z° +702°)

/ﬂ(z)—-16———(4112—k100802—k54602 —2100z° — 2625z2*

—-70z°)

—7562°

Pi(z )—W( —-149 +10080z* +1400z° + 735z* +168z° +14z°)

Evaluating (3.4.1.9) at all the grid points. i.e, at z = -4, -3,-2,-1, 0 and 1 produces

10080hy’ —10080y, , +10080y, , =h?(~149f _+976f , —3478f . (3.4.1.10)
—5272f  —14101f  —3176f ). T
10080hy’ , —10080y, , +10080y. , = h?(40f . —235f , —104f _ (3.4.1.11)
—10858f , —4112f _ +149f ). T
10080hy’,, —10080y, , +10080y,,, = h?(-37f . +304f , —1910f . (3.4.112)
—3704f, , +347f  —40f ). T
10080hy/ , —10080y, , +10080y, , =h?(40f, . —347f , +3704f, (3.4.1.13)
+1910f ., ~304f, . +37f). T
10080hy’_, ~10080y, , +10080y |, =h?(-149f . +4112f., +10858f. (3.4.1.14)
+104f ,+235f  —40f). T
10080hy’ . —10080y, , +10080y, , = h?(3176f, . +14101f, , +5272f (3.4.0.15)
+3478f , —976f _ +149f ). T

Combining equations (3.4.1.5) - (3.4.1.8) and (3.4.1.10) gives a block of the form
(1.10) as follows

0
240
0
0
0

-720
—480
240
480
10080

480
240
—480
—720
—10080

0
0
240
0
0

0
0
240
0

53

You
Yoo
Yois
Yo
Yois

o O O O o

o O O o o

o O O o o

—240

o O O o o

o O O

Yo
yn—3
Yo
yn—l
Y




0000 0 Yy, 257 392 62 -8 1 Yf,
0000 0 |y, 24 194 24 -1 0 |f,
hho 0 0 0 0 |y,|+h} -1 24 194 24 -1 | f |+
0000 0 |y, -8 62 392 257 16 | f_,
0 0 0 0 —240)\ v, —14101 -5272 -3478 976 -—-149 ) f .

0000 16 \(f,
0000 -1 |f,
hlo 0 00 0 |f,
0000 1 |[f,
0 0 00 -3176)\ f,
The above equation is multiplied by (A°)™ to give
1000 0)y,) (0000 1)(y,,) (0000 1)y,
01000y, [00001||y,l (0000 2|y,
0010 0|y.[={00001y,/+ho 000 3|y, |+
0001 Offy,|[00001||y,| (0000 4|y,
0000 1I)ty,,) \0 0 0 0 1){Yy, 0000 5y,
8630 -—-411 250 -1364 214 000 0 ﬂ
20160 1361 @ 1339 20160 20160 2911
@ﬁgﬂgfﬂ-l ()()()O@fnf4
630 63 630 630 ' 630 |f 630 || f,
e 31509 =90 87 -2592 9 1y pg g g o 00 (3.4.1.16)
10080 140 112 10080 224 10080
1424 176 608 -16 16 || fu 376 || fiu
s a5 35 6 35 |\fe) | 000 315 |Lf
2203 625 1578 625 275 0000 155
374 504 509 1008 2016 1008
which leads to
2
y..=Y, +thy + 50160 (214f . —1364f , +3764f . —6088f , (3.4.1.17)
+8630f , +4924f ).

2

Y., =Y, +2hy + %(16 f .. —101f , +272f ,—370f ,+1088f
+355f)).
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2

(405f  —2592f , +7830f  —648f

=y, +3hy + h
Yois = Ya Yo * 10080 (3.4.1.19)

+31509f , +8856f).
. h?
yn+4 — yn —+ 4hyn + @ (32 fn+5 —160 fn+4 +1216 fn+3 + 352 fn+2 + 2848 fn+1 (34120)
+752f1 ).
2
V.. =Y, +5hy + 10080 (1375f ., +6250f , +31250f, ,+12500f , (3.4.1.21)

+59375f  +1525f ).
Substituting (3.4.1.18) and (3.4.1.19) into (3.4.1.11) — (3.4.1.15) to give the

derivative

Yo=Y +ﬁ(27 f . —173f_, +482f  —798f , +1427f (3.4.1.22)
+475¢ ).

Yo, =Y+ 9% (f .—6f ,+14f +14f  +129f +28f ). (3.4.1.23)

N +%(3fm5 —21f , +114f _ +114f , +219f  +51f). (3.4.1.24)

yol =y +21h§(14fn+4 +64f  +24f  +64f +14f). (3.4.1.25)

Yo =Y+ EEE (95f . +375f , +250f _+250f  +375f (3.41.26)

+95f ).

3.4.2 Properties of Five-Step Block Method for Second Order ODEs

This section establishes the order, zero-stability and region of absolute stability of

five—step block method.
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3.4.2.1 Order of Five-Step Block Method for Second Order ODEs.

The method used in section 3.2.2.1 is applied in finding the order of the block

method (3.4.1.17 — 3.4.1.21) as shown below

Comparing the coefficients of h™and y™ gives

1-1) (0
1-1| |0
C,=|1-1{=|0
A\ R\
52 NNy
1-1) (0
2-2| |0
C,=|3-3|=|0
4-4] |0
5-5) (0
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h i h . 4924 L m o 8630(1)" — 6088(2)" + 3764(3)"
S & T 20160 " = (20160)(m') —1364(4)" + 214(5)"
S (2h) L @h) 355, < .. (1088(1)" —370(2)" + 272(3)"
Z 1 yﬂ _z ] y" z 1 ( ) m m
= ml = ml 630" ~ 630)(m) ~101(4)" +16(5)
Z(3h) Z(sh)m 8856 Z hzm o 31509(1)" — 648(2)" + 7830(3)"
= ml 2 m " 10080 " < 20080)(m!) 7" | - 2502(4)" + 405(5)"
z(4h)m z(4h)m 752, oS h2em o 2848(1)" +352(2)" +1216(3)"
S T E T T e30 Z@30)m) " | ~160(4)" +32(5)"
Z(Sh)m Z(Sh)'“ 15250, , & b o[ 59375(1)" +12500(2)" + 31250(3)"
Z ml Z Y "10080 " & @oosoym) | +6250(4)" +1375(5)"

|

o O O o o



1

21 20160 (20160)(0!)
(h)? 355 1

4924 L (g630(1)° —6083(2)° +3764(3)° ~1364(4)° + 214(5)°)

(1088(1)° —370(2)° +272(3)° ~101(4)° +16(5)°)

2630 (630)(01)
(3h) 8856 1 0 0 0 0 0
210080 (L0aa0)) CL00’ ~648(2)° + 7830(3)" - 2592(4)" +405(5)")

(4h)*> 752 1

(2848(1)° +352(2)° +1216(3)° —160(4)° +32(5)° )

21630 (630)(01)
On° 15250 1 (5e3750) +12500(2)° +31250(3)° + 6250(4)° +1375(5)°)
2110080 (10080)(01)

% : (20162)(1,) (8630(1)" — 6088(2)" + 3764(3)" —1364(4)" + 214(5)")

(2:!)3 - (63;)@) (1088(1)" ~370(2)" +272(3)" ~101(4)' +16(5)")

(32!)3 - (100810) @ (31500(1)" — 648(2)" + 7830(3)" — 2592(4)" + 405(5)')  |=

(42!)3 e 01)(ﬂ) (2848(1)* + 352(2)* + 1216(3)" —160(4)" +32(5)")

(52!)3 i 810)@) (59375(1)" +12500(2)" +31250(3)" -+ 6250(4)* +1375(5)")

%— (20T10)(2!) (8630(1)* < 6088(2)* + 3764(3)* ~1364(4)° +214(5)°)

(22!) - (6301)(2!) (L088(1)* ~370(2)* +272(3)* ~101(4)* +16(5)°) 8
_ (32!) . (100810)(2!) (31509(1)° — 648(2)* +7830(3)° - 2502(4)” + 405(5)?) | = 8

(42!) - © 301) 0 (2848(1)2 +352(2)? +1216(3)* —160(4)* +32(5)?) 0

(52!) . (100810 oy 59975)" +12500(2)" + 31250(3)" + 6250(4)” +1375(5))
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1 1

& 2010@) (8630(1)° — 6088(2)° +3764(3)° —1364(4)° + 214(5)° )

2hy 1 . . . 3 3
5 (630)(3) (1088(1) 370(2)° + 272(3)* —101(4)* +16(5) )

(Sh)s - 1 3 _ 3 3 3 3
5~ (10080) (3!)(31509(1) 648(2)° + 7830(3)° — 2592(4)° + 405(5)°)

@y 1 . ; . 3 3
5 (630)@3) (2848(1)° +352(2)° +1216(3)° —160(4)° +32(5)°)

(5h)® 1

5 L0050)@) (59375(1)° +12500(2)* + 31250(3)° + 6250(4)° +1375(5)°)

é‘ (201610)(4!) (8630(1)" - 6088(2)* +3764(3)* ~1364(4)* + 214(5)°)
(22!)6 _ (6301) @ (1088(1)° - 370(2)" + 272(3)" ~101(4)" +16(5)")

(32!)6 _ (100810 an (31509(1)* — 648(2)* + 7830(3)* — 2592(4)* + 405(5)" )
(4:!)6 1 (6301) S (2848(1)" + 352(2)* +1216(3)° —160(4)* + 32(5)")

Ghy 1

61 (10080)(4) (59375(1)4 +12500(2)* +31250(3)* + 6250(4)* +1375(5)4)

%_Wloxsn (8630(1)° -6088(2)° + 3764(3)° - 1364(4)° + 214(5)°)
(2;‘!)7 @ 01) = (1088(1)° - 370(2)° + 272(3)° ~101(4)° +16(5)°)

(3?!)7 ) (100810)(5!) (31509()° ~648(2)° + 7830(3)° ~ 2592(4)" + 405(5)’)
(47*‘!)7 @ 01) &) (2848(1)° +352(2)° +1216(3)° ~160(4)° +32(5)°)

shy 1

(59375(1)° +12500(2)° + 31250(3)° + 6250(4)° +1375(5)° )

71 (10080)(5!)
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1 1 6 6 6 _ 6 6

g—m(saso(l) 6088(2)° +3764(3)° —1364(4)° + 214(5)°) 118
, 3

@ 1 (1088(1)° —370(2)° + 272(3)° —101(4)° +16(5)°) 1i1€35
7t (630)(6!) s
(e 1 " 648(2)° . ‘ o || -141
C=| (10080)(6!)(31509(1) 648(2)° +7830(3)° — 2592(4)° +405(5)° ) = 44880
(4h)8 1 6 6 6 6 6 ;
. —(630)(6!)(2848(1) +352(2)° +1216(3)° —160(4)° + 32(5)° ) _1233
GV 1 (593750)" +12500(2)° + 31250(3)° + 6250(4)° +1375(5)°)| 11489

8 (10080)(6!)

Hence, the order of the block gives (6,6,6,6,6)" with the error constants

~118 -19 -141 -8 -653)
14345 945 ' 4480 '189 ' 11489

3.4.2.2 Zero Stability of Five-Step Block Method for Second Order
ODEs.

Applying equation (3.2.2.2.1), to the block (3.4.1.17— 3.4.1.21), we have

eodllV 0 Qhacally o B8 1
0100 0|0 0001
det[rA® = A®1=r[0 0 2 0 0|=|0-0:00 L|=0
00010||0000T1
00001 00001

This impliesr =0,0,0,0,1. Hence, the method is zero stable.

3.4.2.3 Consistency and Convergence of Five—Step Block Method
for Second Order ODEs

According to the conditions highlighted in Definition 1.4, the block method (3.4.1.17
—3.4.1.21) is consistent. Hence, it is also convergent since it is zero-stable and

consistent.
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3.4.2.4 Region of Absolute Stability of Five-Step Block Method for
Second Order ODEs.

Equation (3.2.2.4.2) is applied to the block (3.4.1.17— 3.4.1.21), we have

€ 0 0 0 0) (00001

0 e’ 0 0 0| (000071

0 0 e 0 0|-[00001

0 0 0 e 0/ (00001

6 = 00 0 0 ¢ (00001
! 8630 ,, _ 6088 ,, 3764 ,, 1364 ., 2U4 o) (5 o o o 49%
20160 20160 20160 20160 20160 20160
1088, S0, 22, W0l 16 ||y o 00 395
630 630 630 630 630 630
31509, _ 648 ., 7830 5, _ 2592 ., 405 . |,|o o o o 8856
10080 10080 10080 10080 10080 10080
2648, 32, 1206, 180, 32 . ||y o 00 92
630 630 630 630 630 630
59375, 12500 ,, 31250 ,, 6250 ., 1375 .| |, 4 o o 15250
10080 10080 10080 10080 10080 10080

The above matrix is simplified and equating the imaginary part to zero, we have

1512 cos56 —1512
12 cos58 +149

h(@,h) =
Evaluating h(6;h) at interval of & of 30° produces results as tabulated in Table 3.3

Table 3.3

Interval of Absolute Stability of Five—Step Block Method for Second Order ODEs

0 0 30 60 90 120 150 180

h@oh) | o |-2036| -4.88 | -1015 | -15.86 | -1.27 | -22.07

Therefore, the interval of absolute stability is (-22.07, 0). This is shown in the

diagram below
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- 10 10 20

n

Figure 3.6. Region of absolute stability of five—step block method for second
ODEs.

3.5 Six=Step Block Method for Second Order ODEs

In this section the derivation and properties of a six—step block method for solving

second order ODEs are considered.

3.5.1 Derivation of Six—Step Block Method for Second Order ODES.

Power series of the form (3.2.1.1) is considered as an approximate solution to the
general second order problem of the form (3.2.1.2) where the step-length k =6. The
first and second derivatives of (3.2.1.1) are given in (3.2.1.3) and (3.2.1.4).

Interpolating equation (3.2.1.1) atx = x__.,1 = 3,4 and collocating (3.2.1.4) at

n+i?

x=x_.,1=0()6 as illustrated below:

n+i?

RN

|
Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5 Xn+6

Figure 3.7. Six—step interpolation and collocation method for second order ODEs.
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This approach gives the following results

2 3 4 5

XG X7 X8

1 n+3 n+3 Xn+3 Xn+3 Xn+3 n+3 n+3 n+3 a'0 yn+3
L X X X Xow X Xow X Xou [ & | Ve
0 0 2 6x, 12x; 20x; 30x; 42x° 56x° | a, f,
0 0 2 6x,, 12x, 20x,30x‘, 42x° 56x° |a, | |f.,
0 0 26X, 12xn2+2 20x° M 30x,,, 42x°,56x°, | a, |=| f.., (35.1.1)
0 O 2 6x,. 12x, 20x° , 30x: , 42x°,, 56X’ , a, f,.s
0 0 2 6x, 12x°, 20x,30x!,42x., 56Xn+4 a, f .
0 0 2 6x, 12x%, 20x,30x', 42x%,56x% |a, | |f.
0 0 2 6x, 12x’, 20x’,30x‘, 42x:, 56X, \a fos

In finding the values of a’s in (3.5.1.1) Gaussian elimination is employed. This

produces the values of a s as follows
661 ..

1789 1789 - ¢

2147 .. 6817

a= 4y . -3y  +—— ——"h?f
0 yn+3 yn+4 10080 n 1680 n+1 1120 n+2 2520 n+3

841 1 11 1 X
A —hefigs_— N == hJl + - +
3360 n+4 560 n+5 10080 h (yn+3 yn+4)

3

Xy (147f —~360f , +450f , —400f . +225f  —72f . +10f )+

360h
8
’_—(f —'Gf +15fn+2 _20fn+3 +15fn+4 n+ n+6) 5257h n n
40320h° 17280
A 29431h 1237h 41443h . 6437h 509h o f
20160 " " 2688 " "? 30240 " " 40320 " ™' 6720 " "°
7

_ BN ¢ %o (7f _40f , +95f  —120f _ +85f , —32f .

120960 10080h°

6
+5f )+ —— 32 o (35f —186f,  +411f , —484f , +321f , —114f .
5
+17F )+ gs’gw (49f —232f  +461f , —496f , +307f , —104f .
4
+15f, ) + 4320h2 (812f, —3132f , +5265f , —5080f , +2970f, , —
972f, . +137f )
2 - 6437 h - 5257 - 29431 h - 1237 h 41443 509 h
40320 17280 20160 2688 30240 6720
1313 1 X

+ 120960 n+6 - H (yn+3 - yn+4) - (”)h (147 fn - 360 fn+1 + 450 fn+2 - 400 fn+3 +
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7

Xn

225fm4—72fm5+10fm6)—xnﬁ-—5040h6(fn—6fm1+15fm2—20fm3+15fm4
6
_6 n+5 n+6) 1440h5 (7f f n+1 + 95fn+2 _120fn+3 +85fn+4 _32 fn+5 +
5
5f,.)——"_(35f, —186f, +411f,, —484f  +321f, , —114f, _+17f )
720h
4
~roprs (491, ~ 2321, + 461, , 4961, + 3071, , ~104f, +151,,) -
3
o (812f, —3132f,, +5265f, , —5080f, , +2970f,, —972f, +137f, )
10080h
1 x°
=f +———(f,—-6f_, +15f , —-20f , +15f , —6f .+ f
2 " " 1aa0n®
5
-360f , +450f , —400f ,+225¢f ,—-72f . +10f )+ 480nh5 (7f, —40f , +

4

Spars (351, ~186f, +411f, , —484f,

95f, ., —-120f , +85f , —32f . +5f )+

3

Xn
8218, ~1141,  +171,0) + oo

(49f, — 232, +461f, , —496f,, +307f, , —

2

104f. | +15f )+ = (812f - 3132f _ +5265f , —5080f , +2970f , —972f .
n-+ n+ 720h2 n N+ n+ n+. n+ n+

+1371,.,)
5
:ﬂ n+fn+1—7f fn+3_-—5‘fn+4+ifn+5——~1—fn+6_ Xnﬁ(fn_
120h 4h 9h 8h 5h 36h 720h
6f  +15f , —20f  +15f , —6f  +f )— 1080hz(812f ~3132f,, +5265f

X4
~5080f, , +2970f , —972f _ +137f )——"

e (7f, —40f , +95f , —120f _

3

85f ., —32f , +5f )+ (35f, —186f, , +411f , —484f ., +321f , —

21 h4
2
114 +17F, )= v (491, — 2821, +461f,, — 4961, +307f, , ~104f,, +
5 fn+6 )
203 29 39 127 11 9 137
2 fn - 2 fn-¢-1 + 2 fn+2 - 2 fn+3 +_2 n+4 __z n+5 +—2 n+6
1080h 40h 32h 108h 16h 40h 4320h
Xy
+ S7ont (f,—6f ,+15f ,—20f  +15f ,—6f .+ f )+ 19 h3 49f, —-232f,,
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3

461f , —496f _ +307f , —104f , +15f )+ 28):3nh5 (7 —40f  +95f , 120 _
2
+85f, , —32f  +5f )+ 28X8"h4 (35f —186f  +411f ,-484f . +321f  —114f .
+17fF..,)
Q= —49f+29 ; _461f +31f _307f +13f
° 960h® " 120h® " 960h® " 60h® ™ 960h° "' 120h® "°
1 x?
_W fn+6 - 720h6 (fn _6fn+l +15fn+2 _20 fn+3 +15fn+4 _an+5 + fn+6) -
72);“h4 (35f, —186f  +411f ,—484f , +321f ,-114f  +17f . )-
X,
2800 (7f —40f , +95f ,—-120f ,+85f ,—32f .+5f )
a - g3t B 0 fal o 107
¢ 864h* " 720h* ™ 1440h* "™ 1080h* "° 1440hn* ™
19 17 X?

f .+ f ++ s f —6f  +15f  —20f . +15f
720h4 n+5 4320h4 n+6 l440h6( n n+1 n+2 n+3 n+4
6f . +f )+ 14:6h5 (7f —40f  +95f , ~120f  +85f , ~32f _
+5fn+6)

A2 1 19 1 17 1
a, = b f - f o+ f - f o+ f
! 1440h® " 252h® "' 2016h°® ™? 84h® " 2016h°® "* 315h° "°
1 X
_— f " (f —6f_ +15f —20f . +15f , —6f  +f
2016h5 n+6 5040h6( n n+1 n+2 n+3 n+4 n+5 n+6)
1
a8 = W(fn _6fn+1 +15fn+2 _20fn+3 +15fn+4 _6fn+5 + fn+6)

The values of @ s are substituted into equation (3.2.1.1) and simplified. This gives a

continuous implicit scheme of the form:

y(x) =2 a,(\)y,,, +h* > B,(0)f,, (35.1.2)
j=3 j=0

where X =zh+Xx_ +5h (3.5.1.3)

Substituting (3.5.1.3) into (3.51.2) and on simplifying produces
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a,(2) =
a,(2) =

B (2) =

ﬂl (Z) =

B.(2) =

ﬂs (Z) =

B.(2)=

135 (Z) T

ﬁs( )_

Evaluating (3.5.

2+72

————(62+351z - 6722° —364z° +1262° +140z° + 362’
120960

+32°)

1
120960
-240z" —182°)

372 - 25867 +5040z° + 2604z* —10082° —10082°
Saaeq ¢

——— (426 + 8085z —16800z° — 7980z* + 3654z° +3108z°
120960

+660z" + 452°%)

1 1085657727 +336002° +131607" —80642° —
120960
51522° — 96027 — 602°)
20196 (98706 + 1355617 — 504002° — 71402* +104582° +
4788z° +780z" +45z2°)
L 11724 472387 + 6048077 + 258722° —41167° —
120960
705625 _23527° — 33677 —182°) (35.1.4)
120 ~(442-14372.+:33602" + 38362 +18907" + 476"
+602’ +32 )

1.4) at the non-interpolating points .that is, at z = -5, -4,-3, 0

and 1. This produces the following schemes

30240y, —40320y, . +10080y, = h*(-11f, , ~18f . +2523f ., (351 5
+27268f, , +19323f , +10734f,  +661f,).

40320y, — 60480y, , + 20160y, , =h*(31f , —354f _ +4413f , (3.5.1.6)
+33988f . +20793f, , +1662f  —53f ). 5.1.
60480yn+4 _12096Oyn+3 + 60480yn+2 = h2 (31fn+6 - 438 fn+5 + 6513 fn+4 (3 5 1 7)
+48268f, , +6513f,_, —438f,, +31f,) o
20160yn+6 _ 60480yn+4 + 40320yn+3 =h? (]_291fn+6 + 21906 fn+5 + 32133fn+4 (3 5.1 8)

+6268f,,

~1467f , +402f,  —53f ).
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. =h?*(=221f, _ +5862f, _ +49353f

+ 31f)).

60480y .
+5428f

—120960y. ., + 60480y
+213f , —186f

n+6 n+5

w4 (3.5.1.9)

n+3 n+l

The derivative of (3.5.1.4) gives

a,(z)=-1

al(z) =1

Bl(2) = 1201960 (351—20162° —14562° + 630z* +8402° + 2522°
+24z7")

pl(z) = 120:;60 (—2586 +15120z% +10416z° —5040z* —6048z2°
-1680z° —144z")

Bl(z) = m(soezs-smoof —319207° +182707" +186487°
+4620z° +360z")

pi(z) = @ (-5772+100800z* +52640z° — 40320z* —30912z°
—6720z° —480z")

Bi(z) = 1—20%)66(135561—15120022 —28560z° +52290z" +28728z°  (3.5.1.10)
+5460z° +360z)

L. @)\ % Eajé)ﬁ(47238 +120960z + 776162> —164642° —35280z*

=141122° — 2352z2° + =144z")
(-1437 +10080z° +15344z° + 9450z + 28562° +

, 1
Z)=
pe(2) 120960

420z° +24z")
Equation (3.5.1.10) is evaluated at all the grid points. i.e, at z = -5, -4, -3,-2,-1, 0 and
1. This produces the following schemes

120960hy —120960y. , +120960y. , = h?(—1313f . +9162f _ (35.1.11)
—19311f, , +165772f  +55665f , +176586f  +36799f ). o

n+3 n+2 n+l

120960hy’ | —120960y, , +120960y, , = h?(—413f, +3462f (35.1.12)
—21111f, , —90764f , —148587f , —46362f,  +1375f,). o

40320hyr|1+2 - 40320yn+4 + 40320yn+3 = h2 (43 fn+6 - 238 fn+5 -

(3.5.1.13)
2171f , —41092f , —18203f , +1298f  —117f).

120960hy ., —120960y, , +120960y. , = h?(~253f, +2502f _

(3.5.1.14)
—20055f, , —48268f , +7029f , —1626f,  +191f ).

n+3 n+l
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120960hy. , —120960y. , +120960y. , =h?(289f . —3018f, .

(3.5.1.15)
+41583f , +26740f , —6513f , +1590f  —191f ).
40320hy. . — 40320y, + 40320y, , = h*(-479f,  +15746f _ + (35.1.16)
45187f , —1924f _ +2695f , —862f , +117f ).
120960hy, , ~120960y,,, +120960y,, = (367371, +177462f,.. (351 17

+42639f , +69236f , —32337f, ,+10038f,  —1375f ).
Joining equations (3.5.1.5) - (3.5.1.9) and (3.5.1.11) gives a block of the form (1.10)

0 0  —40320 30240 0 0 V.
10080 0  —30240 20160 0 0o |vy.,
0 10080 —20160 10080 0 0 |vy.
0 0 10080 —20160 10080 O |y.. |
0 0 20160 -30240 O 10080 | y. .
0 0 10080 —10080 O 0 \vy.
0 000 0 -10080)y . 0 00O0O 0 Vo
0 0000 0 Vo 0 00O0O 0 v,
000000 0 Yos|, @ 0 000 0 yl'H+
00000 0 V., 0 00O0O 0 vy,
00000 O Yo 00000 O Yo
00000 0 Y, 0 000 0 —10080)\Y,
10734~ 19323 27268 2523 -18 11\t |
1662 20793 33988 4413 354 31 |f
ho| 438 6513 48268 6513 -438 31 | f, |
~186 213 5428 49353 5862 -—221| f
402 —1467 624 32133 21906 1291 | f..
~176586 —55665 —165772 19311 -9162 1313 \ f,.,
00000 661 \f,
00000 -5 |f,
200000 31 f
00000 3 f,
00000 =53 |f,
0 00 00 —36799 ) f,

The above equation is multiplied by (A°)to give

67



1000 0 0Yy,) (00000 1Yy, 00000 1Yy,
010000y ||00000T1y, 00000 2|y,
001000y, | 00000y | 000003y, |
000100|y,[|00000T1fy, 00000 4[|y,
0000 11O0[Yus| [OO0OOO O 1fVY 00000 05|V,
00000 1\Y (00 0O O 2\, 00000 6Ly,
257 -2830 445 -303 403 -118
576 6653 1267 1586 6720 14345
194 -8 /88 -97 46 19 |,
105 9 945 210 315 945 | ™
1485 -715 45 -3267 513 -141| fno
he| 448 1333 32 4480 2240 4480 | fis |
1504 -8 1455 -8 32 -8 |
315 105 524 9 105 189 | f .
754 584 1216 -625 275 653
121 1507 287 2688 576 11489 | "°
o4 2r 204 27 o4 0
7 35 35 70 35
0000 0 32
1377
0 00 00 2027 f .
1890 |
ol obotrted [|£92 f”"‘
h? 1809868 (3.5.1.18)
o\ BT/ I T
945 | f, .
00000 29 f
660
00000 2
70
whose solution is
2
Y..=Y, +hy + 130960 (—995f, , +7254f . —23109f , +42484f . (3.5.1.19)
—51453f , +57750f  +28549f ).
y., =Yy +2hy + 150960 (—2432f  +17664f _—55872f , +100864f (3.5.1.20)

~107520f, , + 223488 +65728f ).

. h?
Y..=Y, +3hy + 2480 (-141f_, +1026f, . —3267f ,+6300f . (3.5.1.21)
—2403f, , +14850f  +3795f ).
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. h?
yn+4 - yn + 4hyn + 945 (_40 fn+6 + 288 fn+5 _840 fn+4 + 2624 fn+3 - 72 fn+2 (35122)
+4512f, , +1088f ).
. h?
Y..s =Y, +5hy, +m(—1375 f,.,+11550f . —5625f , +102500f, . (3.5.1.23)
+9375f , +150750f , +35225f ).
. h?
V... =Y, +6hy + 140 (216f . +54f ,+816f .+108f ,+1080f 6 + (3.5.1.24)

2461 ).
Substituting (3.5.1.21) and (3.5.1.22) into (3.5.1.12) — (3.5.1.17) to give the

derivative of the block

. . h
= —863f 6312f, . —20211f 37504 f
yn+1 yn + 60480( n+6 + n+5 n+4 + n+3 (35125)
—46461f  +65112f  +19087f ).
. : h
Voo =Y, + AT (-37f,.,+264f , -807f ,+1328f ,+33f , (3.5.1.26)
+5640f, , +1139f ).
. ] h
Vos = Yo #5505 (2291, #2161, , =729, + 2176, +1161F (35.1.27)
+3240f  +685f ).
: : h
Y. =Y. + T (-16f ,+96f . +348f ,+3008f ,+768f ,+ (3.5.1.28)
572f.).

: . h
=y +—(-275f  +5640 . +11625f ,+16000f .+
yn+5 yn 12096 ( n+6 n+5 n+4 n+3 (35129)

6375f , +17400f  +3715f ).

: . h
Voo =Y, + 140 (41f ,+216f +27fF ,+272fF ,+27f ,+216f , (3.5.1.30)

+41f)).
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3.5.2 Properties of Six—Step Block Method for Second Order ODEs.

The order, zero-stability and absolute region of six—step block method are described

in this section.

3.5.2.1 Order of Six-Step Block Method for Second Order ODEs.

The approach used in section 3.2.2.1 is also applied to find the order of the block

method (3.5.1.19 — 3.5.1.24) as shown below

ihm oy h" . 28549 I L o oo 57750(1)" —51453(2)" + 42484(3)"
2ol "2 120060 2 0(120960*m') —23109(4)" + 7254(5)" — 995(6)"
i(Zh)mym_i(Zh)m 65728 Z 2em - 223488(1)" —107520(2)" +100864(3)"
2 2 Y 0060 (120960*m') —55872(4)" +17664(5)" — 2432(6)"
z(3h _21:(3h)”‘ym_3795 s LB 14850(1)" — 2403(2)" +6300(3)"

S om 7 & om " 4480 = 0(4480*m') —3267(4)" +1026(5)" —141(6)"

(AN o (40" 1088 S
mZ; mi zo m! ;(945*m') —840(4)" +288(5)" — 40(6)"

35225, , < hT (Z+m)[150750(1)m+9375(2)m+102500(3)mj

e m>[4512(1)m 722"+ 2624(3)”"}

5hm 5hrn
z( ) Z( ) y;

= ml Som " 24192 " = (24192*m!) " -5625(4)" +11550(5)" —1375(6)"
6h)" 6h)" , 246, , .. (1080(1)" +108(2)" + 816(3)"

Z( ) Z( )y _ 2 Z e ) )

“ om m! 140 (140 my 7 |+ 5404y + 216(5)

Comparing the coefficients of h"and y" produces

O O O O o o
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O O O ©O o o

1 28549 1 57750(1)° — 51453(2)° + 42484(3)° — 23109(4)° + 7254(5)°
21 120960 (120960)(0!) (— 995(6)° j
(2 65728 1 223488(1)° —107520(2)° +100864(3)° — 55872(4)° +

21 120960 (120960)(0!) (17664(5)0 —2432(6)° J
(3 3795 1 14850(1)° — 2403(2)° + 6300(3)° — 3267(4)° +1026(5)°

21 4480 (4480)(0!) [—141(6)‘) J

(4 1088 1

2 945 (945)(0)

(5) 35225 1 150750(1)° +9375(2)° +102500(3)° — 5625(4)° +11550(5)°
20 24192 (24192)(0') {—1375(6)“

(6): 246 1

2l 140, (140)(0!)

(4512(1)° - 72(2)° + 2624(3)° —840(4)° + 288(5)° — 40(6)°)

(1080(1)° +108(2)° +816(3)° +54(4)° + 216(5)° )

1 1 57750(1)' —51453(2)" + 42484(3)" — 23109(4)" + 7254(5)"
3 (120960)@) [— 995(6)’ J
(2)° 1 223488(1)! ~107520(2)" +100864(3)" =55872(4)" -+
3 (120960)(1!) [17664(5)1 —2432(6)" J
@3)? 1 14850(1)" — 2403(2)" + 6300(3)" — 3267(4)" +1026(5)"
3 (4480)(1) (—141(6)1 ] _
4y 1 1 1 1 : . 1
CRRCTEI) (4512(1)" — 72(2)" + 2624(3)" —840(4)" + 288(5)* — 40(6)" )
(5)° 1 150750(1)" +9375(2)" +102500(3)" — 5625(4)" +11550(5)"
3 (24192)(1) [—1375(6)1 j
6 1

(1080(1)* +108(2)" + 816(3)* +54(4)* + 216(5)")

3 (140)(1)
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1 1 (57750(1)2 —51453(2)° + 42484(3)’ — 23109(4) + 7254(5)2]

41 (120960)(2!) | —995(6)2
2)* 1 (223488(1)2 —107520(2)* +100864(3)* —55872(4)’ +)
41 (120960)(2!) | 17664(5)* — 2432(6)>
@' 1 (14850(1)2 —2403(2)? + 6300(3)* — 3267(4)’ +1026(5)2J
4 (4480)(2!) | —141(6)
4)* 1 ) ) ) ) ) )
(4)! - @) (4512(1)° — 72(2) + 2624(3)" —840(4)’ + 288(5)° — 40(6)?)
(5)* 1 [150750(1)2 +9375(2)? +102500(3)? — 5625(4)> +11550(5)2J
41 (24192)(2") | —1375(6)°
(i)! - (1401) @ (1080(1)* +108(2)* +816(3)* +54(4)* + 216(5)*)
1 1 57750(1)° —51453(2)° +42484(3)° — 23109(4)* + 7254(5)°
5!‘(120960)(3!)[—995(6)3 J
2)° 1 223488(1)° —107520(2)° +100864(3)° —55872(4)° +
51 (120960)(3!) (17664(5)3 —2432(6)° J
(@ 1 14850(1)° — 2403(2)° +6300(3)° —3267(4)° +1026(5)°
51 (4480)(3) (—141(6)3 ]
@ 1

(4512(1)° = 72(2)® +2624(3)° —840(4)° + 288(5)° —40(6)° )

51 (945)(3)
(5)° A 150750(1)° +9375(2)° +102500(3)* —5625(4)° +11550(5)*
5 (24192)(3) [—1375(6)3 J
(65)! e (1401) @ (1080(1)* +108(2)° +816(3)° +54(4)° + 216(5)°)
1 1 (57750(1)4 —51453(2)* +42484(3)* —23109(4)* +7254(5)4J
6l (120960)(4!) | —995(6)*
2)° 1 223488(1)* —107520(2)* +100864(3)* —55872(4)* +
6l (120960)(4!) [17664(5)“ —2432(6)* j
(3)° 1 14850(1)* —2403(2)* +6300(3)* —3267(4)" +1026(5)*
6l (4480)(4) (—141(6)“ J
4)° 1 \ \ \ \ \ \
(6)! B (4512(1)* —72(2)* +2624(3)* —840(4)* +288(5)* —40(6)*)
(5)° 1 150750(1)* +9375(2)* +102500(3)* —5625(4)* +11550(5)*
61 (24192)(4) [—1375(6)“ J
6° 1

o~ a0y (1080(1)* +108(2)* +816(3)* +54(4)* +216(5)*)
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1 1 [57750(1)5 —51453(2)° +42484(3)° —23109(4)° + 7254(5)7

71 (120960)(5!) | —995(6)°
@' 1 (223488(1)5 ~107520(2)° +100864(3)° —55872(4)° +J
71 (120960)(5!) | 17664(5)° — 2432(6)°
@)’ 1 [14850(1)5 —2403(2)° +6300(3)° —3267(4)° +1026(5)5]
71 (4480)(5!) | —141(6)°
4y 1 . ; . . ; .
( 7)| ST (4512(1)° —72(2)° + 2624(3)° —840(4)° + 288(5)° —40(6)° )
G 1 (150750(1)5 +9375(2)° +102500(3)° —5625(4)° +11550(5)5j
71 (24192)(5!) | ~1375(6)°
(67)| - (1401) & (1080(1)° +108(2)° +816(3)° +54(4)° +216(5)° )
1 1 [57750(1)6 —51453(2)° +42484(3)° — 23109(4)° + 7254(5)° j
8l (120960)(6!) | —995(6)°
2)° 1 223488(1)° —107520(2)° +100864(3)° —55872(4)° +
8l (120960)(6!) [17664(5)6 —2432(6)° J
(3)° 1 [14850(1)6 —2403(2)° +6300(3)° —3267(4)° +1026(5)6]
8l (4480)(6') | —141(6)"
4)® 1 ) : : . . .
% e (4512(1)° —72(2)° + 2624(3)° —840(4)° + 288(5)° —40(6)°)
(5)° 1 150750(1)° +9375(2)° +102500(3)° —5625(4)° +11550(5)°
8l (24192)(6!) [—1375(6)‘* j
(6)° 1

o Ga0E) (1080(1)° +108(2)° +816(3)° +54(4)° +216(5)° )

1 1 (57750(1)7 —51453(2)7 +42484(3)" —23109(4)" +7254(5)" ]
9l (120960)(7!) | —995(6)’
2)° 1 223488(1)" —107520(2)" +100864(3)" —55872(4) +
9l (120960)(7!) [17664(5)7 —2432(6)’ J
(3)° 1 14850(1)7 —2403(2)" +6300(3)" —3267(4)" +1026(5)’
9l (4480)(7!) [— 141(6)’ J _
(‘;)! - (9451)(7!) (4512(1)7 —72(2)" +2624(3)" —840(4) +288(5)" —40(6)")
(5)° 1 150750(1)" +9375(2) +102500(3)" —5625(4) +11550(5)’
9 (24192)(7) (—1375(6) ’ J
©° 1

o~ a0 (1080(1)7 +108(2)" +816(3)” +54(4)" +216(5)")
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149

22413
92

5597

350
159

4544
148

3305

175




Hence, the block has order (7,7,7,7,7,7)" with error constants

(149 92 9 159 148 9 j
224135597 350 ' 4544 ' 3305175

3.5.2.2 Zero Stability of Six—Step Block Method for Second Order
ODEs.

Applying equation (3.2.2.2.1) to the block (3.5.1.19 — 3.5.1.24) we have

det[rA® — AP] =

q
O O O ©O O -
o O O O O
O r O O O O
R O O O O O
O O O o o o
O O O o o o
O O O o o o
O O O o o o
O O O O o o

e e

o O O O +— O
o O O » O O

which impliesr = 0,0,0,0,0,1. Hence, the method is zero stable.

3.5.2.3 Consistency and Convergence of Six-Step Block Method for Second
Order ODEs

The block method (3.5.1.19 — 3.5.1.24) is consistent since the conditions listed in
Definition 1.4 are satisfied. This implies that the block method is convergent because
it is zero-stable and consistent.

3.5.2.4 Region of Absolute Stability of Six—Step Block Method for
Second Order ODEs.

Applying the equation (3.2.2.4.2) to the block (3.5.1.19 — 3.5.1.24) we have
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¢ 0 0 0 0 O 00O0O0TO0T1

0 e 0 0 0 0 00O0O0OTO0T1

0 0 ¢ 0 0 0 00O0O0OTO0T1

0 0 0 e” 0 0 00O0O0OTO0T1

0 0 0 0 ¢e“ 0 00O0O0OTO0T1

h(0,h) = 0 0 0 0 0 e 00O0O0TO001
e 57750 , 51453 ,, 42484 ,, 28109 ,, 7254 5, 995 ) (, 28549
120960 120960 120960 120960 120960 120960 120960
223488 , 107520 ,, 100864 , 55872 ., 17664 ., 2432 | |, 65728
120960 120960 120960 120960 120960 120960 120960
14850 , 2403 ,, 6300 ,, 3267 ,, 1026, 141 0 3795
4480 4480 4480 4480 4480 4480 : 4480
812, T2, 2624 840, 288, 40 . || 1088
945 945 945 945 945 945 945
150750 , 9375 , 102500 5, 5625 ., 11580 5, 1375 g | |, 35225
24192 24192 24192 24192 24192 24192 24192
1080, 108,  B8l6,, 54, 26, 0 0 20
140 140 140 140 140 140

Finding the determinant of the above matrix and equating the imaginary part to zero

we have

926840803312848076800 cos 66 —92684080331.2848076800

h(6,h) =

4728779608739020800 cos 66 — 74241839857202639921

Evaluating h(, h) at interval of ¢ of 30° gives results as tabulated in Table 3.4

Table 3.4

Interval of Absolute Stability of Six—Step Block Method for Second Order ODEs

0

0] 30

60

90

120

150

180

h(6, h)

0 | 23.47

23.47

23.47

Therefore, the interval of absolute stability is (0, 23.47). This is shown in the

diagram below
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10 ¢

Figure 3.8. Region of absolute stability of six-step block method for second
order ODEs.

3.6 Seven-Step Block Method for Second Order ODEs.

This section considers the derivation of block method with a step-length k=7 for
direct solution of second order ODEs. The properties of the method are also

established.

3.6.1 Derivation of Seven-Step Block Method for Second Order ODEs.

The use of power series of the form (3.2.1.1) is considered as an approximate
solution to the general second order problem of the form (3.2.1.2) where k =7 is the
step-length. The first and second derivatives of (3.2.1.1) are shown in (3.2.1.3) and
(3.2.1.4).

Equation (3.2.1.1) is interpolated at x = x_..,i = 4,5 and (3.2.1.4) is collocated at

n+i?

X=X_.,1 =0()7 as shown in Fgure 3.9 below

n+i?
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Figure 3.9. Seven-step interpolation and collocation method for second order ODEs.

This technique yields

2 3 5

1 . n+4 n+d n+4 Xoia Xiia X:+4 X:+4 X:?M Xf+4 a, N
I Xos Xos Xos o Xos o Xow Xos Xioo Xooo X la | | Ve
0 0 2 6x, 12x; 20x; 30x; 42x; 56x: 72x! | a, f,
0 0 2 6x,, 12x7, 20x;,30x;,42x:, 56x:, 72x] . | a, f.
0 O 2 6x,, 12x:, 20x’,30x,,42x°, 56x°, 72x., | a, f. 36.11
0 0 2 6x, 12X, 20X3,30x., 42" 56xn+3 x| || (36.1.1)
0 0 2 6x,, 12x2, 20x:,30x:,42x, 56x°., 72x7, | % f .
0 0 2 6x, 12x2, 20x’,30x!,42x; 56xn+5 72x7 . | & fs
0 0 2 6x., 12x2, 20x’,30x‘,42x°, 56X%, 72X ¢ | & | | f,.
0 0 2 6x., 12x2, 20x°,30x’,42x%,56X;, 72X, Na,) \f,.

In order to find the values of a ’s, the use of Gaussian elimination method is applied.

The values of @ ’s are shown below:

a'0 = 5yn+4 15 4yn+5 + 199 h2 fn + 1363 h f +1 18583 h2 fn+2 @ h f
30240 1260 10080 3024
9
RCLCTETIE L AU LAVCT N SR L Y . Y |
2016 2520 30240 240 2 362880h

8

X,
40320h°

6

78f ,—125f  +120f ,—69f  +22f  —3f )+—2_
4320h

_7 fn+1 + 21fn+2 _35 fn+3 + 35 fn+4 - 21fn+5 + 7 fn+6 - fn+7) +

(4f —27F  +

(56 —333f  +852f

7

)+ 302)20h5 (46f —295f  +810f

4

~1219f _ +1056f ,—555f _+164f  —21f

~1235f ,+1130f ,—621f _+190f  —25f )+ 43’2( _(938f, —4014f, , +
5
7911f ,—9490f _+7380f ,—3618f _+1019f  —126f )+ ’; 5 (967, -

5104 f ,+11787f ,—15560 f

n+l

+12725f,, —6432f,_+1849 fM ~232f )+

n+3 n+5
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3

(1089 f —2940f  +4410f , —4900f , +3675f,

2520h

535153h

60fm7)+ _+345943h

+
(y”*“ Yos) 1814400 226800
113851h 57191h 150659h
n " n+3 + Xn n+4 + Xn n+5 -
362880 151200 1814400

n n n n+1

327109h
181440

150659

1814400
535153

1814400 "

345943 22303hf __327109hf
226800 86400 181440
8881 1 X2
hf . —x f —= -
907200 nn h (yn+4 n+5) 840h

n+6 n+l n+2 n+3

n+7

+4410f , —4900f  +3675f , —1764f _+490f

+21f, , —35f  +35f  —21f

7
for) = 5040h6

X,

720h

n+7)
5fn4-7)'

+7f . —

n+5

-125f

n+3 + 120 fn+4 - 69 fn+5 +22 fn+6 - 3 fn+7) -

6

4320h5

~1219f , +1056f , —555f _+164f _ —

~1235f, , +1130f, , —621f

n+5

+190f,

a, = 1fn+
2

f, —2940f . +4410f, , —4900f,,

7

X,

+490f o
10080h’

£601,.) T (f, —7f ., +21f ,—35f,

6

144 Oh®

n+7)

4

(4f, —27f ., +78f  —125f  +120f ,

n+l

X;
28 8h*

5

(56 f, —333f, +852f , —1219f  +1056f,

n+3

(46f —295f  +810f , -1235f , +1130f , —621f

n+l n+3 n+5

1440h5

2

%\ (938, -4014f
h

L +T911f , —9490f _ +7380f,

3

~126f " (967 f —5104f
h? "

n+7

)+ ., +11787f , —15560f
14

n+3

1849 —232f ).

-121 7 7 35
3 —fn+_fn+1__ t—=
280h 6h 4h 18h

+ 1 (938f, —4014f,
42h

B 1
24h ™*  10h

n+2 n+3

L +7911f,

n+7

1080h2

78

.. —1764f

113851
362880

60 fn+7)
— 0 (4f -27f
(56, 333,

(46f

, +3675f,
.. +35f ,
69 f
. —955f,
+190f
.. —3618f,

+12725f,

n+5

., —9490f

s +490f .

22303h
86400

n " n+2

8881h
907200

n " n+6 n n+7

57191
151200

n+4 n+5

(1089f, —2940f ,

8

X,

——(f, -7f
40320h’

n+l

(fn

+78f ,

n+l

., +852fF

—295f  +810f ,

4 1764 fn+5

-21f  +7f

n+6

+22 fn+6 3fn+7)

n+5

+5 +164 fn+6 1fn+7)

5 fn+7)

. $1019°€

L —6432f _+

_
36h

n+6

., +7380fF , —



3618f _ +1019f,  —126f )—15f  —6f _+f )-— (812f, —

1080h2
X6

4320n’
(41,

3132f _ +5265f , —5080f , +2970f , —972f _+137f,  )— (f,

5

n+ - n+7) 720h6
+120f, , —69f _+22f  —3f )-

—7f, ., +21f ,—-35f ,+35f ,—21f .+

n+l n+3

—27f , +78f , —3125f

3

n+3
X,
216h*

n+7)

(56f, —333f,  +852f ,—1219f  +1056f , —555f _+164f,

n+3

4

+1130f, , —621f,
86an®

v _(46f, —295f , +810f, , —1235f

n+l n+3

2

% (967f —5104f  +11787f , —15560f, , +
h3 n n+. n+ n+

+190f , —25f )

X3

1080h*
+7380f, , —3618f,  +1019f  —126f, )

12725f , —6432f _+1849f, _—232f )+190f,  —25f )———"(938f,

—4014f,  +7911f, , —9490f

4

X,

n+3

+12725f,  —6432f, _ +

(967 f —5104f,  +11787f , —15560f

n+1 n+3

~ 2880h°
1849f . —232f ).
469 223 293 949 41 67
2 fn N 2 fn+1 + 2 fn+2 -\ 2 fn+3 + 2 fn+4 [ 2 fn+5 +
2160h 240h 160h 432h 24h 80h

1019 f 7 X,

D) JIE A _(967f, —5104f,, +11787f, , —15560f, , +
4320h 240h 2880h

5

2880h7
+78f, ,—-125f . +120f ,

12725, —6432f _ +1849f _—232f )—

4

+7f

- Af —27f
n+5 n+6 n+7 ) 5 h 6 (

+35f , —21f

n+1
2

288 h4

3

X
+164f , —21f ) +—"
n+6 n+7 ) 864h 5

—69f +22f . —3f )+ (56f —333f  +852f  —1219f  +1056f,

(46f —295f  +810f , —1235f , +1130f

555 f

n+5 n+l n+3

—621f__ +190f , —25f ).

-967 319 3929 389 509 67
3 fn + 3 nl 3 n+2 + 3 fn+3 - 3 n+4 + 3 fn+5
14400h 900h 8400h 360h 576h 150h

1849 - 29 fo- (56 f —333f  +852f ,-1219f . +1056f ,
14400h* 1800h° 720h4

4
+164f  —21f o
2880N°

(f —7f  +21f  —35f  +35f  —21f .

n+l

—555f

n+5 n+3

79

(f, —7f  +21f , —35f



3

+7f . —f.,)———(@4f -27f , +78f ,-125f , +120f , —69f . +22f , —
720h6
2
3f ) 14X"h5 (46f —295f +810f , —1235f  +1130f , —621f _ +190f,  —
25fn+7)'
7 37 71 1219 11
a6 = 4 fn - 4 fn+1 + 4 n+2 4 fn+3 + 4 n+a
540h 480h 360h 4320h 45h
37 ¢ al ¢ T X (46f —295f

[ _|_ J—
288h* "*° 1080h* "° 1440h* " 4320h5
+810f, , —1235f , +1130f , —621f _+190f . —25f )+

3

Xn
232007 (f,—7f , +21f ,—-35f ,+35f ,—21f . +7f . —
2
f)+ 144Oh6 ——(4f —-27f ,+78f ,—125f . +120f , —69f .
+22f . —3f ).
—-23 59 3 247 113
a'7 = 5 fn + 5 fn+1 - 5 fn+2 +‘5 fn+3 _%5 n+4
15120h 6048h 112h 6048h 3024h
23 19 5
A ial THAEE gy B W ML
1120h* "° 3024h° "° 6048h° "’ 504Oh6 (
X2
+78 fn+2 —125 fn+3 +120 fn+4 _69fn+5 o 22 fn+6 n+7) W(fn
—7 fn+1 it 21fn+2 - 35 fn+3 + 35 fn+4 r 21fn+5 + 7 fn+6 ™ fn+7)'
1 3 13 25 1
aB = 6 fn - 6 n+1 +—6 fn+2 _—6 fn+3 +—6 fn+4
10080h 4480h 6720h 8064h 336h
23 11 [ X,

T o A AANIG fn+5 + —6 fn+6 - —6 n+7 + 7
13440h° 20160h 13440h 40320h
—7f, ., +21f ,—-35f ,+35f ,—21f . +7f ,—f ).

:_;(fn —7f

a +21f ,-35f ,+35f ,—21f . +7f ,—f ).
° 362880h’ n+3 nea nes nee = Foir)

n+1

Substituting the values of a’s into equation (3.2.1.1) and simplifying, this gives

a continuous linear multistep method of the form:

Y0 =3 @, 09y, +h* Y 8,001, (36.12)
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where x=zh+Xx, +6h (3.6.1.3)
Substitute (3.6.1.3) into (3.6.1.2) and on simplifying we have

a,(z)=-1-z

a(2)=2+z

B.(2) = 1 (-930-3793z + 7200z° + 4620z* —882z° —16802°
1814400
—600z’ —90z° —52°)

p(2)= 1 (7440+31816z —60480z° —37800z° +80642° +
1814400
13860z° +4740z" +675z° +35z2°)

B,(2) = 1 (8370—39481z + 756007° + 453607 —112147° —
604800

16800z° —5400z" —720z° —35z°).

B.(2) = — (38940 + 2540307 — 5040002° — 2814007
1814400
+85680z° +105420z° +30900z" +3825z° +175z2°).
B.(2) = — (26058 — 438677 +1512002° + 718207
362880

_303662° — 272162° — 70802" —810z° — 352°).
B.(2) = — -~ (500040 + 7043567 — 3024002° — 680407*
604800
+584642° +357002° + 810027 +8552° +352°).
1
1814400

29400z* —112014z° —47040z° — 9240z’ —840z° —352°).

B, (2) = (169350 + 6820197 + 9072002° + 4384802° —

1
—_— __(~11400—355247 +86400z° +105840z2* +
3628800 ( (3.6.1.4)

58464z° +17640z° +3000z" +270z° +10z°).

B (2) =

Evaluating (3.6.1.4) at the non-interpolating points .i.e, at z = -6, -5, -4,-3, 0

and 1 gives

120960y, . —151200y, ., + 30240y, =h*(126f, . —1357f _ +14316f, (36.15)
+101865f, , +97070f, , +55749f , +32712f , +1919f,). o
90720y, —120960y, , + 30240y, , =h*(31f , —502f,  +8913f _ (3.6.16)
+79564f , +60209f, , +30858f, , +2431f,  —64f ). T
120960y, . —181440y, , + 60480y, , =h?(62f,  —845f, _ +12588f, (36.17)

+103049°f, , +61294f _+5637f , —376f _ +31f ).

n+4
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60480y, . —120960y, , + 60480y, , =h?(31f,  —438f . +6513f _+

(3.6.1.8)
48268f , +6513f , —438f  +31f ).
60480y, , —181440y, . +120960y, , =h?(3745f  +66614f  +93711f . (36.1.9)
+23284f, , —8881f  +3894f  —1055f  +128f).
60480y,,, ~120060y,., + 60480y, , =h*(-190f,, +5645f,, +50004f,, (35 10

+4343fF, , +1298f,  —837f , +248f  —31f ).

n+2

The derivative of (3.6.1.4) gives

a,(z)=-1
ai(z) =1
B.(2) = —~— (~3793+ 216007 +184807° — 44102* —100807°
’ 1814400
—42002° — 72077 —457°).
@) 1811400 (31816 -1814402° ~1512002° + 40320z +831602°

+33180z° +5400z" +315z°).

1
1814400
—113400z° —17280z" —9452°).

1
1814400
+216300z° + 30600z +1575z2°).

B,(2) = (—118443 + 680400z° + 544320z° —168210z° — 302400z°

B.(2) = (254030 -1512000z° —1125600z° + 428400z * + 6325202°

. 1
7) = ——__(~219335+ 22680002° +1436400z° — 7591507
Pi(2) = 1g14200" (3.6.1.11)

—816480z° — 247800z° —32400z" —1575z°).

1
1814400
+170100z° +20520z" +945z2°).

B.(2) = —— (682019 +18144007 +13154407° —1176002° —5600702°
1814400

B.(2) = (2113068 — 2721600z — 816480z° + 876960z* + 6426002°

—282240z° — 64680z° — 7200z —3152°).

B, (2) = 1 (-17762 +129600z° + 211680z° +146160z" +52920z°
1814400

+10500z° +1080z" + 45z2°).

Equation (3.6.1.11) is evaluated at all the grid points. i.e, at z = -6, -5, -4,
-3,-2,-1, 0 and 1 produces
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1814400hy’ —1814400y, . +1814400y, , = h>(-17762f, , +150659f
—686292f _ —569255f, , —3271090f , —468363f, , —2767544f (3.6.1.12)
—535153f,).

n+5 n+4

1814400hy’ , —1814400y, . +1814400y, , = h?(2863f  —19606f,
—63807f, . —1897460f , —1424095f , —2295318f , —669809f, ,  (3.6.1.13)
+16832f ).

1814400hy’ , —1814400y, . +1814400y,_ , = h?(—2402f  +25379f .
—237012f, —1494215f , —2096050f, , —775083f , + 47176 f , (3.6.1.14)

n+2

—3793f,).
1814400hy’ , —1814400y . +1814400y_ , = h?(463f _ —406f, .
—128607f,__ —1797620f, , —70655f  +89322f , —15569f (3.6.1.15)
+14721,).
1814400hy’ , —1814400y, . +1814400y, , = h?(—2402f,  +27779f,
— 271572 —772775f , +154190f  —53643f _ +12616f (3.6.1.16)
—1393f,).
1814400hy’ _ —1814400y, . +1814400y, , = h*(2863f,  —34966f,
+592833f, . +452620f, , —149215f , +54762f, , —13169f,, (3.6.1.17)
+1472f ).
1814400hy’ . — 1814400y, . +1814400y,., = h’>(-17762f,,, + 682019f,
+2113068f . —219335f, , + 254030 f ; —~118443f . +31816f, , (3.6.1.18)
—3793f ).
1814400hy’ _ —1814400y. . +1814400y, , =h?(534223f  +2779754f,
+286113f _, +1627660f , —1074175f  +504042f , —138449f (3.6.1.19)
+16832f,).
Combining equations (3.6.1.5) - (3.6.1.10) and (3.6.1.12) to form a block of the form
(1.10)

0 0 0 -151200 120960 0 0 Yy..

30240 0 0  —120960 90720 0 0 |y.,

0 60480 O  —181440 120960 0 0 |y..,

0 0 60480 —120960 60480 0 0 |y..|=

0 0 0 60480  —120960 60480 0 [y

0 0 0 120960 —181440 O 60480 | Yaus

0 0 0 1814400 -1814400 O 0 AV
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O O O O O o o

hZ

+h?

O O O O O O o

32712

O O O O O o o

2431
- 376
31
248

—1055

O O O O O o o

— 2767544

o O O o o o

0

O O O ©o o o

O FoPMoO_O RO NS O

O O O O O o o

0 —30240)(y .
0 0 s
0 0 Yy
0 0 Hy.
0 0 |[Yue
0 0 |[Vou
o o Jl,

55749 97070
30858 60209
5637 61294
~438 6513
-837 1298
3894 8881

~ 468363 3271090
0 0 1919
00 64
00 31
00 31
00 -3l
0 0 128
0 0 -535153

o O O o o o o

+h

101865

O O O O O o o

79564

103049

48268
4343

23284

569255

O O O O O o o

O O O O O o o
O O O O O o o

O O O O O o o

14316
8913
12588
6513
50004
93711
— 686292

The above equation is multiplied by the inverse of A° to give

O O O O ©O O =

O O O O O -

O O O O +— o

o O O kB O O O

o O B O O O

O B O O O O

R O O O O o

Yoa
Yoo
Yois
Yo

yn+5
yn+6

yn+7

0

O O O O O o o
O O O O O o o

O O O O o o

O O O O o o

O O O o o o
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[ e N N Y

yn—G
Yos
Yoa

yn—3
Yoo

yn—l

Y

O O O O O o o

0 0

0 0

0 0

0 0

0 0

0 0

0 -1814400

—-1357 126
—-502 31
—845 62
—438 31
5645 -190
66614 3745

150659 -17762
000O0TO
000O0TO
000O00O
000O0TO
000O0TO
000O0TO
000O0TO

Yoo
Yos
Yoo
Yoo |*
Yoo
Yos
2

n+l

n+2

n+3

n+4

n+5

n+6

—h —h —h —h —h —h —h

n+7

Yoe
Yos
Yo
Yos
Yoo
Yo
Y,

~N o O B W N PP




1115 -513 943 -1511 283 -226 149
2128 908 1615 3566 1418 4127 22413
2577 -833 799 -1087 783 113 141
1313 675 567 1048 1504 836 8578 | =
7961 -1536 369 -2641 556 -623 9 | f
2278 1427 160 1621 723 2946 350 | f _

opy 1541 -339 2837 856 2653 661 159 | "
307 418 709 405 2552 2301 4544 | o
5033 -1166 1364 ~—2212 1225 -995 148 | 'ms
769 2109 235 1229 864 2687 3305 | fne
1413 54 267 -99 459 -9 9 | f
175 175 3 70 175 25 175
2270 200 12005 511 1065 734 419
237 7197 1296 649 286 1299 3318
000000 2L

2533
000000 2,
2245 [ Too
000000 s—gg :
3.6.1.20
hlo 0 0.0 00 22|¢ | ( )
447 |
000000 222
727 | foa
o\ARITP Jo Al
350
000000 22
304

which leads to
2
=y +hy +———
yn+1 yn yn 1814400
—768805f , +1059430f , —1025097 f
+416173f ).

(12062f  —99359f _ +36113f,

+950684f, (3.6.1.21)

n+2

2

=y +2hy +
yn+2 yn yn 28350
+39950f , —34986f  +55642f  +14939f ).

(4661, , —3832f  +13926 1, —29405f , (3.6.1.22)

. h?
=y, +3hy +
yn+3 yn yn 604800
—985365f,, +1394820f , —650997 f

+496773f).

(15552 f, . —127899f _ +465102f,

n+6

+2113614f (3.6.1.23)

n+2
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2

: h
=y, +4hy +
yn+4 yn yn 14175

(496 f _ —4072f . +14736f _ —29960f ,

(3.6.1.24)
+56720f ,—11496f , +71152f  +15824f ).
Che
yn+5 = yn +5hyn + 72576 (3250 fn+7 —26875 fn+6 +102900 fn+5 (3.6.1.25)
~130625f, , +421250f , —40125f  +475000f  +102425f ).
. h?
Voo = Yo + BNy, + - (18f,, ~1261, , +918f, , —495f, , + 26701, (3.6.1.26)
—108f , +2826f  +597f ).
y., =y +7hy + (32732f , —146461f _ +965202f
259200
—204085f, , +2401000f, . —7203f , +2482634f _ (3.6.1.27)

+519253f ).
Substituting (3.6.1.24) and (3.6.1.25) into (3.6.1.13) — (3.6.1.19) to give the

derivative of the block

, h
=Y.+ 1375f ., —11351f
yn+1 yn 120960 ( n+7 n+6

+123133f, ,—121797f , +139849 f

+41499f 885471, (3.6.1.28)

+36799f ).

n+2 n+l

, 2l =
Yoe BV m(lf’o f,., —1305f, 5 +4680f 5 —9635f , (3.6.1.29)

+12240f . —3195f  +29320f,  +5535f ).

Yo=Y+ 22 100 (2251,., ~1865f, , + 68851, ~15165f,, (3.6.1.30)
+29635f _ +6885f  +33975f  +6625f ).

W +9—(8f 64f,., +216f, . -106f,, +1784f (3.6.1.31)
+216f , +1448f _ +278f ).

Yo=Y, + 24192 (275f,,, —2475f, ,+17055f _ +13625f , (3.6.1.32)

+41625f  +6975f  +36725f  +7155f ).

yn+6 = y + O(4lfn+6 + 216 fn+5 + 27 fn+4 + 272 fn+3 + 27 fn+2 (36133)
+ 216 f ., +41f ).

Vi =Yy + 1ooos (52571, + 25030, , + 92611, +200231,., (36.1.34)
1+20923f _ +9261f , +25039f _ +5257f ).
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3.6.2 Properties of Seven—Step Block Method for Second Order ODEs.

This section discusses the order, zero-stability and stability region of seven—step

block method.

3.6.2.1 Order of Seven-Step Block Method for Second Order ODEs.

In finding the order of the block method (3.6.1.21 — 3.6.1.27), the strategy stated in

section 3.2.2.1 is used and it is shown below

950684(1)" —1025097(2)" +1059430(3)"

= h" L h" 416173 < h#m
—yr =) —yr - h?y’ —> ——————— y®™| _768805(4)" + 362112(5)" — 99359(6)"
2 25 " " 1814400 " " Zo (1814400)(m!) " ) ®) ©)
+12062(7)"
) ) 7 55642(1)" — 34986(2)" + 39950(3)"
3 (2h)" % (207 14939, iih y& ™| —29405(4)" +13926(5)" — 3832(6)"
Sm”’ Sm 28350 £ (28350)(m!)
+ 466(7)"
) h ] 2113614(1)" — 650997(2)" +1394820(3)"
@ m 1 m - +m
3 (3h) vl B il yn — 290778 o __Siy" y?'™| —985365(4)" + 465102(5)" —127899(6)"
mo ml mo m! 604800 -0 (604800)(m!)
+15552(7)"
) . : - 71152(1)" ~11496(2)" +56720(3)"
> (4h) Y& (4n) g 15824 . T+ e Sl y@™| = 29960(4)" +14736(5)" —4072(6)" -
= m = m 14175 £ (14175)(m!)
+496(7)"
) 475000(1)" — 40125(2)" + 421250(3)"
0 m 1 m © +m
3 (5h) -3 (5h) yr - 102425 o v _ h y@m| —130625(4)" +102900(5)" — 26875(6)"

= m Z m 72576 ' &= (72576)(m!)

+3250(7)"
2826(1)" —108(2)" + 2670(3)"

S (6h)m m : (6h)m m 597 24" c h2+'“ 2+m m m m
- —-—h'y" - ™| _ 495(4)™ +918(5)" —126(6
Z m Z m 7" 350 ;(350)(m!) Yn ) ®) ©
+18(7)"
) ) . 2482634(1)" — 7203(2)" + 2401000(3)"
© m 1 m o +m
2(7 ) y:—z(7 ) y;“—519253 Ry =3 ——— y®™| _204085(4)" + 965202(5)" —146461(6)"
= m = m 259200 £ (259200)(m!)

+32732(7)"

Comparing the coefficients of h™andy™ gives

87

O O O O O o o




1-1) (0
~1| |0
1-1| {0
C,=|1-1|=|0
~1| |0
~1| |0
1-1) 0

@)
Il
~N o g b WN R
\ICDU'I-ILOJI\JH
1l
O 0O 0o o0 o o o

1 416173 1 950684(L)° —1025097(2)° +1059430(3)° — 768805(4)° +362112(5)° —

2! 1814400 (1814400)(0}) [99359(6)° +12062(7)°

(2)? 14939 1 55642(1)° — 34986(2)° + 39950(3)° — 29405(4)° +13926(5)° — 3832(6)°
21 28350 (28350)(0!) (+ 466(7)° ]

(3 496773 1 2113614(1)° — 650997 (2)° +1394820(3)° —985365(4)° + 465102(5)"
21 604800  (604800)(0) (_ 127899(6)° +15552(7)° J

_| (4} 15824 1 [7

21 14175 (14175)(01)
(5)° 102425 1

21 72576 (72576)(0)
©)° 597 1

21 350 (350)(0)
(7)* 102425 1

+

1152(1)° —11496(2)° + 56720(3)° —29960(4)° +14736(5)° ~ 4072(6)°
496(7)° j
475000(1)° — 40125(2)° + 421250(3)° —130625(4)° +102900(5)° —
26875(6)° +3250(7)° J

(2826(1)° —108(2)° + 2670(3)° — 495(4)° +918(5)° —126(6)° +18(7)°)

21 259200 (259200)(01)

2482634(1)° — 7203(2)° + 2401000(3)° — 204085(4)° + 965202(5)° —
146461(6)° + 32732(7)°
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1 1 (950684(1)1 —1025097(2)" +1059430(3)* — 768805(4)" + 362112(5) —J

31 (1814400)(1!) | 99359(6)" +12062(7)"

) 1 (55642(1)1 —34986(2)" +39950(3)" — 29405(4)" +13926(5)" — 3832(6)1)
3 (28350)(1) | + 466(7)

©) 1 [2113614(1)1 —650997(2)" +1394820(3)" — 985365(4)" + 465102(5)1J
31 (604800)(11) | —127899(6)" +15552(7)"

O 1 (2482634(1)1 —7203(2)* + 2401000(3)"* — 204085(4)" + 965202(5)* —J
3 (14175)(1) | 146461(6)" + 32732(7)"

(5)° 1 475000(1)" — 40125(2)" + 421250(3)" —130625(4)" +102900(5)" —
3 (72576)(1) (26875(6)1 +3250(7)" J

(2 G 3) D (2826(1)" —108(2)" + 2670(3)" — 495(4)" + 918(5)" —126(6)" +18(7)")

@y 1 (2482634(1)1 —7203(2)" + 2401000(3)" — 204085(4)" + 965202(5)" —J
3 (259200)(11) | 146461(6) +32732(7)"

1 1 950684(1)> —1025097(2)? +1059430(3)” — 768805(4)” + 362112(5)? —

41 (1814400)(2!) [99359(6)2 +12062(7)° j

)" 1 55642(1)° —34986(2)° +39950(3)° - 29405(4)? +13926(5)° — 3832(6)°
4 (28350)(2) L 466(7)° ]

©)* 1 (2113614(1)2 — 650997 (2)% +1394820(3)* —985365(4)? + 465102(5)2J
41 (604800)(2) | —127899(6)? +15552(7)?

(4)° 1 (71152(1)2 —11496(2) +56720(3)° — 29960(4)° +14736(5) — 4072(6)2]
A (24175)(2Yy (+ 496(7)

)" 1 (475000(1)2 —40125(2)? + 421250(3)* —130625(4)* +102900(5)° J
41 (72576)(2) | 26875(6)? + 3250(7)*
6)* 1 , , , , , , ,

(4)! - G0 @) (2826(1) —108(2)” + 2670(3)° — 495(4)° +918(5)* —126(6)’ +18(7)° )

)" 1 2482634(1)> — 7203(2)° + 2401000(3)” — 204085(4)” + 965202(5)° —
4 (259200)(2!) (146461(6)2 +32732(7)° J
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1

51 (1814400)(3!)

(2 _
5!

©) _
51

4y _
51

©)” _
51

6) _
51

7 _
51

1

2"

1 [950684(1)3 ~1025097(2)* +1059430(3)° — 768805(4)° + 362112(5)° —J

(28350)(3!)

(14175)(3!)

(72576)(3!)
1
(350)(3")

1 (2482634(1)3 —7203(2)* + 2401000(3)° — 204085(4)° + 965202(5)° —J

(259200)(3!)

1
6 (1814400)(4!) (

6l (28350)(4!)

Ok

1

6l (604800)(4!)

(4)°

6)°

1
6l (14175)(4Y) [

51 (72576)(41)

(6)°

6l (350)(4!)

1

™" _ 1

99359(6)° +12062(7)°

1 55642(1)° — 34986(2)° + 39950(3)° — 29405(4)° +13926(5)° — 3832(6)°

[+ 466(7)° J

1 2113614(1)° — 650997(2)° +1394820(3)° — 985365(4)° + 465102(5)°

(604800)(3) [ ]
1 (71152(1)° —11496(2)° + 56720(3)° — 29960(4)° +14736(5)° — 4072(6)°

(+ 496(7)° j -

1 475000(1)° — 40125(2)° + 421250(3)° —130625(4)° +102900(5)° —

[26875(6)3 +3250(7)° J

(2826(1)° —108(2)* + 2670(3)° — 495(4)° +918(5)° —126(6)° +18(7)°)

~127899(6)° +15552(7)°

146461(6)° + 32732(7)°

950684(1)* —1025097(2)* +1059430(3)* — 768805(4)* +362112(5)* —
99359(6)* +12062(7)*

1 [55642(1)“ —34986(2)* +39950(3)* —29405(4)‘ +13926(5)" —3832(6)“}

+466(7)"

2113614(1)* —650997(2)* +1394820(3)* —985365(4)* + 465102(5)*
[—127899(6)“ +15552(7)* j
71152(1)* ~11496(2)* +56720(3)* — 29960(4)* +14736(5)" —4072(6)"*
+496(7)" J

1 [475000(1)4 —40125(2)* +421250(3)* —130625(4)* +102900(5)* —]

26875(6)* +3250(7)"

(2826(1)* —108(2)* +2670(3)* —495(4)* +918(5)* —126(6)* +18(7)* )

6!

(259200)(4!)

2482634(1)* —7203(2)* +2401000(3)* —204085(4)* +965202(5)* —
146461(6)* +32732(7)*
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1 1 950684(L)° —1025097(2)° +1059430(3)° — 768805(4)° +362112(5)° —
7! (1814400)(5!) | 99359(6)° +12062(7)°

)’ 1 55642(1)° —34986(2)° +39950(3)° — 29405(4)° +13926(5)° —3832(6)°
71 (28350)(5!) [+ 466(7)° J
®) 1 2113614(L)° — 650997(2)° +1394820(3)° — 985365(4)° + 465102(5)°
70 (604800)(5!) (—127899(6)5 +15552(7)° j
4)’ 1 71152(1)° —11496(2)° +56720(3)° — 29960(4)° +14736(5)° — 4072(6)°
71 (14175)(3) (+ 496(7)° ]
©)’ 1 475000(1)° — 40125(2)° + 421250(3)° —130625(4)° +102900(5)° —
5 (72576)(5!) (26875(6)5 +3250(7)° j
(67)!7 - (3501) & (2826(1)° —108(2)° +2670(3)° —495(4)° +918(5)° —126(6)° +18(7)°)
@’ 1 2482634(L)° — 7203(2)° +2401000(3)° — 204085(4)° +965202(5)° —
71 (259200)(5!) {146461(6)5 +32732(7)° J

1 1 950684(1)° —1025097(2)° +1059430(3)° — 768805(4)° + 362112(5)° —
81 (1814400)(6!) [99359(6)6 +12062(7)° J
) 1 55642(1)° —34986(2)° +39950(3)° — 29405(4)° +13926(5)° — 3832(6)°
8l (28350)(6) L 466(7)° ]
@) 1 2113614(1)° —650997(2)° +1394820(3)° — 985365(4)° + 465102(5)°
8l (604800)(6!) (-127899(6)6 +15552(7)° J
(4)° $ 71152(1)° —11496(2)° + 56720(3)° — 29960(4)° +14736(5)° — 4072(6)°
8l (14175)(68) (+ 496(7)" j
(5)° 1 475000(1)° — 40125(2)° + 421250(3)° —130625(4)° +102900(5)° —
51 (72576)(6!) (26875(6)5 +3250(7)° J
(2 - (3501) @D (2826(1)° —108(2)° + 2670(3)° — 495(4)° + 918(5)° —126(6)° +18(7)° )
@y 1 2482634(L)° — 7203(2)° + 2401000(3)° — 204085(4)° + 965202(5)° —
8l (259200)(6!) [146461(6)6 +32732(7)° j
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10 —

ol (1814400)(7")

1 1 950684(1)7 —1025097(2)" +1059430(3)" — 768805(4)" +362112(5)" —
99359(6)" +12062(7)’

(2° 1 (55642(1)" ~34986(2)" +39950(3)" —29405(4)" +13926(5)" —3832(6)’
9l (28350)(7!) | +466(7)’
O L (2113614(1)7 ~650997(2)" +1394820(3)" ~985365(4)" +465102(5)" j

9 (604800)(7!) | —127899(6)" +15552(7)’

@ 1 (71152(1)7 —11496(2)" +56720(3)" —29960(4)" +14736(5)’ —4072(6)7J

9 (14175)(7") | +496(7)’
©)° 1 475000(1)" —40125(2)" +421250(3)" —130625(4)" +102900(5)" —
51 (72576)(7!) (26875(6)7 +3250(7)" j
®° 1

9 (350)(7!)

(2826(1)" —108(2) +2670(3)" —495(4)" +918(5)" —126(6)" +18(7)" )

@° 1 2482634(1)" —7203(2)" +2401000(3)" —204085(4) +965202(5)" —
91 (259200)(7") | 146461(6)" +32732(7)’

|
|

1 1 950684(1)° —1025097(2)° +1059430(3)° — 768805(4)° +362112(5)° —
10! (1814400)(8) (99359(6)8 +12062(7)® j
(2)® 1 (55642(1)8 —34986(2)° +39950(3)° — 29405(4)° +13926(5)° —3832(6)*

101 (28350)(8!) | + 466(7)°
3)* 1 (2113614(1)8 —650997(2)° +1394820(3)° — 985365(4)° + 465102(5)8J

10! . (604800)(8!) | —127899(6)° +15552(7)°
(4)° 1 [71152(1)8 ~11496(2)° +56720(3)° =29960(4)°+14736(5)° ~ 4072(6)°

100 (14175)(8!) | +496(7)°
5)"° 1 [475000(1)8 —40125(2)° +421250(3)" —130625(4)° +102900(5)" —]

51 (72576)(8!) | 26875(6)° +3250(7)°

6)"* 1
(lg) T (2826(1)° —108(2)° +2670(3)° —495(4)° +918(5)° —126(6)° +18(7)°)
7)"° 1 [2482634(1)8 —7203(2)° +2401000(3)° — 204085(4)® +965202(5)" —j

100 (259200)(8!) | 146461(6)° +32732(7)"

1,0,

—47 -161 -82 —113 -167 -9 —-367)
8488'16181' 3797 ' 3832 ' 4458 ' 200 ' 6639 )
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3.6.2.2 Zero Stability of Seven-Step Block Method for Second Order
ODEs.

Equation (3.2.2.2.1) is applied to the block (3.6.1.21 — 3.6.1.27), this gives

det[rA® — A®] =

,
O O O O o O K
O O O © O Fr O
O O O O Fr OO
O O O, O o O
O O, OO0 o o
O L OO0 o o o
B O O 0o o o o
|
O 0O 0 o0 o o o
O O 0o o o o o
O O 0O 0o o o o
O O O 0o o o o
O O O 0O 0o o o
O O O 0O o o o
e
Il
o

This impliesr = 0,0,0,0,0,0,1. Hence, the method is zero stable.

3.6.2.3 Consistency and Convergence of Seven-Step Block Method
for Second Order ODEs

The block method (3.6.1.21 — 3.6.1.27) is found to be consistent because it satisfies
the conditions listed in Definition 1.4. Hence, it Is also convergent since it is zero-

stable and consistent.

3.6.2.4 Region of Absolute Stability of Seven-Step Block Method for
Second Order ODEs.

Applying the equation (3.2.2.4.2) to the block (3.6.1.21 — 3.6.1.27), we have
h(6,h) = A-B

C+D

where
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e 0 0 0 0 0 0 0 00 0 O0O012
0 e 0 0 0 0 0 0 00 0O0O0012
0 0 e 0 0 0 0 0O 00 0 O0O01
A= 0 O 0 e 0 0 o ["B=|0 0 0 O 0 01
0 0 0 0 e 0 0 0 00 0 O0O012
0 0 0 0 0 e 0 0 00 0O0O012
0 0 0 0 0 0 e™ 0O 00 0 O0O012
950684 ., _102509782”, 10594308M 768805 gt 362112 g0 _ 99359 o0 12062 .,
1814400 1814400 1814400 1814400 1814400 1814400 1814400
55642 o 34986 o0 39950 0 29405 ot 13926 g0 3832 e 466 oo
28350 28350 28350 28350 28350 28350 28350
2113614 , 650997 ,, 1394820 ., 985365 ,, 465102 ., 127899 ,, 15552 ..,
e — e e — e [] — e e
604800 604800 604800 604800 604800 604800 604800
o mszew _114966m 56720e3i9 _2996064”, 14736e5i9 4072 o0 496 o
14175 14175 14175 14175 14175 14175 14175
475000 ,, 40125 ,, 421250 ., 130625 ,, 102900 ., 26875 ., 3250 .,
e - e [] — e [] — e e
72576 72576 72576 72576 72576 72576 72576
2322206 o B % o2 2365700 63 _% o0 %esm _%ee.g % o7
2482634 ., 7203 ,, 2401000 ,, 204085 ., 965202 ., 146461 ., 32732 .,
e e e — e e e e
259200 259200 259200 259200 259200 259200 259200
0 0 O 0 0 0 M
1814400
14
0\ © | ©+40) §D /[0 ﬂ
28350
000000 496773
604800
D=0 0 0 0O OO %
14175
00000 O 102425
72576
597
0 0 OO0 OO —
350
00000 O 519253
259200

The above matrix is simplified and equating the imaginary part to zero we have

=1.464987989910687E +121cos76 —1.464987989910687E +121

h(@, h) =

5.086736208603886E +118cos 76 +9.741168310279197E +119

Evaluating H(e, h) at intervals of & of 30° gives results as tabulated in Table 3.5.
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Table 3.5
Interval of Absolute Stability of Seven—Step Block Method for Second Order ODEs

0 0 30 60 90 120 150 180

h@e.h) |o |-2939|-7.33| -15.04 | -23.16 | -1.93 | -31.74

Therefore, the interval of absolute stability is (-31.74, 0). This is shown in the

diagram below

-2 . 10 20

- 10

Figure 3.10. Region of absolute stability of seven—step block method for second
ODEs.

3.7 Eight-Step Block Method for Second Order ODEs.
The derivation and properties of eight—step block method for solving second order

ODEs are established in this section.
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3.7.1 Derivation of Eight-Step Block Method for Second Order ODEs.

Power series of the form (3.2.1.1) is also considered as an approximate solution to

the general second order problem of the form (3.2.1.2) where the step-length k =8.

The first and second derivatives of (3.2.1.1) are shown in (3.2.1.3) and (3.2.1.4).

Interpolating (3.2.1) at x=x_,,,i =5,6 and collocating (3.2.4) atx=x_.,i =0(1)8.
C C C C C C C C C
| | | | | | | | |
I I I I I I I I |
Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5 Xn+6 Xn+7 Xn+8
I I

Figure 3.11. Eight-step interpolation and collocation method for second order
ODEs

This approach produces the result displayed in the matix below

e JiIt, B8 W B R A M4 B
1 Xoso an+6 X:+6 X:+e Xg»fs X:+6 Xn7+6 Xrawe X:As Xrlﬁe a, Yois
0 0 2 6x, 12x; ~20x; 30x; 42x3 56x° 72x' 90x* | a, f,
0 0 2 6x, 12x;, 20X, 30x;,42x;, 56x°, 72x! 90x% | a, f.
0 0 2 6x,, 12x;, 20x,,30x,,42x,56x’,72x.,90x", | a, f.,
0 0 26X, 12X 20x.,30X, 49 56x° 72x7, 90x°, | @ |=| fue [ (B.7.1.1)
0 0 2 6x, 12x, 20x7,30x., 42X, 56x° 72x7, 90X, | s | | fus
0 0 2 6x, 12x’, 20x’,30x‘, 42x:, 56X 72x7.90x°, | & f e
0 0 2 6x, 12x%, 20x:,30x‘,42x%,56X°, 72X, 90X . | a, f .
0 0 2 6x,, 12x2, 20x°,30x‘, 42x°, 56x°,72x,,90x; . |a, | | f.,
0 0 2 6x, 12¢2, 20x°,30x",42x°, 56x°, 72x, 90x, &, ) | f.

In finding the values of a’s in (3.7.1.1) Gaussian elimination is employed. The

values of a’s are given below:

a, = 6yn+5 _5yn+6 + 2935 h?® fn + 33389 h?® fn+l + 17619 h?® fn+2 + 20357 h® fn+3
48384 30240 10080 15120
+89779hzfm4+1035h2n+5+3139hzf T3 e 19 o
24192 224 7560

n+6 % n+7 80640 n+8
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X3

5040h

+% x2f 4 X—h"(ym Y+ (2283f —6720f , +11760f, , —15680f,

9

+14700f , —9408f, . +3920f . —960f S N—
725760

+105f, )+ (9f, —70f

n+7 n n+1

8

—_Tn___(39f,
161280h°
+2090f , —1564f _ +732f,  —196f _ +23f )

+238f,,, —462f ., +560f , —434f . +210f ,—58f  +7f )+
+956f  , —1788f

n+l n+3

—292 f
X7

+ooaanrs (B, —575f

+1790f , —3195f, , +3580f , —2581f, _+1170f,

n+l n+3 n+5

5

-305f ., +35f )+——
n+7 n+8) 28800h3

(2403, —13960f,  +36706f, , —57384f,  +

6

58280f , —39128f . +16830f . —4216f _ +469f )+ (3207 f —

172800h4

21056 f, , +61156f, , —102912f, , +109930f, , — 76352f _ +33636f,  —

4

1209600
+435330f, , — 284256, . +120008f,  —29664f _ +3267f, ).

10

n+3

8576, , +967f, )+ (29531f, —138528f,  +312984f, , — 448672, ,

X

+ . 6 (fn _8fn+1 +28fn+2 _56fn+3 +7Ofn+4 _56fn+5 +28fn+6 n+7 n+8)
3628800h
83287h 1442209h 10039h 1019017h 14743h

A Xn n i, Xn n+1 + Xn n+2 + Xn n+3 Xn n+4
290304 907200 302400 453600 103680
729h 45541h 15187h 1823%h

+—Xﬂ n+5_‘__——xn n+6 +——Xn n+7 _»Xn n+8"
448 226800 226800 2419200

14743 1442209 10039 1019017
iy gy hfl‘l+4 T TARERAA hfn+1 152 LA hfn+2 T IV ERA hfn+3
103680 907200 302400 453600

83287 729 45541 15187
- hfn - hfn+5 + hfn+6 - n+7
290304 448 226800 226800
18239 1 X2
+——«—hf ,—x f —— - 2283f,
2419200 n+8 n'n h (yn+5 yn+6) 1680h (

—6720f_, +11760f , —15680f , +14700f, , —9408f,

XB

80640h’
+238f, _ —462f _ +560f , —434f _+210f _—58f _

+7 fn+8)

+3920f . —960f  +105f, ) — (9f —70f

n+1

X7

—20160h5 (B9f, —292f

+956f , —1788f _ +2090f

n+1

6

_1564f  +732f , —196f _+23f )— -0 __(81f —575f _
4320h°
+1790f, , —3195f

4

+3580f, , —2581f _+1170f, —305f,

n+3 n+5

X,

5760h°
+58280f , —39128 _ +16830f,  —4216f _ +469f )

+35f, ) — (2403f, —13960f,_, +36706f, , —57384f,

n+l
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X7

 * onegrr O ~70f,. +238f,, — 4621, +560f, , —434f,,

Lf 4+
2
6

+210f  —58f +7f )+
n+6 n+7 r|+8) 5760h6

(39f —292f  +956f , —1788f _

5

+2090f, , —1564f,  +732f  —196f  +23f )+ 4: (81f, —575f_
+1790f, , —3195f _ +3580f,, — 2581f _ +1170f,  —305f

5

X,

+35f S B—
e) = 28800h*

(3207 f, — 21056 f, , +61156f, , —102912f _ +109930f

n+l n+3

3

30240h2
~138528f  +312984f , —448672f . +435330f , —284256f . +

9

362880h8
_56 fn+3 + 70 fn+4 _56 fn+5 + 28fn+6 _8fn+7 + fn+8)'

~76352f, _ +33636f, , —8576f  +967f, ) (29531f,

n+7

120008f . —29664f _ +3267f ) (f —8f  +28f

+1790f, —3195f _ +3580f, , —2581f _+1170f, _ —305f  +

3

Sgag (24037, ~139601, , +36706f, , - 573841, , +582801,,

)+ ———

n+8

4

15200"
+61156f, , —102912f, , +109930f, , — 76352 fms +33636f,  —8576f,

~39128f,., +16830f,,, — 42161, , +4691,,) + (3207, —21056f,

n+5

2

2 A A 1312084, , L 448672,
20160h

n+1

(29531, —138528f

8

8064Oh5
(2283f,

)+

+435330f,_, — 284256 f _ +120008f, . —29664f,  +3267 f (f.

n+8

-8f

+28f,,,'-56f . +70f ,—-56f . +28f  —8f ,+f )+

n+l n+3 n+5

~6720f_, +11760f , —15680 f

1680h
+14700f,, —9408f _ +3920f . —960f, _ +

n+3

105f )
i61 n +£ n+l _l fn+2 28 fn+ £ fn+4 +§ fn+5 _l fn+6 +i fn+7
1680h 3h 3h oh 12h 15h 9h 21h
6
1 X (9f —70f , +238f , —462f  +560f ,—A434f

48h ™ 8640h’

5

2880h6

+210f,  —58f  +7f, ) (39f, —292f  +956f ,—1788f
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X4

864h°
+1790f, , —3195f  +3580f , —2581f _+1170f, —305f  +

2

+2090f, , —1564f,  +732f,  —196f,  +23f . )—

(81f —575f

n+5 n+7

35f ) - (2403f, —13960f, , +36706f, , —57384f  +58280f,
n+ 2 80h3 n+ n+ n+
3
39128f, , +16830f, , —4216f  +469f ,)— (3207, — 210561,
8640n
161156, ~102912f _ +109930f , — 76352f _ +133636f, . —8576f
7
+967f ) §6§iiﬁxfn—8fwl+28fwz—56fw3+70fm4—56fm5+28ﬁ%
X2

81, + f,.) 0 (BLf, ~575f,, +17901,, ~3195{,, + 35801, ,
_2581f _ +1170f, . —305f, _ +35f ).

29531 481 207 2003 691 47

2 'n T 2 fn+1 + 2 n+2 2 ' n+3 + 2 ‘nva T 5AL2 f“+5

120960h 420h 80h 540h 192h 20h

2143 103 121 X?
+ fn+6 - 2 fn+7 + 2 fn+8 7
2160h* 240h 4480h 5760h

(9f —70f , +238f

4

— 0 (39f,
2304h°
—292f, +956f, , —1788f, , +2090f , —1564f, . +732f _—196f,  +

3

864h5

—462f, ,+560f , —434f _+210f  —58f,  +7f )+

n+3 n+5

23 f\, L)

(81f —575f,  +1790f , —3195f _ +3580f, , —2581f

2

11520n°
~102912f, , +109930f, , — 76352 f, _ +133636f, , —8576f

6

X; ‘
~T7280n° (f,-8f,, +28f ,'-56f ,+70f ,—-56f  +28f ,—8f  +f )

+1170f _ —305f, - +35f )+ (3207, — 21056 f, . +61156f__,

n+7

+967f, )

+gors (24031, 13960, , + 367061, , ~57384f, , +58280f, , —39128f,

+16830f, , —4216f , +469f ).

— 267 349 18353 797 1457

f + —_ +— —_
3200h® " 720h® " 14400h®* "*  400h® " 720n®* "*
4891 187 527 469
—3 fn+5 _—3 fn+6 +—3 fn+7 __—3 fn+8 -
3600h 320h 3600h 28800h
4
—%o__(9f —70f, +238f,_,—462f,  +560f, 6 —434f,
5760h
X3
+210f, ,—58f, , + fmﬁy+§§§65;(39f —292f  +956f
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~1788f,, +2090f , —1564f _+732f  —196f _ +23f .)

2

X,
~ 1440h°

(81f —575f , +1790f , —3195f , +3580f,

n+1

X5

—2581f, , +1170f, , —305f, , +35f, ,)——"
14400h

' 56f  +70f ,—56f  +28f —8f +f )— (3207 f,

n+3

28800h4
—21056f,, +61156f , —102912f _+109930f , —76352f,

+133636f, . —8576f  +967f. ).

1069 329 15289 134 10993
4 n 4 n+1 + 4 1:n+2 - 4 n+3 + 4 n+4
57600h 2700h 43200h 225h 17280h
1193 2803 f 67 967

n+8

— + - f o —
2700h* ™°  14400h* "° 1350h* "™ 172800h*
X3

. +238f  —462f  +560f, , —434f _+210f,
8640h

(9f —70f

n+1

2

5760h6

—58f . +7f )+ (39f, —292f . +956f, ,—1788f,

X4
23N ( |
N o) 17280h8( "

-8f ., +28f ,-5f ,+70f ,—-56f . +28f  —8f , +f )+

X,

4320h°
+1170f,_, —305f,, +35f ).

+2090f. ., —1564f _+732f , —196f

n+7

(81f —575f _ +1790f, , —3195f . +3580f, , —2581f,

-3 115 179 71 179
5 fn + 5 fn+1 - 5 fn+2 + 5 fn+3 _—5 n+4
1120h 6048h 3024h 672h 1512h
2
2581 f 13 61 f 1 f X of.

R —_— +— — —
30240n° ™ 336h° "° 6048h° "' 864h°® "° 20160h’

—70f , +238f  —462f  +560f ,—434f _+210f  —58f +
X3
7f . )—————(f —-8f  +28f ,—-56f ,+70f ,—56f . +28f
n+8) 30240h8 ( n n+l n+2 n+3 n+4 n+5 n+6
X,

—-8f .+ f —_—
n+7 n+8) 20160h6
~1564f _+732f _—196f

(39f —292f  +956f ,—1788f . +2090f ,
+23f, ).

n+7

100

(fn _8 fn+l + 28 fn+2



13 73 239 149 209

a= — f - f 4= f = f S f
’ 53760h° " 40320h° """ 40320h° "* 13440h° "° 16128h° "
2
- 391 fn+5 + 61 fn+6 - 7 fn+7 + 23 fn+8 - X" (fn
40320h° 134400h° 5760h° 161280h° 80640h°
Xn
~8f,, +28,, =561, +70f, =561, +28f, —8f ; +1,.)+ b —(Of
—70f , +238f , —462f _ +560f , —434f _+210f . —58f +7f ).
a9 = _1 7 fn + 1 7 fn+l - 17 7 fn+2 + 11 7 fn+3 - 1 7 fn+4
80640h 10368h 51840h 17280h 1296h
31 1 29 1
LPPYTYRE fn+5 YT N2 fn+6 t S haamT fn+7 T 1A%rONRT fn+8 -
51840h 3456h 362880h 103680h
%Z;(W ( fn - 8 fn+1 + 28 fn+2 I_56 fn+3 + 70 fn+4 - 56 fn+5 + 28 fn+6 - 8 fn+7
+ fn+8)'
1 1
alO = W ( fn - 8fn+1 + 28 fn+2 _56 fn+3 + 70 fn+4 - 56 fn+5 + 28 fn+6 - 8fn+7 + fn+8)'

The values of a s are substituted into equation (3.2.1.1) and simplified, this gives a

continuous linear multistep method of the form:

k-2 k
y) =2, (0)Y,.; +h*> 8,()f. (3.7.1.2)
j=5 j=0
where Xx=zh+x_ +7h (3.7.1.3)
Equation (3.7.1.3) is substituted into (3.7.1.2) and simplified as follows
a(z)=—-1-z
a,(z)=2+12
B,(z) = _L (3142 +11203z — 21600z° —15660z* +12602°
7257600
+53342z° +2400z" +495z° +502° + 22"°).
L.(z) = _t (7214 — 261997 + 504002° + 35940z* —34022°
1814400
—12348z° —5400z" —1080z° +105z° — 4z%).
B,(z) = _t (29434 +1102377 —2116802° —147420z*
1814400

+168842z° +51198z° +2154z" +41402° +385z° +142").
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1

B.(2) = ————(—69098 — 2752857 + 529200z° + 3553202 —512822°
1814400
—1250762z° —49800z" —9090z° —805z° —282").
L.(2) = _1 (375700 +1800330z — 3528000z° —2221800z* + 430920z°
7257600
+7950602° +291600z" + 49950z° + 4200z° +140z").
/ﬂ(z)::———jL———(86302——376177Z—k1058400234—57834024——16947025
1814400
—2107562° —69000z" —109802° —8752° — 282").
L. (2) = 1 (1522114 + 2191489z —1058400z° —313740z" +184212z°
1814400
+144438z° +41100z" +6030z° + 4552° +142%).
B, (2) = 1 (163066 + 659613z + 90720027 + 4816807° +19202°
1814400
—114534z° —57708z° —14040z" —1890z° —135z° —4z").
1
7) =————(-19658 598457 +151200z° +196020z* +118188z7°
(2 = 2557600 ¢ (3.7.1.4)
+40614z° +8400z" +10352° + 70z° + 22%°).
Evaluating (3.7.4) at the non-interpolating points .i.e, at z = -7, -6, -5, -4,
-3, 0 and 1 produces
1209600y, . —1451520y. . + 241920y, =h?(-57f, , —2336f
—100448f, . +1117800f . +897790f, , +805712f, , +427656f, (3.7.1.5)
+267112f,,, +14675f ).
1451520y . — 1814400y . + 362880y =h?*(641f , —9316f
+147404f  +1271156f  +1103870f, , +717764f . +368156f , (3.7.1.6)
+29996 f , —871f).
1814400y . — 2419200y . + 362880y , =h?(641f , —10208f
+178848f, . +1590104f _ +1205650f , + 615984 f . +49208f, (3.7.1.7)
—1448f,  +21f ).
2419200y . — 3628800y . +120960y_ . =h?(951f , —14588f
+243668f,  +2077164f,  +1205650f, , +128924f . —15612f , (3.7.1.8)
+2932f,  —289f ).
3628800y, . — 7257600y, . +3628800y, , =h?(1571f,  —23968f,
+382688f,  +2912264f _+370550f , —10096f , —6232f ,+2312f  (3.7.1.9)
—289f,).
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3628800y, , — 7257600y, . + 3628800y, . =h>(-9829f . +326132f,.

+ 3044228
—14428f

. +172604
+1571f,).

+187850f , —138196f, , +58868f

n+5

n+1

1209600y, , — 3628800y, ., + 2419200y, . =h?(72671f, , +1350112f,
+1811808f, + 590504 f _ —333650f, , + 202704, . —83512f, ,
+20392f  —2229f).

The derivative of (3.7.1.4) gives

a,(z)=-1

a,(2)=1

Fi(2) = ———
7257600

+16800z° +3960z" +450z° + 20z°).

(11203 -64800z° —62640z° + 6300z" + 32004 2°

BI(2) = —+(~26199+1512002° +1437607° —170102*
1814400
—74088z° —37800z° —8640z" +945z° —40z°).
Bi(z) = Culdr (110237 —635040z* —5896802° + 84420z
1814400
+307188z° +15078z° + 33120z’ +3465z° +140z°).
pi(z) = ol (275285 +1587600z* +1421280z° — 256410z*
1814400
—7504562° —3486002° +—72720z2" —72452° — 2802°).
p.(2) = ——1~—(1800330 —10584000z° —8887200z° + 2154600z*
7257600
+4770360z° + 2041200z° + 399600z’ +37800z° +1400z°).
Pi(z) = ;(—376177 +3175200z°% + 2313360z° —847350z*
1814400
-12645362° —483000z° +-87840z" —7875z° —2802°).
BL(2) = 1 (2191489 - 317520027 —12549607° + 9210607*
1814400
+866628z° + 287700z° + 48240z" + 4095z° +140z2°).
B.(2) = — 1 (659613 +18144007 +14450407° + 76807°
1814400
-572670z* —346248z2° —98280z° +-15120z" —12152°
—-40z°).
L. (2)= ; (—59845 + 453600z° + 784080z° +590940z*
7257600

+243684z° +58800z° +8280z" +630z° + 20z°).
Evaluating (3.7.1.12) at all the grid points. i.e, at z =-7, -6, -5, -4, -3,
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-2,-1, 0 and 1 gives

7257600hy’ — 7257600y . + 7257600y
+1457312f  —11809800f, . +1032010f, ,
— 240936 f , —11537672f, —2082175f ).

—h?(54717f,, — 485984 f,
~16304272f, (3.7.1.13)

n+5

7257600hy’ | — 7257600y, . + 7257600y, . = h*(—13189f , +139764f
—-1125116f,, —5517124f . +9034230f , —5113556f, , (3.7.1.14)
— 9450124 f, , — 2603484 f  +57859f ).

n+l

7257600hy’ , — 7257600y, . + 7257600y, . = h?(1405f,  +1952f
—536544f _ —7027208f _ —6399670f , —8618640f (3.7.1.15)
— 2960552 f , +147704f _ —10047f ).

n+2

7257600hy’ , — 7257600y . + 7257600y, . = h?(—5061f, _ +65140f,
—820732f, . —6231492f _ —8065910f , —3354964f _ + (3.7.1.16)

316020 f, , —51548f  +4547f ).

n+6 n+5 n+8

7257600hy’ , — 7257600y, . + 7257600y, . = h?(-67f,, +13728f,

—568160f, 7083016 f,.. — 3616950 f ., +464752f (3.7.1.17)
~116008f, , + 21240f,  —1919f,).

7257600hy’ . — 7257600y, , + 7257600y, . = h* (-6533f, . + 86516, ,
~1000188f, , —3263300f  +832010f, , —386772f, (3.7.1.18)

+136564f , —30172f . +3075f,).

n+l

7257600hy’ . — 7257600y, . + 7257600y, . =h?(8061f . —112736f,
+2276384f,  +2000376f, _ —834230f, , +408944f (3.7.1.19)
~147624f, , +33016f,  —3391f,).

n+5

7257600hy’ . — 7257600y, + 7257600y, . = h*(-59845f  +2638452f
+8765956 f, . —1504708f _ +1800330f , —1101140f, (3.7.1.20)
+440948f , —104796f  +11203f,).

7257600hy’ , — 7257600y, . + 7257600y, . =h?(2080189f,  +11572640f,

—443232f _ +9686008f . —8265910f , +5191536f , —2141480f , (3.7.1.21)
+520052f  —56703f ).

Joining equations (3.7.1.5) - (3.7.1.11) and (3.7.1.13) to form a block (1.10)
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0 0 0 0 ~1451520 1209600 0 0 Vo,
362880 0 0 0 —1814400 1451520 0 0 Y.,
0 362880 O 0 —2419200 1814400 0 0 V.,
0 0 120960 0 —3628800 2419200 0 0 Yo
0 0 0 3628800 —7257600 3628800 0 0 V.
0 0 0 0 3628800 —7257600 3628800 0 Yiss
0 0 0 0 2419200 —3628800 0 1209600 || Y.s
0 0 0 0 7257600 —7257600 0 0 Yous
000000 0 —241920)y _ 000000O0TO 0 v,
00000O00O0TO 0 Y. 000000O0TO 0 Yoo
000000O0TO 0 Y . 000000O0TO 0 Yo
00000O00O0TO 0 yn74+h0000000 0 y:M+
00000O00O0TO 0 Yos 00000O00OD 0 Yos
000000O0TO 0 Yoo 000000O0TO 0 Yoo
00000O00O0TO 0 Yos 000000O0TO 0 Y.
0000000 0 Y, 00000 0 0 —7257600)y.
267112 427656 805712 897790 1117800 100448 -2336 « -57 \(f
20996 368156 717764 1103870 1271156 147404 9316 641 || f
~1448 49208 615084 1205650 1500104 178848 10208 64l || f
| (2982 15612 1289241208650 2077164 243668 | -14588 951 || ,
2312 ~6232  —10096 370550 2912264 382688  —23968 1571 || f.s
~14428 - 58868  -138196 | 187850 ~ 172604 = 3044228 « 326132 =9829 || f..
20392 -83512 202704 -333650 590504 1811808 1350112 72671 ..,
~11537672 -240936 —16304272 1032010 -11809800 1457312 -485984 54717 )\ f,.,
00000O0O0 14675 Y(f
0000000 81 |f,
000000O0O 21 f.
.0 000000 289 i,
00000O0O0C -28 |f,
0000000 1571 |f.,
00000O0GO0 -229 |f,
0000O0O0O0 —2082175)\ f

E
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The above equation is multiplied by (A°) ™ to give

O O OO O o o+

O O O O O o o o

+ h?

0 00O0O0O OOy, (0000O0TO0TO?1
100000O0|y | |000000O0CTO0?1:
0100000y ||0000O0O0TO0?:
0010000y, | |[00000O00O0TO0T71
0001000y .| |0000O0O0TO?:
0 00O010O0|Yes| |OOOOOUOTO O 1
000O0O0TI1O|Y:| |0OOOOUOT O OH1
000000 1\Y.e) \OOOOOOO 1
0000O0O0 1Yy,

000000 2|y,

000O0O0O0 3|y,

000O0O0GO0 4|y,

00000 0 5|VYs

0 00O0GO0O0 6V,

000000 7|y,

000O00DO0O0 8)y

1103 1381 877 -1604 211 107 202 —47
1941 1941 981 1977 414 510 . 3965 8488
2245 81 1747 987 749 877 335 -161
1083 50 801 493 593 1683 2644 11681
1467 —817 225 1181 2930 —1909 340 82
400 486 64 376 1481 2339 1713 3797
1687 —928 0084 188 1059 -1281 256 113
321 567 1607 45 728 1151 945 3832
2950 -181 1533 -2923 225 —2099 691 167
431 113 194 661 64 1479 2006 4458
1476 -549 1776 -639 36 -81 72 -9

175 350 175 140 7 50 175 200
4499 -2935 6092 —2467 5870 -488 1103 - 409
449 1932 493 530 861 497 1941 7403
8261 -1050 1940 1317 1164 -353 1183

712 674 131 257 131 674 712
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yn—7
yn—6
yn—5

yn—4
yn—3

yn—Z
yn—l
Y

n+1




293

0000000 —
1309
0 000 O0OTO O 838
1633
0000000 2
944
0 000 O0OO0OTO O 413
h? 380
0 00 0O OOTP O 1018
741
0 00 0OOO0OTO O 93
56
0 000 O0OOTO O 2887
1482
0 00 0O 998
447
which produces
2
=y +hy +—
yn+l yn yn 7257600

+3698922f . — 64888311 f

n+4

> =] >
| | |
a1 o ~

>
|
EN

> > >
| | |
= N w

—h —h —h —h —h —h —h —h

>

+4124231F. . +1624505f ).

h2

=y +2hy +————(-1563f
yn+2 yn yn 113400 (

+143232f . —227030f

n+4

+235072f, . +58193f,).

yn+3 = yn +3hyn +

h2

89600
+177264f  — 281430 f

n+4

+328608f _ +71661f ).

yn+4 = yn + 4hyn +

2

2835

(-836f

0 n+8

n+8

+14368f, . —59092f
+247328f _ —183708f

(—1935f , +17784f  —73128f .
+315000f, , —150624 f,

+7680f  —31552f,

+76288fF _—118440f , +160256f , —46400f,
+148992f . +30812f ).

yn+5 = yn +5hyn +

2

2903

04

(-10875f, , +100000f , —412000f,

+1020600f, . —1283750f, , + 2294000, , — 465000, ,
+1987000f, . +398825f,).

yn+6 = yn +6hyn + h

2

1400

(-63f

n+8

+576f,  —2268f

n+6

+7200f, .

—6390f,, +14208f,  —2196f , +11808f  +2325f ).

107

(—40187f, , +369744f  —1522673f, .
+6488191f, , —5225623f,

6

(3.7.1.22)

(3.7.1.23)

(3.7.1.24)

(3.7.1.25)

(3.7.1.26)

(3.7.1.27)

(3.7.1.28)



7h’

=y +7hy +———(-8183f , +84168f . —145432f
yn+7 yn yn 1036800 ( n+8 n+7 n+6
+1009792f _—689430f , +1830248f , —225008f, ,
+1484112f _ +288533f ).

2

Y., =Y, +8hy + 28h (47104 f  —14848f , +251904f .

n+6

~145280f, , +419840f,  — 44544  +329728f  +63296f ).

(3.7.1.29)

(3.7.1.30)

Substituting (3.7.1.27) and (3.7.1.28) into (3.7.1.14) — (3.7.1.21) to give the

derivative of the block

Vi =Y.+ (10004f,, +92186f, , 380447 T, ,

1069200 ne
+927046f 1482974 f, , +1648632f, , —1356711f ,
+1316197f, +315273f ).
y ., =Y. + (—833f, , +7624f _ —31154f .
113400
+ 74728 . —116120f, , +120088f, . —42494f ,
+182584 f, +32377f ).

, h
Vo = Vi 5 7oos (<309, , #3402 f,; ~140621, , + 344341,

_56160f, , +79934f _ +3438f  +70902f  +12881f ).
A -
Vows = Vo b oo (2141, 19508, | 79121, -+18464F,
~18160f, , +65504f _ +488f  +45152f  +8126f,).
Viie = Yo + geres (12251, +11450f, , — 49150, , +1700301, ,

—4000f , +318350f , +7550f , +230150f  +41705f ).

n+3

V.=V, + 14hOO (-9f ,+72f ,+158f , +2664f .—360f ,

+3224f  +18f  +2232f  +401f ).

+223174f _ +522046

n+7

. h
‘Lo=Yy. + —8183f
yn+7 yn 518400 ( n+8

+736078f, _ +54880f, , +1085937 f _ +48706f,
+816634f,  +149527f ).

Y .=y +—(7912f . +4T104f , —7424f . +839681

28350

—36320f, , +83968f, , —7424f , +47104f, , +7912f ).
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(3.7.1.31)

(3.7.1.32)

(3.7.1.33)

(3.7.1.34)

(3.7.1.35)

(3.7.1.36)

(3.7.1.37)

(3.7.1.38)



3.7.2 Properties of an Eight-Step Block Method for Second Order ODEs.

This segment considers the order, zero-stability and region of absolute stability of

eight—step block method.

3.7.2.1 Order of Eight-Step Block Method for Second Order ODEs.
The approach discussed in section 3.2.2.1 is applied in finding the order of the block

method (3.7.1.23 — 3.7.1.30) as shown below

o o 1eaasos - 4124231(1)" —5225623(2)" + 6488191(3)"
L v h?yr > ——— __y@™| _5888311(4)" +3698922(5)" —1522673(6)"
2V T2 257600 VT 2 (7257600)(m!) " “ ©) (©)
+369744(7)" — 40187(8)"

e one - 235072(1)" —183708(2)" + 247328(3)"
Z%y: - z%y: - % h?y’ - Z(llTO)(m') y® ™| —227030(4)" +143232(5)" —59092(6)"
R Z " ' +14368(7)" —1563(8)"

. ] . 328608(1)" —150624(2)" + 315000(3)"

@ m 1 m - +m
Z%y:‘ L> (3m? . % h2yr - zm y& ™| - 281430(4)" +177264(5)" — 73128(6)"
m=0 - m=0 - m=0 -
+17784(7)" ~1935(8)"
A d, : 148992(1)" — 46400(2)" +160256(3)"
S BNy n 5 (BN 30812 e W) 1440(4)" + 76288(5)" — 31552(6)"
= m m! 28350 £ (28350)(m)
+7680(7)" —836(8)"
) ) . 1987000(1)" — 465000(2)" + 2294000(3)"
o m 1 m w +m
Z%y: -y (Sm? yr - zggiéj h?y” — Zm y®™| —1283750(4)" +1020600(5)" — 412000(6)"
A e ' +100000(7)" —10875(8)"

= (6h)" . -(6h)" 2325 , , & hT" @m
W ym_ B "IV LI
WZS m " ; m 1400 Yo ;(1400)(m!) Yo

—6390(4)" + 7200(5)" — 2268(6)"
+576(7)" —63(8)"
{1484112(1)"‘ —225008(2)" +1830248(3)"

{11808(1)"‘ —2196(2)" +14208(3)" }

- (h)" L < (7h)" L, 7(288533) , . & h= " 2am m n n
A ym - hy =S ———_y®m| _689430(4)" +1009792(5)" —145432(6
Zo m Zo m " " 1036800 " 2(1036800)(@) Yo @) ©) ©

+84168(7)" —8183(8)"

329728(1)" — 44544(2)" + 419840(3)" J

N (Sh)"\ m s (8h)m m 63296 24" N h2+m 2+m m m m

E ——y" - E —-——h%y’ - E —————y®"™ _145280(4)" + 251904(5)" —14848(6

S T A T T 28350 0 0 A5 (28350)(mn) ) ®) ©
+ 47104(7)"

Comparing the coefficients of h™and y gives
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1-1) (0
1-1| |0
1-1| |0
1-1] |0
1-1] |0
1-1| |0
1-1] |0
1-1) 0
1-1) (0
2-2| |0
3-3| |0
4-4| |0
5-5| |0
6-6| |0
7-7| |0
8-8) (0
1 1624505 1 4124231(1)° — 5225623(2)° + 6488191(3)° — 5888311(4)° +
21 7257600 (7257600)(0}) (3698922(5)0 —1522673(6)° + 369744(7)° — 40187(8)° J
(2’ 58193 1 (235072(1)" —183708(2)° + 247328(3)° — 227030(4)° +143232(5)°J
21 113400  (113400)(0!) | —59092(6) +14368(7)° —1563(8)°
(3 71661 1 (328608(1)0 ~150624(2)° +315000(3)° = 281430(4)" + 177264(5)°J
2189600 (89600)(0!) | — 73128(6)° +17784(7)° —1935(8)°
(4)° 30812 1 (148992(1)" — 46400(2)° +160256(3)° —118440(4)° + 76288(5)° _J
21 28350 (28350)(01)|31552(6)° + 7680(7)° —836(8)°
(5)° 398825 1 (1987000(1)“ — 465000(2)° + 2294000(3)° —1283750(4)° +J
21 290304 (290304)(0!) [ 1020600(5)° — 412000(6)° +100000(7)° —10875(8)°
(6" 2325 1 (11808(1)0 —2196(2)° +14208(3)° — 6390(4)° + 7200(5)° — 2268(6)°J
21 1400 (1400)(0N | +576(7)° —63(8)°
(7)*  7(288533) 1 (1484112(1)0 —225008(2)° +1830248(3)° — 689430(4)° +J
21 1036800  (1036800)(01) | 1009792(5)° —145432(6)° +84168(7)° — 8183(8)°
(8 63296 1 (329728(1)0 — 44544(2)° + 419840(3)° —145280(4)° + 251904(5)°j
21 28350 (28350)(0!) | —14848(6)° + 47104(7)°
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1 1 (4124231(1)1 —5225623(2)" + 6488191(3)" — 5888311(4)" +J

31 (7257600)(L)
2y 1

3 (89600)(L)

31 (28350)(1)
5y 1

3 (1400)(1)
7y 1

3 (28350)(11)

3/l | B
41 (7257600)(2!)
(2) 1

31 (113400)(1)
3y 1 (328608(1)1 —150624(2)" + 315000(3)" — 281430(4)" + 177264(5)1j

3l (290304)(1)
(6)° 1 11808(1)" — 2196(2)" +14208(3)" — 6390(4)" + 7200(5)" — 2268(6)"
+576(7)" — 63(8)"

31 (1036800)(1)
@) 1 [329728(1)1 — 44544(2)" + 419840(3)" —145280(4)" + 251904(5)1J

3698922(5)" —1522673(6)" + 369744(7)" —40187(8)"
235072(1)' —183708(2)" + 247328(3)" — 227030(4)" +143232(5)"
—59092(6)" +14368(7)" —1563(8)"

—73128(6)" +17784(7)" —1935(8)"

(4)* 1 (148992(1)1 — 46400(2)" +160256(3)" —118440(4)" + 76288(5)" —j

31552(6)" + 7680(7)" —836(8)"
1987000(1)" — 465000(2)" + 2294000(3) —1283750(4)" +
1020600(5)" — 412000(6)" +100000(7)" —10875(8)"

1484112(1)" — 225008(2)" +1830248(3)" — 689430(4)" +
1009792(5)" —145432(6)" +84168(7)" —8183(8)"

—14848(6)" +47104(7)"

4124231(1)? —5225623(2)° + 6488191(3)” —5888311(4) +
3698922(5)° —1522673(6)° +369744(7)” —40187(8)”

4 (113400)(21)

235072(1)% ~183708(2)? +247328(3)? —227030(4)” +143232(5)*
—59092(6)” +14368(7)* —1563(8)

3)* 1 (328608(1)2 —150624(2)* +815000(3)> —281430(4) +177264(5)2J
4 (89600)(2!) | —73128(6)* +17784(7)? —1935(8)?

@* 1 (148992(1)2 —46400(2)* +160256(3)> —118440(4)* +76288(5)’ —)
4 (28350)(2') ( 31552(6)? +7680(7)* —836(8)°

(5)* 1 (1987000(1)2 —465000(2)* +2294000(3)* —1283750(4)* +J

4 (290304)(2') (1020600(5)? —412000(6)* +100000(7)? —10875(8)*

(6)* 1 (11808(1)2 —2196(2)? +14208(3)? —6390(4)* +7200(5)* — 2268(6)* J
4 (1400)(2!) | +576(7)% —63(8)*

m* 1

4 (1036800)(2!)

@ _ 1
41 (28350)(2!)

1484112(1) — 225008(2)2 +1830248(3)* — 689430(4) +
[1009792(5)2 —145432(6)° +84168(7)? —8183(8)> j
329728(1)° — 44544(2)? + 419840(3)? —145280(4)? + 251904(5)
(—14848(6)2 +47104(7)? ]
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1 1 4124231(1)° —5225623(2)° + 6488191(3)° —5888311(4)° +
51 (7257600)(3) | 3698922(5)° —1522673(6)° +369744(7)° —40187(8)°

2)° 1 235072(1)° —183708(2)° + 247328(3)° — 227030(4)°® +143232(5)°
5 (113400)(3!) (— 59092(6)° +14368(7)° —1563(8)° J
(3)° 1 328608(1)° —150624(2)° +315000(3)° — 281430(4)° +177264(5)°
5 (89600)(3) (— 73128(6)° +17784(7)° —1935(8)° J
(4)° 1 148992(1)° — 46400(2)° +160256(3)° —118440(4)° + 76288(5)° —
51 (28350)(3!) [31552(6)3 +7680(7)° —836(8)° J
)° 1 1987000(1)° — 465000(2)° + 2294000(3)° —1283750(4)° +
51 (290304)(3!) [1020600(5)3 —412000(6)°® +100000(7)° —10875(8)° j
(6)° 1 (11808(1)° —2196(2)° +14208(3)° —6390(4)° + 7200(5)° — 2268(6)°
5 (1400)(3) (+ 576(7)° —63(8)° J
@) 1 1484112(1)° — 225008(2)° +1830248(3)° — 689430(4)° +
5 (1036800)(3!) [1009792(5)3 ~145432(6)° +84168(7)° —8183(8)° J
(8)° 1 329728(1)° — 44544(2)° + 419840(3)° —145280(4)° + 251904(5)°
5 (28350)(3) [- 14848(6)° + 47104(7)° ]

1 1 4124231(1)* —5225623(2)* +6488191(3)* —5888311(4)" +

6! (7257600)(4!) | 3698922(5)" ~1522673(6)" + 369744(7)" —40187(8)"

@° 1 235072(1)* —183708(2)* +247328(3)" —227030(4)* +143232(5)*
6l (113400)(4!) | —59092(6)" +14368(7)" —1563(8)*

L i 1 328608(1)" —150624(2)" +315000(3)" — 281430(4)* +177264(5)*
6! (89600)(4!) | —73128(6)* +17784(7)* —1935(8)*

@ 1 148992(1)* — 46400(2)* +160256(3)* —118440(4)* + 76288(5)* —
6! (28350)(4!) | 31552(6)* +7680(7)* —836(8)*

5)° 1 1987000(L)* — 465000(2)* +2294000(3)* —1283750(4)* +
6l (290304)(4!) (1020600(5)* — 412000(6)* +100000(7)* —10875(8)*

6)° 1 (11808(1)* -2196(2)* +14208(3)" —6390(4)* +7200(5)" —2268(6)*
6l (1400)(4!) ( +576(7)* —63(8)"

Mn° 1 1484112(1)* —225008(2)* +1830248(3)* —689430(4)* +
6! (1036800)(4!) (1009792(5)‘ —145432(6)* +84168(7)" —8183(8)*

®° 1 329728(1)* — 44544(2)* + 419840(3)* —145280(4)* + 251904(5)"
6l (28350)(4!) | —14848(6)* +47104(7)"
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1 1

71 (7257600)(5!)

@ _ 1

®) 1
71 (89600)(5!)
@ 1
71 (28350)(5!)
®) 1

6" 1
70 (1400)(5))

@) 1

® 1
71 (28350)(5!)

g 112 A
8l (7257600)(6!)
)’ 1

®)° 1
8 (89600)(6!)

4° 1
8 (28350)(6!)
5)° 1

8 (1400)(6!)
7)° 1

70 (113400)(5!

71 (290304)(5!

7! (1036800)(5!)

8 (113400)(6!)

8 (290304)(6!

3698922(5)° —1522673(6)° + 369744(7)° — 40187(8)°
235072(L)° —183708(2)° + 247328(3)° — 227030(4)° +143232(5)°
) (— 59092(6)° +14368(7)° —1563(8)°
328608(1)° —150624(2)° + 315000(3)° — 281430(4)° +177264(5)°
(— 73128(6)° +17784(7)° —1935(8)° j
148992(1)° — 46400(2)° +160256(3)° —118440(4)° + 76288(5)° —
[31552(6)5 +7680(7)° —836(8)° J
1987000(L)° — 465000(2)° + 2294000(3)° —1283750(4)° +
) (1020600(5)5 — 412000(6)° +100000(7)° —10875(8)° j
11808(1)° — 2196(2)° +14208(3)° — 6390(4)° + 7200(5)° — 2268(6)°
+576(7)° —63(8)° J
1484112(1)° — 225008(2)° +1830248(3)° — 689430(4)° +
(1009792(5)5 —145432(6)° +84168(7)° —8183(8)° j
329728(L)° — 44544(2)° + 419840(3)° —145280(4)° + 251904(5)°
(—14848(6)5 +47104(7)° J

(4124231(1)5 —5225623(2)° + 6488191(3)° —5888311(4)° +J

3698922(5)° ~1522673(6)° +369744(7)° —40187(8)°

235072(1)° —183708(2)° +247328(3)° —227030(4)° +143232(5)°
(— 59092(6)° +14368(7)° ~1563(8)"

328608(1)° —150624(2)° +315000(3)° — 281430(4)° +177264(5)°
(— 73128(6)° +17784(7)° —1935(8)° J
(148992(1)6 —46400(2)° +160256(3)° —118440(4)° + 76288(5)° —J

[4124231(1)6 —5225623(2)° +6488191(3)° —5888311(4)° +]

31552(6)° + 7680(7)° —836(8)"
[1987000(1)6 —465000(2)° +2294000(3)° —1283750(4)° +J

)| 1020600(5)° — 412000(6)° +100000(7)° —10875(8)°

(6)° 1 [11808(1)6 —2196(2)° +14208(3)° —6390(4)° +7200(5)° — 2268(6)° J

+576(7)° —63(8)°

8 (1036800)(6!)

®)° 1
8 (28350)(6!)

1484112(1)° —225008(2)° +1830248(3)° — 689430(4)° +
(1009792(5)6 ~145432(6)° +84168(7)° —8183(8)° ]

329728(1)° — 44544(2)° +419840(3)° —145280(4)° + 251904(5)°
(—14848(6)6 +47104(7)° ]
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10

1

91 (7257600)(7")

°

1

1

4124231(1)7 —5225623(2)" +6488191(3)” —5888311(4) +
3698922(5)7 —1522673(6)" +369744(7)" —40187(8)’

ol

®)°
o

4)°

(113400)(7!
1

(89600)(7!)

1

235072(1)" —183708(2)" +247328(3)" —227030(4)" +143232(5)"
) [— 59092(6)" +14368(7)" —1563(8)’

328608(1)" —150624(2) +315000(3)" —281430(4)" +177264(5)’
[— 73128(6)7 +17784(7)" —1935(8)’ j

a
(5)°

6)° _
ol

(°

(28350)(7!)
1

9l (290304)(7!)

1
(1400)(7!)

1

148992(1)7 — 46400(2)" +160256(3)" —118440(4)" + 76288(5)" —
(31552(6)7 +7680(7)” —836(8)” j
1987000(L)" — 465000(2)" +2294000(3)" —1283750(4)" +
(1020600(5)7 —412000(6) +100000(7)” —10875(8)’ j
11808(1)7 —2196(2)" +14208(3)" —6390(4)" +7200(5)" — 2268(6)’
+576(7)" —63(8)’ j

91 (1036800)(7!)

®)° _
ol

1

101 (7257600)(8!)

(2)10

1

(28350)(7")

1

1

1484112(1)" —225008(2)" +1830248(3)" —689430(4)" +
(1009792(5)7 ~145432(6)" +84168(7)" —8183(8)’ ]
329728(1)7 — 44544(2)" +419840(3)7 —145280(4)" + 251904(5)"
(—14848(6)7 +47104(7)’ ]

4124231(1)° - 5225623(2)° + 6488191(3)° — 5888311(4)° +
3698922(5)° ~1522673(6)° + 369744(7)° — 40187(8)°

100 (113400)(8!)

(3)10 4 1
101 (89600)(8!)
(4)10 1

235072(1)° —183708(2)" + 247328(3)° — 227030(4)° +143232(5)°
(— 59092(6)° +14368(7)° —1563(8)° j
328608(1)° —150624(2)° + 315000(3)° — 281430(4)° +177264(5)°

[— 73128(6)° +17784(7)° —1935(8)° J

100 (28350)(8!)

(5)10

1

148992(1)° — 46400(2)° +160256(3)° —118440(4)° + 76288(5)° —
31552(6)° + 7680(7)° —836(8)°

100 (290304)(8!)
1 [11808(1)8 —2196(2)° +14208(3)° — 6390(4)° + 7200(5)° — 2268(6)8J

(6)10 B
10!

°

(1400)(8")
1

1987000(1)° — 465000(2)° + 2294000(3)° —1283750(4)° +
1020600(5)° — 412000(6)° +100000(7)° —10875(8)°

1+ 576(7)° — 63(8)°

10!
(8)10 B

(1036800)(8!)

1

1484112(1)° — 225008(2)° +1830248(3)° — 689430(4)° +
1009792(5)° —145432(6)° + 84168(7)° —8183(8)°

10!

(28350)(8!)

329728(1)° — 44544(2)" + 419840(3)° —145280(4)° + 251904(5)°
—14848(6)° + 47104(7)°
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1 1 4124231(1)° —5225623(2)° + 6488191(3)° — 5888311(4)° +
111 (7257600)(9!) | 3698922(5)° —1522673(6)° + 369744(7)° — 40187(8)°

Yl e 1 1987000(L)° — 465000(2)° + 2294000(3)° —1283750(4)° +
11 (290304)(9!) | 1020600(5)° — 412000(6)° +100000(7)° ~10875(8)°

110 (1400)(9!) | +576(7)° — 63(8)°
()" 1 1484112(1)° — 225008(2)° +1830248(3)° — 689430(4)° +
111 (1036800)(9!) | 1009792(5)° —145432(6)° +84168(7)° —8183(8)°

110 (28350)(9!) | —14848(6)° + 47104(7)°

Hence, the block has an order (9,9,9,9,9,9,9,9)" with error constants

63 140 148 187 155 299 51 187 )
13346 118737995 7388 ' 4827 ' 7700'1111'3694 )

3.7.2.2 Zero Stability of Eight—Step Block Method for Second Order
ODEs

Equation (3.2.2.2.1) is applied to the block (3.7.1.23— 3.7.1.30), this gives

det[rA® — AP]=

O O O B O O O ©o
O O kb O O O O O
O B O O O O O O
P O O O O O o o
O O O O O O o o
O O O O O O o o
O O O O O o o o
O O O O O O o o
O O O O O o o o
O O O O O o o o

O O O O O O O Bk
O O O O O O +—» O
O O O O O O O©o
O O O O O O O

which impliesr =0,0,0,0,0,0,0,1. Hence, the method is zero stable.
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©®)" 1 (329728(1)9 — 44544(2)° + 419840(3)° —145280(4)° + 251904(5)°

O O O O O o o o

)" 1 235072(1)° —183708(2)° + 247328(3)° — 227030(4)° +143232(5)°
11 (113400)(9!) [— 59092(6)° +14368(7)° —1563(8)°

3)" 1 328608(L)° —150624(2)° +315000(3)° — 281430(4)° +177264(5)°
111 (89600)(9!) (_ 73128(6)° +17784(7)° —1935(8)° J
(4" 1 148992(1)° — 46400(2)° +160256(3)° —118440(4)° + 76288(5)° —
11 (28350)(9!) [31552(6)9 +7680(7)° —836(8)° J

(6)" 1 (11808(1)9 —2196(2)° +14208(3)° — 6390(4)° + 7200(5)° — 2268(6)9]

|

|

R T e e e N e

63

13346
140

11873
148

7995
187

—| 7388

155

4827
299

7700
51

1111
187

3694




3.7.2.3 Consistency and Convergence of Eight-Step Block Method
for Second Order ODEs

Referring to the conditions listed in Definition 1.4, the block method (3.7.1.23 —

3.7.1.30) is consistent. Therefore, it is convergent beacuse it is zero-stable and

consistent.

3.7.2.4 Region of Absolute Stability of Eight-Step Block Method for
Second Order ODEs.

Applying the equation (3.2.2.4.2) to the block (3.7.1.23 — 3.7.1.30), we have

8io

8i0

8i0

8i0

8i0

8i0

- A-B
h(6,h)=——
+D
e’ 0 0 0 0 0 0 0 0 000 O0OOTUO1
02— 0 0 0 0 0 000 O0O0OTO0OT 01
0/ 2The W70 0 0 0 0 00 0 O0OTU OO O01
A () .o 0 etf B0 0 0 0 d 000 O0O0OTU 0T O01
= ) =
0 O 0 0 e 0 0 0 00 0O0OTU OO O01
N 0 0 0. e 0 0 00 0 0O0O0O001
00 0 0 0 Qrefti 4 0 0 0 000 01
0 O 0 0 0 0 0 e 0 00 0O0O0OOT 021
4124231, 5225623 ,, 6488191 ,, 5888311 ,, 3698922 , 1522673 ,, 369744 ,, _ 40187
7257600 7257600 7257600 7257600 7257600 7257600 7257600 7257600
235072, 183708 ,, 247328 ,, 227030 ,, 143232 ,, 59092 ., 14368 ,, _ 1563
113400 113400 113400 113400 113400 113400 113400 113400
328608 , 150624 ,, 315000 ,, 281430 ,, 177264 ,, 73128 17784 o, 1935
89600 89600 89600 89600 89600 89600 89600 89600
148992 , 46400 ,, 160256 ,, 118440 ,, 76288 ,, 31552 7680 ., _ 836
o 28350 28350 28350 28350 28350 28350 28350 28350
1987000 e _ 465000 ,, 2294000 e _ 1283750 oo 1020600 ;, _ 412000 ;, 100000 ., _ 10875
290304 290304 290304 290304 290304 290304 290304 290304
11808 , 219 , 14208 .,  63% ., 7200 o, 2268 ,, 576 . _
1400 1400 1400 1400 1400 1400 1400 1400
10388784 ,, 1575056 ,, 12811736 ,, 4826010 ,, 7068544 ,, 1018024 ,, 589176 ,, _ 57281
1036800 1036800 1036800 1036800 1036800 1036800 1036800 1036800
329728 Qi _ 44544 ,,, 419840 &0 _ 145280 Qo 251904 ., _ 14848 Q610 47104 Q7o 0
28350 28350 28350 28350 28350 28350 28350
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1624505

7257600
58193

113400
71661

89600
30812

D 28350

0O 0 OO O OO 398825
290304
0 0 OO0 O OO 2325
1400
000000 O 2019731
1036800
0000 O 63296
28350

Simplifying the above matrix and equating the imaginary part to zero, we have

4.250951589891620E +138c0s86 —4.250951589891620E +138

h(8,h) =
©.h) 1.049651485059028E +136 cos 80 — 2.387197812730720E +137

Evaluating h(6, h) at intervals of & of 30°, the following tabulation are obtained

Table 3.6

Interval of Absolute Stability of Eight-Step Block Method for Second Order ODEs.

6 0 30 Brsi% Utarali® alse

hoh) |0 |2614|2614| 0 |26.14|2614 | 0

Therefore, the interval of absolute stability is (0, 26.14). This is shown in the
diagram below
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Figure 3.12. Region of absolute stability of eight-step block method for second
ODEs.

3.8 Comments on the Properties of the Block Methods for Second Order ODEs.
It can be seen from the above that as the step-length k increases, the order of the new
developed block methods increases to be k+1 which implies that the methods are
consistent because the order is greater than one. The new block methods converged
since they are zero-stable and consistent. Furthermore, it is observed that for odd
step-length k, the interval of absolute stability for second order ODEs becomes larger
as k increases as well as when k is even. These are shown in Tables 3.1, 3.3, 3.5 (odd
step-length k) and Tables 3.2, 3.4, 3.6 (even step-length k). It is also noticed that the
region of absolute stability of the new methods for odd step-length k is below the
line because of their negative stability function over [0, z]. On the other hand, for
even step-length k, the region of absolute stability is above the line because of its

positive stability over [0, 7].
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3.9 Test Problems for Second Order ODEs

In order to test the accuracy of the block methods above, the following second order
ODEs are examined. The same problems the existing methods solved are also

considered in order to compare our results in terms of error.

Problem1:  y"—x(y')? =0, y(0)=1 y'(0) = %,h = 0.003125

Exact Solution: y(x) =1+ 1 |n(ﬂj
2 \(2-x

Problem 2: y'+22y=0, 2=2,y(0)=1y'(0) = % h =0.003125

Exact Solution: y(x) = cos 2x +sin 2x
Problem 3: y'=y', y(0)=0,y(0)=-1, h=0.1

Exact Solution: y(x)=1-¢e*
Problem 4: y"=100y =0, y(0)=1y'(0)=-10, h=0.01

—10x

Exact Solution: y(x) =e

,y’(szg,hzi

Problem5:  2yy"—(y)? +4y* =0, y| = |=
yy'=(y')" +4y y( J 5 390

1

6 4
Exact Solution: y(x) =sin® x

Problem6:  y"=-y+2cosx, y(0)=1y'(0)=0,0<x<1

Exact Solution: y(X) =cos X+ Xsin X

6 4 0.1
Problem 7: "+ =Y+ —|y=0vy1)=1y'(1)=1 h=—
y (ij (ijy y(1)=1y'@) 2
. 5x® -2
Exact Solution: y(x) = "
3x
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Problem8:  y"=vy'+2e*(x+1),y(0)=1y'(0)=1, 0<x<1
Exact Solution: y(x) = (x* +1)e”

Problem9:  y"=6x, y(0)=0,y'(0)=0,0<x<1
Exact Solution: y(x) = x®

Problem 10:  y"=vy, y(0)=1y'(0)=1,0<x<1
Exact Solution: y(x) =e”*

Problem 11:  y"+y=0, y(0)=1y'(0)=1 0<x<1.2

Exact Solution: y(X) = cos X +sin x

3.10 Numerical Results for Second Order ODEs
The tables displayed below show the numerical results when the new block methods
with step-length k =3(1)8 were applied to differential equations above. The

generated numerical results are compared with the existing. methods of the same

step-length or higher step-length. The following notations are used in some of the

tables

S2PEB Sequential implementation of the 2-point explicit block method
P2PEB Parallel implementation of the 2-point explicit block method
S3PEB Sequential implementation of the 3-point explicit block method
P3PEB Parallel implementation of the 3-point explicit block method
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Table 3.7

Comparison of the New Block Method k=3 with Predictor-Corrector Method ( Kayode & Adeyeye, 2011) and Block Method (Badmus

and Yahaya, 2009) for Solving Problem 1

Errorin Error in
Error in new
X- Kayode and Badmus and
Exact Solution Computed Solution Method,
values Adeyeye (2011), | Yahaya (2009)
k=3, h=1/30
k=3, h=1/30 k=5, h=1/30
0.1 1.0500417292784914 | 1.0500417292783137 | 1.776357E-13 | 4.684675E-11 5.891000E-06
0.2 1.1003353477310756 | 1.1003353477278701 | 3.205436E-12 | 3.307625E-09 8.239900E-05
0.3 1.1511404359364668 | 1.1511404359191078 | 1.735900E-11 | 1.555013E-08 3.464210E-04
0.4 1.2027325540540823 | 1.2027325539952658 | 5.881651E-11 | 4.276702E-08 7.521010E-04
0.5 1.2554128118829957 | 1.2554128117277092 | 1.552865E-10 | 2.281139E-08 1.380283E-03
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Table 3.8

Comparison of the New Block Method k=3 with Block Predictor-Corrector Method ( Adesanya et al., 2012) and Modified Block

Method (Awoyemi et al., 2011) for Solving Problem 2

Errorin New | Errorin )
Awoyemi
. _ Method k=3, | Adesanya
x-values | Exact Solution Computed Solution etal. (2011),
h=0.01 etal. (2012),
( ) k=3, h=0.01
k=3, h=0.01
0.01 1.039189440847612100 | 1.01979867335895410 | 9.567902E-13 | 9.5379E-13 | -
0.02 1.039189440847612100 | 1.03918944084542720 | 2.184919E-12 | 2.1846E-12 | 2.65E-06
0.03 1.058164546414648700 | 1.05816454641095950 | 3.689271E-12 | 3.6890E-12 | 3.98E-06
0.04 1.094837581924853900 | 1.07671640026597900 | 5.813128E-12 | 7.1798E-12 | 5.30E-06
0.05 1.094837581924853900 | 1.09483758191663210 | 8.221868E-12 | 1.0965E-11 | 6.62E-06
0.06 1.112520843142785500 | 1.11252084313186650 | 1.091904E-11 | 1.5016E-11 | 7.94E-06
0.07 1.146545489989872800 | 1.12975911084245410 | 1.441958E-11 | 2.1162E-11 | 9.25E-06
0.08 1.146545489989872800 | 1.14654548997165740 | 1.821543E-11 | 2.7600E-11 | 1.06E-06
0.09 1.162873266213945600 | 1.16287326619163540 | 2.231015E-11 | 3.4333E-11 | 1.19E06
0.10 1.194127072411474800 | 1.17873590860891580 | 2.738698E-11 | 4.3238E-11 | 1.32E-06
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Table 3.9

Comparison of the New Block Method k=3 with Block Method (Awoyemi et al., 2011) and Predictor-Corrector Method
(Awoyemi & Kayode, 2005) for Solving Problem 1

) ) _ | Error in Awoyemi

Error in new Error in  Awoyemi
) ) and Kayode

x-values | Exact Solution Computed Solution Method, k=3, |et al. (2011) k=3,
(2005), k=4,

h=0.003125 h=0.003125

h=0.003125
0.1 1.050041729278491400 | 1.050041729278484000 | 7.327472E-15 | 6.5501E-11 6.6391E-13
0.2 1.100335347731075600 | 1.100335347731016300 | 5.928591E-14 | 5.4803E-10 2.0012E-09
0.3 1.151140435936466800 | 1.151140435936253800 | 2.129408E-13 - | 1.9256E-09 1.7201E-09
0.4 1.202732554054082300 | 1.202732554053524300 | 5.579981E-13 | 4.8029E-09 5.8946E-09
0.5 1.255412811882995700 | 1.255412811881757600 | 1.238121E-12 | 1.0006E-08 1.4435E-08
0.6 1.309519604203112100 | 1.309519604200610300 | 2.501777E-12 | 1.8727E-08 4.1864E-08
0.7 1.365443754271396900 | 1.365443754266602000 | 4.794831E-12 | 3.2746E-08 5.3110E-08
0.8 1.423648930193602600 | 1.423648930184683300 | 8.919310E-12 | 5.3969E-08 9.1317E-08
0.9 1.484700278594052600 | 1.484700278577664800 | 1.638778E-11 | 8.8004E-08 1.4924E-07
1.0 1.549306144334055900 | 1.549306144303872300 | 3.018363E-11 | 1.4353E-07 2.3719E-07
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Table 3.10

Comparison of the New Block Method k= 4 with Block Methods (Awari et al., 2014) for Solving Problem 4

Error in new
Error in Awari et. al | Error in Awari et. al
x-values | Exact Solution Computed Solution Method, k=4,
(2014), k=4, h=0.01 | (2014), k=5, h=0.01
h=0.01
0.01 0.904837418035959520 | 0.904837418933206020 | 8.972465E-10 | 1.1067E-05 1.2413E-06
0.02 0.818730753077981820 | 0.818730755238518570 | 2.160537E-09 | 3.1403E-05 3.4226E-06
0.03 0.740818220681717880 | 0.740818224125312510 | 3.443595E-09 | 5.2700E-05 5.7008E-06
0.04 0.670320046035639330 | 0.670320050447407390 | 4.411768E-09 | 7.4521E-05 8.0308E-06
0.05 0.606530659712633420 | 0.606530633744317260 | 2.596832E-08 | 8.2312E-05 1.0439E-05
0.06 0.548811636094026500 | 0.548811579725073550 | 5.636895E-08 | 9.7067E-05 1.1244E-05
0.07 0.496585303791409470 | 0.496585216456416680 | 8.733499E-08 | 1.1323E-04 1.2725E-05
0.08 0.449328964117221560 | 0.449328844707934880 | 1.194093E-07 | 1.3052E-04 1.4369E-05
0.09 0.406569659740599170 | 0.406569486018967530 | 1.737216E-07 | 1.3614E-04 1.6156E-05
0.10 0.367879441171442330 | 0.367879211559240750 | 2.296122E-07 | 1.4725E-04 1.8102E-05
0.11 0.332871083698079500 | 0.332870795896438030 | 2.878016E-07 | 1.6012E-04 1.8649E-05
0.12 0.301194211912202080 | 0.301193862883732230 | 3.490285E-07 | 1.7459E-04 1.9725E-05




Table 3.11

Comparison of the New Block Method k=4 with Block Method (Adesanya et al., 2013) and Predictor-Corrector Method (Awoyemi
& Kayode, 2005) for Solving Problem 1

Gct

. Error in Error in
Error in new
_ _ Adesanya et Awoyemi and
x-values | Exact Solution Computed Solution Method, k=4,
al. (2013), k=4, | Kayode (2005),
h=0.003125 ( ) yode { )
h=0.003125 k=4, h=0.003125
0.1 1.050041729278491400 | 1.050041729278491600 | 2.220446E-16 | 9.992E-15 6.550E-11
0.2 1.100335347731075600 | 1.100335347731075800 | 2.220446E-16 | 5.456E-14 5.480E-10
0.3 1.151140435936467000 | 1.151140435936465600 | 1.332268E-15 | 4.700E-13 1.925E-09
0.4 1.202732554054082300 | 1.202732554054076800 | 5.551115E-15 | 1.637E-12 4.802E-09
0.5 1.255412811882995500 | 1.255412811882979900 | 1.554312E-14 - | 4.664E-12 1.000E-08
0.6 1.309519604203111600 | 1.309519604203074800 | 3.685940E-14 | 1.116E-11 1.872E-08
0.7 1.365443754271396000 | 1.365443754271314000 | 8.193446E-14 | 2.501E-11 3.274E-08
0.8 1.423648930193601300 | 1.423648930193427600 | 1.736389E-13 | 5.215E-11 5.396E-08
0.9 1.484700278594051100 | 1.484700278593693100 | 3.579359E-13 | 1.076E-11 8.800E-08
1.0 1.549306144334053700 | 1.549306144333322500 | 7.311929E-13 | 2.170E-10 1.435E-07
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Table 3.12

Comparison of the New Block Method k=4 with Predictor-Corrector Method (Awoyemi & Kayode, 2005) and Predictor-Corrector

Method (Awoyemi, 2001) for Solving Problem 5

. Error in Error in
Error in new
) ) Awoyemi and Awoyemi
x-values | Exact Solution Computed Solution Method, k=4,
Kayode (2005), | (2001), k=4,
h=1/320 y ( a2k )
k=4, h=1/320 h=1/320
1.1 0.795642473567278130 | 0.795642473550267400 | 1.701073E-11 | 0.416327E-06 0.469215E-06
1.2 0.869859011321088560 | 0.869859011298550480 | 2.253808E-11 | 0.458667E-06 0.408029E-06
1.3 0.929330437451130750 | 0.929330437423069090 | 2.806166E-11 | 0.409282E-06 0.228974E-06
1.4 0.971685813870537320 | 0.971685813837236290 | 3.330103E-11 | 0.262955E-06 0.812872E-07
1.5 0.995236565381586220 | 0.995236565343565420 | 3.802081E-11 | 0.455387E-07 0.524472E-06
1.6 0.999043797840225900 | 0.999043797798192860 | 4.203304E-11 | 0.480549E-06 0.108974E-05
1.7 0.982955728902747180 | 0.982955728857558770 | 4.518841E-11 | 0.103225E-05 0.175373E-05
1.8 0.947613739108849830 | 0.947613739061481160 | 4.736866E-11 | 0.167850E-05 0.248148E-05
1.9 0.894426802063518540 | 0.894426802015042990 | 4.847556E-11 | 0.238575E-05 0.322842E-05
2.0 0.825515313105665170 | 0.825515313057240800 | 4.842438E-11 | 0.311084E-05 0.394301E-05
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Table 3.13

Comparison of the New Block Method k=5 with Block Hybrid Backward Difference Formula (Mohammed & Adeniyi, 2014) and Block

Method Mohammed, 2011) for Solving Problem 3

) Errorin Errorin
Error in new
) ) Mohammed Mohammed
x-values | Exact Solution Computed Solution Method, k=5
and Adeniyi 2011), k=5,
h=0.1 Y ( )
(2014), k=5, h=0.1 | h=0.1
0.1 -0.105170918075647710 | -0.105170918075396830 | 2.508826E-13 | 2.004000000E-07 | 2.198000000E-05
0.2 -0.221402758160169850 | -0.221402758095238100 | 6.493175E-11 | 5.386000000E-07 | 6.070400000E-06
0.3 -0.349858807576003180 | -0.349858805892857230 | 1.683146E-09 | 8.840000000E-07 | 1.005100000E-05
0.4 -0.491824697641270350 | -0.491824680634920690 | 1.700635E-08 | 1.229700000E-06 | 1.402530000E-05
0.5 -0.648721270700128190 | -0.648721168154762000 | 1.025454E-07 | 1.575200000E-06 | 1.799340000E-05
0.6 -0.822118800390508890 | -0.822116241679589410 | 2.558711E-06 | 1.920400000E-06 | 2.161620000E-05
0.7 -1.013752707470476600 | -1.013747434170635200 | 5.273300E-06 | 2.506000000E-06 | 2.799300000E-05
0.8 -1.225540928492467900 | -1.225532652557803400 | 8.275935E-06 | 3.106000000E-06 | 3.456100000E-05
0.9 -1.459603111156949900 | -1.459591494482804300 | 1.161667E-05 | 3.705000000E-06 | 4.111400000E-05
0.1 -1.718281828459045500 | -1.718266406589084500 | 1.542187E-05 | 4.304000000E-06 | 4.765600000E-05




8¢T

Table 3.14

Comparison of the New Block Method k=5 with Block Method (Omar, 2004) in which Maximum errors were

considered for Solving Problem 6

Omar Number of | Error in new Error in Omar
h-values | New Method
(2004) Steps Method, k=5 (2004) k=5
S2PEB 53 4.886702E-12 | 1.43153E-03
P2PEB 53 4.886702E-12 | 1.43153E-03
107 5-Step Method | S3PEB 36 1.187872E-11 | 1.43153E-03
P3PEB 36 1.187872E-11 | 1.43153E-03
S2PEB 503 4518608E-14 | 1.43166E-04
10° 5-Step Method | P2PEB 503 4.518608E-14 | 1.43166E-04
S3PEB 336 2.220446E-16 | 1.43166E-04
P3PEB 336 2.220446E-16 | 1.43166E-04
S2PEB 5003 2.101652E-13 | 1.43167E-05
10 5-Step Method | P2PEB 5003 2.101652E-13 | 1.43167E-05
S3PEB 3336 3.197442E-14 | 1.43167E-05
P3PEB 3336 3.197442E-14 | 1.43167E-05
S2PEB 50003 6.672440E-14 | 1.43167E-06
10° 5-Step Method | P2PEB 50003 6.672440E-14 | 1.43167E-06
S3PEB 33336 9.459100E-14 | 1.43167E-06
P3PEB 33336 9.459100E-14 | 1.43167E-06
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Table 3.15

Comparison of the New Block Method k=5 with Block Method (Badmus & Yahaya, 2009) for Solving Problem 7

. Error in
Error in new
Bad d
x-values | Exact Solution Computed Solution Method, k=5, admus an
h=0.1/32 Yahaya (2009)
k=5, h=0.1/32
0.003125 | 1.003076525857696400 | 1.00307652585769610 | 2.220446E-16 | 3.8354E-05
0.00625 | 1.006057503083516400 | 1.00605750308351590 | 4.440892E-16 | 7.5004E-05
0.009375 | 1.008944995088837600 | 1.00894499508883870 | 1.110223E-15 | 1.0592E-04
0.0125 1.011741018167988400 | 1.01174101816798650 | 1.998401E-15 | 1.35476E-04
0.015625 | 1.014447542686413900 | 1.01444754268640770 | 6.217249E-15 | 1.55567E-04
0.01875 | 1.017066494235672400 | 1.01706649423568110 | 8.659740E-15 | 1.86372E-04
0.025 1.011741018167988400 | 1.01174101816798160 | 6.883383E-15 | 1.96055E-04
0.028125 | 1.024416518738402700 | 1.02441651873847910 | 7.638334E-14 | 2.21045E-04
0.03125 | 1.026703577500806200 | 1.02670357750087080 | 6.461498E-14 | 2.05628E-04
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Table 3.16

Comparison of the New Block Method k=6 with Numerical Methods (Adeniyi & Alabi, 2011) where two Continuous Collocation
Methods for k=6 were considered for Solving Problem 1

Error in new Error in Adeniyi Error in Adeniyi
x-values | Exact Solution Computed Solution Method, k=6, | and Alabi (2011) |and Alabi (2011)

h=0.1 k=6, h=0.1 k=6, h=0.1
0.1 1.050041729278491400 | 1.050041728320724600 | 9.577668E-10 | 0.1329867326E-09 | 0.1708719055E-09
0.2 1.100335347731075600 | 1.100335345362366100 | 2.368709E-09 | 0.5872691257E-08 | 0.6836010114E-08
0.3 1.151140435936466800 | 1.151140432204224200 | 3.732243E-09 | 0.1327845616E-07 | 0.1555757709E-07
0.4 1.202732554054082100 | 1.202732548578963300 |5.475119E-09 | 0.2317829012E-07 | 0.2880198295E-07
0.5 1.255412811882995200 | 1.255412800461100500 | 1.142189E-08 | 0.3218793564E-07 | 0.4802328029E-07
0.6 1.309519604203111900 | 1.309519558523672100 | 4.567944E-08 | 0.6871246012E-07 | 0.7628531256E-07
0.7 1.365443754271396400 | 1.365441698433357300 | 2.055838E-06 | 0.1012728156E-06 | 0.1157914170E-06
0.8 1.423648930193601700 | 1.423644681894230500 | 4.248299E-06 | 0.1231093271E-06 | 0.1727046080E-06
0.9 1.484700278594052000 | 1.484693618135657400 | 6.660458E-06 | 0.2019286712E-06 | 0.2561456831E-06
1.0 1.549306144334054800 | 1.549296699167710000 | 9.445166E-06 | 0.2990871645E-06 | 0.3815695118E-06
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Table 3.17

Comparison of the New Block Method k=6 with Uniform Accurate Block Integrators (Awari et al., 2014) and Zero Stable

Continuous Block Method (Awari & Abada, 2014) for Solving Problem 4

Error in Error in
Error in new
Awari et al. | Awari &
x-values | Exact Solution Computed Solution Method k=6,
(2014) Abada (2014)
h=0.01
k=6, h=0.01 | k=7, h=0.01
0.1 0.367879441171442330 | 0.367879441216022340 | 4.458001E-11 | 1.353E-07 1.440E-08
0.2 0.135335283236612730 | 0.135335283360837970 | 1.242252E-10 | 3.658E-07 3.850E-08
0.3 0.049787068367863924 | 0.049787068629654027 | 2.617901E-10 | 6.051E-07 6.330E-08
0.4 0.018315638888734147 | 0.018315639588088788 | 6.993546E-10 | 8.502E-07 8.800E-08
0.5 0.006737946999085455 | 0.006737948897670706 | 1.898585E-09 | 1.104E-06 1.151E-07
0.6 0.002478752176666350 | 0.002478757332916922 | 5.156251E-09 | 1.369E-06 1.427E-07
0.7 0.000911881965554513 | 0.000911895979841017 | 1.401429E-08 | 1.450E-06 1.716E-07
0.8 0.000335462627902510 | 0.000335500721945338 | 3.809404E-08 | 1.597E-06 1.796E-07
0.9 0.000123409804086679 | 0.000123513354121929 | 1.035500E-07 | 1.763E-06 1.941E-07
0.1 0.000045399929762485 | 0.000045681407874946 | 2.814781E-07 | 1.946E-06 2.109E-07
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Table 3.18

Comparison of the New Block Method k=6 with Block Method (Mohammed et al., 2010) for Solving Problem 3

) Error in
Error in new
_ _ Mohammed et
x-values | Exact Solution Computed Solution Method k=6,
al. (2010) k=6,
h=0.1
h=0.1
0.1 -0.105170918075647710 | -0.105170918075644850 | 2.858824E-15 | 5.7269E-06
0.2 -0.221402758160169850 | -0.221402758158730170 | 1.439682E-12 | 6.6391E-06
0.3 -0.349858807576003180 | -0.349858807520089350 | 5.591383E-11 | 7.0283E-06
0.4 -0.491824697641270350 | -0.491824696888888910 | 7.523814E-10 | 7.4539E-06
0.5 -0.648721270700128190 | -0.648721265035962390 | 5.664166E-09 | 7.8935E-06
0.6 -0.822118800390509110 | -0.822118770857143020 | 2.953337E-08 | 8.1942E-06
0.7 -1.013752707470476600 | -1.013752046870527000 | 6.605999E-07 | 8.1810E-06
0.8 -1.225540928492467900 | -1.225539570453469700 | 1.358039E-06 | 8.1810E-06
0.09 -1.459603111156949900 | -1.459600982232234200 | 2.128925E-06 | 8.1730E-06
0.1 -1.718281828459045500 | -1.718278846414507600 | 2.982045E-06 | 8.1650E-06
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Table 3.19

Comparison of the New Block Method k=7 with Zero Stable Continuous Block Method (Awari & Abada, 2014) for

Solving Problem 4

] Errorin
Error in new
_ ) Awari & Abada
x-values | Exact Solution Computed Solution Method k=7,
(2014), k=7,
h=0.01
h=0.01
0.01 0.904837418035959520 | 0.904837418035385090 | 5.744294E-13 | 1.440E-08
0.02 0.818730753077981820 | 0.818730753200521470 | 1.225396E-10 | 3.850E-08
0.03 0.740818220681717880 | 0.740818220899703510 | 2.179856E-10 | 6.330E-08
0.04 0.670320046035639330 | 0.670320046349561880 | 3.139226E-10 | 8.800E-08
0.05 0.606530659712633420 | 0.606530660132277630 | 4.196442E-10 | 1.151E-07
0.06 0.548811636094026500 | 0.548811636683720680 | 5.896942E-10 | 1.427E-07
0.07 0.496585303791409470 | 0.496585303587777190 | 2.036323E-10 | 1.716E-07
0.08 0.449328964117221560 | 0.449328963932432490 | 1.847891E-10 | 1.796E-07
0.09 0.406569659740599050 | 0.406569659572844410 | 1.677546E-10 | 1.941E-07
0.1 0.367879441171442330 | 0.367879441019080040 | 1.523623E-10 | 2.109E-07
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Table 3.20

Comparison of the New Block Method k=7 with Zero Stable Continuous Block Method (Awari & Abada, 2014) for Solving

Problem 11
) Error in Awari
Error in new

and Abada
x-values | Exact Solution Computed Solution Method, k=7,

(2014) k=7,

h=0.1

h=0.1
0.1 1.094837581924853900 | 1.094837581924300400 | 5.535572E-13 2.770E-08
0.2 1.178735908636302700 | 1.178735908634924900 | 1.377787E-12 7.330E-08
0.3 1.250856695786945600 | 1.250856695784829300 | 2.116307E-12 1.192E-07
0.4 1.310479336311535700 | 1.310479336309601200 | 1.934453E-12 1.637E-07
0.5 1.357008100494575800 | 1.357008100502533600 | 7.957857E-12 2.067E-07
0.6 1.389978088304713700 | 1.389978088386357300 | 8.164358E-11 2.476E-07
0.7 1.409059874522179600 | 1.409059874981646100 | 4.594665E-10 2.859E-07
0.8 1.414062800246688200 | 1.414062669791839700 | 1.304548E-07 3.133E-07
0.9 1.404936877898147900 | 1.404936617832056400 | 2.600661E-07 3.561E-07
1.0 1.381773290676036300 | 1.381772903597241700 | 3.870788E-07 3.963E-07
1.1 1.344803481487012700 | 1.344802971263106400 | 5.102239E-07 4.325E-07
1.2 1.294396840443899700 | 1.294396212173423800 | 6.282705E-07 4.644E-07
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Table 3.21

Comparison of the New Block Method k=7 with Block Method (Omar, 1999) whereby Maximum Errors were

selected for Solving Problem 6

Omar Number of | Error in new Error in Omar
h-values | New Method
(2004) Steps Method, k=7 (1999) k=8
S2PEB 54 4.932632E-11 | 3.34334E-03
P2PEB 54 4.932632E-11 | 3.34334E-03
1072 7-Step Method | S3PEB 39 2.491618E-11 | 6.01615E-04
P3PEB 39 2.491618E-11 | 6.01615E-04
S2PEB 504 5.595524E-14 | 4.19854E-04
10° 7-Step Method | P2PEB 504 5.595524E-14 | 4.19854E-04
S3PEB 339 4.551914E-15 | 4.16853E-04
P3PEB 339 4.551914E-15 | 4.16853E-04
S2PEB 5004 8.104628E-13 | 4.20740E-05
10 7-Step Method | P2PEB 5004 8.104628E-13 | 4.20740E-05
S3PEB 3339 1.054712E-14 | 4.20700E-05
P3PEB 3339 1.054712E-14 | 4.20700E-05
S2PEB 50004 1.287859E-12 | 4.20736E-06
10~° 7-Step Method | P2PEB 50004 1.287859E-12 | 4.20736E-06
S3PEB 33339 2.704503E-13 | 4.20736E-06
P3PEB 33339 2.704503E-13 | 4.20736E-06
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Table 3.22

Comparison of the New Block Method k=8 with Block Method (Omar, 1999) whereby Maximum Errors were selected

for Solving Problem 8

Omar Number of | Error in new Error in Omar
h-values | New Method
(2004) Steps Method, k=8 (1999) k=8
S2PEB 54 7.306049E-06 | 7.29714E+03
P2PEB 54 7.306049E-06 | 7.29714E+03
107 8-Step Method | S3PEB 39 1.504936E-06 | 1.10599E+09
P3PEB 39 1.504936E-06 | 1.10599E+09
S2PEB 504 2.225931E-09 | 1.25832E-03
10° 8-Step Method | P2PEB 504 2.225931E-09 | 1.25832E-03
S3PEB 339 3.856115E-10 | 3.93051E-02
P3PEB 339 3.856115E-10 | 3.93051E-02
S2PEB 5004 1.100489E-10 | 1.19981E-04
10™* 8-Step Method | P2PEB 5004 1.100489E-10 | 1.19981E-04
S3PEB 3339 9.805490E-12 | 3.51680E-04
P3PEB 3339 9.805490E-12 | 3.51680E-04
S2PEB 50004 1.200419E-09 | 2.44078E-05
10° 8-Step Method | P2PEB 50004 1.200419E-09 | 2.44078E-05
S3PEB 33339 1.218723E-10 | 1.93968E-05
P3PEB 33339 1.218723E-10 | 1.93968E-05




Table 3.23

Comparison of the New Block Method k=8 with Block Method (Omar, 1999) where selection of Maximum Errors

were considered for Solving Problem 9

LET

hovalues | New Method Omar Number of | Error in new Error in Omar
(2004) Steps Method, k=8 (1999) k=8
S2PEB 54 8.526513E-14 | 5.00000E-05
P2PEB 54 8.526513E-14 | 5.00000E-05
1072 8-Step Method | S3PEB 39 1.421085E-14 | 5.00000E-05
P3PEB 39 1.421085E-14 | 5.00000E-05
S?2PEB 504 4.263256E-14 | 5.00000E-07
10° 8-Step Method | P2PEB 504 4.263256E-14 | 5.00000E-07
S3PEB 339 1.776357E-14 | 5.00000E-07
P3PEB 339 1.776357E-14 | 5.00000E-07
S2PEB 5004 8.235190E-12 | 4.99983E-09
10 8-Step Method | P2PEB 5004 8.235190E-12 | 4.99983E-09
S3PEB 3339 1.991296E-12 | 4.99992E-09
P3PEB 3339 1.991296E-12 | 4.99992E-09
S2PEB 50004 7.423751E-11 | 5.18058E-11
10° 8-Step Method | P2PEB 50004 7.423751E-11 | 5.18058E-11
S3PEB 33339 1.807621E-11 | 4.84884E-11
P3PEB 33339 1.807621E-11 | 4.84884E-11
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Table 3.24

Comparison of the New Block Method k=8 with Block Method (Omar, 1999) whereby Maximum Errors were

selected for Solving Problem 10

Omar Number of | Error in new Error in Omar
h-values | New Method
(2004) Steps Method, k=8 (1999) k=8
S2PEB 54 3.446132E-11 7.00654E-03
P2PEB 54 3.446132E-11 7.00654E-03
1072 8-Step Method | S3PEB 39 8.148149E-12 1.06947E-02
P3PEB 39 8.148149E-12 1.06947E-02
S2PEB 504 1.421085E-14 5.88915E-04
10° 8-Step Method | P2PEB 504 1.421085E-14 5.88915E-04
S3PEB 339 3.552714E-15 5.93077E-04
P3PEB 339 3.552714E-15 5.93077E-04
S2PEB 5004 8.377299E-12 5.87617E-05
10™* 8-Step Method | P2PEB 5004 8.377299E-12 5.87617E-05
S3PEB 3339 1.268319E-12 5.87659E-05
P3PEB 3339 1.268319E-12 5.87659E-05
S2PEB | 50004 7.828049E-11 5.87601E-06
10° 8-Step Method | P2PEB | 50004 7.828049E-11 5.87601E-06
S3PEB | 33339 1.246470E-11 5.87601E-06
P3PEB | 33339 1.246470E-11 5.87601E-06




3.11 Comments on the Results

Two non-linear ODEs are simply considered because of a small number of literatures
on it while nine linear ODEs are examined by the new developed block methods. It
Is apparent in Tables 3.7 and 3.9 that the results of the new block method k=3
outperform Kayode and Adeyeye (2011) k=3, Badmus and Yahaya (2009) k=5,
Awoyemi et al. (2011) k=3 and Awoyemi and Kayode (2005) k=4 for solving
Problem 1 despite the higher step-length in Badmus and Yahaya (2009) and
Awoyemi and Kayode (2005). Furthermore, in Table 3.8, the results of the new
block method k=3 are better when compared with Adesanya et al. (2012) k=3 and

Awoyemi et al. (2011) k=3 for solving Praoblem 2.

In term of accuracy, the generated numerical results of the new block method k=4
shown in Table 3.10 claim superiority over Awari et al. (2014) k =4 and 5 for
solving Problem 4. In Table 3.11, the results produced when the new method k=4
was applied to Problem 1 are found better than Adesanya et al. (2013) k=4 and
Awoyemi and Kayode (2005) k=4. Additionally, the numerical results of the new
block method k=4 in Table 3,12 compared fovourably than Awoyemi and Kayode

(2005) k=4 and Awoyemi et al. (2001) k=4 when Problem 5 was solved.

The results displayed in Table 3.13 for solving Problem 3 implies that the new
block method k=5 is high in accuracy than Mohammed and Adeniyi (2014) and
Mohammed (2012) even with the same step-length k=5. Problem 6 was also solved

by the new block method k=5 and the created numerical results are better than Omar
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(2004) k=5 which are presented in Table 3.14. Furthermore, the results of the new
method in Table 3.15 have better accuracy in terms of error when compared with
Badmus and Yahaya(2009) k=5 for solving Problem 7. In Table 3.16, the numerical
results derived from the new block method k=6 when the method was applied to
Problem 1 show the efficiency of the method in terms of error over Adeniyi and
Alabi (2011) k=6. The accuracy of the new method in Table 3.17 is better when
comparison was made with Awari et al. (2014) k=6 and Awari and Abada (2014)
k=7 for solving Problem 4 in spite of the higher step-length in the former method. In
addition, Problem 3 was also considered by the new block method k=6 and the
results generated outperformed Mohammed et al. (2010). This can be seen in Table

3.18.

In Tables 3.19 and 3.20, it can be observed that the accuracy of the new block
method k=7 for solving Problems 4 and 11 is higher than Awari and Abada (2014)
k=7. The application of the new method to Problem 6 in Table 3.21 is also better in
terms of error than Omar (1999) k=8. Furthermore, by comparing errors in Tables
3.22, 3.23 and 3.24 for solving Problems 8, 9 and 10, it can be seen that the accuracy

of the new block method k=8 is more advanced than Omar (1999) k=8.

3.12 Summary

The derivation of block methods with step-length k=3(1)8 for solving second order
initial value problems of ODEs has been examined in this chapter. This also includes
the analysis of the properties of the methods. The results obtained when the new

block methods were applied to second order initial value problems are compared
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with some existing methods displayed above. The new methods performed better in
terms of accuracy than the existing methods even when comparison of some of the
results generated are made with the existing methods of higher step-length shown in

Tables 3.7, 3.9, 3.10, 3.17 and 3.21.
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CHAPTER FOUR

DEVELOPING BLOCK METHODS FOR SOLVING THIRD ORDER
ODEs DIRECTLY

4.1 Introduction

This chapter considers the derivation of block methods with step-length k =4(1)8

using interpolation and collocation approach for the direct solution of third order

initial value problems of ODEs. These are shown below

4.2 Four-Step Block Method for Third Order ODEs.

This section includes the derivation of four—step block method and establishment of

its properties.

4.2.1 Derivation of Four—Step Block Method for Third Order ODEs.

Power series of the form

k+3

y() = ;aixj (4.2.1.1)
is considered as an approximate solution to the general third order problem
of the form

y =Ty YLy Y06) =Ye Y (%) =Y. Y (%) =Y, (4.2.12)

where in (4.2.1.1) k =4 is the step-length. The first, second and third derivative
of (4.2.1.1) give

k+3

y'(x)=> ja,x' (4.2.1.3)
j=1

k+3

y'(x) = Z;, j(i-Dax" (4.2.1.4)
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k+3

y"() =2 i(i-D(i-2)ax"” = f(xy,y"y") (4.2.1.5)

i3

Equation (4.2.1.1) is interpolated at points x =x_.,i =0()2and (4.2.1.5) is

n+i?

collocated at x = x__.,i =0(1)4 as demonstrated in Figure 4.1 below

n+i?

C C C C C

Xn Xn+1 Xn+2 Xn+3 Xn+4
| I |

Figure 4.1. Four—step interpolation and collocation method for third order ODESs

As a result, we get

7

Lox, X X X Xooo XX &) (Y,

1 n+1 X:+1 X:+1 X:+1 Xr?+1 X:+1 X|Z+l a]_ yn+l

1 Xn+2 X|f+2 X:+2 X:+2 X:+2 Xn6+2 X:+2 a‘Z y”+2

0 0 0 6 24x  60xZ 120X} 210x‘ [ a, f

o/ 0 0 6  24x,, 60x:,120x;,210x', [a, | | f.. | (4.2.1.6)
0 0 0 6 24x,, 60x*,120x°,210x", | @ .

0 0 0 6  24x,, 60x;,120x;,210x’, | a, s

O 0 0 6 24Xn+4 6OX:+4 120X:+4 210X:+4 a7 fn+4

Employing the Gaussian eliminated method in finding the values of a’sin (4.2.1.6),

we have

x* . 233h ,, 307h’ 101h , 793h’ 31h ,
a’O = yn - fn - Xn fn - Xn fn - Xn nl Xn fn-¢-1 + Xn fn-¢-2
6 1440 5040 240 2520 240

19h? 41h 79h? h 29h? X°
+ Xn fn+2 - Xn n+3 Xn fn+3 +— Xn fn+4 + Xn n+d ; 3 (5 fn -
280 720 2520 96 5040 1440h
X7
+3f,,.,)—— f,—4f  +6f ,—4f
n+4) 5040h4 ( n n+1 n+2

X! X X2
r—(-25f +48f ,-36f ,+16f ,-3f ,)+—@y, -4y, + +
288h ( n n+l n+2 n+3 n+4) 2h ( yn yn+1 yn+2) 2h2 (yn

18f,  +24f  —14f

+ fn+4) +

n+3 n+3

5

_2yn+1 + yn+2) + 14:1(E)h2 (_35 fn +104 fn+l _114 fn+2 + 56 fn+3 _11 fn+4)'

3

a‘l = _%(Byn - 4yn+1 + yn+2) + %(_25fn + 48fn+l _36 fn+2 +16 fn+3 _3fn+4)
h? X2 N
+———(307f, +1586f,, —342f , +158f  —29f ,)——f +_—"_(5f -
5040 2 240h
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XB

18f , +24f  —14f o

£31,) + o (f, 41

n+3 n+l

+6f fn+3 + fn+4)_r)_:_2(yn

4

_2yn+1 n+2) 288 2
+606f , —-186f , +82f ,—15f ,)

h
(-35f +104f  —114f  +56f , —11f )+~

X
a'2 = %(yn _2yn+1 + yn+2)+144nh2 (_35fn +104fn+l _114fn+2 +56fn+3 _1lfn+4)_

4

~1861, , +82f, , ~15f,) - f, - i (51, ~18f, ,

n+l

N (2337 4606
1440

2 5

-25f, +48f ,-36f ,+16f
( n+3 n+4) 240h4

+24f ,-14f +3fn+4)+

( n

n+3 n+2

_4fn+l +6fn+2 - fn+3 + fn+4)
3 2

X; X
: (5f, —18f ,+24f ,-14f . +3f ,)- e (-35f, +104f,,

a, = 1fn+
6
4

-1, +56 1, ~11f, )+ o

Xn
(fn _4fn+l +6fn+2 _4fn+3 + fn+4)_ﬁ(_25fn
+48 fn+1 _36 fn+2 +16 fn+3 - n+4)

2

a, = 4«——( ~25f +48f —36f  +16f  —3f ,)——2 (5f —18f  +24f

288h 6h3
3
_14f”*3+3f"*4)_144h4 (f, —4f ,+6f ,—-4f .+ fM)+288 ~(=35f +104f
-114f ., +56f , -11f )
2
a, = -35f +104f , -114f , +56f + f,—4f  +
5 144Oh2 ( n+2 n+3 n+4) 240h4 ( n n+l
Xn
6fn+2 _4fn+3 + fn+4)+ 24Oh3 (5fn _18fn+1 +24fn+2 _14fn+3 +3fn+4)
a‘6 = 144Oh3 (5f n+1+24fn+2 _14fn+3+3fn+4) 720h4 (fn_4fn+1+6fn+2_
4fn+3 + 1:n+4)
1
a'7 = 5040h4 (fn _4fn+1 +6fn+2 _4fn+3 + fn+4)

Substituting the values of a’s into equation (4.2.1.1) and simplifying, this gives a

continuous linear multistep method of the form:
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y(x) =k_Z_2]a,- XY, + hZ B(x)f. (4.2.1.7)

where x=zh+Xx_ +3h (4.2.1.8)
Equation (4.2.1.8) is substituted into (4.2.1.7) and simplified as follows

z? 3z

o, (2) =14+ —+—
o@D =142+
o, (2)=-3—-4z-2°

5z 7°
a,(2)=3+—+—
,(2) = )
(z)——(42+892+702 -35z2° -72° +72° +217)
° 10080

) =——— (4872 + 7204z + 21847% + 210z* +282° —427° — 87’
£2) 10080( ) (4.2.1.9)

B,(2) = ﬁ(%% +5265z +2919z% —315z2* +212° + 42z2° +62")
B.(2) = i(—84+326z +103622 +840z7° +175z* —70z° —352° —4z27)
) 42 +5z2 —84z% +1052° + 772° +212° + 22'
B(2) = i O( )
Equation (4.2.1.9) is evaluated at the non-interpolating points .i.e, at z= 0 and 1 to
give

4f . +126f

240yn+3 0 720yn+2 R 720yn+1 24Oy - h (f n+s n (4 2 1 10)

+116f, , + f.).

ned4

n+l

+26f . +126f

60
yn+4 n+4 n+3 n+2 (4.2.1.11)

+86f

—360y,,,
+ f).

+480y,,, —180y, =h’*(f

n+l

n+l

The first derivative of (4.2.1.9) gives

, 3
a(z) = z+§

a/(z)=-4-2z2

, 5
a,\Z)=7+—
2(2) 5

'B‘;(Z)Zlo *-35z% +42z° +14z°)
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BI(2) = — = (7204 + 43687 + 8402° +1402° — 2522° — 562°)
10080

Bi(z) = i (5265 +5838z —1260z° +105z* + 2527° + 42z°)

pi(z)= (326 + 2072z + 2520z° + 700z° —350z* —210z° —

=———(5-168z + 420z° + 385z* +1262° +14z°
B = 15080 )

Evaluating (4.2.1.12) at all the grid points. i.e, at z=-3, -2,-1, 0 and 1 gives
5040hy. — 2520y, +10080y, . — 7560y, =h®(-29f, , +158f .

—342f  +1586f , +307f,).

n+l

10080hy’ , —5040y
~1532f,  —79f ).

+5040y, =h*(5f, , —20f . —54f_

n+2

5040hy ., — 7560y, , +10080y, , —2520y, =h*(13f , —94f .
+582f , +13f)).

10080hy’ , = 25200y
+10530f, , +7204

+ 40320y
+89f)).

~15120y, =h*(5f, ,

n+2 n+l

n+l

5040hy,,, —17640y, , + 30240y,
+10242f , +6122f  +55f),

n+l

n+2 n+l

The second derivative of (4.2.1.9) gives

a)(z)=1
al(z)=-2
a)(z)=1

(z) = %(140—42022 —140z° +210z" +84z°)

Bl(z) = (4368+25202 +560z° —1260z* —3362°)

p(2) = —(5838 3780z% +420z° +1260z" + 252z°)
/(2) = 5 (2072+50402 + 21002° ~14007° ~10502" ~1682°)
. (2) = ( 168 +1260z° +1540z° + 630z* +84z°)

+652f,

12600y, = h*(391f, , +5030f, .

(4.2.1.12)

(4.2.1.13)

(4.2.1.14)

(4.2.1.15)

(4.2.1.16)

(4.2.1.17)

(4.2.1.18)

Evaluating (4.2.1.18) at all the grid points. i.e, at z=-3, -2,-1, 0 and 1 produces

720h?y" — 720y, , +1440y, , — 720y, =h’(15f, , —82f
~602f,, —233f,).

n+3
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+186f

(4.2.1.19)



360hy"  —360y, , + 720y, —360y, =h*(-2f,, +12f , —39f

yn+1 yn+2 yn+1 yi‘l ( n+4 n+3 n+2 (42120)
+20f , +9f)).

2 _ —hd _
720h*y", —720y,,, +1440y, , - 720y =h*(7f , -50f , +378f , (4.2.1.21)
+386f,, —f,).

2.1 —h3(—
360h°y; , —360y,,, +720y,, —360y, =h*(-6f , +148f , +417f , (4.2.1.22)
+156f , +5f).

2.\, _ — = 8
720h*y; , — 720y, , +1440y, , — 720y, =h’(239f , +942f , +570f , (4.2.1.23)

+418F  —9f ).

Joining equations (4.2.1.10), (4.2.1.11), (4.2.1.13) and (4.2.1.19) to form a block of

the form (1.10)

y..) (0 0 0 240 \(y,,) (000 0 [y,
720 -720 2400 '
./ 1000 18 |y, 000 0 |y,
480 360 0 60 = +h !
~10080 2520 0 O || Yus| [0 O O —7560) y,,| [0 O O -5040 )y,
1440 -720 0 0 J{Y..) (000 720 )y ) (000 0 )y,
000 0 Yy, 116 126 -4 1 Y f, 000 1 Yf,
Joooo o |y, .8 126 26 1 |f,| Jooo0o 1 |f,
h " 1+h +h
000 0 |y, 1586 -342 158 —29| f 000 307 |f,
000 -70)\y —606 186 -82 15 ) f 000 -233) f
The equation-above is multiplied by (A°) *to give
1 00 0)Ywm) (00 0 1}V, 0 00 1yv.,
0100]|y,| |000T1 yn_2+hooo 2 y'H+
0010|y,l |00O0T 1|y, 000 3|y,
000 1)\y.,) lo00oo0 1|y 000 4|y
3210 -1854 258 —141
1) .. 30420 30240 10080 10080
000 2 [Ys] |1982 =720 104 57 [
hl0 0 0 2] Yoz |3 1890 1890 630 1890 fo.c 4
000 2y 11178 -1458 45  —243 | §
— n-1 n+3
2|y 3360 3360 112 3360 | f
0 0 0 87 2176 32 128 -8 |~
315 105 105 63
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00 0 3051
30240

993 | fos

he 18% ‘; (4.2.1.24)

3360 | f
248 |\ "

105

This gives

S 1.,. R
=y +hy +=h’y + -141f
yn+1 yn yn 2 yn 30240 ( n+4

+3210f,,, +3051f)).

+774f, , ~1854f, (4.2.1.25)

n+1

3

. . h
=y +2hy +2h’y +
yn+2 yn yn yn 1890

+1992f _ +993f ).

(_57 fn+4 + 312 fn+3 - 720 fn+2 (42126)

3

y =y +3hy +%h2y; + M (243f . 41350 —1458f

3360 i
+11178f , +4293f)).

(4.2.1.27)

n+1

3

+ 2688 f

(_280 fn+4
2205

+15232f .+ 5208 f,).
Substituting (4.2.1.25) and (4.2.1.26) into (4.2.1.14) — (4.2.1.17) to give

the first derivative of the block

yn+4 P, yn +4hyn +8h2yn + + 672 fn+2

n+3

(4.2.1.28)

yl. =Y. +hy + 12;0 (-21f,, +116f , —282f , +540f  +367f)  (4.2.1.29)
y' ., =y +2hy + 2h720 (-9f , +48f _ —90f , +432f  +159f ) (4.2.1.30)
yi., =Y, +3hy, + lr:SZO (-9f,,, +60f ,+54f ,+468f B +147f) (4.2.1.31)
y'.. =Y, +4hy +2—;(64fn+3 +48f , +192f  +56f) (4.2.1.32)

Substituting (4.2.1.25) and (4.2.1.26) into (4.2.1.20) — (4.2.1.23) to give the

second derivative of the block

y' =Yy + % (-19f,, +106f . —264f ,+646f , +251f) (4.2.1.33)
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y', =y, + 9—2(— f,+4f . +24f  +124f  +29f ) (4.2.1.34)

ylL. =Yy, + %(—3 f . +42f  +72f  +102f  +27f ) (4.2.1.35)

n+3 n+2

Y. =Y. +4£5(14fn+4 +64f . +24f , +64f  +14f) (4.2.1.36)

4.2.2 Properties of Four-Step Block Method for Third Order ODEs.

The section contains the establishment of the order, zero-stability and region of

absolute stability of four—step block method for third order ODEs.

4.2.2.1 Order of Four-Step Block Method for Third Order ODEs.

The method used in section 3.2.2.1 is applied in finding the order of the block
method (4.2.1.25 — 4.2.1.28) as shown below

i Ll i ht e _ 3051, yr-3 he o 3210(1)" —1854(2)" + 774(3)"
m T Arm 30220 TR (30240)(mt) —141(4)"

z (2h)m z (2h)m yo _ 993 hey” i e yom 1992()™ —720(2)" +312(3)"

= - Y"" 1390 4 1890)(m) ™ | 57(a)

5 G, Z (BN)" ) _ 4293, o3 hom o (11178(1)" —1458(2)" +1350(3)"

 ml 2 om0 T3z VT @360)ml) " (—342(a)"

5 (4h)” Z (4h)m g 5208 4 Vo3 hem - 15232(1)" +672(2)" + 2688(3)"
= Yo" 08" VT (2205)(m!) —280(4)"

Comparing the coefficients of h™andy". This gives

1-1 0
1-1 0
C0: =
1-1 0
1-1 0
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1-1) (0
2-2| |0
3-3| |0
4-4) (0
11
2 2
@ @ [°
22 |_|0
@ O o
2! 2! 0
(4)° @’
20 2
1 3051 1 0 0 0 0
§_3024o_(30240)(0!)(3210(1) 1854(2)° + 774(3)° —141(4)°)
(2 993 0 0 0 _ gy
1890 (1890)(0!)(1992(1) 720(2)° +312(3)° ~57(4)°)
(3 4293 1 0o 0 o 0
70 2z —7(3360)(0!)(11178(1) 1458(2)° +1350(3)° - 243(4)°)
(4° 5208 1 0 0 o 0
=3 Tt ——(2205)(0!)(15232(1) +672(2)° +2688(3)° — 280(4)°)
Nos=los (3210(1)" —1854(2)" + 774(3)* —141(4)})
41 (30240)(11)
(2)4 _ 1 1 1 1_ 1
i (1890)@)(1992(1) 720(2)! +312(3)* —57(4)")
(3)4 _ 1 1 1 1_ 1
4! (3360)(1')(11178(1) 1458(2)" +1350(3)" — 243(4)")
(4)4 1 1 1 1 1
i —(2205)@)(15232(1) +672(2)" +2688(3)" — 280(4)")
1 1 2 2 2 2
a—m(szma) —1854(2) + 774(3)* —141(4)?)
(2)5 1 2 2 2 2
o —(1890)(2!)(1992(1) —720(2)* +312(3)* —-57(4)*)
(3)5 _ 1 2 _ 2 2 _ 2
o (3360)(2!)(11178(1) 1458(2)% +1350(3)* — 243(4)?)
(4)5 1 2 2 2 2
o —(2205)(2!)(15232(1) +672(2)% +2688(3)2 —280(4)?)
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1 1 3 3 3 3
a_m(szm(l) _1854(2)° + 774(3)° —141(4)°)
(2)6 1 3 3 3 3 0
> _(1890)(3!)(1992(1) ~720(2)° +312(3)° —57(4)°) .
CG = (3)6 1 - 0
) _(3360)(3!)(11178(1) ~1458(2)° +1350(3)" - 243(4)°) | |
@ 1 : ; ; :
) _(2205)(3!)(15232(1) 1+672(2)° +2688(3)° —280(4)° )
1 1 4 4 4 4
T Gonagyan P20 ~18542)" + 774" ~141(4)")
(2)7 _ 1 4 4 4 _ 4 0
o ooy 19920 ~ 720 431209 ~57(a)") 0
C7 = (3)7 1 - O
) _(3360)(4!)(11178(1) ~1458(2)" +1350(3)" ~243(4)°) | | _
@ 1 : 4 28004y’
D (2205)(4!)(15232(1) 1 672(2)" + 2688(3)" — 280(4)* )
1 1 5 5 5 5
5 @oras ey 2007 18547 +T7A@) -1414°) 4;29230
@ L (4995)° - 720(2)° + 312(3)° ~57(4)°) 3
g (1890)(a)) 45
C, =)\ ~| 243
DN s : 2434 ) |1 | o
) _(3360)(5!)(11178(1) ~1458(2)° +1350(3)° ~ 243(4)° ) 4480
(4)° 1 5 5 5 5 315
) _(2205)(5!)(15232(1) +672(2)° +2688(3)° —280(4)°) | \ 315

Therefore, the block is having an order (5,5,5,5)" with error constants

139 1 243 32
40320'45'4480'315)

4.2.2.2 Zero Stability of Four-Step Block Method for Third Order
ODEs

Applying the equation (3.2.2.2.1) to four-step block method (4.2.1.25 — 4.2.1.28) this

gives
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1 000 0 0 01

0100 0 0 01
det[rA® — AP =1r - =0

0 010 0 0 01

0 0 01 0 0 01

This impliesr = 0,0,0,1. Hence, the method is zero stable.

4.2.2.3 Consistency and Convergence of Four—Step Block Method for Third
Order ODEs

The block method (4.2.1.25 — 4.2.1.28) is found to be consistent because it satisfies
the conditions listed in Definition 1.4. Hence, it is also convergent since it is zero-

stable and consistent.

4.2.2 4 Region of Absolute Stability of Four—Step Block Method for
Third Order ODEs.

Applying the equation (3.2.2.4.2) to four-step block (4.2.1.25- 4.2.1.28) we
have

e’ 0 0 0 0001

0 e 0 0 0001

0 0 e o0 0001

R, h) = o 0 0 e")loo0o01
' 3210 , _ 1854 ., 774 , _ 141 ) (y 4 o 3051
30240 30240 30240 30240 30240
1992 ,, 720 ,, 312 ,, _ 57 0o 0 o 993
1890 1890 1890 1890 N 1890
11178 ,, 1458 ,, 1380 ,, _ 243 ., 0 0 o 4293
3360 3360 3360 3360 3360
152326m 672 020 @eam ﬂem 00 0 5208
2205 2205 2205 2205 2205

Simplifying the above matrix and equating the imaginary part to zero we have
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2625c0s 46 — 2625

h(@,h) =
( ) cos40 —41

Evaluating h(6, h) at intervals of & of 30° gives results as tabulated in Table 4.1

Table 4.1

Interval of Absolute Stability of Four—Step Block Method for Third Order ODEs

0 0 30 60 90 120 150 180

h@.h) |0 |9585 |9585 |0 95.85 |95.85 |0

Therefore, the interval of absolute stability is (0, 95.85). This is shown in the

diagram below

- 50 %0

Figure 4.2. Region of absolute stability of four-step block method for third order
ODEs

4.3 Five-Step Block Method for Third Order ODEs.
This section includes the derivation of five—step block method for third order ODEs

and establishment of its properties.
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4.3.1 Derivation of Five-Step Block Method for Third Order ODEs.

We consider power series of the form (4.2.1.1) as an approximate solution to the
general third order ODEs of the form (4.2.1.2) where k =5 is the step-length. The
first, second and third derivatives of (4.2.1.1) are given in (4.2.1.3), (4.2.1.4) and
(4.2.15).

Interpolating equation (4.2.1.1) atx = x_..,1 =1(1)3and collocating (4.2.1.5) at

n+i?

x=X_.,i =0()5as illustrated in Figure 4.3 below

n+i?

C C C C C C

Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5

Figure 4.3. Five-step interpolation and collocation method for third ODEs.

This approach gives

i 8

1 n+l :+1 :+1 X:+1 X:+1 X:+1 Xo Ko a, Yo
1 n+2 §+2 :+2 X:+2 Xn5+2 X:+2 Xr:+2 X:+2 a, Yoo
1 Xn+3 Xn2+3 :+3 X:+3 X:+3 X:+3 XZ+3 X'?+3 az yn+3
0 0 0 6 24x, 60x; 120x; 210x' 336x° a, f,
0 0 0 6 24x, 60x2,120x, 210x’, 336X, | a, |=| f,, |(43.1.1)
0 0 0 6 24x, 60x’,120x°,210x*,336x°, | @ | | f.,
0 0 0 6 24x,, 60x;,120x,210x’,336x’, |a, | | f..
0 0 0 6 24x, 60x,120x°,210x',336x°, | & | | fue
0 0 0 6 24x,, 60x%,120x’, 210x", 336x°, \a, frs

In order to find the values of a’s in (4.3.1.1), Gaussian elimination method is applied

and this gives the following
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3

a'O = 3yn+1 _3yn+2 + yn+3 + % (_3 fn - 227 fn+1 - 262 fn+2 +18 fn+3 - 7 f + fn+5)

n+4

X! X

(3f —14f  +26f ,—24f  +11f ,—2f )—
2880h°

@arf,

n+l

X3
+—=f -
6 5040h*

—71f ,+118f ,—98f

x2h
+41f ,—-7F )+—=
n+3 n+4 n+5) 403200

xh2

(-63410f, — 280470,

n+1

~27060f, , 463001, , +16710f,, 26701, )+ & (666, ~10535f,

4

—7144f ,-174f . +50f , 11fn+5)+ (5yn+l 8Y,., +3Y,..)+

(-137f,
1440

+300f ,—-300f ,+200f ,—-75f +12fn+5)+

(yn+1 2yn+2 + yn+3)+

n+2 2h 2
X° X}

_(-45f, +154f , —214f ,+156f, , —61f , +10f,  )-——1—

1440h 40320h°

+10f ,-10f

n+2 (fn _5f

n+4 n+l

n+3 +5fn+4 - fn+5)

2 2
a = —— (6667 —10535f 71441, ~1741  +50f  ~11f )+ f —
10080 2

3

%_(137f +300f , —300f
60h

+200f . —75f ,+

n+2 n+4

1
5y, . -8y, +3y. )+
2h ( yn+1 yn~2 yn+3 ) 3

X8 X®

12f )+—-———(3f, —14f , +26f ,-24f ,+11f ,-2f )+——(@7f -
n+5) 720h4 ( n+3 n+4 n+5) 480h3 (

n n+l

4

PRE TTIsfs/— o8yf _
288h

i 41 fn+4 b 7 fn+5)

(yn+1 2yn+2 n+3) ( 45f

n+3

2h2
X7

+ n
) 5040h°

L +2706f , +4630f , —1671f , —

+154f  —214f  +156f  —61f , +10f

n+5

(fn _5fn+1 +10 fn+2 _10 fn+3

+5f,,

4~ 'nis
2671 .)

a,— ' (_6341f —28047f  —2706f ,—4630f .
40320

+1671F , —267f ) -2 f

X
_7(yn+1 _2yn+2 + yn+3)+l44hz

5 4

3f, -14f ,+26f ,—-24f . +11f
240h4 ( n+l n+2 n+3 n+4 n+5) 192h3

n

(-45f +154f, —214f  +156f , —61f, , +

n+4

0f, )— 0 _A7f -

2

240h

71f, +118fF,, —98f _+41f  —7f, ) (-137f, +300f,  —300f, ,

6

+200f, , —75f, , +12f )

n+4

(f, —-5f, ,+10f ,-10f ,+5f ,—f..)

n+l

1440h°
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X4

" 144h*

3

a. = %f (3f f+1+26fn+2—24fn+3 +11fn+4_2fn+5)+ a

144h®
2

—71f , +118f , —98f _+41f  —7f )+ 14); _(-45f, +154f  —214f, ,

a7f,

+156f , —61f , +10f

n+5

+300f,_, —300f, , +200f ,—75f ,

n+2

5

X,
)+ (fn _5fn+1 +1Ofn+2 _lOfn+3 +5fn+4 - fn+5)

H2ts)* 2o0ne

3

a,= ——_(-137f,+300f,, ~300f,, +200f, , ~75f,, +12f, )~ " (3f,
1440h 144h

2

X
192h®

-14f , +26f ,—24f , +11f ,-2f .)-

@7f —71f

n+l

+118f _, —98f,

L, = TH) o hz( —45f +154f  -214f _+156f  —61f , +10f )

4

576h5

(f 5fn+1 +10fn+2 _1Ofn+3+5fn+4_ fn+5)'

1 2

a, = —m(—%fn+154fn+l—214fn+2+156fn+3—61f AORESTS

3f

n

_14f,, +26f  -24f

n+l

+14f,, —2f, )+=——=__(7f —71f  +118f , —98f .

. 480h3

3

AL =T £ )4 (f,-5f ,+10f ;,~10f ,+5f , = f )

720h5 n+2 n+3 n+4
1
a, = 17f —71f , +118f ,—98f , +41f - 3f -
6 2880h3 ( n+1 n+2 n+3 ned n+5) 720h4 ( n
2
14‘rn+1 +26fn+2 _24fn+3 +11fn+4 n+5) 1440h5 (fn 5fn+1 +10f _1Ofn+3
+5fn+4 - fn+5)
1
a, = ———(3f —-14f  +26f ,—24f _ +11f f
7 5040h4 ( n n+1 n+2 n+3 n+4 n+5) 5040h5 ( n
_5 fn+1 +1Ofn+2 _10 fn+3 +5fn+4 - fn+5)

1
a,= —————(f —5f
° 40320h5( "

n+l

+10f ,—-10f ,+5f ,—f .)

n+3 n+4

Substituting the values of a’s into equation (4.2.1.1) and simplifying, this gives a

continuous linear multistep method of the form:
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y(x) =k22a,- )Y, + hZ B,(0)f,., (4.3.1.2)

where x =zh+Xx, +4h (4.3.1.3)
Substituting (4.3.1.3) into (4.3.1.2) and on simplifying gives

2
a,(z)= 1+%+3—Z

2
a,(z)=-3-4z—72°
5z 2°
a,(z) = 3+?+?
B, (2) = 40220 (84+64z—69z% +84z" +282° —142° —-8z" — z°).
B(2) = 0320( 252 + 362 +6252% —5602* —1682° +982° + 482’
+52° )
p,(2) = 20160 (10164 +14728z + 4023z* + 840z +196z° —154z2°
02 8% ) (4.3.1.4)
p.(2) = 20160 (10164 + 20740z +12021z% —1680z* —56z° + 238z°
+64z" +52°).
L. &= 40320( 252+ 2928z + 7943z% + 6720z° +1820z* ~420z°

-350z° —72z" —5z2°).
Evaluating (4.3.1.4) at the non-interpolating points .that is, at z= -4, 0 and 1 yields

— 480y, ., +1440y, , —1440y , +480y, =h°(f ,—-7f , +18f (4.3.3.5)
—-262f ,—227f , —3f).
480y, ., —1440y, , +1440y , —480y, ., = h® (f.s— , +2421F . (4.3.1.6)

+242fF ,-3f , +f).

240y . —1440y_, +1920y , — 720y, =h*(3f . +109f , +494f

(4.3.1.7)
+354f, ,—f ., +1).

The first derivative of (4.3.1.4) gives
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, 3
al(2)=z+=
(@ =2+

a,(z)=-4-2z

, 5
a3(z)=z+5

1
40320

Li(2) = (64 —-138z +3362z° +140z* —84z° —56z° —8z").

Bl(z) = (36 +1250z —2240z° —840z* +5882° +3362° +

40320
40z").

£a(2) = ﬁ(14728+80462 +3360z° +980z* —924z° —3922°

—-40z7).

Bl(z) = ﬁ(zomm 240427 — 67207° — 2802° +14287° + 4482°

+402").

Bl(2)= ﬁ (2928 + 158867 + 2016022 + 72807° — 21002* — 21002°
—5042° — 402). (4.3.1.8)

BUZ) = —— (~44 —5347 + 13447° +14007* +5882° +1122° +827).
40320

Evaluating (4.3.1.8) at all the grid points. That is, at z=-4, -3, -2,-1, 0'and 1
gives

10080hy’ +15120y, , — 40320y, , + 25200y, =h*(11f . —50f

i (4.3.1.9)
+174f . +7144f , +10535f , +666f ).

n+2 n+l

20160hy’ , +10080y. , —40320y , +30240y , =h®(-31f,  +207f

(4.3.1.10)
~518f, , +5494f  +1653f  —85f ).

10080hyr’1+2 —5040yn+3 +504Oyn+1 = h3(5fn+4 _104 fn+3 _1482 fn+2 (4 3 1 11)
~104f,, +5f,).

20160y, , ~30240y,, +40320y, , ~10080y,, =h*(3Lf,, ~271f,, (39 15y
+2118f, , +4874f , —53f  +85f ). o
10080hy’ , — 25200y, +40320y, , —15120y  =h*(-11f _ +732f_, (4.3.113)

+10370f, , +7364f ,+9f ,+16f ).

n+2 n+l

20160hy, . — 70560y, , +120960y, , —50400y, , = h*(1437 f,__+20755f

"4(4.3.1.14)
+39698f  +257581 , —415f  +127f).

n+3 n+l

The second derivative of (4.3.1.4) gives
158



a/(z) =1

al(2) = -2
al(2) =1
"(2) = (~138+100802° +5602° — 4207 — 3362° —562°)
40320
1"(2)_403 (1250 — 672027 — 33602° + 29402* + 20162° + 2802°)
'@ = — 2802°)
1(2) = 55155 (24042 - 201602 ~11202° + 71402" + 26882 + 2802°).
()—F(15886+403202+2184Oz —84007° ~10500z° — 30247°
~2802°). (4.3.1.15)
[(2) = 4555 (-534-+ 40322 + 56002 + 20402 + 672" +562°)

Evaluating (4.3.1.15) at all the grid points. i.e is, at z=-4, -3, -2,-1, 0 and 1 yields

20160h7y; 20160y, , +40320y, , 20160y, , <h*(-267f,,, +1674%,., (3 1)
~4630f, , — 2706, , — 28047, —6341f,).

20160h%y”,, — 20160y, .
+2118f, , ~13878f , —8069f

+40320y, , 20160y, , =h*(ULf,  =751f,, (4317
+309f,).

n+1

n+3 n+2

20160h*y”., — 20160y, , +40320y, , — 20160y, , =h*(-43f, . +327f (431.18)
~1494f. _+430f , +849f  69f ).

20160h°y, 20160y, , +40320y, , ~20160y, , =h*(L1Lf,, =971, (431 1q)
+9734f,  +11658f, , —453f  +85f ).

20160h°y" , —20160y, , +40320y, , — 20160y, , =h’*(-267f, . +7943f (4.3.1.20)
+24042f  +8046f, , +625f,  —69f,).

20160h°y" . — 20160y, , +40320y, , — 20160y, , = h*(6383f, _ +27921f (4.3.1.21)
+12870f, , +14794f , ~1797f  +309f ).

Joining equations (4.3.1.5) - (4.3.1.7), (4.3.1.9) and (4.3.1.16) to produce a block of
the form (1.10)
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—1440
—480
-720
25200
— 20160

0

-3
-1
10535

h3

— 28047

O S IHIOF B
o o o +—» O
O FOmimt COQ)

h2

O O O o o
O O O o o
O O O o o

o O O O o

O O O o o

o B O O O

1440 -480 0 0 Y. 0 0 0 0 —480)y. ,
1440  —1440 480 O |vy,, 0000 0 |y
1920 -1440 0 240|vy,,|=|0 0 0 0O O |y .
—40320 15120 0 O yJ 0000 O |[VYu
40320 -20160 0 0 A\vy,. 0000 0 \VY,
0 0 Yo, 0 00O 0
0 0 Yy, 0 00O 0
0 0 y.,[+h*0 0 0 0 0 y“ +
0 —10080 | Y. 0000 0
0 0 Y, 0 00 0 —20160
-262 18 -7 1 Yi, 000 o -3 Yf,
242 242 -3 1 |f 0000 1 |f,
354 494 109 3 |f [+h0 0 0 O 1 |f
7144 174 -50 11 | f.. 0000 666 |f.
—-2706 -4630 1671 —267 \ f..s 000 0 —6341)\f,
The above equation is multiplied by the inverse of A° to give
0y, ., 0000 1)y, 0000 1Yy,
Oy . 00001y, 0000 2|y,
Oly.[=|0 00 0 1fy |+h0O 0 0 0 3|y,
O Yoia 0 00 O 1Y 0000 4|Ya
1\ Yos) 1070700 1Y, 000 0 0 5)y,
29850 -23172 173  -80 834
1 241920 241920 2880 3653 241920
2 [v) | 202 -l 12 -7 2,
2 |y, 1890 1890 315 1890 1890 | f
9 v e 48357 13122 423 4617 243 f
2 | I 13440 13440 448 13440 4480 |
8 | Yo 7008 672 704 600 96 | fne
25 \y, 945 945 315 945 945 |\Fus
2 16916 11250 543 -39375 791
1339 72576 113 72576 4639
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23574

0000
241920
O 0 0 0 E fn—A
630 | f
hlo o 0o o 43 1];
13440 |
000 0 236 .
945 | f,
. 262125
72576

which leads to

y =Y +hy'+lh2y"+ h
meean "2 7" 241920

—23172f,,+29850f 6 +23574f).

(834f _—5208f , +14532f

n+2 n+l

h3
1890

Y., =Y, +2hy +2h*y + (42f . —267f ,+732f ,—1140f ,
+2202f , +951f)).

V.=V +3hy'+9h2y"+ h*
ey "2 7" 113440

~13122f, , +48357f,  +16443f ).

(729f _ — 4617, +12690f

3

Y., =Y, +4hy +8h’y + %(96 f . —601f ,+2112f ., —672f ,

+7008f ,, +2136f).

n+l

75 . h®
=y +5hy +——h’y +
yn+5 yn yn 2 yn 72576

+11250f , +916875f  +262125f ).

Substituting (4.3.1.23) - (4.3.1.25) into (4.3.1.10) — (4.3.1.14) to give the
first derivative of the block

(12375f, . —39375f , +348750f,

2

y . =y +hy"+ (214f__ —1364f , +3764f . —6088f,

20160
+8630f, , +4924f ).
hZ

Vi = Yo+ 20y]+ 6T, ~101F, , +272f,  ~370f, , +1088F,,

+355f).

2

y ..=Y +3hy’ + 10080 (405f . —2592f ,+7830f ,—648f ,

+31509f , +8856f ).
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(4.3.1.23)

(4.3.1.24)

(4.3.1.25)

(4.3.1.26)

(4.3.1.27)

(4.3.1.28)

(4.3.1.29)

(4.3.1.30)



2

y..=Y +4hy’ + h (32f ,—160f , +1216f , +352f

630 e T2848T., (4.3131)

n+4

+752f1 ).

2

+6250f , +31250 f

(1375f
10080

+1525f ).

yn+5 = yn +5hyn + n+3 +12500 fn+2 (4_3.1.32)

n+4

+59375f

n+l

Substituting (4.3.1.23) - (4.3.1.25) into (4.3.1.17) — (4.3.1.21) to give the second

derivative of the block

14 _ 4 h
Yaa = Yo + 1370 (27 £ ~1731, , +482f, . ~798F,, +14271, (4.3.1.33)
+475f ).
yr’1’+2 = yl:' + % ( fn+5 - 6 fn+4 +14 fn+3 +14 fn+2 +129 fn+l + 28 fﬂ) (43134)
yr,1'+3 = y: = yn +120(3fn+5 _21fn+4 +114 fn+3 +114 fn+2 + 219 fn+1 +51fn) (4.3.1.35)
y:+4 = yr:’ i % (14 fn+4 + 64 fn+3 i 24 fn+2 + 64 fn+l + 14 fn) (43136)
" — h
yn+5 - yn I 2_88 (95 fn-S + 375 fn+4 ar 250 fn+3 + 250 1:n+2 - 375 fn'1 (43137)

29511 &

4.3.2 Properties of Five-Step Block Method for Third Order ODEs
The order, zero-stability and region of absolute stability of five—step block method

for third order ODEs are considered in this section.

4.3.2.1 Order of Five-Step Block Method for Third Order ODEs

Using the approach stated in section 3.2.2.1 in finding the order of the block method
(4.3.1.23 — 4.3.1.27) as shown below
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= h" " o 23574 .
m h ”_
§m'yn mzml " 241920 Yo
(2h)m (2h)" yo 951
Zo m! Zﬁ m! Yo 1890
SE@)" L HEN)T 16443
; ml! Yo mZ; m " 13440
(4h)m (4h)" yo 2136 ,
h
; m! mzo m! Yo
i(Sh ) Z(sh) w 262125
mo m! mo m! Vi 72576

h3+m wm)[zgsso(l)m - 23172(2)“‘ +14532(3)mj

= (241920)(m!) "

—5298(4)" +834(5)"

s e (m[zzoz(l)m ~1140(2)" + 732(3”}

(1890)(m!) —267(4)" +42(5)"
i e (3+m>[48357(1)m ~13122(2)" +12690(3)m]
= (L3440)(m!) " (- 4617(4)" +729(5)"
i h*m (3+m)(7008(1)m -672(2)" + 2112(3)m]
75 (945)(m!) " (~600(4)" +96(5)"
i e )[916875(1)m +11250(2)" +348750(3)"
~ (72576)(m') —39375(4)" +12375(5)"

Comparing the coefficients of h™and y. This gives

~1) (0
~1] |0
C,=|1-1|=|0
~1] |o

~1) (0

1-1) (o

A o ”
C,=|3-3|=|0
4-4 1|0
5-5) |0

11

2 2

2 @
e

2 2
c..|O_®
2 2

4 @’
T

5)° ()’

2 2

Il
O O O O o
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1 23574 1

- - 29850(1)° — 23172(2)° +14532(3)° — 5298(4)° + 834(5)°
31 241920 (241920)(0) (298500) (@) @ @ ©)

3 1890 (1890)(0!)(2202(1) 1140(2)° + 732(3)° — 267(4)° + 42(5)°)
(3)° 16443 1

(48357(1)° ~13122(2)° +12690(3)° — 4617(4)° + 729(5)° )

3 13440 (13440)(0")
4y 2136 1
3 045 (945)(01)
Gy 262125 1
3 72576 (72576)(0!)

(7008(1)° —672(2)° + 2112(3)° — 600(4)° +96(5)° )

L_(2419120)(1l) (29850(1)" — 23172(2)" +14532(3)" —5298(4)" +834(5)" )

(24)!4 _ (1893)@) (2202(1)* ~1140(2)" + 732(3)" — 267(4)" + 42(5)")

(32!4 - jo)(ﬂ) (48357(1)* —13122(2)" +12690(3)" —4617(4)* +729(5)" )

% _m (7008(1) = 672(2) +2112(3)" — 600(4)* + 96(5)')

(52!4 g 716)(1_') (016875(1)" +11250(2)* +348750(3)" — 39375(4)* +12375(5)")

é 2 m(zgsso(l)z —23172(2)* +14532(3)? —5298(4)* + 834(5)°)

(2 _ (1893)(2!) (2202(1)* ~1140(2)* + 732(3)" — 267(4)* + 42(5)° )

(3; _ (134410)(2!)(48357(1)2 ~13122(2)? +12690(3)° — 4617(4)* + 729(5)°)

(25 _ (9451)(2!) (7008(1)? — 672(2)° + 2112(3)? —600(4)° + 96(5)’)

(Z)I - (725716)(2!)(9 16875(1)° +11250(2)° + 348750(3)° —39375(4)’ +12375(5)°)
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(916875(1)° +11250(2)° -+ 348750(3)° — 39375(4)° +12375(5)")
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1 1

&_m(29850(1)3 ~28172(2)° +14532(3)" —5298(4)° +834(5)° )

(2)6 1 3 3 3 3 3

2 _(1890)(3!)(2202(1) ~1140(2)° +732(3)° — 267(4)° +42(5)°)

(3)6 1 3 3 3 3 8
> _(13440)(3!)(48357(1) ~13122(2)° +12690(3)° - 4617(4)* +729(5)* )
(4-)6 _ 1 3 3 3 _ 3 3

2 (945)(3!)(7008(1) 672(2)° +2112(3)° — 600(4)" +96(5)°)

®)° 1

(916875(1)° +11250(2)° +348750(3)° —39375(4)° +12375(5)° )

6! (72576)(3!)

;!_(2419;0)(4!) (29850(1)* —23172(2)* +14532(3)* —5298(4)* +834(5)* )
(27)' _ (189(1))(4!) (2202(1)* —1140(2)* +732(3)* —267(4)* +42(5)*)

(37)!’ _ (134410 0 (48357(1)* ~13122(2)* +12690(3)* ~4617(4)* +729(5)*)
(‘;)! 5 (9451) 3 (7008(1)* = 672(2)* +2112(3)* —600(4)* +96(5)* )

6 1

- (72576)(4!)(916875(1) +11250(2)* +348750(3)" —39375(4)* +12375(5)" )

é_m (29850(1)° ~23172(2)°, +14532(3)° ~5298(4)° +834(5)° )

(2 _ (1893)(5!) (2202(1)° ~1140(2)° +732(3)° —267(4)° +42(5)°)

(C;)! : _(134410)(5!) (48357(1)° ~13122(2)° +12690(3)° - 4617(4)° +729(5)°)

(‘:3)!8 @ 51) & (7008(1)° — 672(2)° + 2112(3)° — 600(4)° +96(5)°)

OF 1 (o168750)° +11250(2)° + 348750(3)° — 39375(4)° +12375(5)°)

8l (72576)(5!)
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1 1 6 _ 6 6 _ 6 6
g—m(zgsso(l) 23172(2)° +14532(3)° —5298(4)° +834(5)° ) .
(2)° 1 13688
- (2202(1)° —1140(2)° +732(3)° — 267(4)° +42(5)° ) —491
9 (1890)(6") 28350
REC S T o _ ‘ . ‘ ‘ | —1917
C.o=| 5 340D (48357(1)° —13122(2)° +12690(3)° —4617(4)° +729(5)° ) = 448%%
~11
(4)9 _ 1 6 6 6 6 6 Py
o a0 (7008(1)° —672(2)° +2112(3)° —600(4)° +96(5)°) 1_41127%
®° 1 6 6 6 6 6 943
5 TEE) (916875(1)° +11250(2)° +348750(3)° —39375(4)° +12375(5)°)

Hence, the block has order (6,6,6,6,6)" together with the following error constants

37 —491 -1917 —1136 —-121)
13688 28350 ' 44800 ' 14175 ' 943 )

4.3.2.2 Zero Stability of Five-Step Block Method for Third Order
ODEs.

Equation (3.2.2.2.1) is applied to five-step block method (4.3.1.23 — 4.3.1.27), we

have
niyaer=we Da Da OIvica 1k
01000 0 00 01
det[rA® —A®]=rfl0 0 1 0 0|-|0 O 0 0 1(=0
00010 0 00 01
0 00 01 0 00 01

This impliesr =0,0,0,0,1. Hence, the method is zero stable.

4.3.2.3 Consistency and Convergence of Five-Step Block Method for Third
Order ODEs.

The block method (4.3.1.23 — 4.3.1.27) fulfills the conditions itemized in Definition
1.4 and this makes the method to be consistent. Since it is consistent and zero-stable,

it is therefore convergent.
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4.3.2.4 Region of Absolute Stability of Five-Step Block Method for
Third Order ODEs.

Applying the equation (3.2.2.4.2) to five-step block method (4.3.1.23 -4.3.1.27), we

have
e 0 0 0 0 00001
0 e 0 0 0 00001
0 0 € 0 0|-|00001
0 0 0 € 0 00001
ho.h) = 0 0 0 0 e’/ 00001
"7 (28950 0 23172 70 14532 g0 5298 40 834 ., 0000 23574
241920 241920 241920 241920 241920 241920
2zozem —1140e2“’ 732 o0 267 440 42 50 0000 951
1890 1890 1890 1890 1890 1890
48357ei,, —13122e2“’ 1269093”, 4617 0 729 & 1410 0 0 0 16443
13440 13440 13440 13440 13440 13440
70086m _@em 2112esm _@em 96 o510 0000 2136
945 945 945 945 945 945
916875em 1125082”, 34875083”, _3937564”, 12375@"”’ 000 0 262125
72576 72576 72576 72576 72576 72576

The above matrix is simplified, after finding the determinant and equating the
imaginary part to zero we have

h(o.h) = 2.3461E + 23c0s58 —2.3461E + 23
’ 3.3249E +19c0s 560 + 2.3510E + 21

Evaluating 5(49, h) at intervals of & of 30°, the following tabulation are obtained

Table 4.2

Interval of Absolute Stability of Five—Step Block Method for Third Order ODEs

0 0 30 60 90 120 150 180

H(H,h) 0 |-189.52 | -51.55 | -101.80 | -152.77 | -14.21 | -204.44

Therefore, the region of absolute stability is (-204.44, 0). This is shown in the

diagram below
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Figure 4.4. Region of absolute stability of five—step block method for third order
ODEs.

4.4 Six-Step Block Method for Third Order ODEs.

This section considers the derivation of block method with a step-length k=6 for
direct solution of third order. ODEs. The properties of the block method are also

established.

4.4.1 Derivation of Six—Step Block Method for Third Order ODEs.

The approximate power series of the form (4.2.1.1) is considered as an approximate
solution to the general third order ODEs of the form (4.2.1.2) where k =6 is the step-
length. The first, second and third derivatives of (4.2.1.1) are given in (4.2.1.3),
(4.2.1.4) and (4.2.1.5).

Equation (4.2.1.1) is interpolated atx=x_,.,i=2(1)4and (4.2.1.5) is collocated at

n+i?

X=X, =0()6 as shown in Figure 4.5 below

n+i?

168



Figure 4.5. Six—step interpolation and collocation method for third order ODEs.

This strategy produces the result below

2 3 4 5 7 8 9

6 X

1 n+2 Xr;+2 Xg+2 XTZ Xré-v-z X?;-Z n+2 sz X"*Z ao yn+2

1 n+3 Xn+3 n+3 Xn+3 Xn+3 X”+3 Xr:+3 X:+3 X:+3 al yn+3

1 Xn+4 X:+4 X:+4 X:+4 X:+4 X:+4 X’:+4 X:“‘ X:+4 aZ y"+4

0 O 0 6 24x,  60x’ 120x} 210x; 336x; 504x’ a, f,

0 0 0 6 24x, 60x;,120x], 210x’, 336x:, 504x’, | a, nﬁm4ln
0 0 0 6 24, 60x,,120x;,210x",336x°,504x", [a | | f  |°
0 0 0 6 24x, 60x;3120x;3210x . 336x;,,504%" ;| a, | | fo.

0 0 0 6 24x,, 60x;,120x;,210x¢,336x°,504x°, [a | |f..

0 0 0 6 24x,, 60x;,120x}210x"  336x° 504’ | a, || s

0 0 O 6 24Xn+6 60X§+6 120X:+6 210X 336Xn+6 504Xn+6 ag fn+6

Employing the Gaussian eliminated method in finding the values of a’s in (4.4.1.1),

we have the following

3

a, = By =8¥ars3
0 yn+2 yn+3 yn+4 30240

(=317 -14100f  ~61329f  —45824f

3

X
+61f )——f
n+6) 6

XZ

+1041f , —492f f
" 80640

(12287 —58716f  —18555f,

n+5

x_h?
181440

20376 _ +10779f ,—3492f _+479f )+ 5(-1216571, 1913988, ,

9

X,

—3457725f  — 2471680 S —
362880h°

+152445¢f_, —57468f _+7673f )-

(f,

n+3 n+5

2

_6 fn+1 +15fn+2 _ZOfn+3 +15fn+4 _an+5 n+6)+ 2h2

(yn+2 2yn+3 + yn+4)+

5

X,
21600h?

8 7

7f —-40f  +95f ,-120f . +85f ,—-32f
80640h5 ( n+2 n+3 n+4 n+5 n+6) 30240h4

(-812f +3132f,  —5265f , +5080f , —2970f , +792f  —137f )

(35f,

6

Xﬂ
(491, -232f,

~186f, +411f , —484f  +321f , —114f  +17f )-

n+3 n+5
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+461fn+2 - 496 fn+3 + 307 fn+4 _104 fn+5 +15 fn+6) + % (7yn+1 _12yn+2 + 5yn+3) +

4

% (_147f +360f , —450f , +400f  —225f , +72f _—10f .)
1440h
2
LM (1216571 —1913988f , —3457725f , — 2471680, . +152445f
1814400

3

% (_147f +360f
Oh

_57468 fn+5 + 7673 fn+6) - % (7yn+2 12yn+3 yn+4) -

2 8

450, , +400f , —225f , +72f. . —10fn+6)+x—” fp—n
2 " 40320n°

( n _6fn+1

+15f, ,—-20f +15f ,—6f .+ f )+

a2287f ~58716f, , —18555f,

n+3

40320

7

20376, , +10779f, , ~3492f -+479fnm)-+——2§iﬁ;;(7fn——40f +95f -

n+3 n+5 n+l

6

4320h4

120f,_, +85f , —32f _+5f )+ (35f —186f,  +411f  —484f, _ +

n+5

5

321f,, ~A14f  +17f; )+ o
960h

(49f —232f., +461f , —496f. ., +307f , —

n+5 n+l n+3
2 4

I’:Z (yn+2 _2yn+3 n+4) 20h2
+5080f, , —2970f, , +972f, . —137f, )

104f, . +15f ) -

(-812f, +3132f , —5265f ,

8—2—0( 122871 —58716f,, —18555f , —29376f, , +10779f, , —3492f

3

2160h2

7

10080h6

+479fn+6)—x—2”fn+%(yn+2—2yn+3 Y..)+ o (-812f, +3132f  —5265f

+5080f, , —2970f , +972f  —137f )— (f, —6f , +15f,, —20f _ +

n+4 n+l

6

15f,., =6 %, + f,0) — oot (76, —40f,, + 951, ~120f,, +85f, , —32f,, +
5
5f,.)— 14:%4 (35f, —186f  +411f , —484f  +321f , —114f _+17f )+
XZ X4
Saor (F147f, +3601,, —450f,, + 4001, —225f, , + 72, ~10f, )+ A (49f,

—232f, +461f , —496f _ +307f , —104f . +15f ).
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1 ; X®
6 " 4320h6

(f —6f  +15f , —20f, , +15f ,

fn+5 + f
360h
+360f  —450f , +400f  —225f  +72f _—10f )+

(7 —40f

+
1440h° * " i

4

X

95f,,,-120f , +85f ,-32f . +5f . )+——(35f -186f  +411f , -
864h
3

484f _ +321f , —114f  +17f )+ ;‘ (49f —232f  +461f , —496f

2

+307f , —104f . +15f ) (-812f +3132f _ —5265f , +5080f .

21600
—2970f, , +972f _ —137f, )

1 (C147f +360f . —450f  +400f , —225f . +72f _—10f .)-
1440h

X5
~ 2880h°

(f,—6f  +15f , —20f  +15f , —6f  +f )

n+5

(-812f,
4320h2

4

+3132f  —5265f , +5080f , —2970f , +972f  —137f )—

(7f,
11520

3

864h4

2

384h°

~40f, +95f., —120f . +85f ,—32f . +5f . )—

(35f —186f

+411f., —484f  +321f . —114f _+17f ) (49f, —232f  +

461f  ~496f  +307f  —104f . +15f )

1

~oeoonz (8121, +3132f, , ~5265f, . +5080f, , ~2970f,, + 972,

4

-137f )+ ———
2880h6

(fn _6fn+1 +15fn+2 _20 fn+3 +15 fn+4 _6fn+5 + fn+6) +

960h3 (49f —232f , +461f ,—496f ,+307f ,b—104f . +15f )+

X3
1440h°
XZ
1440h*

(7f, —40f, +95f,, —120f  +85f, , —32f _+5f )+

n+1

(35f, —186f, +411f , —484f, _ +321f , —114f, _+17f, )
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1

a, = - (49f, —232f , +461f ,—496f . +307f ,-104f . +15f .)
5760h°
X3
-—— f —6f ,+15f ,—-20f ,+15f ,—6f 35f, —
4320h6 ( n n+1 n+3 n+4 n+5 n+6) 4320h4 (
2
186f  +411f , —484f _ +321f , —114f , +17f )——2 (7 —40f,
2880h°
+95f  —120f +85f , —32f _+5f )
a, = ———E———(35fn—186fm1+411fm2—484fms+321fm4—114fm5+17tHJ
30240h*
XZ
——(f —-6f ,+15f ,-20f ., +15f , —6f —7f
10080h6 ( n+2 n+3 n+4 n+5 n+6) 10080h5 ( n
-40f , +95f ,—-120f ,+85f ,—32f . +5f ;)
a, = ————l——(an—4Ofm1+95fmz—120fm3+85fm4—32fm5+5fm6)—
80640h°
A&.——(fn _6fn+1 +15 fn+2 _20 fn+3 +15fn+4 _6fn+5 + fn+6)
40320h°
a, = -1——(f -6f ., +15f ,—20f . +15f , 6% . +f )
9 362880h6 n n+l n+2 n+3 n+4 n+5 n+6

Substituting the values of a’s into equation (4.2.1.1) and simplifying, this gives a

continuous linear multistep method of the form:

k-2 k
y(X) =2 a;(x)y,.; +h*> B, (0 f,, (44.1.2)
j=2 =0
where x =zh+ X, +4h (4.4.1.3)

Equation (4.4.1.3) is substituted into (4.4.1.2) and simplified to produce

2> 3z

a,(z)=1+—+—
(D) =1+ —+ 2
a,(2)=-3-4z-17°
52 z2°
a,(z)=3+—+—
(D) =3+ +

B.(2) = —— (3720 + 20867 + 43352° —5040z* — 21847° + 6302°
3628800

+600z" +135z° +10z°).
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() =—— 302 30 (2490 +1523z + 2685z° +3150z* +1302z° — 402z2°

-360z" —75z° —5z2°).

B,(z) = ———(-5232-1870z + 8085z —8400z* —3192z° +12187°
241920
+888z" +165z° +10z°).
B.(2) = L ————— (475980 + 673190z +159360z* + 63000z* +197402°
907200
—10080z° —5520z" —90z° —50z°).
p.(2) = 1 ———— (118248 + 246794z +148587z% — 252002* — 28562°

241920
+34862° +13682'1952° +102°).

(-30 + 23003z +574050z° +50400z° +16170z*

P+(2) = 300400

—2058z° —2940z° —840z" —105z° —5z2°).
1

7) = — = (3840 — 60467 —1969522 + 25200z* + 230162°
Pi(2) 3628800( (4.4.1.4)

+9450z° +2040z" +225z° +10z°).
Evaluating (4.4.1.4) at the non-interpolating points. i.e, at z= -5, -4, 0 and 1.
gives

- 90720y, , + 241920y, , - 181440y, , +30240y, =h°(B1f, . ~492f,.. (441 5)
+1041f, , —45824f  —61329f , —14100f, K —317f,).

~30240y,., +90720y,,, ~ 90720y, , + 30240y, , =h’(31f,,, ~249F,.; (4 41 o)
+654f ,—15866f, , —14781F , +3f , —32f).

n+3 n+2

30240y, —90720y,, +90720y, , ~30240y,, =h*@2f,, ~3f.. (4417
+14781f, , +15866f, , —654f , +249f  —31f).

n+5 n+4 n+3 n+2

30240y, , ~181440y,,, + 241920y, , ~90720y, , =h* (317, , +14100,. (4 41 g)
+61329f, , +45824f , —1041f, ,+492f,  —61f ).

The first derivative of (4.4.1.4) gives

1
1814400
+2100z° +540z" +452°).

z) = — + z- z' - z' + z
B (2) (1043 + 4335z —10080z° —5460z* +1890z°
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1

B(z) = —— (9138 — 322207 + 756002° + 39060z* —151202°
1814400
—-15120z° —3600z" —270z°).

Bl(2) = — - (10425 + 1212757 — 2520002° —1197002° +
1814400
54810z° +46620z° +9900z" +675z°).

pi(z) = _ 1 (1346380 + 637440z +504000z° +197400z*
1814400
—120960z° — 77280z° —14400z" —900z°).

1

B (z) = ————— (1850955 + 2228805z — 756000z° —107100z*
1814400

+1568702° + 718202° +1170027 + 6752°).
BI(2) = — (138018 + 6888607 + 9072002 + 3880802’
1814400
61740z —1058402° — 352802° — 50402 — 2702°).
1

'(z) = ————(—3023-19695z + 504002° + 57540z* +
pa(2) 1814400( (4.4.1.9)

28350z° +7140z° +900z" +45z2°).
Equation (4.4.1.9) is evaluated at all the grid points. I.e, at z=-5, -4, -3, -2,-1, 0
and 1 produces

1814400hy’ + 4536000y
+57468f,  —152445 f
+121657,).

., —10886400y
+ 2471680

+ 6350400y, , = h*(~7673f, ,
+3457725¥,, +1913988 ., (4.4.1.10)

n+3

n+4 n+3

1814400hy’ , + 2721600y, , — 7257600y, , + 4536000y, , =h°®(-1043f,

(4.4.1.11)
+9138f,  —14025f, , +1346380f, , +1850955f, , +138018f, , —3023f.).

1814400hy’ , + 907200y, — 3628800y , + 2721600y, , =h*(-1043f, (4.4.1.12)
+8148f _ —20415f , +459520f _ +174975f , —18132f,  +1747f ). =

1814400hy’ , —907200y, , + 907200y, , =h®(-113f_, +1578f . (4.4113)
—20415f,_, —264500f . —20415f, , +1578f  —113f ). T

1814400hy’ , — 2721600y, , + 3628800y, , —907200y, , =h*(1747f . 14114
—18132f, _ +174975f , +459520f, , —20415f, , +8184f  —1043f,). (44.114)
1814400hy’ . — 4536000y, , + 7257600y, , — 2721600y, , = h*(-3023f, (4.4.1.15)

+138018f , +1850955f, , +1346380f . —14025f  +9138f  —1043f ).

n+2
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1814400hy’ . —6350400y. , +10886400y, . — 4536000y, , = h*(121657f,

+1913988f _ +3457725f, , +2471680f, , —152445f  +57468f (4.4.1.16)
—7673f ).
The second derivative of (4.4.1.4) gives
a;(z)=1
al(z) =—2
a;(z)=1
() = ;(289— 2016z% —1456z° +630z" +840z°
120960
+2522° +24z7").
/ﬂ(z):——4£——(—2148+1512022+10416z3—504024
120960
—6048z° —1680z° —144z").
£l(z) = 1 (8085 —50400z2 —319207° +18270z*
120960
+18648z2° +46202° +36027).
() = L (4249610080077 + 526407° — 403207*
120960
~309122° —6720z° — 4802").
Bl(z) = : (148587 —1512002% — 285602° +522907*
120960
+287282° +54602° +36027).
"(2) = (45924 +1209607 + 776162° —164647° (4.4.1.17)
120960
—352802° —141127° —23522° —14477).
/ﬂ(z)=———£——(—1313+1008022+15344z3+945024
120960
+28562° +4202° +272")
Evaluating (4.4.1.17) at all the grid points. i.e, at z=-5, -4, -3, -2,-1, 0
and 1 produces
40320h?y" — 40320y, , +80640y, , — 40320y, , =h®(479f . —3492f . (4.4.1.18)
+10779f, , —39168f , —18555f , —58716f  —12287f ). -
120960h%y”  —120960y. , — 241920y, —120960y, , =h*®(-289f _ +2148f _ (4.4.1.19)
~8085f , —42496f  —148587f  —45924f  +1313f ). T
120960h2y” | —120960y, , —241920y. , 120960y, , = h®(253f . —2028f, (4.4.1.20)

+6513f , —75008f , —54609f , +4332f  —413f).
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40320h%y" , — 40320y, + 80640y, , — 40320y, , =h*(-43f,

(4.4.1.21)
+396f —2343f  +2343f , —396f  +43f).
120960hy” , —120960y, , —241920yy , =h°®(413f  —4332f _ (4.4.1.22)
+54609f, , +75008f _ —6513f  +2028f  —253f,). S
120960h°y” _ 120960y, , — 241920y, —120960y, =h*(-1313f _ (4.4123)
+45924f _ +148587f , +42496f  +8085f , —2148f  +289f ). S

2" _ _h3

40320h%y”" . — 40320y, , + 80640y, , —40320y , =h®(12287f, (4.4.1.24)

+58716f, . +18555f , +39168f . —10779f , +3492f  —479f ).

n+2

Combining equations (4.4.1.5) - (4.4.1.8), (4.4.1.10) and (4.4.1.18) to produce a

block of the form as follows

000 0 0 —30240Yy . 000000 0 Vo
00000 0 V. 000000 0 v,
0000O0O 0 Vos|, 0 0000 0 Yy s
00000 0 Yoo 00000 0 Yoo
00000 0 Yo 0 00 0 0 -1814400 | Y.,
00000 0 Y, 000O00O 0 y.

00000 0 Ve

0 0000 0 vy,
L0 007000 0 Yyer|

O R 0L 0 Yoo

0 00000 0 Yo

0000 0 —40320)\y

0 -181440 241920 -90720 O 0 Yy.,
30240 -90720 90720  -30240 O 0 |y,

0 30240 90720  -90720 30240 0 |y |

0  -90720 241920 181440 0 30240 |y .

0 6350400 —10886400 4536000 O 0 | Yos

0  —40320 80640  —40320 O 0 NV

~14100 -61329 -45824 1041  -492 61 \(f |

3 ~14781 -15866 654  -249 31 || f

b 249 —654 15866 14781 -3 2 | .,

492 ~1041 45824 61329 14100 317 || f..

1913988 3457725 2471680 -152445 57468 —7673 | f..s

—58716 -18555 —39168 10779 —3492 479 ) f

n+6
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0 -317

0 -32

. 0 -31
0 -6l
0 121657
0 —12287

O O O O o o
O O O O o o
O O O O o o
O O O O o o

The equation above is multiplied by the inverse of A°and this gives

10000 0}y, ) (00000 1)y, 00000 1)y,
010000O0|y.| 000001y, 00000 2|y,
001000y, | |000001)y | [000003]y,|
00010 O0Yes| [000O0O01|Yee| [000O0O0 4| Vo
00001 O0fVYus| [00O0O0 0 1fVos 000000 5|V,
00000 1)\Vos) (0000 0 1)1V, 00000 6/ly
227 -185 655 -218 179 37
1626 1357 5739 3491 9102 13688
0000 0; y) o[B8 28 46 319 596 257
' 487 270 567 945 4725 14839 || "
00000 200 a4 2882 9 -337 589 13 e
(200000 =Yoo ol 206 1781 5 342 1894 1706 | fus
ol PA g Y., | " |1682 ~-1808 2176 -248 1565 -159 || f.,
251y, 213 945 567 135 2687 1984 || f .
00000 7 |k 5884 -202 1349 -1431 1625 -121 |
00000 18\ 439 . 165 183 1580 - 1728 - 943 [ "°
3564 -8l 432 -81 324 -9
175 70 35 35 175 50
00000 B2
1921
00000 0824
2227 || |
00000 2P .
o 3058 hs
00000 2t
2381 || f
3466
00000 |t (4.4.1.25)
00000 &
175
whose solution is
y . =Yy +hy'+1h2y"+h—3(—9809f +71364f . —226605 f
mrogn I 3628800 e (4.4.1.26)

+414160f, , —494715f  +506604f  +343801f)
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3

(_491 fn+6
28350

+20800f, , — 24465, +35976f  +13774f,).

Yoo =Y, +2hy, +2h%y, + +3576f , —11370f ,

.9 . h®
=y, +3hy +=h’y + —1917f
yn+3 yn yn 2 yn 44800 ( n+6

+80640f, . —72495f  +172692f  +52893f ).

+13932f _ —44145f

3

+16512f _—52080f

. . h
=y +4hy +8h’y + —2272f
yn+4 yn yn yn 28350 ( n+6

+108800f , —54240f , +223872f _ +61808f ).
h3

145152

+1945500 f

Y,.. =Y, +5hy, +%h2y; + (-18625f,,, +136500f, . —358125f ,

+1070000f, , — 256875 +505625f).

n+2 n+l

h3
700
—810f, , +14256f  +3564f ).

Y... =Y, +6hy +18n’y +—(-126f , +1296f . —1620f , +8640f .

(4.4.1.27)

(4.4.1.28)

(4.4.1.29)

(4.4.1.30)

(4.4.1.31)

Substituting (4.4.1.27) - (4.4.1.29) into (4.4.1.11) — (4.4.1.16) to give the first

derivative of the block as follows

h2
L=y +hy! + —995 f
yn+1 yn yn 120960 ( n+6

+57750f, , +28549f ).

+7254F _—23109f , +42484f

—51453f

n+2 n+l

2

(-2432f, ,
120960

+223488f  +65728f,).

y ., =Yy +2hy” + +17664f . —55872f ,+100864f, .

—107520 f

n+2

2

4480
+14850f  +3795f ).

Yl .. =Y, +3hy’ + (—141f, ,+1026f,  —3267f 6 +6300f

—2403f

n+2

2

y;A==y;+4hy:+$%g(—40fwe+288fm5—840f +2624f  —72f

n+4

+4512f , +1088f,).
2
y..=Y +5hy”+ 24192 (-1375f , +11550f, ,, —5625f , +102500f, ,
+9375f, , +150750f , +35225f)).
Y .. =Y +6hy’ + h (216f . +54f ,+816f . +108f ,b+1080f , +

140 s
246 ).
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(4.4.1.32)

(4.4.1.33)

(4.4.1.34)

(4.4.1.35)

(4.4.1.36)

(4.4.1.37)



Equations (4.4.1.27) - (4.4.1.29) are substituted into (4.4.1.19) — (4.4.1.24) to give

the second derivative of the block below

"o
yn+1 -

"
yn+2

yn+3

"
yn+4

yn+5

yn+6

Y, + =
60480
—46461f  +65112f  +19087f ).

y'+ —( -37f ,+264f . —-807f ,h6+1328f ,+33f ,
+ 5640 1‘n+1 +1139f ).
yr+ ?( 29f ,+216f . —729f ,+2176f , +1161f ,
+3240f, , +685f ).

y!+ @( 16f ,+96f . +348f ,+3008f .+768f ,+
572f)).

y'+ (—275f , +5640 . +11625f , +16000f . +

12096
6375f ,, +17400f , +3715f ).

+27fF ,+272F ,+27f , +216f ,

n+2

y! +—(41f +216f

n+5

+41fn).
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L +6312f _—20211f , +37504f

(4.4.1.38)

(4.4.1.39)

(4.4.1.40)

(4.4.1.41)

(4.4.1.42)

(4.4.1.43)



4.4.2 Properties of Six-Step Block Method for Third Order ODEs.

This section establishes the order, zero-stability and region of absolute stability of

six—step block method for third order ODEs

4.4.2.1 Order of Block Method Six-Step Block Method for Third
Order ODEs.

The technique used in section 3.2.2.1 is applied in finding the order of the block

method (4.4.1.26 — 4.4.1.31) as shown below

Comparing the coefficients of h™andy gives

O O O O o o
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iﬁym - iﬁym) | 343801 ., 5 hem o 506604(1)" — 494715(2)" + 414160(3)"
o " Zm” " 3e28800 " ) (3628800)(m!) " | —226605(4)" + 71364(5)" — 9809(6)"

5 @eh . i @ . 13774 yogo heem o 35976(1)" — 24465(2)" + 20800(3)"

2o A Y " osamo N (28350)(m!) —11370(4)" + 3576(5)" — 491(6)"

5 Ele Z(sh)m _ 52893, yo3 hm o 172692(1)" — 72495(2)" -+ 80640(3)"

= m 2 Y 2ag00" 2 3(44800)(m!) *" | —44145(4)" +13932(5)" —1917(6)"

5 GV Z (4h)" ., _61808,. , < hetm o 223872(1)" — 54240(2)" +108800(3)"

= ml 2 T 28350 | U A(28350)(mY) 7" | - 52080(4)" + 16512(B)" — 2272(6)"

5 Ghy" . —Z (5h)" sy 505625 ., - hem o 1945500(1)" — 256875(2)" +1070000(3)™
o T T asis Y & (145152)(mi) °" | —358125(4)" +136500(5)" —18625(6)"
5 (6h)" . 722: (©6h)" o 3564, yos heem oo 14256(1)" —810(2)" +8640(3)"

S m 7 & m " 700 2700y m) 7 | —1620(4)" +1296(5)" —126(6)"

)

O O O O o o



1-1) (0
2-21 10
3-3| |0
4-4| |0
5-5( [0
6-6/ (0
1 1
2 2
@ @
2 2
B @
a2
4 4’
2 2
5 (5’
2 2
(6)° (6)°
2 o
1 343801

O O O O O o

3 3628800 (3628800)(0!)

(2)° 13774

1 506604(1)° — 494715(2)° + 414160(3)° — 226605(4)° + 71364(5)°
—9809(6)°

¢ (35976(1)° — 24465(2)° + 20800(3)° —11370(4)° + 3576(5)° — 491(6)°)

(3 52893

31 28350 (28350)(0!)

31 44800  (44800)(0!)
(4° 61808

1 172692(1)° = 72495(2)° +80640(3)° — 44145(4)° +13932(5)° —
1917(6)°

31 28350 (28350)(01)

(5 505625

1 223872(1)° — 54240(2)° +108800(3)° — 52080(4)° +16512(5)° —
2272(6)°

(6)° 3564

31 145152  (145152)(0!)

1 1945500(L)° — 256875(2)° +1070000(3)° — 358125(4)° +136500(5)°
~18625(6)°

! (14256(1)° —810(2)° +8640(3)° —1620(4)° +1296(5)° —126(6)° )

3 700 (700)(01)
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506604(1) —494715(2)" + 414160(3)" — 226605(4)" + 71364(5)*
4 (3628800)(].)( 9809(6)"
(2)* Lt
4 (28350) )
3)* 172692(L)" — 72495(2)" +80640(3)" — 44145(4)" +13932(5)" -
4 (44800)(].) (1917(6)1 J
(4)* 223872(L)" — 54240(2)" +108800(3)" — 52080(4)" +16512(5)" —
4 (28350)(]_) (2272(6)1 J

4 (145152)(1)
®" 1
4 (700)(1)

—18625(6)"

(14256(1) —810(2)" +8640(3)" —1620(4)" +1296(5)" —126(6)’ )

506604(L)° — 494715(2)° + 414160(3)* — 226605(4)° + 71364(5)°
5 (3628800)(2') —9809(6)’

51 (28350)(2')
Q) 172692(1)° — 72495(2)° +80640(3)% — 44145(4)? +13932(5)° —
4 (44800)(2') 1917(6)°

(GO
5| (28350)(2') 2272(6)°

223872(1)* —54240(2)” +108800(3)° — 52080(4)” +16512(5)’ —J

|

35976(1)" — 24465(2)" + 20800(3)" —11370(4)" +3576(5)" — 491(6)')

)" 1 (1945500(1)1 — 256875(2)" +1070000(3)" — 358125(4)" +136500(5)1J

)

(2 = (35976(1)° — 24465(2) ++20800(3)’ =11370(4)* + 3576(5)* = 491(6)* )

By 1 1945500(1)° —256875(2)* +1070000(3)* — 358125(4)? +136500(5)>
51 (145152)(2) | —18625(6)
(6)° 1

5 G0@) (14256(1)* —810(2)* + 8640(3)* —1620(4)* +1296(5)° —126(6)° )
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& (3628800)(3')( 9809(6)°

2’ _
6l

O
6l

4’ _
6!

G _

6!

©) _

6!

506604(1)° — 494715(2)° + 414160(3)° — 226605(4)° + 71364(5)3J

(2835 0) @ — = (35976(1)° — 24465(2)* + 20800(3)* —11370(4)° + 3576(5)° — 491(6)°)
172692(1)° — 72495(2)* +80640(3)* — 44145(4)° +13932(5)° —
(44800)(3l) 1917(6)°

223872(1)° — 54240(2)° +108800(3)° — 52080(4)° +16512(5)° —
(28350)(3') (2272(6)3 J
1 1945500(L)° — 256875(2)° +1070000(3)° — 358125(4)° +136500(5)°
(145152)(3!) (— 18625(6)° j
1
(700)(3!)

(14256(1)° —810(2)° +8640(3)° —1620(4)° +1296(5)° —126(6)° )

506604(1)* — 494715(2)* + 414160(3)* — 226605(4)* + 71364(5)" J

ﬁ (3628800)(4')[ 9809(6)*

@’
71

@)
7!

4"
7!

G

7!

6 _

I

— = 350)(4|) = (35976(1)° — 24465(2)* +20800(3)" ~11370(4)" + 3576(5)" — 491(6)*)

172692(1)" — 72495(2)* +80640(3)" — 44145(4)* + 13932(5)* —
(44800)(4' ) (1917(6)“ J

223872(1)" —54240(2)" +108800(3)* — 52080(4)* +16512(5)* —
(28350)(4') (2272(6)“ j

1 [1945500(1)“ — 256875(2)" +1070000(3)* — 358125(4)* +136500(5)*

(145152)(41) | - 18625(6)"
1 o anons . 4 o
(700)(4!)(14256(1) 810(2)" +8640(3)" —1620(4)* +1296(5)* ~126(6)")
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8'
)
gl
©)
8!

Q)
8!

) _

8!

6)° _

8!

& (3628800)(6')( 9809(6)°

2y
gl

©))
9!

4y
ol

2N

ol

6) _

a

506604 (1)° — 494715(2)° + 414160(3)° — 226605(4)° + 71364(5)°
(3628800)(5') ( 9809(6)° ]
(28350)(5|) — = (35976(1)° — 24465(2)° + 20800(3)° —11370(4)° + 3576(5)° — 491(6)° )
172692(1)° — 72495(2)° + 80640(3)° — 44145(4)° +13932(5)° —
(44800) (51) [1917(6)4 j
223872(1)° —54240(2)° +108800(3)° —52080(4)° +16512(5)° —
(28350)(5') (2272(6)5 j
1 (1945500(1)5 — 256875(2)° +1070000(3)° — 358125(4)° +136500(5)5]

(145152)(51) | ~18625(6)°
1 e oo . 5 o
(700)(5!)(14256(1) 810(2)° +8640(3)° —1620(4)° +1296(5)° ~126(6)°)

506604(L)° — 494715(2)° + 414160(3)° — 226605(4)° + 71364(5)° J

(28350)(6l) (35976(1)6 —24465(2)° +20800(3)° —11370(4)° + 3576(5)° — 491(6)6)

172692(1)° — 72495(2)° +80640(3)° — 44145(4)° +13932(5)° —
(44800)(6') (1917(6)6 J
223872(1)° —54240(2)° +108800(3)° — 52080(4)° +16512(5)° —
(28350)(6') (2272(6)6 J
1 1945500(1)° — 256875(2)° +1070000(3)° —358125(4)° +136500(5)°
(145152)(6!) (—18625(6)6 ]
1
(700)(6!)

(14256(1)° —810(2)° +8640(3)° —1620(4)° +1296(5)° —126(6)° )
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100 (3628800)(7!)

1 1 (506604(1)7 — 494715(2)' + 414160(3)" — 226605(4)" + 71364(5)7J

—9809(6)"

(12())| ~ @8 510)(7!) (35976(1)" — 24465(2)" + 20800(3)" —11370(4)’ +3576(5)' —491(6)')
OR 1 172692(1) — 72495(2)" +80640(3)” — 44145(4)" +13932(5)’ —

o | ©(44800)(7") (1917(6)’ J

C ] @y 1 223872(1) —54240(2)" +108800(3)’ —52080(4)’ +16512(5)" —

101 (28350)(7!) [2272(6)7 ]
G)® 1 1945500(1)" — 256875(2)" +1070000(3)" —358125(4)’ +136500(5)"
100 (145152)(7!) [—18625(6)7 j
©° 1

101 (700)(7)

(14256(1)" —810(2)" +8640(3)" —1620(4)" +1296(5)" —126(6)')

Hence, the block has order (7,7,7,7,7,7)" with error constants

37 199 278
16779 14175 7953'

4.4.2.2 Zero Stability

Equation (3.2.2.2.1) is

have

det[rA® — A®] =

q
O O O O O -

353 523 27Y
53924978 '175

of Six-Step Block Method for Third Order ODEs

applied to six-step block method (4.4.1.26 — 4.4.1.31) we

P O O o o o
R e e

O O O o+~ O
O O O O O
O O kB O O O
O B O O O O
o O O O o o
O O O O O o
O O O O o o
O O O o o o
O O O o o o

which impliesr =0,0,0,0,0,1. Hence, the method is zero stable.
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7953
353
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4.4.2.3 Consistency and Convergence of Six-Step Block Method for Third
Order ODEs.

The conditions enumerated in Definition 1.4 are satisfied on the block method
(4.4.1.26 —4.4.1.31) and this implies that the method is consistent. Subsequently, it is

convergent because it is zero-stable and consistent.

4.4.2.4 Region of Absolute Stability of Six—Step Block Method for
Third Order ODEs.

Equation (3.2.2.4.2) is applied to six-step block (4.4.1.26 — 4.4.1.31), we have

h(o,h) =

A-B
C+D

where

o O O O o

506604
(5]

3628800
35976 ol

28350
172692

44800
223872,

28350
1945500 ,

145152
14256

700
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0.0 0 0 000001
0 0 0 0 000001
g -0 Ul B000001
0 e -0 04 V000001
&/ o0 Usiive tacraoMabay
0 0 0 e 0000O0O01
| 494715 ,, 414160 ., 226605 , 71364
3628800 3628800 3628800 3628800
24465 o7 20800 o0 11370 g4 3576 050
28350 28350 28350 28350
7249 ., 80640 ,, 44145 ,, 13932 ,
44800 44800 44800 44800
| 54240 ,, 108800 ,, 52080 ,, 16512
28350 28350 28350 28350
_ 256875 ,, 1070000 ,, 358125 ,, 136500 .,
145152 145152 145152 145152
_ 810 . 8640 s, 1620 1296 s
700 700 700 700

9809 s,

3628800

491 o0

28350

1917

44800

2212,

" 28350
18625 s

145152
_ %ee'g

700




343801

00000
3628800
00000 M4
28350
00000 22898
D= 44800
0000 o188
28350
000 o0 o 505625
145152
00000 %6
700

Simplifying the above matrix and equating the imaginary part to zero, we have

3.1063E + 44 cos 66 — 3.1063E + 44

h(@,h) =
©.h) 1.8867E + 40c0s 66 — 2.1056E + 42

The value of h(,h) is evaluated at intervals of & of 30° and this produced results

tabulated in Table 4.3 as follows

Table 4.3

Interval of Absolute Stability of Six—Step Block Method for Third Order ODEs

0 0 30 60 90 120 150 180

h@,h) |0 |290.41 |0 290.41 |0 290.41 0

Therefore, the interval of absolute stability is (0, 290.41). This is demonstrated in the

diagram below
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100 -

Figure 4.6. Region of absolute stability of six—step block method for third order
ODEs

4.5 Seven -Step Block Method for Third Order ODEs.

This section contains the derivation of seven—step block method for solving third

order ODEs. It also includes the properties of the block method.

4.5.1 Derivation of Seven-Step Block Method for Third Order ODEs.

The approximate power series of the form (4.2.1.1) is considered as an approximate
solution to the general third order ODEs of the form (4.2.1.2) where the step-length
k =7 is used. The first, second and third derivatives of (4.2.1.1) are shown in
(4.2.1.3), (4.2.1.4) and (4.2.1.5).

Interpolating (4.2.1.1) at the points x=x_.,i=3(@)5and collocating (4.2.1.5) at

n+i?

X=X _.,i=0(1)7as displayed in Figure 4.7 below

n+i !
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P C C C C C C C
[

Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5 Xn+6 Xn+7
I | |

Figure 4.7. Seven-step interpolation and collocation method for third order ODEs.

This technique leads to
AX =B (45.1.1)

where

10
n+3

x® X!

n+3 n+3

X X X

10

n+4
10

n+5

=
T
o

:+3 :+3 Xr?+3
x° X8 7 8 9
n+4 n+4 n+4 Xn+4 Xn+4 Xn+4 X
Xn+5 Xr?+5 X:+5 X;+5 Xr?+5 Xr?+5 X
0 6 24x, 60x 120x; 210x’ 336x° 504x° 720x/
6 24x,, 60x],120x], 210x’ 336x°, 504x°, 720x’
6 24x,, 60x;,120x’,210x’,336x°,504x° 720X,
6 24x ., 60x;,120x . 210x*,336x°,504x",, 720X,
6 24x., 60x;,120x;,210x},336x°,,504x° , 720X,
6 24x . 60x;.120x; . 210x* 336x°, 504x° . 720X’
6
6

n+5 n+5 n+5

> 504x° 720X’

n+6 n+6 n+6

° 504" 720X,

n+7 n+7

24X, 60x; 1207, 210" , 336X
24X,,; 60x:,120x] , 210x" , 336x

>
I
O OO0 O OO0 O OoOkr Rk

O O O O O o o o

X = (ao’al’az’a3'a4'a5'a6’a7’as’ag’alo)T
B = (yn+3' yn+4' yn+5’ fn' fn+1’ fn+2’ fn+3' fn+4’ fn+5’ fn+6’ fn+7 )T
In order to find the values of a’s in (4.5.1.1), Gaussian elimination method is

applied and this gives the following

3
+- N (104f _15153f  —58728f 138815 f .-

a, = 10
y " 30240

0 n+3 _15yn+4 + 6y

x2h

3
89850f , +849f . —572f . +63f )-rf 40\ _( 534575f _2772520f
6 3628800
—449655f , —3291320f, , +174995f , —503040f . +134995f . —16480f )+
x,h’

3628800

(-225656 f, — 3965022, — 6543372, , —11769410f, , — 5740800, , —

10

211074 , +34372f . —4638f ) — ___(f —7f

3628800h’ +21f,., - 351

+

n+l n+3
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1

35f,, —21f

X X
+7f, ., —f..)+—0y,,—-16y, ,+7 +———(-1089f, +
ned N5 n+6 n+7) 2h ( yn+3 yn+4 yn+5) 10080h ( n

2940f  —4410f, , +4900f , —3675f , +1764f . —490f . +60f )—

9

gﬁgﬁﬁx4n—27nﬂ+78m2<u5nﬂ+1xwm-69n%+zznw—3n”)
7
565%6H7(56f —333f,, +852f , —1219f . +1056f, , —555f, , +164f,
X8
21f,..) - (46f, —295f , +810f ,-1235f . +1130f, , —621f ,

241920h°

6

+190f  —25f )———"
86400n°

(967 f, —5104f  +11787f , —15560f,  +

2

12725 fn+4 - 6432 fn+5 + 1849 fn+6 - 232 fn+7) + ZX# (yn+3 - 2yn+4 + yn+5) +

5

__*n__(_038f +4014f  —7911f , +9490f _ —7380f , +3618f .
21600h
1019, , +126f, ).
h2
~ ' (225656f —3965022F , - 6543372f  —11769410f , —
3628800

2
5740800f , - 211074, . +34372f , — 4638f )4

- 16yn+4

3

X
+7 + ==
Yors)™¥ Ze20r

(-1089f +2940f  —4410f , +4900f,  —3675f, , +
9

1764f, . —490f o
362880h

+60f )+ (f, —7f ,+21f , —35f

X4

4320h*

+35f ,

n+6 n+3

(-938f +4014f .

—21f +7f - f -2 +
n+5 n+6 n+7) 2h2 (yn+3 yn+4 yn+5)

8

X,
40320h°
XG
30240h*
+1056f , —555f _ +164f  —21f )+

—7911f,_, +9490f, , —7380f, , +3618f, . —1019f  +126f )+ (4f,

(56 f

n

—27f  +78f,,—125f  +120f , —69f _+22f _—3f )+
~333f,, +852f, , —1219f

7

n+3

% (46f —205f  +810f , —1235f  +1130f , —621f . +190f .

30240n°
5
25f )+ (967f —5104f , +11787f, , —15560f , +12725f ,
14400h°
64321 _ +1849f  —232f )—— " ( 534575f — 27725201 .
1814400

449655, —3291320f, , +174995f, , —503040f . +134995f . —16480f, ).

n+3
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a,— —"__(_534575f —2772520f _ —449655f , —3291320f, _ +
3628800

2
174995f , —503040f _ +134995f . —16480f ) f th = (Yos —2Y,.,

3

+Y,..)+ (-938f +4014f 6 —7911f , +9490f ,—7380f , +3618f .,

2160h2

8
1019, +126f )~ zméw(f" _7f  +21f ,—35f  +35f  —21f _+

X7

10080h°

5

76 —f ) (4f —27f  +78f , —125f,  +120f , —69f, _ +22f,

X,

-3f
wr) 1440h*

(56f —333f  +852f  —1219f . +1056f , —~555f _ +

6

8640h5

2

1190f , —25f )+ (~1089f +2940f  —4410f
1680h

164f,  —21f )- (46f, —295f,  +810f , —1235f _ +1130f, , —621f

o +4900f . —3675f ,

4

— (967, —5104f,  +11787f, , —15560f,
5760n°
+12725f  —6432f _ +1849f _—232f ).

+1764f __ —490f . +60f )—

1

a, = [S/-gilk (-1089f +2940f  —4410f , +4900f ,—3675f ,+1764f .
6 2520h

_490F 1 460, o)+ —nel(f _7f 2afl _35f 435f  _21f

+7f
n+7 30240h7 n+3 n+6

n+5

6

fur) ot (41, 2 2TH 7B, 1251120, 69K, + 22f,., —31,,.)

4

86 h4
X5
4320h5
XZ
~ 2160’

(56f —333f  +852f  —1219f _ +1056f , —555f . +164f . —21f )

(46f —295f  +810f , —1235f  +1130f, , —621f . +190f . —25f )

n+3 n+5

(-938f, +4014f, —7911f , +9490f , —7380f, , +3618f, . —1019f, .

3

11261, )+ —2 (967 f, ~5104f,, +11787f, , —15560f, , +12725f, , —6432F, ,
4320h°
+1849f,  —232f, ).

a, = ——— _(-1089f +2940f  —4410f , +4900f  —3675f , +1764f, .
10080h
—490f , +60f, )+ (—938f, +4014f , —7911f , +9490f , —
4320h?
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6

7380f, , +3618f,  —1019f,  +126f )— (f —7f,, +21f

17280h7

5

n6 fn+7)
2880h6

3

864 h4

35f , +35f , —21f, _+7f (4f —27f, +78f , —125f,

+3

+120f,, —69f _ +22f  —3f )- (56f —333f,  +852f , —1219f .

n+5 n+l

)(4

+1056f, , —555f . +164f  —21f )
3456h°

(46f —295f  +810f , —

2

X,

5760h°
+1849f, . —232f, ).

1235f, . +1130f, , —621f, _ +190f . —25f, )

(967 f —5104f

11787f,, —15560f, , +12725f  —6432f

n+3 n+5

"515%55?(—938fn*-4014fnﬁ-—7911fmi—F9490fnﬁ-—7380an-+3618fm5
~1019f,, +126f, ) +——" (967 f, —5104f,  +11787f, , —15560f, , +
14400h*

5

12725f, , —6432f _ +1849f, _ —232f )+— "
14400h’

(f —7f_, +21f , —35f

n+1

4

—f Ll
n+6 n+7 ) 2223E3()f16

2

1440h !

3

4320n°
1130, — 621f, _ +190f, —25f ).

(4f —27f, +78f , —125f , +120f

n+3 n+4

+35f,, —21f, . +7f

—69f,, +22f, —3f, )+ (56f, —333f,  +852f, , —1219f,  +1056f,

_B55f, _ +164f,  —21f, )+ (46f, —295f  +810f , —1235f _ +

L
86400h°

+1849°f,  —232f, ) —

(967 f, —5104f, +11787f, , —15560f , +12725f , —6432f,

n+l

(56f, —333f,  +852f , —1219f _ +1056f , —

n+l n+3

4320h4

4

X,

555f _ +164f  —21f )——"
17280h’

(f. —7f,, +21f , —35f , +35f , —21f .

3

—f
n+6 n+7) 4320h6
_3 fn+7) X
-25f .).

+7f

(4f, —27fF, +78f ,—125fF  +120f , —69f _+22f

+810f , —1235f, , +1130f, , —621f __ +190f

(46, — 295 f

n+1

8640h°

1
30240h*

164f ,—21f )+

(56, —333f, +852f ,—1219f,  +1056f , —555f, _+

n+1 n+3

X

— 2 __(46f,—295f  +810f ,—1235f ,+1130f,
30240h°
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3

_621f _ +190f , —25f )Y+—__(f —7f 1+21f  —35f  +35f

30240h’ "~
X,
-21f, +7fF —f )+ W@ f —27f , +78f ,—-125f . +120f ,
_69 fn+5 + 22 fn+6 - 3 fn+7)'
a, = —;(463 —295f _ +810f, , —1235f , +1130f , —621f
241920h°
Xn
1901, —25f, ;) — oo (4, — 27, + 78, , —125f,, +120f, -
X2
69 fn+5 + 22 fn+6 - 3 fn+7) - 80&W(fn - 7 fn+l + 21fn+2 - 35 fn+3 + 35 fn+4 -
21fn+5 + 7 fn+6 - fn+7)'
1
8, = geoos (41, —27F,, + 781, ~125f,, +120f,, —69f, , +22f, -3
Xn
fn+7) + W ( fn - 7 fn+1 + 21fn+2 - 35 fn+3 + 35 fn+4 - 21fn+5 + 7 fn+6 - fn+7)'
1
alO 9 W ( fn v 7 fn+1 + 21fn+2 — 35 fn+3 + 35 fn+4 - 2:I‘fn+5 i 7 fn+6 B fn+7)

Substituting the values of «’s into equation (4.2.1.1) and simplifying, this gives a

continuous linear multistep method of the form:
k-2 Kk

YO =2, (Y, +h° 2 B, (01, (45.1.2)
j=3 j=0

where x =zh+x, +6h (4.5.1.3)

Equation (4.5.1.3) is substituted into (4.5.1.2) to produce the following coefficients

of y,,, and f ;

n+j

22 3z
)=14+—+—
o (1) =1+ 7+
a,(z)=-3-4z-7°
5z z7°
Z)=3+—+—
o, (2) =3+ 4
ﬂO(Z) = Wjéoc)(3720+9042 —643022 + 720024 +369625

—588z° —960z" —300z° —40z° —22").

193



p.(2) = ;(—16740 —5250z + 26840z* — 30240z —15120z°
3628800

+2688z° +3960z" +1185z° +150z° + 72%°).

B,(2) = ;(68940 + 27768z —99737z° +113400z* +544322°
3628800

~112147° 1440077 — 40502° — 4802° — 212").
B.(2) = —~— (~143580 — 438707 + 2338002 — 2520002° —
3628800

112560z° +28560z° +30120z" + 7725z° +850z° +352").

B.(2) = —~ (1969020 + 27085807 + 5249152 + 3780007"
3628800
+143640z° —50610z° —38880z" —8850z° —900z° —35z").

1
3628800
—81648z° +58464z° +30600z" +6075z° +570z° +21z%°).

1
3628800
+219240z¢ ~11760z° —37338z° —13440z" —2310z°

il A (4.5.1.4)
1
3628800
+97447° + 2520z +3752° +302° + 2").

B.(2) = (1734660 + 3692418z + 2296320z — 453600z2*

B, (2) = (12660 + 2792002 + 6663552 + 604800z

(1980 — 6498z —16480z” + 21600z + 211687°

137 (Z) i

Evaluating (4.5.1.4) at the non-interpolating points .i.e, at z=-6, -5, -4, 0

and 1 gives

—181440y, . + 453600y, , — 302400y, + 30240y, =h*(63f . —572f,

+849f _—89850f , —138815f , —58728f , —15153f  —194f ). (4.5.1.5)
— 90720y, , +241920y, , ~181440y, , +30240y, , =h*(31f,, ~282f,, (4o ¢
+411f,  — 44774, —62379f, , —13470f , —527f  +30f,).

— 60480y, . +181440y, , —181440y,  +60480y, , =h*(31f,  —281f, 45.1.7)
+657f . —30647f , —30647f ,+657f, , —281f,  +31f).

60480y, . —181440y_ . +181440y , — 60480y, . =h®(33f,  +211f _ (4.5.1.8)
+28911fF,  +32817f, , —2393f , +1149f , —279f,  +31f). o
30240y, . —181440y. . +241920y , —90720y. . =h*(287f . +14310f . (45.1.9)
+60699f _ +46874f  —2091f  +1122f  —271f  +30f ). o
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The first derivative of (4.5.1.4) gives

, 3
)=z+=
@ =2+

a(z)=-4-2z
. 5
al(z)=z+ >
pi(z) = 1 (—43870 + 467600z —1008000z° — 562800z

3628800
+171360z° + 210840z° + 61800z’ + 7650z° + 350z°).

1
7257600
—3528z° —6720z° —2400z" —360z° —202°).

1
3628800
+16128z° + 27720z° +9480z" +13502° + 702°).

Bl(z) = (904 —128607 + 288002° +18480z°

pl(2) = (-5250 + 53680z —120960z° — 75600z*

1
3628800
—67284z° ~100800z° — 32400z —4320z° —210z°).

BL(z) = (27768 —1994747 + 4536002° + 2721602°

p.(2) = | 1 (2708580 +1049830z +1512000z° + 7182002"
3628800

—303660z° —272160z° — 70800z —8100z° —350z°).

1
3628800
+350784z° +2142002° + 48600z" +5130z° + 2102°).

1
3628800
-58800z* — 224028z° —94080z° —18480z’ —1800z° —70z°).

1
3628800
+58464z° +17640z° +3000z" +270z° +10z°).

pi(z) = (3692418 + 45926407z —18144002° —408240z*

BL(z) = (279200 +13327107 +1814400z° + 8769602° (4.5.1.10)

Bi(2) = (~6498 — 32960z +864002° +105840z*

Equation (4.5.1.10) is evaluated at all the grid points.i.e, at z=-6, -5, -4, -3,
-2,-1, 0 and 1 produces

1814400hy’ + 6350400y, . —14515200y, , +8164800y, , = h*(2319f ,
~17186f  +105537f . +2870400f, , +5884705f . +3271686f , (4.5.1.11)
+1982511f  +112828f ).

n+4 n+3

n+1
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1814400hy’ | + 4536000y, . —10886400y, , + 6350400y, , =h*(-2099f
+18450f _ —35391f _ +2276590f , +3652815f,  +1796934f, (4.5.1.12)
+160675f , —5574f).

n+5 n+3

1814400hy’ , + 2721600y, . — 7257600y , + 4536000y, , =h*(-817f, _

+7556f  —9279f . +1338470f , +1858865f, , +133272f , (4.5.1.13)
—1441fF  —226f ).
1814400hy! , + 907200y, . — 3628800y, , + 2721600y, , = h*(-465f, ,

+4102f  —8277F, . +439290f, , +195205f, , —30270f (4.5.1.14)
+5793f,  —578f ).

1814400hy’ , —907200y. . + 907200y, , =h*(-113f_, +1578f _

(4.5.1.15)
—20415f, _ —264500f , —20415f,  +1578f, , —113f ).

1814400hy’ . — 2721600y, . + 3628800y, , — 907200y, , =h*(1169f,
~14086f , +162837f , +479750f , —40645f _ + 20286 f, (4.5.1.16)
_5089f , +578f.).

1814400hy/., — 4536000y, , + 7257600y, ., — 2721600y, , = h*®(-3249f,
+139600 f, 1846209, . +1854290f , —21935f , +13884f , (4.5.1.17)
—2625f,, +2261,).

n+3

1814400hy’ , —6350400y. . +10886400y,  , —4536000y, , = h*®(116083f
+1953006 f, , +3340671f, _+2666770f , —347535F +174522f (4.5.1.18)
—46691f  +5574f ).

n+5 n+3

The second derivative of (4.1.5.4) gives
a;(z2) =1
a;(z)=-2
al(z) =1
" 1
"(2)= 352880
-144z7" —97°).
1
362880
+66362z° +1080z" +63z°).
(z) = _1 (—19947 +136080z* +108864z° —33642z* —60480z2°
362880
—22680z° — 345627 —189z7°).
1
362880
+43260z° +6120z" +315z2°).

(—643+4320z% +3696z° —882z" —20162z° —840z°

(z) = (5368 —36288z* —30240z° +8064z° +166322°

'(2) = 46760 —3024002° — 2251202° + 856802 +1265042°
5(2) (
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1
362880
—16329627° —49560z° —6480z" —3152°).

"(z2) = (104983 + 453600z° + 287280z° —151830z*

Y(z) = _t (459264 —544320z° —1632962° +175392z2"

362880
+1285202° +340202° + 410427 +1897°).

"(2) = — - (133271+ 3628807 + 2630882° — 235207
362880
~1120147* —564482° —129362° —144072" —632°).

"(2) = —_(~3296+ 2592077 + 423367° + 292327

362880
+10584z° +2100z° +2162" +9z2°).

Evaluating (4.5.1.19) at all the grid points. i.e, at z=-6, -5, -4, -3, -2,

-1, 0 and 1 gives

362880h°y’ — 362880y, .. + 725760y, , — 362880y, , =h*(—3296f,
+26999f, . —100608f, . +34999f, , —658264f, , —89931f, ,
— 554504 f, —106915f, ).

362880h7y ., —362880y, . + 725760y, , — 362880y, , = h’(829f, .
—7054f, . +23889f, . -—230642f , —288865f , —455322f,
—134957f,  +3482f ).

362880h°y., — 362880y, .+ 725760y, , —362880y. . =h’(—224f

+1943f —10752f . —149993f,  ~ 423256, , —151275f, ,
+8440f  —643f,).

362880h°y’ , — 362880y, . + 725760y, , — 362880y, , =h*(349f,
—3214f _ +10929f, _ —210674f _, —178177f, , +21606f
—4109f , +410f,).

n+l

362880h°y.,, — 362880y, . + 725760y, , — 362880y, , = h*(—224f,
+2423F, _—17664f _ —5705f, , +26792f, , —6987f,
+1528f , —163f,).

362880h°y’ . —362880y, . +725760y, , —362880y, , =h*(829f, .
~10126f,, +155217f . +239374f , —33889f _ +14694f
~3629f,, +410f,).

n+5 n+4 n+3

362880h°y. . —362880y, . + 725760y, , — 362880y
+133271f, , +459264f _ +104983f , +46760f  —19947f
+5368f,_ —643f ).

n+6 n+4 n+3
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= h*(-3296f,

(4.5.1.19)

(4.5.1.20)

(4.5.1.21)

(4.5.1.22)

(4.5.1.23)

(4.5.1.24)

(4.5.1.25)

(4.5.1.26)



362880h°y’_ —362880y, . + 725760y, , —362880y, , = h*(107101f,
+552818f,  +93873f _+474382f , —218881f, ,+104550f, ,
—28685f  +3482f ).

Combining equations (4.5.1.5) - (4.5.1.9), (4.5.1.11) and (4.5.1.20) to produce

a block of the form (1.10) as shown below

453600

—-181440

0

0 0 —302400 0 \(y.,
30240 0  -181440 241920 -90720 O 0 |y,

0 60480 -181440 181440  —-60480 O 0 |y,

0 0  -60480 181440 -181440 60480 0 ||y |

0 0  —90720 241920 181440 0 30240 || Yu.s

0 0 8164800 -14515200 6350400 0 0 || Vus

0 0 -362880 725760 —362880 O 0 )W
0000 0 0 —30240Yy . 000000 0
000000 0 |y, 000000 0
000000 0 |y, 000000 0
000000 0 |Yes|+h0or0 000 O 0
000000 0 |VYe 000000 0
000000 0 |VYu 0000 0 0 -1814400
000000 0 AV 000000 0

000000 0 Yoo

000 000 0 v,

000000 0 v,
+h’l0 0 0 0 0 0 0 Yos |+

000000 0 Yoo

000000 0 Y,

000000 —362880)|y

~15153 -58728 -138815 -89850 849  -572 63

_527 13470 -62379 —44774 411  -282 31

~281 657  -30647 -30647 657  -281 31
h*l —279 1149  -2393 32817 28911 211 33

~271 1122 —-2091 46874 60699 14310 287

1982511 3271686 5884705 2870400 105537 —17186 2319

554504 89931 658264 —34999 100608 - 26999 3296
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(4.5.1.27)

Yoo
Yos
Yos
Yos
Yoo
Yo
Y

n+l

n+2

n+3

n+4

n+5

n+6

—h —h —h —h —h —h —h

n+7




h3

O O O O O o o

O O O O O o o

O O O O o o o
O O O O O o
O O O O O O O

0
0
0
0
0
0
0

-194
30
31
31
30

112828
—106915

The equation above is multiplied by the inverse of A°and this gives

O O O O O O

-
O O O O O O o

+h?

000O0O0OYy,)(000OTO OO 1Yy,
100000fy ||000O0O0T 01|y,
010000O0fy [|00O0O0O0TO0Z1fy,
0 01 0O OfVYus|=/0 000 O 0 1 VYos
0 0010 O|Yus| |OO OO O O 1 Vs
00001 0|Yus| |OOOO0O O 1fVYos
000O0GO0TI1\Y..) looo0ooo0 0 1)y,

1
000 0.0 1Yy, ooooooE
00000 2|y, oooooog
00000 3|y, ooooooE
O O[ITA0N0/=4 | VBRI 0 o URRONPC O NS
00000 0 5|V, 000000225
00000 6|y, 00000 0 18
00000 7Ny, 0boo0oo0o00X

2
329 -162 731 —463 419 -54 37
2122 887 3821 3316 6351 2977 16779
685 —521 2074 -506 221 -539 199
501 450 1693 567 525 4663 14175
5649 -1409 387 -952 116 -163 278
1378 599 128 431 111 567 7953
5272 —-605 2801 -1672 1053 -848 353
631 184 457 405 538 1575 5392
1428 —7125 15181 -2808 1287 —691 523
101 1792 1374 457 409 800 4978
3753 -1539 621 -54 891 -63 27
175 350 35 7 175 50 175
7540 —8137 16807 —2434 7135 —899 419
249 1780 640 273 853 711 1896
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Y,
Y,

I
Y

Y.

-6
-5
-4
-3 |+
-2

Yiu




2475

0000 0 ——
26746
0 00O0O00DO @ f
479 n-6
000 0O00DU @ fos
1915 f,
+h3000000% fos
3902 | foe (4.5.1.28)
000000 —/— f
1155 n-1
000000 2If
175
00 0 3728
549
which leads to
1 . h?
=y +hy +=h?%y + 8002 f _ —65823f _+239406f
yn+1 yn yn 2 yn 3628800 ( n+7 n+6 n+5 (45129)
—506675f , +694230f . —662757f , +562618f , +335799f ).
, . h®
j— 2 _B
Y., =Y, +2hy +2h’y + Beco (398f, . —-3277f ,+11934f . (4.5.1.30)
—25300f ,+34730f , —32823f, ,+38762f, 6 +13376f).
=y +3hy +9h2y" | (1566 f —12879f . +46818f
yn+3 n n 2 n 44800 n+7 n+6 n+5 (45131)
—98955f , +135450f, , -105381f, , +183654 f, . +51327f.).
3
— ' 2 " —
Y...=Y, +4hy +8h%y + Ta17s (928f ., —7632f , +27744f . (4.5.1.32)
—58520f  , +86880f, ,—46608f ,+118432f 6 +29976f ).
y . =Y +5hy +§h2y" + sh” (3050f, , —25075f . +91350f
n+5 n n 2 n 145152 n+7 n+6 n+5 (45133)
—178375f , +320750f , —115425f  +410450f  +98075f).
3
Y.s =Y, +6hy +18h°y + 1400 (216f,, —1764f  +7125f . (4.5.1.34)
—10800f , +24840f ,—6156f ,+30024f 6 +6912f ).

49, . TR
Vouy = Yo + TNV, + 2Ny, + o (163661, , ~93639F, , +619458f, (4.5.1.35)

—660275f, , +1944810f, , —338541f , +2242534f _ +502887f.).
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Substituting (4.5.1.31) - (4.5.1.33) into (4.5.1.12) — (4.5.1.18) to give the
first derivative of the block

2
’

yn+1 = y|: + hyl:, +

(12062f  —99359f _ +36113f,

1814400
—768805f,,, +1059430 f, , —1025096 f,, + 950684 f (4.5.1.36)
+416173f).
2
y' ., =y +2hy"+ 28350 (466 f  —3832f _+13926f . —29405f , (4.5.1.37)
+39950f _ —34986f , +55642f  +14939f ).
2
"=y +3hy" + 15552 f _ —127899f . +465102f
yn+3 yn yn 604800 ( n+7 n+6 n+5
—985365f, , +1394820f, , —650997 f_, +2113614f (4.5.1.38)
+496773f).
2
Y., =Yy +4hy’+ TAT75 (496 f , —4072f , +14736f . —29960f , (4.5.1.39)
+56720f, , ~11496f , +71152f  +15824f ).
2
‘=Y +5hy"+ 3250f . —26875f . +102900 f
yn+5 yn yn 72576 ( n+7 n+6 n+5
—130625f,, +421250f , —40125f, , +475000f, (4.5.1.40)
+102425f ).
h2
yn+6 = yn (5 6hyn + g% (18 fn+7 —126 fn+6 * 918 fn+5 - 495 fn+4 (45141)
+2670f , —108f , +2826f  +597f).
2
y ., =y +7hy" + 250000 (327321, , —146461f , +965202f . (4.5.1.42)
—204085f,, +2401000f, , +7203f, , + 2482634  +519253f ).
Substituting (4.5.1.31) - (4.5.1.33) into (4.5.1.21) — (4.5.1.27) to give the
second derivative of the block
14 14 h
Yis = Y1+ Toogeg L375 s 113511, + 414991, ~88547, , (4.5.1.43)
+123133f, , —121797f , +139849f , +36799f)).
yl, =y + h (160f, ,—1305f . +4680f . —9635f ,

18900 (4.5.1.44)
+12240f  —3195f  +29320f  +5535f ).
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"o h
Vi = Vi + 5aos (2251, ~1865,,, + 6885, , 151651, , (4.5.1.45)
1+ 29635f  +6885f , +33975f +6625f ).
"o h
yn+4 - yn +%(8 fn+7 - 64 fn+6 + 216 fn+5 _106 fn+4 +1784 fn+3 (4_5.1.46)
+216f , +1448f , +278f).
y;’+5 = y: + 24192 (275 fn+7 — 2475 fn+6 +17055 fn+5 +13625 fn+4 (4.5.1.47)
1+ 41625F _ +6975f  +36725f  +7155¢ ).
ooy a1t 216F 4271+ 2726 +27¢
yn+6 - yn 140 n+6 n+5 n+4 n+3 n+2 (45148)
+216f, , +41f ).
"o h
Vi = Yo+ Topas (5257 ., + 25039, , +9261f, , + 20923, (45.1.49)
+20923f _ +9261f  +25039f  +5257f ).
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4.5.2 Properties of Seven—Step Block Method for Third Order ODEs.

This segment deals with the establishment of the order, zero-stability and region of

absolute stability of seven—step block for third order ODEs

4.5.2.1 Order of Seven-Step Block Method for Third Order ODEs

The method used in section 3.2.2.1 is applied in finding the order of the block

method (4.5.1.29 — 4.5.1.35) as shown below

562618(1)" — 662757(2)" + 694230(3)"

Sy Sy 336799 hzy"—iL y©m| _506675(4)" + 239406(5)" — 65823(6)"
St & m’" 3628800 ' &% (3628800)(m!) "
+8002(7)"
X ) . 38762(1)" — 32823(2)" + 34730(3)"
© m 2 m w0 +m
S e @) 13376, S N el 55300(4)" +14984(5)" — 3277(6)"
no m! fico s A1 28350 m=0 (28350)(m')
+398(7)"
183654(1)" —105381(2)" +135450(3)"
S (Sh)m m < (3h)m (m) 51327 2\ ,M - h3+m (3+m) m m m
PRy g L YL hey' =3 y@m| _98955(4)" 1 46818(5)" — 12879(6)
S m A m 44800 £ (44800)(m)
+1566(7)"
3 118432(1)" — 46608(2)" +86880(3)"
S o S @ G 29976 S N e sgsp0(ayn + 27744(5)" < 7632(6)" -
STm & me T 1al7s v & arsym)
+928(7)"
410450(1)" —115425(2)" + 320750(3)"
S (Sh)m m : (5h)m (m) 98075 2. ” - h3+m (3+m) m m m
SO yn SOy hey' =3 yem| _178375(4)" +91350(5)" — 25075(6)
S m A 145152 £ (145152)(m!)
+3050(7)"
) ) . 30024(1)" — 6156(2)" + 24840(3)"
© m 2 m » m
SO e O 0912, y© ™| —10800(4)" + 7128(5)" —1764(6)"
S m A m 1400 £ (1400)(m!)
1+ 216(7)"
i ) . 2242534(1)" — 338541(2)" +1944810(3)"
o m 2 m © +m
Sy S Oy TO0288T) ;0 5 T yoml _660275(4)" + 619458(5)" — 93639(6)"
S m & m 518400 £ (518400)(m!)

+16366(7)"
Comparing the coefficients of h™andy". This gives
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|
I
O O O O O o o

o O O O o o

1 1

21 2
@ ()’
21 2
3 @)
21 2!

W sl

2! 2!
®° _6°
2! 2!
6 (6)°
2! 2!
7 (1)

2! 2!

O O%0O [eo—00—
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1 335799 1 [562618(1)“ —662757(2)° + 694230(3)° — 506675(4)" +J

3 3628800 (3628800)(01)

@’

239406(5)° — 65823(6)° +8002(7)"

3
©Qr

13376 1 38762(L)° —32823(2)° + 34730(3)° — 25300(4)° +11934(5)°
28350  (28350)(0!) | — 3277(6)° +398(7)°

3l

@’
3l

Q)

51327 1 183654(1)° —105381(2)° +135450(3)° — 98955(4)° + 46818(5)°
44800 (44800)(01) (- 12879(6)° +1566(7)° J
20976 1 118432(1)° — 46608(2)° + 86880(3)° —58520(4)° + 27744(5)° —

14175  (L4175)(01) [7632(6) +928(7)° J

3l

3

7 _
3

1
41 (3628800)(1!)

@’

98075 1 410450(L)° —115425(2)° +320750(3)° —178375(4)° +91350(5)°
145152 (145152)(0) ( 25075(6)° +3050(7)° J
6912 1 (30024(L)° - 6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)°
1400  (1400)(01) [+ 216(7)° J
7(502887) 7 2242534(1)° - 338541(2)° +1944810(3)° — 660275(4)° +
518400  (518400)(0) (619458(5)" —93639(6)° +16366(7)° J

562618(1)" —662757(2)" +694230(3)* —506675(4)* +
3628800)(]_) 239406(5)" — 65823(6)" +8002(7)"

a1

©)
4

ON

38762(1)" —32823(2)" +34730(3)" —25300(4)* +11934(5)"
(28350)(]_) ( 3277(6)" +398(7)" j

183654(1)" —105381(2)" +135450(3)" —98955(4)" + 46818(5)"
(44800)(1) [ 12879(6)" +1566(7)" J

4
®)°

118432(1)" — 46608(2)* +86880(3)* —58520(4)" + 27744(5)* —
(14175)(1) 7632(6)* +928(7)"

a1

®°
4

™*

© (145152)(1)

1 410450(1)" —115425(2)* +320750(3)* —178375(4)" +91350(5)*
[— 25075(6)" +3050(7)" ]
1 30024(1)" — 6156(2)" + 24840(3)" —10800(4)" + 7128(5)" —1764(6)"

_(1400)(]_')(+ 216(7)" j

4

7 2242534(1)" —338541(2)" +1944810(3)* —660275(4)" +
(518400)(1!) | 619458(5)" —93639(6)" +16366(7)"
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1

2’

562618(1)> —662757(2) +694230(3)* —506675(4)> +]

El (3628800)(2') (239406(5)2 —65823(6)* +8002(7)*

51

(©F
51

4° _

38762(1)° —32823(2) +34730(3)> — 25300(4)> +11934(5)°
(28350)(2')[ 3277(6)° +398(7)* J

183654(1)° —105381(2)° +135450(3)° —98955(4)> + 46818(5)°
(44800)(21)[ 12879(6)> +1566(7)° J

5

®)°
5!

(6)°
5!

™°

© (145152)(2!)

(1400)(2")

1 118432(1)° — 46608(2)° +86880(3)* —58520(4)> + 27744(5)* —
(14175)(2!) (7632(6)2 +928(7)? J

1 410450(1)> —115425(2)% +320750(3)? —178375(4)? +91350(5)°
(— 25075(6)> +3050(7)° j

1 30024(1)* —6156(2)> +24840(3)* —10800(4)* + 7128(5)? —1764(6)>
L 216(7)? J

5!

1

~ (518400)(2!)

7 2242534(1)% —338541(2)2 +1944810(3)> — 660275(4)> +
619458(5)> —93639(6)* +16366(7)>

562618(1)° —662757(2)° +694230(3)* —506675(4)° +J

6l (3628800)(3‘) (239406(5)3 —65823(6)° +8002(7)*

(2)° 38762(1)° —32823(2)* +34730(3)° — 25300(4)° +11934(5)°
6! (28350)(3') ( 3277(6)° +398(7)° ]
3)° 183654(1)° —105381(2)° +135450(3)° — 98955(4)° + 46818(5)°
6! (44800)(3') [ 12879(6)° +1566(7)* j
4)° 118432(1)° — 46608(2)° +86880(3)° —58520(4)° + 27744(5)° —
TR Y (14175)(3!) (7632(6) +928(7)° j
(5)° 1 410450(1)° ~115425(2)° +320750(3)° ~178375(4)° + 91350(5)°
6 (145152)(3!) [— 25075(6)° +3050(7)° j
(6)° 1 30024(1)° — 6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)°
6! (1400)(3!) [+ 216(7)°
0° 7 2242534(1)° —338541(2)° +1944810(3)° — 660275(4)° +
6 (518400)(3!) (619458(5)3 —93639(6)° +16366(7)° ]
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1
o

562618(1)* —662757(2)* +694230(3)* —506675(4)* +
(3628800)(4') 239406(5)* —65823(6)* +8002(7)*

2) 38762(1)* —32823(2)* +34730(3)* — 25300(4)* +11934(5)*
7! (28350)(4') [ 3277(6)* +398(7)* J
(3)’ 183654(1)* —105381(2)* +135450(3)* —98955(4)* + 46818(5)*
7! (44800)(4') ( 12879(6)* +1566(7)* J
OX 1 118432(1)* — 46608(2)* +86880(3)* —58520(4)* + 27744(5)" —
7' (14175)(d) (7632(6)“ +928(7)* J
(5)’ 1 410450(1)° —115425(2)* +320750(3)* —178375(4)* +91350(5)*
7' (145152)(4) (— 25075(6)* +3050(7)* J
(6) 1 30024(1)* —6156(2)* + 24840(3)* —10800(4)* + 7128(5)* —1764(6)
7' (1400)(4) L 216(7)*
@)’ 7 2242534(1)° —338541(2)* +1944810(3)* — 660275(4)* +
7' (518400)(4!) [619458(5)“ —93639(6)* +16366(7)* J
562618(1)° — 662757(2)° + 694230(3)° — 506675(4)° +
8 (3628800)(5') (239406(5)5 65823(6)° +8002(7)° J
2)° 38762(1)° — 32823(2)° + 34730(3)° — 25300(4)° +11934(5)°
8l (28350)(5')( 3277(6)° +398(7)° ]
@ 183654(1)° — 105381(2)° +135450(3)° — 98955(4)° + 46818(5)°
8! (44800)(5') [ 12879(6)° +1566(7)° )
(4)° 1 118432(1)° — 46608(2)° + 86880(3)° — 58520(4)° -+ 27744(5)° —
8l (14175)(5!) [7632(6)5+928(7)5 } -
(5)° 1 410450(1)° ~115425(2)° + 320750(3)° = 178375(4)° +91350(5)°
8 (145152)(5) (- 25075(6)° + 3050(7)° }
(6)° 1 30024(1)° — 6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)°
8 (1400)(5!) (+ 216(7)° J
) 7 2242534(1)° —338541(2)° +1944810(3)° — 660275(4)° +
8 (518400)(5) [619458(5)5 —93639(6)° +16366(7)° j
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10

1 562618(1)° — 662757(2)° + 694230(3)° — 506675(4)° +
a (3628800)(6') [239406(5) —65823(6)° +8002(7)° j
@° 38762(1)° —32823(2)° + 34730(3)° — 25300(4)° +11934(5)°

ol (28350)(6') [ 3277(6)° +398(7)° J
©@° 183654(1)° —105381(2)° +135450(3)° — 98955(4)° + 46818(5)°

ol (44800)(6') ( 12879(6)° +1566(7)° j
(4)° 1 118432(1)° — 46608(2)° + 86880(3)° — 58520(4)° + 27744(5)° —

9 (14175)(6') (7632(6)6 +928(7)° J
5)° 1 410450(1)° —115425(2)° + 320750(3)° —178375(4)° + 91350(5)°

9 (145152)(8) (— 25075(6)° + 3050(7)° J
(6)° 1 30024(1)° — 6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)°

9 (1400)(6') L 216(7)° j
@y 7 2242534(1)° — 338541(2)° +1944810(3)° — 660275(4)° +

91 (518400)(6') (619458(5)6 —93639(6)° +16366(7)° J

1 562618(1)" —662757(2)" +694230(3)” —506675(4)" +

00 (3628800)(7') [239406(5)7 —65823(6)7 +8002(7)’ J

) 38762(1)7 —32823(2) +34730(3)7 — 25300(4)" +11934(5)’

10! (28350)(7') [ 3277(6)" +398(7)" J

(3) 183654(1)" —105381(2)" +135450(3)" —98955(4)” + 46818(5)’

100 (44800)(7') ( 12879(6)" +1566(7)” j
(@) 118432(1)" —46608(2)" +86880(3)" —58520(4)" + 27744(5)" —

M N (14175)(7!) [7632(6) +928(7)" ]
(5)" 1 410450(1)7 ~115425(2) +320750(3)" ~178375(4)" -+ 91350(5)’

10! (145152)(7") (— 25075(6)" +3050(7)’ J
6)* 1 30024(1)7 —6156(2)7 +24840(3)" —10800(4)" +7128(5)" —1764(6)’

101 (1400)(7!) L 216(7)’ J
N 7 2242534(1)7 —338541(2)" +1944810(3)” —660275(4)" +

101 (518400)(7!) (619458(5)7 —93639(6)" +16366(7)’ J
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1 562618(1)° — 662757(2)° + 694230(3)* —506675(4)° +
1 (3628800)(8') (239406(5)8 —65823(6)° +8002(7)° j
@" 38762(1)° —32823(2)° +34730(3)° — 25300(4)° +11934(5)° —165
1 (28350)(8') ( 3277(6)° +398(7)° J 8oL
@ 183654(1)° —105381(2)° +135450(3)° — 98955(4)° + 46818(5)° 15283
11 (44800)(8') [ 12879(6)° +1566(7)° ] —2889
c _|@* 1 (118432(1)8 — 46608(2)° +86880(3)° —58520(4)" + 27744(5)° —J _ ?8575%)
" 11 (14175)(8") | 7632(6)° +928(7)° 4661
G 1 [410450(1)3 —115425(2)° +320750(3)° —178375(4)° + 91350(5)ﬂj %gg
11 (145152)(8!) | —25075(6)° + 3050(7)° —999
" 1 (30024(1)8 —6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)8] 7727 282
11 (1400)(81) | +216(7)° 13423
)" 7 2242534(1)° — 338541(2)° +1944810(3)° — 660275(4)" +
111 (518400)(8!) (619458(5)8 —93639(6)° +16366(7)° ]

Hence, the block is of order (8,8,8,8,8,8,8)" with error constants

165 —179 —2889 —256 —460 —999 2402
8914115283 98560 ' 4661 ' 5209 ' 7700 '13423

4.5.2.2 Zero Stability of Seven-Step Block Method for Third Order

ODEs.

Applying the equation (3.2.2.2.1) to seven-step block method (4.5.1.29-4.5.1.35)

this gives

det[rA© — AP] =

,
OO0 oo o R
O 0O o oo r o
O 0O o0 okr oo
O 0o opr oo o
O Or OO0 o o
Or OO0 o o o
OO0 o oo
|
O 0o oo o oo
O 0O o oo oo
O 0O oo o oo
O 0O o oo oo
O 0O o0 oo oo
O 0O o oo oo
P PP PP PR

This impliesr =0,0,0,0,0,0,1. Hence, the method is zero stable.
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4.5.2.3 Consistency and Convergence of Seven-Step Block Method
for Third Order ODEs.

The block method (4.5.1.29— 4.5.1.35) is consistent because it accomplishes the
conditions highlighted in Definition 1.4. Hence, it is also convergent since it is zero-

stable and consistent.

4.5.2.4 Region of Absolute Stability of Seven—Step Block Method for
Third Order ODEs

Applying the equation (3.2.2.4.2) for seven-step block (4.5.1.29- 4.5.1.35), we have

- A-B
h(6,h) = ——
C+D
where
e' 0 0 0 0 0 0 0 00 00 01
0 e 0 0 0 0 0 0 000 O0O01
0 - i 0] 0 0 0 0O 00O 0O O0O01
AXZW0 0 0 e" 0 0 o|” B={|0 OO 0 O0 01
0 0 0 Ogge...0 0 0 0.0:0 0 01
0 0 0 0 0 e 0 0 0 0O 0 O0O01
0 0 0 0 0 0 e™ 0 0 00 O0O01
562618 , 662757 ,, 694230 ., 506675 ,, 239406 ., 65823 ., 8002 .,
e’ - e e - e e - e e
3628800 3628800 3628800 3628800 3628800 3628800 3628800
38762 ., 32823 ,, 34730 ,, 25300 ., 11934 , 3277 . 398 .,
—e - e e -———e ——e - e e
28350 28350 28350 28350 28350 28350 28350
183654 ,, 105381 ,, 135450 , 98955 ., 46818 ., 12879 ., 1566
e - e e -——e —e - e e
44800 44800 44800 44800 44800 44800 44800
118432 ., 46608 ., 86880 ., 58520 ., 27744 ., 7632 ., 928 .,
C= e - e e -———e¢ —e - e e
14175 14175 14175 14175 14175 14175 14175
2052250 , 577125 ,, 1603750 ,, 891875 ,, 456750 ., 125375 ., 15250 .,
e - e e - e e - e e
145152 145152 145152 145152 145152 145152 145152
30024 ,, 6156 ,, 24840 ., 10800 ., 7128 4, 1764 ., 216 .,
——e -——e —e -——e ——e -——e —e
700 700 700 700 700 700 700
15697738 o 2369787 Q20 13613670 0 _ 4621925 g0 4336206 e50 655473 o0 114562 o
518400 518400 518400 518400 518400 518400 518400
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00000 O 335799
3628800
0 00 0O OO 13376
28350
0 0 0O OO S1327
44800
D=0 0 0 0 0 O 29976
14175
00000 O 490375
145152
0 0 00O OO 0912
700
000 O 3520209
518400

The above matrix is simplified and the imaginary part is equated to zero. This gives

=1.4775E +113cos76 —1.4775E +113

h(8,h) =
©.h) 4.2753E +108 cos 76 + 7.0527E +110

Evaluating H(a, h) at intervals of @ of 30° gives results as tabulated in Table 4.4.

Table 4.4

Interval of Absolute Stability of Seven—Step Block Method for Third Order ODEs

0 0 30 60 90 120 150 180

h@e,h) |o -29.39 | -7.33 | -15.04 | -23.16 | -1.93 -31.74

Therefore, the interval of absolute stability is (-31.74, 0). This is shown in the

diagram below
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Figure 4.8. Region of absolute stability of seven—step block method for third order
ODEs.

4.6 Eight-Step Block Method for Third Order ODEs.

This section includes the derivation of eight-step block method for third order ODEs

and establishment of its properties.

4.6.1 Derivation of Eight-Step Block Method for Third Order ODEs.

Power series of the form (4.2.1.1) is considered as an approximate solution to the
general third order ODEs of the form (4.2.1.2) where k =8 is the step-length. The
first, second and third derivatives of (4.2.1.1) are given in (4.2.1.3), (4.2.1.4) and
(4.2.1.5).

Equation (4.2.1.1) is interpolated atx=x__.,i =4(1)6 and (4.2.1.5) is collocated at

n+i?

x=X_.,i =0(1)8 which is shown in Figure 4.9 below

n+i !
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C C C C C C C C C

Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5 Xn+6 Xn+7 Xn+8
I | |

Figure 4.9. Eight-—step interpolation and collocation method for third order ODEs.

This procedure gives
AX =B (4.6.1.1)

where

8
n+4

8

9
n+4
9

n+5
9

n+6

10
n+4

10
n+5 X

10 11
n+6 Xn+6

11
n+4
11
n+5

2 3 4 5

X6 X! X

n+4 n+4

Xn+4
Xe X7 X
n+5 n+5 n+5

5

Xoss X X
5 6 7 8

n+6 Xn+6 Xn+6 Xn+6 X"+6 X X

0 6 24x, 60x? 120X} 210x‘ 336x° 504x° 720x’ 990x’
24x,,, 60x,120x3, 210x*, 336x°, 504x°, 720X’ 990x®

n+l n+l n+l n+l n+l
24X

o B60x2,120x7, 210x’ , 336x°,, 504x° , 720’ , 990x°
24X, .

n+2 n+2 n+2 n+2
24x,., 60x:,120x;,, 210x",, 336x°,, 504x"

X X X

1
b
=

E

jr

=

60x,., 120X, 210x* , 336x° , 504X’ , 720X , 990x®
n+4 n+4 n+4

nes 904X, , 720X, 990X, .,

720x’ , 990X° ,
24x, . 60x;,5120x; . 210x*  336x°,, 504X’ . 720x’ . 990x°
24X, 60x: ,120X],, 210X’ , 336x° , 504x’ . 720x’., 990x°
24X, 60x:,,120X,, 210x’, 336X°,, 504X’

n+6 n+6 n+6 n+6
°_504x° 720X’ 990X
24x

n+7 n+7

we  60x7 120X , 210x¢ , 3367, 504x°, 720x’ , 990X

n+8 n+8 n+8 n+8 n+8

>
I
O O O O O O O O OFR kP

>
O O O O O o o o o
GL\WO® _Qacd Q.0 O
D O O OO O O O O

X = (ao’al’az’aS’a4’aS’a67a77a8’a9’a10’a11)T
B = (yn+47 yn+5’ yn+6’ fn’ fn+1’ fn+2’ fn+3’ fn+4’ fn+57 fn+67 fn+7’ fn+8)T
In order to find the values a’s in (4.6.1.1), Gaussian elimination method is employed.

The values of a’s are below:

3
a, = 15ym4——24ym5+10yn%—régéza(—ZQBfn—14206fm1—62905fm2—129986fm3
xh
725760
-576190f , —15065f , —807426f ,+42497f ,—437594f . +107493f , —
x,h?
19958400
64336102 f ,, —76360205f , —47251694f . +1454687f , —525650f ,+56392f )

~250015f, , —25162f, . —59f,  —550f (~104181f,

n+7

X3
+56f )-——f +
n+8) 6 n

26854f  +2920f )+ (-1230751f, —36115835f  —21844442f  —
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4

— 20y, +9y,.)+ (—2283f, +6720f  —11760f , +15680f,

20160h e

10
_14700f, , +9408f , ~3920f , +960f . +105f )— -1 ___(9f —70f

7 n n+1 +
7257600h

9
238, — 4621, +560f, , —434f,  +210f, —58f  +7f )-——2 (39
1451520h

n

—292f,  +956f , —1788f  +2090f , —1564f _+732f . —196f  +23f )
X8

v (81f —575f  +1790f, , —3195f _ +3580f , —2581f _+1170f _
241920h°

6

—305f _ +35f —n
e ve) = 172800h3

(2403f, —13960f,  +36709f, , —57384f

7

+58280f , —39128f . +16830f , —4216f  +469f ,)— (3207 f,

1209600h4

—21056 f +109930f , —76352f _ +33636f  —

+61156f , —102912f

n+1 n+3

5

8576 f + 967 fn+8) + (yn+4 2yn+5 + yn+6) ( 29531f +138528 f

604800n°
312984, + 448672 fn+3 —435330f, , + 284256 . —120008f, , + 29664
11
13267f ) (f —8f +28f  -56f  +70f , <56f . +28f .

39916800h°
_8 fn+7 + fn+8)‘

h2
| 19958400
76360205 f , — 47251694, . -+1454687 f, . =525650F. . +56392f. ) —

(-1230751f, —36115835f , — 21844442f  —64336102f, , —

3

5040h

2_1h (Q1ly, ., —20y, .. +9y, ..)+ (—2283f, +6720f, ,—11760f , +15680f

2

+960f _ +105f ) +X7n

~14700f,, +9408f,  —3920f (Voo = 2Y,s

n+6 n 2h2

4

_|_ . L —
Youe) 12096Oh2

(—29531f, +138528f, , —312984f, , +448672f, , —

X9
———(9f,
725760h
+7f )+

435330f, , +284256f _—120008f . +29664f  —3267f )+

—70f, , +238f , —462f ,+560f , —434f _+210f _—58f

n+3 n+5 n+7

XB

+956f , —1788f , +2090f , —1564f _+732f  —

n+l n+3 n+5

X7

196f, ., +23f )+———
n+7 n+8) 3024Oh5

(81f, —575f _, +1790f , —3195f, , +3580f, , —
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5

28800n°
-57384f, , +58280f, , —39128f . +16830f, , —4216f,  +469f )+

6

2581f,  +1170f,  —305f  +35f )+ (2403, —13960f,  +36709f, ,

X (3207 —21056f , +61156f , ~102912f . +109930f , —76352f .

172800h*
10
33636 f,,, —8576f 967 f ——(f, 28f ., —56f
+ n+6 n+7 + n+8) 3628800h8 ( n+1 + n+ n+3
x,h
70f ,—56f _+28f —8f +f )——" (-104181f —576190f
3628800
—15065f , —807426f +42497f , —437594f _+107493f _—26854f .
+2920f ).
N (_104181f —576190f . —15065f , —807426f ,+42497F
725760
—437594f _+107493f . —26854f +2920f )—-=f 2h2(y”4

3

Soaeons (29531, +1385281, , ~312984f, , + 4486721, ,

2 yn+5 + yn+6)

)(8

161280h’
—70f, ., +238f ,—-462f . +560f ,—434f . +210f , —58Ff , +7f .)—

X7

40320h°

~435330f., +284256f _ —120008f . +29664f  —3267f )— of,

n+6

(39f, —292f . +956f  —1788f., +2090f , —1564f _+732f -

n+l n+5

)(6

8640h°

1206 T34 /) — (81f —575f, , +1790f , —3195f _ +3580f

)(2

25811, , +1170f, , —305f,, +35f,,) + 2 (-2283f, + 67201, , ~11760f,,

+15680f, , —14700 f +960 f

4

11520h3

+9408f, . —3920f +105f, ) —

n+4 n+6 n+7

(2403f, —13960f, , +36709f, , —57384f _ +58280f , —39128f _

5

X,

57600h*
~102912f,, +109930f , — 76352 fM +33636f . —8576f  +967f )
9

Xn
ooy (1, =81, +281,, 561, +70f, —56f, +28f, , —8f

+16830f,  — 4216, +469f, ) — (3207 f, — 21056 f, , +61156f, ,

n+7 n+l

+ fn+8)'

n+7
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! X (9f _70f

g fn " W n n+1 + 238f - 462 fn+3 + 560 fn+4 - 434 fn+5 +

X?

210f  —-58f _+7f )J+——
n+6 n+7 n+8) 17280h6

(39f —292f  +956f  —1788f _ +

5

4320h
1790f, , —3195f _ +3580f , —2581f _+1170f . —305f +35f )+

3

2000f , —1564f _+732f . —196f  +23f )+ _(81f, —575f,, +

X,
8640h°

(2403f —13960f, , +36709f , —57384f  +58280f

4

34560n°
+61156f , —102912f , +109930f , —76352f _ +33636f , —8576f  +

2
67 fn+8)

~39128f _ +16830f,  —4216f  +469f )+ (3207 f, — 21056,

n+5

X

662565?( —29531f, +138528f, , —312984f

+448672F

n+2

8

435330, , +284256f . —120008f . +29664f  —3267f )+—" —
241920n°

_8 fn+1 + 28 fn+2 - 56 fn+3 + 70 fn+4 1 56 fn+5 + 28 fn+6 _8 fn+7 + fn+8) -

. +6720f  —11760f , +15680f,, —14700f
50 20n

3920f . +960f  +105f, ).

i
20160h

(-2283f +6720f , —11760f , +15680f , —14700f , +9408f .

6

~3920f, . +960f  +105f ,)— (9f —70f  +238f , —462f _ +

n+7 n+l

34560h7

‘5

11520h6

560f , —434f _ +210f  —58f  +7f )— (39f —292f  +956f

n+5 n+7 n+l

X4
—— (81f
56h5( !

+1170f__ —305f _ +

—1788f, , +2090f , —1564f _+732f . —196f,  +23f  )-

n+5

—575f  +1790f ,—3195f _+3580f , —2581f

n+5

XZ

11520h°

(2403, —13960f, , +36709f, , —57384f _ +58280f, ,

35 fn+8)

n+1 n+3

X3

34560h"
+109930f , —76352f,  +33636f,  —8576f  +

—39128f, _+16830f . —4216f,  +469f )— (3207 f, — 21056 f,,

n+5 n+7

+61156 f , —102912 f

n+3
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‘7
120960h8
8fn+7 + fn+8) +

n+8) ( fn _8 fr\+1 + 28 fn+2 - 56 fn+3 + 70 fn+4 - 56 fn+5 + 28 fn+6

Tooougnr (295311, +1385281, , 3129841, , + 448672, , -

435330f , +284256f . —120008f . +29664f  —3267f )

1

= (-29531f +138528f  —312984f _ +448672f , —435330f , +
604800h?

5

284256 f __ —120008 f S —
288001

+29664f  —3267f )+ (9f —70f , +238f

n+6
4

11520n°
+2090f, , —1564f _+732f  —196f  +23f )+

-462f ,+560f ,—434f . +210f , —-58f . +7f ,)+

(39f —292f .

n+7

+956f , —1788f

X3

4320h°

n+3

(81f, —575f, +1790f, , —3195f, , +3580f, , —2581f,  +1170f

n+l n+3 n+5

2

305, +35f )+ (3207f —21056f  +61156f , —102912f .
57600h"

6

X,

86400h°
L 28f —8f + nw)4-«—li—ﬁg(24o3fn

—13960f ,+36709f ,—57384f  +58280f, ,39128f _+16830f  —4216f
+469f ).

+109930°f. , ~76352f _+33636f  —8576f  +967f ,)+ (f -

8f, ,+28f  -56f . +70f ,—56f

n+1 n+3 n+5

1

~T7zacon (24031, ~13960f, +367091, , ~57384f, , +58280f, , -

4

39128f,  +16830f . —4216f , +469f, )———"
345600

(9f, —70f,, +238f ,

n

X\3

Toanrs (39F, -
17280h
92f _ +956f, , —1788f,  +2090f, , —1564f, _+732f  —196f,  +23f )

2

—462f, , +560f, , —434f _+210f,  —58f,  +7f .)—

(81f, —575f  +1790f, , —3195f _ +3580f , —2581f, _+1170f _

8640h5

5

~305f,_ +35f )——" —
86400h8

(f, —8f  +28f  —56f  +70f ,—56f _+

28f , —8f  +f ) (3207 f, — 21056 f, , +61156f, , ~102912f,

172800h4

+109930f, , — 76352f _ +33636f, . —8576f

+967F,).

n+5 n+7
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7

8

10

11

1

1209600h" (3207 f —21056 f

+61156f , —102912f . +109930f ,

n+l n+3

3

—_— +238f ,
60480h7

76352 . +33636f, . —8576f  +967f )+ 9f —70f

n+5 n+7 n n+l

2

o (391, -
40320h
292f  +956f , —1788f _ +2090f , —1564f . +732f  —196f  +23f .)

4

120960h8

fra) + 30240h5
+1170f . —305f, , +35f ).

-462f ,+560f , —434f . +210f  —-58f  +7f )+

(f,—8f,  +28f ,—-56f ,+70f ,6 —56f . +28f , —8f  +

(81f —575f  +1790f , —3195f _ +3580f , —2581f .

1

~ 2419200 (81f —575f

+1790f, , —3195f _ +3580f , —2581f

n+l

2

X,

+1170f., —305f  +35f )———n
161280h°

(9f —70f  +238f , —462f,

3
560f, , ~434f _+210f  —58f +7f )—— 0 __ (f _8f +28f

241920h8

56 +70f , —56f. . +28f —8f . +f )— (39f —292f

ne 161280h6
+956 f , ~1788f . +2090f  —1564f ~+732f ~—196f ~+23f )

-

Tasisoone (39T, —2921,, +956f, , ~1788f, , +2000f, , ~1564f,, +

X2

732f, ., —196f  +23f )+———
725760h°

(f, —8f  +28f  —56f +70f

n+l

_56 fn+5 + 28 fn+6 - 8 n+8)

n+7

_ % __(9f —70f _, +238f,, —462f
725760h’

+560f , —434f _+210f , ~58f +7f )

———45———(9fn—70fm1+238fm2—462fm3+560fw4—434fM5+
7257600h’

Xn
210 fn+6 - 58 fn+7 + 7 fn+8) - m ( 1:n - 8 fn+1 + 28 fn+2 - 56 fn+3 + 70 fn+4

_56 fn+5 + 28 fn+6 _8fn+7 + fn+8)

1

39916800h°®
+ fn+8 )

(f —8f  +28f  —56f +70f ,—56f _+28f  —8f

n+7
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Substituting the values of a’s into equation (4.2.1.1) and simplifying, this produces

a continuous linear multistep method of the form:
k-2 k

y(X) = Zaj (X) yn+j + h32ﬂj (X) fn+j
j=4 j=0

where x =zh+Xx_ +7h

Substituting (4.6.1.3) into (4.6.1.2) and simplifying, we have

z®> 3z
2)=1+—+=
a,(2) >t
a,(z)=-3-4z-2°

2
ae(z):3+5?z+%

B, (2) = ;(218460 +35517 + 53669z —59400z* —34452z7°
79833600
+2310z° +8382z" +3300z° + 605z° +552* +2z").

B.(2) = ——~ (107844568167 — 2500417° + 277200z* +1581362°
39916800

—12474z° —38808z" —148502° — 26405z° — 231z —8z").

B,(2) = — - (~489984— 803627 -+ 10466062% —11642407*
39916800

—648648z° +61908z° +160908z" +59235z° +10120z°
+8472%° +28z").

B.(2) = —— (1370028 + 2060207 — 25998172 + 29106002*
39916800

+15634082° —1880347° —3930962" —1369502° — 222202°
~17717"° —562™").

p.(2) = _t (—2343990 — 3582857 + 4450215z — 4851000z *
39916800

—2443980z° +395010z° +624690z" + 200475z2° +305252°
+2310z%° +70z%).
1

B.(2) = —————(22270908 + 296949527 + 4271333z* +5821200z"
39916800

+254469627° —621390z° — 6623762’ —189750z° — 26840z7°
—1925z%° —56z").
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B.(2) = — - (18775416 + 406663127 + 260108862 — 58212007*
39916800
—13804562° +675444z° + 453948z" +1130252° +14740z2°
+1001z" +28z").

1 (4.6.1.4)

B,(2) = ————— (226644 + 3056996 + 7115229z + 66528007
39916800

+2649240z" +84482° —419958z° —181368z —38610z°
—-4620z° — 2972 —8z™).

Be(2) = _1 (21714 —139405z —308891z* + 415800z2* + 4312447°

79833600
+216678z° + 63822z  +115502° +12652° + 772 —2z™).

Evaluating (4.6.1.4) at the non-interpolating points .i.e, at z=-7, -6, -5,
-4, 0and 1 yields

— 302400y, . + 725760y, . — 453600y, , + 30240y, =h®(56f , —550f .
—59f . —146842f _ —250015f , —129986f . —62905f , (4.6.1.5)
—14206 f . —293f.).

n+5 n+4

725760y, 1814400y . —1209600y. , +120960y . =h*(145f . ~358f
+400f  —353408f . -562750f , —228920f . —63608f , +80f, (4.6.1.6)
107 ).

— 453600y, . +1209600y . —907200y, , +151200y, , =h’(88f , —874f, .,

+179f, . ~220118f,_ . —316585f, ,, —~63598f, . —4511f , +686f . (4.6.1.7)

—671.).

—1209600y,,, + 3628800y, . — 3628800y, , +1209600y, , = h*(331f, ,
—3308f, , +5048f , —596756f . —633170f , +29324f . -13712f , (4.6.1.8)
+2932f  —289f).

n+4

1209600y, — 3628800y, . + 3628800y, . —1209600y, , =h*(329f,
+6868f, . +568952f . +674876f . —71030f , +41516f, (4.6.1.9)
—14848f, , +3268f,  —331f,).

n+2

151200y, — 907200y . +1209600y_ . — 453600y, , =h®(1352f,
+72214f,  +301171f,  +239018f . —16265f, , +10258f, (4.6.1.10)
—3679f , +814f  —83f).

n+6 n+4

The first derivative of (4.6.1.4) gives
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, 3
a4(z):z+z

al(z)=—-4-2z

, 5
2)=z2+=
(@) =2+
BI(2) = —~ __(3551+1073382 — 2376002° —1722607* +138607°
79833600
+58674z° + 26400z +54452° +5502° +222%).
BI(2) = — - (-56816 5000827 +11088002° + 7906802°
39916800
—748447° —27165z° —118800z" — 23760z° —2310z°
-88z").
Bl(z) = 1 (803620932127 — 46569602° — 32432407°
39916800
+371448z° +1126356z° + 473880z  +91080z° +8470z°
+308z").
Bl(2) = L (206020 51996347 +116424007° + 7817040z°
39916800

—1128204z° —2751672z° —1095600z" —199980z°
-17710z° —6162").

Bl(2) = — = (_358285+89004307 —194040007° —122199007*
39916800
+2370060z° +4372830z° +1603800z’ +274725z2° +23100zZ°
+7702").

Bl(2) = — - (20694952 + 85426667 + 232848002 +127234802°
39916800
—3728340z° — 4636632z° —1518000z" — 241560z° —19250z°
-6162%).

Bl(2) = — - (40666312 + 520217727 — 232848007° — 69022802
39916800
+4052664z° +31776362° + 904200z +132660z° +10010z°
+308z").

Bl(2) = — L (3056996 +142304587 +199584002° + 105969607
39916800

+42240z* — 2519748z° —12695762° —308880z" — 41580z°
—2970z° —88z").
1

79833600
1300068z° + 446754z° +92400z" +11385z° +770z° — 22z").

Li(z) = (139405 - 617782z +1663200z° + 21562202* +
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Evaluating (4.6.1.11) at all the grid points. That is, at z = -7, -6, -5, -4, -3,
-2,-1, 0 and 1 gives

19958400hy’ + 89812800y, , — 199584000y, . +109771200y. , = h*(~56392f
1+ 525650 . —1454687 f  + 47251694 _+76360205f , + 64336102 (46.1.12)
+36115835f, , + 21844442 +123075Lf,).

79833600hy! , + 279417600y, , — 638668800y, . + 359251200y, , = h*(~25225f,
1261904  —1080320f, , +133424216f , +250018750f , +151080800f ,  (4.6.1.13)
+83667176f, , +5982520f,  —127261f ).

n+6

19958400hy’ , + 49896000y, . —119750400y. . + 69854400y , =h*(~10280f,
+100478f _ —30649f _ +24325186f . +41077595f , +19048970f (4.6.1.14)
12126077, , ~163786f , +12809f ).

79833600hy’ , +119750400y, , — 319334400y, . +199584000y , = h*(~22453f
+224504f  —30416f . +58136960f . +82734710f , +5108248f (4.6.1.15)
+314456f , ~117904f, , +13495¢ ).

19958400hy! , + 9979200y

n+4

. —39916800y
+24490f,  —18835f . + 4687766 f
+135935f , —26990f . +2579f,).

1.5 +29937600y, , =h*(-2536f,
+2327785f , —477394f, (4.6.1.16)

n+4

n+5

n+5

+876448f. . +11681624f, _+843730f , — 25808f, . —16840f (4.6.1.17)
+62321, , —7791.).

79833600hy’ . —39916800y, . + 39916800y, , =h*(4193f , —63200f,

19958400hy; . — 29937600y

n+6

. +39916800y. . — 9979200y , = h*(9080f.
—124714f , +1685395f _ +5488874f _ —711625f, , +434770f, (4.6.1.18)
~161791f,, + 36590, , —3779f ).

n+5 n+4

n+2

79833600hy! . —199584000y

n+7

+319334400y,,, —119750400y, , =
h?(~139405f, , +6113992f , +81332624f, , +59389904f, (4.6.1.19)

—716570f, , +412040f, . —16072f, , —18464f , +3551f,).

n+6 n+5

n+1

=h®(1228408f
..o +32050750f, (4.6.1.20)
+ 449354 fn+1

9958400hy! , — 69854400y

n+8

+119750400y,
., +35389241f
+ 4636022 f , —1871741f

n+6

+21871106 f, , — 49896000y
— 7218235 f
— 48505f,).

n+4 n+2
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The second derivative of (4.6.1.4) gives
a;(z) =1
ag(z) =-2
al(z) =1
"(z) = _ 1 (107338 — 712800z — 689040z° + 69300z *
79833600
+352044z° +184800z° +43560z" +4950z° +220z°).
(z) = _t (-500082 + 3326400z° +3162720z° — 374220z*
39916800
—-1629936z° —831600z° —190080z" —20790z° —880z°).
1(2) = _ (-5199634 + 34927200z% + 31268160z° —5641020z*
39916800
—-16510032z° — 7669200z° —1599840z" —159390z° —6160z°).
(2) = _ (8900430 —58212000z° — 48879600z° +11850300z*
39916800

+26236980z° +11226600z° + 2197800z’ + 207900z° + 77002°).

() = N (8542666 +69854400z° +50893920z° —18641700z*
39916800

—27819792z° —10626000z° —1932480z" —1732502° —61602°).

BI(2) = — (52021772 — 698544002 — 276091207° + 202633207*
39916800

+19065816z° +6329400z° +1061280z" +90090z° +30802°).

() = Nt (14230458 + 39916800z + 31790880z" +168960z°
39916800

—125987402° — 76174562° — 21621602° — 3326402 — 267302°
-8802°).

1
"(7) = ——(—617782 + 498960022 + 86248802° + 65003402°
:(2) 79833600 ( (4.6.1.21)

+2680524z° + 646800z° +91080z" +6930z° — 220z°).
Equation (4.6.1.21) is evaluated at all the grid points. i.e, at z=-7, -6, -5, -4, -3,
-2,-1, 0 and 1gives
362880h%y” — 362880y, . + 725760y, . —362880y, , =h®(2920f, , —26854f

+107493f, _ +437594f _ +42497f , —807426f  —15065f , —576190f, ,  (4.6.1.22)
~104181f.).

362880h%y”", — 362880y, , + 725760y, , — 362880y, , = h®(-4753f .
+44334f  —216284f,  —1229602f, . —4608150f, , — 2478902f, (4.6.1.23)
— 4755244, —1294806 f , + 28207 f,).

n+5 n+4
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1814400h%y” , —1814400y, . + 3628800y, . =h®(1272f,, —12286f,
+39001f, , —992322f,  —1645435f , —2115722f  —755229f,
+40394f  —2873f,).

362880h°y" , — 362880y, . + 725760y, . — 362880y, , =h*(-689f,
+7022fF,  —64092f,  —1586786f, . —4123990f, , —1599606 f, ,
+127828f , —18838f, , +1551f,).

n+6

1814400h°y” , —1814400y . +3628800y, . —1814400y, , =h°®(904f,
—9342f,  +31097 f  —1006274f,  —949755f
+8778f  —841f).

n+4

725760nhy”" . — 725760y . +1451520y _ — 725760y, , =h*(-285f, .
+3542f  —30764f . —20538f _ +64994f , —23102f _
+7620f , —1630f  +163f ).

1814400h2y" . —1814400y, . + 3628800y, . —1814400y, , =h*(2936f
—40958f  +7422233f  +1264574F - 254075f , +141174f,
~51997f , +11722f,  —1209f,).

n+2

3628800h%y”"  —3628800y, , +7257600y, . —3628800y, , = h®(-28081f
+1293678f.  +4729252f _ +776606f, . +809130f, , —472694f
+190292f, , — 45462,  +4879f ).

1814400h%y", —1814400y, . +3628800y. . —1814400y
+2880386 ., +62320f _+3185982f _—2111995f  +1336822f ,
~550461f, , +133706f,_, —14537f ).

n+6 n+4

+155126 f_ , —44093f,

=h?(520968f

2

(4.6.1.24)

(4.6.1.25)

(4.6.1.26)

(4.6.1.27)

(4.6.1.28)

(4.6.1.29)

(4.6.1.30)

Joining equations (4.6.1.5) - (4.6.1.10), (4.6.1.12) and (4.6.1.22) to produce a block

of the form (1.10)
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0 0 0 —453600 725760 —302400 0 0
120960 0 0 —1209600 1814400 — 725760 0 0

0 151200 0 —-907200 1209600 — 453600 0 0

0 0 1209600 —3628800 3628800 —1209600 0 0

0 0 0 —1209600 3628800 —3628800 1209600 0

0 0 0 —453600 1209600 —-907200 0 151200

0 0 0 109771200 —-199584000 89812800 0 0

0 0 0 —362880 725760 —362880 0 0

You
yn+2
Yoz

Yora
Yois

Ynse
Yo
Yois




O O O O O O o o

+h?

h3

h3

O O O O o o o o

O O O O o o o o

O O O O O o o o
O O O O O o o o

80
686

O O O O O o o o

—14206

2932
3268

814

O O O O O o o o

O O O O o o o o

O O O O O O o o

O O O O O o o o

21844442
—-576190

O O O O O o o o

0 0 0 —30240\(y,
000 O V.
000 O Y.
000 O Yos
+h
000 O Yoss
000 O Yoo
000 O You
000 O Ya
0000 0 v,
0000 0 Y.
0000 0 Yo .
0000 0 Yis
0000 0 Voo |
0000 O Yoo
0000 0 v
000 0 -362880)|y
—62905 -129986 —250015
—-63608 —228920 —562750
~-4511 = -63598 —316585
—13712 29324 —-633170
—14848 = 41516  —71030
—-3679 10258 —-16265
36115835 64336102 76360205
—15065 —807426 42497
000 -293)(f,
000 -107 |f,
000 -67 |f,
000 -289 | fo
000 -3 |f5
000 -8 |f,
0 0 0 1230751 f,
0 0 0 —104181)\ f

E

O O O O O O o o
O O O O O o o o
O O O O O o o o

—146842
—353408
—220118
—596756
674876
239018
47251694
—437594

Multiplying the above equation by (A°)™
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O O O O O o o o

O O O O O o o o
O O O O O o o o

-59
400
179
5048
568952
301171

O O O O O o o o

—1454687 525650

107493

0 Yor
0 Yoo
0 Yos
0 Yo
0 Yos
0 Yoo
~19958400 || y'
0 Y
—550 56
—358 145
—874 88
—3308 331
6868 329
12214 1352
-56392
—-26854 2920

n+l

—h —h —h —h _—h _—h _—h —h




O O O O o o o+

O O O O O o o o

0000O0O OO OYy.,) (000O0GO0GO0O0 1Yy,
1 00000O0|y._ | |000000O0TO0TI1fy.
0100000y ||00oo00000T1|y,
0 01000 O|Yu| |[OO0OOOO O 1|VYes
0 00100 OfYs| |0 OOOTO OO0 1fVYas
0 00010 O|Ys| |0 OOOOO 0 1|V
0 00O0O0T1O0|Yy| |0OOOOOOO0 1|VYes
000000 1\vV..) \00oo0O0OOTOTO1\Yy,

. 1 .
000000 1)y, 0000000 1y,
000000 2{y., 0000000 2|y,
000000 3|y, ooooooo%ygs
0000004yn—4+h200000008yn—4
000000 5% 00000002_25yT3
000000 6)Yn 0000000 18]
000000 7y, 0000000 )Y
0000O0TO0 8)y 2 |y

" 0000000 32/
409 ~483 674 —298 353 —106 338 165
2408 2060 2285 1107 2081 1515 19867 89141
393 4423 2812 488 1051 -1249 621  -179
269 2977 1495 285 976 2816 5764 15283
2479 =752 /3550 -899 857  -553 1077 173
572 =237 761, ;..211 .. .319. 499 . 3997. ' 5902
7827 —1192 6471 2368 3357 —1987 1299 - 256
890 247 703 297 667 957 2573 4661
7571 -1193 2687 -4499 2727 -1091 943  —460
510 185 168 365 337 327 1162 5209
6183 -6183 3001 -1730 3324 -2691 459 999
275 770 120 103 269 550 385 7700
5740 -4858 8236 —2959 4339 -2077 1289 - 2402
181 507 227 138 236 331 780 13423
15098 —843 5426 -17315 10721 -4728 2425 313
3 76 109 661 411 685 914 1374
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37

408
000 O0O0OOTP O 617
1341 | f,
0000000 229 fos
232 |
000000 o 2410]
000 0O0OO0 — | n
231 | f
0 0O 00O O OO @ f
1594 f”
0 0O OO O OO iSl "
829
0 000G O 1523
175
whose solution is
y . =Y +hy'+lh2y"+h—3(—73886f +679110f
n+1l n n 2 n 39916800 n+8 n+7

—2792861f _ +6771082f, 10745445  +11774146f
-9359135f, , + 6779886 f,  +3619903f, ).

n+2

3

h
=y, +2hy’ +2h%y" + —7305f, , +67196 f
yn+2 yn yn yn 623700 ( n+8 n+7

2766341, +671628f . —1067950f
926646, , +911204f. . +286967f.).

+1173140f,_,

9 3h®
3h 4 h2 "
Yo = Yn 7 2 Yo 492800

—182043f,  +441306f, . —699885f , +766290f
—521217f, , +711918f_, +183384f ).

(—4815f, , +44262f ,

n+2 n+l

3

h
=vy +4hy’ +8h*y” + —8564 f
yn+4 yn yn yn 155925 ( n+8

—323744f,  +784768f, _—1243200f, , +1435264f,
—752480f , +1371264f , +321172f ).

+78720fF

25 h®
=y +5hy’ +==h?y"+ ——(~141000 f
yn+5 yn yn 2 yn 1596672 ( n+8

+12920250 . —19680625f,, + 25537250 f,
+23702750f, , +5253125f ).

+1295750f,

—5327125f
—10296375 f

n+2
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(4.6.1.31)

(4.6.1.32)

(4.6.1.33)

(4.6.1.34)

(4.6.1.35)

(4.6.1.36)



3

=y +6hy’ +18h%y”" + —1998f . +18360 f
yn+6 yn yn yn 15400 ( n+8 n+7
—75348f,  +190296f . —258660f, , +385128f, (4.6.1.37)
—123660f_ , +346248f  +74034f).
y .=y +7hy’ +4—9h2y" P (-1020425f , +9423582
n+7 n n 2 n 5702400 n+8 n+7

—35782103f, . +104842066f _ —122270925 f
— 54639557 f

+206894170f (4.6.1.38)

n+4

+180838518f_ , +37701874f ).

n+2

8h?
155925
~134528f _ +508416 f . —510560 f

—216192f

V... =Y, +8hy’ +32h%y" + (—4440f, , +51712f,

+970240f (4.6.1.39)

n+4

+828928f  +169624f).

n+2

Substituting (4.6.1.35) - (4.6.1.37) into (4.6.1.13) — (4.6.1.20) to give the
first derivative of the block

2
! — !+h /!+
Yoa = Yo+ 7257600
+3698922f . —64888311f ,
+4124231f, .. +1624505f ).

(-40187f, , +369744f,  —1522673f
+6488191f, , —5225623f, , (4.6.1.40)

2

Y., =y +2hy"+ (~1563f,., +14368f,,, ~59002f
113400
+148232f,., ~ 227030, , +247328f,  —183708f,, (4.6.1.41)
+235072f,,, +58193f,).
Y, =Y, +3hy" + 896200 (-1935f, , +17784f , —73128f,
+177264f,, —281430f, , +315000f, , —150624f , (4.6.1.42)
+328608f,, +71661f,).
y.. =Y. +ahy" + 283250 (-836f,,+7680f, , —31552f
+76288f, , —118440f, , +160256 f, , —46400f , (4.6.1.43)
+148992f  +30812f, ).

2

h
‘=Y +5hy" + -10875f,, +100000f . —412000 f
yn+5 yn yn 290304 ( n+8 n+7 n+6

+1020600f, . 12837501,
+1987000, , +398825f ).

+2294000f, , —465000f, ,. (4.6.1.44)
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2

N 63f , +576f . —2268f . +7200f .
00

Yoo = Yn +6hy; +
—6390f , +14208f  —2196f  +11808f  +2325f ).
7h?

+84168f,  —145432f

n+8

7hy! +
yn+7 yn yn 1

+1009792f, . —689430f, , +1830248f, _ —225008f,
+1484112f  +288533f ).

(-8183f
00

n+l

2

" (471041 _ —14848f
50

y .. =Y. +8hy’ + +251904f .

~145280f, , +419840f , —44544f _ +329728f  +63296f ).

n+6

Substituting (4.6.1.35) - (4.6.1.37) into (4.6.1.23) — (4.6.1.30) to give

the second derivative of the block

"

h
=y’ + —10004 f
yn+1 yn 1069200 ( n+8

~1482974f , +1648632f,  —1356711f

n+2

"=yl + -833f . +7624f _ —31154f
yn+2 yn 113400 ( n+8 n+7 n+6

~116120f, , +120088f , — 42494 f

+74728f

n+4 n+2

"oy i
yn+3 yn 44800

+79934f ., +3438f ,+70902f , +12881f ).

n+3 n+2 n+l

" "

yn+4 = yn 2835 n+8
+65504f _ +488f  +45152f +8126f,).

+1952f  —7912f

n+6

"

Vi =Y+ o (12251

145152 e
+318350f , +7550f, , +230150f,  +41705f ).

+11450f . — 49150 f

n+6

Y=Y + _h (-9f, . +72f  +158f , +2664f . —-360f , +3224f .,

1400
+18f , +2232f  +401f ).

"o N+
yn+7 yn 518400

+54880f, , +1085937f, , + 48706 f

n+3 n+2

Vi =Yi+
+83968f, , — 74241, +47104f  +7912f ).
229

+92186f, , —380447f, _ +927046f,
+1316197 f_, +315273f.).

+182584 f  +32377f ).

(=369, +3402f . —14062f . +34434f —56160f

+18464f _ —18160f, ,

+170930f, . —4000f,,

(-8183f, , +223174f  +522046f _+736078f,
+816634f,  +149527f ).

L +47104f  —7424f _ +83968f . —36320f

(4.6.1.45)

(4.6.1.46)

(4.6.1.47)

(4.6.1.48)

(4.6.1.49)

(4.6.1.50)

(4.6.1.51)

(4.6.1.52)

(4.6.1.53)

(4.6.1.54)

(4.6.1.55)
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4.6.2 Properties of Eight-Step Block Method for Third Order ODEs

The establishment of order, zero-stability and region of absolute stability of eight—

step block method for third order ODEs are considered in this section.

4.6.2.1 Order of Eight-Step Block Method for Third Order ODEs

In finding the order of the block method (4.6.1.32 — 4.6.1.39), the strategy stated in

section 3.2.2.1 is used and it is shown below

6779886(1)" — 9359135(2)" +11774146(3)"

y©®™| —10745445(4)" + 6771082(5)" — 2792861(6)"
+679110(7)" — 73886(8)"

911204(1)" — 926646(2)" +1173140(3)"
Ty YOGl _1067950(4)" + 671628(5)" — 276634(6)"
623700 £ (623700)(m!)

+67196(7)" - 7305(8)"

711918(1)" —521217(2)" + 766290(3)"

h" ., 3619903 Wy — S h* "

m

286967, < b

m=0 m!

m

o 183384 ., & b ol

2 (3h)"
yn”—Z( )yn Y,

Py yem _699885(4)" + 441306(5)" — 182043(6)"
& ml 492800 £ (492800)(m!)

+44262(7)" — 4815(8)"
137126(1)" — 752480(2)" +1435264(3)"

© m 2 m » 3+m
Z—(‘m) y:—th) yﬁm)_7321172 h2y” — Rl s y&m| —1243200(4)" + 784768(5)" —323744(6)"
= ml = ml 155925 £ (155925)(m!)
+78720(7)" — 8564(8)"

23702750(1)" —10296375(2)" + 25537250(3)"
S (Sh)m m < (5h)m (m) 5253125 2.,m S h3+m (3+m) m m m
3 yr=y ym hey" =3y _19680625(4)" +12920250(5)" — 5327125(6)
= ml = 1596672 45 (1596672)(m!)

+1295750(7)" —141000(8)"
346248(1)" —123660(2)" + 385128(3)"

0 m 2 m © 3+m
3 (6h) y -3 (6h) ym - 74034 h?y" - __h yem| — 258660(4)" +190296(5)" — 75348(6)"
= om = om 15400 £ (15400)(m!)
+18360(7)" —1998(8)"
. 180838518(1)" — 54639557(2)" + 206894170(3)"
© m 2 m o +m
3 )" _ 3 (7)o _ STTOL874 . h y© ™| —122270925(4)" +104842066(5)" — 35782103(6)"

m=0 mI

2 m 5702400 ' 4% (5702400)(m!)

+9423582(7)" —1020425(8)"
828928(1)" — 216192(2)" + 970240(3)"

i (8h)" yr - 22: (8h)" y

m=0 ml

m_8169624) ., & 8T o

" y® ™| —510560(4)" +508416(5)" —134528(6)"
155925 44 (155925)(m!)

m=0 ml
+51712(7)" — 4440(8)"

Comparing the coefficients of h"andy" produces
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1

3

3

3

3

3

3!

3

3
@y

©)

®)’

6) _

@y _

®° _

39916800  (39916800)(0!)

+6771082(5)° — 2792861(6)° + 679110(7)° — 73886(8)°

3619903 1 [6779886(1)“ —9359135(2)° +11774146(3)° —10745445(4)‘))

286967 1 [911204(1)0 —926646(2)° +1173140(3)° —1067950(4)0]

623700  (623700)(0!)

+671628(5)° — 276634(6)° + 67196(7)° — 7305(8)°

183384 1 [711918(1)“ —521217(2)° + 766290(3)° — 699885(4)° +]

492800 (492800)(0')
4y

441306(5)° —182043(6)° + 44262(7)° — 4815(8)°

321172 1 137126(1)° — 752480(2)° +1435264(3)° —1243200(4)°

155925  (155925)(0!) [+ 784768(5)° — 323744(6)° + 78720(7)° — 8564(8)° )

5253125 1 23702750(1)° —10296375(2)° + 25537250(3)° —19680625(4)°
1596672  (1596672)(01) (+ 12920250(5)° — 5327125(6)° +1295750(7)° —141000(8)° J

74034 1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)° +190296(5)°

15400  (15400)(0!) (_ 75348(6)° +18360(7)° —1998(8)° ]

37701874 7 180838518(1)° — 54639557(2)° + 206894170(3)° — 122270925(4)°

5702400  (5702400)(0!) (104842066(5)° —35782103(6)° + 9423582(7)° —1020425(8)°

8(169624) 8 828928(1)° — 216192(2)° + 970240(3) —510560(4)° +

155925  (155925)(01) (508416(5)0 —134528(6)° +51712(7)° — 4440(8)° J

1

2
4

®)°
4

'Y

4

6

4

©)° _

4

@ _

4

®° _

41

(155925)(1!)

(1596672)(1!)

(155925) (1)

6779886(1)" — 9359135(2)" +11774146(3)" —10745445(4)1]

e (39916800)(].) (+ 6771082(5)" — 2792861(6)" + 679110(7)" — 73886(8)"

911204(1)" — 926646(2)" +1173140(3)! —1067950(4)"
(623700)(].) [+ 671628(5)" — 276634(6)* + 67196(7)" — 7305(8)* ]
711918(1)" — 521217(2)* + 766290(3)* — 699885(4)* +
(492800)(1) (441306(5)1 —182043(6)" + 44262(7)" — 4815(8)" J
1 137126(1)' — 752480(2)" +1435264(3)" —1243200(4)"
(+ 784768(5)" — 323744(6)" + 78720(7)" — 8564(8)" J
1 23702750(1)" —10296375(2)" + 25537250(3)" —19680625(4)"
[+ 12920250(5)" —5327125(6)" +1295750(7)" —141000(8)" j
1 346248(1)' —123660(2)" + 385128(3)" — 258660(4)" +190296(5)"
(15400)(11) {— 75348(6)" +18360(7)" —1998(8)" ]

(5702400)(1!) | 104842066(5)" — 35782103(6)" + 9423582(7)" —1020425(8)"
8 828928(1)" — 216192(2)" + 970240(3)" — 510560(4)" +
508416(5)" —134528(6)" + 51712(7)" — 4440(8)!

7 (180838518(1)1 —54639557(2)" + 206894170(3)" —122270925(4)"
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1

@y
51

©)
5l

@y
5!

®
5!

(6)°
51

@
51

®° _

5!

1

@
6!

G
6!

@°

6!

©)
6!

6!

@ _

6!

®° _

6!

© (155925)(2!)

(1596672)(2!)
~ (15400)(2!)
1 £180838518(1)2 —54639557(2) + 206894170(3)? —122270925(4)? +J

~ (5702400)(2!)

(155925)(2!)

 (1596672)(3)
6)°

6779886(L)? —9359135(2)° +11774146(3)? —10745445(4)2]

5 (39916800)(2') (+ 6771082(5) — 2792861(6)° + 679110(7)* — 73886(8)?

(623700)(2') +671628(5)° — 276634(6)* + 67196(7)” — 7305(8)
711918(1)? —521217(2)* + 766290(3)* — 699885(4)? +
(492800)(2') 441306(5)? —182043(6)? + 44262(7)? — 4815(8)*

1 (137126(1)2 —752480(2)* +1435264(3)* —1243200(4)2J

[911204(1)2 —926646(2)° +1173140(3)’ —1067950(4)2)

+784768(5)° —323744(6)” + 78720(7)° — 8564(8)’

1 23702750(1)* —10296375(2)* + 25537250(3)? —19680625(4)’
L 12920250(5)° — 5327125(6)” +1295750(7)* —141000(8)? j

7 346248(1)* —123660(2)° + 385128(3)” — 258660(4) +190296(5)’

(— 75348(6)* +18360(7)> —1998(8)? ]

104842066(5)* — 35782103(6)” + 9423582(7)? —1020425(8)?

8 828928(1)” — 216192(2)° + 970240(3)” —510560(4)” +
508416(5)° —134528(6)? + 51712(7)? — 4440(8)?

6779886(1)° —9359135(2)° +11774146(3)° —10745445(4)3J

6 (39916800)(3') (+ 6771082(5)° — 2792861(6)° + 679110(7)* — 73886(8)°

911204(1)° — 926646(2)° +1173140(3)° —1067950(4)°
(623700)(3') (+ 671628(5)° — 276634(6)° + 67196(7)° — 7305(8)° ]
711918(1)° - 521217(2)° + 766290(3)° — 699885(4)° +
(492800)(3') [441306(5)3 —182043(6)° + 44262(7)° — 4815(8)° )
1 137126(L)° — 752480(2)° +1435264(3)° —1243200(4)°
(155925)(3) (+ 784768(5)° — 323744(6)° + 78720(7)* — 8564(8)° J
1 23702750(1)° —10296375(2)* + 25537250(3)° —19680625(4)°
[+ 12920250(5)° — 5327125(6)° +1295750(7)° —141000(8)° J
1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)® +190296(5)°
(15400)(3!) (— 75348(6)° +18360(7)° —1998(8)° J
7 180838518(1)° — 54639557(2)° + 206894170(3)° —122270925(4)° +
(5702400)(3!) [104842066(5)3 —35782103(6)° + 9423582(7)* —1020425(8)°
8 828928(1)° — 216192(2)* + 970240(3)° — 510560(4)° +
(155925)(3) (508416(5)3 —134528(6)° + 51712(7)° — 4440(8)° )
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1 1 6779886(1)* —9359135(2)* +11774146(3)* —10745445(4)*
7! (39916800)(4!) | + 6771082(5)* — 2792861(6)* + 679110(7)* — 73886(8)"
) 1 911204(1)* —926646(2)* +1173140(3)* —1067950(4)*
71 (623700)(4!) | +671628(5)" — 276634(6)* + 67196(7)* — 7305(8)*
@3) 1 711918(1)* —521217(2)* + 766290(3)* — 699885(4)* +
71 (492800)(4!) | 441306(5)" —182043(6)" + 44262(7)" — 4815(8)*
4y 1 137126(1)* — 752480(2)" +1435264(3)* —1243200(4)*
71 (155925)(41) | + 784768(5)" — 323744(6)" + 78720(7)* — 8564(8)"*
G 1 23702750(1)* —10296375(2)* + 25537250(3)* —19680625(4)*
71 (1596672)(41) | +12920250(5)* — 5327125(6)* +1295750(7)* —141000(8)"*
6 1 346248(1)° —123660(2)* +385128(3)" — 258660(4)* +190296(5)*
71 (15400)(4!) | — 75348(6)" +18360(7)" —1998(8)*
@ 7 180838518(1)* —54639557(2)* + 206894170(3)* —122270925(4)*
71 (5702400)(41) | 104842066(5)" — 35782103(6)* + 9423582(7)" —1020425(8)*
® 8 828928(1)" — 216192(2)" +970240(3)* —510560(4)* +
71 (155925)(4!) | 508416(5)* —134528(6)* +51712(7)* — 4440(8)"
1 6779886(1)° — 9359135(2)° -+ 11774146(3)° —10745445(4)°
8l (39916800)(5') +6771082(5)° — 2792861(6)° + 679110(7)° — 73886(8)°
) 911204(1)° — 926646(2)° +1173140(3)° —1067950(4)°
8! (623700)(5') +671628(5)° — 276634(6)° + 67196(7)° — 7305(8)°
@ 711918(1)° ~521217(2)° + 766290(3)° ~ 699885(4)° +
8! (492800)(5') 441306(5)° ~ 182043(6)° + 44262(7)° —4815(8)°
(4)y° 1 137126(1)° — 752480(2)° +1435264(3)° —1243200(4)°
8l (155925)(5!) | + 784768(5)° — 323744(6)° + 78720(7)° — 8564(8)°
©)° 1 23702750(1)° —10296375(2)° + 25537250(3)° —19680625(4)°
8l (1596672)(5!) | +12920250(5)° —5327125(6)° +1295750(7)° —141000(8)°
©° 1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)° +190296(5)°
8l (15400)(5!) | — 75348(6)° +18360(7)° —1998(8)°
il 7 180838518(1)° — 54639557(2)° + 206894170(3)° —122270925(4)° +
8l (5702400)(5!) | 104842066(5)° — 35782103(6)° + 9423582(7)° —1020425(8)°
®)° 8 828928(1)° — 216192(2)° + 970240(3)° — 510560(4)° +
8l (155925)(5!) | 508416(5)° —134528(6)° + 51712(7)° — 4440(8)°
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1

)
ol

©)
ol

4’
o

®)’
ol

6y _

9!

@
o

®)’
ol

/4
10!

(2)10

o (39916800)(6') (+ 6771082(5)° — 2792861(6)° + 679110(7)° — 73886(8)°
~ (155925)(6!)
~ (1596672)(6!)

~ (5702400)(6)

© (155925)(6")

6779886(1)° —9359135(2)° +11774146(3)° —10745445(4)6J

911204(1)° — 926646(2)° +1173140(3)° —1067950(4)°
(623700)(6') (+ 671628(5)° — 276634(6)° + 67196(7)° — 7305(8)° ]
711918(1)° — 521217(2)° + 766290(3)° — 699885(4)° +
(492800)(6') (441306(5)6 —182043(6)° + 44262(7)° — 4815(8)° J
1 137126(1)° — 752480(2)° +1435264(3)° —1243200(4)°
[+ 784768(5)° — 323744(6)° + 78720(7)° — 8564(8)° j

1 23702750(1)° —10296375(2)° + 25537250(3)° —19680625(4)°

(+ 12920250(5)° — 5327125(6)° +1295750(7)° —141000(8)° j
1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)° +190296(5)°
(15400)(6!) (— 75348(6)° +18360(7)° —1998(8)° j
7 180838518(1)° — 54639557(2)° + 206894170(3)° —122270925(4)° +

{104842066(5)" —35782103(6)° + 9423582(7)° —1020425(8)° J

8 828928(1)° — 216192(2)° + 970240(3)° — 510560(4)° +
508416(5)° —134528(6)° + 51712(7)° — 4440(8)°

6779886(1)" —9359135(2)" +11774146(3)" —10745445(4)’
(39916800)(7') +6771082(5)" — 2792861(6) + 679110(7)" — 73886(8)’

10t

(3)10
10!

(4)10

911204(1)" — 926646(2)" +1173140(3)" —1067950(4)’
(623700)(7') (+ 671628(5)" — 276634(6)’ +67196(7)" — 7305(8)’ J
711918(1)" ~521217(2)" + 766290(3)" — 699885(4)" +
(492800)(7') (441306(5)7 ~182043(6)" +44262(7) — 4815(8)’ J

10!

(5)10 3

137126(1)" — 752480(2)" +1435264(3)" —1243200(4)’
(155925)(7!) +784768(5)" —323744(6)" + 78720(7)" —8564(8)’

10!

(6)10 _

1 23702750(1)" —10296375(2)" + 25537250(3) —19680625(4)’
(1596672)(7!) | +12920250(5)” —5327125(6) +1295750(7)" —141000(8)’

10!

(7)10 3

1 346248(1)" —123660(2)" +385128(3)” — 258660(4)” +190296(5)’
(15400)(7!) | — 75348(6)" +18360(7)” —1998(8)’

10

(8)10 B

7 180838518(1)" —54639557(2)" + 206894170(3)" —122270925(4)" +
(5702400)(7") { 104842066(5)" —35782103(6)" + 9423582(7)" —1020425(8)’

10!

8 828928(1)" — 216192(2)’ + 970240(3)” —510560(4)” +
(155925)(7!) | 508416(5)” —134528(6) +51712(7) — 4440(8)’
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12

1

[T (39916800)(8') (+ 6771082(5)° — 2792861(6)"° + 679110(7)° — 73886(8)"

@" (911204(1)8 —926646(2)° +1173140(3)° —1067950(4)8J
11 (623700)(8') +671628(5)° — 276634(6)° + 67196(7)° — 7305(8)°

Q" (711918(1)8 —521217(2)° + 766290(3)° — 699885(4)° +J

11 (492800)(8') 441306(5)° —182043(6)° + 44262(7)° — 4815(8)°

(4" [137126(1)8 752480(2)° +1435264(3)° —1243200(4)8J

11 (155925)(8!) +784768(5)° —323744(6)° + 78720(7)° —8564(8)°

11 (1596672)(8!)

11 (15400)(8!) | — 75348(6)° +18360(7)° —1998(8)°

111 (5702400)(8!)
@®" 8 828928(1)° — 216192(2)° + 970240(3)° — 510560(4)° +
11 (155925)(8!) | 508416(5)° —134528(6)° +51712(7)° — 4440(8)°

1 1 6779886(1)° —9359135(2)° +11774146(3)° —10745445(4)°
121 (39916800)(91) | +6771082(5)° — 2792861(6)° + 679110(7)° — 73886(8)°
(2)12

911204(1)° — 926646(2)° +1173140(3)° — 1067950(4)°
12! (623700)(9') L 671628(5)° — 276634(6)° + 67196(7)° — 7305(8)° J
@3\ 711918(1)° —521217(2)° + 766290(3)° — 699885(4)° +
12! (492800)(9') [441306(5)9 —182043(6)° + 44262(7)° — 4815(8)° j

@ 137126(1)° — 752480(2)° +1435264(3)° —1243200(4)°

12! (155925)(91) (+ 784768(5)° — 323744(6)° + 78720(7)° —8564(8)° J

(5)2 1 23702750(1)° —10296375(2)° + 25537250(3)° —19680625(4)°
12! (159667)(9!) (+ 12920250(5)° — 5327125(6)° +1295750(7)° —141000(8)° J

12! (15400)(9!) | — 75348(6)° +18360(7)° —1998(8)°

121 (5702400)(9') | 104842066(5)° — 35782103(6)° + 9423582(7)° —1020425(8)°
©)2 8 828928(1)° — 216192(2)° + 970240(3)° — 510560(4)° +
121 (155925)(9") | 508416(5)° —134528(6)° +51712(7)° — 4440(8)°

Hence, the block has order (9,9,9,9,9,9,9,9)" with error constants

1 113 155 80 316 403 854 374 )
630939 '11313° 61791701 4176 ' 3623 ' 55551847

236

6779886(1)° — 9359135(2)° +11774146(3)° —10745445(4)°

+12920250(5)° — 5327125(6)° +1295750(7)° —141000(8)°
(6)" 1 [346248(1)8 —123660(2)° + 385128(3)° — 258660(4)° +190296(5)8]

(6)" 1 (346248(1)9 ~123660(2)° + 385128(3)° — 258660(4)° +190296(5)°

J

Yl e 1 (23702750(1)8 —10296375(2)° + 25537250(3)° —19680625(4)°

)

)

(" 7 180838518(1)° — 54639557 (2)° + 206894170(3)° —122270925(4)°
104842066(5)° — 35782103(6)° + 9423582(7)° —1020425(8)°

(7)= 7 [180838518(1)9 —54639557(2)° + 206894170(3)° —122270925(4)° +]

)

|
O O O O O o o o

5669
113

11313
155

6179
80

1701
551

7278
403

3623
846

5513
374

1847




4.6.2.2 Zero Stability of Eight-Step Block Method for Third Order
ODEs.

Equation (3.2.2.2.1) is applied to eight-step block method (4.6.1.32 — 4.6.1.39) this

gives

det[rA® — A] =

O O O O O Fr O o
O O O Fr O O O O
O O r OO O o o
O P O OO O o o
, O O O O O o o
O O O O O o o o
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which impliesr = 0,0,0,0,0,0,0,1. Hence, the method is zero stable.

4.6.2.3 Consistency and Convergence of Eight-Step Block Method
for Third Order ODEs.

The block method (4.6.1.32 — 4.6.1.39) is consistent because it satisfies the
conditions listed in Definition 1.4. Hence, it is also convergent because it is zero-

stable and consistent.

4.6.2.4 Region of Absolute Stability of Eight-Step Block Method for
Third Order ODEs.

Applying the equation (3.2.2.4.2) for eight-step block method (4.6.1.32 —4.6.1.39)
we have

A-B

l71(9’h)=c+D

where
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The above matrix is simplified and equating the imaginary part to zero, this gives

_ (9.9378E +155)c0s86 —9.9378E +155

h(o,h)

~ (1.4872E +151) cos 86 — 3.4497E +153

Evaluating h(6, h) at intervals of & of 30°, the following tabulation are obtained
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Table 4.5

Interval of Absolute Stability of Eight-Step Block Method for Third Order ODEs

0 0 30 60 90 120 150 | 180

ho,h) |0 |431.18 | 431.18 | 0 |431.18 |431.18| 0

Hence, the interval of absolute stability is (0, 431.18). This is shown in the diagram

below

100\

- 400 - 200 200 400

Figure 4.10. Region of absolute stability of eight—step block method for third
order ODEs.

4.7 Comments on the Properties of the Block Methods for Third Order ODEs.

The discussion on the analysis of the block methods for third ODEs is considered in
this section . The new block methods derived are zero-stable and having order k+1
where k is the step-length and these make the methods to be consistent and therefore
convergent for any step-length k examined in this chapter. The interval of absolute

stability of the new block methods becomes larger as even step-length k increases
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(refer to Tables 4.1, 4.3 and 4.5) while the interval of absolute stability decreases as
odd step-length k increases (refer to Tables 4.2 and 4.4). The region of absolute
stability of even step-length k faces up due to their positive stability function over

[O, 7z] while the stability region for odd step-length k is below the line because of

their negative stability function over [0, z].

4.8 Test Problems for Third Order ODEs

The accuracy of the new block methods is examined by solving third order ODEs
displayed below. The same differential problems existing methods solved are also
considered for the purpose of comparison in terms error.

Problem12: y"+y'=0, y(0)=1y'(0)=1y"(0)=1,h=0.1,x €[0]],

Exact Solution: y(x) =sinX—cosx+2

Problem 13:  y"=-y', y(0)=1y'(0)=-1y"(0)=1,h=0.1
Exact Solution: y(x) =e™

Problem 14: y"—y"+y'—y=0, y(0)=1y'(0)=0,y"(0) =-1,h=0.01
Exact Solution: y(x) = cos x

Problem 15:  y"+4y"'=x, y(0)=0,y'(0)=0,y"(0)=1,h=0.1, 0<x<1
. 3 1.,
Exact Solution: y(x) = E(1— cos 3x) + 3 X

Problem 16: y”"=e"*, y(0)=3,y'(0)=1y"(0)=5h=0.1
Exact Solution: y(x) = 2+ 2x* +¢e*
Problem17:  y"+y"+3y’ -5y =2+6x-5%*, y(0)=-1Yy'(0)=1Yy"(0)=-3,h=0.1

Exact Solution: y(x) = x* —e* +e " sin(2x)
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Problem18: y"=3sinx, y(0)=1y'(0)=0,y"(0)=-2,h=0.1

2

Exact Solution: y(x) =3cos x + X? -2

Problem 19:  y"=2y"-4, y(0)=1y'(0)=2,y"(0)=6, 0<x<1
Exact Solution: y(x) = x* +e*
Problem 20: y"=y+3e*, y(0)=0,y'(0)=1y"(0)=2, 0<x<1

Exact Solution: y(x) = xe*

Problem 21: y"=8y'-3y—-4e*, y(0)=2,y'(0)=-2,y"(0)=10, 0<x<1

Exact Solution: y(x) =e* +e >

4.9 Numerical Results for Third Order ODEs.
The tables shown below are the numerical results when the new block methods with

step-length k =4(1)8 were applied to third order differential equations above. The
generated numerical results are compared with the existing methods in terms of

error.
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Table 4.6

Comparison of the New Block Method k=4 with Block Method (Sagir, 2014) for Solving Problem 14

Error in Sagir
Error in new (2014),
x-values | Exact Solution Computed Solution Method, k=3 and 1
k=4, h=0.01 | hybrid point,

h=0.01

0.01 0.999950000416665260 | 0.99995000041666526 | 0.000000E-00 | 1.9990E-07

0.02 0.999800006666577760 | 0.99980000666657776 | 0.000000E-00 | 1.9560E-07
0.03 0.999550033748987540 | 0.99955003374898754 | 0.000000E-00 | 1.3651E-07
0.04 0.999200106660977920 | 0.99920010666097803 | 1.110223E-16 | 2.5210E-07
0.05 0.998750260394966280 | 0.99875026039506543 | 9.914292E-14 | 1.3039E-06
0.06 0.998200539935204190 | 0.99820053993548796 | 2.837730E-13 | 3.0280E-06
0.07 0.997551000253279590 | 0.99755100025383447 | 5.548895E-13 | 3.3453E-06
0.08 0.996801706302619440 | 0.99680170630353293 | 9.134915E-13 | 1.2405E-06
0.09 0.995952733011994270 | 0.99595273301345333 | 1.459055E-12 | 1.3290E-06
0.1 0.995004165278025710 | 0.99500416528020486 | 2.179146E-12 | 1.7180E-05
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Table 4.7

Comparison of the New Block Method k=4 with Block Method (Adesanya et al., 2011) and Four-Point Implicit Method (Awoyemi

et al., 2014) for Solving Problem 15.

. Error in Error in
Error in new
) ) Adesanya Awoyemi et. al.
x-values | Exact Solution Computed Solution Method, k=4,
2011), k=4, 2014) k=4,
h=o.1 (2011) (2014)
h=0.1 h=0.1
0.1 0.004987516654767195 | 0.004987518309523811 | 1.654757E-09 | 1.189947E-11 | 1.1899E-11
0.2 0.019801063624459044 | 0.019801067214704843 | 3.590246E-09 | 3.042207E-09 | 3.0422E-09
0.3 0.043999572204435337 | 0.043999585078763913 | 1.287433E-08 | 7.779556E-08 | 7.7796E-08
0.4 0.076867491997406501 | 0.076867520274488232 | 2.827708E-08 | 7.746692E-07 | 1.5559E-07
0.5 0.117443317649723790 | 0.117443363840483320 | 4.619076E-08 | 4.59901E-06 3.0541E-07
0.6 0.164557921035623750 | 0.164557970996208670 | 4.996058E-08 | 6.478349E-06 | 4.6102E-07
0.7 0.216881160706204830 | 0.216881215486879250 | 5.478067E-08 | 5.783963E-06 | 3.138E-07
0.8 0.272974910431491690 | 0.272974971156164700 | 6.072467E-08 | 2.354715E-06 | 7.0374E-07
0.9 0.331350392754953820 | 0.331350460450782920 | 6.769583E-08 | 3.766592E-06 | 1.0177E-06
1.0 0.390527531852589200 | 0.390527607277850240 | 7.542526E-08 | 1.23312E-05 1.6528E-06
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Table 4.8

Comparison of the New Block Method k=4 with Block Method (Adesanya et. al., 2012) and Numerical Method (Awoyemi et. al.,

2006).
] Errorin Errorin
Error in new
) ] Adesanya et | Awoyemi et al.,
x-values | Exact Solution Computed Solution Method, k=4,
al.(2012),k=4, | (2006), k=4,
™ (2012) (2006)
h=0.1 h=0.1
0.1 1.10482925136880250 | 1.10482925139736100 | 2.855849E-11 | 1.54055E-09 1.189947E-11
0.2 1.21860275295381950 | 1.21860275313777770 | 1.839582E-10 | 9.84550E-09 3.042207E-09
0.3 1.34018371753573360 | 1.34018371798374990 | 4.480163E-10 | 2.36528E-08 7.779556E-08
0.4 1.46835734830576550 | 1.46835734911999990 | 8.142345E-10 | 4.32732E-08 7.749556E-07
0.5 1.60184297671383020 | 1.60184303501985360 | 5.830602E-08 | 3.90181E-08 3.398961E-06
0.6 1.73930685848535730 | 1.73930702719420860 | 1.687089E-07 | 6.97008E-08 9.501398E-06
0.7 1.87937549995320290 | 1.87937583086698700 | 3.309138E-07 | 5.20329E-08 1.756558E-06
0.8 2.02064938155235740 | 2.02064992484746100 | 5.432951E-07 | 1.35224E-07 2.745889E-05
0.9 2.16171694135681890 | 2.16171777294913920 | 8.315923E-07 | 4.74834E-07 3.888082E-05
1.0 2.30116867893975650 | 2.30116986981570060 | 1.190876E-06 | 1.06936E-06 5.137153E-05




15174

Table 4.9

Comparison of the New Block Method k=5 with Block Method (Adesanya et al., 2011) for Solving Problem 15

Error in
Error in new
Adesanya
x-values | Exact Solution Computed Solution Method, k=5,
etal., (2011)
h=0.1
k=5, h=0.1
0.1 0.004987516654767195 | 0.004987516654761906 | 5.289172E-15 | 1.189944E-11
0.2 0.019801063624459044 | 0.019801063619047623 | 5.411421E-12 | 3.042207E-09
0.3 0.043999572204435337 | 0.043999571892857157 | 3.115782E-10 | 7.779556E-08
0.4 0.076867491997406501 | 0.076867486476190489 | 5.521216E-09 | 7.746692E-07
0.5 0.117443317649723790 | 0.117443266369047640 | 5.128068E-08 | 4.59901E-06
0.6 0.164557921035623690 | 0.164557882208255980 | 3.882737E-08 | 6.478349E-06
0.7 0.216881160706204810 | 0.216881139053495870 | 2.165271E-08 | 5.783963E-06
0.8 0.272974910431491690 | 0.272974949460567990 | 3.902908E-08 | 2.354715E-06
0.9 0.331350392754953820 | 0.331350450610851550 | 5.785590E-08 | 3.766592E-06
1.0 0.390527531852589200 | 0.390527606362710110 | 7.451012E-08 | 1.23312E-05
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Table 4.10

Comparison of the New Block Method k=5 with Block Method (Olabode, 2009) for Solving Problem 16

Errorinnew | Errorin
x-values | Exact Solution Computed Solution Method, k=5 | Olabode (2009),

h=0.1 k=5, h=0.1
0.1 3.12517091807564770 | 3.12517091807901700 | 3.369305E-12 | 9.24352E-10
0.2 3.30140275816016970 | 3.30140275818177020 | 2.160050E-11 | 8.3983E-10
0.3 3.52985880757600330 | 3.52985880762933580 | 5.333245E-11 | 4.23997E-10
0.4 3.81182469764127060 | 3.81182469774115700 | 9.988632E-11 | 3.58729E-10
0.5 4.14872127070012820 | 4.14872127086002700 | 1.598988E-10 | 2.99872E-10
0.6 4.54211880039050890 | 4.54211880064164930 | 2.511404E-10 | 3.90509E-09
0.7 4.99375270747047660 | 4.99375270786662550 | 3.961489E-10 | 1.47048E-09
0.8 5.50554092849246860 | 5.50554092908515090 | 5.926823E-10 | 2.49247E-09
0.9 6.07960311115695000 | 6.07960311199986680 | 8.429168E-10 | 0.15695E-09
1.0 6.71828182845904550 | 6.71828182960364820 | 1.144603E-09 | 3.54096E-09
1.1 7.42416602394643380 | 7.42416602547347630 | 1.527042E-09 | 1.40536E-08
12 8.20011692273654800 | 8.20011692476393960 | 2.027392E-09 | 3.32635E-08
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Table 4.11

Comparison of the New Block Method k=5 with Block Method (Olabode, 2007) for Solving Problem 17

Errorinnew | Errorin
x-values | Exact Solution Computed Solution Method, Olabode (2007),
k=5, h=0.1 k=5, h=0.1
0.1 -0.915407473756112530 | -0.915407474745166150 | 9.890536E-10 | 6.408641E-07
0.2 -0.862573985499428990 | -0.862573989084014610 | 3.584586E-09 | 1.511330E-05
0.3 -0.841561375114168730 | -0.841561320252506960 | 5.486166E-08 | 6.364443E-05
0.4 -0.850966529765555760 | -0.850965870569312280 | 6.591962E-07 | 1.675667E-04
0.5 -0.888343319155555420 | -0.888343663001383340 | 3.438458E-07 | 3.507709E-04
0.6 -0.950604904717254560 | -0.950605617264062340 | 7.125468E-07 | 6.410875E-04
0.7 -1.034392853932994700 | -1.034393298381865300 | 4.444489E-07 | 1.071642E-03
0.8 -1.136403556878909500 | -1.136403991293333200 | 4.344144E-07 | 1.682213E-03
0.9 -1.253666211231613500 | -1.253666673510994000 | 4.622794E-07 | 2.520603E-03
1.0 -1.383769999219783400 | -1.383771287025621100 | 1.287806E-06 | 3.644014E-03
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Table 4.12

Comparison of the New Block Method k=6 with Block Predictor-Corrector Method (Olabode, 2013) for Solving Problem 13

Error in new Error in Olabode
x-values | Exact Solution Computed Solution Method, (2013), k=6,
k=6, h=0.1 h=0.1

0.1 0.904837418035959520 | 0.904837416666666620 | 1.617595E-13 | 1.66845548E-09
0.2 0.818730753077981820 | 0.818730753076952310 | 1.029510E-12 | 1.07247812E-08
0.3 0.740818220681717770 | 0.740818220679151600 | 2.566169E-12 | 1.45900969E-08
0.4 0.670320046035639330 | 0.670320046030800640 | 4.838685E-12 | 5.60600832E-08
0.5 0.606530659712633420 | 0.606530659704430540 | 8.202883E-12 | 1.07616918E-07
0.6 0.548811636094026390 | 0.548811636078357150 | 1.566924E-11 | 1.80036532E-07
0.7 0.496585303791409470 | 0.496585367879705970 | 6.483969E-08 | 3.31228689E-06
0.8 0.449328964117221560 | 0.449329145415281290 | 1.812981E-07 | 3.46704102E-04
0.9 0.406569659740599050 | 0.406570008976985970 | 3.492364E-07 | 2.27964863E-03
1.0 0.367879441171442330 | 0.367880009560811240 | 5.683894E-07 | 6.38022004E-03
1.1 0.332871083698079500 | 0.332871921996075790 | 8.382980E-07 | 1.26418315E-02
1.2 0.301194211912202030 | 0.301195370169472790 | 1.158257E-06 | 2.10623676E-02
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Table 4.13

Comparison of the New Block Method k=6 with Block Method and Predictor-Corrector Method (Olabode, 2013) for Solving Problem

16
Error in new Error in Olabode | Errorin
Method, k=6, | (2013) Block Olabode (2013)
x-values | Exact Solution Computed Solution h=0.1 Method. k=6 Predictor-Corrector
h=0.1 Method Method
k=6, h=0.1
0.1 3.125170918075647700 | 3.12517091807535910 | 2.886580E-13 | 9.24352E-10 1.403538619E-09
0.2 3.301402758160169700 | 3.30140275815833300 | 1.836753E-12 | 18.3983E-10 3.269138249E-08
0.3 3.529858807576003300 | 3.52985880757143060 | 4.572787E-12 | 24.2400E-10 1.395151714E-07
0.4 3.811824697641270600 | 3.81182469763270680 | 8.563816E-12 | 53.5873E-10 3.723331807E-07
0.5 4.148721270700128200 | 4.14872127068638810 | 1.374012E-11 | 7.00128E-10 7.869058836E-07
0.6 4.542118800390509700 | 4.54211880037033210 | 2.017764E-11 | 3.90509E-10 1.444874331E-06
0.7 4.993752707470477500 | 4.99375270744311630 | 2.736122E-11 | 6.52952E-09 2.414343780E-06
0.8 5.505540928492468600 | 5.50554092845571400 | 3.675460E-11 | 2.15075E-08 3.770586333E-06
0.9 6.079603111156950800 | 6.07960311110872720 | 4.822365E-11 | 3.88430E-08 5.596789306E-06
1.0 6.718281828459045500 | 6.71828182839715460 | 6.189094E-11 | 6.15410E-08 7.984910299E-05
1.1 7.424166023946433800 | 7.42416602386879900 | 7.763479E-11 | 9.00536E-08 1.103654222E-05
1.2 8.200116922736548000 | 8.20011692264096050 | 9.558754E-11 | 1.27263E-07 1.486399811E-05
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Table 4.14

Comparison of the New Block Method k=6 with Block Method and Predictor-Corrector Method (Olablode, 2013) for Solving

Problem 18
Error in Olabode | Error in
Error in new
(2013) Block Olabode (2013)
x-values | Exact Solution Computed Solution Method,
Method, k=6, Predictor-Corrector
k=6, h=0.1

h=0.1 Method k=6, h=0.1
0.1 0.990012495834077020 | 0.990012499999999960 | 6.370460E-13 | 1.65922E-10 4.172279744E-09
0.2 0.960199733523725120 | 0.960199733527778100 | 4.052980E-12 | 4.76275E-10 9.578546178E-08
0.3 0.911009467376818090 - | 0.911009467386911350 | 1.009326E-11 | 6.23182E-10 3.991586710E-07
0.4 0.843182982008655380 | 0.843182982027559040 | 1.890366E-11 | 19.9134E-10 1.036864440E-06
0.5 0.757747685671118280 | 0.757747685701456340 | 3.033807E-11 | 3.28882E-10 2.128509889E-06
0.6 0.656006844729034810 | 0.656006844773587390 | 4.455258E-11 | 1.27096E-09 3.789539851E-06
0.7 0.539526561853465480 | 0.539526565317591910 | 5.987466E-11 | 4.84653E-09 6.130086676E-06
0.8 0.410120128041496560 | 0.410120128118615590 | 7.711903E-11 | 1.09585E-08 9.253867047E-06
0.9 0.269829904811993430 | 0.269829904908177540 | 9.618412E-11 | 2.0188E-08 1.325714643E-05
1.0 0.120906917604419300 | 0.120906917721584670 | 1.171654E-10 | 3.53956E-08 1.822777782E-05
1.1 -0.034211635723267797 | -0.034211635583299711 | 1.399681E-10 | 5.66233E-08 2.424432295E-05
1.2 -0.192926736569979610 | -0.192926736405285740 | 1.646939E-10 | 8.35700E-08 3.137526880E-05
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Table 4.15

Comparison of the New Block Method k=7 with Block Method (Omar, 1999) in which Maximum Errors were

considered for Solving Problem 19

Omar Number of | Error in new Error in Omar
h-values | New Method
(1999) Steps Method, k=7 (1999) k=8
S2PEB 54 3.018736E-02 1.64491E+08
P2PEB 54 3.018736E-02 1.64491E+08
107 7-Step Method | S3PEB 39 2.308550E-03 7.14468E+11
P3PEB 39 2.308550E-03 7.14468E+11
S2PEB 504 1.856659E-06 5.58385E-03
10° 7-Step Method | P2PEB 504 1.856659E-06 5.58385E-03
S3PEB 339 1.278984E-06 9.98913E-02
P3PEB 339 1.278984E-06 9.98913E-02
S2PEB 5004 6.566552E-10 3.48576E-05
10 7-Step Method | P2PEB 5004 6.566552E-10 3.48576E-05
S3PEB 3339 4.135359E-12 1.53942E-03
P3PEB 3339 4.135359E-12 1.53942E-03
S2PEB 50004 6.523351E-10 3.92325E-05
10° 7-Step Method | P2PEB 50004 6.523351E-10 3.92325E-05
S3PEB 33339 3.865352E-12 2.22810E-05
P3PEB 33339 3.865352E-12 2.22810E-05
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Table 4.16

Comparison of the New Block Method k=7 with Block Method (Omar, 1999) in which Maximum Errors were

considered for Solving Problem 20

Omar Number of | Error in new Error in Omar
h-values | New Method
(1999) Steps Method, k=7 (1999) k=8
S2PEB 54 4.097902E-04 7.63504E-03
P2PEB 54 4.097902E-04 7.63504E-03
107 7-Step Method | S3PEB 39 1.440162E-03 7.64136E-03
P3PEB 39 1.440162E-03 7.64136E-03
S2PEB 504 1.091941E-06 7.62628E-04
10° 7-Step Method | P2PEB 504 1.091941E-06 7.62628E-04
S3PEB 339 2.582187E-07 7.62629E-04
P3PEB 339 2.582187E-07 7.62629E-04
S2PEB 5004 1.091607E-09 7.62546E-05
10 7-Step Method | P2PEB 5004 1.091607E-09 7.62546E-05
S3PEB 3339 2.464766E-10 7.62546E-05
P3PEB 3339 2.464766E-10 7.62546E-05
S2PEB 50004 8.158452E-11 7.62538E-06
10° 7-Step Method | P2PEB 50004 8.158452E-11 7.62538E-06
S3PEB 33339 1.298517E-11 7.62538E-06
P3PEB 33339 1.298517E-11 7.62538E-06
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Table 4.17

Comparison of the New Block Method k=8 with Block Method (Omar, 1999) in which Maximum Errors were

considered for Solving Problem 19

Omar Number of | Error in new Error in Omar
h-values | New Method
(1999) Steps Method, k=8 (1999) k=8
S2PEB 54 1.267345E-02 1.64491E+08
P2PEB 54 1.267345E-02 1.64491E+08
107 8-Step Method | S3PEB 39 8.063762E-04 7.14468E+11
P3PEB 39 8.063762E-04 7.14468E+11
S2PEB 504 3.161755E-06 5.58385E-03
10° 8-Step Method | P2PEB 504 3.161755E-06 5.58385E-03
S3PEB 339 1.736923E-07 9.98913E-02
P3PEB 339 1.736923E-07 9.98913E-02
S2PEB 5004 2.526122E-10 3.48576E-05
10 8-Step Method | P2PEB 5004 2.526122E-10 3.48576E-05
S3PEB 3339 1.172396E-11 1.53942E-03
P3PEB 3339 1.172396E-11 1.53942E-03
S2PEB 50004 5.236188E-09 3.92325E-05
10° 8-Step Method | P2PEB 50004 5.236188E-09 3.92325E-05
S3PEB 33339 2.625740E-10 2.22810E-05
P3PEB 33339 2.625740E-10 2.22810E-05
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Table 4.18

Comparison of the New Block Method k=8 with Block Method (Omar, 1999) whereby Maximum Errors were

considered for Solving Problem 21

Omar Number of | Error in new Error in Omar
h-values | New Method
(1999) Steps Method, k=8 (1999) k=8
S2PEB 54 5.058909E-02 2.70995E-01
P2PEB 54 5.058909E-02 2.70995E-01
107 8-Step Method | S3PEB 39 3.866111E-03 8.01861E-01
P3PEB 39 3.866111E-03 8.01861E-01
S2PEB 504 3.565494E-07 1.19154E-02
10° 8-Step Method | P2PEB 504 3.565494E-07 1.19154E-02
S3PEB 339 1.674995E-08 1.25684E-02
P3PEB 339 1.674995E-08 1.25684E-02
S2PEB 5004 1.723066E-11 1.17030E-03
10 8-Step Method | P2PEB 5004 1.723066E-11 1.17030E-03
S3PEB 3339 2.646772E-13 1.17117E-03
P3PEB 3339 2.646772E-13 1.17117E-03
S2PEB 50004 2.149037E-10 1.17019E-04
10° 8-Step Method | P2PEB 50004 2.149037E-10 1.17019E-04
S3PEB 33339 1.489830E-11 1.17020E-04
P3PEB 33339 1.489830E-11 1.17020E-04




4.10 Comments on the Results

Due to the unavailability of third order non-linear ODEs in the existing literatures,
the new block methods are only applied to linear ODEs. It is obvious in Table 4.6
that the results of the new block method k=4 for solving Problem 14 are more
efficient in terms of error than Sagir (2014) k=3 plus one hybrid point. Similarly, the
results in Tables 4.7 and 4.8 also show that the new method performed better than
Adesanya et al. (2011), Awoyemi et al. (2014), Adesanya et al. (2012) and Awoyemi

et al. (2006) when Problems 12 and 15 were solved.

Furthermore, the accuracy of the new block method k=5 in Tables 4.9, 4.10 and 4.11
is high when compared with Adesanya et al. (2011), Olabode (2009) and Olabode
(2007) of the same step-length k for solving Problems 15, 16 and 17. The results of
the new block method k=6 shown in Table 4.12 outperform Olabode (2013) block
method k=6 for the solution of Problem 13. In the same way, Olabode (2013)
predictor-corrector method k=6 is compared with the results of the new method in
Tables 4.13 and 4.14, it is evident that the new method performed better for solving

Problems 16 and 18.

Moreover, the results of the new block methods k=7 and 8 presented in Tables 4.15,
4.16, 4.17 and 4.18 are compared favourably in terms of accuracy than Omar
(1999) k=8 whereby maximum errors were selected after solving Problems 19, 20

and 21.
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4.11 Summary

This chapter contains the development of block methods with step-length k=4(1)8
using interpolation and collocation technique for the solution of third order initial
value problems of ODEs. The properties of the methods are analyzed. The numerical
results generated when the new methods were applied to solve third order problems
are compared with the existing methods of the same step-length and they are found

better in accuracy.
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CHAPTER FIVE

DEVELOPING BLOCK METHODS FOR SOLVING FOURTH ORDER
ODEs DIRECTLY

5.1 Introduction

The development of block methods with step-length k =5(1)8 using interpolation

and collocation technique for the direct solution of fourth order initial value

problems of ODEs are considered in this chapter. These are shown below:

5.2 Five —Step Block Method for Fourth Order ODEs.

In this section, the derivation of five-step block method and the establishment of its

properties are examined.

5.2.1 Derivation of Five-Step Block Method for Fourth Order ODEs.

Power series of the form

k+4
— j
y() = ;ajx (5.2.1.1)
is considered as an approximate solution to the general fourth order problem
of the form

yiv =f(xy.y,y"; y(Xo) = Yoo y'(Xo) = yé’ y"(XO) - yg Y

m

%)=Ys  (5212)
where in (5.2.1.1) k =5 is the step-length. The first, second, third and fourth
derivatives of (5.2.1.1) give

k+4

y'(x) =2 ja,x"" (5.2.1.3)
j=1

k+4

y'(x) = Z j(i-Da;x” (5.2.1.4)
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k+4

y"(x) = Z; i(G-D(j-2)a;x"?

k+4

Y =2 i(-D(-2)(-3a,x" = f(xy,y"y"y")

i

(5.2.1.5)

(5.2.1.6)

Interpolating (5.2.1.1) at x=x_,,,i =0(1)3and collocating (5.2.1.6) at the points

X=X_,,1 =0()>5 as explained in figure 5.1 below
PSS,
Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5

Figure 5.1. Five-step interpolation and collocation method for fourth order ODESs

This approach gives the following result

1 x, o xEoxoxt x XX X, X 8 1 (Y,

1 Xn+l X§+1 X:Jrl X:+1 X:+1 Xr?+1 X’:‘*l X:” X:*’l al yn+1

1 Xn+2 X:+2 X:+2 X:+2 ln5+2 :+2 ;4.2 :+2 X:+2 a2 yn+2

1 Xnis X:+3 X:+3 :+3 X:+3 X:+3 XTZ+3 X:+3 X:+3 a, Yiia

0 0 0 0 24 120x, 360x; 840x> 1680x, 3024x’ |a, | | f, (5.2.1.7)
0 0 0 0 24 120x,,360x,840x°, 1680x", 3024x° | & | | f., |
0 0 0 0 24 120x,,360x;,840x’,1680x" ,3024x°, [@ [ | f,,,

0 0 0 0 24 120x,,360x,840x’,1680x’  3024x°, | a, f.s

0 0 0 0 24 120x,,360x,,840x°,1680x’,3024x°, | &, | | fue

0 0 0 0 24 120x,,360x;, 840x° , 1680x" , 3024x°, \a, ) \fu.s

In order to find the values a’s in (5.2.1.7), Gaussian elimination method is employed.

The values of a’s are below:

4 8

X

X
a, = +—=f +———3f -14f  +26f ,—-24f  +11f ,—-2f )+
0 yn 24 n 40320h4 ( n n+1 n+2 n+3 n+4 n+5)
3
X, (19151f +73967f  +12610f ,+14878f ,—5549f , +883f )+
262880
3
XN (937f +18240f  +5990f  +140f  —135f ,+28f )+ (1ly.
100800 6h
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5

(137f —300f

_18yn+1 + 9yn+2 - 2yn+3) + 7200 n+l

+300f,, —200f,

22

+75f, ., —-12f )+

(4233 +43274f  +5662f , +3432f
120960

3 7

X
-1391f , +230f .)+—" -3y, +3 - e
n+4 n+5) 6h3 (yn yn+1 yn+2 n+3) 20160h3

@arf,

2

Xn
+41f ,—-7f )+ oh

_71fn+1 +118 fn+2 - 98f 2 (2yn - 5yn+l + 4yn+2

n+3

6

Vo) * gagor (45T, 1641, + 214, , ~186f, . +61f, , ~10f,,)
XQ
+——"—(f, —-5f, ,+10f ,-10f —f )
362880h5 ( n n+1 n+ n+3 n+4 n+5)
2
h
% 19151 +73067f , +12610f , +14878f _ —5549f  +883f )
120960
4 5
137f,-300f ,+300f ,—-200f ,+75f 45f
1440 ( n+2 n+3 n+d n+5) th( n
X,
~1541,, +2141, , ~1861, , +6Lf, , 101, )+ b (@71, 71, , +118f,,
7
—981, 1 tHalt |\ -7 i) — 5040h" ——(3f, -14f , +26f ,-24f . +11f k6 -2f .)
- h°

+5f

(f ~5f  +10f,,-10f (937 f, +18240f, |

—f -
o = ) 100800
x2h?

n+3

" 40320h°

+5000f, , +140f, , ~135f,, +281,,) -~ - (4233f, +432741, , +56621,,

+3432 fn+3 _1391fn+4 + 230 fn+5) _a (11yn _18yn+1 + 9yn+2 - 2yn+3) - (Zyn

2h2
_5yn+1 +4yn+2 - n+3) + (y 3yn+1 +3yn+2 - yn+3)'

4

(2yn 5yn+l + 4yn+2 - yn+3) + (45f _154f + 214fn+2 -

hz
120960

2h2 576h2

156f, , +61f , —10f, ) +-—— (4233f, +43274f  +5662f , +3432f,

6

1440h ¢

_1391f, +230f_ ) +XTH f4 (3f —14f  +26f  —24f  +11f , —

3

+300f,, — 2001, , +75f, , —12f, ) +

(137f, —300f g
2h

720 n+l

5

960 h3

2f, )+ (Y,

_3yn+1 + 3yn+2 yn+3) t— (17 f - 71f + 118 fn+2 - 98 fn+3 + 41fn+4 -
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7

7 fn+5 )
10080h5
+73967f,, +12610f , +14878f, , —5549f, , +883f )

X
f - +10f , —-10f , +5f , —f .)+———-(19151f
( n+1 n+2 n+3 n+4 n+5) 120960 (

__h (19151f +73967f _ +12610f _ +14878f . —5549f , +
362880
X 4
883fn+5) - n 2h3 (yn 3yn+1 +3yn+2 - yn+3)'+ 57 h3 (17f fn+1 +
5
118f ,—98f . +41f ,—-7f .)— (3f, —14f , +26f ,—24f .+

720h4

3

11f n+5)

n+4

(45,1541, +214f,, ~156f, , + 61f,, ~10f, )

n+1

2 6

(137f —300f , +300f  —200f  +75f , —12f )——n __
7200 4320h°

—5f_, +10f _, —10f

(fn

n+3

+ 5 fn+4 - fn+5)'

n+3

g % X}
e (3f,—14f ,+26f ,—24f ,+11f ,—2f )+
24 576h* 576h°

a7f,

X2

—(1f ) +118Ff  -98f . +41f =7V f .)+=—7"
576h*

(45f, —154f  +214f

n+l n+3 n+l

156f , +61f , ~10f )+ _(137f —300f , +300f , - 200f _ +
1440n

5

i +10f ,—-10f
2880h°

(fn 5fn+1 n+3 +5fn+4 - fn+5)

75 fn+4 _12 fn+5) +

3

1 1371, —300f .
720n

o0 +300f ,—200f

+ 75 fn+4 n+5) -

(3f

n+3 n

2

960n°
(45f —154f

-14f ,+26f ,—-24f ,+11f ,—-2f .)— @rvf, —71f , +118f , —

n+l

98 fn+3 + 41fn+4 - 7 fn+5)

n+l

1440h z

X4

2880h°

+5f

n+3 n+d fn+5)

of ..)— (f,—5f ,+10f ,-10f

n+l

1 X2
45f —154f  +214f ,—-156f ,+61f +
8640h2 ( n n+1 n+2 n+3 n+d n+5) 144Oh4

X
—14f,, 261, , — 241, +11E, —2f, )+t (171, ~ 711, +118f, -

3T,

260

+214f ,-156f , +61f , —



3

X
98fn+3 +41fn+4 _7fn+5) + 432n0h5 (fn _an+1 +10 fn+2 _lofn+3 +5fn+4 - fn+5)'

1 X
a,= ———@A7f —71f  +118f ,—98f  +41f ,—-7f )— -
7 20160h3 ( n n+l n+2 n+3 n+4 n+5) 5040h4

@3f,

Xn
_14fn+1 + 26 fn+2 - 24fn+3 +llfn+4 - 2 fn+5) - 10080h5 (fn _5fn+l +1O fn+2 _10fn+3

+5 fn+4 - fn+5)'

1 X
a,= ————(3f, —14f , +26f , —24f , +11f ,—-2f J)+———
8 40320h4 ( n n+1 n+2 n+3 n+4 n+5) 10080h5

+10fn+2 _10fn+3 +5fn+4 - fn+5)'

(fn _5fn+1

a, = ;(fn _5fn+1 +1Ofn+2 -10 fn+3 +5fn+4 - fn+5)'
362880h°

The values of a s are substituted into equation (5.2.1.1) and simplified, this gives a

continuous linear multistep method of the form:
K2 Kk

y(x) =Y a, ()Y, +h* > B,(0)f,. (5.2.1.8)
j=0 =0

where x =zh+ X, +4h (5.2.1.9)
Substituting (5.2.1.9) into (5.2.1.8) and simplifying, we have

B,(2) = ;(—2520 — 4026z — 2685z° —1675z° + 7562° + 210z°
1814400
—-90z" —45z° —52°)

B.(2) = — (312480 + 5678407 +3122107° + 602457° —50407°
1814400

-1260z° +630z" +270z° +592°)
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B,(2) = — (238896 + 4615567 + 26968227 + 448667° + 30247°

362880

+588z° —396z' —126z° —10z°).
1

362880

—-168z° +612z" +144z° +10z°). (5.2.1.10)
1

362880

—630z° —450z" -81z° -52°).
1

1814400

+90z° +5z2°).

Z)= 62496 +178728z +181968z° +71138z° + 6048z°
3

ﬂA(Z) =

(-504 +3054z +16335z* + 24365z° +15120z* +32762°

ﬁs(z) =

(-504z +3450z° —4415z° +3024z° + 2100z° + 630z’

Evaluating (5.2.1.10) at the non-interpolating points .i.e, atz=0and 1
yields

720y, , — 2880y, , +4320y
+124F  —f).

—2880y, , +720y, =h*(—f , +124f

n+2

vt 44T, (52.1.11)

n+l n+4

720y, . — 7200y, , +14400y,,, —10800y, , + 5040y, =h*(-f
+970f, . +2020f, , +495f , +4f ).

+120f,

n+5 n+5

(5.2.1.12)

The first derivative of (5.2.1.10) gives

-11 z°
o (D& BN 2
0(2) 3 3
2
a(z)=T+Tz+ g2
-19 3z°
(z)=——-8z—
(2 == :
2
a,(2) =E+32+ 3z
3
Bi(z) = 1 (-1342-1790z —1675z% +1260z* + 420z° — 210z°
604800
-120z" —152°).
pl(z2) = L (189280 + 208140z + 60245z* —8400z* — 2520z° +
604800
1470z° +720z" +75z2°).
£ (2) = 1 (769260 + 898940z + 224330z* + 25200z +5880z°
604800

—-4620z° —1680z" —150z°).
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1

pi(2) = (297880 + 606560z + 355960z° —50400z* —1680z°
604800
+7140z° +1920z" +150z°).

p.(2) = _1 (5090 + 54450z +121825z° +100800z° + 27300z *
604800
—6300z° —5250z° —1080z" —75z°).

pi(z) = L (—168—-2300z —4415z* +5040z* +4200z° +1470z°
604800

+240z" +15z°).
Evaluating (5.2.1.13) at all the grid points. That is, at z=-4, -3, -2,-1, 0
andl gives

100800hy’ — 33600y, , +151200y, , — 302400y, , +184800y, =h*(-28f, .
+135f, , —140f, , —5990f, , —18240f,  —937f,).

n+3 n+2

302400hy’ , +50400y, , —302400y , +151200y , +100800y = h*(-99f .
+700f, , —2290f, , +12900f, , +14045f  —56f ).

n+2

302400hy’ , —100800y, , —151200y, , + 302400y, , —50400y, = h*(106f, .
—735f , +2440F,  —17650f, , —9330f, , +169f,).

100800hy’ ., — 184800y,

n+3
+170f  ,+610f

2 + 302400y, , ~151200y, , +33600y, = h'(-33f, .
+18480f ,—82f +6055f.).

n+3

302400hy’ , 1310400y

n+4

n+4 n+1

. + 2872800y, , — 2116800y
h*(-84f. . +2545f  +148940f,  + 384630 f

... 9554400y, =
+94640f , —671f)).

n+2

n+2

302400hy’ . -2368800y, ., + 5745600y, , —4687200y, , +1310400y, =

n+3 n+2 n+l

h*(2041f . +148380f, , +608630f, , +958580f, , +224505f  —1736f,).

The second derivative of (5.2.1.10) gives
al(z)y=—2-1z2

a/(z)=7+3z

a)(z)=-8-3z

aj(z)=3+1z

7(z) = 1 (—179 -335z +504z° +210z* —1262z° —84z°
60480
-12z").

"(2) = — (20814 +120497 — 33602° —12602* + 88272°
60480

+504z° +60z").
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(5.2.1.14)

(5.2.1.15)

(5.2.1.16)

(5.2.1.17)

(5.2.1.18)

(5.2.1.19)



(2) = oo (89894 + 448667 +100802° + 20407 - 27722° - 11767°

—1202 ).
'(z) = W(GOGSG +71138z —20160z° —840z* + 4284z° +1344z2°
412027). (5.2.1.20)
1(2) = Lt (5445 + 24365z + 30240z +10920z° — 3150z —31502°
60480
—756z° —60z").
Y(z) = —( —230-883z +20162° +2100z* +882z° +1652° +12z").
60480
Evaluating (5.2.1.20) at all the grid points. i.e, at z=-4, -3, -2,-1, 0
and 1 produces
60480h%y” + 60480y, , — 241920y, +30240y_ . —120960y_ =h*(230f, (5.2.1.21)
~1391f , +3432f , +5662f  +43274f _ +4233f). T
60480h%y”  — 60480y, , +120960y,  —60480y,  =h*(-11f _+66f, (5.2.1.22)
—154f , +8f , —4803f | —146f). S
60480h%y" . — 60480y, . +120960y, , — 60480y,  =h*(@1f, , —212f . (5.2.1.23)
—4638f , - 212f, +11f)). S
60480h%y" | —120960y ,, +302400y, , — 241920y . — 60480y, =h‘(11f, (5.2.1.24)

—296f , +5778f , +39604f , +10427f  —84f.).

n+2

60480n°y" , —181440y, , + 483480y, , — 423360y, , +120960y, =h*(—230f

" (5.2.1.25)
+5445f , + 60656  +89894f  +20814f  —179f ).

60480h°y” . — 241920y . + 665280y, — 604800y, , +181440y, = h* (4065

s (5.2.1.26)
+63854f , +116542f, , +143712f, , +29689f  —22f,).

n+4 n+3 n+2

The third derivative of (5.2.1.10) gives

a,(2)=-1

a)(z) =3

a;(z)=-3

aw(z) :1

By (2) = ( —-335+15122% +8402° —6302* —5042° —842°)

ﬁl(z)—ﬁazmg 10080z —5040z° +4410z* +30242° + 420z°)
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,(2) =

6048
/33'(2)— (71138 60480z° —3360z° + 21420z +8064z° +8402°)

(2) = W]-BO (24365 + 60480z + 32760z° —12600z° —15750z" — 45362° (5.2.1.27)

—42026)

D) = oo 883+ 604802° +84002° + 4410z* +10082° + 842°)

Equation (5.2.1.27) is evaluated at all the grid points. That is, at z= -4, -3,
-2,-1, 0 and 1 gives

60480n°y;' - 60480y, +181440y, , ~181440y, , +60480y, =h*(-883f,. (51 og)
+5549f , —14878f _ +12610f,, —73967f,  —19151f, ).

60480h°y” . — 60480y, , +181440y, , —181440y__ +60480y =h*(251f .

(5.2.1.29)
~1717f,, +5366f_, — 20906 f , —14033f,  +799f,).
60480h°y", — 60480y, , +181440y_, —181440y . + 60480y, =h*(-211f, . (5.2.1.30)
+1517f,, —5470f , +22018f, , +12721f , =335f ). T
60480n%y”, — 60480y, , +181440y, , —181440y, . + 60480y, =h*(251f, (5.2.1.31)

—2389f,, +28214f  +55702f,  +8815f , +127f,).

60480h°y" . — 60480y, , +181440y, , —181440y, , + 60480y, =h*(-883f . (5.2.1.32)

+24365f, ,+71138f  +44866f  +12049f  —335f).

n+3 n+2 n+l

60480h° y" . —60480y
+84299f , +37622f

+181440y
+65110 f

_, —181440y
+4783f

.., +60480y =h*(19067f .
+799f1 ).

n+3

(5.2.1.33)

n+3 n+2 n+l

Combining equations (5.2.1.11), (5.2.1.12), (5.2.1.14), (5.2.1.21) and (5.2.1.28)
to form a block of the form (1.10).

~2880 4320  -2880 720 O Yy,,) (0 0 0 O -720Yy ,
-10800 14400 -7200 O 720|y,,| |0 O O O -2880|y _
~302400 151200 -33600 O 0 |y,,[=[0 0 0 0 O |y |+
302400 -241920 60480 O O [y.,| [0 0 0 0 O |VYu
~181440 181440 -604800 0 O \y..) (0 0 0 O O LV,
0000 0 v, 0 00O 0 v,
0000 0 v 0 0 0 0 v

ho 0 0 0 —100800 y ,|+h?0 0 0 0 0 yo, |+
0000 0 Yo 0 0 0 0 —60480 | Y.s
0000 0 y. 0000 0 y.



o O O O o
o O O O o

o O O O o
O O O o o
O O O o o

0 v, 124
0 v, 495
0 y", |+h*| 18240
0 Yo 43274
—60480 |y, —73967
_1 fn—4
4 f
-937 || f |
4233 || f..
-19151){ f,

474
2020
—5990
5662
12610

124 -1 0
970 120 -1

-140 135 -28

3432 -1391 230

—-14878 5549 883

The above equation is multiplied by the inverse of A°

o O O O

h2

h4

0 0 0 O)y.,) (0 00O 1)y,
1000y | 00001y,
0100y [=/0 0001y,
0 0 1 0 yn+4 O O O O 1 ynfl
0 0 0 1 yn+5 O O O O 1 yn
! 0000 %
g=0 D] | §
2 Yos) o000 [V
00070 2y, 30y,
0000%y;72+h300002y;2
0 000 8 Yn 30 || Vi
25 | - Ot ¥ o o R | N
0000 5 Y 135 Y
0000 =
6
185 -106 43 -T71 8 0
6844 4789 3068 13837 9881
1592 -982 88 -32 176 |'f 0
2835 2835 405 405 14175 | §
1809 -189 730 -351 413 f"*z hélo
640 160 853 1120 8357 | ("
3328 -5888 3355 —795 256 | 'nw 0
405 2835 1429 992 2025 |\ fus
3553 -856 1529 -691 242 0
196 355 265 472 943
which leads to
1 1 h*
=y, +hy +=h?y"+ =h’y"+ 4407 f
Yo = Yo Y, + SRy Lty 5443200(

~120480f, , +147135f,  +147378f ).
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-
(@]
o O O O O
O O O O O
O O O O O
o A~ WO DN B

256

9455
1409

4684
1593

1400
1889

662 n
3233

561

—27930f,, +76290f

Yo s
Yo s
Yoo [+
Yo
Yo

(5.2.1.34)

(5.2.1.35)



4 h*
=y +2hy’ +2h’y" +—h’y"+ 11264f . —71680f , +197120f
yn+2 yn yn yn 3 yn 907200 ( n+4 n+3 (52136)

—314240f, , +509440f,  + 272896 ).

n+l

4

" h
Yos =Y, 30y, += h2y += h3y 57200 200(3321fn+5—210601‘n+4+57510fn+3 (5.2.1.37)
—79380f, , +189945 fM +76464f ).

h4
1814400
—3768320f, , +14909440,  +5177344f ).

V... =Y, +4hy +8hy" +—h3yn + (229376, —1454080f , +4259840f , (5.2.1.38)

25 125 h*
=y +5hy’ +—h’ +—h3 "t
yn+5 yn ym 2 y y 145152

+2631250 fm +836500f).

(37250, ; - 212500, , +837500f,., 55 5 1 39

—350000 f

n+2

Substituting (5.2.1.35) - (5.2.1.37) into (5.2.1.15) — (5.2.1.19) to give the

first derivative of the block

h3
+hy"+= h2 834f . —5298f , +14532f . —23172f
yn+1 y y 2 y 241920 ( n+5 n+4 n+3 n+2 (52140)
+298501 , +23574f ),
3
Vo = Yo+ 20y1 4207y s (421, 2671, + 7326, ~1140f, , 2202, (521 41
1 OB BN
=Yy +3hy” - h2 " n 729f . —4617f 12690 f 13122 f
yn+3 - yn i yn T = y + 355 134 ( i | n+4 = n+3-] | n+2 (5_2.1.42)

+48357 fm +16443f ).

3

Y =y +4hy’ +8h2y'"+ odE (96f . —601f ,+2112f . —672f ,+7008f , (5.2.1.43)

+2136f,).
’ ! 2 /Il h3
Vi =Yy +8Y] + YT (4125, ~13125F, , +116250f,, +3750f,, (591 44
+305625 fm +87375f).

Substituting (5.2.1.35) - (5.2.1.37) into (5.2.1.22) — (5.2.1.26) to give the

second derivative of the block

2

20160

Yy =y +hy"+ (2141, ~1364f,, + 37641, , ~6083f, , +8630f,, (591 45)

+4924f%)).

+355f ) (5.2.1.46)

. —101f , +272f  —370f _, +1088f

yn+2 y + 2hy

n+4 n+l
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2

10080
+8856f ).

"roo_

Yos = Yo +30Yy)"+

(405f  —2592f , +7830f , —648f , +31509f

n+4 n+2

(5.2.1.47)

2

Yoo =Y, +4hy+ h

530 (32f,,—160f, , +1216f , +352f, ,+2848f  +752f ). (5.2.1.48)

2

10080
+1525f ).

"

yn+5 = y|,1' + Shy:'+
+59375f

(1375f, , +6250f, , +31250f ., +12500f , (5.2.1.49)

n+l

Substituting (5.2.1.35) - (5.2.1.37) into (5.2.1.29) — (5.2.1.33) to give
the third derivative of the block

y" = y"e N (108f , —692f  +1928f . —3192f  +5708f  +19001).  (5.2.1.50)

5760 n+4 n+l
Y=y 3—20 (4f , —24f , +56f  +56f  +516f  +112f ) (5.2.1.51)

+456F  +876f  +204f)  (5.2.1.52)

n+3 n+1

. h
"o=y'=y +——(12f . —-84f , +456f
yn+3 yn yn 640 ( n+5 n+4

yr, = y;”+Ig—0(56 f ., +256f . +96f , +256f  +56f.) (5.2.1.53)
m " h
yn+5 = yn -H 1725(570 fn+5 + 2250fn+4 +1500 fn+3 +1500 fn+2 + 2250 fn+1 (5.2.1.54)
+5 Milgs
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5.2.2 Properties of Five-Step Block Method for Fourth Order ODEs.

This section considers the order, zero-stability and region of absolute stability of

five—step block method for fourth order ODEs.

5.2.2.1 Order of Five-Step Block Method for Fourth Order ODEs.

In finding the order of the block method (5.2.1.35 — 5.2.1.39), the same strategy

mentioned in section 3.2.2.1 is used as displayed below

147135(1)" —120480(2)"

© 3 m © 44+m
Zh— m —Zh—yg"‘)— 147378 |ovw_ h7y<“+m> 1+76290(3)" — 27930(4)"
=m’" & m’" 5443200 £ (5443200)(m!)
+4407(5)"
) ) » 509440(1)" —314240(2)"
Z (Zh) T(]f") z (2h) ’Em) 272896 4 iv _Z ’h— yr(14+m) +197120(3)m i 71680(4)m
= ml = 907200 " " & (907200)(m!)

+11264(5)"
189945(1)" — 79380(2)"

2 7200 (67200)(m!) "

+3321(5)"
14909440(1)" — 3768320(2)"

0 m 3 m 4+m
Z(4h? y?—z(‘”‘? m SITT3A4 D sn - T T el | 4250840(3)" —1454080(4)"
S om &S m 1812400 " 7" ~ & (1814400)(m)
+229376(5)"

(5h) (5h) £36500 " 2631250(1)" —350000(2)"

© m 3 m +m
v - htyy - @m| 4 837500(3)" — 212500(4)"

D M T ;(145152)( n ) ()

+37250(5)"
The coefficients of h™and y are compared and this give

1
1
C,=(1-
1
1

N T =
Il
O o o o o
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i(Sh) z(3h) m 16464 v Z h y“ml 4 57510(3)" — 21060(4)" =

O O O o o



1 1
2 2
@ @] (o
21 21 0
G G| 0
20 2
@ @ | |°
21 21 0
[ONON
20 2
P
3 3
@ _@:| (o
33 0
@O
ol \ 5
@ @ |
3l 3l 0
[ONNON
3 3
1 147378 1 147135(1)° —120480(2)° + 76290(3)° — 27930(4)° +
41 5443200 (5443200)(0!) ( 4407(5)°
(2 272896 1 509440(1)° — 314240(2)° +197120(3)° — 71680(4)°
41 907200 (907200)(0!) | +11264(5)°
(3 76464 1

4 67200 (67200)(01)

41 1814400  (1814400)(01) | + 229376(5)°
(5)" 836500 1 (2631250(1)0 —350000(2)° +837500(3)° — 212500(4)°

4 145152 (145152)(0!) | + 37250(5)°
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(189945(1)° — 79380(2)° +57510(3)° — 21060(4)° + 3321(5)°)

(4 5177344 1 [14909440(1)0 —3768320(2)° + 4259840(3)° —1454080(4)°

|

J

o O O O o



1 1 147135(1)* —120480(2) + 76290(3)" — 27930(4)" +
5l _(5443200)(11)(4407(5)1 J
2)° 1 509440(1)" —314240(2)" +197120(3)" — 71680(4)"*
51 (907200)(1) (+11264(5)1 j
(‘2 NG 010)@) (189945(1)* —79380(2)" +57510(3)* —21060(4)* +3321(5)")
(4)° 1 14909440(1)" —3768320(2)" + 4259840(3)" —1454080(4)"*
51 (1814400)(1') [+ 229376(5)" J
(5)° 1 2631250(1)" —350000(2)" +837500(3)" — 212500(4)"
5 (145152)(1) (+ 37250(5)" J
1 1 147135(1) —120480(2)? + 76290(3)? — 27930(4)? +
61 (5443200)(2") (4407(5) 2 J
(2)° 1 509440(1)? —314240(2)? +197120(3)? — 71680(4)*
6 (907200)(2!) [+ 11264(5)> j
3° 1 2 2 2 2 2
o G7300)@) (189945(1)* —79380(2)* +57510(3)* — 21060(4) +3321(5)?)
(4)° i 14909440(1)* = 3768320(2)* +4259840(3)” —1454080(4)
61 (1814400)(2') L 229376(5)? J
(5)° 1 2631250(1)? —350000(2)° -+ 837500(3)% — 212500(4)>
61 (145152)(2!) [+ 37250(5)* J
1 1 147135(1)° ~120480(2)° 4 76290(3)° ~27930(4)" +
71 (5443200)(3!) (4407(5)3 J
) 1 509440(1)° —314240(2)° +197120(3)° — 71680(4)°
71 (907200)(3!) [+ 11264(5)° J
(3;)! - (672010)(3!) (189945(1)° —79380(2)° +57510(3)° —21060(4)* +3321(5)*)
4’ 1 14909440(1)° —3768320(2)° + 4259840(3)° —1454080(4)*
70 (1814400)(3!) L 229376(5)°
(5) 1 2631250(1)° —350000(2)° +837500(3)° — 212500(4)°
71 (145152)(3) (+ 37250(5)° J
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1 1 147135(1)* —120480(2)* + 76290(3)* —27930(4)* +
81 (5443200)(4!) | 4407(5)*
2° 1 509440(1)* —314240(2)* +197120(3)* — 71680(4)* 0
8! (907200)(4!) | +11264(5)* 0
(‘-’:”)8 1 4 4 4 4 4
C, = ———— (189945(1)* —79380(2)* +57510(3)* —21060(4)* +3321(5 =0
=75 (67200)(4!)( @ ) 3 (4) ©)*) ’
4° 1 14909440(1)* —3768320(2)* + 4259840(3)* —1454080(4)* 0
8l (1814400)(4!) | +229376(5)"
G)° 1 2631250(1)* —350000(2)* +837500(3)* —212500(4)*
8l (145152)(4") | +37250(5)*
1 1 147135(1)° —120480(2)° + 76290(3)° — 27930(4) +
9 (5443200)(5!) | 4407(5)°
2° 1 509440(1)° —314240(2)° +197120(3)° — 71680(4)° o
91 (907200)(5!) | +11264(5)° 0
9
C, = & 1 (189945(1)° —79380(2)° +57510(3)° — 21060(4)° +3321(5)°) |=|0
9 (67200)(5!) 0
@° 1 14909440(1)° —3768320(2)° + 4259840(3)° —1454080(4)° 0
9l (1814400)(5!) | +229376(5)°
®G)° 1 2631250(1)° —350000(2)° +837500(3)° —212500(4)°
ol (145152(5!) | +37250(5)°
"% 1 147135(1)° —120480(2)° +76290(3)° — 27930(4)° +
101 (5443200)(6!) | 4407(5)° _17
@° 1 [509440(1)6 —314240(2)° +197120(3)° —71680(4)6J 26153:376
101 (907200)(6!) | +11264(5)° =
- ( )(61) ©) 14175
C, = 3 _ ! (189945(1)° —79380(2)° +57510(3)° —21060(4)° +3321(5)°) |= —571
10! (67200)(6!) 14727
(4)® 1 14909440(1)° —3768320(2)° + 4259840(3)° —1454080(4)° %71:
10! (1814400)(6!) | +229376(5)° 358
B 1 2631250(1)° —350000(2)° +837500(3)° — 212500(4)° 1769
10! (145152)(6!) | +37250(5)°

Hence, the block is having an order (6,6,6,6,6)" with error constants

—-17 -137 —-571 —415 —358)
26556 14175 14727 4178 ' 1769
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5.2.2.2 Zero Stability of Five-Step Block Method for Fourth Order
ODEs.

Applying the equation (3.2.2.2.1) to five-step block method (5.2.1.35 — 5.2.1.39)

we have

1 0000)(000CO0°1
01000/|000071
det[rA® —A®]=[r[0 0 1 0 0|-|0 0 0 0 1|=0
00010/ |00001
0000100001

This impliesr =0,0,0,0,1. Hence, the method is zero stable.

5.2.2.3 Consistency and Convergence of Five—Step Block Method
for Fourth Order ODEs.

The conditions stated in Definition 1.4 are satisfied on block method (5.2.1.35 —
5.2.1.39) and this makes the method to be consistent. Hence, since the method is

zero-stable and consistent, it is therefore convergent.

5.2.2.4 Region of Absolute Stability of Five—Step Block Method for
Fourth Order ODEs.

Equation (3.2.2.4.2) is applied to five-step block method (5.2.1.35 — 5.2.1.39), we
have
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e’ 0 0 0 0 0 0O0O01

0 ¢ 0 0 0 0 0O0O01

0 0 €Y 0 0|-|0 0 001

0 0 0 e" 0 0 0O0O01

0 0 0 0 e 0 0O0O01
147135 ol _ 120480 o2 76290 o0 27930 ., 4407 o510 00 0 147378
5443200 5443200 5443200 5443200 5443200 5443200
509440e,g —314240e” 197120ew B 71680 oo 11264 ., 00 0 272896
907200 907200 907200 907200 907200 907200
189945 , 79380 i, 57510 ., 21060 ,;, 3321 4, 76464
e - e —e - e e +/0 O 0 —
67200 67200 67200 67200 67200 67200
465920€i9 —117760e” 13312093‘9 _4544oe4m 7168 o0 00 0 161792
56700 56700 56700 56700 56700 56700
2631250(3“’ _350000em 837500e3‘” _212500e4m 37250 &, 00 0 836500
145152 145152 145152 145152 145152 145152

Simplifying the above equation and equating the imaginary part to zero we have

h(@,h) =

(3.8442E + 58) cos 50 — (3.8442E + 58)

(4.3242E +52) cos 50 + (1.1433E + 55)

Evaluating 5(9, h) at intervals of & of 30° gives results as tabulated in Table 5.1.

Table 5.1

Interval of Absolute Stability of Five-Step Block Method for Fourth Order ODEs

0

0

30

60

90

120

150

180

h(6,h)

-6294.81

-1677.99

-3362.33

-5053.05

-449.00

-6750.19

Therefore, the interval of absolute stability is (-6750.19, 0). This is shown in the

diagram

below
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- 4000 - 2000 4000 6000

Figure 5.2. Region of absolute stability of five—step block method for fourth order
ODEs.

5.3 Six -Step Block Method for Fourth Order ODEs.

This section considers the derivation of six-step block method and establishment of

its properties for fourth order ODES.

5.3.1 Derivation of Six-Step Block Method for Fourth Order ODEs.

Power series of the form (5.2.1.1) is considered as an approximate solution to the
general fourth order problem of the form (5.2.1.2) where in (5.2.1.1) k =6 is the step-
length. The first, second and third derivatives of (5.2.1.1) are given in (5.2.1.3),
(5.2.1.4), (5.2.1.5) and (5.2.1.6).

Equation (5.2.1.1) is interpolated atx =x__,i =1(1)4and (5.2.1.6) is collocated at

n+i?

x=Xx__.,i=0(1)6. The diagram is shown below

n+i !
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C C C C C C C

Xn Xn+1 Xn+2 Xn+3 Xn+4 Xn+5 Xn+6

Figure 5.3. Six—step interpolation and collocation method for fourth order ODEs

This approach yields the result obtained below

AX =B (5.3.1.1)

where

8
n+l

8
n+2

9 10
n+l n+!
9 10
n+2 n+2
9 10

7
6 X
n+l n+l
4 5 6 7 ) X

n+2 n+2 n+2 n+
4 5 6 7 8
n+3 n+3 n+3 n+3 n+3 n+3 n+3
7 8 9 10

3 4 5 6

X X X Xn+4 Xn+4 Xn+4 Xn+4

n+4 n+4 n+4

0 0 24 120x, 360x; 840x’ 1680x‘ 3024x° 5040x°

24 120x,, 360x., 840x’ , 1680x’, 3024x’, 5040x’

n+l n+l
24 120x,,,360x: ,840x° , 1680, 3024x® , 5040X°,,

n+2 n+2

24 120x_ . 360x’ . 840x° . 1680x"

n+3 n+3

24 120x,,,360x; , 840X’ 1680x" , 3024x° , 5040x°

n+4 n+4
24 120x,,; 360X, ; 840x° . 1680x" . 3024x° . 5040x’

n+5 n+5 n+5

24 120X, 360X, 840x° . 1680x" , 3024x°, 5040x

n+6 n+6

3 4
n+l

5
n+l

X

xX X X
xX X

X X X
xX X X
X X X
X X X

5040x°®

n+3

3024x3

n+3

>
Il
O O O OO ©O OF Pk P

O O O oo o o

X =(a,a,,8,,8,,8,,8,,8,,a,,8,d,a,)

21 U3y Ay y Agy gy gy Ugy Ugy

B = (yn+1’ yn+2’ yn+3’ yn+4' fn’ fn+1' fn+2’ fn+3’ fn+4’ fn+5’ fn+6 )T
In order to find the values of a’s in (5.3.1.1) the use of Gaussian elimination method

is applied and this produces

4

a,= Ay, —6Y,,+4Y, .~ Yot (-16f, + 25741, +10029 1, , + 2504,

15120
x* x’h
+54f ,—-30f . +5f )+ f +———(183795f +885080f 6 +168935f ,+
24 " 3628800
3
390440f _—150455f , +50080f . +6875f )+—o _(25432f +1796760f
3628800
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10

+4609500 f P ——
3628800h6

+1132000f, , —4632f _+940f )+ (f. —6f  +15f ,

n+2 n+5

7

-20f ., +15f ,—-6f .+ f )+———
n+3 n+4 n+5 n+6) 40320h3

(49f —232f  +461f , —496f  +

307, , ~104f, , +15f )+~

(yn+1 3yn+2 + 3yn+3 - yn+4) + (Syn+l 8yn+2

6h3 2hz

6
129600h2

2h2
—972f, . +137f )+
604800

(812f, —3132f,  +5265f , —5080f, , +2970f

+7 yn+3 - 2yn+4) +

n+l n+3

5 (19523, +3253421, , +414440f, , +137360f, , -

X5

19825f , +5962f . —802f  )+—1
7200h

(147f, —360f , +450f, ,—400f,  +

9

225f , —-72f . +10f -57 +42 -11 +—(7f
n+4 n+5 yn+2 yn+3 yn+4) 725760h5 ( n

XS
—40f , +95f, ,—120f ,+85f , —32f .+5f )+ m (35f, —186f, , +

411f, , —484f  +321f , —114f _+17f )

n+3

3
N (25432f +1796760f. + 4609500 f

3628800 ,+1132000f , —4632f . +

4

X (147f ~360f  +
1440h

940 fn+6) + (26yn+1 57 yn+2 A 42yn+3 N llyn+4) +

3 2
h
450fm2—400fM3+225fm4—72fM5+10fm9-—51fn+—»§L——
6 " 1209600

+390440f. . =159455f . +50080f . +6875f )+

(183795f +
885080 f, +168935f
s
302400

n+2 n+5

(19523f, +325342f  +414440f, , +137360f, , —19825f, , +5962f,

9

802f, ) ——xn___(f —6f

362880h° +15f,, —20f, , +15f , -

n+1 n+5 + fn+6) -

X6

2
E%(yml—3ym2+3ym3—ym4) (49f —232f  +461f  —496f _+

5760h°
X5
307 fn+4 _104fn+5 +15fn+6)_ _8yn+2 +7yn+3 - yn+4) m(ngfn
8
3132,  +5265f , ~5080f _+2970f , ~972f . +137f . )———" __(7f
80640h°

X7

—40f T
30240h*

+95f , —120f, , +85f, , —32f _+5f )— (35f, —186f

n+1 n+3

+411f, , —484f  +321f, , —114f _+17f )
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4

souorr B12f, ~3132f,, +52651,,

2h2 ( yn+l 8yn+2 + 7yn+3 - 2yn+4) +
h2
~5080f , +2970f , —972f _ +137f )+
604800

(19523f, +325342f,  +

2

+137360f, , —19825f, , +5962f . —802f, )+ XT" f

8
Xn

414440f S
80640h°

(fn

n+2

—6f ,+15f ,—-20f , +15f ,

(183795f, +885080f, ,

n+l n+3

n+5 n+6) 1209600

+168935,., +3904401, , ~1504551, , + 50080, ~6875,.,) + - (¥,., -

n+2

5

1920h3

7

201 6Oh5

+461f, , —496f  +307f , —

3yn+2 + 3yn+3 - yn+4) + (49f - 232f

n+l

+

104, +15f, )+ (7f —40f

n n+l

+95f, , —120f , +85f , —32f

n+5 n+5

6

8640h4(35f -186f , +411f , —484f . +321f , -114f . +17f )+

5 fn+6)

3

720h

(147f —360f  +450f , —400f, , +225f , —72f, _+10f ).

h

o (183795f +885080f,  +168935f
3628800

+390440f, , —159455f,  +

n+2

4

50080 fn+5 i 6875 fn+6 ) _6% (yn+1 - 3yn¢2 +3yn+3 - yn+4) (49 f - 232 f

1152h3
X X,

14611, 496, , 4307 f,; =104f [i+15f, o) ~=" f] =L=Dos(f —6f , +
6 30240h

6

X,

-20f
8640h°

15f

+15f . fe+f )—

n+3 n+

(7f, —40f,, +95f , —120f,

n+2 n+l

5

+85f , —32f _+5f ) (35f —186f

4320h4 e
2970f, , —972f . +137f ).

+411fF  —484f  +321f

n+3

1 X

24 " 17280 9% 01

+ fn+6) +

147f, -

(f. —6f  +15f  —20f

n+l n+3 n+5

1440h

5
! (71, ~4o0f

360f, , +450f ,—400f,  +225f  —72f

+95f ,

n+5 n+l

+10f )+
n+6) 57

120f, ., +85f ,—32f .+5f )+ +321f, , -

sasgnt o0 1861, + 4111, , — 4841, ,

(49f —232f  +461f , —496f  +307f ,—104f _+15f )

3

X
114fM5+17fm6)+ TS
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XZ

8640h°’

+

(812, —3132f,  +5265f, , —5080f, , +2970f , —972f _+137f, ).

X5

14400h°

a,-= ——— (1471, —360f

~200n N . +450f , —400f . +225f ,—-72f . +10f .)—

(f,

—6f

+15f,,, —20f, , +15f , — + f.6)—

n+3 n+4 n+5

(812f, 6 —3132f, , +5265f , —

n+1 n+l

21600h2

4

L (7f, - 401, +951,, ~120f, , +85f,,

5080f,, +2970f, , —972f, _ +137f, )—

X3

32f , +5f )- (35f —186f  +411f , —484f _+321f , —114f _+17f )
4320n°
2
w;msmgf—2%fm+4MLQ—4%ﬂm+$ﬂﬁﬂ—m4ﬁ%+5ﬁw)
a - 1 (812f —3132f  +5265f  —5080f _ +2970f  —972f _+137f )+
129600h?
X4
" (f —6f  +15f —20f . +15f  —6f + f 49f —232f
17280h5 ( n n+l n+2 n+3 n+4 n+5 n+6) 5760h3 (
3
461f ,—496f  +307f ,—104f _+15f )+ %ZBhS (7f —40f  +95f  —120f

2

X
+85f, —82f . +5f | )+ —"
n+4 n+5 n+6) 8640h4

(35f,—186f,  +411f  —484f  +321f , —114f

-+ D
a, = —m(‘lgfn —232fn+1 +461fn+2 —496fn+3 +307 fn+4 —104fn+5 +15fn+6)—
X3
——(f -6f , +15f ,—20f , +15f 35f, -186f ,
30240h6 ( n n+l n+2 n+3 nd n+ n+6) 302 0h4 (

2

411fF , —484f  +321f , —114f . '*17fm6)_2if?iiT5

(7f —40f  +95f  ~120f

+85f ,—-32f . +5f ).

n+5

1
a, = m(35 fn —-186 fn+1+411fn+2 —484 fn+3 +321fn+4 -114 fn+5 +17 fn+6)
X2
+—n—(f —6f  +15f  —20f ,+15f ,— — (7 f
80640h5 ( n n+1 n+2 n+3 n+4 n+5 n+6) 80640h5 ( n

-40f ,+95f ,—-120f . +85f ,—32f .+5f )
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1

a,= - (7f —40f  +95f  —120f _+85f ,—32f _+5f )—
725760h°
Xn
362880N° (f,—-6f,, +15f , -20f , +15f , —6f  +f.;)
a, = ; ( fn -6 fn+1 +15 fn+2 -20 fn+3 +15 fn+4 -6 fn+5 + fn+6)
3628800h°

Substituting the values of a’s into equation (5.2.1.1) and simplifying, this gives a

continuous linear multistep method of the form:
k-2 Kk

yo) =2 a,(x)y,.; +h*> B, f,, (5.3.1.2)
i=1 j=0

where x =zh+x_ +5h (5.3.1.3)

Equation (5.3.1.3) is substituted into (5.3.1.2) and simplified to give

3

a,(2) =—1—%—z2 —%
7gi, z°

_’_7
2

a,(2)=4+T7z2+

19z z?
72)=—6-"--47" - —
a,(2) b 3
2 3
a,(2) =4+.—l§Z + 4 i

6

B,(2) = —=—— (1200 +19847 + 20882° +19557° 10082° — 3642° + 907’
3628800

+752° +152° + z2%°).

B.(2) = ——(~12240—197407 —178987° —150802° + 75602° + 26047°
3628800
—720z" —540z° —100z° —62").

5,(2) = 1 (642960 +1164900z + 655740z +1498152° — 252002°
3628800
—7980z° +2610z" +1665z° +2752° +152").

p.(2) = 1 (2364960 + 4576600z + 2655060z* + 409560z° + 50400z2°
3628800

+13160z° —5760z" —2760z° —400z° — 20z").
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B.(2) = — (642960 + 18165007 +18510002° + 7407057° — 756002°
3628800
~7140z° +74702" + 25652° + 3252° +152").
B.(2) = ——— (~12240 +188527 + 15082227 + 2319207° +1512007° + (5.3.1.4)
3628800
38808z° — 41162° — 504027 —1260z° —140z° — 62").
;g(z)::-——45———(1200-F940z-4812z2-6875z34-504025-F383626-F135027
3628800

+255z° + 252° +2%).

Evaluating (5.3.1.4) at the non-interpolating points. That is, at z=-5, 0 and 1 gives
15120y, ., — 60480y, ., + 90720y, , — 60480y . +15120y, =h*(5f, .

n+4 n+3 n+2 n+l (5.3.1-5)
—30f,  +54f , +2504f ,+10029f, , +2574f  —16f,).
15120y —60480y. , +90720y_ , —60480y , +15120y  =h*(5f, (53.16)
—51f _+2679f , +9854f _+2679f  —51f  +5f ).
15120y, , ~151200y, , +302400y, , — 226800y, , + 60480y, , =h*(4f,, (53.17)

+2370, . +20745f, , +41920f, , +10770f, , —234f,  +25f,).

The first derivative of (5.1.3.4) gives

-11 Vg
a()ys——22- =
(@)= :
2
a,(2) = 0+ zZH 4
-19 3z°
al(z) ===-8z-
2(2) 5 5
2
a,(z) =E+32+ 3z
3
/%(z)=-———l———(19844—41762—k586522——504024——2184254—63026
3628800
+600z" +135z° +102°).
pl(2) = ;(—19740—357962 —45240z% +37800z° +156242°
3628800
-5040z° —4320z" —900z° —602°).
Bi(z) = 1 (1164900 +1311480z + 449445z° —126000z" —
3628800
47880z° +18270z° +13320z" +2475z° +1502°).
Pi(z) = 1 (4576600 + 5310120z +1228680z° + 252000z*
3628800

+789602° —40320z° — 22080z’ —3600z° —2002°).
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Bl(2) = — - (1816500 + 37020007 + 22221157° — 3780002"

3628800
—428407° +522902° + 2052027 + 2925z° +1502°).
Bl(2) = ——— (18852 + 3016447 + 6957602 + 6048002° +1940407° (5.3.1.8)
3628800
—246962° —352802° —10080z" —1260z° —602°).
Bl(2) = — (940 — 96247 — 206257° + 252007* + 230162° +
3628800

9450z° + 2040z +225z° +10z°).
Equation (5.3.1.8) is evaluated at all the grid points. i.e, at z=-5, -4, -3, -2,
-1, 0 and 1 produces
+3931200y _,, =

907200hy’ —1663200y. _, + 6350400y, — 8618400y
h*(-235f, . +1158f _ —283000f, , —1152375f , —449190f, (5.3.1.9)
—6358f ).

n+4 n+3 n+2

100800hy’ , — 3360y, , +15120y_, —30240y_, +18480y  =h*(7f .

(5.3.1.10)
—75f . +385f , —6690f . —17715f , —1147f  +35f ).

907200hy’ , +151200y_, —907200y. ., + 453600y, + 302400y =
h*(-134f . +1122f . —4425f , +35440f _ +44580f , —1146f .  (5.3.1.11)
+163f,).

907200hy’ , + 302400y

n+3

+ 453600y, , — 907200y, , +151200y, , =
h*(134f,,, =1101f, +3960f , —49270f , —30750f, , +1611f (5.3.1.12)

~184f).

n+4 n+3 n+2

10080hy’, —18480y, , +30240y , —15120y_, +3360y,, =h*(-7f .

(5.3.1.13)
+14f _+1000f , +17960f , +6445f —238f  +26f ).
907200hy’ . + 3931200y, , + 8618400y, , — 6350400y, , +1663200y, , =
h*(235f . +4713f _ +454125f , +1144150f, , +291225f  —4935f  (5.3.1.14)

+487f,).

907200hy’_, — 7106400y, +17236800y, , —14061600y. , + 3931200y
—h*(7658f, , +435930f . +1848915f , +2845040f , +696540f ,  (5.3.1.15)
~14418f _ +1535f ).

n+1

The second derivative of (5.3.1.4) gives
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a/(z)=-2-12

a,(2)=7+3z

a,(z)=-8-32

a;(z)=3+z

Bi(z )— (696 +1955z —3360z° —1820z* +630z° + 700z° +180z"
+152 ).

pl(z)= (—5966 —15080z + 25200z° +13020z* —5040z° —5040z2°

6048
~1200z7 —90z2°).

PL(2) = 2o (218580 +1498157 ~840002° — 39900z +182702° +
15540z° +3300z" + 225z°).
1(z) = 504 180 (885020 + 409560z +168000z° + 65800z — 40320z° —
25760z° —4800z" —300z°).
1(2) = 1 (617000 + 740705z — 252000z° — 35700z +522902°
604800
+23940z° +3900z" + 225z°).
" 1
p(z) = Briod (50274 + 231920z + 302400z* +129360z° — 20580z * (5.3.1.16)
—35280z° —11760z° —1680z" —90z°).
"(2) = — - (~1604 — 68752 + 168002° 1191802 +94507° + 23807°
604800

+300z" +15z°).
Evaluating (5.3.1.16) at all the grid points. That is, at z=-5, -4, -3, -2,-1, 0
and 1 gives

302400h?y” + 604800y, — 2116800y, , + 2419200y, , — 907200y, , =

h*(-802f, , +5962f,  —19825f , +137360f, , +414440f , (5.3.1.17)
+325342f  +19523f ).

302400h?y”  +302400y_ , —1209600y. , +1512000y., — 604800y , =

h*(148f . —943f _ +2130f , +48350f . +201340f, (5.3.1.18)
+27177fF  —1002f ).

302400h%y" , 302400y, , +604800y, , —302400y, =h*(-7f .

(5.3.1.19)
+42f, _—50f ,—920f  —23295f  —1018f _ +48f ).
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302400h°y” , 302400y, , +604800y, , —302400y, , — 604800y, =

(5.3.1.20)
h*(-7f . +97f _—1165f  —7f).
302400h%y” , —604800y, , +1512000y, , —120960y , +302400y, . =
h*@148f . —2038f, _+30285f ,+196160f, , +53530f, , —978f . (5.3.1.21)
+93f,).
302400h2y” . —907200y, , + 2419200y, , — 2116800y, , + 604800y, =
h*(-802f, . +25137f, . +308500f , +442510f  +109290f (5.3.1.22)
—2983f  +348f ).
302400h%y” . —1209600y, , +3326400y, , —3024000y, , +907200y, =
h*(19823f . +322282f _+575180f , +728600f, , +140915f (5.3.1.23)
+2902f  —502f ).
The third derivative of (5.3.1.4) gives
a(z)=-1
a;(z) =3
ag(z) = -3
a;(z) =1
V(2¥F 3 (391-2016z° —1456z° + 630z +840z° +252z2° +24z7").
120960
"(2) = 1 (30161512027 +104167° —50407* — 60482° —16802°
120960
—1447").
"(z) = 1 (20063—504002° —319207° +182702* +186482° + 46207°
120960
+360z7).
"(z) = 1 (81912+1008002% +526407° — 403207* —309127° — 67207°
120960
—480z").
"(z) = L (148141-1512002% — 285607° +522907* + 287287° +54602°
120960
+360z7).
"(z) = 1 (46384+1209607 + 7761627 —164647° —352807" —141127°
120960

—23527° -1447").
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Bl(z) = ———(-1375+100800z° +15344z° +9450z* + 28562° + 420z°

2096 (5.3.1.24)
+24z").

Equation (5.3.1.24) is evaluated at all the grid points. i.e, at z=-5, -4, -3,
-2,-1, 0 and 1 yields

120960h°y" — 120960y, + 362880y, , — 362880y, , +120960y
h*@375f . —10016f . +31891f , —78088f . —33787f, (5.3.1.25)
—177016f _, —36759f, ).

n+4 n+3 n+l

120960h°y”, —120960y, , + 362880y, , — 362880y, , +120960y, =
h*(-351f, , +2608f . —8531f , —3080f, ,—126709f , —46792f (5.3.1.26)
+1415f ).

120960h*y™ | —120960y, , + 362880y, , — 362880y
h*(@91f, , —1568f
—311f ).

+120960y, , =
+3464f, (5.3.1.27)

n+2

+6067f, , —35502f, , —32731f

n+5 n+2

120960h*y", =120960y. , + 362880y . — 362880y, +120960y _ =
h*(~191f, . +1648f, . —7475f , +39416f, , +28907f , —2056f , (5.3.1.28)
+231f ).

120960h*y” , —120960y

n+4

+362880y, , — 362880y, ,
h*(351f, , —3872f . +54163f , +114424f  +15365f (5.3.1.29)
+1160f, , —151f ).

+120960y , =

n+4 n+3 n+1

120960h°y” . 120960y, , + 362880y, , — 362880y , +120960y. =
h*(-1375f , +46384f . +148141f , +81912f,  +29963f (5.3.1.30)
—3016f , +391f,).

120960h°y™ . —120960y., , + 362880y, , — 362880y, , +120960y, , =
h*(36799f, . +176608f, . +55219f , +156920f , —10459f, (5.3.1.31)
+9608f, , —1335f,).

n+5 n+4

Joining equations (5.3.1.5) - (5.3.1.7), (5.3.1.9), (5.3.1.17) and (5.3.1.25) to form a
block (1.10). This produces
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—60480 90720 — 60480 15120
15120  —60480 90720 — 60480
60480 —226800 302400  —151200
3931200 -8618400 6350400 —1663200
—~907200 2419200 -2116800 604800
120960 —362880 362880  —120960
0000 0 -15120)y , 0000
00000 0 v, 0000
000000 Yos|, 40 O O O
00000 0 Yoo 0000
00000 0 You 0000
00000 0 Y, 0000
00000 0 Yy 00
00000 0 vy, 00
hz00000 0 y;73+h300
0 00000 0 - 0 0
000 0 0 0 —302400 | Y., 00
00000 0 Y. 0 0
2574 10029 2504 54
~51 2679 9854 2679
he — 234 10770 41920 . 20745
— 449190 -1152375 - 283000 0
325342 414440 137360 —19825
~177016 33787 —78088 31891
00000 -16 Yf,
00000 5 f,
Lpe0 0000 25 f
000 0O -6358|f,.,
000 0O 19523 || f,.,
0 00 00 —36759)f,

Multiplying the above equation by (A°)™

286

0

15120
0 15120
0

0
0
0

O O O O O o

0 0
0 0
0 0
0.0
0 0
0 0

O O O ©O O o

-30
-51
2370
1158
5962

0
0

0
0

—-907200

0
0

o O O O

0

yn+1
yn+2
yn+3

yn+4
yn+5

yn+6

Yos
Yo s
Yoos
Yoo
Yos

Y,

Yos
Yo
Yo
Yoz
Yos

~120960 )\ v

5
5
4

—235
—-802
—10016 1375

n+l

n+2

n+3

n+4

n+5

—h =h —h =—h  —h  —h

n+6




10000 0y, ) (00000 1)y, 00000 1Yy,
010000fy,||[0000O0T1fy, 00000 2|y,
001000yn+3_000001yn73+h000003y[']_3+
00010 O0|Yual| [000O0O0 1|V 00000 4|V
0000 1O0[Yus| |OO0O0O0 O 1]VYs 000O0U 0G|y,
00000 1Y) \O O OO0 0 1\, 00000 6y,
. 0 00O0O %
00000 =1y
2 y?‘5 000 00O 4 yT.‘5
00 00O 2|vy., 3 |y,
9 . 9
hzooooozi//U,sthsoooooEinfs+
n-2 n-2
00000285y~ ooooo§y---
00000 &2 3
2 |y 125 |y~
0 00 0 0 18\ rahd
36
74  -157 181 -196 110  -17
2397 4947 6749 13303 23653 26556
1135 —-199 388 127 998 137 | .
1832 405 945 567 14175 14175 f”*l
1447  -721 261 -196 3159 -571 | "oz
hel 473 409 160 219 11200 14727 | f.s |,
5050 —667 1361 —928 2048 —415 | f
573 187 ~ 314 405 2835 4178 | f
11431 1743 7039|5539 © 3661 | 358 | .
591 320 717 1231 2489 1769 e
6318 —243 684 —243 486 -9
175 35 35 35 175 25
00000 3
3518
00000 223 fs
1762 |
721 n-4
00000 =
he 656 | fus (5.3.1.32)
000 0O 997 | fo,
362 | f .
0000 o 1807 f
289
175
which gives
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2\, 3 m h4 o
Yo = Ya +hy + 2h Y. +6h Y.+ —3628800( 2323fn+6 +16876 fn+5 (53133)

—53465f , +97320f , —115165f , +112028f , +95929f ).

n+l

h4
+2hy’ +2h*y" + — h3 "+ -137f
yn+2 yn yn y 3 y 14175( n+6

+8782f  +4127f ).

+998f _ —3175f . (5.31.34)

+5820f, , — 6965

n+2

4
yms=yn+3hy;+%h2yn+9h3y’” h ———(-1737f

44800 e
+137052f_ +49239f ).

+12636 (5.3.1.35)

—40095f_, +73080f, , —78975f

n+2

h4
(-2816f ,
28350

—64960f , + 122880 f ,—101120f , +249856f _ +78080f ).

Yoo =Y, +4hy, +8h%y" +— 32 h"“y v

125 h*
+5hy’ + h “hiy"4+
yn+5 y y y yn 145152

6
—653125f, , +1425000f,,, — 790625 f

(-29375f, , +213500f, (5.3.1.37)

+2807500f , +807125f)).

n+4 n+2 n+l

4

' 2.1 3 m h
V... = Y, +6hy’ +18h°y” +36h°y" + m(—l%fm@ +9721,,.= 24301, (53.1.38)

+6840f . —2430f  +12636f , +3438f,).

n+l

Substituting (5.3.1.33) - (5.3.1.36) into (5.3.1.10) — (5.3.1.15) to give the first

derivative of the block

h3
"=y +hy"+=h%y” —9809f . +71364f . —226605f
yn+1 yn yn 2 yn 3628800 ( n+6 n+5 n+4 (53139)

+414160f, , —494715f , +506604f _ +343801f,).

3

y,, =y, +2hy"+2h2y"+ (-491f, , +3576f,  —11370f, ,

28350 n+6 (5.3.1.40)
+20800f,  , —24465f , +35976f 6 +13774f).
3hy’ o hy” h* 1917 f 13932 f 44145 f
yn+3 y + y +- 2 y + 44800 (_ n+6 + n+s n+4 (53141)
+80640f, , —72495f , +172692f , +52893f ).
2 h*®
y ., =Yy +4hy" +8h*y"+ —— 28350 (—2272f ,+16512f . —52080f , (5.3.1.42)

+108800f, , —54240f , +223872f _ +61808f,).

3
Yy .. =Y +5hy" + hzy;"+ h (-18625f,, +136500f . —358125f ,
145152 (5.3.1.43)

+1070000 fM —256875f, , +1945500f  +505625f ).
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3

(-126f, . +1296f _ —1620f
700

Y=V +6hy”+18h2y”’+ .. +8640f . (5.3.1.44)

n+6

—810f , +14256 fm +3564f ).
Substituting (5.3.1.33) - (5.3.1.36) into (5.3.1.18) — (5.3.1.23) to give the

second derivative of the block

2

(-995f, _ +7254f _—23109f , +42484f

Yia = Yoty o 0oes (5.3.1.45)
~51453f, , +577501, , +28549f,).
Yo, =Y. +2hy!+ 28;60 (—2432f  +17664f , —55872f , +100864f , (5.3.1.46)
~107520f, , +223488f , +65728f ).
h?
Via=Yi+ 3T+ 2o (F1411,  +10261, , ~3267f,, +6300T,. 5oy 47y

—2403f, , +14850f _ +3795f ).

n+2

2

"o " h
y! . =Y +4hy’ +%(—40fn+6 +288f , —840f , +2624f ,-72f ,+4512f | (5.3.1.48)

+1088f,).
2
Yoo =Yy +5hy" + 155 (-1375f, ,+11550f . —5625f , +102500f, ., (5.3.1.49)
+9375f, , +150750f, , +35225f)).
” I” h2
yn+6 = y +6hy 0(216 fn+5 +54fn+4 +816 fn+3 +108fn+2 +1080 fn+l (5.3.]“50)

+246f ).
Substituting (5.3.1.33) - (5.3.1.36) into (5.3.1.26) — (5.3.1.31) to give the third

derivative of the block

m W

yr o=y"+ soag0 e $6312F —20211f , +37504f , —46461f , (5.3.1.51)
+65112f , +19087f ).
yr, =y +ﬁ( -37f,,+264f . —807f ,+1328f ,+33f ,+5640f , (5.3.1.52)

+1139f)).

yr.o=y" +—( -29f , +216f . —729f ,+2176f . +1161f , +3240f , (5.3.1.53)

+685fn).
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_h

Y =y 1550 (-16f  +96f _+348f ,+3008f  +768f  +572f). (5.3.1.54)
h
"oy —275f 5640 11625f 16000 f 6375f
yn+5 yn + 12096( n+6 + n+5 + n+4 + n+3 + n+2 (53155)
+17400f, , +3715f ).
VARERVAES %(Mfm6 +216f  +27f ,+272f ,+27f ,+216f  +41f). (5.3.1.56)
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5.3.2 Properties of Six-Step Block Method for Fourth Order ODEs.

In this segment, the order, zero-stability and region of absolute stability of six—step

block method for fourth order ODEs are examined.

5.3.2.1 Order of Six-Step Block Method for Fourth Order ODEs.

The approach discussed in section 3.2.2.1 is applied in finding the order of the block

method (5.3.1.33 — 5.3.1.38) as shown below

112028(1)" —115165(2)"
imy“)—iﬂy(m— 95929 \avw 5 N el | 97300(3)" —53465(4)"
Sm’" & mP" 3628800 " &% (3628800)(m!) 7"
1+16876(5)" — 2323(6)"
) 8782(1)" — 6965(2)"
© m 3 m . +m
z (Zh) yr(]m) _Z (Zh) yr(]m) o 4127 hAy;V i h yr(]4+m) + 5820(3)m _3175(4)m
= ml = ml 14175 £ (14175)(m!)
+998(5)" —137(6)"
) 137052(1)" — 78975(2)"

3 m . +m
=3 (3n) yim— 4R hys=>" - y“ ™| 1 73080(3)" — 40095(4)"

Z ml = m 44300 £ (44800)(m!)
1+12636(5)" —1737(6)"
N o Adan ;. 249856(1)" —101120(2)"
0 m 3 m 2, +m
m_ m _ h'y = ————— y™®™I 1 122880(3)" — 64960(4)"
2, m Z; m " 28350 " Z; (28350)(m1) " ) “)
1 20480(5)" — 2816(6)"

e e 2807500(1)" — 790625(2)"
5O 5 Oy 80T v N pem) | 1425000(3)" - 653125(4)"
= m = m 145152 £ (145152)(m!)

+213500(5)" — 29375(6)"
. 12636(1)" — 2430(2)"

= (6h)" . < (6h)" ., 3438 ., . & h o i i
- - h'y) = +6840(3)" — 2430(4

2 2 " 3528800 ¥~ 2 Bozesooy(m) ) “)
+972(5)" ~126(6)"

m=0

Comparing the coefficients of h"andy yields
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3 3
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3 3
®° @
3 3
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3 3
®°_6)°
R
©° _©°
R

O @ C-6—0OnN®
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1 95929 1 [112028(1)” —~115165(2)° +97320(3)° — 53465(4)° +J

41 3628800 (3628800)(0!)

16876(5)° — 2323(6)°

(2)4 4127 1 0o _ 0 0 _ 0 0o _ 0
oL @S0 (8782(1)° — 6965(2)° +5820(3)° — 3175(4)° +998(5)° —137(6)°)
(3) 49239 1 137052(1)° — 78975(2)° + 73080(3)° — 40095(4)°
A 44800 (44800)(0) | +12636(5)° —1737(6)°
(4)° 78080 1 249856(1)° —101120(2)° +122880(3)° — 64960(4)°
4 28350 (28350)(01) | +20480(5)° — 2816(6)°
(5 807125 1 2807500(1)° — 790625(2)° +1425000(3)° — 653125(4)°
4 145152 (145152)(01) | + 213500(5)° — 29375(6)°
6 3438 1 . . . : o oo
2 3628800 (626900)0) (12636(1)° — 2430(2)° + 6840(3)° — 2430(4)° +972(5)° —126(6)°)
1 1 112028(1)' —115165(2)" + 97320(3)" — 53465(4)" +16876(5)"
51 (3628800)(1!) | — 2323(6)!
(2)5 _ 1 1 _ 1 1 _ 1 1 _ 1
S car) (8782(1)" — 6965(2)" + 5820(3)" —3175(4)" +998(5)' —137(6)")
©3° - 1 137052(1)" — 78975(2)" + 73080(3)" — 40095(4)"
51 (44800)(11) | +12636(5)" —1737(6)"
@1 249856(1)" —101120(2)" +122880(3)" — 64960(4)’
51 (28350)(1!) | + 20480(5)" — 2816(6)"
) 'y 1 2807500(1)" — 790625(2)" +1425000(3)" — 653125(4)"
51 (145152)(1) | +213500(5)" — 29375(6)"
(6)5 ™~ 1 S 1 a & <y P 1
N oY (12636(1)" — 2430(2)" + 6840(3)" — 2430(4)" + 972(5)* —126(6)")
1 1 112028(1)° —115165(2)* + 97320(3)* —53465(4) +16876(5)°
6l (3628800)(2') —2323(6)?
(2) 2 _ 2 2 _ 2 2 _ 2
- (14175)(2|) ——___(8782(1)* —6965(2)* +5820(3)* —3175(4)’ +998(5)* —137(6)?)
@) 137052(1)% — 78975(2)7 + 73080(3)? — 40095(4)’
6! (44800)(2' ) +12636(5)> —~1737(6)*
4 249856(1)° —101120(2)* +122880(3)* — 64960(4)’
6! (28350)(2') +20480(5) — 2816(6)°
G)* 1 2807500(1)% — 790625(2)* +1425000(3)* — 653125(4)*
6! (145152)(2!) | +213500(5)° — 29375(6)’
(6)6 _ 1 2 2 2 2 2 2
o~ (3628800)2) (12636(1)> — 2430(2) + 6840(3)* — 2430(4)? +972(5) —126(6)?)
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1
7
"
7!
©)
7!

)’
7!

)
7!

7

1

3

(2
8l

©)
8!

(4)
8!

G) _

8!

6)° -

8l

- (3628800)(3')

© (145152)(3))
(O

(3628800)(4!)

(145152)(4))

(3628800)(4!)

1 112028(1)° —115165(2)° +97320(3)* — 53465(4)* +16876(5)°
—2323(6)°

(14175)(3,) ———___(8782(1)° - 6965(2)° +5820(3)° — 3175(4)° + 998(5)° —137(6)°)

137052(1)° — 78975(2)° + 73080(3)° — 40095(4)°
(44800)(3') (+ 12636(5)° —1737(6)° J
249856(1)° —101120(2)° +122880(3)° — 64960(4)°
(28350)(3‘) L 20480(5)° — 2816(6)° j
1 2807500(1)° — 790625(2)° +1425000(3)° — 653125(4)°
[+ 213500(5)° — 29375(6)° J
1
(3628800)(3!)

(12636(1)° — 2430(2)° + 6840(3)° — 2430(4)° + 972(5)° —126(6)°)

1 112028(1)* —115165(2)" +97320(3)* —53465(4)* +16876(5)*
(— 2323(6)* J
(141715 S (8782(1)* —6965(2)* +5820(3)* —3175(4)* +998(5)* —137(6)* )
137052(1)* — 78975(2)* + 73080(3)* — 40095(4)*
(44800)(4') L 12636(5) —1737(6)" J
249856(1)* —101120(2)* +122880(3)* — 64960(4)*
(28350)(4') [+ 20480(5)" —2816(6)* j
1 2807500(1)* — 790625(2)" +1425000(3)* — 653125(4)*
[+ 213500(5)" — 29375(6)" J
1

(12636(1)* — 2430(2)" + 6840(3)* — 2430(4)" +972(5)" —126(6)")

112028(1)° —115165(2)° +97320(3)° —53465(4)° +16876(5)° ]

ol (3628800)(5')( 2323(6)°

2°

9l
©)

(14175)(51) (8782(1)" - 6965(2)" +5820(3)° ~3175(4)° +998(5)" ~137(6)°)

9!
(4)°

137052(1)° — 78975(2)° + 73080(3)° — 40095(4)°
(44800)(5') 1+12636(5)° —1737(6)°

a

6 _

249856(1)° —101120(2)° +122880(3)° — 64960(4)°
(28350)(5') +20480(5)° — 2816(6)°

9l

6)°

1 2807500(1)° — 790625(2)° +1425000(3)° — 653125(4)°
(145152)(5!) | + 213500(5)° — 29375(6)°

L (12636(1)° — 2430(2)° +6840(3)° — 2430(4)° +972(5)° —126(6)° )

9!

(3628800)(5!)
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10

1 =

1 1 112028(1)° —115165(2)° + 97320(3)° — 53465(4)° +16876(5)°
101 (3628800)(6!) | — 2323(6)"

(f())! - (141715)(6!) (8782(1)° — 6965(2)° + 5820(3)° — 3175(4)° + 998(5)° —137(6)°)
3)° 1 137052(1)° — 78975(2)° + 73080(3)° — 40095(4)°

101 (44800)(6!) (+ 12636(5)° —1737(6)° J

(4)° 1 249856(1)° —101120(2)° +122880(3)° — 64960(4)°

101 (28350)(6!) (+ 20480(5)° — 2816(6)° J

(5)° 1 2807500(L)° — 790625(2)° +1425000(3)° — 653125(4)°

101 (145152)(8!) L 213500(5)° — 29375(6)° J

(6)10 3 l

o (3628800)(6!)(12636(1) —2430(2)° + 6840(3)° — 2430(4)° + 972(5)° —126(6)° )

1 1 112028(1)" ~115165(2)" +97320(3)" — 53465(4)" +16876(5)"
11 (3628800)(7!) (— 2323(6)’ J
Ok 1

111 (14175)(7)
% 1 137052(1)" — 78975(2)" + 73080(3)" = 40095(4)’

110 (44800)(7!) [+ 12636(5)" —1737(6)’ J
@)™ 1 249856(1)" —101120(2)" +122880(3)" — 64960(4)’

111 (28350)(7!) [+ 20480(5)’ — 2816(6)’ J
)" 1 2807500(1)" — 790625(2)" +1425000(3)’ —653125(4)’
11 (145152)(7!) (+ 213500(5)" — 29375(6)’ j
(6)" 1

111 (3628800)(7!)

(8782(1)" —6965(2)" +5820(3)" —3175(4)" +998(5)" —137(6)')

(12636(1)" — 2430(2)" + 6840(3)" — 2430(4)" +972(5) —126(6)’)

Hence, the block has order (7,7,7,7,7,7)" with error constants

39 109 243 361 430 81 )
74183 '13912° 7700’ 4457’ 2599 275

5.3.2.

2 Zero Stability of Six—Step Block Method for Fourth Order
ODEs.

|
O O O O o o

39

74183
109

13912
243

7700
361

4457
430

2599
81

275

Equation (3.2.2.2.1) is applied to six-step block method (5.3.1.33 — 5.3.1.38). This

gives
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det[rA® — AP] =

,
O 0O 0o o0 o K
O O Fr O O O
O B O O O O
R O O 0O o o
O O 0o o o o
O O O O o o
O 0O 0o o o o
O O 0o o o o
O O O O O o
N T N G Y

Il

o

o O O o+ O
o O O » O O

whis impliesr = 0,0,0,0,0,1. Hence, the method is zero stable.

5.3.2.3 Consistency and Convergence of Six-Step Block Method for Fourth
Order ODEs.

The block method (5.3.1.33 — 5.3.1.38) is consistent because it fulfills the conditions
highlighted in Definition 1.4. Hence, it is also convergent since it is zero-stable and

consistent.

5.3.2.4 Region of Absolute Stability of Six-Step Block Method for
Fourth Order ODEs.

Equation (3.2.2.4.2) is applied to six-step block (5.3.1.33 — 5.3.1.38) we have

- A-B
ho,h)=——
()C+D
where
¢ 0 0 0 0 O 000O0O 01
0 e 0 0 0 0 000001
A_00e3‘3000 B_000001
1o 0 0 e* 0 0 1000001
0 0 0 0 €% o0 000O0O01
0 0 0 0 0 e 000O0O01
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4

112028 , 115165 ,, 97320
e e e

3628800 3628800 3628800
8782, 6965 ., 5820 ,,
14175 “1a175 ¢ 14175
137052 , 78975 ,, 73080 ,,

c_| 44800 " aa800° 44800

249856 ,, 101120 ,, 122880 ,,
28350 28350 28350

2807500 , _ 790625 ,, 1425000 ,,
145152 145152 145152
12636 , 2430 ,, 6840 ,,
350 350 350
00 0 0 95929

3628800

00000 HZ

14175

000 0 o 49239

D 44800
00 0 0 o 8080
28350

00 0 o o 807125
145152

350

_ 53465, 16876 ., _ 2323
3628800 3628800 3628800
3175, 98 . 137
T1a175 14175 14175
40095 ,, 12636 17370
44800 44800 44800
64960 ,, 20480, 2816,
28350 28350 " 28350
653125 ,, 213500 ,, _ 29875
145152 145152 145152
M0, 92, 1%,
350 350° 350

The matrix above is simplified, after finding the determinant and equating the

imaginary part to zero we have

(3.3376E -+ 86) cos 60, (3.3376E + 86)

h(8,h) =

(9.6573E + 79) cos 66 — (4.2077E + 82)

The value of (6, h) is evaluated at the intervals of @ of 30°and this produced the

results tabulated in Table 5.2.

Table 5.2

Interval of Absolute Stability of Six—Step Block Method for Fourth Order ODEs

0 0 30

60

90

120

150 180

h@.h) | o0 | 15828.05

15828.05

0 15828.05 0
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Hence, the interval of absolute stability is (0, 15828.05). This is shown in the
diagram below

0000

- 10000 - 5000 5000 10000

Figure 5.4. Region of absolute stability of six—step block method for fourth order
ODEs.

5.4 Seven-Step Block Method for Fourth Order ODEs.

This section contains the derivation of seven-step block method for solving fourth

order ODEs. It also includes the properties of the block method.

5.4.1 Derivation of Seven-Step Block Method for Fourth Order ODEs.

The power series of the form (5.2.1.1) is considered as an approximate solution to
the general fourth order problem of the form (5.2.1.2) where in (5.2.1.1) k =7. The
first, second and third derivatives of (5.2.1.1) are given in (5.2.1.3), (5.2.1.4),
(5.2.1.5) and (5.2.1.6).

Interpolating equation (5.2.1.1) at the points x=x_.,i=2(1)5and collocating

n+i?

(5.2.1.6) at x=x__.,i =0(2)7. The diagram is demonstrated below

n+i?
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Xn+3 Xn+4

Xn+5

Xn+6

Xn+7

Figure 5.5. Seven-step interpolation and collocation method for fourth order ODEs.

This technique produces
AX =B

where

T
X =(aO’a‘l'a2’a3’a‘4'a5’a6’a7’a8’a9’a107a‘11)

B - (yn+27 yn+3' yn+4’ yn+5’ n? "n+l? "n+2? "n+3? "n+4! "n+5? "n+6! " n+7

1 Xn+2 Xn+2 XnAZ
1 Xn+3 X§+3 X:+3
1 X X§+4 X:+4
L/ N b B\
il JIN b
o\ HTEATH o
AN, =7 /)
000 0
0 0 0 0
00 0 0
00 0 O
00 0 O

f,f

foos fran Foan Fogs fon

7
n+2

7

8
n+2
8
+3 n+3
8
+4 n+4
7 8
n+5 Xn+5

6
n+2

X X
6 X
X

X

n+3
6
n+4

X X

n+5

X X X

n
7
n

120x_, 360x;, 840x: , 1680x’

n+l

120, 360X;., 840x°,,1680x"

n+2

120x,., 360x,, 840x’ , 1680x’

n+3

120x,., 360x,, 840x’,, 1680x"

n+4

120x,., 360X, 840x® , 1680

n+5

120x,,, 360x7 . 840x° . 1680x*  3024x° 5040x°  7920X’

n+6 n+6

120x,., 360x2,, 840x° . 1680x" . 3024x° . 5040x° . 7920x’

n+7 n+7

)T
9
n+2
9
n+3

9

n+4
9

n+5

X X X

X

3024x°

n+1

3024x°

n+2

3024x°

n+3

3024x;

3024x°

n+6

n+7

10
n+2
10
n+3
10
n+4
10
n+6

X
X
X

X

360x: 840x° 1680x‘ 3024x° 5040x° 7920x

5040x°

n+l

5040x°

n+2

5040x° ,
5040x°.,
5040x;

n+6

n+7

(5.4.1.1)

1
n+2
1
n+3
11

n+4
11

n+7

X
X
X
X

7920x’ ,
7920

n+2

7920x/

n+3

7920x]

n+4

7920x7 .

n+6

n+7

Gaussian elimination method is applied in finding the values of a’s in (5.4.1.1). This

gives

aO = lo yn+2-20 y

n+3

41745, +10945f  +339f +60f  —5f ) +

+15y

n+4

4

4y 4" (9 +2335¢

15120

n+l

h®x

9979200

+20850f,, +

(86853 +

4776925 f, +20392980 f, , +31203915 f__ +7753465 f_, —213513 f,__+
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35190 f,

+6 2615 fn+7 )

35f,,,-21f . +7fF ,—

X4

50400h

+490 f |

751735f,

(1089 f_

6 _6Ofn+7 )+

+117780fF, ,

X
PRELTY . R
24 " 39916800h

— 2940 f,

4 11

X,

2KL2

604800

-27f , +78f,, —125f .

-333f
X,

J’_

n+l
9

2177289h

25 fn+7 ) + (yn+2 3yn+3 + 3yn+4 - yn+5 )

11787 f,

h3
9979200

7753465 f,
2940f . +4410f

x*h
3628800

+498474
+561299 f

10

X,

~ 3628800h’

2

X
TN

(4

—9490 f

3yn+4 - yn+5)

n+3

852f , —1219f

5

3

(86853 f, +4776925 f

(535111 f +2767238f

—138143f

n+2

(f 7f

n+l

yn+2 11yn+3 + 10 yn+4 yn+5 )

+7380f , —3618 f

7

+751735f

604800h3

_213513F

n+6

n+3

(967 f —5104 f

+120f , —69f _+22f  —3f )+

+1056 f, , —555

n+3

(46 f, —295f  +810f, , —1235

n+l

+35190 f . —2615f )

+473931f

n+l

7

. +4410f , —4900 f_
(19162 f, + 326909 f

+16783f, —5129f _

fn+5

f

6048000"
— —15560fn+3 +12725F , — 6432, +1849f _ —232f )

+20392980 f,

n+2

X h?

+16874f ) —
+117780

n+4

+21f  —35f  +35f ,

X,

n+5

n+1

300

6

129600h*

+1019f,_ —126f

+11787 f,, —15560 f

n+3

(f, 7f,,+21f ,-35f .+

-114y, ,+93y,,—26Yy, )+

., +3675f , —1764f,

+561299 f, , +

n+l

10

3628800h°

8

291420h4
+164f, , —21f )+

+661f ) + (4f,

7

(967 f —5104f

+31203915f, . +

3 4

Xy
6 " .10080h

(1089 f —

~4900f. +3675f, ;~1764f . +490f . —60f ) —

+2944390f , —747475f ,

(19162 f, +326909f

+16783 fM ~5129f . +661f )

- 21 fn+5 + 7 fn+6 - fn+7 )_

)+

n+7

(yn+2 _3yn+3 +

n+3

(56 f

+1130f, , —621f, _ +190f

(938 f —4014 f  +7911f

n

+12725 €,



5

~64321,,, 1849, , ~ 232, )+ =2 (1089 f, ~ 29401, , +4410f, , -
3
4900F . +3675f , —1764f . +490f . —60f.  )+—" _ (535111f +
10886400

2767238f,  +473931f, , +2944390f _ —747475f , +498474f,  —

138143fm6——+16874fm7)+-;EZ

(4 yn+2 _11yn+3 +loyn+4 - 3yn+5 )

—— "0 __(938f, —4014f _ +7911f ,
21600h’

_11yn+3 +1Oyn+4 - 3yn+5)

9
9490 f _ +7380f , —3618f . +1019f . —126f ) —— " (4f —
3628800h°
X7
30240n°
333f , +852f , —1219f _ +1056f , —555f . +164f . —21f )—

8

241920h5

27f  +78f , —125f _ +120f,, —69f _+22f _—3f )-— (56 f

(46 f, —295f,  +810f, , —1235f _ +1130f, , —621f _+190f

n+l n+3 n+5 n+6

2 6

—3y . +3y - AL N—
(yn+2 yn+3 yn+4 yn+5 ) 86400h3
11787fm2—155a)nﬁ442725fm4-6432fm5+1849fM6—232n”)

—25f,_)— (967 f —5104f

2
1L (19162 f +326909f.
604800

+561299 f  +751735f _ +117780f

n+3

2
+16783 fn+5 r 5129 fn+6 + 661fn+7 ) + )an fn + (4 yn+2 11yn+3 +10yn+4 - 3yn+5 )

2h2

4

X,
8640h2

(938f —4014f  +7911f ,—9490f  +7380f , —3618f _+

n+l n+3

9

1019 f_ —126 f o
725760h

) + (f, +7f,,+21f ,-35f ,+35f ,—21f .

n+7
5

~3y . +3y_, - —
2h3 (yn+2 yn+3 yn+4 yn+5 ) 28800h3
+11787 f , —15560 f  +12725f , —6432f _+1849f —232f )+

+7f L —f )+ (967 f, —5104f,

8

X
Soaisrs (41,-27f,,+78f,, ~125,, +1201,, ~60f,, +22f,,~3f,,)
6
8620h4(56f -333f _ +852f ,—1219f _+1056f , —555f _+164f .
7
21f, )+——n__ (46f —295f  +810f ,—1235f _ +1130f , —621f .

60480h°

3

+190f . —25f )4
5040h

(1089 f, —2940f , +4410f,, —4900f, , +3675f, ,

n+l n+3
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x.h

3628800
+2944390f,  —7A7475f , + 498474 —138143f,  +16874f, )

~1764f , +490f . —60f )+ (535111f, +2767238f _ +473931f

h
10886400

747475f , +498474f _—138143f, _+16874f, )— %ﬂ f —% (.., —3Y,.. +

(535111, + 2767238, +473931f, , +2944390f  —

4

l7280h3(967f —-5104f , +11787 f , —-15560f , +12725¢f ,

3yn+4 - yn+5)

XS

—6432f _+1849f  —232f )———0
725760h

(f 7f _ +21f ,—35f  +35f

7

—f )
n+6 n+7 ) 30240h6
2
69f . +22f . —3f )—" (10162 f +326909f . +561299f
604800

+16783f _ —5129f ~11y

—21f _+7f (4f, —27f, +78f,, —125f _+120f

+751735f,

+661f +10y

+117780f

n+4 n+6 n+7 n+2 n+3 n+4

5

+11787 f, |, =15560f, , +12725f, , —

L (967 f —5104 f

n+l

28800h3

4

6432 . +1849f -232f ) — 20h3 (967 f —5104f  +11787f -

n+5

6

25920h5

2

15560 f , +12725f , —6432f _+1849f  —232f ) (46 f —295f

+810f,, ~12351, , +1130f, [~6211, | +190f, , ~25f, /)~ =2 (1089, -

2940  +4410f , —4900f _ +3675f , —1764f _+490f  —60f )—

3

X,

6480h?
1019 f, . —126f, ).

(938f, —4014f  +7911f , —9490f  +7380f ,—3618f . +

n+l n+3

(1089 f —2940f  +4410f , —4900f
10080h

7
490f . —60f )+t f 4+ X (f 7f +21f  —35f +35f  —21f _

24 " 120960h’

6

+3675f , —1764f _+

n+l

+7f )+ (4f —27f  +78f  —125f  +120f, , —69f _+
17280n°
22fm6—3fm7)+34;6h4(56f -333f  +852f  —1219f  +1056f , —555f
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XS

+164f , —21f )+
17280h°

(46 f —295f  +810f, ,—-1235f  +1130f, , —

2

621f, , +190f , —25f )+
8640h

_(938f, —4014 f,  +7911f, , 9490 f, , +

3

72800
11787 f_, —15560 f, . +12725f _, — 6432 fms +1849 f . —232f ).

7380, ~3618 1, +1019f, , ~126, )+ (967 f, —5104 f

n+1

a,- ——— (1089 —2040f
50400h

+4410F, , —4900f  +3675f , —1764f _+

n+3

490f, . —60f ) (938f —4014f  +7911f  —9490f _ +7380f

n+1 n+3

21600h2

6

—3618f,  +1019f  —126f )——"
864001

(F 7f  +21f  —35f  +35f ,

n+3

5

14400h6

3

4320h4

=21f +7fF —f ..)—

n+6

(4f, —27f  +78f , —125fF _ +120f,, —

n+3

69 fn+5 o= 22 fn+6 - 3 fn+7 )

(56 f,-333f,, +852f, , —1219f.. +1056f,

4

X,
17280h°

_555f . +164f  —21f )-— (46 f —295f  +810f , —1235f _ +

2

28800n°
$1849f ;, = 2321, -)

1130f,, - 621f . +190f . —25f ) (967 f —5104f  +11787f

15560 f,_, +12725/f} 1~ 6432 f

n+3 n+5

a, = ——~ (9381 —4014f
129600h

_ X
86400h°

+7911f, , —9490f , +7380f , —3618f _

n+3

+1019f _ —126f )+ (967 f, —5104 f,  +11787f , —15560f,

1127251, , — 64321,  +1849f, 232, )+——"— (f, ~7f,, +21f,
86400h

X4

— f T
n+6 n+7 ) 17280h6

2

8640h4

—35f  +35f , —21f  +7f (4f —27f  +78f  —

125fF, , +120f _, —69f _+22f —3f )+

(56 f,-333f, , +852f,

3

25920n°
+810f, , —1235f,  +1130f,, —621f _+190f, , —25f, )

~1219f, , +1056f,, —555f _ +164f _—21f )+ (46 f —295f

n+3 n+5
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1

a,= ————— (967f —5104f  +11787f, , 15560 f

! 604800h°

6432 f . +1849f  —232f )——

30240h*

4

1056f , —555f  +164f . —21f )—

n+5

X3

30240h°

XZ

60480h°
+1130f,, —621f,_ +190f _ —25f, )

+35f, ,—21f +7fF ,—f .)—

n+6

(4f,

120 fn+4 - 69 fn+5 + 22 fn+6 - 3fn+7 )

a, - —~ __ (56f —333f

+852f, , —1219f
241920h*

n+l

164f  —21f )+ (46 —295f,

241920h5
3
—621f _ +190f . =25f )+ -—AJEL——f(fn—
241920h’

2

—21f J+7F = f —
n+5 n+6 n+7 ) 80640h6

(4f —27f,
69 fn+5 e 22 fn+6 _3 fn+7 )

a, = -—44-—3—44; (46 f —295f
2177280h

190f,  —25f )—

n+l

X,
362880h°

2

725760h7

(4f —27f

n n+l

+22 fn+6 n+7 )

n+6 fn+7)
1

F —7f

n+l

7f

a,= ————(4f —27f  +78f, , —125f _ +120f,

3628800h°

3f,.)+ (f —7f  +21f  —35f

n+l n+3

3628800h7

1

au = T AAAA FONAL T (fn =7 fn+1 + 2:I'fn+2 -35 fn+3 +35 fn+4

39916800h’

120960h7

n+3

+810f , —1235f
+78f

+21f ,

(56 f -333f,

(f, -7

-27f,

(46 f —295f

., +810f,

, +78f

n+3

-35f

+35f,

n+l

+1056f,,

n+3

w4 69 fn+5

., +852f

.+ 78f

+

, —1235f

7f., +21fF ,

., —125f

+1130f, ,
~125f

+35f,,

=21t

—21f,  +7f

+21f,,

810f

555f _ +

n+3

r 35 fn+3

n+3

—-621f

+120f_,

+7f

n+5

ne6

L +12725f  —

-1219¢f, , +

- 35 fn+3

~125f _ +

~1235f

n+5

- 21 fn+5

+22f ., -

n+6

fn+7)

+1130f _,

+35f ,

+120f, ., -

- 69 fn+5

- fn+7 )

The values of a’s are substituted into equation (5.2.1.1) and simplified, this gives

a continuous linear multistep method of the form:
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Y09 =X, 00%,., +h 25,01,

where X =zh+x_ +6h

Substituting (5.4.1.3) into (5.4.1.2) and on simplifying we have as follows

11z z°
HN=-1-—"—-z72_—
a0 =-1-= -7t =%

2 Z3

a,(z)=4+Tz+ +?
19z z°
7)=—6-—"t_47° -

ot (1) =—6-— :
13z 3z 7°
a.(2)=4+—=—+ =
(@) =4+ -

1
119750400
+10164z° —1386z" —1980z° —550z° — 662" —3z").

1
119750400
—83160z° +12672z" +163352° + 4345z2° + 4952 + 21z").
1
13305600
+83160z° +33264z° —5874z" — 6600z° —16502° —1762"°
~72'").

1
23950080
—332640z° —1238162° + 2692827 + 24849z7° +5665z° +
561z*° +21z").

1
23950080
+498960z° +158004z° — 47718z" —320762° — 6490z°
-594z7*° - 21z%).

B.(2)=——~ (2357520 + 66613407 + 685214227 + 28121947°
13305600

—332640z° —498962° + 30624z +14025z2° + 2475z° + 209z"
+7z%).

1
119750400
+4989600z" +1446984z° — 64680z° —176022z" —55440z°

-8470z° —660z"° —21z%).

B, (2) = (-360z — 27918 z* — 41261z° + 23760z°

(668047 + 2643307° + 3533427° —1995847°

ﬂ1 (Z) =

B,(2) = (~44880 - 73220z - 1307682 — 151569z

B.(2) = (4243536 + 7690860z + 45233102> +12776062°
(15608736 + 30203040z + 173279702 + 24142697°

ﬂ4 (Z) =

B (2)= (—403920 + 619596z + 47817002° + 7364533z°
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B.(2) = ——— (39600313807 —1308782° ~1856147° +1425607°
119750400

+1164247° + 459362" +10395z° +13752° + 992" + 3z").

Evaluating (5.4.1.4) at the non-interpolating points .that is, at z=-6, -5.
0 and 1 yields

60480y . —226800y, , +302400y_, +151200y_ —151200y , =(9f,
2335f  +20850f  +41745f _+10945f  —339f _+60f . —5f ).

n+4 n+3 n+2

15120y, , —60480y,, , +90720y,  , —60480y, , +15120y , =(5f,
-51f, , +2679f ,+9854f . +2679f ,-51f . +5f ).

15120y, ., — 60480y, ., +90720y,, , —60480y, , +15120y,  , = (5f,,
—51f, ,+2679f . +9854f ,+2679f . —-51f  +5f .).

151200y, ., 151200y, . +302400y , — 226800y, , +60480y, , =(5f,
+60f  —339f  +10945f  +41745f , +20850f _+2335f _+9f ).

n+5 n+4 n+3

The first derivative of (5.4.1.4) gives

-11 n
o, ()55 222
AOEE -t T
2
o (2) :7+7z+§;—
-19 377
a,(z)=——-8z—
D= :
13 3z°
al(z)=—+3z+
5(2) 3 5
Bl(2) = —~ _ (~120-186127 — 412612 +396002" + 203287°
39916800
—3234z° -5280z" —1650z° —220z° —11z"°).
pl(2) = ;(22268+176220 z +353342z2% —332640z*
39916800
—166320z% +29568z° + 43560z +130352° +16502° + 772").
B(2) = —— __(~73220— 261536 7 — 4547072° + 4158002° —1995842°
13305600

—41118z° —52800z" —148502° —1760z° —772").
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(5.4.1.7)

(5.4.1.8)



pi(z) = _ 1 (2563620 + 3015540z +1277606z* — 554400z — 247632z2°
7983360

+628322° + 66264z" +16995z° +1870z° + 772%).
p.(2) = _ 1 (10067680 +11551980z + 2414269z* +831600z* + 316008z°
7983360

—111342z° —85536z" —19470z° —1980z° —77z%).

Bl(2) = ——~ (6661340 + 137042847 + 84365822 —16632002°
13305600
2993767° + 2143682° + 11220027 + 222752° + 20902°
+772%).
3
Bl(2)=— (206532 + 31878007 + 736453327 + 66528007° (5.4.1.9)
39916800

+2411640z° —129360z° —410718z° —147840z" — 25410z°
-2200z° —772").
3
pi(2) = h— (10460 — 87252z —185614z% + 237600z + 232848z°
39916800

+107184z° + 27720z" + 4125z° +330z° +11z%).
Evaluating (5.4.1.9) at all the grid points. i.e, at z=-6, -5, -4, -3, -2,-1, 0
and 1 gives

9979200hy’ — 43243200y, . +154677600y, , —189604800y, .
+78170400 y, ., = h*(—86853f —4776925f,, — 20392980 f (5.4.1.10)

n+2

—31203915f, , —7753465f, , +213513f, _—35190f, -+ 2615f ).

n+5 n+4

9979200hy’ , —18295200y. . + 69854400y, , —94802400y.
+43243200y, , =h*(-2615f —51633f_, —4996005f (5.4.1.11)
—12584600f , —3204525f, , +54915f, _ —5567f _+30f ).

3326400hy’ , —1108800y

n+2

+4989600y, , —9979200 y._, + 6098400y
—h*(—10f, +1225f  —38061f , —584245f A —221120f , +12915f (5.4.1.12)
—2545f _ +241f ).

n+5 n+4 n+2

9979200hy’ , +1663200y

n+3

— 9979200y, , + 4989600y, , + 3326400y
—h*(-723f, +6854f,  —27789f  +515685f  +364535f (5.4.1.13)
—33492f, _ +7281f _ —751f ).

n+5 n+4 n+2

9979200hy’,, —3326400y

n+4

=h*(751f, —7281f,
—6854f _ +723f, ).

— 4989600y, +9979200 y. , —1663200y
+33492f  —364535f  —515685f , +27789f . (5.4.1.14)

n+5 n+4 n+2
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3326400hy’ . — 6098400y, . +9979200y, , — 4989600y, , +1108800y
—h*(-241f +2545f  —12915f , +221120f , +584245f , +38061f . (5.4.1.15)
—1225f, . +10f, ).

n+5 n+4 n+3 n+2

3326400hy!, — 43243200y, . + 94802400y, , — 69854400y, ,
+18295200y , =h*(~30f, +5567f, , —54915f , +3204525f (5.4.1.16)
+12584600f, , + 4996005 f, _ +51633f, . +2615f, ).

n+2

3326400hy’ , — 78170400y, . +189604800y
+43243200y, , =h*(-2615f, +35190f,  —213513f, , + (5.4.1.17)
7753465f, , +31203915f, , + 20392980 f, . +4776925f,

+86853f, ).

—154677600y

n+7 n+4 n+3

The second derivative of (5.4.1.4) gives
a)(2)=-2-1

a,(z2)=7+3z

a,(z)=-8-3z

al(z)=3+12

(2) = 7 (-846 — 3751z + 7200z° + 4620z* —882z° —1680z°

1814400
—600z" —90z° —52°).

"(2) = ATEA] (8010 + 321227 — 60480z° — 37800z +8064z°
1814400

+13860z° +4740z' + 6752° + 352°).

"(z) = ———(-11888 — 41337z + 75600z° + 45360z —11214z7°
604 800
—-16800z° —5400z" —720z° —35z2°).
(2) = L (137070 +116146z —100800z° —56280z* +171362°
362880
+21084z° +6180z" + 765z° +352°).
1(2) = 2 L %0 (525090 + 219479z +151200z° + 71820z* —303662°

—2721626 —7080z" —810z° —352°).

Y(z) = (622922 + 766962z — 302400z° — 68040z +58464z°

604800

+35700z° +8100z" +855z° +35z°).
J(z) = 1 (144900 + 669503z +907200z° + 438480z° — 294002
1814400

—112014z° —47040z° —9240z" —900z° —352°).
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Ll(2) = _t (—3966 —-16874z + 43200z° +52920z* + 29232z°

1814400 (5.4.1.18)
+8820z° +1500z" +1352° +52°).

Equation (5.4.1.18) is evaluated at all the grid points. That is, at z=-6, -5,
-4, -3,-2,-1, 0 and 1 produces.

302400h°y” + 907200y, .-3024000y, , + 3326400y, , — 1209600y, ,
—h*(19162f +326909f, , +561299f , +751735f , +117780f ,  (5.4.1.19)
+661f . —5129f, . +19523f ).

n+6

302400h%y” . +604800y. . — 2116800y, , + 2419200y, —907200y,

—h*(-661f, +24150f, , +311461f, , +437575f , +114225f (5.4.1.20)
—5044f  +1335f _—141f ).

302400h?y” , +302400y_ . —1209600y._, +1512000y. , —604800y. ,

=h*(141f, —1989f , +30138f, , +196405f . +53285f , -831f . (5.4.1.21)
+44f +T7F ).

302400h%y” . —302400y, +604800 y, , —302400y,. , = h*(-7f, (5.4.1.22)
+97f,  —1165f,, ~23050f , —1165f, , +97f . —7f. .). T
302400h%y" , — 302400y, . +604800 y,  , —302400y, , = h'(-7f. (5.4.1.23)
+97f ,—1165f _—23050f , —1165f  +97f —7f ). S
302400hy”" . +604800y, . —1512000y, , +1209600y, , — 302400y, =

h*(7f +44f  —831f , +53285f ,+196405f , +30138f  —1989f _ (5.4.1.24)

+141F ).

302400h%y” . — 907200y, . + 2419200y, _, — 2116800y, , + 604800y, , =
h*(-141f +1335f  —5944f  +114225f _+437575f , +311461f _ (5.4.1.25)
+24150f  —661f ).

n+2 n+3

302400h%y”, —1209600y, . + 3326400y, _, — 3024000y, + 907200y, =
h*(661f, —5129f, , +16783f, , +117780f ,+751735f , +561299f . (5.4.1.26)
+326909f,  +19162f. ).

n+2 n+3 n+4

n+6

The third derivative of (4.1.4.4) gives

al(z)=-1
a(z)=3
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a;(2)=-3

al(z)=1
BI(Z) = —~ _(~3751+ 216002° +184802° — 44102* —100802°
1814400
—4200z° —720z" —45z°).
M2) = — - (32122 -1814402° —1512007° + 403207
1814400
+83160z° +33180z° +5400z" + 315z°).
"2) = — L (~124011+ 6804002° + 5443207° —1682107*
1814400

—302400z° —113400z° —17280z" —945z°).

"z) = — 1 __ (580730—15120002° —11256002° + 4284007
1814400

+632520z° +216300z° + 30600z +1575z2°).

B(Z) = —+ (1097395 + 22680002° +14364002° — 7591507

1814400
~816480z° — 247800z° —32400z" —15752°).
LNz) = —1—— (2300886 — 2721600z% —816480z° + 876960z
1814400
+642600z° +170100z° +20520z" +9452°).

"(z) = 1 669503+ 18144007 +13154407° — 1176007
1814400
-560070z" — 282240z° — 64680z° —7200z" —315z°).
"2) = — & (~16874 +1296002° + 2116802° + 146160z (5.4.1.27)
1814400
+52920z° +10500z° +1080z" + 45z°).
Evaluating (5.4.1.27) at all the grid points. i.e, at z=-6, -5, -4, -3, -2,-1,
0 and 1 yields
1814400h°y”—1814400y . +5443200y , —5443200y , +1814400y, ,
= h*(-535111f, — 2767238, —473931f , —2944390f _ +747475f , (5.4.1.28)

— 4984741 +138143f , —16874f ).

1814400h*y", —1814400y. . +5443200y. , —5443200y, , +1814400y. ,
=h*(16874f, —669503f, , —2300886f, , —1097395f  —580730f, ,  (5.4.1.29)
+124011F, —32122f,  +3751f, ).

n+6
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1814400h°y” | —1814400y, . +5443200y, , — 5443200y, , +1814400y
= h*(-3751f, +47482f  —780651f ,—1769350f , —77485f ,
—49194f, _+12863f _—1514f ).

n+5 n+4 n+2

(5.4.1.30)

n+5

1814400h%y" . —1814400y

n+3

=h*(1514f —15263f
+59211f  —12922f

. +5443200y
+83754f
+1315f ).

n+4 n+2

~5443200y, , +1814400y
~543955f, , —480890f, , (5.4.1.31)

n+l

n+6

1814400h°y” , 1814400y, . +5443200y, , —5443200y, , +1814400y
= h*(-1351f, +12922f  —59211f  +480890f,  +543955f  —83754f _ (5.4.1.32)
+15263f,  —1514f ).

n+2

1814400h°y" . —1814400y. . +5443200y, , —5443200y,
= h*(1514f —12863f , +49194f  +177485f

+780651f,  —47482f _+3715f, ).

., +1814400y
+1769350f, , (5.4.1.33)

n+2

n+2 n+3

1814400h%y" . —1814400y, . + 5443200y, , —5443200y. _, +1814400y, ,
=h*(-3751f, +32122f  —124011f ,+580730f _+1097395f (5.4.1.34)
+2300886 . +669503f _ —16874f ).

n+2 n+3

1814400nh%y” . —1814400y, . +5443200y, , 5443200y, , +1814400y, ,
+498474 f

= h*(16874f, - 138143f — 747475f, , +2944390f, , (5.4.1.35)
+473931f, . + 2767238 f . +585111f, ).

Combining equations (5.4.1.5) - (5.4.1.8), (5.4.1.10), (5.4.1.19) and (5.4.1.28) to
form a block of the form (1.10) as follows

n+4

n+2

0 —-151200 302400 —226800 60480 0 0 Yo
15120 -60480 90720 —60480 15120 0 0 V..

0 15120 —60480 90720 —-60480 15120 0 Yo

0 60480 —226800 302400 —-151200 0 151200 | vy,., |=

0 78170400 -189604800 154677600 -43243200 O 0 Yos

0 -1209600 3326400  —3024000 907200 0 0 Yo

0 1814400 5443200 5443200 1814400 0 0 Y.
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o O O o o

o O o o

hZ
0

O O O O O o o
O O O O O o o
O O O O O o o
O O O O O o o
O O O O o o o
O O O O o o o

0

2335 20850
) 2679

5 Y
h* 60 34

326909 561299
—-2767238  —473931

+h*

©O O O O o o o
O O O O o o o
©O O O O O O o
O O O O o o o
O O O O o o o

0 -151200)(y,

ynfS

yn—4
yn—3

yn—2
yn—l

Yos
Yos
Yos
yn73
Yoo

302400 ||y,

Y,

41745
9854
2679

10945

751735
- 2944390

9

5

0
-5

—86853
19162
—535111

+h

+h?

O O O O o o o
O O O O o o o

O O O O o o o
O O O O o o o

10945
2679
9854

41745

O O O O o o o

O O O O o o o

O O O O o o o
O O O O o o o
O O O O o o o

O O O O o o o
O O O O o o o
O O O O O o o

-339
-5l

2679

20850

—4776925 -20392980 -31203915 -7753465 213513
117780
147475

16783
=498474

Multiplying the equation above by the inverse of A°
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0 Yo
0 Yos
0 Yoa
0 Yos
—9979200 || V...
0 Yo
0 Y,
0 Yos
0 Yos
0|y,
0 Yos |+
0 Yoo
0 Yo
~1814400 )| y"
60 -5
5 0
-51 5
2335 9
~35190 2615
~5129 661
138143 —16874

n+l

n+3

n+4

n+5

n+6

— =—h —h —h —h —h —p

n+7




O O O O O o B+

=
O O O O o o o

+h?®

h4

00000 OYy.,) (00O0GO0OO0 1)y,
100000y | |0000O00TO 1|y,
010000O0|y |[|000O0O0TO0T1fy,
00100 O|Yeul=/0O 0 O0OOO O 1fVYs|+
000 1O0O|Yes| |OOOOO 0O 1V
00001 O0|Yes| |OOOOU OO 1|VYs
00 00O 1\Y.,) L0000 OO O 1)Ly,
1
00000 1Yy, 000000 Sy
0 00 0O 2|y, 0000003y;_5
000O0TO0 3|y, 000000 Z |y,
0 00 0O 4|Yes|+h?lo 0 0 0 0 0 8 || Yus
0 00 0O 5|V, 000000 2|V
0 000 O0 6|V, 000000 18]Ym
0 00 O0O0 7)\y, 00000 0 2
2
000000 =
6 "
000000 2 [Ys
3 |y
9 y
0 Vel Wo|-0 o i
Vi
0.0\0-0 0-0 327t
N
===y,
6
0 0 36 |\Y,
000000 4
6
86 167 131 349 108 79 39
2489 3904 2897 10533 6883 18286 74183
1456 974 969 974 39 321 109
2159 1485 1415 1955 166 4976 13912
1253 1727 963 4193 1249 1891 243
382 712 352 2097 1322 7282 7700
3133 964 4151 4183 2307 611 361
334 183 579 816 952 917 4457
149670 1927 1951 8685 1627 2019 430
7301 216 125 844 329 1484 2599
3244 2067 11493 6642 4553 666 81
85 226 385 385 508 275 275
9841 9014 3827 3817 1201 1832 795
154 511 74 149 77 487 16776
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89

3435
1073

3805
1407

f
f
1318 || f
e 2887 || ¢ (5.4.1.36)
f
f
f

1080
1543

286
18342

1925
13093

852

This leads to

1 h*
=y +hy' +=h%y"+= h (S S —
Yoa = Yo+ 2 e 6 o 119750400

+1878984 f . —3967805f, , +5415020f , —5122521f , (5.4.1.37)
+4137616f, , + 3102701f)).

(62956 f,, —517351f,

n+1

4 h*
=y, +2hy! +2h?y" +—h’y"+
yn+2 yn yn y 3 y 467775

+109899 f, . —233050f,, +320335f,_, —306810f, (5.4.1.38)
+315461f , +132526 ).

(3665, —30176f, .

h4
+3hy’ += h2 i h3 "4
yn+3 yn yn yn yn 492800

+ 465588 fM — 985365 f.., +1348200f , —1195317f , (5.4.1.39)
+1616436 f,,, +526077 f ).

(15552 f,  —127971f,

32 h*
=y +4hy’ +8h*y”+==h’y"+
yn+4 yn yn yn 3 yn 467775

+283392f, _—599480f , +838400f, , —616032f (5.4.1.40)
+1096960 f_, +312608f,).

(9472f, ., —77920f

25 125 h*
+5hy! + —=h’y" +—h’y"+ ————
Yuis = Yo iz 2 s 6 Yot 4790016

+23688000 f, . — 49290625 f,, + 74762500 f, , —42733125f, , (5.4.1.41)
+98195000f, , + 25842625f ).

(792500f,,, —6516875f
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4

11550
+344790f, , 151632, , (5.4.1.42)

Yoo =Y, +6hy, +18h*y” +36h°y"+ (3402f, , —27972f |

+103518f, _—199260f
+440802f_, +110052f ).

49 343 h*
=y, +7hy! + —h’y"+ = =h®y"+ (8163400 f, , — 64354003 f
yn+7 yn + yn + 2 yn + 6 yn + 17107200( n+7 n+6
+266827932f, . — 438242525, +884720480f , —301769685f (5.4.1.43)

+1093194508 f_, + 262892693 ).

Substituting (5.4.1.38) - (5.4.1.41) into (5.4.1.11) — (5.4.1.17) to give the first
derivative of the block

h3
3628800
+694230f , —662757 f

. =Yy +hy"+ % h2y”+ (8002, —65823f _ +239406f,

n+6

+562618 f

(5.4.1.44)

—506675f +335799f ).

n+4 n+2 n+l

3

h
', =Y +2hy" +2h%y"+ 398f . —3277f
yn+2 yn yn yn 28350 ( n+7

+34730f, , —32823f

+11934f,

n+6

(5.4.1.45)

— 25300 f +38762f,,, +13376f ).

n+4 n+2 n+1

9 h?
'o=y +3hy"+=h*y"+———— (1566 f . —12879f
yn+3 yn yn 2 yn 44800( n+7

—98955f , +135450f, , —105381f

+46818f

n+6

(5.4.1.46)
+183654 f  +51327f.).

n+2

3

14175
—58520f, , +86880f, ,—46608f, , +118432f,  +29976f,).

Yoo = Y. +4hy +8h%y +

(928 fn+7 » 7632 fn+6 + 27744 fn+5 (54147)

25 . 5h?
L=y +5hy" +=—h’y +
yn+5 yn yn 2 yn 145152

~178375f, , +320750f, , —115425f  +410450f,  +98075f).

(3050 f, . —25075f . +91350f

n+6

(5.4.1.48)

3

1400
+24840f , — 6156 f

Y. =Y. +6hy”+18h%y + (216f, ., —1764f , +7125f .

n+6

(5.4.1.49)

—10800 f +30024f,, +6912f )

n+4

49 , . 7h’
‘=Y +7hy"+—h*y +
yn+7 yn yn 2 yn 518400

—660275f , +1944810f , —338541f _ +2242534f  +502887f ).

n+2 n+1

(163661, , ~93639 1, , +619458f... 5 4 50)

Substituting (5.4.1.38) - (5.4.1.41) into (5.4.1.20) — (5.4.1.26) to give the second
derivative of the block
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2

h
" =y"4+hy"+ ——(12062f  —99359f +36113f
yn+1 yn yn 1814400 ( n+7 n+6 n+5
—768805f ,+1059430f, . —1025096f , +950684f . (5.4.1.51)
+416173f ).
h2
" =vy"+2hy" + 466f _ —3832f +13926f
yn+2 yn yn 28350 ( n+7 n+6 n+5
—29405f, ,, +39950f , —34986f , +55642f , (5.4.1.52)
+14939f).
h2
" =vy"+3hy"+ 15552 f  —-127899f . +465102f
yn+3 yn yn 604800 ( n+7 n+6 n+5
—985365f,,, +1394820f , —650997 f _, +2113614f , (5.4.1.53)
+496773f).
h2
" =vy"+ 4hy” 496 f ~ —4072f 14736 f
yn+4 yn + yn + 14175 ( n+7 n+6 + n+5
—29960f , +56720f , —11496f , +71152f (5.4.1.54)
+15824f ).
Y =N aBhWes 3250f . —26875f _ +102900 f
yn+5 yn yn 72576 ( n+7 n+6 n+5
—-130625f,,, +421250f ,—40125f ,+475000f, , (5.4.1.55)
+102425f1 ).
14 _ 14 14 h2
Y, . =Y. +6hy”+ 350 (18'f 1} Y126 | L4 9481 F 495 £ § (5.4.1.56)
+2670f ,—108f ,+2826f ,+597f ).
2
' =y"+7hy"+ 5453f _+24400f _+160800 f
yn+7 yn yn 43182 ( n+7 n+6 n+5
—34000f , +400000f, . +1200f , +413600f B + (5.4.1.57)
86506 f ).
Substituting (5.4.1.38) - (5.4.1.41) into (5.4.1.29) — (5.4.1.35) to give the
third derivative of the block
h
" o=y"+ 1375f _ —11351f . +41499f _—-88547 f
yn+1 yn 120960 ( n+7 n+6 n+5 n+4 (54158)
+123133f ,—121797f, ,+139849f  +36799f) ).
"o\ m h
yr, =yr+ m(lGO f,,—1305f ,+4680f . —9635f , + (5.4.1.59)

12240f , —3195f, , +29320f,  +5535f,).
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n

yn+3 =

"

yn+4 =

m

yn+5 =

m

yn+6 =

n

yn+7 =

h
"+ 225f . —1865f . +6885f . —15165f
yn 22400 ( n+7 n+6 n+5 n+4

+ 29635 f +33975f , +6625f ).

+6885f

n+3 n+2 n+1

yr+ ?25(8 f.,—64f  +216f  —-106f ,6+1784f .

+216f,, +1448f  +278f ).

v+ (2751, ~ 2475, , +170551, , +136251,,
24192

+41625f,  +6975f,  +36725f _ +7155f ).

y"+ %(41%6 +216f +27f , +272f ,+27f ,+216f ,

+41f ).

"

y'+ N (5257f . +25039F . +9261f . +20923f
17280

+20923f  +9261f  +25039f , +5257f ).
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5.4.2 Properties of Seven-Step Block Method for Fourth Order ODEs.

The establishment of order, zero-stability and region of absolute stability of seven—

step block method for fourth order ODEs are considered in this section.

5.4.2.1 Order of Seven-Step Block Method for Fourth Order ODEs.

The method used in section 3.2.2.1 is applied in finding the order of block method

(5.4.1.37 — 5.4.1.43) as shown below

= h" 2 h" . 335799 , , <& he+m .
D s A D s A h?yr = y'™
“m’" A ml 3628800 £ (3628800)(m!)

i (Zh)m ym 4 ZZ: (2h)m y(m) S 13376 h2 " __ S h3‘m (3+m)
o = (28350)(m!) *"

! 28350 "

o 51327

S@Bh)" L & Eh)"
2, Yo ; m! Y 44800

h3+m
y(3+m)
2 (44800)(m!) "

s

h*yr'=

3
Il

(3+m)

yl’|

© m 2 m o 3+m
z(4h) ynm_z(4h) yom 29976 h
= m = m 14175 = (14175)(m!)

562618(1)" — 662757(2)"
+694230(3)" —506675(4)"
+239406(5)" — 65823(6)"
+8002(7)".
38762(1)" — 32823(2)"
+34730(3)" — 25300(4)"
+11934(5)" - 3277(6)"
+398(7)".
183654(1)" —105381(2)"
+135450(3)" — 98955(4)"
+46818(5)" —12879(6)"
+1566(7)™.
118432(1)" — 46608(2)"
+86880(3)" —58520(4)"
+27744(5)" — 7632(6)"

+928(7)".
410450(1)" —115425(2)"
+320750(3)" —178375(4)"
+91350(5)" — 25075(6)"
+3050(7)".

SO0 GG, 98075 L s T,
S m " A& mt 0" 145152 7" A& (145152)(mi) "
-6 L & 6h)" . 8912, , & h*" arm

— _ hey" =S y@m
Z m Z m 7" 1a00 " " mzzo(l400)(m!) Vi
= (7h)" 2 (7h)" ., 7(502887) , , < 7h¥ "

mi m _ h ’7 -
Z m Z m 518400 " ;(5184oo*m!) "

Comparing the coefficients of h™andy" gives
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30024(1)" — 6156(2)"

+24840(3)" —10800(4)"

+7128(5)" —1764(6)"

+216(7)".

2242534(1)" — 338541(2)"
+1944810(3)" — 660275(4)"
+619458(5)" —93639(6)"
+16366(7)".

(3+m)

O O O O o o o




1

o
o
o
o
o
o
o

o
o
o
o
o
o

1

2!

@ @
_a

2l

B _©

2!

W s
&)

2!

(ORNG
&

2!

©)° (6
_®r

2!

7 @
_"

2!

2!

2l

2!

2!

2!

2!

2!

o
o
o
o
(=]
o
©
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562618(1)° — 662757(2)° + 694230(3)°
1 335799 . 0 0
g - —506675(4)° + 239406(5)° — 65823(6)
31 3628800 (3628800)(0!) )
+8002(7)".
(2° 13376 1 38762(1)° —32823(2)° + 34730(3)° — 25300(4)°
31 28350 (28350)(01) | +11934(5)° —3277(6)° + 398(7)°
(3° 51327 1 183654(1)° —105381(2)° +135450(3)° — 98955(4)°
31 44800 (44800)(0!) | + 46818(5)° —12879(6)° +1566(7)°
(4° 29976 1 118432(1)° — 46608(2)° + 86880(3)° — 58520(4)° ~
3 14175 (14175)(00) | + 27744(5)° — 7632(6)° + 928(7)° -
(5)° 98075 1 410450(1)° —115425(2)° + 320750(3)° —178375(4)°
3 145152 (145152)(01) | +91350(5)° — 25075(6)° + 3050(7)°
(6)° 6912 1 30024(1)° — 6156(2)° + 24840(3)° —10800(4)° + 7128(5)°
31 1400 (1400)(0!) | —1764(6)° + 216(7)°
. 2242534(1)° — 338541(2)° +1944810(3)°
(7" _ 7(502887) _ ! — 660275(4)° + 619458(5)° — 93639(6)°
3 518400  (518400)(0!) :
+16366(7)

1 1 562618(1)' — 662757(2)" + 694230(3)" — 506675(4)" +
4 (3628800)(1') | 239406(5)" — 65823(6)* +8002(7)} }
()" 1 38762(1): — 32823(2)" +34730(3)" — 25300(4)" + 11934(5)"
41 (28350)(L') | —3277(6) + 398(7)" J
3)* 1 183654(1)" —105381(2)" +135450(3)' — 98955(4)" + 46818(5)"
A (44800)(1) | —12879(6)* +1566(7) ]
| @ 1 118432(1)" — 46608(2)" +86880(3)" — 58520(4)" + 27744(5)" —
a4 a17s)@) (7632(6)1 +928(7)" j
(5)* 1 410450(1)" —115425(2)" +320750(3)" —178375(4)" + 91350(5)"
4 (145152)(1) (— 25075(6)" +3050(7)" J
(6)" 1 (30024(1) — 6156(2)" + 24840(3)' —10800(4)" + 7128(5)" —1764(6)"
4 (1400)(1) L 216(7)"
)" 7 2242534(1)" — 338541(2)" +1944810(3)" — 660275(4)" +
41 (518400)(1!) [619458(5)1 —93639(6)" +16366(7)" j
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1

2 _
51

©) _
5!

4y _
51

®)

6) _
51

@

1

(1400)(2)

1 (562618(1)2 — 662757(2)? + 694230(3)? — 506675(4)? +J

51 (3628800)(2!)
1 (38762(1)2 —32823(2)? +34730(3)* — 25300(4)? + 11934(5)2J

51 (145152)(2)
1 (30024(L) — 6156(2) + 24840(3)? —10800(4)? + 7128(5)? —1764(6)?
+216(7)?

7

5 (518400)(2)

1

6! (3628800)(3)

@° _
6!
®°_
6!

4)°
6!

®)

6) _
6!
™ _
6!

1
(28350)(3)

1
(44800)(3))

1
(14175)(3)

1

61 (145152)(3)

1
(1400)(3!)
7

(518400)(3!)

239406(5)? — 65823(6)? +8002(7)’

(28350(21) | —3277(6)* + 398(7)*

1 (183654(1)2 ~105381(2)* +135450(3)° — 98955(4)” + 46818(5)2J
(44800)(2!) | —12879(6)* +1566(7)?

1 [118432(1)2 — 46608(2)” +86880(3)” — 58520(4)? + 27744(5)’ —J
(14175)(2!) | 7632(6)? + 928(7)?

1

410450(1)* —115425(2)? + 320750(3) —178375(4)? + 91350(5)*
— 25075(6)” + 3050(7)°

2242534(1)* — 338541(2)° +1944810(3)° — 660275(4)” +
619458(5)° — 93639(6)’ +16366(7)?

562618(1)° — 662757(2)* + 694230(3)° — 506675(4)° +
(239406(5)3 — 65823(6)° +8002(7)° ]
38762(1)° — 32823(2)° +34730(3)° — 25300(4)° +11934(5)°
~3277(6)° + 398(7)° J
183654(1)° —105381(2)° +135450(3)° — 98955(4)° + 46818(5)*
—12879(6)’° +1566(7)° J
118432(1)° — 46608(2)° + 86880(3)° — 58520(4)° + 27744(5)° —
7632(6)° + 928(7)° J
410450(1)° —115425(2)* + 320750(3)° —178375(4)° + 91350(5)°
[— 25075(6)° + 3050(7)° ]
30024(1)° — 6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)°
+216(7)°

2242534(1)° — 338541(2)° +1944810(3)° — 660275(4)° +
(619458(5)3 —93639(6)° +16366(7)° ]
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1

71 (3628800)(4!)

1

2" 1

7! (28350)(4))
®_ 1
70 (44800)(4))
4)" 1

71 (14175)(4)
5) 1

70 (145152)(4))

562618(1)° — 662757(2)* + 694230(3)* — 506675(4)" +
239406(5)* — 65823(6)" + 8002(7)" ]
38762(1)" — 32823(2)* + 34730(3)" — 25300(4)* +11934(5)*
—3277(6)* +398(7)" j
183654(1)" —105381(2)" +135450(3)" — 98955(4)" + 46818(5)*
—12879(6)" +1566(7)" J
118432(1)" — 46608(2)" + 86880(3)* — 58520(4)* + 27744(5)* —
7632(6)* + 928(7)" J

— 25075(6)* + 3050(7)*

6 1 (30024(1)4 — 6156(2)* + 24840(3)* —10800(4)* + 7128(5)" —1764(6)"
70 (1400)(4) | + 216(7)°

@) 7 [2242534(1)“ —338541(2)" +1944810(3)* — 660275(4)"* +]
70 (518400)(4!) | 619458(5)" — 93639(6)* +16366(7)"

1 1 562618(1)° — 662757(2)° + 694230(3)° — 506675(4)° +

8l (3628800)(5!) | 239406(5)° — 65823(6)° +8002(7)° J

)" 1 38762(1)° — 32823(2)° +34730(3)° — 25300(4)° + 11934(5)5]
8l (28350)(5) | — 3277(6)° + 398(7)°

@3)° 1 183654(1)° —105381(2)° +135450(3)° — 98955(4)° + 46818(5)5J
8l (44800)(5!) | —12879(6)° +1566(7)°

(4y° 1 118432(1)° - 46608(2)° + 86880(3)° —58520(4)° + 27744(5)° —J
8l (14175)(5!) | 7632(6)° + 928(7)°

(5)° 1 [410450(1)5 ~115425(2)° +320750(3)° —178375(4)° + 91350(5)5]
81 (145152)(5) | — 25075(6)° + 3050(7)°

(6)° 1 (30024(1)5 —6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)°
8l (1400)(5!) | + 216(7)°

(7 7

8l (518400)(5!)

2242534(1)° — 338541(2)° +1944810(3)° — 660275(4)° +
619458(5)° — 93639(6)° +16366(7)°
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10

1

1 562618(1)° — 662757(2)° + 694230(3)° — 506675(4)° +J

ol (3628800)(6!) | 239406(5)° — 65823(6)° + 8002(7)°

2 _
ol

©)r _
ol
4)° _
ol
®G) _
9!

©)° _
ol

@ _
ol

1

10! (3628800)(7!)

(145152)(6!)
1 30024(1)° — 6156(2)° + 24840(3)° —10800(4)° + 7128(5)° —1764(6)°
(1400)(61)

(518400)(6!)

1 38762(1)° —32823(2)° +34730(3)° — 25300(4)° + 11934(5)6]

(28350)(6!) | —3277(6)° +398(7)°

(44800)(6!) | —12879(6)° +1566(7)°

1 183654(1)° —105381(2)° +135450(3)° — 98955(4)° + 46818(5)6]

1 118432(1)° — 46608(2)° + 86880(3)° — 58520(4)° + 27744(5)° —J

(14175)(61) | 7632(6)° +928(7)°

1 (410450(1)6 —115425(2)° +320750(3)° —178375(4)° + 91350(5)6]

— 25075(6)° + 3050(7)°

+216(7)°
7 2242534(1)° — 338541(2)° +1944810(3)° — 660275(4)° +
619458(5)° — 93639(6)° +16366(7)°

1 562618(1)" — 662757(2)" + 694230(3)” — 506675(4)" +
239406(5)" — 65823(6)" + 8002(7)’

(2)° 1 38762(1)" —32823(2)" +34730(3)" — 25300(4)" +11934(5)"

101 (28350)(7!) | — 3277(6)" + 398(7)’ J

3" 1 183654(1) —105381(2)’ +135450(3)" — 98955(4)" + 46818(5)’

101 (44800)(7!) | —12879(6)" +1566(7)" ]
(4)° 1 118432(1)" — 46608(2)" + 86880(3)” —58520(4)7 + 27744(5) —

100 (14175)(7') | 7632(6) + 928(7)" J
)" 1 410450(1) —115425(2) +320750(3) —178375(4)" +91350(5)’
100 (145152)(7!) (— 25075(6)" +3050(7)’ j
(6)° 1 (30024(1) —6156(2)" + 24840(3)" —10800(4)" + 7128(5)" —1764(6)’
00 (1400)(7!)[+ 216(7)
7)° 7 2242534(1) - 338541(2)" +1944810(3)" — 660275(4)" +

101 (518400)(7!) [619458(5)7 —93639(6)’ +16366(7)’ J
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1 1 562618(1)° — 662757(2)° + 694230(3)° — 506675(4)°
111 (3628800)(8") | + 239406(5)° — 65823(6)° +8002(7)".

@" 1 38762(1)° — 32823(2)° + 34730(3)° — 25300(4)° +
11 (28350)(8!) (11934(5)° — 3277(6)° + 398(7)".
@" 1 183654(1)° —105381(2)° +135450(3)° — 98955(4)°
11 (44800)(8!) | + 46818(5)° —12879(6)° +1566(7)".
e _|@_ 1 118432(1)° — 46608(2)° + 86880(3)° — 58520(4)*
SN (14175)(8Y) | + 27744(5)° — 7632(6)° + 928(7)°.
Ol 1 410450(1)° —115425(2)° + 320750(3)° —178375(4)
11 (145152)(8!) | +91350(5)° — 25075(6)° + 3050(7)°.
©* 1 30024(1)° — 6156(2)° + 24840(3)° —10800(4)° + 7128(5)*
11 (1400)(8!) | —1764(6)° + 216(7)".
il 7 2242534(1)° — 338541(2)° +1944810(3)° — 660275(4)°
111 (518400)(8!) ( 619458(5)° —93639(6)" +16366(7)".

Hence, the block has order (8,8,8,8,8,8,8)" with error constants

—165 —179 —2889 —256 =460 —999 2402
89141°15283 98560 ' 4661 ' 5209 ' 7700 13423

5.4.2.2 Zero Stability of Seven-Step Block Method for Fourth Order
ODEs.

J
)

-165

89141
-179

15283
—2889

98560
— 256

4661
— 460

5209
-999

7700
— 2402

13423

Applying the equation (3.2.2.2.1) to seven-step block method (5.4.1.37 —5.4.1.43) we

have

det[rA® — AP]=|,

O 0O 0O O O O K
O 0O 0O o o r o
O 0O oo r oo
O 0 or oo o
O oOr OO0 oo
Or OO0 O o o
P O OO0 o o o
|
O 0O 0o o o o o
O 0o oo oo
O 0O o0 oo oo
O 0O 0o oo oo
O 0O 0o oo o o
O 00 oo oo
S = = = =

which impliesr = 0,0,0,0,0,0,1. Hence, the method is zero stable.
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5.4.2.3 Consistency and Convergence of Seven-Step Block Method
for Fourth Order ODEs.

The conditions highlighted in Definition 1.4 are satisfied on block method (5.4.1.37

—5.4.1.43). This implies that the method is consistent. Hence, it is also convergent

because it is zero-stable and consistent.

5.4.2.4 Region of Absolute Stability of Seven-Step Block Method for
Fourth Order ODEs.

Equation (3.2.2.4.2) is applied to seven-step block (5.4.1.37 — 5.4.1.43), to produce

- A-B
h(6,h) = ——
C+D
where
e’ 0 0 0 0 0
D FEAAY 0 0 0
0 Od¢N /| 0 0 0
A=|0 0 0/~ " 110 0
0 0 0 0 %0
0 0 0 0 0 e*
0 0 0 0 0 0 e
562618 ,, 662757 ,, 694230 .,
e’ - e e
3628800 3628800 3628800
38762 o 32823 o0 34730 o0
28350 28350 28350
183654 ,, 105381 ,, 135450 .,
e - e e
44800 44800 44800
118432 ,, 46608 ,;, 86880 .,
C= e - e e
14175 14175 14175
2052250 ,, 577125 ,, 1603750 .,
e - e e
145152 145152 145152
30024 o _ 6156 o0 24840 g
700 700 700
15697738 ,, 2369787 ,, 13613670 ,,
e e e
518400 518400 518400

0 0 00O
0 0 00O
0 0 00O
0| B=[0 0.-0_0
0 0 00O
0 0 00O
7o 0 00O
_ 506675 ,, 239406
3628800 3628800
25300 ,, 11934
28350 28350
98955 ,, 46818 ,,
44800 44800
58520, 21744
14175 14175
801875 ,, 456750
145152 145152
10800 ,, 7128 ,
700 700
| 4621925 ,, 4336206,
518400 518400

325

0 0 1
0 01
0 01
0 01
0 01
0 01
0 01
| 65823, 8002
3628800 3628800
3217 g 398 .
28350 28350
(12879 ,, 1566
44800 44800
7632 928
14175 14175
(125375 ,, 15250
145152 145152
1764, 216 .,
-——e ——e
700 700
655473 , 114562 ,,
518400 518400




335799

0 0 00O OO

3628800

0 0 00O OO 13376
28350

0 0 00O OO >1327
44800

D=0 0 0 0 0 O 29976
14175
00000 O 490375
145152

0 0 00O OO 6912

700
000 0 3520209
518400

Simplifying the above matrix and equating the imaginary part to zero we have

=1.4775E +113cos76 —1.4775E +113

h(8,h) =
©.h) 4.2753E +108c0s 76 + 7.0527E +110

Evaluating h(6, h) at intervals of & of 30°, the following tabulation are obtained.

Table 5.3

Interval of Absolute Stability of Seven—Step Block Method for Third Order ODESs

0 0 30 60 90 120 150 180

heo.h) |o | -2039 |-733|-1504| 2316 | -1.93 | -31.74

Therefore, the interval of absolute stability is (-31.74, 0). This is demonstrated in the

diagram below
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Figure 5.6. Region of absolute stability of Seven—step block method for fourth order
ODEs.

5.5 Eight-Step Block Method for Fourth Order ODEs.

This section contains the derivation of eight-step block method for solving fourth

order ODEs. It also includes the properties of the block method.

5.5.1 Derivation of Eight-Step Block Method for Fourth Order ODEs.

Power series of the form (5.2.1.1) is considered as an approximate solution to the
general fourth order problem of the form (5.2.1.2) where in (5.2.1.1) the step-length
k=8 is used. The first, second and third derivatives of (5.2.1.1) are given in (5.2.1.3),
(5.2.1.4), (5.2.1.5) and (5.2.1.6).

Interpolating equation (5.2.1.1) at x=x__,i=3()6 and collocating (5.2.1.6) at

n+i !

x=X_.,1 =0(1)8as represented in the Figure 5.7 below

n+i?
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C C C

C

C C C C C

Xn Xn+1 Xn+2

|
Xn+3

|
| | | | |
Xn+4 Xn+5 Xn+6 Xn+7 Xn+8

Figure 5.7. Eight —step interpolation and collocation method for fourth order ODEs.

This produces the result in matrix below

AX =B

where
1 Xn+3 X:+3‘ X:+3
1 Xn+4 X§+4 X:+4
1 Xn+5 X:+5 X:+5
1 Xn+6 X§+6 X:+6
0 O 0 0
0 0 0 0

A=|0 0 0 0
.- 0 0 0
0 0 0 0
0 O 0 0
0 0 0 0
0 0 0 0
0 0 0 0

n+3

n+4

< X X

n+5

n+6

24
24

24
24

24
24
24
24
24

5
n+3

5

n+4
5

n+5
5

<X X X

X

n+6
120x,
120x, ,

120,
120%, .,

120,

(5.5.1.1)

7
n+3
7
n+4
7

10
n+3
10
n+4
10
n+5

11
n+3
11
n+4
11 12
n+5 n+5

6 7 10 11 12
Xn+5 Xn+6 X X Xn+6 Xn+6 Xn+6

360X, 840x° 1680x‘ 3024x° 5040x° 7920x’ 11880x°
360x,, 840x°, 1680x*, 3024x° , 5040x°, 7920x’  11880x"

n+l n+l n+l n+l n+l

360x, 840x° , 1680x" , 3024x° , 5040’ , 7920’ ,11880x°.,

n+2 n+2 n+2 n+2
360x,,, 840x° , 1680x , 3024x’,, 5040x°,, 7920x’ , 11880x° ,
11880x°

n+3 n+3 n+3 n+3
n+4

360x’., 840x° , 1680x* , 3024x° , 5040x° , 7920X’

n+4 n+4 n+4 n+4 n+4

12
n+3
12
n+4

6
n+3

6
n+4
6

n+5 n+5

>

9
n+3
9

n+4

9

n+5
9

n+6

8
n+3
8
n+4
8

n+5
8

n+6

X

<X X X

X X X X X
X X X X X
X X X X X

120x,,, 360x, . 840x® . 1680x ", 3024x° . 5040x° . 7920x’ . 11880x"

120X,., 360X, 840, 1680x" . 3024x°
120x;.- 360x7.; 840x¢ - 1680x ", 3024x°

n+5 n+5 n+5 n+5 n+5 n+5

5040x° , 7920x/  11880x° .
11880x; ,

n+6 n+6

5040x , 7920x/

n+7 n+7 n+7 n+7

120X,,5 3607 , 840x°  1680x°  3024x°. 5040x°  7920x’ . 11880x°

n+8 n+8 n+8 n+8 n+8 n+8

T
x =(ao’al’a2’a3’a'4'a5'a6’a7’a8’a9’a10’all’a12)

f,. f

f

fooor Foas Foes Foves Fois Fog )’

B = (yn+3' yn+4' yn+5’ yn+6’ n? "n+l? "n+2? "n+3? "n+4? "n+5? " n+6?! n+7? " n+8

In order to find the values s in (5.5.1.1), Gaussian elimination method is employed.

The values of a’s are below:

X12

a,= ———t_—(f —8f

° 479001600h°

11
X
+fn+8) + .

79833600h’

n+1

(9f —70f

+28f ,-56f +70f ,—56f .+ 28f , —8f

+7

+238f,  —462f +560f , —434f +

n+1 n+3
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10

210f . —58f +7f )+ (39f —292f +956f , —1788f -+

n+l

14515200h °

9

21772800
+1790f, , —3195f,_+3580f, , — 2581f, +1170f , —305f, +35f )+

n+3 n+7

2090f , —1564f +732f, . —196f +23f )+ (81f —575f .

8

% (307f, - 21056f, +61156, , ~102912, +109930f, ,

9676800h

6352f +33636f 8576 +967f )+ (2403f, —13060f, +
1209600h°

36706 f, , —57384f +58280f , —39128f _+16830f  —4216f, +469f, )

6

X (20531f -138528f +312084f . —448672f +435330f

" 3628800n7
5
284256 f +120008f . — 29664 +3267f )+ (2283f —6720f, +
100800h

11760f , ~15680f +14700f , —9408f +3920f . —960f +105f )+

4 3

h
Yo ¢ %" (2082753f +11532880f, +255896f , +16294176f
24 " 43545600
2298350 , +6510512f . — 2192400f, . + 531424 f,  ~57691f. )+
vl

(29248987 f + 527286424 f +851733508f, , +1592033896 f,

n+2

958003200
+1358008930f, , + 427869928 f, . — 45488444 f . +10509592f _ —

1103621fn+8) + (yn<3 3yn>4+3yn45 - yn»s) st (5yn43 14yn>4+13yn+5

2h2
3

h
—ay, )+ ~—3L4447(436331f + 25829880 f, +106603540 f, , + 241795400, ,
53222400

+311177490f , +74235784f _ —1971340f . +339000f  —26885f )+

_189yn+4+162 yn+5 - 47yn+6) + 20yn+3 - 45yn+4+36yn+5 _10yn+6 +

+1103560 f, ,+1743010f, , +430216f,

n+3

4
N (19f +39160f +321940f
241920

~10700f, , +1720f , —125f, )

11

—gggﬁ%iiiﬁ(fn—Bfmﬁ-28fm2— 56f +70f ,~56f +28f  —8f

10
+fn+8)

n+7

% (9f —70f -+ 238f ,—462f +560f ,—434f +210f .

72576000 e e
9
58f, +Tf, ) -——"—(39f —202f +956 , ~1788f_+2090f, , -
1451520h
8
15641 +732f  —196f +23f )——» __(81f —575f +1790f
241920h°
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7

12096000°
21056 f, +61156f , ~102912f _+109930f , —76352f, +33636f,  —8576f,

11

3195f +3580f , —2581f +1170f  —305f +35f )- (3207

+967f )— (f, —8f +28f  —56f +70f  —56f +28f —8f

n+3 n+5 +7

39916800h ’

4

(2283f, —6720f, +11760f, , —15680f, +14700f , —9408f, +3920f
201600

3 2

h
n+7+105 fn+8) Xn n X
6 " 14515200h°

+16294176 f, , — 2298350 f, , + 6510512 f . —2192400f , +531424f  —
2 X h2
57691f 3y,..+3 - ——————(29248987f  +
n+8) (yn+3 yn+4 yn+5 yn+6) 479001600 ( n

—960 f (2082753 f +11532880f, ,+255896f ,

n+l

29248987 fn+1+851733508fn+2 + 1592033896 f_+1358008930f, , + 427869928

—45488444f _ +10509592f,  —1103621f ) — ;—2 Gy, —14y,, +13y

h3
53222400
311177490f , +74235784f . —1971340f . +339000f _ —26885f .)

(436331 f, + 25829880 f,_+106603540f, , + 241795400 f -+

—% (74y, , ~189y,,#162y, . —47y,.)

10

.Xn—g— ( fn [= 8 anl+28 fn+2 = 56 an3+7O fn+4 = 56 fn+5+28 fn+6 - 8 fnA7-|-fn+8)
7257600h
9
+ Ko __(9f —70f,,+238f, ,~462f 1 +560f,, ~434f +210f , —58f
1451520h

8

Tf )+ ————
o) 322560h°

(39f, —292f +956f  —1788f +2090f , —1564f .+

X7

732f . —196f _+23f +—"—
n+6 n+7 n+8) 60480h5

(81f —575f +1790f , —3195f +3580f ,

n+3

6

345600n°
~102912f, +109930f , — 76352 +33636f,  —8576f +967f )+

5

—2581f +1170f . —305f +35f )+

n+7

(3207 f, —21056f ,+61156f ,

n+l

(2403, —13960f, +36706f , —57384f +58280f , —39128f +

n+l n+3

57600h3

4

241920
448672F +435330f , — 284256 f +120008f . —29664f +3267f )+

16830f , —4216f _+469f )+ (29531f, —138528f, +312984f,

n+l

3

% (2283f —6720f +11760f ,~15680f +14700f, ,—9408f +3920f .
10080h
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a,

2

—960f _+105f

(yn+3 3yn+4+3yn+5 - yn+6) +

i 2h3
X, h
14515200
— 2298350 f

(2082753, +11532880 f, + 255896 f , +16294176f,

+6510512f,  —2192400f, , +531424f  —57691f, )

h2
5 —-14y_,+13 -4 +-—————(29248987f +
( yn+3 yn+4 yn+5 yn+6) 958003200 ( n

+1592033896 f . +1358008930f, , +
+10509592f  — 1103621f ).

n+4

2h2
527286424 f -+ 851733508 f
427869928 f, _ — 45488444

n+2

n+6

9

% (f _8f +28f  -56f +70f ,-56f +28f  —8f
2177280n°

8
n+8)_

n+7

483840h 7 (9 fn - 70 fn+1+238 fn+2 - 462 fn+3+560 fn+4 - 434 fn+5+210 fn+6

X7

—58f +7f e —
7T ) = 120960h°

(39f, —292f +956f , —1788f -+2090f , -

n+l

6

1564f +732f  —196f +23f )-—n
259200

(81f, —575f +1790f

5

172800h4
—21056f ,+61156f, , -102912f .+109930f , -76352f .+33636f

n+l n+3 n+5

3195f ,+3580f , —2581f +1170f . —305f +35f )—

n+3

(3207

n

4

8576f +967f ) (2403f, 13960 _+36706f , —57384f -+

n+7

34560h3

3
582801, ~391281 +16830F, , ~4216f. +469F )~ — 0 - (29531,
181440n

n+5 n+7

138528, +312984f, , —448672f, +435330f , —284256f +120008f,

n+l
2

29664 +3267f )~ XnOh (2283f, —6720f _+11760f, , —15680f

n+7

n+l

+05f )—— (2082753,
43545600

+16294176f,  —2298350f, , +6510512f, _ —

n+4

+14700f,, —9408f, _+3920f . —960f

n+7

+11532880f  + 255896 f

n+l n+2

2192400fn+6 +531424fn+7 _57691fn+8) _7” (yn+3 3yn+4+3yn+5 - yn+6)

fy 6h3

8

967:% ( fn -8 f”+1+28 fn+2 —-56 1:n+3+70 fn+4 -56 fn+5+28 fn+6 -8 fn+7+fn+s)

7

+241;(W(9fn ~70f, +238f,  —462f +560f , —434f +10f _—58f
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6

) 69120h6

1 (39f, —292f, +956f  —1788f +2090f, , —1564f

n+l

5

+732f . —196f +23f )+ (81f —575f +1790f  —3195f

17280h5

4

13824 Oh4
+61156f , —102912f _+109930f , —6352f  +33636f  —8576f

n+3 n+5

+3580f, , —2581f, +1170f  —305f +35f )+ (3207 f, —21056f,

n+7

+967f, )+

n+7
3

(2403f, —13960f _+36706f, , 57384, +58280f , —39128f +

n+l

34560h3

2

6830f,  —4216f +469f )+ (29531f -138528f +312984f

n+l

241920h2
448672 f ,+435330f , —284256f .+120008f , —29664f +3267f ,)+

n+3 n+5

20160h (2283f, —6720f, +11760f , -15680f, ,+14700f , —9408f ,+3920f,
1

~960f, +105f ,)+— f,
24

7

_m(fn —8f, +28f  —56f +70f, , —56f +28f  —8f +f )
_1___7226%7 Of, —70f, +238f, , —462f +560f, , —434f +10f , —58f,,

7 fn+8)

X5

57600h°

(39f —292f +956f  —1788f +2090f , —1564f .+

4

732f . 196f +23f .)-

n+6

(81f, —575f +1790f, , —3195f +3580f,

n+3

1728 Oh5

3

1728000"
~102912f _+109930f , —6352f +33636f , —8576f _+967f )

n+3 n+7

—2581f +1170f  —305f +35f )- (3207f, —21056f, +61156f

2

(2403f, —13960f, +36706f , —57384f +58280f , —39128f +

n+l

57600h3

6830f,  —4216f +469f ) (29531f, —138528f, +312984f, ,

n+l

604800n"
448672 +435330f, , — 284256 _+120008f . —29664f +3267f )

L (2283f —6720f +11760f , —15680f -+14700f, , —9408f +3920f .
100800h

~960f, +105f )
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6

518:nOOh8 ( fn B 8 fn+1+28 fn+2 - 56 fn+3+70 fn+4 - 56 fn+5+28 fn+6 - 8 fn+7+fn+8)

5

X __(of —70f +238f , —462f +560f ,—434f +10f . —58f
172800h’
4
+71f,,)+———(39f, —292f +956f ,—1788f +2090f, , —1564f +
691200
3
732f 196 +23f )+ (81f —575f +1790f , —3195f, +3580f

25920h5

2

—2581f +1170f,  —305f +35f )+

n+5 n+7

(3207f, —21056f ,+61156f

n+1

345600h4
-102912f +109930f, 6 —6352f ,+33636f , —8576f ,+967f )+

n+5 n+7

Trpgagn (24031, ~13960f, +36706, , ~57384f, +58280f,, ~39128f, .+

1

3628800h°
448672 f +435330f , —284256f .+120008f , —29664f +3267f )

n+3 n+5 n+7

6830f . —4216f +469f )+

n+7

(29531f, —138528f, ,+312984f ,

n+l

5

X,
© 604800h°

) X
Frua 241920h"

58 fn+7+7 fn+8 )

( f 8 fn+1+28 fn+2 i 56 fn+3+70 fn+4 B 56 fn+5+28 fn+6 i 8 fn+7+

4
(9f —70f +238f  —462f 4560f , —434f +10f . —

n+l

3

15666665(39f —292f +956f , —1788f +2090f , —1564f ,

n+l

2

60480°
—2581f _+1170f _ —305f +35f )

n+7

+732f 196 +23f. )— (81f —575f +1790f . —3195f +3580f, ,

n+6 n+3

W (3207f, —21056f ,+61156f ,

~102912f,+109930f , — 6352, +33636f . —8576f +967f . )—
1

1209600h°
6830f , —4216f +469f .)

(2403f, —13960f, +36706f, , —57384f +58280f, , —39128f,

n+l

4

X

967680h°
X3

483840h7

(f —8f +28f  —56f +70f , —56f +28f  —8f +f )

(9f —70f +238f  —462f +560f ,—434f +10f —58f

n+3

2

X,

02 ) W -
=¥ 3225600

(39f —292f +956f ,—1788f +2090f ,—1564f -+
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732f 196f +23f )+ (81f, —575f +1790f, , —3195f +3580f

241920h °

+35f, )+ L

9676800h"
~102912f, +109930f, , —6352f +33636f , —8576f, +967f )

n+3

(3207 f, —21056f, ,+61156f

n+l

~2581f _+1170f,  —305f

n+7

Xs

a‘9 = _m ( fn 8 fn+1+28 f - 56 fn+3+70 fn+4 - 56 fn+5+28 fn 8 fn+7+f n+8)
XZ

~ 1451520h"

n+8)

(9f, —70f _+238f _ —462f +560f , —434f +10f . —58f,

n+3

(39f, —292f +956f , —1788f +2090f , —1564f .+

n+l

1451520h °

1961, +231,.,)~———

2177280h°
—2581f,_+1170f . —305f +35f, )

7321 (81f, —575f, _+1790f , —3195f +3580f,

n+6

2

X

a, = m( fn -8 fn+1+28 fn+2 —56 fn-3+70 fn+4 - 56 fn+5+28 fn+e -8 fn+7+fn+s)
X__(9f _70f +238f , —462f +560f , —434f +10f . —58f
7257600h’

LAt —}—6— (39f, —292f +956f ,—-1788f +2090f ,—-1564f .+
14515200h
732f . +196f +23f )
X
a'll = _m( fn - 8 fn+1+28 fn+2 - 56 fn+3+70 fn+4 - 56 fn+5+28 fn+6 - 8 fn+7+fn+8)
—§5§§§gaaﬁ7(9fn——70fm£+238fm2——462fm3+560fm4——434fn%+10fm6——58fm7
+7 fn+8)
X
= —-———7>"——(f -8f +28f ,-56f +70f ,—56f +28f , —8f +f
a'lZ 479001600h8 ( n+l n+3 n+4 n+5 n+ n+7 n+8)

Substituting the values of a’s into equation (5.2.1.1) and simplifying, this gives a

continuous linear multistep method of the form:
k-2 k

yo) =D o, (X)y,.; +h* > B,(0f,., (5.5.1.2)
j=3 j=0

where x = zh+Xx_ +7h (5.5.1.3)
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Equation (5.5.1.3) is substituted into (5.5.1.2) and simplified as follows

11z z°
7)=-1-—"-7" -—
a,(0)=-1-=L-7' =%
2 3
a,(z)=4+Tz+ 7z +%
19z z°
)=—6-—"—"-47" -—
@ (1) =6 3
2 3
a,(2) =4+E+ 82,2
3 2 6
B.(2) = ———__ (-54120+ 765107 +132823 7° — 2337507° —1425602°
958003200
—68904z° +3960z" +12573z° +4400z° +7262" +
60z +2z%).
B.(2)= —— L (54120+ 761502 —1607417° — 2750117° —1663207°
119750400

—79068z° —53462" —14553z° —4950z° —7927" —
63z —27%).
B,(z) = 1 (1299640 4019627 +14584212° + 23429347
239500800

—1397088z° — 648648 z° +53064z" +120681z° +
39490z° +60722"° +462z" +14z7").
B, (2) = ANy (-25080-123410z — 2106673z° —3000371z°
119750400

~1746360z° + 781704 z° —80586 z' —147411z°
—456507° —66662" —483z" —14z%).
B.(2) = —L (16595304 + 302278707 +190230012° + 67466747’
95800320
—2328480z° —977592 z° +135432z" +187407z7°
+53460z° +73262"° +504z" +14z%).
B(2)= —— L (78422520+1515507707 +857100892° +104350957°
119750400

+34927202° +1272348 7° — 266310 2" —248391z° —
63250z° —8052z"° — 525z —14z7%),

B (2) = 1 (42056520 +119368550t +1242683172° + 52255742z7°
239500800

—6985440z° —1380456 z° +578952z" +340461z° +
75350z° +8844z"° +546z" +142%).
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B.(2)=—__ (_349800 + 6961067 + 46488772° + 713078312° +
119750400

4989600 z* +15895447° + 4224 z° —179982 z’
—68013z° —12870z° —13862'° —81z" —2z%).
r]4

B,(z) =———— (262680+174530z —914201z° —12511627°
958003200

+997920z° + 862488 z° + 371448z +957332°
+15400z° +1518z*° +84z" +2z%).
Evaluating (5.5.1.4) at the non-interpolating points .i.e, at z= -7, -6,
-5, 0 and 1 yields

2419200y, —8709120y, . +10886400y, , — 4838400y, , + 241920y,
=(19f, +39160f  +321940f, , +1103560f , +1743010f ,
+430216f , —10700f , +1720f  —125f ).

n+3

2903040y, . —10886400y. . +14515200y , — 7257600y, , + 725760y
=(35f +152f ,+113060f , +998840f _ +2006210f, ,+523400f
~15292f . +2600f, -205f ).

n+6 n+5 n+4 n+1

n+7

725760y, — 2903040y, , + 4354560y, , — 2903040y, ,
= (—41f, +568f ,—3596f ,+130888f,  +470122f
—3596f, . +568f  —41f ).

+ 725760y, ,
+130888f .

n+2 n+4

725760y,., =2903040y, , + 4354560 y, . — 2903040y, , + 725760y, ,
= (-41f +328f,  —908f, ,—152f  +125722f , +475288F,
+127444fF _—2120f,  +199f, ).

n+2

725760y, , — 7257600y, . +14515200 y, . —10886400y, , + 2903040y
= (-35f, -520f , +3860f, , —18232f , +527810f, , +2001800f
+1001780f, , +111800f , +467f ).

n+6 n+7

The first derivative of (5.5.1.4) gives

-11 z?
(2)=—F—-2z——
a,(2) 5 5
2
ag(z):7+7z+3;
-19 3z?
"(z2)=——-8z—-
a,(2) 5 5

3z?

aé(z)=%+3z+
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(5.5.1.4)

(5.5.1.5)

(5.5.1.6)

(5.5.1.7)

(5.5.1.8)

(5.5.1.9)



pi(z) = L (—38255+132823z + 3506252* —356400z* — 2067122°
479001600

+13860z° +50292z" +198002° +3630z° +330z"° +12 z*).

B(2) = — > (76150 — 3214827 — 8250337 +8316007*
119750400
+4744082° —374227° —1164247" — 44550z° —79202°
—693z"° — 24z").

pi(z) = __1 (—200981+1458421z + 3514401z% —3492720z*
119750400

—19459447° +1857242° + 4827247" +177705z° + 303602°

+25417"° +84z").
L£i(2) = ;(—123410 — 4213346z —9001113z% +8731800z*
119750400
+46902247° —5641022° —1179288z" — 410850z° — 666602°
~5313z"° —168z").
/ﬂ(z)::———é£———-(15113935—%190230012—k1012001122——582120024
47900160
—29327767° + 474012z° + 749628z + 240570z° + 36630z°

+27727° +84z™).

3

/ﬁ(z):~——-b’———»(151550770—%17142017824—3130528522
119750400

+174636002* + 7634088z° —18641702° 19871287’
—5692502° —805202° —57752" —1682™").
S
/ﬁ(z)::—»—ll————-(59684275—%12426831724—7838361322
119750400

—17463600z* + 7634088z° + 2026332z° +1361844z'
+339075z° + 44220z° + 3003z" + 84z™).

3
;%(z)z____IL_——-(696106-%929775424—2139234922+1995840023
119750400
179477207 + 253447° —12598747° — 54410477 —1158307° (5.5.1.10)
—-13860z° —891z" — 247").
/g(z)::———ll———— (87265 — 914201z — 18767432 + 24948002°
479001600

+2587464z7° +1300068z° +382932z" +693002° + 7590z2°
+4627%° +12z").

Evaluating (5.5.1.10) at all the grid points. That is, at z= -7, -6, -5, -4, -3, -2,-1, 0
and 1 yields
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53222400hy’ — 416908800y . +1437004800y, . —1676505600 Y, ,
+656409600 y, , = h*(-436331f, — 25829880 f , —106603540f,
— 241795400, , —311177490f , — 74235784 f . +1971340f
—339000f, , +26885f, ).

479001600hy’, — 2075673600y, , + 7424524800y, . — 9101030400y
+3752179200y, , = h*(—4408904 f_+ 29995 f,  — 228452540 f
— 980542760, , —1495688270f, , — 373846040 f

—1929080f  , +155515f ,).

n+5
n+2
+11088484f

n+5

n+7

479001600hy’ , —878169600 y, . + 3353011200y, . — 4550515200y, ,
+2075673600y, ., = h*(38255f, — 431560, —1407244 f
— 241950520 f, , — 601382950 f_, —155959480 f
—573256f,_, +39695f ).

n+2

+3707060f,

n+5

159667200hy., — 53222400y . + 239500800y, . — 479001600y ,
+292723200y, ., = h*(=3305f, + 25960 f,  —33740f , —1641848f
—28275110f, , —10428680f, . +527380f, . —95720f

n+3

+8263f ).

n+5 n+7

479001600hy.. , + 79833600y, , — 479001600y, . + 239500800y, ,
+159667200y, , = h* (15769, — 160856 f, , + 770524 f
—2216936f, , + 25856710, , +16614616 f _ —1166084f,
+223336f, . - 20279f. ).

n+2

n+4

479001600hy. .. —159667200y, ., — 239500800y, .. + 479001600y,
— 79833600y, , = h*(~15769 f +162200f , —791020f
+2490680 f,,, —18601510 f , — 23869816 f _ +892340f
—202840f  +18935f ).

n+2

159667200hy,,, — 292723200y, + 479001600y, . — 239500800y,
+53222400y, , = h*(3305f, —38008f, , +214700f, , —805000f, ,
+10845110f, , + 27858680 f . +1919468f _ —85240f,

+3785f ).

479001600hy. , — 2075673600y, . + 4550515200y, . — 3353011200y, ,
—493640f,

+878169600y, , = h*(~38255f, + 304600 f, , —803924f,
+151139350f, , + 606203080, _ +238737100f, _ +2784424f
+87265f ).

479001600hy. , — 3752179200y, , + 9101030400y, . — 7424524800y, ,

+ 2075673600y, , = h*(—29995 f +114440f _ +849260f,
—8568904f _ +370066670f, , +1499467640f _+978023180f
+229532360f,  +4138949f, ).

338

n+4

(5.5.1.11)

(5.5.1.12)

(5.5.1.13)

(5.5.1.14)

(5.5.1.15)

(5.5.1.16)

(5.5.1.17)

(5.5.1.18)

(5.5.1.19)



The second derivative of (5.5.1.4) gives
a(z)=-2-z2

a;(2)=7+3z

al(z)=—-8-3z

al(z)=3+z

(@)=t
°M7 479001600

+83160z° + 352044z° +158400z" + 32670z° + 33002°
+1322%)
1
59875200
—112266z° —407484z° —178200z" — 35640z° —3465z2°

~132z").

(132823 + 701250z —1425600z° —1033560z*

"(2) = (—160741 - 825033z +16632002° +1186020z*

1
119750400
+11143447° +3379068z° +1421640z" + 273240z°
+25410z° +924z%).

1
59875200
—16923062° —4127508z° —1643400z" —299970z°

—26565z° —924z").

pr(z) = (1458421 + 7028802z —13970880z° —9729720z"*

(2) = (—2106673 9001113z +17463600z° +11725560z *

i

47900160
+28440722° +52473962° +1924560z " +329670z° +

277202° +924z2"). (5.5.1.20)
1

59875200
—5592510z° — 6954948z° — 2277000z —3623402° —

28875z° —924z%).

pl(z)= (19023001 -+ 20240022z — 23284800z° —14663880z*

Ll(z) = (85710089 + 31305285z + 34927200z° +19085220z*

1
119750400
+12157992z° +9532908z° + 2712600z’ + 397980 z° + 30030z°

+9247%).

pl(z) = (124268317 +156767226z — 69854400z° — 20706840z*

1

59875200
63360z° —3779622z° —19043642° — 463320z — 623702°

—4455z2° —132 7%°).

£(2) = (4648877 + 21392349z + 29937600z° +158954402° +
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S”(Z)::-————']i————(—914201——37534862+997920023—%1293732024

479001600
+7800408z° + 26805247° + 55440027 + 68310 z°

+4620z° +1322%).
Evaluating (5.5.1.20) at all the grid points. That is, at z=-7, -6, -5, -4, -3,
-2,-1,0 and 1 produces

479001600hy” +1916006400y. . — 6227020800 y
= h*(29248987 f, + 527286424 f  +851733508f , +1592033896f, , (5.5.1.21)
— 2395008000y, +1358008930f, , + 427869928

— 45488444 f, _+10509592 f,  —1103621f, ).

. +6706022400y

n+4

479001600h°y" , +1437004800y, . — 4790016000y, . +5269017600y, ,

= h*(—995381f, + 38315656 f, , + 489953188 f_  + 944838952 (5.5.1.22)
—1916006400y. , +1121071570f, , + 242304856 f .

—1286396f  —161288f  +51643f ).

479001600h%y” , + 958003200y, , — 3353011200 y, . + 3832012800y, ,

=h*(132823f, + 2109608 f,  +41972644f _ +485916136f, (5.5.1.23)
— 1437004800y, , + 702416410, +173494312f _—5696252f, .

+1052056 . —90521f. ).

n+4

479001600h?y” . + 479001600y, . —1916006400y, . + 2395008000y, ,

=h*(-36401f +514552f  —4169804f  +49777048f, (5.5.1.24)
+308557450 f, , + 86441896 f . — 2335532 f. . +360904f. .

—25313f, ).

n+4

479001600h?y" , — 479001600y, + 958003200y, , — 479001600y, .
= h*(~1747f, +25064f , —202564f _ +1943192f _ +36388910f , (5.5.1.25)
1+1943192f , — 202564 _ +25064f  —1747f ).

n+3

n+6

479001600hy” . — 479001600y, , +958003200y, . — 479001600y, ,
=h*(1747f, -13976f,  +37828f , +55816f  —1723070f, , (5.5.1.26)
—36609032f, . —1796444f _+139672f  —9341f ).

479001600hy” . —958003200 y, . + 2395008000y, . —1916006400y, ,

= h*(=36401f, +302296 f  —949532f  +722152f, (5.5.1.27)
+479001600y, . + 81855370, , +313143976f, _

+46719364,  —2859368f _ +186943f, ).

479001600h%y” , —1437004800y . + 3832012800y, . — 3353011200y
+958003200y, , = h'(132823f, ~1285928, , + 56833684, , ~168533841,. (551 28)
+190230010f, , + 685680712, _ +497073268f _ +37191016f,

~914201f ).

n+5 n+4

n+6
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479001600n%y" , 1916006400y . +5269017600y, . — 4790016000y, ,

+1437004800y, , = h*(-995381f, +9010072f, , — 35995004 f (5.5.1.29)
+82325608f, , +116886850f, , +1246489576f _ +861226948f .

+525786904 f _ +29357227f, ).

n+4 n+5

The third derivative of (5.5.1.4) gives

al(z) = -1
al(z) =3
al(z) = -3
al(z) =1
(z) = ; (10625 —-64800 z* —62640z° + 6300z* +32004z°
7257600
+16800z° +3960z" + 450z° + 202°).
BlZ) = — L (—25001+151200 7° +1437602° —170102*
1814400
—74088z° —37800z° —8640z" —945z° — 402°).
(2) = ; (106497 — 635040 z? —5896802z° +84420z*
1814400
+307188z° +150780z° +33120z" + 34652° +140z2°).
Bz) = — L (L272761+1587600 2° +14212807° — 2564107"
1814400
—7504562° —3486002z° —72720z" — 7245z° — 2802°).
 (Z = —i— (306667 —1058400 z* —888720z° + 215460 z*
725760
+4770362° + 2041202° + 39960z" +37802° +1402°).
"(2) = — L (948645 + 3175200 2° + 23133602° — 8473502
1814400
—1264536z° — 483000z° — 87840z — 7875z° — 280z°).
BI(2) = — (2375261 — 3175200 2° —12549602° + 921060 2°
1814400
+866628z° + 287700z° + 4824027 + 4095z° +140z2°).
(z) = ; (648253 +1814400z +1445040z° +7680 z° —572670z* —
1814400
346248z° —98280z° —15120z" —1215z° —40z°). (5.5.1.30)
. (2) = ; (-56871+453600z° +784080z° +590940z* + 243684z°
7257600

+58800z° +8280z" +630z° +20z°).

Equation (5.5.1.30) is evaluated at all the grid points. i.e, atz = -7, -6, -5,
-4, -3,-2,-1,0and 1 gives
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1814400h°y"— 7257600y, , + 21772800y, . — 21772800y, , + 7257600y, ,
= h*(—2082753f, —11532880f , — 255896 f, , —16294176 f  +2298350f, ,

~ 6510512, _+2192400f _—531424f +57691f ).

n+3

n+5 n+7

1814400h°y"  — 7257600 y

n+l

. +21772800y, 21772800y, , + 7257600 y
= h*(57281f, — 2598692, —9465084f , —5103460f ,—7767890f ,
—217836f,_—390028f, _+94324f —10215f ).

n+5 n+4 n+3

n+6

1814400h°y” , — 7257600y . + 21772800y, . — 21772800y, , + 7257600y,
= h*(-10625f, +152496 f  —2975512f , —8608544f  —5133330f, ,
~1727920f _ +198544f _—43488f  +4379f ).

1814400h°y", — 7257600y, . +21772800y, . — 21772800y, , + 7257600y, ,
=h*(3969f, —46756f, , +301060f, , —3344868f , —6799570f, ,
~932204f,  —85644f,  +19700f, . —2087f ).

1814400h°y", — 7257600y, , + 21772800y, . — 21772800y, , + 7257600y, ,
=h*(-2497f, + 26032, —130968f, , +474848f, , —2350610f,
~1783728f _+166928f _—31712f  +2907f ).

n+l

1814400h*y"_ — 7257600y, , + 21772800y, . —21772800y, , + 7257600y, .,
=h*(2497f, —25380f,  +121604f , —376676f, , +2098350f,
+2035988f, . ~265100f, . +41076f,, —3559f, .).

1814400h°y”", 7257600y, + 21772800y . — 21772800y, , + 7257600y .
=h*(~3969f +37808f  —162584f _ +419040f  +432110f, ,

+7299664f, _ +3011472f,  —158176f,  +11035f ).

1814400h°y” . — 7257600 y, . + 21772800y, . — 21772800y, , + 7257600y,
=h*(10625f, —100004 f,  +425988f, ,—1091044f . +3066670f,
+3794580f, . +9501044f _ +2593012f  —56871f ).

1814400h%y” , — 7257600y, . + 21772800y, . — 21772800y, + 7257600 y, ,

= h*(-57281f, +525744f  —2156440f _, +5201632f , —6999570f ,
+14985296 f . +291856 f, , +11527200f  +2083163f, ).

(5.5.1.31)

(5.5.1.32)

(5.5.1.33)

(5.1.5.34)

(5.5.1.35)

(5.5.1.36)

(5.5.1.37)

(5.5.1.38)

(5.5.1.39)

Joining equations (5.5.1.5) - (5.5.1.9), (5.5.1.11), (5.5.1.21) and (5.5.1.31) to give a

block of the form (1.10) as follows
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which gives

1 h*
=y +hy’ +=h%y’ h3 "4 ————(—425111f1
yn+1 yn yn 2 yn 6 yn 958003200 ( n+8

—16041916f,, +38838088f . —61500210f, , +67126376f
52883276, +36501816 f

n+6 n+4

+ 24396497 f ).

n+2 n+l

h4
=y +2hy’ +2h*y" +— h " ————— (24477 f
yn+2 yn yn y 3 y 3742200 ( n+8

+2249904f _ —3577790f , +3933392f,
+2719504 f , +1035731f,).

+225136f, .

—926764f
~3139836 f

n+l

Y., =Y, +3hy! += h y'+= h3y"’+ h

n+2

(-104085f,
3942400

3938148 fM + 9553464 f . —15168870f, , +16614360f
—12476916f , +13764168f  +4104531f ).

+957096 f_

n+l

4
my N (7036f
467775

~300128f , +727808f,  —1155000f, , +1282816f .
~838240f. , +1160448f _ +304672f ).

n+2

Y... =Y, +4hy! +8h° y”+3—h3y +72960f .

n+2

125 h*

Yo.s =Y, +5hy, + 22 h?y” + —h’y"+ ————(-5319375f , + 48895000f,,

6 38320128
~ 201077500f, , + 487389000 . — 766681250f, , 895985000 f .

—490807500f,, +828115000f, , +201421625f ).

n+2 n+l

6h*
30800
— 47964, +117072f,  —177390f, , +224304f, .

Yoe = Y. +6hy, +18h%y” +36h%y"+ ( 1269f , +11664f

—102924f _ +206064f _ +47643f ).
y.. =y, +7hy. +—h y. 3 y. +h74(—54841241f +504037128 f
n+7 6 n 136857600 n+8 n+7

- 2050386772 f . +5205732952f _—7344827070f , +10148873336
~ 3949712228 +9184285992f  + 2048300303 ).

4
yn+8 yn+8hy +32h2y +@h3yn h

3 467775
~10108928f , + 28114944 _ —36229120 f

~18333696 f, , + 48693248 +10571776f,).

+54722560f

n+4

+3904536

(—284160f , + 2686976 f

(5.5.1.41)

(5.5.1.42)

(5.5.1.43)

(5.5.1.44)

(5.5.1.45)

(5.5.1.46)

(5.5.1.47)

(5.5.1.48)

Substituting (5.5.1.43) - (5.5.1.46) into (5.5.1.12) — (5.5.1.19) to give the first

derivative of the block
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1 h®
‘=Y +hy"+=h*y"+—————(-73886f , +679110f
yn+1 yn yn 2 yn 39916800 ( n+8 n+7
—2792861f,  +6771082f _—10745445f
—9359135f _ +6779886f , +3619903f,).

n+2

3
’ — ’ + 2h ” + 2h2 ”I+
yn+2 yn yn yn 623700
—276634f _+671628f _—1067950f , +1173140f, ,

— 926646 f, , +911204f,  + 286967 f,).

(—7305f, , +67196f,

9 3h®
" =y +3hy"+=h%y"+ —4815f , +44262f
yn+3 yn yn 2 yn 492800 ( n+8 n+7
—182043f _ +441306f _—699885f, , +766290f
521217 f, , +711918f, +183384f).

3

(—8564f , +78720fF

2 "

‘.=Y +4hy” +8h’y"+
yn+4 yn yn yn 155925
—323744f  +784768f —1243200f, 6 +1435264f

—752480f,, +1371264f  +321172f).

25 h?
' =Y. +5hy’ + =—=h’y"+———-(-141000f . +1295750 f
yn+5 yn yn 2 yn 1596672 ( n+8 n+7
~5327125f . +12920250f

n+6

~10296375f, , + 23702750 ., +5253125f.).

h3
' o =Y. +6hy”+18h%y"+ —1998f . +18360 f
yn+6 yl’] yl’] yn 15400 ( n+8 n+7

—75348f. . +190296 f, . —258660f, , +385128f,
—123660f, , +346248f  +74034f).

49 h?
L=y +Thy"+—h?y"+ —-1020425f , +9423582 f
yn+7 yn yn 2 yn 5702400 ( n+8 n+7

—35782103f . +104842066f . —122270925f , +206894170f

— 54639557 f  +180838518f  +37701874f ).

8h®
o =Y +8hy” +32h*y" + —4440f , +51712f
y yn yn y 155925( n+8 n+7

n+8
—134528f _+508416f _—510560f,
—216192f , +828928f _ +169624f ).

+11774146 F

~19680625 f, , + 25537250 f, .

+970240f,

(5.5.1.49)

(5.5.1.50)

(5.5.1.51)

(5.5.1.52)

(5.5.1.53)

(5.5.1.54)

(5.5.1.55)

(5.5.1.56)

Substituting (5.5.1.43) - (5.5.1.46) into (5.5.1.22) — (5.5.1.29) to give the second

derivative of the block
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2

o=y +hy"+ —40187 f
yn+1 yn yn 7257600 ( n+8

+3698922f _ —64888311f, , +6488191f  —5225623f (5.5.1.57)
+4124231f . +1624505¢ ).

+369744f  —1522673f

2

Y = yr 4+ 2hy" D (L1563f , +14368f  —59092f

113400 "
+143232f _—227030f , +247328f . —183708f (5.5.1.58)
+235072f .+58193f ).
h2
"=y +3hy"+ ~1935f , +17784f . —73128f
yn+3 yn yn 89600 ( n+8 n+7 n+6
+177264f, , —281430f, , +315000f, , —150624 f , (5.5.1.59)
+328608f,  +71661f).
2
" =y +4hy"+ —836f, , +7680f , —31552f
yn+4 yn yn 28350 ( n+8 n+7 n+6

+76288f _—118440f , +160256f . —46400f (5.5.1.60)

+148992f . +30812f.).

2

y! . =Yy, +5hy” + (-10875f , +100000f , —412000f, .

n+5 290304 n+8
+1020600f, . ~1283750 f, , + 2294000 f, , — 465000, (5.5.1.61)
+1987000f .. +398825f.).
h2
Yoise =Y, + 6hyn E 1400 (—63 fn+8 +576 fﬂ+7 — 2268 fn+6 + 7200 fn+5 (55162)
—6390f , +14208f , —2196f , +11808f,  +2325f).
y' =y +7hy"+ e (-8183f, , +84168f  —145432f
n+7 n n 1036800 n+8 n+7 n+6
+1009792f _ —689430f, , +1830248f _ —225008f, (5.5.1.63)
+1484112f,  +288533f,).

2

h
14 — !!+8h III+
yl’\+8 yn yn 28350

~145280f, , +419840f, , — 44544  +329728f  +63296f,).

(47104 f  —14848f _+251904f . (5.5.1.64)

Substituting (5.5.1.43) - (5.5.1.46) into (5.5.1.32) — (5.5.1.39) to give the
third derivative of the block

moo__ o m h
Vi = Y7+ Topgnns (10004, , +02186f, , ~380447 1, +927046 1, (55.1.65)
~1482974f , +1648632f  —1356711f , +1316197f , +315273f ).
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h
"=yl + —833f
yn+2 yn 113400 ( n+8

—-116120f, , +120088f . —42494 f

+7624f  —31154f,  +74728f

n+6

(5.5.1.66)

+182584f  +32377f)).

n+4 n+2 n+l

" m h
=y"+
yn+3 yn 44800
+79934 f

(-369f, , +3402f . —-14062f . +34434f . —-56160f , (5.5.1.67)

+3438f, , +70002f,  +12881f ).

n+3 n+2

" " h
=y"+
yn+4 yn 28350
+ 65504 f

(-214f,, +1952f  —7912f _-+18464f _-18160f (5.5.1.68)

+488f , +45152f  +8126f ).

n+3 n+2

m

h
=y"+ —1225f
yn+5 yn 145152 ( n+8

—4000f , +318350f, , +7550f, , +230150f, , +41705f ).

+11450f  —49150f _ +170930f (5.5.1.69)

Voo =yt (9, 721

1400 e
+3224f . +18f

+158f . +2664f _—360f ,

n+7

(5.5.1.70)

+2232f,, +401f ).

n+2 n+1

h
o=y + —8183f . +223174f . +522046 f
yn+7 yn 518400 ( n+8 n+7 n+6

+736078f,,, +54880f, , +1085937f, , + 48706 f,, (5.5.1.71)
+816634f,, +149527f ).

n+l

" " h
Vo =Y+ s (1912, + 41041, , 74241, +83968 1,

-36320f , +83968f |, 7424

(5.5.1.72)
+47104f, [ +79121,).

n+2

5.5.2 Properties of Eight-Step Block Method for Fourth Order ODEs.

This section establishes the order, zero-stability and region of absolute stability of

eight—step block method for fourth order ODEs.

5.5.2.1 Order of Eight-Step Block Method for Fourth Order ODEs.

In finding the order of the block method (5.5.1.41 — 5.5.1.48), the same strategy

mentioned in section 3.2.2.1 is used as displayed below
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6779886(1)" — 9359135(2)"
5 L Z h" o 3619908 ., < heem am +11774146(3)" —10745445(4)"
Zm’ Sm 39916800 4 (39916800)(m!) +6771082(5)" — 2792861(6)"
+679110(7)" — 73886(8)"
911204(1)" — 926646(2)"

i(zh)my _Z(Zh)m w _ 286967 ., heem oom| +1173140(3)" —~1067950(4)" +
= Yo 623700 71T A& (623700)(ml) " | 671628(5)" — 276634(6)"
+67196(7)" — 7305(8)"
711918(1)" —521217(2)" +
Z=°:(3h)"‘y _Z(Sh)m w 183384 ., < heem g 766290(3)" — 699885(4)"
“ Yo T 202800 T 4% (492800)(ml) " | + 441306(5)" —182043(6)"
+44262(7)" — 4815(8)"
137126(1)" — 752480(2)"
i(4h)my Z(4h)m w 321172, & heem yom +1435264(3)" —1243200(4)"
" A Yo T 155025 Y1 A4 (155025)(ml) " | + 784768(5)" — 323744(6)"
+78720(7)" — 8564(8)"
23702750(1)" —10296375(2)"
i:(5h)my _Z(sh)m yo 5258125 ., < heem o + 25537250(3)" —19680625(4)"
“ 1596672 £ (1596672)(m!) +12920250(5)" — 5327125(6)"
+1295750(7)" —141000(8)"
346248(1)" —123660(2)" +
i“’h)mym _i(Gh)m (o LTA034,, . < hT oo | 385128(3)" — 258660(4)" +
Z m " A& mb 7" 15400 " A% (15400)(m!) T | 190296(5)" — 75348(6)"

+18360(7)" ~1998(8)"
180838518(1)" — 54639557(2)"
5 @ *iah)m (37701874, & 7he" .m| £ 206894170(3)" —122270925(4)"
2 m " & mb T 5702400 " A3(5702400)(m!) 7" | +104842066(5)" —35782103(6)"
+9423582(7)" —1020425(8)"
828928(1)" — 216192(2)" +
i( y _Z(Bh)"“ m _8(169624) ., , < 8h°" @em| 970240(3)" —510560(4)" +
2 om " & om T 185925 U7 £%(155925)(m!) T | 508416(5)" —134528(6)"
+51712(7)" — 4440(8)"

Comparing the coefficients of h"and y™ produces

O O O O O O o o

<:>

e e e
|

e e N T )
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6779886(1)° — 9359135(2)° +11774146(3)*°
—10745445(4) + 6771082(5)° — 2792861(6)°
+679110(7)° — 73886(8)°

1 3619903 1
31 39916800 (39916800)(0!)

911204(1)° — 926646(2)° +1173140(3)°

—1067950(4)° + 671628(5)° — 276634(6)°
+67196(7)° — 7305(8)°

711918(1)° — 521217(2)° + 766290(3)°

— 699885(4)° + 41306(5)° —182043(6)°

+ 44262(7)° — 4815(8)°

137126(1)° — 752480(2)° +1435264(3)°

—1243200(4)° + 784768(5)° — 323744(6)°

+78720(7)° — 8564(8)°

23702750(1)° —10296375(2)° + 25537250(3)°
—19680625(4)° +12920250(5)° — 5327125(6)°
+1295750(7)° —141000(8)°

(6)° 74034 1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)°

31 15400 (15400)(0!) L 190296(5)° — 75348(6)° +18360(7)° —1998(8)° J
180838518(1)° — 54639557(2)° + 206894170(3)°
—122270925(4)° +104842066(5)° — 35782103(6)°
+9423582(7)° —1020425(8)°

(8)° 8(169624) 1 828928(1)° — 216192(2)° + 970240(3) — 510560(4)°
31 155925  (155925)(0!) L 508416(5)° —134528(6)° + 51712(7)° — 4440(8)° J

(2)° 286967 1
31 623700 (623700)(0!)

(3° 183384 1
31 492800 (492800)(0')

(4° 321172 1
31 155925 (155925)(0!)

(5)° 5253125 1
31 1596672 (1596672)(0)

(7)° 37701874 1
3! 5702400  (5702400)(0!)
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1

1

41 (39916800) (1)

6779886(1)" —9359135(2)" +11774146(3)"
—10745445(4)" + 6771082(5)" — 2792861(6)"
+679110(7)" — 73886(8)"

911204(1)" — 926646(2)" +1173140(3)" —
1067950(4)" + 671628(5)" — 276634(6)" +

@ 1
41 (623700)(1!)
(O 1
41 (492800)(1')
@" 1
4 (155925)(1)
5)° 1

67196(7)" — 7305(8)"
711918(1)* — 521217(2)" + 766290(3)*
— 699885(4)" + 441306(5)" —182043(6)"
+44262(7)" — 4815(8)"
137126(1)* — 752480(2)" +1435264(3)"
—1243200(4)* + 784768(5)" — 323744(6)*
+78720(7)" — 8564(8)"
23702750(1)" —10296375(2)" + 25537250(3)"
—19680625(4)" +12920250(5)" — 5327125(6)"

4 (1596672)(1)

®)" 1
41 (15400)(1)
™° 1

+1295750(7)* —141000(8)*

346248(1)" —123660(2)" + 385128(3)" — 258660(4)"
+190296(5)" — 75348(6)" +18360(7)" —1998(8)" ]
180838518(1)" — 54639557(2)" + 206894170(3)"
—122270925(4)" +104842066(5)" — 35782103(6)"

41 (5702400)(1)

®@)°

1

a

(155925) (1)

+9423582(7)" —1020425(8)*
828928(1)" — 216192(2)" + 970240(3)" —510560(4)* +
508416(5)" —134528(6)" + 51712(7)" — 4440(8)*
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1

1

51 (39916800)(2!)

@ __ 1

51 (623700)(2!)
) 1

51 (492800)(2!)
4> 1

51 (155925)(2!)
(5)° 1

6779886(1)2 —9359135(2)% +11774146(3)°
—10745445(4)% + 6771082(5)? — 2792861(6)>
+679110(7)? — 73886(8)*
911204(1)% — 926646(2)? +1173140(3)* —
1067950(4)? + 671628(5)% — 276634(6)’
+67196(7) — 7305(8)°
711918(1)? — 521217(2)? + 766290(3)>
—699885(4)° + 441306(5)° —182043(6)>
+44262(7)? — 4815(8)>
137126(1)° — 752480(2)° +1435264(3)>
—1243200(4)° + 784768(5)> — 323744(6)>
+78720(7)° — 8564(8)°
23702750(1)> —10296375(2)° + 25537250(3)"
—19680625(4)% +12920250(5)> — 5327125(6)>

51 (1596672)(2!)

+1295750(7)* —141000(8)>
346248(1)° —123660(2)> + 385128(3) — 258660(4)°
+190296(5)° — 75348(6) +18360(7)° —1998(8)° j
180838518(1)> — 54639557(2)° + 206894170(3)>
—122270925(4) +104842066(5) — 35782103(6)>

+9423582(7) —1020425(8)°

828928(1)% — 216192(2)> + 970240(3)"
—510560(4)° + 508416(5)> —134528(6)>

O 1

51 (15400)(2!)
7 1

51 (5702400)(2!)
®)°

51 (155925)(2!)

+51712(7)° — 4440(8)°
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6779886(1)° — 9359135(2)° +11774146(3)°
11 | _10745445(4) +6771082(5)° — 2792861(6)°
6! (39916800)(3!) ) .
+679110(7)° — 73886(8)
i 911204(1)° — 926646(2)° +1173140(3)°
@ _ 1 —1067950(4)® + 671628(5)° — 276634(6)°
61 (623700)(3) . .
+67196(7)° — 7305(8)
i 711918(1)° — 521217(2)° + 766290(3)°
)" _ 1 —699885(4)® + 441306(5)° —182043(6)°
61 (492800)(3) . .
+44262(7)° — 4815(8)
i 137126(1)° — 752480(2)° +1435264(3)°
@ _ 1 —1243200(4)°® + 784768(5)° — 323744(6)°
61 (155925)(3!) . .
+78720(7)° — 8564(8)
] 23702750(1)° —10296375(2)° + 25537250(3)°
©) _ 1 —19680625(4)° +12920250(5)° — 5327125(6)°
61 (1596672)(3!) ’ .
+1295750(7)* —141000(8)
6)° 1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)°
6! (15400)(3') | +190296(5)° — 75348(6)° +18360(7)° —1998(8)°
6 180838518(1)° —54639557(2)° + 206894170(3)*
(7 _ X —122270925(4)® +104842066(5)° — 35782103(6)°
61 (5702400)(3!) . .
+9423582(7)° —1020425(8)
; 828928(1)° — 216192(2)° + 970240(3)°
[ER\ —510560(4)> +508416(5)°> —134528(6)°
61 (155925)(3)

+51712(7)% = 4440(8)°
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6779886(1)" —9359135(2)* +11774146(3)"
—10745445(4)* + 6771082(5)" — 2792861(6)"
+679110(7)* — 73886(8)*
911204(1)* — 926646(2)* +1173140(3)*
—1067950(4)" + 671628(5)* — 276634(6)"
+67196(7)* — 7305(8)*
711918(1)* —521217(2)* + 766290(3)*
— 699885(4)* + 441306(5)* —182043(6)*
+44262(7)* — 4815(8)*
137126(1)* — 752480(2)* +1435264(3)*
—1243200(4)" + 784768(5)* — 323744(6)"
+78720(7)" —8564(8)*

23702750(1)* —10296375(2) + 25537250(3)"

i1t
7! (39916800)(4!)

" 1
71 (623700)(4!)

) 1
7' (492800)(4!)

4 1
71 (155925)(4!)

©) _ 1 —19680625(4)* +12920250(5)* — 5327125(6)"
7' (1596672)(4)) : .
+1295750(7)* —141000(8)
(6)’ 1 346248(1)° —123660(2)* + 385128(3)" — 258660(4)*
7! (15400)(41) | +190296(5)" — 75348(6)" +18360(7)" —1998(8)"

180838518(1)* —54639557(2)" + 206894170(3)*
—122270925(4)" + 104842066(5)" — 35782103(6)*
+9423582(7)* —1020425(8)"

828928(1)* — 216192(2)* + 970240(3)*

7
CR\ ; — 510560(4)" +508416(5)" —134528(6)" +51712(7)*
7 (155925)(4!) )
— 4440(8)

) 1
71 (5702400)(4))
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1

8l (39916800)(5!)

6779886(1)° — 9359135(2)° +11774146(3)°
—10745445(4)° + 6771082(5)° — 2792861(6)°
+679110(7)° — 73886(8)°

911204(1)° — 926646(2)° +1173140(3)°

1

8
@) _ 1 —1067950(4)° + 671628(5)° — 276634(6)°
8l (623700)(5!) . .
+67196(7)° — 7305(8)
. 711918(1)° — 521217(2)° + 766290(3)°
S 1 — 699885(4)° + 441306(5)° —182043(6)°
8l (492800)(5!) : .
+ 44262(7)° — 4815(8)
i 137126(1)° — 752480(2)° +1435264(3)°
@) _ 1 —1243200(4)° + 784768(5)° — 323744(6)°
81 (155925)(5!) . .
+78720(7)° — 8564(8)
. 23702750(1)° —10296375(2)° + 25537250(3)°
©) _ 1 —19680625(4)° +12920250(5)° — 5327125(6)°
8 (1596672)(5!) : .
+1295750(7)° —141000(8)
6)° 1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)°
! nl+1 5)° — 7534 +1 7)° -1
81 (15400)(5!) | +190296(5)° — 75348(6)° +18360(7)° —1998(8)°
: 180838518(1)° = 54639557(2)° + 206894170(3)°
(0" d —122270925(4)° + 104842066(5)° — 35782103(6)°
8l (5702400)(5") . !
+9423582(7)° —1020425(8)
() - 1 828928(1)° — 216192(2)° + 970240(3)° — 510560(4)° +
8l (155925)(5!) | 508416(5)° — 134528(6)° + 51712(7)° — 4440(8)°
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6779886(1)° — 9359135(2)° +11774146(3)°
11 | 10745445(4)° + 6771082(5)° — 2792861(6)°
91 (39916800)(61) 6 :
4 679110(7)° — 73886(8)
9 911204(1)° — 926646(2)° +1173140(3)°
@ 1 —1067950(4)° + 671628(5)° — 276634(6)"
o (623700)(8) 6 :
+ 67196(7)° — 7305(8)
9 711918(1)° — 521217(2)° + 766290(3)°
® 1 — 699885(4)° + 441306(5)° —182043(6)°
o (492800)(6) G i
1 44262(7)° — 4815(8)
9 137126(1)° — 752480(2)° +1435264(3)°
@ 1 _1243200(4)° + 784768(5)° — 323744(6)°
o (155925)(8)) 6 6
1 78720(7)° — 8564(8)
9 23702750(1)° —10296375(2)° + 25537250(3)°
©) _ 1 — 19680625(4)° +12920250(5)° — 5327125(6)°
o (1596672)(6) 6 i
+1295750(7)° —141000(8)
6)° 1 (346248(1)° —123660(2)° + 385128(3)° — 258660(4)°
o (15400)(6!) | +190296(5)° — 75348(6)° +18360(7)° —1998(8)°
9 180838518(1)° — 54639557(2)° + 206894170(3)°
Vel A — 122270925(4)° -+ 104842066(5)° — 35782103(6)°
9 (5702400)(6!) 6 6
+ 9423582(7)° —1020425(8)
N EITR 828928(1)° — 216192(2)° + 970240(3)° — 510560(4)°
o (155025)(6) | + 508416(5)° —134528(6)° + 51712(7)" — 4440(8)°
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10

1

1

10! (39916800)(7!)

(2)10 B l
10! (623700)(7")
(3)10 B 1
101 (492800)(7")
(4)10 3 1
101 (155925)(71)
(5)10 l

100 (1596672)(7")

(6)10 B

10!

(7)10 y

1
(15400)(7!)

1

6779886(1)" —9359135(2) +11774146(3)"
—10745445(4)" + 6771082(5)" — 2792861(6)’
+679110(7)" — 73886(8)’
911204(1)" — 926646(2)" +1173140(3)’
~1067950(4)" + 671628(5) — 276634(6)’
+67196(7) — 7305(8)"
711918(1)" —521217(2) + 766290(3)"
—699885(4)" + 441306(5) —182043(6)’
+44262(7)" — 4815(8)’
137126(1)" — 752480(2)" +1435264(3)’
—1243200(4)" + 784768(5)" — 323744(6)’
+78720(7) —8564(8)’
23702750(1)" —10296375(2)" + 25537250(3)’
—19680625(4)" +12920250(5)" —5327125(6)’
+1295750(7)" —141000(8)’

346248(1)" —123660(2)7 + 385128(3)" — 258660(4)’
+190296(5)7 — 75348(6)" +18360(7)" —1998(8)’

180838518(1)" — 54639557(2) + 206894170(3)’

10!

(8)" Y

(5702400)(71)

1

10!

(155925)(7")

(

—122270925(4)" +104842066(5)" — 35782103(6)’
+9423582(7)" —=1020425(8)’

828928(1)7 - 216192(2)” + 970240(3)" — 510560(4)" +
508416(5)" —134528(6)" + 51712(7) — 4440(8)’
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11

1

111 (39916800)(8!)

1

6779886(1)° —9359135(2)° +11774146(3)°
—10745445(4)° +6771082(5)° — 2792861(6)
+679110(7)° — 73886(8)°
911204(1)® —926646(2)° +1173140(3)° —1067950(4)°
+671628(5)° — 276634(6)° +67196(7)° — 7305(8)°
711918(1)° —521217(2)° + 766290(3)° — 699885(4)° +
441306(5)° —182043(6)° + 44262(7)° — 4815(8)°
137126(1)° — 752480(2)° +1435264(3)° —1243200(4)°
+784768(5)° —323744(6)° +78720(7)" —8564(8)°
23702750(1)° —10296375(2)° + 25537250(3)°
—19680625(4)° +12920250(5)° —5327125(6)°
+1295750(7)° —141000(8)°

1 346248(1)° —123660(2)° +385128(3)° — 258660(4)°
+190296(5)° — 75348(6)° +18360(7)" —1998(8)°

180838518(1)° —54639557(2)° +206894170(3)°

(2) 11 _ 1

111 (623700)(8)
(3) 11 B 1

11 (492800)(8!)
(4) 11 _ 1

111 (155925)(8!)
(5) 11 3 1

11 (1596672)(8!)
(6) 11 B

11 (15400)(8!)
(7) 11 B

111 (5702400)(8!)
(8) 11 g 1

11 (155925)(8!)

—122270925(4)° +104842066(5)° —35782103(6)°
+9423582(7)°® —1020425(8)*

828928(1)° —216192(2)° +970240(3)° —510560(4)° +
508416(5)° —134528(6)° +51712(7)° —4440(8)*
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6779886(L)° —9359135(2)° +11774146(3)°
L1 | i0745445(a) +6771082(5)° — 2792861(6)°
121 (39916800)(9!) ) )
+679110(7)° — 73886(8)
@ 1 911204(L)° —926646(2)° +1173140(3)° —1067950(4)°
121 (623700)(9!) | +671628(5)° — 276634(6)° +67196(7)° — 7305(8)° %
3)® 1 711918(1)° —521217(2)° + 766290(3)° — 699885(4)° + 113
121 (492800)(9!) | 441306(5)° —182043(6)° + 44262(7)° — 4815(8)° 11313
(4)* 1 137126(1)° — 752480(2)° +1435264(3)° —1243200(4)° 5179
120 (155925)(9!) | + 784768(5)° —323744(6)° +78720(7)° —8564(8)° 80
C.=| 23702750(L)° —10296375(2)° + 25537250(3)° =| Y
©__ L —19680625(4)° +12920250(5)° —5327125(6)° 78
12 (1596672)(9!) ! ]
+1295750(7)° —141000(8) 403
©” 1 346248(1)° —123660(2)° + 385128(3)° — 258660(4)° 023
120 (15400)(9') | +190296(5)° — 75348(6)° +18360(7)° —1998(8)° 5513
3 180838518(1)° —54639557(2)° + 206894170(3)° f;%
(- _ L —122270925(4)° +104842066(5)° —35782103(6)"
120 (5702400)(9") ) i
1+9423582(7)° —1020425(8)
@27 A1 828928(1)° — 216192(2)° +970240(3)° —510560(4)°
121 (155925)(9!) | +508416(5)° —134528(6)° +51712(7)° — 4440(8)"

Hence, the block is having an order (9,9,9,9,9,9,9,9)" with error constants

1 113 155 80 316 403 854 374
63093911313 61791701’ 4176 3623 5555 1847

5.5.2.2 Zero Stability of Eight-Step Block Method for Fourth Order
ODEs.

Equation (3.2.2.2.1) is applied to eight step block method (5.5.1.41 — 5.5.1.48), we

have

det[rA© — AP] =

O O O r»r O O O O
O O r O O O O O
O B O O O O O O
R O O O O © o o

O 0O 0 0O o o o o
O O O 0O o o o o
O O O 0O 0o o o o
O OO0 0o o o o o
O 0O 0 o0 o o o o
O O 0O 0o o o o o
O O 0O 0 o0 o o o
T T S S e e N

O O O O O O O k-
O O O O O O +— O
O O O O O » O O
O O O O O O O
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which impliesr = 0,0,0,0,0,0,0,1. Hence, the method is zero stable.

5.5.2.3 Consistency and Convergence of Eight-Step Block Method
for Fourth Order ODEs

The block method (5.5.1.41-5.5.1.48) is consistent because the conditions stated in

Definition 1.4 are satisfied. Hence, it is also convergent since it is zero-stable and

consistent.

5.5.2.4 Region of Absolute Stability of Eight-Step Block Method for

Fourth Order ODEs.

Applying the equation (3.2.2.4.2) to eight-step block method (5.5.1.41 -5.5.1.48) we

have
- A—B
h(o,h) =
C+D
where
00 00O0O0T©01
e’ 0 0 0 0 0 0 0
A 0 0 0 e4i0 0 0 0 0 y B— 0 00 OO0 OTO0O1
0 0 0 0 S 0 0 000 O0OO0OT 01
0 0 0 0 0 e 0 0 0 000O0OO0OTUO01
0 O 0 0 0 0 e™ 0 0 000O0OO0OTUO01
0 0 0 0 0 0 0 &% 0 00O0O0OO0OTUO01
36501816 ,, 52883276 ,, 67126376 61500210 ,, 38838088 ., 16041916 ,, 3904536 425111,
e - e - e e - e e - e
958003200 958003200 958003200 958003200 958003200 958003200 958003200 958003200
2719504 , 3139836 ,, 3933392 ., 3577790 2249904 ., 926764 225136 ., 24477 .
e - e e - e e - e e - e
3742200 3742200 3742200 3742200 3742200 3742200 3742200 3742200
13764168 |, 12476916 16614360 ,, 15168870 9553464 ., 3938148 , 957096 104085
e - e e - e e e e - e
3942400 3942400 3942400 3942400 3942400 3942400 3942400 3942400
4641792 3352960 5131264 4620000 ,, 2911232 1200512 291840 31744
el _ e et _ glie 57 _ eti? e’ _ g8
c—| 467775 467775 467775 467775 467775 467775 467775 467775
828115000 ,, 490807500 , 895985000 ,, 766681250 ,, 487389000 ., 201077500 ,, 48895000 ,, _ 5319375 ,,
38320128 38320128 38320128 38320128 38320128 38320128 38320128 38320128
1236384 ,, _ 617544, 1345824 ;,, 1064340 ,,, 702432y, _ 287784 69984 ., _ 7614
30800 30800 30800 30800 30800 30800 30800 30800
9184285992 ,, 3949712228 ,, 10148873336 ,, _ 7344827070 ,, 5205732952 ., _ 2050386772 ,, 504037128 ,, _ 54841241 ,,
136857600 136857600 136857600 136857600 136857600 136857600 136857600 136857600
48693248 , 18333696 ,, 54722560 ., 86229120 ,, 28114944 ., 10108928 ,, 2686976 ,, _ 284160 4,
467775 467775 467775 467775 467775 467775 467775 467775
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24396497

958003200
1035731

3742200
4104531

3942400
1218688

D 467775

000000 O 201421625
38320128
0 000O0O0O O 285858
30800
000000 O 2048300303
136857600
00000 10571776
467775

The matrix above is simplified, after finding the determinant and equating the

_ (1.8858E +171)cos86 — (1.8858E +171)

h(o,h) =
©.h) (5.6926E +163) cos 80 — (8.4513E -+ 166)

The value of h(8, h) is evaluated at the intervals of & of 30°and this produced the

results tabulated in Table 5.4.

Table 5.4

Interval of Absolute Stability of Eight-Step Block Method for Fourth Order ODESs

0 0 30 60 90 120 150 180

h(@,h) |0 |33458.67 | 33458.67 | 0 |33458.67 | 33458.67| 0

Therefore, the Interval of absolute stability is (0, 33458.67). This is shown in the

diagram below
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40000 +

30000

0000\

- 40000 - 20000 20000 40000

Figure 5.8. Region of absolute stability of eight—step block method for fourth order
ODEs.

5.6 Comments on the Properties of the Block Methods for Fourth Order ODEs.
This segment discusses the analysis of the properties of the new block methods for
fourth order ODEs. The order of the developed block methods for each step-length k
is k+1 and they are all zero-stable. The new block methods are convergent because
they are consistent and zero-stable. The interval of absolute stability for odd step-
length k reduces as the value of k increases (refer to Tables 5.1 and 5.3) while the
interval of absolute stability becomes larger for even step-length k as k increases
(refer to Tables 5.2 and 5.4). The region of absolute stability of even step-length k is
beyond the line as a result of their positive stability function over [0, 7z] while
absolute stability region for odd step-length k faces downward because of their

negative function over [0, z].
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5.7 Test Problems for Fourth Order ODEs

The following fourth order initial values problems are considered in order to test the
accuracy of the block methods. The methods are applied to the same differential

problems existing methods solved for the purpose of comparison in terms error.

. s -11
Problem 22: Y4+y"=0, 0<x<=,6y(0)=0,vy'(0)= ,
y'+y 5 Y0 =0y(0)=——
1.2 1
" 0 = - 4 0 — ,h=
y'(©) 144 -100x y"(0) 144 —-100x 320

Exact Solution: y(x) = (L=x—cosx—1.2sinX)
144 -100x

Problem 23:  y" =(y)* —yy"-4x* +e*(1-4x+x?), 0<x<1

y(0)=1y'(0) =1 y'(0) =3,y"(0) =%, h_3m3

Exact Solution: y(x) = x* +¢”

Problem 24: —y" =(x* + 14x* +49x* +32x =12)e*, y(0) = y'(0) =0,
y"(0)=2,y"(0)=—6, 0<x<1

Exact Solution: y(x) = x*¢* (x —1)*

Problem 25:  y"=x, y(0)=0,y'(0)=1y"(0)=y"(0)=0

5

. X
Exact Solution: y(x) =
y(x) 120

+ X

Problem 26:  y" =y y(0)=Yy'(0)=y"(0)=y"(0)=1, 0<x<1

Exact Solution: y(x) =e*
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5.8 Numerical Results for Fourth Order ODEs.

The tables displayed below are the numerical results when the new block methods

with step-length k =5(1)8 were applied to fourth order differential equations above.

The comparison of the generated numerical results is made with the existing methods

in terms of error.

366



L9€

Table 5.5

Comparison of the New Block Method k=5 with Predictor-Corrector Method ( Kayode , 2008a) and Predictor-Corrector Method

(Kayode , 2008b) for Solving Problem 22

Error in new Errorin Error in Kayode,
x-values Exact Solution Computed Solution Method, k=5, | Kayode (2008a), | (2008b), k=5,

h=1/320 k=5, h=1/320 h=1/320
0.103125 | 0.00130079958936715 | 0.00130079958936715 | 2.168404E-19 | 0.49873300E-15 | 0.48355417E-16
0.206250 | 0.00253177370019563 | 0.00253177370019563 | 1.734723E-18 | 0.67654216E-15 | 0.13933299E-15
0.306250 | 0.00365247897888499 | 0.00365247897888499 | 2.168404E-18 | 0.31350790E-14 | 0.66893539E-15
0.406250 | 0.00469595323180485 | 0.00469595323180484 | 1.127570E-17 | 0.94360283E-14 | 0.20129384E-14
0.506250 | 0.00565764236059347 | 0.00565764236059345 | 2.081668E-17 | 0.22116857E-13 | 0.46736053E-14
0.603125 | 0.00650775460803452 | 0.00650775460803448 | 3.989864E-17 | 0.43379363E-13 | 0.91874598E-14
0.703125 | 0.00729831476763851 | 0.00729831476763843 | 7.285839E-17 | 0.77870869E-13 | 0.16069038E-13
0.803125 | 0.00799852022272896 | 0.00799852022272883 | 1.249001E-16 | 0.12863495E-12 | 0.25407974E-13
0.903125 | 0.00860724670330246 | 0.00860724670330227 | 1.994932E-16 | 0.19927116E-12 | 0.38108926E-13
1.003125 | 0.00912428396703006 | 0.00912428396702977 | 2.914335E-16 | 0.29323245E-12 | 0.54051538E-13
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Table 5.6

Comparison of the New Block Method k=5 with Predictor-Corrector Method ( Kayode , 2008a) and Predictor-Corrector Method

(Kayode , 2008b) for Solving Problem 23

Error in new Errorin Error in Kayode,
x-values Exact Solution Computed Solution Method, k=5, Kayode (2008a), | (2008b), k=5,

h=1/320 k=5, h=1/320 h=1/320
0.103125 | 1.119264744787591900 | 1.119264744787593600 | 1.776357E-15 | 4.6842974E-11 | 8.1714635E-12
0.206250 | 1.271599493198048500 | 1.271599493198084100 | 3.552714E-14 | 2.0687163E-10 | 1.4680923E-10
0.306250 | 1.452110907065013100 | 1.452110907065195200 | 1.820766E-13 | 9.0421981E-10 | 7.8813045E-10
0.406250 | 1.666216862500122800 | 1.666216862500711700 | 5.888623E-13 | 2.9137981E-09 | 2.6795135E-09
0.506250 | 1.915347109920916500 | 1.915347109922390400 | 1.473932E-12 | 7.5114031E-09 | 7.0615016E-09
0.603125 | 2.191581593606204900 | 2.191581593609278000 | 3.073097E-12 | 1.6231339E-08 | 1.5438411E-08
0.703125 | 2.514440293333696500 | 2.514440293339570900 | 5.874412E-12 | 3.2237145E-08 | 3.0900764E-08
0.803125 | 2.877516387746607200 | 2.877516387756956700 | 1.034950E-11 | 5.8891835E-08 | 5.6759556E-08
0.903125 | 3.282936158805099100 | 3.282936158822240500 | 1.714140E-11 | 1.0079927E-07 | 9.7549608E-08
1.003125 | 3.733049511495175400 | 3.733049511522218600 | 2.103739E-11 | 1.6373663E-07 | 1.5897083E-07
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Table 5.7

Comparison of the New Block Method k=5 with Block Method (Omar & Suleiman, 2004) for Solving Problem 24 in

which Maximum Errors were considered.

Omarand | Number of _ Error in Omar
Error in new
h-values | New Method | Suleiman Steps and Suleiman
Method, k=5
(2004) (2004), k=5
S2PEB 53 1.069793E-10 | 3.55338E-03
P2PEB 53 1.069793E-10 | 3.55338E-03
107 5-Step Method | S3PEB 36 1.476508E-11 | 3.99807E-03
P3PEB 36 1.476508E-11 | 3.99807E-03
S2PEB 503 1.429612E-11 | 3.40664E-04
10° 5-Step Method | P2PEB 503 1.429612E-11 | 3.40664E-04
S3PEB 336 4.858336E-13 | 3.41092E-04
P3PEB 336 4.858336E-13 | 3.41092E-04
S2PEB 5003 4.152412E-11 | 3.40305E-05
10" 5-Step Method | P2PEB 5003 4.152412E-11 | 3.40305E-05
S3PEB 3336 3.176126E-12 | 3.40310E-05
P3PEB 3336 3.176126E-12 | 3.40310E-05
S2PEB 50003 1.903970E-10 | 3.40280E-06
10° 5-Step Method | P2PEB 50003 1.903970E-10 | 3.40280E-06
S3PEB 33336 4.471712E-11 | 3.40280E-06
P3PEB 33336 4.471712E-11 | 3.40280E-06
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Table 5.8

Comparison of the New Block Method k=6 with Block Method (Olabode, 2009) and Block Method (Mohammed, 2010) for Solving

Problem 25
Error in new Error in Error in
x-values | Exact Solution Computed Solution Method, k=6, | Olabode (2009), | Mohammed,
h=0.1 k=6, h=0.1 (2010), k=6, h=0.1
0.1 0.100000083333333340 | 0.100000083333333340 | 0.000000E+00 | 1.66666667E-10 | 7.000000024E-10
0.2 0.200002666666666690 | 0.200002666666666690 | 0.000000E+00 | 3.33333305E-10 | 8.999999912E-10
0.3 0.300020250000000040 | 0.300020250000000040 | 0.000000E+00 | 5.99999994E-10 | 2.599999993E-09
0.4 0.400085333333333350 | 0.400085333333333350 | 0.000000E+00 | 7.66666675E-10 | 5.100000033E-09
0.5 0.500260416666666650 | 0.500260416666666650 | 0.000000E+00 | 9.33333300E-10 | 7.799999979E-09
0.6 0.600648000000000070 | 0.600648000000000070 | 0.000000E+00 | 1.10000009E-09 | 1.180000000E-08
0.7 0.701400583333333440 | 0.701400583333333440 | 0.000000E+00 | 1.27166666E-09 | 1.240000003E-08
0.8 0.802730666666666700 | 0.802730666666666810 | 1.110223E-16 | 1.45333334E-09 | 1.410000006E-08
0.9 0.904920750000000160 | 0.904920750000000050 | 1.110223E-16 | 1.64999991E-09 | 1.880000000E-08
1.0 1.008333333333333300 | 1.008333333333333300 | 0.000000E+00 | 1.87666660E-09 | 2.600000015E-08
1.1 1.113420916666666600 | 1.113420916666666400 | 2.220446E-16 | 2.13333329E-09 | .................
1.2 1.220736000000000300 | 1.220736000000000000 | 2.220446E-16 | 2.42999998E-09 | .................
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Table 5.9

Comparison of the New Block Methods k=6, 7 and 8 with Block Method (Omar, 1999) where the selection of Maximum Errors were
made for Solving Problem 24

Number . Error in new | Error in new | Errorin
Omar Error in new
h-values New Method _ _
(1999) of Steps Method. k=6 Method, k=7 Method, k=8 Omar (1999),
k=8
6-Step | 7-Step 8-Step S2PEB 54 1.637090E-10 | 3.547029E-11 | 1.728040E-11 | 1.00778E-02
P2PEB 54 1.637090E-10 | 3.547029E-11 | 1.728040E-11 | 1.00778E-02
1072 Method | Method | Method | S3PEB 39 1.023182E-11 | 1.250555E-12 | 7.958079E-13 | 1.00778E-02
P3PEB 39 1.023182E-11 | 1.250555E-12 | 7.958079E-13 | 1.00778E-02
6-Step | 7-Step 8-Step S2PEB 504 3.069545E-10 | 1.141416E-10 | 8.185452E-12 | 1.00778E-03
107 P2PEB 504 3.069545E-10 | 1.141416E-10 | 8.185452E-12 | 1.00778E-02
Method | Method | Method | S3PEB 339 4.646949E-12 | 1.762146E-12 | 3.410605E-13 | 1.00778E-03
P3PEB 339 4.646949E-12 | 1.762146E-12 | 3.410605E-13 | 1.00778E-02
6-Step | 7-Step 8-Step S2PEB 5004 1.089120E-08 | 1.439730E-09 | 1.100034E-09 | 1.00008E-04
10 P2PEB 5004 1.089120E-08 | 1.439730E-09 | 1.100034E-09 | 1.00008E-04
Method | Method | Method | S3PEB 3339 3.821299E-11 | 3.311129E-12 | 3.997513E-11 | 1.00008E-04
P3PEB 3339 3.821299E-11 | 3.311129E-12 | 3.997513E-11 | 1.00008E-04
6-Step | 7-Step 8-Step S2PEB | 50004 | 8.426014E-09 | 2.466095E-09 | 1.035278E-09 | 1.00001E-05
107 P2PEB | 50004 | 8.426014E-09 | 2.466095E-09 | 1.035278E-09 | 1.00001E-05
Method | Method | Method | S3PEB | 33339 | 3.341256E-10 | 9.124790E-11 | 3.454659E-11 | 1.00001E-05
P3PEB | 33339 | 3.341256E-10 |9.124790E-11 | 3.454659E-11 | 1.00001E-05
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Table 5.10

Comparison of the New Block Methods k=6, 7 and 8 with Block Method (Omar, 1999) whereby Maximum Errors were considered
for Solving Problem 26

Number Error in new | Error in new | Errorin
Omar in Error in new
h-values New Method of Steps Method, k=7 | Method, k=8 | Omar

(1999) Method, k=6

(1999), k=8

6-Step | 7-Step 8-Step S2PEB 54 2.158558E-10 | 3.725589E-11 | 1.193712E-11 | 8.37112E-04

P2PEB 54 2.158558E-10 | 3.725589E-11 | 1.193712E-11 | 8.37112E-04

107 Method | Method | Method | S3PEB 39 3.996803E-11 | 1.074216E-11 | 2.199130E-12 | 8.37105E-04

P3PEB 39 3.996803E-11 | 1.074216E-11 | 2.199130E-12 | 8.37105E-04

6-Step 7-Step 8-Step S2PEB 504 1.861622E-12 | 3.765876E-13 | 2.131628E-14 | 8.34604E-05

10°® P2PEB 504 1.861622E-12 | 3.765876E-13 | 2.131628E-14 | 8.34604E-05

Method | Method Method S3PEB 339 1.261213E-13 | 6.750156E-14 | 1.776357E-14 | 8.34604E-05

P3PEB 339 1.261213E-13 | 6.750156E-14 | 1.776357E-14 | 8.34604E-05

6-Step | 7-Step 8-Step S2PEB 5004 8.114398E-12 | 7.297274E-12 | 8.427037E-12 | 8.34353E-06

10 P2PEB 5004 8.114398E-12 | 7.297274E-12 | 8.427037E-12 | 8.34353E-06

Method | Method | Method | S3PEB 3339 | 1.236344E-12 | 2.362555E-13 | 1.243450E-13 | 8.34353E-06

P3PEB 3339 1.236344E-12 | 2.362555E-13 | 1.243450E-13 | 8.34353E-06

6-Step | 7-Step 8-Step S2PEB 50004 8.299850E-11 | 2.202682E-11 | 1.938183E-11 | 8.34326E-07

10° P2PEB 50004 8.299850E-11 | 2.202682E-11 | 1.938183E-11 | 8.34326E-07

Method | Method Method | S3PEB 33339 1.555733E-11 | 4.297007E-12 | 1.257483E-12 | 8.34330E-07

P3PEB 33339 1.555733E-11 | 4.297007E-12 | 1.257483E-12 | 8.34330E-07




5.9 Comments on the Results

The new block methods only examined one non-linear ODEs due to the limited
exiting methods on it whereas four linear ODEs are tested. The numerical results of
the new block methods k=5 shown in Table 5.5 and 5.6 for solving Problems 22 and
23 are found better that Kayode (2008a) k=5. Correspondingly, in Table 5.7 the new
method also produced better accuracy than Omar (2004) k=5 when Problem 24 was
solved whereby maximum errors were selected. In addition, the results generated
from the new block method k=6 after solving Problem 25 are more efficient in terms

of error than Olabode (2009) and Mohammed (2010). This can be seen in Table 5.8.

In Tables 5.9 and 5.10, the numerical results of the new block methods k=6, 7 and 8
are compared with each other because of few literatures on numerical methods with
step-length k=6, 7 and 8 for fourth order ODEs. It is apparent that the accuracy of
new block method k=8 is high compared with the new block methods k=6 and 7. It is
also observed that new block method k=7 is better in accuracy than new block
method k=6. This implies that accuracy of a method increases when the step-length k
increases. However, the three new block methods in Tables 5.9 and 5.10 have better

accuracy in terms of error than Omar (1999) k=8.
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5.10 Summary

In this chapter, block methods with step-length k=5(1)8 for solving fourth order
initial value problems of ODEs are derived via multistep collocation approach. The
properties of the methods are verified. The application of the new block methods to
solving fourth order problems is examined.The numerical results generated are
compared with the existing methods and thereby claim superiority over the existing

methods in terms of error (see Tables 5.5-5.10) .
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CHAPTER SIX

CONCLUSION AND AREA OF FURTHER RESEARCH

6.1 Conclusion

In this research work, block methods for solving higher order initial value problems
of ODEs without reducing them to its equivalent system of first order have been
developed.

Conventionally, solving higher order initial value problems through the process of
reduction has been found having some drawbacks which include computational
burden, a lot of human effort and complications in writing the computer program
which affects the accuracy of the method in terms of error. The introduction of direct
methods was to overcome the setbacks encountered in reduction method. One of
these direct methods is predictor-corrector method which at one point at a time
approximates the numerical solution of ODEs and this leads to burden of computing
that reduces the accuracy of the method in terms of error.

In order to proffer solution to these setbacks, block method was introduced to
simultaneously provide approximate solution to ODEs. Furthermore, in order to
bring improvement on the existing numerical methods, this research work presents
the development of new block methods for the direct solution of higher order ODEs.
The method of interpolation and collocation is adopted in developing the methods.
The power series approximate solution is used as interpolation polynomials while its

highest derivative is used as a collocation equation. The points of interpolation based
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on the order of differential equation are made at the points prior to the last two points
while collocation points are chosen at all grid points within the interval of
integration.

The interpolation and collocation equations are combined in a matrix form and
Gaussian elimination method is applied to find the values of the unknown variables.
These variables are substituted into the basis function to provide a continuous
implicit scheme. Then, a transformation which includes the step-length is used and
substituted into the continuous implicit scheme in order to find the coefficients of y
and f functions. The continuous implicit scheme is evaluated at the non-interpolating
points to give the discrete schemes while its derivatives based on the other of
differential equation are evaluated at all the grid points to produce the derivatives of
the discrete schemes.

These discrete schemes and its derivatives at x_ are combined together in a matrix

form and matrix inversion is applied. This produces the block methods. The
properties of the block methods which include: zero-stability, order, error constant,
consistency, convergence and region of absolute stability are established. The order
of the new block methods with step-length k=(d+1)(1)8 is k+1 where d is the order of
differential equation. These block methods are consistent because the order of each
block method is greater than one. The developed block methods are also found to be
zero-stable and thereby converged.

Furthermore, it is observed that for odd step-length k, the interval of absolute
stability for second order ODEs becomes larger as k increases as well as when k is
even. These are shown in Tables 3.1, 3.3, 3.5 (odd step-length k) and Tables 3.2, 3.4,
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3.6 (even step-length k). The interval of absolute stability for third order ODEs
becomes larger as even step-length k increases (refer to Tables 4.1, 4.3 and 4.5)
while the absolute stability interval decreases as odd step-length k increases (refer to
Tables 4.2 and 4.4). likewise, the interval of absolute stability for odd step-length k
of fourth order ODEs reduces as the value of k increases (refer to Tables 5.1 and 5.3)
whereas the interval of absolute stability becomes larger for even step-length k as k
increases (refer to Tables 5.2 and 5.4). The new block methods were applied to solve
several second, third and fourth order initial value problems of ODEs using a Matlab
codes and the results generated are better when comparison was made with the

existing methods (refer to Tables 3.7 — 3.24, 4.6 — 4.18, 5.5 - 5.10)

6.2 Areas for Further Research

This research work considered the development of block methods with step-length
k =(d +1)(@)8where d is the order of differential equation for solving second, third
and fourth order initial value problems of ODEs. Further researchers can extend the
work by developing a generalized block method that will cater for any step-length k
for solving dth order initial value problems of ODEs directly using interpolation and

collocation strategy.
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Appendix A

MATLAB CODE OF THREE-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES.

o)

% programme to solve second order O .D. E with step length of three
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

g (X,V,2)=x*2"2;

x0=0; y0=1; z0=1/2; h=0.003125;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

f0=x0*z0"2;

for i=1:3;

X (1)=x04+i*h;

y(1)=y0 + (h"3*i"3*(2*x072*z0"3 + z072))/6 + h*i*z0 +
(h*2*i~2*x0*z072) /2;; taylor series expansion of yn+i
z(1)=2z0 4+ (h22*1"2* (2*x072*z0"3 + z0"2))/2 + h*i*x0*z072; % [where
z=y’' 1g. the derivative of the taylor series expansion of yn+i
f(i)=x(1)*z(i)"2;

end

ypl=z0+ (h/72) * (27*£0+57*f (1) -15*f (2) +3£(3)) ;

yp2=z0+ (h/9) *(3f0+12*f (1) +3f(2)) ;

yp3=z0+ (h/24) *(9*f0+27*£ (1) +27*f (2)+9*£(3) ) ;
fri=x (1) *ypl”2;

fr2=x(2) *yp2"2;

fr3=x(3) *yp3"2;

yrl=y0+ (h*z0)+((h"2)/1080)* (291*f0+342*fr1-117*fr2424*fr3);
ml=toc;

errl=abs (1+1/2*1log((2+x(1))/ (2-x(1)))-yrl);

fprintf ('%$2.7£ $3.18f $3.18f $1l.6e \n', x(1),
1+1/2*log ((2+x(1))/ (2-x(1))),yrl, errl)

yr2=y0+ (2*h*z0)+ ((h"2) /270) * (168*f0+396*fr1-36*fr2+12*fr3);
m2=toc;

err2=abs (1+1/2*1og ((2+x(2))/ (2-x(2))) -yr2);

fprintf ('%2.7£ $3.18f $3.18f $1.6e \n',
x(2),1+1/2*1log ((2+x(2))/ (2-x(2))) , yr2, err2)

yr3=y0+ (3*h*z0)+ ((h"2) /120) * (117*f0+324*fr1+81*fr2+18*fr3);
m3=toc;

err3=abs (1+1/2*1log ((2+x(3))/ (2-x(3)))-yr3);

fprintf ('%2.7£ $3.18f $3.18f $1l.6e \n', x(3),
1+1/2*1log ((2+x(3))/(2-x(3))), yr3, err3)

x0=x(3); yO0=yr3; z0=yp3;

end
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Appendix B

MATLAB CODE OF FOUR-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES.

o)

% programme to solve second order O .D. E with step length of four
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

%g (x,v,2)=100y;

x0=0; vy0=1; z0=-10; h=0.01;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

£f0=100*y0;

for i=1:4;

X (1)=x04+i*h;

v (1)=(250*z0*h"5*1"5) /3 + (1250*y0*h~4*i~4)/3 + (50*z0*h"3*1"3)/3 +
50*y0*h”2*i*2 + z0*h*i + y0;% taylor series expansion of yn+i
z(1)=(1250*2z0*h"4*i~4) /3 + (5000*y0*h”"3*i"3)/3 + 50*z0*h"2*i"2 +
100*y0*h*i-+-20;.% [Wwhere z=y" 1S the derivative of the taylor
series. expansion of yn+i

f(i)=100*y (1) ;

end
ypl=z0+
yp2=z0+
yp3=z0+
yp4=z0+

h/720) * (251*f0+646*f (1) -264%€ (2)+106*f (3)-19%f (4));
h/90) * (29*F0+124*£ (1) +24*f (2) +4%*£ (3) -£ (4)) ;

h/160) * (54*£0+204*F (1) +144*f (2)+84*£ (3) -6*f (4)) ;
h/45) % (LA*F0+64%f (1) +24*F (2)+64*£ (3)+14*£ (4));

o~~~ —~

yrrl=y0+(h*z0)+ ((h"2)/4320)* (1101*£f0+1620*f (1) -846*f (2)+348*f (3) -
63*£(4));

yrr2=y0+ (2*h*z0)+((h"2) /270) * (159*£0+432*£ (1) -90*£ (2) +48*f (3) -
9*£(4));

yrr3=y0+ (3*h*z0)+ ((h"2)/480) * (441*£0+1404*£ (1) +162*£(2)+180*f (3) -
27*£(4));

yrrd=y0+ (4*h*z0)+ ((h"2)/135) * (168*£0+576*f (1) +144*£ (2)+192*£(3));

fr1=100*yrrl;

fr2=100*yrr2;

fr3=100*yrr3;

fr4=100*yrr4;

yrl=y0+ (h*z0)+((h"2)/4320)* (1101*f0+1620*fr1-846*fr2+348*fr3-
63*frd);

ml=toc;
errl=abs (exp (-10*x(1))-yrl);
fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n', x(1),exp(-

10*x(1)),yrl, errl)

yr2=y0+ (2*h*z0)+ ((h"2) /270) * (159*f0+432*fr1-90*fr2+48*fr3-9*frd);
m2=toc;

err2=abs (exp (-10*x(2))-yr2);
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fprintf ('%2.7f %$3.18f
10*x(2)),yr2, err2)

yr3=y0+ (3*h*z0)+((h"2)/480) *

27*frd) ;

m3=toc;
err3=abs (exp (-10*x(3))-yr3);
fporintf ('%2.7£ $3.18f

10*x(3)),yr3, err3)

yr4=y0+ (4*h*z0)+((h"2)/135)*

md=toc;
errd=abs (exp (-10*x(4))-yrd);
fporintf ('%2.7f %$3.18f

10*x(4)),yr4, errd)
x0=x(4); yO=yrd; z0=yp4;
end

$3.18f $1.6e \n', x(2),exp(~-

(441*f0+1404*fr1+162*fr2+180*fr3-

%3.18f $1.6e \n', x(3),exp(-

(168*£0+576*fr1+144*£fr2+192*£fr3) ;

%3.18f $1.6e \n', x(4),exp(-
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Appendix C
MATLAB CODE OF FIVE-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES.

% programme to solve second order O .D. E with step length of five
clear

sclc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

59 (x,v¥,2z)=2z;

x0=0; y0=0; z0=-1; h=0.1;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

£0=z0;

for i=1:5;

X (1)=x04+i*h;

y(1)=(z0*h"5*1i~5) /120 + (z0*h"4*i~4)/24 + (z0*h"3*1"3)/6 +
(z0*h"2*172) /2 + z0*h*i + yO;

z(1)=(z0*h*4*i"4) /24 + (z0*h"3*i"3)/6 + (z0*h"2*i"~2)/2 + z0*h*i +
z0;

f(i)=z(1);

end

ypl=z0+ (h/1440)* (475*£0+1427*£ (1) -=798*f (2) +482*f (3) -
17371E|( 4 2 S )

yp2=z0+ (h/90) *(28*f0+129*f (1) +14*f (2)+14*£(3)-6*£ (4)+f(5)) ;
yp3=2z0+ (h/160) * (51*f0+219*f (1) +114*£(2)+114*£(3)-21*f(4)+3*£(5));
ypd=2z0+ (h/45) * (14*f0+64*f (1) +24*£(2)+64*£(3)+14*£(4));

yp5=z0+ (h/288)* (95*£0+375*£ (1) +250%f (2)+250*f (3) +375*£f (4) +95*£(5)) ;
fri=ypl;

fr2=yp2;

fr3=yp3;

fri=yp4;

fro=yp5;

yrl=y0+ (h*z0)+ (h"2/20160) * (4924*f0+8630*fr1-6088*fr2+3764*fr3-
1364*fr4+214*fr5);

e e

ml=toc;
errl=abs((l-(exp(x(1))))-yrl);
fprintf ('%2.7£ $3.18f $3.18f $1l.6e \n', x(1), (1-

(exp(x(1)))),yrl, errl)
yr2=y0+ (2*h*z0)+ ((h"2) /630) * (355*f0+1088*fr1-370*fr2+272*fr3-
101*fr4+16*fr5);

m2=toc;
err2=abs ((l-(exp(x(2))))-yr2);
fprintf ('%2.7f %$3.18f %$3.18f $1l.6e \n', x(2), (1-

(exp(x(2)))),yr2,err2)
yr3=y0+ (3*h*z0)+((h"2) /10080) * (8856*f0+31509*fr1-648*fr2+7830*fr3-
2592*frd4+405*frh5) ;

m3=toc;
err3=abs ((1l-(exp(x(3))))-yr3);
fprintf ('%$2.7f %$3.18f %$3.18f $1.6e \n', x(3), (1-

(exp(x(3)))),yr3,err3)
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yri4=y0+ (4*h*z0)+ ( (h"2)/630)* (752*f0+2848*fr1+352*fr2+1216*fr3-
160*frd4+32*£fr5) ;

mé4=toc;
errd=abs ((l-(exp(x(4))))-yrd);
fprintf ('%2.7£ $3.18f $3.18f $l.6e \n', x(4), (1-

(exp(x(4)))),yrd,errd)
yr5=y0+ (5*h*z0) +((h"2) /10080) * (15250*£0+59375*fr1+12500*fr2+31250*fr
3+6250*fr4+1375*£fr5) ;

mS=toc;
errb5=abs ((l-(exp(x(5))))-yrd);
fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n', x(5), (1-

(exp(x(5)))),yr5, err5)
x0=x(5); yO0=yr5; z0=yp5;
end
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Appendix D

MATLAB CODE OF SIX-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES.

o)

% programme to solve second order O .D. E with step length of six
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

g (X,V,2)=x*2"2;

x0=0; y0=1; z0=1/2; h=0.1;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

f0=x0*z0"2;

for i=1:6;

X (1)=x04+i*h;

v (1)=y0+ (i*h) *z0+ ((i*h) ~2/2) * (x0*2z072)+ ((i*h) ~"3/6) * (z0"2+2*x0"2*2z0"3
)+ ((1*h) ~4/24) * (6*x0*z0"3+6*x0"3*20"4)+ ((1i*h) ~"5/120) * (36*x072*z0"4+2
4*x074*z025+6*z076); % taylor series expansion of yn+i

z(1)=2z0+ (i*h)* (x0*z0"2)+ ((1*h) *2/2) * (z0"2+2*x072*2z0"3) +((i*h)"3/6) *
6*x0*z073+6*x0"3*20"4)+((1*h)"4/24) * (36*x07°2*2z20"4+24*x0%4*2z0"5+6*z0"
3); 2 [where 7=y’ is the derivative of the taylor /series
expansion of ynti

f(i)=x(i)*z(i)"2;

end

ypl=z0+(h/60480) * (19087*f0+65112*f (1)-46461*f (2)+37504*f (3) -
20211*£(4)+6312%f (5)-863*f(6));

yp2=z0+ (h/3780) * (1139*f0+5640*f (1) +33*f (2) +1328*f(3) —

807*f (4)+264*£(5)-37*£(6));

yp3=z0+ (h/2240) * (685*f0+3240*f (1)+1161*f (2)+2176*f (3) -

T29*f£ (4)+216*£(5)-29*£(6)) ;

ypd=z0+ (h/945) * (286*f0+1392*f (1) +384*f (2)+1504*£(3)+174*f (4)+48*f (5)
-8*£(6));

yp5=2z0+ (h/12096) * (3715*f0+17400*f (1) +6375*f (2)+16000*f (3)+11625*f (4)
+5640*f (5)-275*f£(6));

yp6=z0+ (h/140)* (41*£f0+216*f (1) +27*£(2)+272*£ (3)+27*f (4)+216*f(5)+41*

£(6));

fri=x (1) *ypl"2;
fr2=x(2) *yp2"2;
fr3=x(3) *yp3°2;
fri=x(4) *ypd"2;
fr5=x(5) *yp5°2;
fre=x(6) *yp6°2;

yrl=y0+ (h*z0)+ ((h"2)/120960)* (28549*£0+57750*frl-
51453*fr2+42484*£fr3-23109*fr4+7254*£fr5-995*fr6) ;

ml=toc;
errl=abs (1+1/2*1log((2+x(1))/ (2-x(1)))-yrl);
forintf ('%2.7f %$3.18f %$3.18f $1l.6e \n', x(1),

1+1/2*log ((2+x (1)) /(2-x(1))),yrl, errl)
yr2=y0+ (2*h*z0)+ ((h"2) /1890) * (1027*£f0+3492*fr1-1680*fr2+1576*fr3-
873*fr4+276*£fr5-38*£fro);

395



m2=toc;

err2=abs (1+1/2*1log ((2+x(2))/ (2-x(2)))-yr2);

fporintf ('%2.7f %$3.18f %$3.18f %$1.6e \n',
x(2),1+1/2*1log ((2+x(2))/ (2-x(2))) , yr2, err2)

yr3=y0+ (3*h*z0)+ ((h"2)/4480)* (3795*f0+14850*fr1-2403*fr2+6300*fr3-
3267*fr4+1026*fr5-141*fro6) ;

m3=toc;
err3=abs (1+1/2*1log ((2+x(3))/ (2-x(3)))-yr3);
fporintf ('%2.7f %$3.18f %$3.18f $1l.6e \n', x(3),

1+1/2*1log ((2+x(3))/ (2-x(3))), yr3, err3)
yri4=y0+ (4*h*z0)+ ((h"2)/945)* (1088*f0+4512*fr1-72*fr24+42624*fr3-
840*frd4+288*fr5-40*fro) ;

m4=toc;
errd=abs (1+1/2*1log ((2+x(4))/ (2-x(4)))-yrd);
fprintf ('%2.7£ %$3.18f %$3.18f %1.6e \n',

x(4),1+1/2*log ((2+x(4))/(2-x(4))), yr4, errd)
yr5=y0+ (5*h*z0) +( (h"2) /24192) * (35225*£f0+150750*fr1+9375*fr2+102500* £
r3-5625*fr4+11550*£fr5-1375*%fr6) ;

mS5=toc;
err5=abs (1+1/2*1log ((2+x(5))/ (2-x(5)))-yr5);
fprintf ('%2.7£ %$3.18f %$3.18f %1.6e \n', x(5),

1+1/2*1log ((2+x(5))/(2-x(5))), yr5, errb5)
yr6=y0+ (6*h*z0)+ ((h"2)/70)* (123*f0+540*fr1+54*fr24+408*fr3+27*fr4+108
*fr5);

m6=toc;
err6=abs (1+1/2*1log ((2+x(6))/ (2-x(6)))-yr6) ; ]
fprintf ('%2.9f S3L18F 23 8 $1.6e \n', x(6),

1+1/2%1og ((2+x(6))/(2-x(6))), yr6, err6)
x0=x(6); y0=yr6; z0=yp6;
end

396



Appendix E

MATLAB CODE OF SEVEN-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES.

o)

% programme to solve second order O .D. E with step length of seven
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

%g (x,v,2)=100y;

x0=0; vy0=1; z0=-10; h=0.01;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

£f0=100*y0;

for i=1:7;

X (1)=x04+i*h;

v (1)=(12500*y0*h"6*i"6) /9 + (250*z0*h"5*i"5)/3 + (1250*y0*h~4*i~4)/3
+ (50*z0*h"3*1i73) /3 + 50*y0*h""2*1"2 + z0*h*i1i + y0; taylor series
expansion.of-yn+i

z (1)=(25000*y0*h"5*1"5) /3 + (1250*z0*h~4*i~4)/3 +
(5000*y0*h~3*173) /3 + 50*z0*h"2*i"2 + 100*y0*h*i + z0; % [where
z=y' /s _the derivative of the taylor series expansion of yn+i
f(i)=100*y (1) ;

end
ypl=z0+(h/120960) * (36799*£f0+139849*f (1)-121797*£f(2)+123133*£f(3) -
88547*f (4)+41499*f (5)-11351*£(6)+1375*£ (7)) ;

yp2=2z0+(h/18900)* (5535*f0+29320*f (1)-3195*f (2)+12240*f (3) -
9635*£(4)+4680*£(5)-1305* £ (6)+160*£ (7)),

yp3=z0+ (h/22400) * (6625*f0+33975*f (1) +6885*f (2) +29635*f (3) -

15165*f (4)+6885*£(5)-1865*f (6)+225*£ (7)) ;

ypd=z0+ (h/945) * (278*f0+1448*f (1)+216*f(2)+1784*f (3) -

106*f (4)+216*£(5)-64*£(6)+8*£(7));

yp5=2z0+ (h/24192) * (7155*f0+36725*f (1) +6975*f (2) +41625*f (3) +13625*f (4)
+17055*%f£ (5)-2475*£(6)+275*£ (7)) ;

yp6=z0+ (h/140) * (41*f04+216*f (1) +27* £ (2)+272*£ (3)+27*f (4)+216*f (5)+41~*
£(6));

yp7=z0+ (h/17280) * (5257*£0+25039*f (1) +9261*f (2)+20923*f (3)+20923*f (4)
+9261*£ (5)+25039*£ (6)+5257*£ (7)) ;

yrrl=y0+ (h*z0)+ ((h"2)/3628800) * (832346*f0+1901368*f (1) -
2050192*f (2)+2118860*f (3) =1537610*F (4) +724225%f (5) -

198718*f (6)+24124*F (7)) ;

yrr2=y0+ (2*h*z0) + ( (h"2) /28350) * (14939*£0+55642*f (1) -

34986%f (2) +39950%f (3)-29405*f (4)+13926*£ (5) -3832*f (6)+466*£ (7)) ;
yrr3=y0+ (3*h*z0) + ((h"2) /604800) * (496773*£0+2113614*f (1) -
650997*F (2)+1394820*f (3) —985365*f (4) +465102*f (5) -
127899%f (6) +15552*F (7)) ;

yrrd=y0+ (4*h*z0)+ ((h~2) /14175) * (15824*£0+71152%f (1) -

11496%f (2) +56720%F (3)-29960*f (4)+14736*£ (5) -4072*€ (6)+496*£ (7)) ;
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yrr5=y0+ (5*h*z0)+ ((h"2)/72576) * (102425*£0+475000%£ (1) -
40125*£(2)+421250*£(3)-130625*£(4)+102900*£ (5) -

26875*%f£ (6)+3250*£ (7)) ;

yrr6=y0+ (6*h*z0)+ ((h"2)/350) * (597*£0+2826*£ (1) -108*£(2)+2670*£(3) -
495*%f (4)+918*£(5)-126*£(6)+18*£ (7)) ;

yrr7=y0+ (7*h*z0)+((h"2)/43182) * (86506*£0+413600*£ (1) +1200*£(2)+40000
0*£(3)-34000*£(4)+160800*£ (5)+24400*£(6)+5453*£(7));

fr1=100*yrrl;

fr2=100*yrr2;

fr3=100*yrr3;

fr4=100*yrr4;

fr5=100*yrr5;

fr6=100*yrr6;

fr7=100*yrr7;

yrl=y0+ (h*z0)+ ((h"2)/1344780) * (308455*f0+704619*frl-
759771*fr24785218*fr3-569816*frd44+268387*fr5-73642*fr6+8940*fr7) ;
ml=toc;

errl=abs (exp(-10*x(1))-yrl);

fporintf ('%2.7f %$3.18f %$3.18f $1.6e \n', x(1),exp(-
10*x(1)),yrl, errl)

yr2=y0+ (2*h*z0)+ ( (h~2) /28350) * (14939*f0+55642*frl1-
34986*fr24+439950*fr3-29405*fr44+413926*fr5-3832*fro+466*fr7);
m2=toc;

err2=abs (exp (-10*x(2))-yr2);

fprintf ("%2.7f $3.18f %3.18f $1.6e \n', x(2),exp(-
10*x(2)) ,yr2, ercr2)

yr3=y0+ (3*h*z0)+ ((h"2) /604800) * (496773*f0+2113614*frl-
650997*fr2+1394820*fr3-985365*fr4+465102*£fr5-127899*fr6+15552*fr7) ;
m3=toc;

err3=abs (exp (-10%x(3))-yr3);

frpripth (274 $3.18f 23.18f 21.6e \n'", x(3),exp(-
10*x(3)),yr3, err3)

yrad=y0+ (4*h*z0)+ ((h"2)/14175) * (15824*f0+71152*frl1-
11496*fr2+56720*fr3-29960*frd4+14736*fr5-4072*fr6+496*£fr7) ;
md4=toc;

errd=abs (exp (-10*x(4))-yrd);

fprintf ('%2.7£ %$3.18f %$3.18f $1.6e \n', x(4),exp(-
10*x(4)),yr4, errd)

yr5=y0+ (5*h*z0)+ ( (h"2) /72576) * (102425*f0+475000*fr1-
40125*fr2+421250*fr3-130625*fr4+102900*fr5-26875*fr6+3250*fr7) ;
mS=toc;

errb5=abs (exp (-10*x(5))-yrd);

forintf ('%2.7f %$3.18f %$3.18f $1.6e \n', x(5),exp(-
10*x(5)),yr5, errb)

yr6=y0+ (6*h*z0)+ ((h"2) /350) * (597*f0+2826*fr1-108*fr2+2670*fr3-
495*%fr44918*fr5-126*fr6+18*£fr7);

mé=toc;
err6=abs (exp (-10*x(6))-yr6);
fprintf ('%$2.7f %$3.18f %$3.18f $l.6e \n', x(6),exp(-

10*x(6)),yr6, err6)

yr7=y0+ (7*h*z0)+ ((h"2) /43182) * (86506*f0+413600*fr1+1200*fr2+400000*f
r3-34000*fr4+160800*fr5+24400*fr6+5453*£fr7) ;

m/=toc;

err7=abs (exp (-10*x (7)) -yr7);

398



fprintf ('%2.7£ $3.18f $3.18f $1l.6e \n', x(7),exp (-
10*x(7)),yr7, err7)

x0=x(7); yO=yr7; z0=yp7;

end
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Appendix F
MATLAB CODE OF EIGHT-STEP BLOCK METHOD FOR SOLVING
SECOND ORDER ODES.

o)

% programme to solve second order O .D. E with step length of eight
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

59 (x,y,z)=y'+2exp (x) (x+1);

x0=0; vy0=1; z0=1; h=0.01;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

f0=z0+2%exp (x0) * (x0+1) ;

for i=1:8;

X (1)=x04+i*h;

v(1i)=y0 + (h"3*1i7"3*(z0 + 2*exp(x0) + 4*exp(x0)*(x0 + 1)))/6 +
(h"4*i74% (z0 + 6*exp (x0) + 6*exp (x0)*(x0 + 1)))/24 + (h"5*i"5*(z0 +
12*exp (x0) + 8*exp (x0)* (x0 + 1))) /120 + (h"6*i"6*(z0 + 12*exp(x0) +
8*exp (x0) *(x0 + 1)))/720 + h*i*z0 + (h"2*172* (z0 + 2*exp (x0)* (x0 +
1)))/2;% tayloriseries expansion of yn+i

z(1)=2z0 + (h"2*i72* (z0 + 2*exp (x0) + 4*exp(x0)*(x0 + 1)))/2 +
(h"3*173% (z0 + 6*exp (x0) + 6*%exp (x0)*(x0 + 1)))/6 + (h"4*i~4*(z0 +
12*exp (x0) + 8*exp (x0)*(x0 + 1)))/24 + (h"5*i"5*(z0 + 12*exp(x0) +
8*exp (x0)*(x0 + 1))) /120 + h*i* (z0 + 2*exp(x0)*(x0 + 1% [where z=y’
is the, derivative of the taylor series expansion of yn+i
f(i)=z(i)+2%exp(x(i))*(x(1)+1);

end

ypl=z0+(h/1069200) * (315273*f0+1316197*f (1) -
1356711*£(2)+1648632*£(3)-1482974*f (4)+927046*£(5) -
380447*f(6)+92186*£(7)-10004*£(8)) ;

yp2=z0+ (h/113400) * (32377*£0+182584*f (1) -42494*f(2)+120088*f (3) -
116120*£(4)+74728*£(5)-31154*£(6)+7624*£(7)-833*£(8));
yp3=2z0+(h/44800) * (12881*£f0+70902*f (1) +3438*f (2)+79934*f (3) -

56160*f (4)+34434*£(5)-14062*£(6)+3402*£(7)-369*£(8));

yp4=z0+ (h/28350) * (8126*£0+45152*f (1) +488*£f (2)+65504*£f(3) -
18160*f(4)+18464*£(5)-7912*f (6)+1952*£(7)-214*£(8));

yp5=z0+ (h/145152) * (41705*£0+230150*£ (1) +7550*f (2) +318350*f (3) -
4000*f (4)+170930*£(5)-49150*£(6)+11450*£(7)-1225*£(8));

yp6=2z0+ (h/1400) * (401*£f0+2232*f (1) +18*f (2) +3224*f (3) -

360*f (4)+2664*£(5)+158*£(6)+72*£(7)-9*£(8));

yp7=2z0+(h/518400) * (149527*£0+816634*£ (1) +48706*£f (2)+1085937*f (3)+548
80*f (4)+736078*£(5)+522046*£(6)+223174*£(7)-8183*£(8));

yp8=z0+ (h/28350) * (7912*f0+47104*f (1) -7424*f (2) +83968*f (3) -
36320*f(4)+83968*f(5)-7424*f (6)+47104*£ (7)+7912*£(8));

fri=ypl+2*exp (x (1)) *(x(1)+1);
fr2=yp2+2*exp (x(2))* (x(2)+1);
fr3=yp3+2*exp (x(3) ) * (x(3)+1);
fri=ypd+2*exp (x(4))* (x(4)+1);
fro=yp5+2*exp (x(5) ) * (x(5) +1) ;
fro=ypb+2*exp (x(6))* (x(6)+1);

400



fri=yp7+2*exp (x (7)) * (x(7)+1);
fr8=yp8+2*exp (x(8))* (x(8)+1);

yrl=y0+ (h*z0)+ ((h"2)/7257600) * (1624505*£0+4124232*frl1-
5225624*fr2+6488192*fr3-5888310*frd4+3698920*fr5-
1522672*fr6+369744*fr7-40187*£r8) ;

ml=toc;
errl=abs ((((x(1l))"2+1)*exp(x(1l)))-yrl);
fporintf ('%2.7f $3.18f $3.18f $1.6e \n', x(1),

(((x(1))"2+41) *exp(x(1))),yrl, errl)

yr2=y0+ (2*h*z0)+ ((h"2)/113400) * (58193*£f0+235072*frl1-
183708*fr24247328*fr3-227030*fr44+4143232*fr5-59092*fr6+14368*fr7-
1563*fr8);

m2=toc;
err2=abs ((((x(2))"2+1) *exp (x(2)))-yr2);
fprintf ('%2.7£ %$3.18f %$3.18f %1.6e \n',

x(2), (((x(2))"2+1) *exp(x(2))),yr2,err2)
yr3=y0+(3*h*z0)+((h"2)/89600)* (71661*£0+328608*frl-
150624*fr2+315000*£fr3-281430*fr4+177264*£fr5-73128*fr6+17784*fr7-
1935*fr8);

m3=toc;
err3=abs ((((x(3))"2+1) *exp(x(3)))-yr3);
fporintf ('%2.7f %$3.18f %$3.18f $1.6e \n', x(3),

(((x(3))"2+1) *exp(x(3))), yr3, err3)
yr4=y0+ (4*h*z0)+ ( (h~2) /28350) * (30812*f0+148992*frl-
46400*fr2+160256*fr3-118440*frd+76288*fr5-31552*fr6+7680*fr7-

836*fr8);

md4=toc;

errd=abs ((((x(4))"2+1)*exp(x(4)))-yrd);

fprintf ('%2.7f $3L.18f %$3.18fF %1.6e \n'},

x(4), (((x(4))72+1) *exp(x(4))),yrd, errd)

yr5=y0+ (5*h*z0) + ((h"2) /290304) * (398825*£0+1987000*frl-
465000*fr2+2294000*£fr3-1283750*fr4+1020600*fr5-
412000*fr6+100000*fr7-10875*£x8) ;

mb=toc;
errb=abs ((((x(5))"2+1) *exp(x(5)))-yrd);
fprintf ('%$2.7£ $3.18f $3.18f %1.6e \n',

x(5), (((x(5))"2+41) *exp(x(5))), yr5, errd)
yr6=y0+ (6*h*z0)+ ((h"2)/1400) * (2325*%f0+11808*fr1-2196*fr2+14208*fr3-
6390*fr4+7200*fr5-2268*fr6+576*fr7-63*£fr8) ;

mé6=toc;
err6=abs ((((x(6))"2+]1)*exp(x(6)))-yro6);
fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n',

x(6), (((x(6))"2+1) *exp(x(6))), yré6, erro6)

yr7=y0+ (7*h*z0)+ ((7*h"2) /1036800) * (288533*f0+1484112*frl1-
225008*fr2+1830248*fr3-689430*fr4+1009792*fr5-145432*fr6+84168*fr7-
8183*fr8) ;

m7=toc;
err7=abs ((((x(7))"2+1) *exp(x(7)))-yr7);
fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n',

x(7), (((x(7))"2+41) *exp(x(7))), yr7, err7)

yr8=y0+ (8*h*z0)+ ( (h"2) /28350) * (63296*f0+329728*frl-
44544*fr2+419840*%fr3-145280*fr4+251904*fr5-14848*fr6+47104*fr7) ;
m8=toc;

err8=abs ((((x(8))"2+1) *exp (x(8)))-yr8);

fprintf ('%$2.7£ %$3.18f %$3.18f %1.6e \n',

x(8), (((x(8))"2+1)*exp(x(8))), yr8, err8)
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x0=x(8); y0=yr8; z0=yp8;
end
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Appendix G

MATLAB CODE OF FOUR-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES.

o)

% programme to solve third order O .D. E with step length of four
clear
clc
y'is represented by z
$y" is represented by v
syms x0 x y z g £0 y0 z0 vO
39 (x,y,z)=v-zty;
x0=0; vy0=1; z0=0; v0=-1; h=0.01;
disp ('x - value exact - solution computed - solution
error')
tic
for j=0:h:1;
f0=v0-z0+yO0;
for i=1:4;
X (1)=x04+i*h;
y(i)=y0 + (h"3*i"3*(v0 + y0 - z0))/6 + (h"2*1"2*v0)/2 +
(hA4* ~*ry0) /24 + h*i*z0;
i)=z0 + (hAZ* 22*%(v0 + yO - 20))/2 + (h?3*i"3*y0)/6 + h*i*v0;
( )=(y0*h"2*i~2) /2 + (vO + y0 - z0)*h*i + vO0;
T(L)=v(i)-z (1) +y(Li);
end
yil=y0+ (h*z0)+((1/2)*h"2*v0)+ ((h"3)/10080)* (1017*f0+1070*£f (1) -
618*f (2 )+258*f(3) 47*f£(4)) ;
yvj2=y0+ (2*h*z0)+ (2*h"2*v0)+ ( (h"3) /630) * (331*f0+664*f (1) -
240*£ (2) +104*£(3)-19*£(4));
yv33=y0+ (3*h*z0) +((9/2) *h"2*v0)+((h"3) /1120) * (1431 *f0+3726*f (1) -
486*f (2)+450*£(3)-81*f(4));

o\

vj4=y0+ (4*h*z0) + (8*h"2*v0) + ((h"3)/2205) * (5208*£0+15232*£ (1) +672*f (2)

+2688*f£(3)-280*£(4));

ypl=2z0+ (h*v0)+((h"2)/1440)* (367*£0+540*f (1) -282*£(2)+116*£(3) -
21*£(4));

yp2=z0+ (2*h*v0) + ( (h"2) /270) * (159*£0+432*£ (1) -90*£ (2) +48*£ (3) -
9*£(4));

yp3=z0+ (3*h*v0)+ ((h"2) /160) * (147*£f0+468*f (1) +54*f (2) +60*f (3) -
9*f(4));

yp4=z0+ (4*h*v0) + ((h"2) /45) * (56*£0+192*£ (1) +48*£ (2)+64*£(3));

yppl=v0+ (h/720) * (251*£0+646*f (1) -264*f (2) +106*£ (3)-19*f (4)) ;
ypp2=v0+ (h/90) * (29*f0+124*f (1) +24*f (2) +4*£ (3) - (4)) ;

ypp3=v0+ (h/80) * (27*£0+102*f (1) +72*f (2) +42*f (3) -3*f (4)) ;
ypp4=v0+ (h/45) * (14*F0+64*Ff (1) +24*F (2) +64*F (3)+14*£ (4));
frl=yppl-ypl+yjl;

fr2=ypp2-yp2+yj2;

fr3=ypp3-yp3+yj3;

fri=ypp4- yp4+yj4'

yrl=y0+ (h*z0)+((1/2) *h*2*v0) + ((h"3) /30240) * (3051*£0+3210*frl-
1854*fr2+774*fr3 141*frd4);
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ml=toc;

errl=abs(cos(x(1l))-yrl);

fprintf ('%$2.7f %$3.18f %$3.18f %1.6e \n',
x(1l),cos(x(1l)),yrl, errl)

yr2=y0+ (2*h*z0)+ (2*h"2*v0)+ ((h"3) /1890) * (993*f0+1992*frl1-
720*fr24312*fr3-57*frd);

m2=toc;
err2=abs (cos(x(2))-yr2);
fprintf ('%2.7f $3.18f $3.18f $1.6e \n',

X (2),cos(x(2)),yr2, err2)
yr3=y0+ (3*h*z0)+ ((9/2) *h"2*v0)+ ((h"3)/3360) * (4293*f0+11178*frl-
1458*fr2+1350*fr3-243*frd);

m3=toc;
err3=abs (cos(x(3))-yr3);
fprintf ('%2.7f %3.18f %3.18f %1.6e \n',

x(3),cos(x(3)),yr3, err3)
yrd=y0+ (4*h*z0)+ (8*h"2*v0)+ ( (h"3) /2205) * (5208*f0+15232*fr1+672*fr2+2
088*fr3-280*fr4) ;

m4=toc;
errd=abs (cos(x(4))-yrd);
fprintf ('%2.7£ %$3.18f %$3.18f %1l.06e

\n',x(4),cos(x(4)),yr4, errd)
x0=x(4) ; yO0=yrd; z0=yp4;v0=ypp4;
end
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Appendix H

MATLAB CODE OF FIVE-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES.

o)

% programme to solve third order O .D. E with step length of five
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

g (x,v,z)=x-4z;

x0=0; y0=0; z0=0; v0=1; h=0.1;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

f0=x0-4*z0;

for i=1:5;

X (1)=x04+i*h;

v (1)=y0-(h"4*i™4* (4*v0 - 1))/24 + (h"2*1i"2*v0)/2 + (h"3*i"3*(x0 -
4*x70))/6 + h*i*z0;

z(1)=20-(h"3*i"3* (4*.v0 - 1))/6 + (h"2*i"2*(x0 - 4*z0))/2 + h*i*v0;
v(i)=v0- (h*2*172* (4*v0 - 1))/2 + h*i* (x0 - 4*z0);
T(1)=x(1)-(4*z (1)),

end

yepl=v0+ (h/1440) * (475*£0+1427*f (1) =798*f (2) +482*f (3) -
17371E|( 4 2 S )

ypp2=v0+ (h/90)* (28*f0+129*f (1) +14*Ff (2)+14*f (3)-6*f (4)+f(5));
yvep3=v0+ (h/160)* (51*f0+219*f (1) +114*£(2)+114*£(3)-21*£(4)+3*£(5));
yepd=v0+ (h/45) * (14*f0+64*f (1) +24*£ (2)+64*£(3)+14*£(4));

yep5=v0+ (h/288) * (95*f0+375*f (1) +250*f (2) +250* £ (3)+375*f (4)+95*f (5)) ;
ypl=z0+ (h*v0)+(h"2/20160)* (4924*f0+8630*f (1) -6088*f (2)+3764*f (3) -
1364*f (4)+214*£(5));

yp2=z0+ (2*h*v0) + ( (h"2) /630) * (355*f0+1088*f (1) -370*f (2)+272*f (3) -
101*f(4)+16*£(5)) .;

yp3=z0+ (3*h*v0)+((h"2)/10080) * (8856*f0+31509*f (1) -
648*£(2)+7830*%f(3)-2592*f (4)+405*£(5));

ypd=z0+ (4*h*v0)+ ((h"2) /630) * (752*£f0+2848*f (1) +352*f (2)+1216*f (3) -
160*f (4)+32*£(5));

yp5=z0+ (5*h*v0) + ((h"2) /10080) * (15250*£0+59375*£ (1) +12500*£ (2) +31250%*
£(3)+6250*f(4)+1375*£(5));

fri=x(1)-(4*ypl);

fr2=x(2)- (4*yp2);
fr3=x(3)-(4*yp3);
frd=x(4)-(4*yp4);
fr5=x(5)-(4*yp5);

yrl=y0+ (h*z0)+(1/2*h"2*v0)+ (h"3/241920) * (23574*f0+29850*frl-
23172*fr2+14532*fr3-5298*£fr4+834*fr5);

ml=toc;
errl=abs (((3/16)* (1-cos(2*x(1))))+((1/8)*x(1)"2)-yrl);
fprintf ('%2.7£ $3.18f $3.18f $1.6e \n',

x (1), ((3/16)* (1-cos (2*x(1))))+((1/8)*x(1)"2),yrl, errl)
yr2=y0+(2*h*z0)+ (2*h"2*v0) + (h"3/1890) * (951*£0+2202*frl-
1140*fr2+732*fr3-267*fr4+42*£fr5) ;
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m2=toc;

err2=abs (((3/16)* (1-cos(2*x(2))))+((1/8)*x(2)"2)-yr2);
fprintf ('%$2.7f %$3.18f %$3.18f %$1.6e \n',

x(2), ((3/16)*(1l-cos(2*x(2))))+((1/8)*x(2)"2), yr2, err2)
yr3=y0+ (3*h*z0)+(9/2*h"2*v0)+ (h~3/13440) * (16443*£f0+48357*frl-
13122*fr2412690*fr3-4617*fr4+729*fr5) ;

m3=toc;
err3=abs (((3/16)* (1-cos(2*x(3))))+((1/8)*x(3)"2)-yr3);
fprintf ('$2.7f %$3.18f %$3.18f $1.6e \n',

x(3), ((3/16)*(1-cos(2*x(3))))+((1/8)*x(3)"2),yr3, err3)
yri4=y0+ (4*h*z0)+ (8*h"2*v0)+ (h"3/945) * (2136*£f0+7008*frl1-
672*fr2+42112*fr3-600*frd4+96*£frh) ;

m4=toc;
errd=abs (((3/16)* (1-cos(2*x(4))))+((1/8)*x(4)"2)-yrd);
fprintf ('%2.7£ %$3.18f %$3.18f %1.6e \n',x(4), ((3/16)*(1-

cos (2*x(4))))+((1/8)*x(4)"2),yrd, errd)
yr5=y0+ (5*h*z0) +(25/2*h"2*v0)+ (h"3/72576) * (262125*£0+916875*fr1+1125
0*fr2+348750*£fr3-39375*£fr4+12375*£frd) ;

mS5=toc;
err5=abs (((3/16)* (1-cos(2*x(5))))+((1/8)*x(5)"2)-yr5.);
fprintf ('%2.7£ %$3.18f %$3.18f %1.6e \n',x(5), ((3/16)*(1-

cos (2*x(5))))+((1/8)*x(5)"2),yr5, errH)
x0=x(5); yO0=yr5; z0=yp5; vO0=yppb5;
end
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Appendix |

MATLAB CODE OF SIX-STEP BLOCK METHOD FOR SOLVING THIRD
ORDER ODES.

o)

% programme to solve third order O .D. E with step length of six
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

59 (x,y,2)=-y;

x0=0; y0=1; z0=-1; v0=1; h=0.1;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

f0=-y0;

for i=1:6;

X (1)=x04+i*h;

y(i)=- (vO*h"5*i"5) /120 - (z0*h"4*i~4)/24 - (y0*h"3*i~3)/6 +
(vO*h"2*172) /2 + z0*h*i + yO;

z(1)=2z0- (h*4*i"4*v0) /24 - (h"2*1"2*y0)/2 - (h"3*1"3*z0)/6 + h*i*vO0;
v(1i)=v0- (h”*3*113#*v0) /6 - (h"2*1"2*z0)/2 - h*i*y0;

£(i)=Fy(i);

end

yvjl=y0+ (h*z0)+((1/2)*h"2*v0)+((h"3) /3628800) * (343801*f0+506604*f (1) -
494715*£(2)+414160*f (3)-226605*f (4)+71364*£(5)-9809*f (6)) ;

yi2=y0+ (2*h*z0)+ (2*h"2*v0) + ( (h"3) /28350) * (13774*£0+35976*f (1) -
24465*%f(2)+20800*f (3)-11370*f (4)+3576*£(5)-491*f(06));
v33=y0+(3*h*z0)+((9/2) *h"2*v0)+ ((h"3)/44800) * (52893*f0+172692*f (1) -
72495*f (2)+80640*f (3)—-44145%f (4)+13932*£(5)-1917*f (6)) ;

y34=y0+ (4*h*z0)+ (8*h"2*v0)+ ( (h"3) /28350) * (61808*f0+223872*f (1) -
54240*f (2)+108800*f (3)-52080*f£ (4)+16512*£(5)-2272*£(6)) ;

y35=y0+ (5*h*z0)+ ((25/2) *h"*2*v0)+ ((h"3) /145152) * (505625*f0+1945500*f (
1)-256875*f(2)+1070000*f (3)-358125*f (4)+136500*f (5)-18625*f (6)) ;
yj6=y0+ (6*h*z0)+ (18*h"2*v0)+ ((h"3)/700) * (3564*f0+14256*f (1) -

810*f (2)+8640*f(3)-1620*f£(4)+1296*f£(5)-126*£(6)) ;

ypl=z0+ (h*v0)+((h*2)/120960) * (28549*£0+57750*f (1) -

51453*f (2) +42484%f (3) -23109*f (4) +7254%f (5)-995%f (6) ) ;

yp2=z0+ (2*h*v0) + ( (h"2) /120960) * (65728*£0+223488*f (1) -

107520%f (2) +100864*f (3) -55872*F (4)+17664*f (5) -2432*£(6)) ;

yp3=z0+ (3*h*v0) + ( (h"2) /4480) * (3795*£0+14850*f (1) -

2403*f (2)+6300%Ff (3)-3267*F (4)+1026*f(5)-141*£(6));

yp4=z0+ (4*h*v0)+ ((h"2) /945) * (1088*£0+4512*%f (1) —=72*f (2) +2624*f£ (3) -
840*f (4)+288*f (5)-40*£ (6)) ;

yp5=20+ (5*h*v0) + ( (h"2) /120960) * (176125*£0+753751*f (1) +46875*f (2) +512
500%f (3)-28125*f (4) +57750%f (5) -6875*£ (6) ) ;

yp6=20+ (6*h*v0) + ((h"2) /140)* (246*£0+1080*F (1) +108*Ff (2) +816*f (3) +54*f
(4)+216%f (5)) ;

yppl=v0+ (h/60480) * (19087*£0+65112*f (1) -46461*f (2)+37504*f(3) -
20211*£(4)+6312*£(5)-863*£(6));
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ypp2=v0+ (h/3780) * (1139*£f0+5640*£ (1) +33*£ (2)+1328*£(3) -

807*f (4)+264*£(5)-37*£(6));

ypp3=v0+ (h/2240) * (685*£0+3240*f (1) +1161*£(2)+2176*£f(3) -
729*%£(4)+216*£(5)-29*£(6)) ;

yppd=v0+ (h/945)* (286*f0+1392*f (1) +384*£(2)+1504*£(3)+174*£(4)+48*f (5
)-8*£(6));

ypp5=v0+ (h/12096) * (3715*£0+17400*£ (1) +6375*£(2)+16000*£(3)+11625*f (4
) +5640*£ (5)-275*£(6)) ;

ypp6=v0+ (h/140) * (41*£0+216*£ (1) +27*£(2)+272*£(3)+27*£(4)+216*£(5)+41
*£(6));

fri=-yjl;
fr2=-yj2;
fr3=-yj3;
fri=-yj4;
fr5=-yj5;
fre=-yjo6;

yrl=y0+ (h*z0)+((1/2)*h"2*v0)+((h"3)/3628800) * (343801*f0+506604*frl-
494715*%fr2+414160*fr3-226605*frd4+71364*fr5-9809*fro) ;

ml=toc;

errl=abs((exp(-x(1)))-yrl);

fprintf ('%2.7£ %$3.18f %$3.18f $1l.6e \n', x(1), (exp (-
x(1))),y(1l), errl)

yr2=y0+ (2*h*z0)+ (2*h"2*v0)+ ( (h~3) /28350) * (13774*f0+35976*frl1-
24465*fr2+420800*fr3-11370*fr4+3576*fr5-491*fro) ;

m2=toc;
err2=abs ((exp (=x(2)))-yr2);
fporintf('%2.%f %3.18f %3 .18fF $1.6e \n', x(2), (exp (-

xX(2))),yxr2, err2)
yr3=y0+ (3*h*z0)+ ((9/2) *h"2*v0)+ ((h"3)/44800) * (52893*f0+172692*frl1-
72495%fr2+80640*fr3-441455£r4+13932*fxr5-1917*fr6) ;

m3=toc;
err3=abs ((exp (=x(3)))=-yr3);
fprintf (! 277f %3L18f %3418 F $1.6e \n', x(3), (exp (-

x(3))),yr3, err3)
yrd=y0+ (4*h*z0)+(8*h"2*v0)+((h"3)/28350) * (61808*£0+223872*frl-
54240*fr2+108800*fr3-52080*frd4+16512*fr5-2272*fro6) ;

md4=toc;
err4=abs ((exp(-x(4)))-yrd);
fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n',x(4), (exp (-

x(4))),yr4, errd)

yr5=y0+ (5*h*z0)+ ((25/2) *h*2*v0)+ ((h"3)/145152) * (505625*f0+1945500*fr
1-256875*fr24+41070000*fr3-358125*fr4+136500*fr5-18625*fro) ;

mS=toc;

errb5=abs ((exp (-x(5)))-yr5);

forintf ('%2.7f %$3.18f %$3.18f $1l.6e \n',x(5), (exp (-
x(5))),yr5, err))

yr6=y0+ (6*h*z0)+ (18*h"2*v0)+ ( (h~3) /700) * (3564*f0+14256*frl-
810*fr2+8640*fr3-1620*frd4+1296*fr5-126*£fro) ;

mé6=toc;
err6=abs ((exp(-x(6)))-yro6);
forintf ('%2.7f %$3.18f %$3.18f $1.6e \n',x(6), (exp (-

xX(6))),yr6, erro)
x0=x(6); y0=yr6; z0=yp6; v0=ypp6;
end
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Appendix J

MATLAB CODE OF SEVEN-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES.

o)

% programme to solve third order O .D. E with step length of seven
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 zO0

59 (x,y,z)=2y"-4;

x0=0; vy0=1; z0=2; v0=6; h=0.01;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

f0=2*v0-4;

for i=1:7;

X (1)=x04+i*h;

y(1)=y0 + (h"3*i"3*(2*v0 - 4))/6 + (h"4*i"4*(4*v0 - 8))/24 +
(h"5*i~5* (8*v0 - 16)) /120 + (h"2*1i"2*v0)/2 + h*i*z0;

z(1)=z0 + (h"2*1%2*(2*v0 - 4))/2 + (h"3*i"3*(4*v0 - 8))/6 +
(h™4*1iM*(8*v0Q — 16)) /24 + h*i*v0;

v(i)=v0 + (h"2*i72* (4*v0 - 8))/2 + (h"3*173*(8*v0 - 16))/6 +

h*i* /i oM 20w

f(i)=2*v(1i)-4;

end

vj1l=y0+ (h*z0) +(1/2*h"2*v0)+ ((h"3)/3628800) * (335799*f0+562618*f (1) -
662757*£(2)+694230*f (3)-506675*f (4)+239406*£f (5) -
65823*f(6)+8002*f (7)) ;

vj2=y0+ (2*h*z0) +(2*h"2*v0) +((h"3) /28350) * (13376*£0+38762*f (1) -
32823*f(2)+34730*f (3)-25300*f (4)+11934*f(5)-3277*f£(6)+398*£(7));
vj3=y0+ (3*h*z0)+((9/2) *h"2*v0)+ ((h"3) /44800) * (51327*f0+183654*f (1) -
105381*f(2)+135450*f (3)-98955*f (4)+46818*f(5)-12879*f (6)+1565*£ (7)) ;
yj4=y0+ (4*h*z0)+ (8*h"2*v0)+ ((h"3) /14175) * (29976*£f0+118432*f (1) -
46608*f (2)+86880*f (3)-58520*f (4)+27744*£(5)-7632*f(6)+928*f (7)) ;
vj5=y0+ (5*h*z0)+ ((25/2) *h"2*v0) + ((5*h"3) /145152) * (98075*£0+410450*f (
1)-115425*£(2)+320750*£(3)-178375*£ (4)+91350*£ (5) -
25075*f£ (6) +3050*£ (7)) ;

yj6=y0+ (6*h*z0)+ (18*h"2*v0)+ ((h"3)/1400) * (6912*£f0+30024*f (1) -
6156*f£(2)+24840*£(3)-10800*£ (4)+7128*£(5)-1764*f(6)+216*£(7));
y37=y0+ (7*h*z0)+ ((49/2) *h"2*v0)+ ((7*h"3) /518400) * (502887*f0+2242534~*
£(1)-338541*£(2)+1944810*£(3)-660275*f (4)+619458*f(5) -
93639*£(6)+16366*£(7));

yppl=v0+ (h/120960) * (36799*£0+139849*f (1)-121797*£(2)+123133*f(3) -
88547*£(4)+41499*£(5)-11351*£(6)+1375*£(7));

ypp2=v0+ (h/18900) * (5535*£0+29320*£ (1) -3195*£(2) +12240*£ (3) -
9635*£(4)+4680*£(5)-1305*£(6)+160*£ (7)) ;

ypp3=v0+ (h/22400) * (6625*£0+33975*f (1) +6885*f (2) +29635*f (3) -
15165*%£(4)+6885*£(5)-1865*£(6)+225*£ (7)) ;

ypp4=v0+ (h/945) * (278*£0+1448*f (1)+216*£(2)+1784*f (3) -
106*£(4)+216*£(5)-64*£(6)+8*£(7));
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ypp5=v0+ (h/24192)* (7155*£0+36725*£ (1) +6975*£ (2) +41625*f (3) +13625*f (4
)+17055%£(5)-2475*%£(6)+275*£ (7)) ;

ypp6=v0+ (h/140) * (41*£0+216*£ (1) +27*£(2)+272*£(3)+27*£(4)+216*£(5) +41
*E£(6))

ypp7=v0+ (h/17280) * (5257*£0+25039*£ (1) +9261*£(2) +20923*f (3) +20923*£ (4
)+9261*£ (5)+25039*f (6) +5257*£ (7)) ;

ypl=z0+ (h*v0)+ ((h"2)/3628800)* (832346*f0+1901368*f (1) -
2050192*f(2)4+2118860*f (3)-1537610*f (4)+724225*f£ (5) -
198718*f(6)+24124*£ (7)) ;

yp2=z0+ (2*h*v0)+ ( (h"2) /28350) * (14939*f0+55642*f (1) -

34986*f (2)+39950*f (3)—-29405*f(4)+13926*f£ (5)-3832*f(6)+466*£ (7)) ;
yp3=z0+ (3*h*v0)+ ((h"2)/604800) * (496773*£f0+2113614*f (1) -

650997*f (2)+1394820*f (3)-985365*f (4)+465102*£(5) -

127899*f (6)+15552*f£ (7)) ;

yp4=z0+ (4*h*v0)+ ((h"2) /14175) * (15824*f0+71152*f (1) -
11496*f£(2)+56720*f (3)-29960*f£(4)+14736*£ (5)-4072*£(6)+496*£ (7)) ;
yp5=2z0+ (5*h*v0)+ ( (h"2) /72576) * (102425*£0+475000*f (1) -
40125*f£(2)+421250*£(3)-130625*f (4)+102900*£ (5) -
26875*f (6) +3250*£ (7)) ;

yp6=z0+ (6*h*v0)+ ( (h"2) /350) * (597*f0+2826*f (1) -108*f (2)+2670*f (3) -
495*%f (4)+918*f(5)-126*f (6)+18*£ (7)) ;

yp7=2z0+ (7*h*v0)+ ( (h"2) /259200) * (519253*£f0+2482634*f (1) +7203*f (2) +240
1000*f (3)-204085*f (4)+965202*f (5)+146461*f (6)+32732*£ (7)) ;
fri=2*yppl-4;

fr2=2*xypp2-4;

fr3=2*ypp3-4;

fri=2*yppd-4;

fr5=2*ypp5-4;

fre=2*ypp6-4;

fr7=2*xypp7-4;

yrl=y0+ (h*z0)+(1/2*h"2*v0) + ((h~3)/3628800)* (335799*f0+562618*frl-
662757*fr2+694230*fr3-500675*fr4+239406*fn5-65823*fr6+8002*fr7) ;
errl=abs ((x(l)"2+texp(2*x(1l)))-vyrl);

fprintf ('%2.7f %$3.18f %$3.18f $1l.6e \n',

x (1), (x(1)"2+exp (2*x(1))),yrl, errl)

yr2=y0+ (2*h*z0)+ (2*h"2*v0)+ ( (h~3) /28350) * (13376*f0+38762*frl1-
32823*fr2+34730*fr3-25300*fr44+11934*fr5-3277*fr6+398*fr7);
m2=toc;

err2=abs ((x(2)"2+exp (2*x(2)))-yr2);

fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n',

X(2), (x(2)"2+exp (2*x(2))),yr2, err2)

yr3=y0+ (3*h*z0)+((9/2) *h"2*v0)+ ((h"3)/44800) * (51327*f0+183654*frl-
105381*fr24+4135450*fr3-98955*fr4+46818*fr5-12879*fr6+1566*fr7) ;
m3=toc;

err3=abs ((x(3) "2+exp (2*x(3)))-yr3);

fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n',

x(3), (x(3)"2+exp (2*x(3))),yr3, err3)

yrd=y0+ (4*h*z0)+ (8*h"2*v0)+ ((h"3) /14175) * (29976*f0+118432*frl-
46608*fr2+86880*fr3-58520*frd4+27744*fr5-7632*fr6+928*fr7) ;
md4=toc;

errd=abs ((x(4) "2+texp (2*x(4)))-yrd);

fprintf ('%$2.7£ %$3.18f %$3.18f %1.6e

\n',x(4), (x(4)"2+exp(2*x(4))),yr4, errd)

yr5=y0+ (5*h*z0)+ ((25/2) *h"2*v0)+ ((5*h"3) /145152) * (98075*f0+410450*fr
1-115425*fr2+320750*fr3-178375*fr4+91350*fr5-25075*fr6+3050*fr7) ;
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m5=toc;

errb5=abs ((x(5)"2+exp (2*x(5)))-yrd);

fprintf ('%$2.7f %$3.18f %$3.18f %1.6e

\n',x(5), (x(5)"2+exp (2*x(5))),yr5, err5)

yr6=y0+ (6*h*z0)+ (18*h"2*v0)+ ((h"3)/1400) * (6912*£f0+30024*frl1-
6156*fr2+24840*fr3-10800*fr4+7128*fr5-1764*fr6+216*fr7) ;
mé6=toc;

err6=abs ((x(6)"2+exp (2*x(6)))-yr6);

fprintf ('$2.7f %$3.18f %$3.18f %1.6e

\n',x(6), (x(6)"2+exp(2*x(6))),yr6, errb)

yr7=y0+ (7*h*z0)+ ((49/2)*h"2*v0)+ ((7*h"3) /518400) * (502887*£f0+2242534*
fr1-338541*fr2+1944810*fr3-660275*fr4+619458*fr5-
93639*fro+16366*fr7) ;

m7=toc;
err7=abs ((x(7)"2+texp (2*x(7)))-vr7);
fprintf ('%$2.7£ %$3.18f %$3.18f %1.6e

\n',x(7), (x(7)"2+exp (2*x(7))),yr7, err7)
x0=x(7); yO=yr7; z0=yp7; vO0=ypp7;
end
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Appendix K
MATLAB CODE OF EIGHT-STEP BLOCK METHOD FOR SOLVING
THIRD ORDER ODES.

o)

% programme to solve third order O .D. E with step length of Eight
clear

clc

% y'is represented by z

$syms x0 x y z g £0 y0 z0

59 (x,y,z)=y"'=8y'-3y-4dexp (x);

x0=0; vy0=2; z0=-2; v0=10; h=0.001;

disp ('x - value exact - solution computed - solution
error')

tic

for §j=0:h:1;

f0=8*z0-3*y0-4*exp (x0) ;

for i=1:8;

X (1)=x04+i*h;

y(1)=y0 = (h"5*i"5* (3*v0 + 24*y0 - 64*z0 + 36*exp(x0)))/120 -
(h"4*i~4* (3*z0 - 8*v0 + 4*exp(x0)))/24 - (h"3*1"3*(3*y0 - 8*z0 +
4*exp (x0))) /6. + (h"2*i*2*v0)/2 + h*i*z0;

z(1)=2z0 - (h?4*174* (3*v0 + 24*y0 - 64*z0 + 36*exp(x0)))/24 -
(h"3*4i73* (3*z0 = 8*v0 + 4*exp(x0)))/6 - (h"2*i%2* (3*y0 - 8*z0 +
dxexp(x0))) /2 + h*i*v0;

v(1i)=v0 = (h"3*i"3* (3*v0 + 24*y0 - 64*z0 + 36*exp(x0)))/6 -
(h"2*i72*(3*z0 - 8*v0 + 4*exp(x0)))/2 - h*i* (3*y0 - 8*z0 +
4*exp (x0));

f(1)=8%z (1)=-3*y(i)-4*exp(x(i));

end

ypl=v0+ (h/1069200) * (315273*f0+1316197*f (1) -
1356711*£(2)+1648632*f(3)—-1482974*f (4)+927046*f (5) -
380447*f£(6)+92186*£(7)-10004*£(8));

yp2=v0+ (h/113400) * (32377*£0+182584*f (1) -42494*f(2)+120088*f (3) -
116120*£(4)+74728*£(5)-31154*£(6)+7624*£(7)-833*£(8));

yp3=v0+ (h/44800) * (12881*f0+70902*f (1) +3438*f (2)+79934*f (3) -
56160*f (4)+34434*f(5)-14062*f(6)+3402*f(7)-369*£(8));

yp4=v0+ (h/28350) * (8126*f0+45152*f (1) +488*f (2) +65504*f (3) -
18160*f(4)+18464*£(5)-7912*£(6)+1952*f (7)-214*£(8));

yp5=vO0+ (h/145152) * (41705*£0+230150*£ (1) +7550*f (2) +318350*f (3) -
4000*£(4)+170930*£(5)-49150*£(6)+11450*£(7)-1225*£(8));

yp6=v0+ (h/1400)* (401*£0+2232*f (1) +18*f (2)+3224*f (3) -

360*f (4)+2664*£(5)+158*£(6)+72*£(7)-9*£(8));

yp7=v0+ (h/518400) * (149527*f0+816634*f (1) +48706*f (2)+1085937*f (3)+548
80*£(4)+736078*£(5)+522046*£(6)+223174*£(7)-8183*£(8));

yp8=v0+ (h/28350) * (7912*f0+47104*f (1) -7424*f (2)+83968*f (3) -
36320*f (4)+83968*f (5)-7424*f(6)+47104*£(7)+7912*£(8)) ;

yjl=z0+ (h*v0)+ (h"2/(7257600) ) * (1624505*£0+4124232*f (1) -
5225624*£(2)+6488192*f (3)-5888310*£(4)+3698920*£ (5) -
15522672*£(6)+369744*£(7)-40187*£(8)) ;
vj2=z0+ (2*h*v0) + (h"2/(113400) ) * (58193*£0+235072*£ (1) -
183708*£(2)+247328*£(3)-227030*£(4)+143232*£(5) -
59092*£(6)+14368*£(7)-1563*£(8)) ;
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v33=20+ (3*h*v0)+ (h"2/ (89600)) * (71661*£0+328608*f (1) -
150624*f (2) +315000*f (3) —281430*£ (4) +177264%£ (5) -
73128*£(6)+17784%F(7)-1935*%£ (8)) ;

yi4=20+ (4*h*v0)+ (h*2/ (28350) ) * (30812*£0+148992*f (1) -

46400*f (2) +160256*F (3) —118440*f (4) +76288%F (5)-31552*F (6)+7680*f (7) -
836*f(8));

vi5=20+ (5*h*v0)+ (h*2/ (290304) ) * (398825*£0+1987000*f (1) -
465000*f (2)+2294000*f (3) -1283750*£ (4) +1020600*£ (5) -

412000*f (6) +100000*£ (7) -10875*£(8) ) ;

v36=20+ (6*h*v0)+ (h*2/ (1400) ) * (2325*£0+11808*f (1) -

2196%f (2)+14208*f (3) —=6390*f (4)+7200%f (5) -2268*F (6) +576*f (7) -
63*£(8)) ;

y37=20+ (7*h*v0)+ (7*h~2/ (1036800) ) * (288533*F0+1484112*f (1) -
225008*f (2) +1830248*f (3) —689430*£ (4)+1009792*f (5) -

145432*%f (6)+84168*£ (7) -8183*£(8)) ;

y38=z0+ (8*h*v0) + (h*2/ (28350) ) * (63296*£0+329728*f (1) -

44544%F (2) +419840*F (3)-145280*F (4)+251904%f (5) -

14848*f (6)+47104%F (7)) ;

yrrl=y0+ (h*z0)+(1/2) * (h*2*v0)+ (h"3/ (39916800)) * (3619903*£f0+6779886*f
(1)-9359135%Ff (2) +11774146%£ (3)-10745445*F (4) +6771082*f (5) -

2792861*f (6)+679110%f (7)-73886*f (8)) ;

yrr2=y0+ (2*h*z0) + (2*h"*2*v0) + (h"3/ (623700) ) * (286967*£0+911204*f (1) -
926646%f (2)+1173140%f (3)-1067950*f (4)+671628*f (5) -

276634*F (6) +67196*f (7)=7305*£(8) ) ;

yrr3=y0+ (3*h*z0)+( (9/2) *h*2*v0)+ (3*h~3/ (492800) ) * (L83384*£0+711918*f
(1)-521217*£(2) +766290*f (3) —699885*f (4) +441306*£ (5) -
182043*£(6) +44262*£ (7) -4815*£(8) ) ;

yrrd=y0+ (4*h*z0) + (8*h22*v0) + (h~3/ (155925) ) * (321172*£0+1371264*f (1) -
752480*£(2) +1435264*f (3) =1243200*f (4) +784768*f (5) -

323744%€ (6)+78720*£ (7) -8564*f (8)) ;

yrr5=y0+ (5*h*z0)+ ((25/2) *h~2*v0) + (h*3/ (1596672) ) * (5253125*£0+2370275
0*f(1)=10296375*%f(2)+25537250*£(3)~19680625%f (4) +12920250*f (5) -
5327125%f (6)+1295750*f (7) -141000*£ (8)) ;

yrr6=y0+ (6*h*z0) + (18*h”2*v0) + (h”~3/ (15400) ) * (74034*£0+346248*f (1) -
123660*f (2)+385128*f (3) -258660*f (4)+190296* £ (5) -

75348%f (6) +18360*£ (7)-1998*£(8)) ;

yrr7=y0+ (7*h*z0)+ ((49/2) *h”2*v0) + (h~3/ (5702400) ) * (37701874*£0+180838
518*f (1)-54639557*f (2) +206894170*f (3) -122270925*%f (4) +104842066*f (5) -
35782103*%f (6)+9423582*f (7)-1020425*%F (8)) ;

yrr8=y0+ (8*h*z0) + (32*h"2*v0) + (8*h"3/ (155925) ) * (169624*£0+828928*f (1)
—216192*f(2)+970240*f (3)-510560*f (4) +508416*f (5) -

134528*f (6)+51712%£ (7) -4440%€(8)) ;

fr1=8*yjl-3*yrrl-4*exp(x (1))
fr2=8*yj2-3*yrr2-4*exp (x(2))
fr3=8*yj3-3*yrr3-4*exp (x(3))
fr4=8*yjd4-3*yrrd-4*exp (x(4));
fr5=8*yj5-3*yrr5-4*exp (x(5))
fr6=8*yj6-3*yrro-4*exp (x(6))
fr7=8*yj7-3*yrr7-4*exp (x(7))
fr8=8*yj8-3*yrr8-4*exp (x(8))
yrl=y0+ (h*z0)+(1/2)* (h"2*v0)+ (h"3/(39916800))* (3619903*f0+6779886*fr
1-9359135*fr24+411774146*fr3-10745445*frd4+6771082*fr5-
2792861*fr6+679110*fr7-73886*fr8) ;

ml=toc;

’
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errl=abs ((exp(x(1l))+exp (-3*x(1)))-yrl);

fporintf ('%2.7f %$3.18f %$3.18f %$1.6e \n',

x(1), (exp(x(1l))+texp(-3*x(1))),yrl, errl)

yr2=y0+ (2*h*z0)+ (2*h"2*v0)+ (h"3/(623700) ) * (286967*f0+911204*frl-
926646*fr2+1173140*fr3-1067950*frd4+671628*fr5-276634*fr6+67196*fr7-
7305*fr8) ;

m2=toc;
err2=abs ((exp(x(2))+exp (-3*x(2)))-yr2);
fporintf ('%2.7f $3.18f $3.18f $1.6e \n',

x(2), (exp(x(2))+exp(-3*x(2))),yr2, err2)

yr3=y0+ (3*h*z0)+ ((9/2) *h*2*v0) + (3*h~3/ (492800) ) * (183384*£0+711918*fr
1-521217*fr2+766290*fr3-699885*frd+441306*fr5-182043*fr6+44262*%fr7—-
4815*fr8) ;

m3=toc;
err3=abs ((exp (x(3))+exp (-3*x(3)))-yr3);
fprintf ('%$2.7£ %$3.18f %$3.18f %1.6e \n',

X (3), (exp (x(3))texp (-3*x(3))),vyr3, err3)

yr4d=y0+ (4*h*z0)+ (8*h"2*v0)+ (h"~3/(155925) ) * (321172*f0+1371264*frl1-
752480*fr2+1435264*fr3-1243200*fr4+784768*fr5-323744*fr6+78720*fr7-
8564*fr8) ;

md=toc;
errd=abs ((exp(x(4))+exp (-3*x(4)))-yrd);
fporintf ('%2.7f %$3.18f %$3.18f %1.6e

\n',x(4), (exp(x(4))+exp (-3*x(4))),yrd, errd)

yr5=y0+ (5*h*z0)+ ((25/2) *h"2*v0)+ (h"3/(1596672) ) * (5253125*£0+23702750
*fr1-10296375*fr24+425537250*fr3-19680625*fr4+12920250*fr5-

5327125 fr6+1295750*fr7-141000*fr8) ;

mS5=toc;
errb5=abs ((exp (x(5))+exp (-3*x(5)))-yrd);
fprintf (527 7L $3.18¢F $3.18f $1.6e

\n',x(5), (exp(x(5))+exp(=3*x(5))),yr5, errb)

yr6=y0+ (6*h*z0) + (18*h”*2*v0)+ (h*3/(15400))* (74034*f0+346248*frl-
123660*fr2+385128*fr3=258660*fr44+190296*£r5=-75348*fr6+18360*fr7-
1998*fr8);

mé=toc;
err6=abs ((exp (x(6))+exp (-3*x(6)))-yro6);
fprintf ('%2.7f $3.18f $3.18f %1.6e

\n',x(6), (exp(x(6))+texp (-3*x(6))),yr6, erro)

yr7=y0+ (7*h*z0)+((49/2)*h"2*v0)+ (h~3/(5702400))* (37701874*£f0+1808385
18*fr1-54639557*fr2+206894170*£fr3-122270925*fr4+104842066*fr5-
35782103*fr6+9423582*fr7-1020425*£fr8) ;

m7=toc;
err7=abs ((exp (x(7))+exp (-3*x(7)))-yr7);
fprintf ('%2.7f %$3.18f %$3.18f %1l.06e

\n',x(7), (exp(x(7))+exp(-3*x(7))),yr7, errT)

yr8=y0+ (8*h*z0)+ (32*h"2*v0) + (8*h"3/(155925) ) * (169624*f0+828928*frl-
216192*fr2+970240*fr3-510560*fr4+508416*fr5-134528*fr6+51712*fr7-
4440*fr8) ;

m8=toc;
err8=abs ((exp (x(8))+exp (-3*x(8)))-yr8);
fprintf ('%2.7£ $3.18f $3.18f %1.6e

\n',x(8), (exp(x(8))+exp(-3*x(8))),yr8, err8)
x0=x(8); yO0=yr8; z0=yj8; v0=yp8;
end
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Appendix L

MATLAB CODE OF FIVE-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES.

o)

% programme to solve fourth order O .D. E with step length of five
clear

clc

y'is represented by z

$y" is represented by v

gsyms x0 x y z g £0 y0 z0 v0O woO

59 (x,y,2z)+y"=0;

x0=0; y0=0; z0=(-1.1/(72-50*pi)); v0=(1/(144-100*pi)),;w0=(1.2/(144-
100*pi)); h=1/320;

disp ('x - value exact - solution computed - solution
error')

tic

for j=0:h:1;

£f0=-vO0;

for i=1:5;

X (1)=x04+i*h;

y(i)=(v0*h?6*i%6) /720 - (wO*h"5*175) /120 - (v0*h"4*i~4) /24 +
(wO*h"3*173) /6 + (vO*h?2*1"2)/2 + z0*h*i + yO0;

z (1)=(v0*h"5*i"5) /120 - (w0*h"4*i"4) /24 - (vO*h"3*i~3)/6 +
(wO0*h”2*i22) /2 4+ v0*h*1i + z0;

v(i)=(v0*h"4*i~4) /24 - (wO*h"3*1"3)/6 - (v0*h"2*i"2)/2 + wO*h*i +
v0;

w(i)=(v0*h"3*113) /6 - (wO0*h"2*1"2)/2 - vO*h*i + wO;

f(i)=-v(i);

end

ypl=z0+ (h*v0)+(1/2*h"2*w0) +(h"3/241920) *(23574*f0+29850*f (1) -
23172*%£(2)+14532*f (3) -5298*f (4)+834*£(5)) ;

yp2=z0+ (2*h*v0) + (2*h"2*w0) + (h"~3/1890) * (951*£0+2202*f (1) -
1140*£(2)+732*£(3)-267*£ (4)+42*£(5));

yp3=z0+ (3*h*v0)+(9/2*h"2*w0) + (h"3/13440) * (16443*£f0+48357*f (1) -
13122*£(2)+12690*£(3)-4617*£(4)+729*£(5)) ;

yp4=z0+ (4*h*v0)+ (8*h"2*w0) + (h"~3/945) * (2136*£0+7008*f (1) -
672*f(2)+2112*f(3)-600*f (4)+96*£(5));

yp5=z0+ (5*h*v0) + (25/2*h"2*w0) + (h"3/24192) * (87375*£0+305625*f (1) +3750
*£(2)+116250*£(3)-13125*£(4)+4125*£(5));

o\

yppl=v0+ (h*w0)+ (h"2/20160) * (4924*£0+8630*f (1) -6088*£(2) +3764*£(3) -
1364*£ (4)+214*£(5));

ypp2=v0+ (2*h*w0) + ( (h"2) /630) * (355*£0+1088*£ (1) -370*£(2)+272*£ (3) -
101*f(4)+16*f(5));

ypp3=v0+ (3*h*w0) + ((h"2) /10080) * (8856*£0+31509*f (1) -

648*£ (2)+7830*£ (3)-2592*£(4)+405*£(5));

ypp4=v0+ (4*h*w0) + ( (h"2) /630) * (752*£0+2848* £ (1) +352*£(2) +1216*£(3) -
160*£(4)+32*£(5));

ypp5=v0+ (5*h*w0) + ((h"2) /10080) * (15250*£0+59375*f (1) +12500*f (2) +31250
*£(3)+6250*£(4)+1375*£(5));
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ypppl=w0+ (h/5760) * (1900*£0+5708* £ (1) =31 92*f (2) +1928*f (3) -
692%f (4) +108*£ (5)) ;

yppp2=w0+ (h/360) * (112*£0+516%F (1) +56%£ (2) +56% £ (3) —24%£ (4) +4*£(5)) ;
yppp3=w0+ (h/640) * (51*£0+219% £ (1) +114*£ (2) +114%£ (3) =21 *£ (4) +3*£(5)) ;
yppp4d=w0+ (h/180) * (56*£0+256*f (1) +96*f (2) +256%£ (3) +56*£ (4) ) ;
yppp5=w0+ (h/1728) * (570*£0+2250*f (1) +1500%£ (2) +1500% £ (3) +2250%f (4) +57
0*f£(5));

fri=-yppl;
fr2=-ypp2;
fr3=-ypp3;
fri=-ypp4;
fro=-yppb5;

yrl=y0+ (h*z0)+(1/2*h"2*v0)+(1/6*h"3*w0)+ (h~4/5443200)* (147378*£0+147
135*%fr1-120480*fr2+76290*fr3-27930*fr4+4407*fr5) ;

ml=toc;

errl=abs ((1-x(1)-cos(x(1))-1.2*sin(x(1)))/(144-100*pi)-yrl);

fprintf ('%2.7£ %$3.18f %$3.18f $1.6e \n', x(1), (1-x(1)-
cos(x(1l))-1.2*sin(x (l)))/(l44 100*pi),yrl, errl)

yr2=y0+ (2*h*z0) + (2*h"2*v0) (4/3)*h*3*w0)+ (h"~4/907200) * (272896*£0+50
9440*fr1—314240*fr2+197120*fr3 71680*frd4+11264*fr5);

m2=toc;

err2=abs ((1-x(2)-cos (x(2))-1.2*sin(x(2)))/(144-100*pi)-yr2);

fprintf ('%2.7f %3.18f %3.18f $1.6e \n', x(2), (1-x(2) -
cos(x(2))=1.2*sin(x(2)))/ (144=-100*pi),yr2, err2)

yr3=y0+ (3*h*z0)+(9/2*h"2*v0)+(9/2*h"3*w0)+ (h"4/67200) * (76464*£f0+1899
45*fr1-79380*f£r2+457510*fr3-21060*fr4+3321*fr5) ;

m3=toc;
err3=abs ((1-x(3)-cos (x(3))-1.2*sin(x(3)))/(144-100*pi)-yr3);
forint flg=_ET I $3.18f $3.18f $l.6e \n', x(3), (1-x(3)-

cos(x(3))-1.2%sin(x(3)))/(144-100*pi),yr3, err3)

yrad=y0+ (4*h*z0) +(8*h"2*v0) + ((32/3) *h"3*w0) + (h"4/1814400) * (5177344*f0
+14909440*fr1-3768320*fr2+4259840*fr3-1454080*frd4+229376*fr5) ;
md=toc;

errd4=abs ((1-x(4)-cos(x(4))-1.2*sin(x(4)))/(144-100*pi)-yr4);

fprintf ('$2.7f %$3.18f %$3.18f $1.6e \n',x(4), (1-x(4) -
cos(x(4))-1.2*sin(x(4)))/(144-100*pi),yr4, errd)

yr5=y0+ (5*h*z0)+ (25/2*h"2*v0) + (125/6*h"3*w0) + (h~4/145152) * (836500*f0
+2631250*fr1-350000*fr2+837500*fr3-212500*fr4+37250*fr5) ;

mS=toc;

err5=abs ((1-x(5)-cos (x(5))-1.2*sin(x(5)))/(144-100*pi)-yr5);

fprintf ('%$2.7f %$3.18f %$3.18f $1.6e \n',x(5), (1-x(5) -
cos(x(5))-1.2*sin(x(5)))/(144-100*pi),yr5, err5)

x0=x(5); yO=yr5; z0=yp5; vO0=ypp5;wl=yppp5;

end
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Appendix M

MATLAB CODE OF SIX-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES.

o)

% programme to solve fourth order O .D. E with step length of six
clear
sclc
% y'is represented by z
$y" is represented by v
gsyms x0 x y z g £0 y0 z0 v0O woO
59 (X,¥Y,2)=X%;
x0=0; y0=0; z0=1; v0=0;w0=0; h=0.1;
disp ('x - value exact - solution computed - solution
error')
tic
for j=0:h:1;
f0=x0;
for i=1:6;
X (1)=x04+i*h;
y(i)=(h"5*1"5) /120 + (x0*h"4*i~4)/24 + (wO*h"3*i"3)/6 +
(vO*hA2*'A2)/2 + z0*h*i + yO0;
z(1)=(h"4*i%4) /24 + (x0*h"3*173)/6 + (wO*h"2*1%2)/2 + vO*h*i + zO;
v(i)=(h?3*i%3) /6 + (x0*h"2*i"2)/2 + wO*h*1 + vO;
w(i)= (h 28 I /D2 WEA <Ol 1 + Wil
f(1)=x(1);
end
ypl=z0+ (h*v0) +((1/2)*h"2*w0) +((h"3)/3628800) * (343801*f0+506604*f (1) -
494715%f (2)+414160*%£ (3)-226605*f (4)+71364*£(5)-9809*f(6));
yp2=z0+ (2*h*v0) +(2*h"2*w0) + ( (h"3) /28350) * (13774*£0+35976*f (1) -
24465%f (2 )+20800*f( )L BFOPEE 12854 237 YT S FA° U¥E &) &
yp3=z0+ (3*h*v0)+ ((9/2) *h"2*w0)+ ((h"3) /44800) * (52893*f0+172692*f (1) -
72495%f (2 )+80640*f(3) 44145*%f (4)+13932*£(5)-1917*£(6));
ypd=z0+ (4*h*v0)+ (8*h"2*w0) + ( (h~3) /28350) * (61808*£0+223872*f (1) -
54240*£ (2)+108800*£f (3)-52080*f£ (4)+16512*f(5)-2272*£(6)) ;
yp5=2z0+ (5*h*v0)+ ((25/2) *h*2*w0) + ( (h"3) /145152) * (505625*f0+1945500*f (
1)-256875*f£(2)+1070000*f (3)-358125*f (4)+136500*f (5)-18625*f(6)) ;
yp6=z0+ (6*h*v0)+ (18*h"2*w0)+ ( (h"3) /700) * (3564*f0+14256*f (1) -
810*£ (2)+8640*£(3)-1620*£(4)+1296*£(5)-126*£(6)) ;

yppl=v0+ (h*w0) + ( (h"2) /120960) * (28549*£0+57750*f (1) -

51453*f (2) +42484%f (3) -23109*f (4) +7254* £ (5)-995%f (6) ) ;

ypp2=v0+ (2*h*w0) + ( (h*2) /120960) * (65728 *£0+223488*f (1) -

107520%f (2) +100864*f (3) -55872*F (4)+17664*f (5) -2432*£(6)) ;

ypp3=v0+ (3*h*w0) + ( (h"2) /4480) * (3795*£0+14850*f (1) -

2403*f (2)+6300%Ff (3)=3267*f (4) +1026%f (5)-141*f(6));

ypp4=v0+ (4*h*w0) + ( (h"2) /945) * (LO88*F0+4512*F (1) -T2*£ (2) +2624*f (3) -

840*f (4)+288*f (5)-40*f (6)) ;

ypp5=v0+ (5*h*w0) + ( (h*2) /24192) * (35225*£0+150750*f (1) +9375*f (2) +10250

0*f (3)-5625%f (4)+11550*f (5)-1375%f (6)) ;

ypp6=v0+ (6*h*w0) + ( (h"2) /140) * (246*£0+1080*F (1) +108*f (2) +816*f (3) +54*
£(4)+216*£(5));

~ o~

417



ypppl=w0+ (h/60480) * (19087*£0+65112*f (1) -46461*f (2) +37504*f (3) -
20211*f (4)+6312*£(5)-863*£(6)) ;

yppp2=w0+ (h/3780) * (1139*Ff0+5640*f (1) +33*£ (2) +1328*f (3) -

807*£ (4)+264%£ (5) -37*£(6)) ;

yppp3=w0+ (h/2240) * (685*£0+3240%F (1) +1161*£ (2) +2176*£ (3) -

T20%£ (4) +216%£ (5) —29%£ (6)) ;

ypppA4=w0+ (h/945) * (286%£0+1392%F (1) +384%F (2) +1504% £ (3)+174*F (4) +48% £ (
5)-8*f(6));

yppp5=w0+ (h/12096) * (3715*£0+17400*£ (1) +6375%f (2) +16000*f (3) +11625*f (
4)+5640*f (5)-275%£(6)) ;

ypPP6=w0+ (h/140) * (A1*£0+216% £ (1) +27%F (2) +272% £ (3) +27*£ (4) +216* £ (5) +4
1*£(6));

fre=x(6);

yrl=y0+ (h*z0)+((1/2)*h"2*v0)+((1/6) *h"3*w0)+ ((h"4)/3628800)* (95929*f
04+4112028*fr1-115165*fr24+497320*fr3-53465*fr4+16876*fr5-2323*fr6) ;
ml=toc;

errl=abs (((x(1)~5/120)+x (1)) -yrl);

fprintf ('%2.7f $3.18f $3.18f $1.6e \n',

x (1), ((x(1)"5/120)+x(1)),yrl, errl)

yr2=y0+ (2*h*z0)+ (2*h"2*v0) + ((4/3) *h"3*w0) +((h"4)/14175) * (4127*£0+878
2*fr1-6965*fr245820*fr3-3175*fr4+998*fr5-137*fr6) ;

m2=toc;
err2=abs (((x(2)75/120)+x(2))-yr2) ;
fprintf ('%2.7f $3L.18f %$3.18fF %1.6e \n'},

x(2), ((x(2)7°5/120)+x(2)) ,yr2, err2)

yr3=y0+ (3*h*z0)+ ((9/2) *h"2*v0) + ((9/2)*h"3*w0) + ((h"4) /44800) * (49239*f
04+4137052*fr1=78975*fr24+73080*fr3=40095*fr4+12636*fr5=1737*fro) ;
m3=toc;

err3=abs (((x(3)75/120)+x(3))-yr3);

fprintf ('%2.7% %$3.18f %$3.18f %1.6e \n',

x(3), ((x(3)75/120)+x(3)),yr3, err3)

yri=y0+ (4*h*z0)+ (8*h"2*v0)+ ((32/3) *h"3*w0)+ ((h"4) /28350) * (78080*f0+2
49856*fr1-101120*fr2+122880*fr3-64960*fr4+20480*fr5-2816*fro) ;
md4=toc;

errd=abs (((x(4)"5/120)+x(4))-yrd);

fprintf ('%2.7£ %$3.18f %$3.18f %1.6e

\n',x(4), ((x(4)"5/120)+x(4)),yr4, errd)

yr5=y0+ (5*h*z0)+ ((25/2) *h"2*v0)+ ((125/6) *h"3*w0)+ ( (h~4) /145152) * (807
125*f0+2807500*fr1-790625*fr24+41425000*fr3-653125*fr4+213500*fr5-
29375*%fro6) ;

m5=toc;
err5=abs (((x(5)75/120)+x(5))-yr5);
fprintf ('%2.7£ %$3.18f %$3.18f %1.6e

\n',x(5), ((x(5)"5/120)+x(5)),yr5, err5)
yr6=y0+ (6*h*z0) + (18*h"2*v0) +(36*h"3*w0) + ((h"4) /350) * (3438*£0+12636*frl-
2430*fr2+6840*£fr3-2430*fr4+972*xfr5-126*£fro) ;

mé6=toc;
err6=abs (((x(6)"5/120)+x(6))-yr6) ;
fprintf ('%2.7£ %$3.18f %$3.18f %1.6e

\n',x(6), ((x(6)"5/120)+x(6)),yr6, erro6)
x0=x(6); y0=yr6; z0=yp6; v0=ypp6;wl=yppp6;
end
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Appendix N
MATLAB CODE OF SEVEN-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES.

o)

% programme to solve fourth order O .D. E with step length of seven
clear

sclc

% y'is represented by z

$y" is represented by v

gsyms x0 x y z g £0 y0 z0 v0O wO

%9 (X,V,2)=(x"+14*x"3+49*x"2+32*x-12) *exp (x) ;

x0=0; vy0=0; z0=0; v0=2;w0=-6; h=0.01;

disp ('x - value exact - solution computed - solution
error')

tic

for j=0:h:1;

f0=(x0"4+14*x073+49*x072+32*x0-12) *exp (x0) ;

for i=1:7;

X (1)=x04+i*h;

y(i)=y0 + (h"2*1"2*v0)/2 + (h"3*1"3*w0)/6 +
(h"6*176* (exp (x0) * (12*x0"2 + 84*x0 + 98) + exp(x0)*(x0"4 + 14*x0"3 +
49*x072 + 32*x0 = 12) + 2*exp(x0)*(4*x0"3 + 42*x072 + 98*x0 +
32)))./720 + h*i*z0 + (h"5*1"5* (exp(x0)* (x0%4 + 14*x0"3 + 49*x0"2 +
32*x0 ~ 12) + exp(x0)*(4*x0"3 + 42*x0"2 + 98*x0 + 32))) /120 +
(h~4*i~d*exp (x0) * (%04 + 14*x073 + 49*x072 + 32*x0 - 12))/24;
z(i)=z0 + (h"2*1"2*w0) /2 + (h"5*1"5%* (exp (x0)* (12*x0%2 + 84*x0 + 98)
+ exp (x0)*(x0%4 + 14*x073 + 49*x072 + 32*x0 - 12) +
2*exp (x0) *(4*x073 + 42*x072 + 98*x0 + 32)))/120 + h*i*v0 +

(h"4*xind* (exp(x0) * (x0%4 + 14*x0"3 + 49*x072 + 32*x0 - 12) +

exp (x0) *(4*x0°3 + 42*x072 + 198*x0 + 32)))/24 +
(h"3*1"3*exp(x0) * (x0"4 + 14*x073 + 49*x072 + 32*x0 - 12))/6;

v(i)=v0 + (h*4*i"4* (exp (x0)*(12*x0"2 + 84*x0 + 98) + exp(x0)*(x0"4 +
14*x0"3 + 49*x0"2 + 32*x0 - 12) + 2*exp(x0)* (4*x0"3 + 42*x0"2 +
98*x0 + 32)))/24 + h*i*w0 + (h"3*i"3* (exp(x0)* (x0"4 + 14*x0"3 +
49*x0"2 + 32*x0 - 12) + exp(x0)* (4*x0"3 + 42*x0"2 + 98*x0 + 32)))/6
+ (h"2*i"2*exp (x0) * (x074 + 14*x073 + 49*x072 + 32*x0 - 12))/2;
w(i)=w0 + (h"3*i"3* (exp(x0)* (12*x072 + 84*x0 + 98) + exp(x0)*(x0"4 +
14*x073 + 49*x072 + 32*x0 - 12) + 2%exp(x0)* (4*x0"3 + 42*x0"2 +
98*x0 + 32)))/6 + (h"2*1i"2* (exp (x0)* (x0™4 + 14*x0"3 + 49*x0"2 +
32*x0 - 12) + exp(x0)*(4*x0"3 + 42*x0"2 + 98*x0 + 32)))/2 +
h*i*exp(x0)* (x074 + 14*x0"3 + 49*x0"2 + 32*x0 - 12);
f(i)=(x(1)"4+14*x (1) "3+49*x (1) "24+32*x(1)-12) *exp (x (1))

end

ypl=z0+ (h*v0)+(1/2*h"2*w0)+ ((h"3)/3628800) * (335799*£f0+562618*f (1) -
662757*£(2)+694230*£(3)-506675*£(4)+239406*£ (5) -

65823*f (6)+8002*f (7)) ;

yp2=z0+ (2*h*v0) + (2*h"2*w0) + ( (h"3) /28350) * (13376*f0+38762*f (1) -
32823*f£(2)+34730*£(3)-25300*£(4)+11934*£(5)-3277*£(6)+398*£(7));
yp3=z0+ (3*h*v0)+((9/2) *h*2*w0) + ((h"3) /44800) * (51327*f0+183654*f (1) -
105381*f(2)+135450*£(3)-98955*f£(4)+46818*£(5)-12879*£(6)+1565*£(7));
ypd4=z0+ (4*h*v0)+ (8*h"2*w0)+ ((h"3) /14175) * (29976*f0+118432*f (1) -
46608*f (2) +86880*f (3)-58520*f (4)+27744*£(5)-7632*f(6)+928*f (7)) ;
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yp5=z0+ (5*h*v0) + ((25/2) *h"2*w0) + ((5*h"3) /145152) * (98075*£0+410450* £ (
1)-115425*£(2)+320750*£(3)-178375*£(4)+91350*£(5) -
25075*£(6)+3050*£ (7)) ;

yp6=z0+ (6*h*v0) + (18*h"2*w0)+ ( (h"3) /1400) * (6912*£0+30024*£ (1) -
6156*f(2)+24840*£(3)-10800*£ (4)+7128*£(5)-1764*£(6)+216*£(7));
yp7=z0+ (7*h*v0)+ ((49/2) *h"2*w0) + ((7*h"3) /518400) * (502887*£0+2242534%*
£(1)-338541*£(2)+1944810*£(3)-660275*£(4)+619458*£ (5) -
93639*£(6)+16366*£(7));

yppl=v0+ (h*w0)+ ( (h"2) /1814400) * (416173*£0+950684*f (1) -

1025097+*£ (2) +1059430*f (3) =768805*£ (4) +362112%f (5) -
99359%f (6) +12062*%£ (7)) ;

ypp2=v0+ (2*¥h*w0) + ( (h*2) /28350) * (14939*£0+55642+*f (1) -

34986%f (2)+39950%f (3) -29405%f (4) +13926%£ (5) -3832*%£ (6) +466*£ (7)) ;
ypp3=v0+ (3*h*w0) + ( (h*2) /604800) * (496773*£0+2113614*f (1) -

650997*F (2) +1394820*f (3) —985365*F (4) +465102*f (5) -
127899%f (6) +15552%f (7)) ;

ypp4=v0+ (4*h*w0) + ( (h*2) /14175) * (15824*£0+71152*£ (1) -

11496%£ (2)+56720%f (3) —29960*f (4) +14736%£ (5) -4072*£ (6) +496*£ (7)) ;
ypp5=v0+ (5*h*w0) + ( (h*2) /72576) * (102425*£0+475000*f (1) -

40125%f (2) +421250*f (3) —130625*f (4) +102900*£ (5) -
26875%E (6) +3250%£ (7)) ;

ypp6=v0+ (6*h*w0) + ( (h*2) /350) * (597*£0+2826%f (1) -108*f (2) +2670*£ (3) -
495%f (4) +918*f (5) -126%£(6) +18%E (7)) ;

ypp7=v0+ (7*h*w0) +( (h*2) /259200) * (519253*£0+2482634*f (1) +7203*£ (2) +24
01000*f (3) ~204085*£ (4) +965202*f (5)+146461*£ (6) +32732*£ (7)) ;

ypppl=w0+ (h/120960) * (36799*£0+139849*£ (1) -121797*f (2) +123133*f (3) -
88547*f (4)+41499%F (5)=11351*£ (6)+1375%£(7));

yppp2=w0+ (h/18900)* (5535*£0+29320*£ (1) ~3195*f (2) +12240*£(3) -

9635%f (4) +4680*f (5) -1305%F (6)Y+160*F (7)) ;

yppp3=w0+ (h/22400) * (6625*£0+33975*£ (1) +6885*£ (2) +29635* £ (3) -

15165%F (4) +6885*f (5) —1865%F (6) +225%F (7)) ;

yppp4=w0+ (h/945) * (278*£0+1448*f (1) +216*f (2) +1784*f (3) -

106*f (4)+216*f(5)-64*F (6)+8*£ (7)) ;

yppp5=w0+ (h/24192) * (7155*£0+36725%F (1) +6975*%£ (2) +41625*%£ (3) +13625*f (
4)+17055%f (5) —2475*£ (6) +275%£ (7)) ;

yppp6=w0+ (h/140)* (41*£0+216%£ (1) +27*F (2)+272%F (3)+27*£ (4) +216* £ (5) +4
1*£(6));

yppp7=wO0+ (h/17280) * (5257*£0+25039* £ (1) +9261*f (2) +20923*f (3) +20923* £ (
4)+9261%F (5)+25039%F (6)+5257*f (7)) ;

yrrl=y0+ (h*z0)+ (1/2*h*2*v0)+ (1/6*h”3*w0) + ( (h*4) /119750400) * (3102701 *
f0+4137616%F(1)-5122521*f (2) +5415020*f (3) -3967805*F (4) +1878984*f (5) -
517351*f (6)+62956*£ (7)) ;

yrr2=y0+ (2*h*z0) + (2*h"*2*v0) + (4/3*h”3*w0) + ( (h"4) /467775) * (132526*£0+3
15461*f (1) -306810*f (2) +320335*f (3) —233050*£ (4) +109899*f (5) -
30176*f (6) +3665*F (7)) ;

yrr3=y0+ (3*h*z0)+ ((9/2) *h*2*v0) + (9/2*h*3*w0) + ( (h~4) /492800) * (526077 *
F0+1616436%F(1)-1195317*f (2)+1348200*f (3)-985365*f (4)+465588*f (5) -
127971*f (6)+15552*%F (7)) ;
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yrrd=y0+ (4*h*z0)+ (8*h"2*v0)+(32/3*h"3*w0) + ((4*h"4)/467775)* (312608*£f
0+1096960*£ (1) -616032*£(2)+838400*£(3)-599480*£(4)+283392*£(5) -
T7920*£(6)+9472*£(7)) ;

yrr5=y0+ (5*h*z0)+((25/2) *h"2*v0) +(125/6*h"3*w0) + ((h"4) /4790016) * (258
42625*%£0+98195000*£ (1) -42733125*£ (2)+74762500*£ (3) -

49290625*f (4)+23688000*£(5)-6516875*f (6) +792500*£ (7)) ;

yrr6=y0+ (6*h*z0)+ (18*h"2*v0) + (36*h"3*w0) +((h"4) /11550) * (110052*£0+44
0802*£(1)-151632*£(2)+344790*£(3)-199260*£ (4)+103518*£(5) -
27972*%£(6)+3402*£(7) ) ;

yrr7=y0+ (7*h*z0)+((49/2) *h"2*v0)+(343/6*h"3*w0) +((h"3)/17107200) * (26
2892693*£0+1093194508*f (1) -301769685*f (2)+884720480*£f (3) -
438242525*%f£(4)+266827932*£(5)-64354003*£(6)+8163400*£ (7)) ;

fri=(x(1)"4+14*x (1) "3+49*x (1) "2+432*x(1)-12) *exp (x (1))
fr2=(x(2)"4+14*x(2)"3+49*%x(2) "2432*x(2)-12) *exp (x(2)) ;
fr3=(x(3)"4+14*x(3) "3+49*x (3) "2+32*x(3) -12) *exp (x(3));
frd=(x(4)"4+14*x(4)"3+49*%x(4) "2432*x(4)-12) *exp (x(4)) ;
fr5=(x(5)"4+14*x(5) "3+49*x (5) "2+432*x(5) -12) *exp (x(5)) ;
frée=(x(6)"4+14*x(6) "3+49*x(6) "2+432*x(6)-12) *exp (x(6)) ;
fri=(x(7)"4+14*x(7)"3+49*%x(7) "2432*x(7)-12) *exp (x (7)) ;

yrl=y0+ (h*z0)+(1/2*h"2*v0)+(1/6*h"3*w0)+ ((h"4) /119750400) * (3102701*f
0+4137616*fr1-5122521*fr2+5415020*£fr3-3967805*£fr4+1878984*£fr5-
517351*fr6+62956*£fr7) ;

ml=toc;
errl=abs((x(1l)"2*((1-x(1))"2)*exp(x(1l)))-yrl);
fprintf (M82.7£ $3L.18f $3.18f $1.6e \n',

x (1), (x(1)"2* ((1-x(1))"2) *exp(x(1))),yrl, errl)

yr2=y0+ (2*h*z0) + (2*h~2*v0) + (4/3*h"~3*w0) + ((h”4) /467775) * (132526*£0+31
5461*fr1=306810*fr2+320335%£r3-233050*fr4+109899*fr5-
30176*fr643665*fr7) ;

m2=toc;
err2=abs ((x (2)72* ((1-x(2))"2)*exp (x(2)))~yr2) ;
fprintf (1%2.7£ %$3.18f %$3.18f $1.6e \n',

x(2), (x(2)"2* ((1-x(2))"2) *exp (x(2))),yr2, err2)

yr3=y0+ (3*h*z0)+((9/2) *h"2*v0) +(9/2*h"3*w0) + ((h"4)/492800) * (526077*£f
0+1616436*fr1-1195317*fr2+1348200*£fr3-985365*fr4+465588*fr5-
127971*fr6+15552*fr7) ;

m3=toc;
err3=abs ((x(3)"2* ((1-x(3))"2)*exp(x(3)))-yr3);
fprintf ('%2.7£ $3.18f $3.18f $1.6e \n',

x(3), (x(3)72* ((1-x(3))"2) *exp(x(3))),yr3, err3)

yr4=y0+ (4*h*z0)+ (8*h"2*v0) + (32/3*h"3*w0) + ( (4*h"4) /467775) * (312608*£0
+1096960*fr1-616032*fr24+4838400*fr3-599480*fr44+283392*fr5-
77920*fr6+9472*fr7) ;

mé4=toc;
errd=abs ((x(4)"2*((1-x(4))"2)*exp(x(4)))-yrd);
fprintf ('%2.7f %$3.18f %$3.18f %1.6e

\n',x(4), (x(4)"2*((1-x(4))"2) *exp(x(4))),yrd, errd)

yr5=y0+ (5*h*z0)+ ((25/2) *h"2*v0) +(125/6*h"3*w0) + ( (h"4) /4790016) * (2584
2625*£0+98195000*£fr1-42733125*£fr2+74762500*£r3-
49290625*fr4+23688000*£fr5-6516875*fr6+792500*£fr7) ;

mS=toc;
errS5=abs ((x(5)"2* ((1-x(5))"2)*exp (x(5)))-yr5);
fporintf ('%2.7f %$3.18f %$3.18f %1.6e

\n',x(5), (x(5)"2*((1-x(5))"2) *exp(x(5))),yr5, errd)
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yr6=y0+ (6*h*z0)+ (18*h"2*v0) + (36*h"3*w0) + ((h~4) /11550)* (110052*£0+440
802*fr1-151632*fr2+344790*£fr3-199260*£fr4+103518*£fr5-
27972*fr6+3402*£fr7);

m6=toc;
err6=abs ((x(6)"2* ((1-x(6))"2)*exp(x(6)))-yro6);
fprintf ('%$2.7f %$3.18f %$3.18f %1.6e

\n',x(6), (x(6)"2* ((1-x(6))"2) *exp(x(6))),yr6, erro)

yr7=y0+ (7*h*z0)+((49/2) *h*2*v0)+(343/6*h"3*w0) +((h"4)/17107200) * (262
892693*f0+1093194508*fr1-301769685*fr2+884720480*fr3-
438242525*fr44+4266827932*fr5-64354003*fr6+8163400*fxr7) ;

m7=toc;

err7=abs ((x(7)"2* ((1-x(7))"2)*exp(x(7)))-yrT7);

fporintf ('%2.7f %$3.18f %$3.18f %1.6e

\n', x(7), (x(7)"2*((1-x(7))"2) *exp(x(7))),yr7, erxr7)

x0=x(7); yO=yr7; z0=yp7; vO=ypp7;wl=yppp7;

end
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Appendix O

MATLAB CODE OF EIGHT-STEP BLOCK METHOD FOR SOLVING
FOURTH ORDER ODES.

o)

% programme to solve fourth order O .D. E with step length of Eight
clear

sclc

% y'is represented by z

$y" is represented by v

gsyms x0 x y z g £0 y0 z0 v0O woO

59 (x,y,2)=y;

x0=0; vy0=1; z0=1; v0=1;w0=1; h=0.01;

disp ('x - value exact - solution computed - solution
error')

tic

for j=0:h:1

f0=y0;

for i=1:8;

X (1)=x04+i*h;

y(i)=(vO*h"6*i%6) /720 + (z0*h"5*175) /120 + (y0*h"4*i~4) /24 +
(wO*h~3*173) /6 + (vO*h*2*i”2)/2 + zO0*h*i + yO0;

z (1)=(v0*h~5*i"5) /120 + (z0*h*4*i"4) /24 + (y0*h"3*i~3)/6 +
(WwO*hA2*172) /2 4+ v0*h*1 + z0;

v(1)=(v0*h"4*124) /24 + (z0*h"3*1"3)/6 + (y0*h"2*i72)/2 + wO*h*i +
vO0;

w(i)=(v0*h"3*173) /6 + (z0*h"2*1"2)/2 + y0*h*i + wO;

£(1)=y (1)

end

ypl=2z0+ (h*v0)+((1/2)*h"2*w0) + (h"3/19958400) * (1809953*f0+3389944*f (1)
-4679567*£ (2)+5887073*£(3)=5372722*%f (4)+3385543*£(5) —

1396429*£ (6)+339555*f (7)-36943*£(8));

yp2=z0+ (2*h*v0) + (2*h"2*w0) + (h"3/623700) * (286967*£f0+911204*f (1) -
926646*£(2)+1173140*£(3)-1067950*f (4)+671628*£f(5) -
276634*f(6)+67196*£(7)-7305*£(8));

yp3=z0+ (3*h*v0)+((9/2) *h"2*w0) + (3*h"3/492800) * (183384*£0+711918*f (1)
-521217*£(2)+766290*f(3)-699885*f (4)+441306*£ (5) -

182043*f (6)+44262*f (7)-4815*f(8)) ;

ypd=z0+ (4*h*v0)+ (8*h"2*w0) + (h"3/155925) * (321172*f0+1371264*f (1) -
752480*f£ (2)+1435264*£(3)-1243200*£ (4)+784768*£(5) -
323744*£(6)+78720*£(7)-8564*£(8));

yp5=z0+ (5*h*v0)+ ((25/2) *h"2*w0) + (5*h"3/798336) * (525312*f0+2370275*f (
1)-1029638*f (2)+2553725*£(3)-1968062*f (4)+1292025*f (5) -
532712*£(6)+129575*£ (7)-14100*£(8)) ;

yp6=z0+ (6*h*v0)+ (18*h"2*w0)+ (h"3/15400) * (74034*£0+346248*f (1) -
123660*£f (2)+385128*£(3)-258660*£(4)+190296*£ (5) -

75348*f (6)+18360*£(7)-1998*£(8)) ;

yp7=z0+ (7*h*v0)+ ((49/2) *h"2*w0)+ (h"~3/207900) * (1374548*f0+6593072*f (1
)—=1992067*£ (2) +7543015*f (3)-4457798*£ (4)+3822365*£(5) -
1304557*£(6)+343568*£(7)-37203*£(8));

yp8=z0+ (8*h*v0) + (32*h"2*w0) + (8*h"3/155925) * (169624*£0+828928*f (1) -
216192*£(2)+970240*£(3)-510560*f (4) +508416*f (5) -

134528*f£ (6)+51712*£(7)-4440*£(8));
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yppl=v0+ (h*w0) + ( (h"2) /7257600) * (1624505*£0+4124231*f (1) -
5225623%f (2)+6488191*f (3) -5888311%f (4)+3698922%f (5) -
1522673%F (6)+369744%f (7)-40187*£(8)) ;

ypp2=v0+ (2*h*w0) + ( (h~2) /113400) * (58193*£0+235072*f (1) -
183708*%f (2) +247328%F (3) =227030%f (4) +143232%£ (5) -

59092*f (6) +14368% £ (7) -1563%£(8) ) ;

ypp3=v0+ (3*h*w0) + ( (h*2) /89600) * (71661*£0+328608*f (1) -
150624*£ (2) +315000%£ (3) -281430%£ (4) +177264%£ (5) -

73128%f (6)+17784%f (7)-1935%£(8) ) ;

ypp4=v0+ (4*h*w0) + ( (h"2) /28350) * (30812*£0+148992%f (1) -
46400%F (2) +160256%F (3) —~118440%F (4) +76288*F (5) —31552*%F (6) +7680% £ (7) -
836%£(8));

ypp5=v0+ (5*h*w0) + ( (h~2) /290304) * (398825*£0+1987000* £ (1) -
465000% £ (2) +2294000%£ (3) -1283750* £ (4) +1020600% £ (5) -

412000%£ (6) +100000%£ (7) -10875%£ (8) ) ;

ypp6=v0+ (6*h*w0) + ( (h~2) /1400) * (2325*£0+11808*f (1) -

2196%F (2)+14208*F (3) =6390%f (4) +7200%f (5) -2268*f (6) +576*£ (7) -
63*£(8)) ;

ypp7=v0+ (7*h*w0) + ( (7*h~2) /1036800) * (288533*£0+1484112%f (1) -
225008%f (2)+1830248%f (3) —689430*f (4) +1009792%f (5) -

145432%F (6) +84168*f (7) —-8183%£(8)) ;

ypp8=v0+ (8*h*w0) + ( (h"2) /28350) * (63296*£0+329728*f (1) -
44544%F (2)+419840%F (3) —145280*f (4) +251904*f (5) -

14848%f (6)+47104%£ (7)) ;

ypppl=w0+ (h/1069200) * (315273*£0+1316197*f (1) -

1356711*£(2) +1648632*£(3) -1482974*£ (4)+927046*£(5) -
380447*£(6)+92186*£ (7)=10004*£(8)) ;

yppp2=w0+ (h/113400) * (32377*£0+182584*f (1) ~42494%£ (2)+120088*f (3) -
116120*£(4) +74728*£ (5) =31154*£ (6) +7624*£ (7) -833*£(8)) ;

vppp3=w0+ (h/44800) * (12881*£0+70902*f (1) +3438*f (2)+79934%£ (3) -
56160%f (4) +34434*f (5)=14062*F (6) +3402*E (7)Y =369*F(8));

yppp4=w0+ (h/28350) * (8126*F0+45152%F (1) +488+* £ (2)465504*EF (3) -
18160*f(4) +18464*F (5)-7912*F (6) +1952*F (7)-214*£(8)) ;

yppp5=w0+ (h/145152) * (41705*£0+230150* £ (1) +7550*f (2) +318350*f (3) -
4000* £ (4)+170930* £ (5)-49150*f (6)+11450*£ (7) -1225*£(8) ) ;

yppp6=wO0+ (h/1400) * (401*£0+2232*£ (1) +18*f (2) +3224*f (3) -

360%F (4) +2664*£ (5) +158*£ (6) +72*F (7) -9*£ (8)) ;

yppp7=w0+ (h/518400) * (149527*£0+816634*f (1) +48706*£ (2) +1085937*f (3) +5
4880*f (4)+736078*F (5)+522046*F (6)+223174*F (7)-8183*£(8));
vppp8=w0+ (h/28350) * (7912*£0+47104%f (1) -7424*£ (2)+83968*f (3) -
36320%F (4) +83968*f (5)-7424%f (6)+47104%f (7)+7912*£(8)) ;

yrrl=y0+ (h*z0)+ ((1/2) *h*2*v0)+ ((1/6) *h*3*w0)+ (h"4/958003200) * (243964
97*f0+36501816*f (1) -52883276%F (2)+67126376*f (3) -

61500210*f (4) +38838088*f (5)-16041916*Ff (6)+3904536*F(7)-425111*f (8)) ;
yrr2=y0+ (2*h*z0) + (2*h*2*v0) + ((4/3) *h*3*w0) + (h"4/3742200) * (1035731 *£0
+2719504%f (1) -3139836*f (2) +3933392*f (3)-3577790*F (4) +2249904*f (5) -
926764%F (6)+225136%F (7)-24477*£(8)) ;

yrr3=y0+ (3*h*z0)+ ((9/2) *h*2*v0) + ((9/2) *h~3*w0) + (h~4/3942400) * (410453
1*f0+13764168*f (1)-12476916%f (2) +16614360*Ff (3) -

15168870*f (4) +9553464*f (5) -3938148*F (6)+957096*F (7) -104085*f (8)) ;
yrrd=y0+ (4*h*z0) + (8*h"*2*v0) + ((32/3) *h"3*w0) + (4*h"~4/467775) * (304672*f
0+1160448*f (1)-838240*f (2)+1282816+*Ff (3)-1155000*£ (4) +727808*f£ (5) -
300128*f (6)+72960*£ (7) -7936%£(8)) ;

424



yrr5=y0+ (5*h*z0)+ ((25/2) *h"2*v0)+ ((125/6) *h"3*w0) + (h"4/38320128) * (20
1421625*£0+828115000*£ (1) -490807500*£ (2)+895985000*£ (3) -
766681250*f(4)+487389000*£(5)-201077500*£ (6)+48895000*£ (7) -
5319375*£(8));

yrro=y0+ (6*h*z0)+ (18*h"2*v0) + (36*h"3*w0) + (6*h"4/30800) * (47643*£0+206
064*f(1)-102924*£(2)+224304*£(3)-177390*£(4)+117072*£(5) -

47964*f (6)+11664*£(7)-1269*£(8)) ;

yrr7=y0+ (7*h*z0)+((49/2) *h"2*v0)+((343/6)*h"3*w0)+(h"4/136857600) * (2
048300303*£0+9184285992*f (1) -3949712228*£(2)+10148873336*£f(3) -
7344827070*f (4)+5205732952*£ (5)-2050386772*£ (6) +504037128*f (7) -
54841241*£(8));

yrr8=y0+ (8*h*z0)+(32*h"2*v0)+((256/3) *h"3*w0)+ (h"4/467775) * (10571776
*f0+48693248*£(1)-18333696*f(2)+54722560*£ (3) -
36229120*£(4)+28114944*£(5)-10108928*£(6)+2686976*£(7)-284160*£(8));
fri=yrrl;

fr2=yrr2;

fr3=yrr3;

frd=yrr4;

fr5=yrr5;

frée=yrr6;

fri=yrr7;

fr8=yrr8;

yrl=y0+ (h*z0)+((1/2)*h"2*v0)+((1/6)*h"3*w0)+(h~4/958003200) * (2439649
7*£0+36501816*fr1-52883276*fr2+67126376*fr3-
61500210*fr4+38838088*£r5-16041916*£r6+3904536*£r7-425111*fr8);
ml=toc;

errl=abs (exp(x(1l))-yrl);

fporintf ('$2.7£ $3.18f %3 .18f %$1.6e \n',
x(1l),exp(x(1l)),yrl, errl)

yr2=y0+ (2*h*z0) + (2*h"2*v0)+((4/3) *h"3*w0) + (h"4/3742200) * (1035731*£0+
2719504*fr1-3139836*fr2+3933392*fr3-3577790*£fr4+2249904*£fr5-
926764*fr6+225136*fr7-24477*fr8);

m2=toc;
err2=abs (exp(x(2))-yr2);
fprintf ('%2.7% $3.18f $3.18f $1l.6e \n',

xX(2),exp(x(2)),yr2, err2)

yr3=y0+ (3*h*z0)+ ((9/2) *h"2*v0)+((9/2)*h"3*w0) + (h"4/3942400) * (4104531
*f0+13764168*fr1-12476916*fr2+16614360*fr3-15168870*fr4+9553464*fr5-
3938148*fr6+957096*fr7-104085*fr8) ;

m3=toc;
err3=abs (exp(x(3))-yr3);
fprintf ('%2.7f %$3.18f %$3.18f $1.6e \n',

x(3),exp(x(3)),yr3, err3)

yrd=y0+ (4*h*z0)+ (8*h"2*v0) + ( (32/3) *h*3*w0) + (4*h"~4/467775) * (304672*£0
+1160448*fr1-838240*fr2+1282816*fr3-1155000*fr4+727808*fr5-
300128*fr6+72960*fr7-7936*fr8) ;

m4=toc;
errd=abs (exp(x(4))-yrd);
fprintf ('%2.7f %$3.18f %$3.18f %1.6e

\n',x(4),exp(x(4)),yrd, errd)

yr5=y0+ (5*h*z0)+ ((25/2) *h*2*v0)+ ((125/6) *h"3*w0) + (h"~4/38320128) * (201
421625*£f0+828115000*fr1-490807500*fr2+895985000*fr3-
766681250*%fr4+487389000*fr5-201077500*fr6+48895000*fr7-5319375*fr8) ;
mS=toc;

errb=abs (exp(x(5))-yrd);
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fprintf ('%2.7f %$3.18f %$3.18f %1.6e
\n',x(5),exp(x(5)),yr5, err5)

yro6=y0+ (6*h*z0)+ (18*h"2*v0)+ (36*h"3*w0) + (6*h"4/30800) * (47643*£f0+2060
04*fr1-102924*fr2+224304*fr3-177390*frd4+117072*fr5-
47964*fr6+11664*fr7-1269*£fr8) ;

moéo=toc;
err6=abs (exp(x(6))-yro6);
fprintf ('$2.7f $3.18f $3.18f %1.6e

\n',x(6),exp(x(6)),yr6, erro6)

yr7=y0+ (7*h*z0)+ ((49/2)*h"2*v0)+ ((343/6) *h"3*w0)+ (h"4/136857600) * (20
48300303*£f0+9184285992*fr1-3949712228*fr2+10148873336*fr3-
7344827070*fr4+5205732952*fr5-2050386772*fr6+504037128*fr7-
54841241*fr8) ;

m7=toc;
err7=abs (exp(x(7))-yr7);
fprintf ('%$2.7£ %$3.18f %$3.18f %1l.06e

\n',x(7),exp(x(7)),yr7, err’)

yr8=y0+ (8*h*z0)+ (32*h"2*v0)+ ((256/3) *h"3*w0)+ (h"4/467775) * (10571776*
f0+48693248*fr1-18333696*fr2+54722560*fr3-36229120*fr4+28114944*fr5-
10108928*fr6+2686976*fr7-284160*fr8) ;

m8=toc;
err8=abs (exp(x(8))-yr8);
fprintf ('$2.7f %$3.18f %$3.18f %1.06e

\n',x(8),exp(x(8)),yr8, errs8)
x0=x(8); y0=yr8; z0=yp8; vO0=ypp8;wl=yppp8;
end
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