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Dynamic Modeling and Analysis of Propulsion effect of 3 DoF robot  
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1University for Business and Technology  

2Vienna University of Technology   
  
 
 
Abstract. Dynamical Modeling of robots is commonly first important step of Modeling, Analysis and Control of 
robotic systems. This paper is focused on using Denavit-Hartenberg (DH) convention for kinematics and Newton-
Euler Formulations for dynamic modeling of 3 DoF - Degree of Freedom of 3D robot. The process of deriving of 
dynamical model is done using Software Maple. Simulations are done using Matlab/Simulink for analysis of 
propulsion effect under Earth gravity when First Link rotates with 1000 rpm, second Link can move free in vertical 
direction and Third Link can rotates free around their rotations axle. Simulations results shows very good 
propulsion of proposed 3 DoF robot. Results are verified-compared with constructed model of 3 DoF robot using 
Working Model 3D Software.  
  
Keywords: Kinematics, dynamics, robot, propulsion.   
 
 
1. Dynamical modeling of 3 DOF Robot  
  
Dynamics is a huge field of study devoted to studying the forces required to cause motion. The dynamic motion 
of the manipulator arm in a robotic system is produced by the torques generated by the actuators. This relationship 
between the input torques and the time rates of change of the robot arm components configurations, represent the 
dynamic modeling of the robotic system which is concerned with the derivation of the equations of motion of the 
manipulator as a function of the forces and moments acting on. So, the dynamic modeling of a robot manipulator 
consists of finding the mapping between the forces exerted on the structures and the joint positions, velocities and 
accelerations. A good model has to satisfy two conflicting objectives. It must include enough detail to represent 
the real behavior of the robot with sufficient accuracy, and it should permit an efficient, stable evaluation not only 
of the model equations but also of their derivatives that are needed in optimization.   
The availability of the dynamic model is very useful for mechanical design of the structure, choice of actuators, 
determination of control strategies, and computer simulation manipulator motion.   
A robot manipulator is basically a positioning device. To control the position we must know the dynamic 
properties of the manipulator in order to know how much force to exert on it to cause it to move: too little force 
and the manipulator is slow to react; too much force and the arm may crash into objects or oscillate about its 
desired position.  
Deriving the dynamic equations of motion for robots is not a simple task due to the large number of degrees of 
freedom and nonlinearities present in the system. This part is concerned with the development of the dynamic 
model for 3 Dof robot and their kinematics and dynamics equations. 
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2. Dof robot structure and coordinate systems  
 

 
Figure 1a. Symbolic representation - Axes rotations for Denavit-Hartenberg parameters  

  
From Figure 1a, can be created Table 1 of Denavit-Hartenberg parameters for 3 DoF robot  

  
Table 1. Denavit-Hartenberg parameters for 3 DoF robot 

Link #  ai  i  di  θi  

1  0  0  d1  q1*  

2  0    d2*  0  

3  0    
0 

L3a  q3*  

      * Joint variable    
Denavit-Hartenberg transformation matrix for adjacent coordinate frames, i and i – 1.  

  

 cos( i) cos( i) sin( i) sin( i) sin( i) 
a

i cos( i)  
   

 Ai sin( i) cos( i) cos( i) sin( i) cos( i) ai sin( i)  
  0 sin( i) cos( i) di  
   
  0 0 0 1  

    
Orthogonal rotation matrix Ri which transforms a vector in the i-th coordinate frame to a coordinate frame which 
is parallel to the (i-1)-th coordinate frame is first 3x3 sub-matrices of Ai:  

   

cos( i) 
 

Ri sin( i) 

  0 
  

cos( i) sin( i) 
cos( i) cos( i) 
sin( i) 

sin( i) sin( i) 
 

sin( i) cos( i)

cos( i)  
 

for i=1,2, … , N, where RNN 1 E diag(1)  

  

O 0 1 1,   

  z z0 ,1   

  y y0 ,1   

  x x0 ,1   

  z z2   
O 2   

q 1   

d 2   

q 3   

E   

L 1   

L b b2   

L a a3   

  x x2   

  y y2   

L 3 b   

L 2 a a  

  z zz3   
  x xx3   

  y y3     z ze     x xe   

  y ye     β   
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3. Dynamic Equations – Newton-Euler Formulation  
  
Dynamics of robot is the study of motion with regard to forces (the study of the relationship between 
forces/torques and motion).  A dynamic analysis of a manipulator is useful for the following purposes:  1- It 
determines the joint forces and torques required to produce specified end-effector motions (the direct dynamic 
problem).  
2- It produces a mathematical model which simulates the motion of the manipulator under various loading 

conditions (the inverse dynamic problem) and/or control schemes.  
3- It provides a dynamic model for use in the control of the actual manipulator.  
Dynamic modelling of mechanical structures can be a complex problem. In robotics, more specifically, in 
manipulators, there are two methodologies used for dynamic modelling:  a) Newton-Euler formulationb) 
Lagrange-Euler formulation.  
The Newton-Euler formulation [1] shown in equations (1)-(9) computes the inverse dynamics (ie., joint 
torques/forces from joint positions, velocities, and accelerations) bases on two sets of recursions: the forward and 
backward recursions. The forward recursions (1)-(3) transform the kinematics variables from the base to the end-
effector. The initial conditions (for i=0) assume that the manipulator is at rest in the gravitational field. The 
backward recursions (4)-(9) transform the forces and moments from the endeffector to the base, and culminate 
with the calculation of the joint torques/forces. Angular velocity of the i-th coordinate frame  

 Ri
TT

1 i z0 i 1 if joint is rotational 

 i 1 T                                                   (1)  

 Ri 1 i if joint is translational 

where: z0 0 0 1 T  
  
Angular acceleration of the i-th coordinate 
frame   

RiTT 1 i z0 i 1 i (z0 i 1)  

 

 i 1 RiTT 1
iff  joint 

i
is rotational                                                         (2)  

 

  if joint is translational 
  
Linear acceleration of the i-th coordinate 
frame   

RiTT 1 v i i 1 pi 1 ii 1 ( i 1 pi 1) 
 

if joint is rotational v i 1 RiTT 1 v i z0d i 1 

2 ix(z0d i 1)                                                  (3)  

i 1xpi 1 i 1x( i 1xpi 1) 
if joint is translational 
 

where: pi ai di sin( i) di sin( i) T is position of the i-th coordinate frame with respect to the (i –  
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1)-th coordinate frame. 

Initial conditions: 0 0 v0 0;      

Gravitational acceleration: v 0 gx gy gzz
T .  

Linear acceleration of the centre-of-mass of linki ai i si i ( i si) v i where: siis 
position of centre-of-mass of link i  

(4)  

  
Net force exerted on link i:                                     Fi mi ai                                                                              
(5)  
  

Net moment exerted on link I Ni Ii i i (Ii i)                (6)  

 Iixx 0 0  

where Ii 0 Iiyy 0   

 0 0 Iizz  

Ii is moment of inertia tensor of link i about the centre-of-mass of link i (parallel to the i-th coordinate frame), 
with only principal inertias Iixx, Iiyy and Iizz. Because of symmetry of link frames, cross-inertias can be used zero.  
Force exerted on link i by link i – 1:          

fi RiTT 1 fi 1 Fi  
  
Moment exerted on link i by link i – 1      

 (7)  

ni RiTT 1 ni 1 pi fi Ni si Fi  
  
Joint torque/force at joint i:                      

 (8)  

 ni
T (Ri

TT 1 z0) if joint is rotational 
i    (9)  

 fi
T (Ri

TT 1 z0) if joint is translational 
  
Modeling of 3 DoF robot is done using Maple 15 software, equations are converted for Matlab use. 

 
 

4. Simulation results of existence or non-existence of the desired propulsion effect!  
  

For analysis of existence or non-existence of propulsion is done test as in view. Link 3 (L-form) rotates free from 
vertical initial position. One part of Link 2 is vertical and second part is under 135° with verticals. Link 2 can 
move free up-down and is supported free on Link 1.    
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Figure 1b.Robot 3 DoF in initial position. 
  

From the simulation based on previous conditions, in Figure 2 are represented diagram of Contact Force between 
Link 2 and Link 1 when Link 3 rotates free from initial position (0.1 deg deviated because of theoretical stability) 
and diagram of orientation of Link 3 respectively q3.  
Main dimensions of robot  
Link masses: m1=10 kg, m2=10kg, m3=15kg.  
Link lengths: L1 =d1=1.0m, L2a=2 d2=0.2m, L2b=0.4m, L3a=0.3m, L3b=d3=0.6m  

Figure 2. Contact Force between Link 2 and Link 1 and orientation q3 of Link 3. 
 
From Figure 2 can be seen that Contact Force has its maximum  Fc2max=392.16N for q3=180°. 
 
 
5. Simulation of propulsion of dynamical model of 3d of robot  

   
- Angle between two parts of Link 2 is fixed to 45°;                                                    

  
  

       
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

  

Link 1   

Link  2   

Link  3   

End - eff fector   
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- Link 3 starts in vertical position (down normal to x0-y0 plane) and swings free     
- Link 2 is free supported on Link 1  
- Link 1 is turned up to 1000 rpm  
- Steel is assumed for cylinder/prism masses and moments of inertia.  
Main characteristic of this Case: start position of Link 3,      q3 = pi = 180°  

  

 
Figure 3. Simulation scheme of robot, propulsion effect for initial position of Link 3 under q3=180°  

  
Propulsion is result of fast rotation of Link 1, 1000 rpm, and rotation-oscillation of Link 3, which results from 
contact force between Link 2 and Link 1, only for the time when these two Links are in contact, when Link 2 
starts to move up (d2>1.1) contact force is zero.   

  

  
Figure 4. Vertical movement of Link 2  
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Figure 5. Orientation of Link 3 around its rotation axe, q3  

  

  
Figure 6. Contact Force between Link 2 and Link 1     

  

  
Figure 7. Joint Torque on Link 1, Motor M1.   
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Modeling and simulations using Working Model 3D software  

  
Contact Force Fc2 in the start of simulation is 245.1625N=(m2+m3+m4+m5)˙g. This is reaction force of contact 
between Link 2 and Link 1. When Link 2 starts moving up, Contact force has its maximum and after that during 
movement of Link 2, no contact between Link 2 and Link 1, this mean that contact force is zero until Link 2 is 
coming back and strike the Link 1.  
In Figure 8 is represented Contact force Fc2 and reaction force Fr2 (like joint 2 is rigid joint).  

  

  
Figure 8. Contact force Fc2 and Reaction force Fr2  

 
Propulsion in this case is result of difference of real reaction force which is static + dynamic reaction force during 
movement, as is represented in Figure 2. 
 
 
Conclusions  
 
Based on simulation results for case (q4)0=180°  can be concluded:  

- d2 is growing significantly from initial position 1.1m to around 11.5m.  
- Link 3 oscillates around own oscillation axe.  
- For this case is clear that exist propulsion effect and based on diagram of Contact Force in Figure 2 and 

other simulations tests which are done this is the biggest propulsion of robot.   
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