-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Repository: Freie Universitat Berlin (FU), Math Department (fu_mi_publications)

Jarzynski’s equality, fluctuation theorems, and variance
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Abstract

In this paper, we study Jarzynski’s equality and fluctuation theorems for diffusion pro-
cesses. While some of the results considered in the current work are known in the (mainly
physics) literature, we review and generalize these nonequilibrium theorems using mathe-
matical arguments, therefore enabling further investigations in the mathematical commu-
nity. On the numerical side, variance reduction approaches such as importance sampling

method are studied in order to compute free energy differences based on Jarzynski’s equality.
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1 Introduction

Nonequilibrium work relations concern the behavior of dynamical systems which are out of
equilibrium under nonequilibrium driving forces. Different from linear response theory [42, 49]
where systems are required to be close to equilibrium, nonequilibrium work relations refer to
a set of equalities which hold for general systems far away from equilibrium. And the most
remarkable ones include Jarzynski’s equality |37, 138] and Crooks’s fluctuation theorem [15]. In
particular, Jarzynski’s equality relates free energy differences to the work that is applied to
the system in order to drive the system from one state to another within a finite period of
time. Since its first report in 1997 [37, 138], considerable amount of research work has been done
both numerically and experimentally to study the computation of free energy differences, by
driving the system out of equilibrium using nonequilibrium forces [27, 151, 150, 68, 67]. In recent
years, inspired by the work [57], there has also been growing research interest to generalize both
Jarzynski’s equality and fluctuation theorems to nonequilibrium systems under discrete feedback
controls [58, 154, 134, [59].

Although Jarzynski’s equality ensures that free energy differences can be calculated by
pulling the system using any control forces (protocols) and the transition can be done within
any finite time, the efficiency of Monte Carlo estimators for free energy computation based
on Jarzynski’s equality crucially depends on the control protocols and therefore careful design
is needed. Various techniques, such as importance sampling in trajectory space [68, [51], the
use of both forward and reversed trajectories [16, 67, |50, 64], the interacting particle system
techniques [55], and the escorted free energy simulation method |63, 64], have been proposed in
order to improve the efficiency of Monte Carlo estimators. Meanwhile, we note that several recent
works have considered optimal control protocols which minimize either average work or average
heat [62,160,12,4]. However, it is important to point out that, although these protocols are optimal
in certain sense and are physically interesting, they do not necessarily provide the optimal Monte
Carlo estimators in the sense of smallest variance. Readers are referred to [27, 152, |40, 19, 67|
for detailed discussions on related issues.

In the aforementioned literature, the concept of free energy is often defined as a function of
physical parameters, e.g., temperature, volume or pressure, which characterize the macroscopic
status of physical system. This is termed as the alchemical transition case in [45]. Free energy also
plays an important role in the study of model reduction of complex (molecular) systems along a
given reaction coordinate or collective variables. In this context, free energy is often defined as a
function of reaction coordinate which in turn depends on the state of the system. And calculating



free energy differences along a given reaction coordinate has attracted considerable attentions
in the study of molecular systems [35, [1, 165, [11, 145]. Similar to the alchemical transition case,
Jarzynski-like equalities and their applications in free energy calculation have been considered
in [44, 46].

Motivated by the development of nonequilibrium work relations and their potential ap-
plications, the goal of the current work is to understand these results from a mathematical
point of view, and to study variance reduction approaches, such as importance sampling, in
Monte Carlo methods for free energy calculation based on Jarzynski’s equality. In the alchemi-
cal transition case, we provide mathematical proofs of both Jarzynski’s equality and fluctuation
theorems in a general setting based on the theory of stochastic differential equations, making
them more accessible for readers in mathematical community (we refer to the previous study [25]
for a mathematical proof of Jarzynski’s equality). It is worth emphasizing that the nonequilib-
rium diffusion processes in our setting are allowed to be irreversible and can have multiplicative
noise. Furthermore, the Jarzynski’s equality is generalized to allow noisy control protocols.
This generalization may be useful to study systems in experiments [36], since the implementa-
tions of control protocols through physical devices are typically imprecise to some extent. As
an advantage of our mathematical approach, it allows us to elucidate the connection between
thermodynamic integration identity and Jarzynski’s equality, which were usually considered as
two distinct identities involving free energy differences. Such a connection is indeed known in
physics community [14], but we believe it is helpful to present its mathematical derivation. In
the reaction coordinate case, we prove a fluctuation theorem and derive a Jarzynski-like equality
based on the fluctuation theorem. These results complement the previous mathematical studies
in [44,46]. In both the alchemical transition case and the reaction coordinate case, following our
previous studies |72, 130, 131], we investigate variance reduction approaches in order to compute
free energy differences using Monte Carlo method based on Jarzynski’s equality.

The paper is organized as follows. In Section 2] we study the Jarzynski’s equality and
fluctuation theorem in the alchemical transition case. In particular, the cases when the control
protocols are noisy will be considered. Information-theoretic formulation of Jarzynski’s equality,
the importance sampling method, as well as the cross-entropy method will be discussed in the
context of free energy calculation. In Section[3 we study the Jarzynski-like equality and the fluc-
tuation theorem in the reaction coordinate case. Information-theoretic formulations and variance
reduction approaches will be discussed following a similar reasoning as in Section 2l Two simple
numerical examples are studied in detail in Section M to illustrate the numerical issues of Monte
Carlo estimators for free energy calculation as well as the variance reduction ideas proposed in
this work. In Appendix [A] two asymptotic regimes of nonequilibrium processes(fast mixing and
slow driving) and, in particular, connections between Jarzynski’s equality and thermodynamic
integration identity will be discussed. Appendix [Blrecords the thermodynamic integration iden-
tity in the reaction coordinate case. Appendix[Cl contains an alternative proof of the fluctuation
theorem (Theorem []) in the alchemical transition case. The proof of the fluctuation theorem in

the reaction coordinate case (Theorem [3)) is given in Appendix



2 Jarzynski’s equality and fluctuation theorem: alchemi-

cal transition case

In this section, we study the Jarzynski’s equality and the fluctuation theorem in the al-
chemical transition case. In Subsection 2. we introduce the dynamical systems which will be
studied in this section and fix notations. Jarzynski’s equality and fluctuation theorem will be
studied from Subsection to Subsection 23l Finally, Information-theoretic formulation of
Jarzynski’s equality, as well as the cross-entropy method will be discussed in Subsection 2:4] and
Subsection [Z5] respectively.

2.1 Mathematical setup

Consider the stochastic process z(s) € R™ which satisfies the stochastic differential equation
(SDE)

dz(s) = b(z(s), A(s)) ds 4+ /261 s)dwV(s), s>0, (1)

where 8 > 0 is a constant, w(l)(s) is a di-dimensional Brownian motion with d; > n. Both the
drift vector b : R™ x R™ — R™ and the matrix ¢ : R® x R™ — R"*41 are smooth functions

depending on the control protocol A(s) € R™, which we assume is governed by
d\(s) = fF(A(s),5) ds + V2ea(A(s), s) dw? (s). (2)

In the above, € > 0 is related to the intensity of the noise, A(0) € R™ is fixed, f : R™ x RT — R™
a:R™ x RT — R™%d2 are smooth functions, and w(2)(s) is a do-dimensional Brownian motion
independent of w() (s). Notice that in equation (), functions f, a are assumed to be independent
of z(s), and therefore the control protocol A(s) is of feedback form with respect to itself but does
not depend on the system state z(s). More generally, in Subsection 23] we will also consider
the case when the control protocol is of feedback form with respect to both processes z(s) and
A(s), ie.,

dX(s) = f(z(s), \(s),s) ds + V2e a(z(s), (), s) dw™® (s) . (3)

In both cases ) and (@), the infinitesimal generator of the dynamics A(s) for fixed z(s) is given
by

=f-Vi+te(aaT): V2, (4)

where V) denotes the gradient operator with respect to the variable A € R™ and

(aa®) : V3¢ = Z () 0°¢

1
- TONON;
1<ij<m

for a smooth function ¢ of variable A € R™.
For fixed parameter A € R™, the dynamics () reads

dz(s) = b(z(s),\) ds + /251 N dwM(s), s>0, (5)



and its infinitesimal generator is

1
leb(-,)\)-V—i—Ba(-,)\):VQ, (6)
where the matrix a = oo” and V denotes the gradient operator with respect to z € R™.

Correspondingly, the infinitesimal generator of the joint process (z(s), A(s)) is
L=L+ Lo, (7)

since the two Brownian motions w("(s), w(?(s) are independent. Throughout this article, we
assume that the drift and noise coefficients satisfy appropriate Lipschitz and growth conditions,
such that equations ({I)-([B) have unique strong solutions [53]. For each fixed parameter A € R™,
we further assume that the process z(s) in ({) is ergodic and has a unique invariant measure

satisfying

palde) = ple Nz, [ plaNdo =1 (8)
Furthermore, we introduce the potential
V(z,\) = =3 *Inp(z, \) + constant 9)

where the constant only depends on the parameter A. Equivalently, we have p(x, \) = ﬁe’ﬁv(z“\),

and the normalization constant Z(\) is given by
200 = / =BV gy (10)
The free energy of the system (@) for a fixed parameter A € R™ is defined as
F(\)=—-""InZ(\). (11)

To proceed, we follow the previous study [70] and introduce the quantity

d(aijp) .
Ji(z, 7bf—z &CJJ , 1<i<n. (12)

Note that both here and in the following, J;, b; denote the ith component of the vectors J, b,
respectively. Also, the dependence of the functions on the variables  and A will be omitted
when no ambiguities arise. Since the probability measure py in (§) is the invariant measure of

the dynamics (Bl), we can verify that
diV(J(:I:, )\)e_'ﬁv(”””\)) =0, p—ae z€R", (13)

for every A € R™. Thus, () can be written as

dzi(s) = Jids +—Z “”p ds + /28~ Zawdw(l) , 1<i<n, (14)
or, in vector form,

da(s) = (J — avVV + %v a) ds + /28 o dw M (s), (15)



where V - a denotes the vector in R™ with components

n
8(1”-

3
69@

(V-a);, = 1<i<n. (16)

1

Finally, we introduce two physical quantities which are associated to the trajectories of the
stochastic processes z(s), A(s) and will be relevant for our subsequent study. For each trajectory
x(s), A(s) of the dynamics (), (B) on the time interval [t1,t2] C [0,7T], the change of internal

energy and the work done to the system are defined as

AU, 1) =V (x(t2), A(t2)) = V (2(t1), A(t1))
t2 (17)
W(t17t2) = v/\V(‘T(S)’)‘(S)) Od}‘(s) )
t1
respectively. Note that, in (I7), the notation ‘o’ indicates that Stratonovich integration has been
used. Using the relation between Stratonovich integration and Ito integration, we can verify the

alternative expression

to
Wity t2) :/ (V)\V fHeaal: ViV) (z(s), A(s), s) ds
t1
t (18)
+V2 [ (aTVAV) (2(5),A(8), 5) - dw® (s),
t1

where Ito integration has been used.
In the following, we will omit the subscripts and adopt the notation W = W(;, ;,) when we
consider the time interval [t1, 2] = [0,T]. Similarly, W (t) will be used to denote the work W 4

for t € [0, 7.

2.2 Jarzynski’s equality under noisy control protocol

Jarzynski’s equality can be derived using different approaches [40]. In this subsection,
we will provide a simple argument to obtain the (generalized) Jarzynski’s equality, where the
nonequilibrium processes z(s) can be irreversible for fixed parameter A, the diffusion coeflicient
o in the equation () of z(s) can be position dependent (multiplicative noise), and the control
protocol A(s) can be stochastic (e > 0). The proof has some similarities with the one in [36]
using the Feynman-Kac formula. As an advantage of our method, it allows us to figure out
the connections between thermodynamic integration and Jarzynski’s equality by analyzing the
related PDEs. See Remark [[] and Appendix [Al for more details.

Before starting, we first introduce the quantity

g(x, A t) =E, )\ ((p(.T(T), )\(T)) e—BW(t,T))

. (19)
B [plalT), A(T)) 7 KTV (A0 0],

for fixed x € R", A€ R™ and 0 < ¢ < T, where ¢ : R" x R™ — R is a bounded and continuous
test function, E, )+ denotes the conditional expectation with respect to the path ensemble of
the dynamics (), B) starting from x(t) = z and A(¢) = A at time ¢. The following lemma is a

direct application of the Feynman-Kac formula [53], and we provide its proof for completeness.



Lemma 1. Consider the dynamics x(s), \(s) giwen in {d), (3). The function g defined in (I9)

satisfies the equation
Org + L1g+ L29 = 26B(aTVAV) - (aTVag) + (e8%aTVaV[2 = BL2V)g =0, 0<t<T,

g(" "T) =@,
(20)

where L is the operator defined in [@), which is the infinitesimal generator of the dynamics ()
for x(s) when X € R™ is fized, and Lo is the operator defined in () for the process \(s) when
x € R" is fized.

Proof. Using the tower property of the conditional expectation, we have
g(m, At) = E.oi {(p(.T(T), )\(T)) e P Ir V;V(m(u)&x(u))o dk(u)}

5 1)
=E, {e—ﬁft VAV(z(u),/\(u))od)\(u)g(x(s)’)\(S)’S)} :

for all time s € [¢t,T]. Let us define Y (s) = e Pl VAV(I(“)”\(U))M)‘(“). Changing Stratonovich

integration into Ito integration as in (I8) and applying Ito’s formula to the process Y (s), we get
dY (s) = Y (s) [ — BLV ds + €8*|aTVV | ds — v2eB(aTV,V) - duw® (s)} .
In a similar way, applying Ito’s formula to g(z(s), A(s), s), gives
dg = (8tg + L1g+ Egg)ds + W(JTVQ) . dw(l)(s) + \/Z(QTV)\Q) - dw® (s).

Note that, here and in the following, we drop the dependence of the functions on the states
z(s), A(s) and the time s in order to simplify notation. Applying Ito’s formula to the product
Y (s)g(x(s), A(s), s), we obtain

o B VAV(r(u)&\(u))Od>\(u)g(z(5)7 A(s), s)
= g(z, M\ 1) + /t Y(u)( —BLsV + 652|aTV,\V|2)g(9€(u), M), u) du (22)
+ /t Y (u)(8rg + L1g + Lag) du — 2€3 /t Y (u)(aTVaV) - (aTVag) du+ M(s),
where M (s) is a (local) martingale. Taking expectations in [22]) and using (21I), we get
EW[— 5 [ Yeevigdus e [Vl Vv P du
+ /t Y (u)(8rg + L1g + Lag) du — 2€ /t Y (u)(a"VaV) - (a"Vag)du| =0.

Notice that Y (t) = 1, 2(¢t) = « and A(t) = X at time ¢. Dividing the last equation by (s —t) and
letting s — ¢+, we obtain (20) which concludes the proof. o

Now we can prove the Jarzynski equality as stated below.



Theorem 1 (Generalized Jarzynski equality). Let x(s) and A(s) be given by () and (@), re-
spectively. Then, for any bounded smooth test function ¢ : R™ x R™ — R, we have

Ex0)0 [e(e(t), A1) e VO | = By o[e 2 FOOFOO B, o am)], (23)

where F(-) is the free energy in (I1) and W (t) = W) is the work defined in ({I7) on the time
interval [0,t]. By,

And Ejg),0 denotes the conditional expectation over the realizations of x(s) and \(s), starting

denotes the expectation with respect to the probability measure piy) on R™.

from fized A(0) € R™ and the initial distribution x(0) ~ px). In particular, choosing ¢ =1,
we have

E/\(O),O[e_BW(t)} =Ex0).0 {G_B(F(A(t))_F(’\(O)))} : (24)

Proof. Tt suffices to prove the equality 23] for ¢ = T'. From the definitions of the function g in
(@) and the function Z(\) in ([IQ), it is easy to see that [23)) is equivalent to

/ g(x,w),o>e-ﬂv<“<°>>dzEm),o[ / g(z,MT),T)e-BVW(T”d:c}. (25)
n ]Rn,

Noticing that the process A(s) in (2)) is independent of z(s) and motivated by the form of (25,
we consider the quantity fRn e‘BV(I’)‘(S))g(:E, A(s), s)dx as a function of time s. Applying Ito’s

formula, we compute

d{/ eﬂv(z’/\(s))g(x,)\(s),s)d:c}
:[/ e AV (@A) (8tg + Log+ (662|aTV,\V|2 — BLV ) g — 26ﬁ(aTV,\V) . (aTV,\g)) dx} ds

+ \/2_6[/ e—ﬂV(m,k(s))aT(v)\g _ ﬁV,\Vg)dx} . dw(2)(3),
(26)

where the functions under the integral above are evaluated at (z, A(s), s). Since the function g
satisfies the equation (20)) in Lemma [T we find

d [ / e AVE@AED g2 N(s), s)dm}

= [/ e‘ﬂV(lv*(s”Elgdx} ds + \/ZU e VAN (Vg — BVAV g)da | - dw® (s).
(27)

Recalling that py in ) and £, are the invariant measure and the infinitesimal generator of
dynamics (@), we have L} (e‘ﬂv(l’k)) = 0, where L7 is the formal L? adjoint of £;. Integrating
by parts, we conclude that the first term on the right hand side of equation (27 vanishes and
therefore

d[/ e—ﬂV(m,k(S))g(L)\(S)vS)d$:| _ \/g[/ IVENDNGT (Vg — BYAV g)da | - du®(s).

Taking expectation and noticing that g(-,-,T) = ¢, we obtain (25) and the equality ([23) readily
follows. O



Remark 1. 1. While Lemma [l holds in both cases when the control protocol \(s) satisfies
either dynamics (@) or dynamics (3), a close examination reveals that the proof of The-
orem [ above is valid only when the process A(s) is independent of the process x(s), i.e.,
when \(s) satisfies dynamics (3).

2. When € = 0, the control protocol is deterministic and the work becomes

W(t) = /Ot V)\V(ZL'(S), )\(s)) . )\(s) ds = /Ot V)\V(ZL'(S), )\(s)) - f(A(s),s)ds. (28)
In this case, we recover the standard Jarzynski equality (37,38, 140], since (24)) becomes
Ex0).0 {efﬁW(t)} — PAF() (29)
where
AF(t) = F(A(t)) — F(M0)) (30)

1s the free energy difference and the conditional expectation is taken with respect to dynam-

ics (), starting from the equilibrium distribution jixo)-

3. Besides the Jarzynski’s equality, the thermodynamic integration identity is another well
known representation of the free energy that can be used to calculate free emergy differ-
ences [24]. Based on the argument in this subsection, in Appendiz [Al we will derive the
thermodynamic integration identity from Jarzynski’s equality, and therefore provide con-

nections of these two methods.

In [63], the authors proposed the escorted free energy calculation method based on an
identity for dynamics involving an extra force term. In the following, we briefly discuss this
identity and provide a proof of it using the same argument of Theorem [Il Let us consider the

dynamics

dz(s) = b(Z(s), A(s)) ds + u(Z(s), \(s)) ds + /28~ Lo (Z(s), A(s)) dwP (s), s>0, (31)
where u : R” x R™ — R" is a smooth vector field with compact support and A(s) satisfies (2)).
We define the modified work

R t2
W(t1,tz) = / V)\V(:Z'(S), )\(S)) o d)\(s) +/
t1 ty

fOI’OStlthST.

ta

(u YV - %v : u) (@(s), A(s))ds,  (32)

Corollary 1. Let Z(s) and \(s) be given by (31)) and (3), respectively. Then, for any bounded
smooth test function ¢ : R™ x R™ — R, we have

B0 [(#(0), A1) 270 | =By o[ #FOOD-FOONE, o A@e)],  (33)

V0 <t<T, where F(-) is the free energy in ({I1) and W (t) = W(Qt) is the modified work in
(33). E,.., denotes the expectation with respect to the probability measure piyy) on R™, while
E/\(O),O denotes the conditional expectation over the realizations of Z(s) and A(s), starting from

fized M(0) € R™ and the initial distribution Z(0) ~ pry. In particular, choosing ¢ =1, we have

EA(O),O[G#W“)} =Ex\0)0 {G_B(F(A(t))_F(’\(O)))] : (34)



Proof. We only sketch the proof since it is similar to the proof of Theorem [Il Similar to (I9)),

we introduce the function
9@, A1) =B (@), AT)) e T ) (35)

where Z(t) =z € R", A\(t) = A € R™ and t € [0,T]. Using the same argument of Lemma [T we
can verify that g satisfies the PDE

Og + L19+ L2g +u-Vg—2eB(a’V V) - (aTV,g)

21T 2 o . _ (36)
+ (eB8)a” VAV|* = BLYV = Bu-VV +V - ulg=0, 0<t<T,

with the terminal condition g(-,-,T) = . Applying Ito’s formula as we did in Theorem [I we
can get

d[/n e AV@AES) g2, \(s), s) d:c]
=— [/ e AV@AE) (Elg +u-Vg—(Bu-VV)g+ (V- u)g) dm] ds (37)

+ \/ﬂ{/ e AV @A) o T (VAg — BVAV g)dz] - dw® (s).

Since w is smooth and has compact support, the first term on the right hand side above vanishes
using integration by parts formula. (33) is obtained following the same argument in the proof of
Theorem [ O

2.3 Fluctuation theorem

In this subsection we study the fluctuation theorem in the alchemical transition case. Note
that the main result below (Theorem [2]) has been obtained in [10], where comprehensive analysis
as well as several concrete examples have been presented. The main purpose of this subsection
is to provide a both concise and mathematical derivation which directly leads to Theorem 21 A
different proof which is similar (but shorter) to the argument in [10] can be found in Appendix[Cl

First of all, we introduce the “reversed” dynamics, which is closely related to the dynamics
x(s) in (), or its vector form (IH). Notice that different reversals of stochastic dynamics have
been studied in the literature in both mathematics and physics communities. We refer to [32,10]
and the references therein. In our case, we consider the dynamics 2%(s) on the time interval
s € [0,T], which is governed by

daf(s) = ( —J—aVV + %V . a) (2 (s), \F(s))ds + /2B 1o (27 (s), A"(s)) dwM(s), (38)

where A\ (s) is the control protocol satisfying the SDE
d\F(s) = — f(2"(s),\(s),T — s) ds + 2¢(V - (aa™)) (zF(s), \*(s),T — s) ds (30)
+ \/ia(zR(s), (), T — s) dw@(s).

Comparing to dynamics (3], we note that there is an extra term V - (aa?) in (3J). The
infinitesimal generator of the system (B8) and ([B9) is given by

1 1
ER:(—J—aVV—I——V-a)-V+—a:V2+(26V,\-(aaT)_f)'VA—FeaaT:Vi

B B (40)

:‘Cfb +‘C2R’

10



where £1! is the infinitesimal generator of the dynamics [B8) when A(s) is fixed, and similarly
LI is the infinitesimal generator of the dynamics ([B39) when x%(s) is fixed. We will also use the
notation E@’/\7T_t) to emphasize that functions in the operator [@0]) are evaluated at (x, A, T —1t).

The following fluctuation result concerns the relation between dynamics (I3), @) and the

reversed ones (B8), (B9).

Theorem 2. Let 0 <t/ <t < T, z,2/ € R® and A\, € R™. For any continuous function
ne C(R” x R™ x [O,T]) with compact support, we have

e V@I ER [exp (/tt (2% (s), A\ (s), T — s)ds) (i (t) — ) S(AR(t) — /\)]

= VEN By s oy {e"w exp ( /T Ttt/ n(w(s), A(s), S)ds) §(x(T =) —a")S(NT — 1) — A’)} ,
(41)

where

W= [ V(e As) odrs) - [

[ [ = Vs (aa )] () Ao ),

(42)
2B (), NE () satisfy the dynamics (38), (39), and x(-), \(+) satisfy the dynamics (I13), [3), respec-
tively. Here, 6(-) denotes the Dirac delta function (see Remark[d below) and divy denotes the
divergence operator with respect to A € R™. Ef’,x,t’ is the conditional expectation with respect

to the path ensemble of the dynamics [38), (39) starting from xT(t') = 2’ and \F(t') = N at
time t', while By x 17— is the conditional expectation with respect to the dynamics (I3) and ([3).

Proof. We consider the quantities on both sides of the equality ([@Il). For the left hand side of
D), let us fix the values (2, N, ') € R™ x R™ x [0, 7] and define the function u by

u(z, M\t N, ') =EL 4 [eXp (/t/ n(z"(s), \?(s),T — s)ds)&(mR(t) —z)s(AF(t) = N) |,

(43)
for (z,\,t) € R™ x R™ x [0,T]. It is known that u satisfies the PDE
du R * n m !
yri (‘C(I,A,Tft)) utn(z,\T —t)u, V(z,\t)eR"xR™ x (t',T], (44)

u(@, Nt N )y =68z —2')s(A=XN), if t=1t,

where the operator K@A’Tft) is defined in (@0 and (E@%Tft))* denotes its formal L? adjoint.

Direct calculation shows that, after some cancellation, we have
* 1
(L8 prmp) 6 =[div(T +aVV) + diva (f = Vx - (@a™)) |6+ (T +aVV + 5V a) - Vo

+ %a V2 + f-Vad+eaal : Vi(b,
(45)

for a smooth function ¢.
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For the right hand side of [@Il), we define the function g for fixed (z/, N, ') as
T—t'
g(xv >‘5 t) = EI,A,Tft |:eﬁW exp (/ U(SC(S), /\(S)ﬂ S) dS)
T—t
< §(2(T = ') — a')5(NT — t') — X)} ,
where W is defined in ([@2), and the dynamics z(-), A(-) satisfies SDEs (IH)), (B). Using the same
argument as in Lemma [I] we can verify that the function g satisfies the PDE

0 _
a—i —Lanr—ng, V(@A) eR" x R™ x (¢, T],

(46)
gz, \t) =6(z —2)d(\ = N), if t=1t,
where the operator Z(m,,\j_t) is defined as
Laari) 6 =[B210TVAVI = BLV +divy (f — €95 - (aaT)) + 1]
(47)

+ L1¢+ L2¢ —2eB(a"VAV) - (aT Vo)

for a smooth function ¢, and the functions in ([@7) are evaluated at (x, A, T—t). Motivated by the
right hand side of (@I]), now a key step is to consider the function w(z, \,t) = e #V@N g(z, X 1).
Recalling the relation (I3)), a direct calculation shows that

—BV

eiﬁvﬁlg =e AV (J —aVV + %V . a) . V(eﬂvw) + ¢ a: VQ(eﬂvw)

:(J*GVV+%V'G)'V&J‘F,B[(J*GVV"’%V'G)'VV:|W

e PVw

1
+Ba: V2w +2(aVV) - Vw + a: V()

48)
1 1 (
:[div(J—i— aVV)}w + (J+ aVV + =V - a) Vw4 —a: Viw,
B B
e PV Lyg =e PV [f -ValePVw) +eaal : Vi(eﬁvw)}
=Low + B(L2V)w + QEﬂ(OZTV,\V) . (aTVAw) +eB2aT VAV 2w,
e PVV, g =PVV, (eﬁvw) = ﬂ(VAV)w + Viaw.

Combining (40), (46), (41), @8), we can conclude that w satisfies PDE

0 - x
8_b: = e_BVL',(L)\,T_t) g= (E@y)\’Tft)) w+n@x,\NT-tw, VY(z,\t)eR"xR™ x (¥,7T],

wlz, A\ t) = e PVEN 5 —a)s(AN=N), if t=1t".

Comparing the latter with ([44]), we obtain that e’ﬁv(z/*x)u(x, Aty N ) = w(zx, A t), which
is equivalent to the equality (@Il). O

Remark 2. We have adopted the Dirac delta function both in Theorem [2 and in its proof

above, in order to simplify the derivations. Precisely, (#1)) should be understood in the sense of
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distributions, or equivalently,

¢
/ / e BV (' X) Ef’,,/\,,t, [exp (/ n(mR(s), M(s), T — s)ds) go(xp”(t), ME(t), 2, )\’)} dz'dN
n m t/

://m e PVENE, 1, [e—BWexp</T_t/n(x(s),A(s),s)ds)gp(:c,)\,z(Tt’),/\(Tt’))}d:cd)\,

T—t

(49)

for all test functions (x, A\, z’, \') which are smooth enough with compact support. We empha-
size that the above proof can be reformulated more rigorously, by introducing test functions and

applying integration by parts.

From fluctuation theorems to Jarzynski’s equality. It is well known that Jarzyn-
ski’s equality can be obtained from the fluctuation theorem [10]. In the remaining part of this
subsection, we consider the case when the control protocol A(s) satisfies the dynamics ([2)) and
show that Theorem [Ilis a consequence of Theorem 21 In this case, [B9) governing the reversed

protocol A(-) simplifies to

d\F(s) = — f(A\*(s),T — s) ds + 2¢(Vx - (aa”)) (A(s), T — s) ds

+V2ea(M(s), T — 5) dw® (s), (50)

and therefore is independent of the process z%(-) in ([B8). For simplicity, we only prove the
equality 23] for ¢t =T.

In order to derive the equality (23)) in Theorem [ we set ¢ = 0,t =T and n = —div) (f —
eV - (aaT)), which is a function independent of # € R™. Multiplying ¢(z’, ') on both sides
of the equality (1)), integrating with respect to x,2’, \'; and recalling the definition () of the

work W, we obtain
| e e B (plaD) AT W ) da
’ ’ T
= / (!, N) e AVEN) Eﬁ,y)\go {exp (/ n(A¥(s),T — s)ds) S(N(T) — )\)] dz’'d\' .
n m O
(51)

Notice that the conditional expectation on the right hand side of (BIJ) is actually independent of
2’ (This is only true when the control protocol doesn’t depend on the dynamics. See Remark[Il).
We have

/ e BV (@A) E. 0 ((p(x(T), XT)) e_BW) dx
" (52)
— [ Bt 20088 [ oo [ (), T - 5)ds J3NE(T) = )|

where Z(-) is the normalization constant in (I0).
More generally, let us define the function

P\ t) = / [E., 0 N)] Z(V)ES [exp (/OTt n(A\F(s), T — s)ds)é(/\R(T —t)— /\)} d\' .
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Similarly to the function « in [#3)) which satisfies the PDE (@4]), we know that ¢ satisfies

%—i} + (Ef)*w — [div,\ (f — €V - (OZQT))}“/’ =0, V(A eR™x[0,T),

7/10\, T) = Z()‘>E#>\ 50(’ A) 5

(53)

where L5 = (2eV - (o) — f) - Vi +eaa : V3, and the functions in (53) are evaluated at
(A, t). Calculating (£)*, one can conclude that (53) is equivalent to

oY B m
S+ Lo =0, V(A ER" X[0,T), -
’l/)(Av T) = Z(/\)E#A 50(5 A) ;

where Lo is the infinitesimal generator defined in (@) for the dynamics (2]), and therefore the
Feynman-Kac formula implies that

B = B | Z(NT) Bpy 0 MT)) .

Combining this with the identity in (B2, we conclude that

/n e AV @) E; 0 (‘P(-T(T)a )‘(T)) e_BW)d'T = w()" 0) = Exo [Z()‘(T))EMA(T)(P(" )‘(T))} )

which is equivalent to the equality (23) in Theorem [l for t = T. a

In the above analysis, we have assumed that the control protocol A(s) is perturbed by noise.
Let us now consider the case when A(s) is deterministic, i.e., when € = 0 in dynamics ([2). In

this case, we have
Ms) = f(A(s),8), 0<s<T, (55)

and A%(s) = A(T — s). It is well known that Crooks’s relations [16] can be derived from the
fluctuation relation |10, 164]. In the following remark, for simplicity we will only state Crooks’s
relations for the escorted dynamics ([BI]). Results corresponding to the original dynamics () can
be recovered by choosing u = 0.

Remark 3 (Crooks’s relations for the escorted dynamics). Consider the reversed version of the

escorted dynamics (31l), which satisfies

dzP(s) :( —J—aVV + %v : a) (@R (s), AR (s)) ds — u(z"(s), \¥(s)) ds

(56)
+ /26 Lo (2% (s), \F(s)) dw P (s), s>0.
By slightly modifying the proof of Theorem[d, we can prove
T
e~ AV AT) Ef;,o {exp </ n(z%(s), T — s)ds> 5(@R(T) - x)}
’ (57)

_ T
= BV (:A(0)) E.o {eﬁw exp (/ n(f(s), s) ds)(S(f(T) — x’)} , Vaz,2' eR"”,
0

where W = W o) is the modified work in (32) and n € C(R"™ x [0,T]) is continuous with

. = =R .
compact support. The notations Ey o and E,, , denote the ensemble averages with respect to
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the escorted dynamics Z(-) in (31) and its reversed counterpart zf(-) in (56) starting from fized
state at time s = 0, respectively.

Since any (bounded) continuous function G on the path space can be approzimated by lin-
ear combinations of functions which are of the form exp (fOT n(z(s), s) ds) (for instance, by

discretizing [0,T] into subintervals), integrating (57) gives

Ex0o(e®9) _ sarm)
—5 =e , (58)
E\r),0 (G%)

where G (x(+)) = G(x(T — -)) for all path z(-) € C([0,T],R™), and AF(T) is the free energy
difference in (30). The notation Ex),o is the path ensemble average of the forward dynamics
z(s) starting from 7(0) ~ pz0y, and Ef(T),O is defined similarly for the reversed dynamics T%(s).
If we formally write P[z(-)| #(0)], 5R[fR(~) | z(0)] as the probability densities on the path space
for the dynamics Z(s), Z%(s) starting from z(0) and z(0) respectively, we obtain from ([53) that

512?(9;(.)'-3;3(2177)] = e AUMD=) -y g € C([0, T],R"), (59)

where AU(T) is the change of internal energy in (I7).
Furthermore, notice that for the work function G(z(-)) = W in (32), we have

G (x(-)) =G (=(T - ))

/OT (VAV~f+u~VV7%Vﬂ)(x(s),/\(T—s),T—s)ds

__ /OT (V,\V N T VA %V ) (—u))(x(s),)\R(s),s) s

—-W"
where W' is the modified work of the reversed dynamics (50). Therefore, (58) implies

Ex),0(e”?o(W)) _ o~ BAF(T)

=R —R ’
B0 (-7

Readers can recognize that the identities (34), (58) and (€0) are the counterparts of the mi-

croscopic reversibility and Crooks’s relations in [16,|64] for (escorted) continuous-time Markovian

YV ¢ € Cy(R). (60)

processes. It was already pointed out in [16] that these relations (in particular the microscopic
reversibility) hold for general Markov chains out of equilibrium without reversibility assumption.
The derivations above show that this is also true for the continuous-time process T(s) in (31)
with the control protocol in (23).

2.4 Change of measure and information-theoretic formulation

In this subsection, we explore the idea of importance sampling [72,131] to study the Jarzyn-
ski’s equality. We focus on the case when the control protocol A(s) is deterministic and satisfies
the ODE (&), i.e. ¢ = 0 in dynamics [@)). For simplicity, we also assume that the coefficient

matrix ¢ in dynamics () is an invertible n X n matrix. Denote P, E as the probability measure
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and the mathematical expectation on path space C ([O, T], R”) with respect to paths of the pro-
cess (I5)) starting from 2(0) ~ gy, where A(s) satisfies (B) with fixed A(0) € R™. Then the
Jarzynski’s equality ([24)) reads

E[e‘ﬂw} = e_BAF, (61)

where AF = F(X\(T)) — F(\(0)), with

W = VaV (2(s),A(s)) - f(A(s),s)ds . (62)
0
See Remark [Tl for related discussions.
Let P be another probability measure on the space C([O, 7], R”) which is equivalent to P
and let E be the corresponding expectation. Applying a change of measure in (GII), together

with Jensen’s inequality, we can deduce

AF = fﬂfllnE(efﬁW%)

— _,, dP (63)
<E (W ! —)
< +3 " In 7P
=E(W)+ 8 'Dk.(P|P),
where D, (- || ) denotes the Kullback-Leibler divergence of two probability measures [47, [7].

Notice that the inequality (63 can be interpreted as a generalization of the second law of
thermodynamics [§]. In particular, under certain conditions on the work W, the equality in (63])

can be attained by the optimal probability measure P*, which is determined by

% = ¢ AW-AF) P* —a.s. (64)
In other words, the optimal change of measure tilts the original path probabilities exponentially
according to the differences between the work W and the free energy difference AF. In particular,
the probability of paths with smaller work W (compared to AF') increases under the optimal
measure.

Meanwhile, the importance sampling Monte Carlo estimator for the free energy difference
AF based on the identity

AF = 3 'InE* (e*f’W j}i) (65)

will achieve zero variance. More generally, inspired by the last line in (63]), we define
®(P):=E(W)+ B 'Dk.(P|P), (66)

for a general probability measure P which is equivalent to P. Then the above discussions imply

the following variational principle

AF = inf |E(W)+ 87Dk (P P)
PP [ } (67)

— inf ®(P) = 3(P"),
P~P
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where ‘~’ denotes the equivalence relation between two probability measures. In other words, the
optimal probability measure P* in (&4]) can be characterized as the minimizer of the minimization
problem (67) and the corresponding minimum equals to AF'. Furthermore, using (64) and (66]),
we can verify the following simple relation

o(P) :E(W + 687 In @)

dP
P\ dP
—E* KW +B 'In Z—P) 51)*}
—E* [(AF—Fﬁlln j; + 47 1n g) jli] (68)
=AF + 'E* Km ;IE*) C‘g*}

=AF + ' Dk (P P*),

for a general probability measure P such that P ~ P. It becomes apparent from the last
expression in (G8) that AF is the global minimum of the function ® and is attained by the
(unique) probability measure P*, since D, (F I P*) > 0 and the equality is achieved if and only
if P = P*. Furthermore, minimizing the function ® is equivalent to minimizing the Kullback-
Leibler divergence DKL( |l P*).

In the following, we show that the optimal change of measure P* can be characterized
more transparently. To this end, let P, ;, E;; denote the path measure and the conditional
expectation of the process ([3)) starting from a fixed state x € R™ at time ¢. Notice that, by the
disintegration theorem [3, Theorem 5.3.1], we can write the path measure P as

P = /n P20 dpxo) ().
Defining the function
g(z,t) = Eg (e Vo) (69)
analogously to (), Jarzynski’s equality (GI) implies that
AF = =" In (B, 4,9(-,0)) . (70)

Sampling an expectation value whose form is similar to ([69) using importance sampling Monte
Carlo method has been studied in previous work |20, [61, [66, [72, [30, [31]. In particular, we know
from the Feynman-Kac formula that g solves the PDE

where £, is the infinitesimal generator in (@) with A = A(-) being dependent on time ¢. Intro-
ducing U = —311ng, it follows from (7I]) that U satisfies a Hamilton-Jacobi-Bellman equation

. |[? _
atU+ggﬁ£{£1U+ac VU + -+ (f VAV)}_O, )

U("T) =0,
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and one can show [23] that U is the value function of the optimal control problem
’ Jus |
Ulx,t) :inngyt{/ (VAV(;EU(S),)\(s)) “f(A(s),8) + = )ds} : (73)
Ug +

where us; € R™ is the control policy, x*(s) is the controlled process given by

dx®(s) = b(x™(s), A(8))ds + o(z"(s), A(s))us ds + /28~ Lo (x*(s), A(s)) dw™ (s), (74)

and Ej ; denotes the corresponding conditional expectation starting from z*(t) = x at time ¢.

In particular, it is well known that the feedback control policy

Tz, A\(s)Vyg(@, s)

u(x) = =207 (2, A(s z,5) = 26712
(2) = =207 (2, () VU (x, 5) = 28 g(x,s)

S

, (x,8) € R" x [0,T] (75)

leads to the zero-variance importance sampling Monte Carlo estimator for the path ensemble
average in (69) [29]. Based on these facts and the equality (), it is not difficult to conclude
that the optimal probability measure to sample the free energy AF in (65]) is given by the

disintegration expression

P [ Produila). (76)
where (g is the probability measure on R™ such that

d *
0 e VA (0, 0), (77)

and P7 o is the probability measure corresponding to the controlled dynamics ([4) starting
from z*(0) = z, with u¥ = u*(2“(s)) which is defined in ([7H) for s € [0,7]. In other words,
the importance sampling estimator (G5 for the free energy AF will achieve zero-variance, if we

generate trajectories from dynamics (74]) with the control u? starting from the initial distribution
z(0) ~ pg.

Remark 4. In the following, we make a comparison with other relevant directions in the liter-

ature.

1. (Optimal control protocol) In the importance sampling approach above, where the main
purpose is to improve the numerical efficiency of free energy calculation, we assumed that
the control protocol \(s) is fixed and the dynamics of the original nonequilibrium process
is modified by adding an extra (additive) control force. In contrast to this, the problem
of minimizing either the average work or the average heat by varying the control protocols
has been considered in several recent works in the study of thermodynamics for small sys-
tems [63, 60,2, |4]. Motivated by these studies, it may be also interesting to optimize the
control protocols in order to minimize the variance of the Monte Carlo estimators. This
problem is beyond the scope of the current paper but we would like to consider it in the

future.

2. (Escorted free energy simulation) The idea of further adding an extra control force to
the nonequilibrium processes in order to improve the efficiency of free energy calculation

has also been explored in the escorted free energy simulation method [63,164]. In this
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method [63], the authors derived the identity (34) for the modified dynamics (31), and sug-
gested to apply it to compute the free energy difference AF by choosing the vector field u
in (Z1) properly (such that the “lag” is reduced). There also exists an optimal vector field,
at least formally, such that the Monte Carlo estimator in the escorted simulation method
achieves zero variance. Despite of these similarities, we emphasize that the importance
sampling method in this subsection and the escorted free energy simulation method rely on
different identities (of the nonequilibrium processes with extra control). In other words,
the change of measure identity in the first line of (63) and the identity {34)) can not be
derived from one to the other straightforwardly. Furthermore, unlike the escorted free en-
ergy simulation method where the initial distribution is fized, in importance sampling one
has the freedom to change the initial distribution as well. In particular, this is the case for
the optimal change of measure, since pg in (74) is typically different from the equilibrium
distribution iy (o)-

3. (Bidirectional sampling, Bennett’s acceptance ratio method) It is known in the litera-
ture [16, |67, 150, |64] that free energy estimators based on Crooks’s relation (60), using
trajectories of both the forward and backward processes, perform much better than esti-
mators based on the Jarzynski’s equality (61]), which only use trajectories of the forward
process. The optimal choice of the function ¢ in (60) is known [G], given the numbers of
both forward and backward trajectories. It is interesting to consider how one can apply
the importance sampling idea to further improve the efficiency of estimators which use

trajectories of both forward and backward processes. We leave this question in future study.

2.5 Cross-entropy method

From the previous subsection, we know that the probability measure P* in (64), or equiv-
alently in (6, is optimal in the sense that the importance sampling estimator (65) has zero-
variance. However, in practice it is often difficult to compute P* or w;. In this subsection,
we briefly outline a numerical approach to sample the free energy difference AF' using the im-
portance sampling Monte Carlo method |72, 156]. The main idea is to approximate the optimal
measure P* within a family of parameterized probability measures {Pw |w e Rk}, with the hope
that the closer Py, is to P*, the more efficient the importance sampling estimator will be (in the
sense that variance is small). Different from the importance sampling method studied in [68, [51]
which requires Monte Carlo sampling in path space with an acceptance-rejection procedure, the
method proposed below can be implemented at the SDE level.

We recall that the probability measure P corresponds to the trajectories of processes ()
and (BB). Now let fig be the probability measure on R", possibly different from py(). Given a
parameter w = (w1, ws, -+ ,wx)? € R¥, we define P, as the probability measure corresponding

to the trajectories of the process

k
dz(s) = b(z(s), A(s))ds + o (z(s), A(s)) (Zwl¢(l) (z(s), A(s), s)) ds + /2870 (x(s), A(s)) dw(s),
I=1
(78)

and the control protocol (B5)), starting from x(0) ~ fig, where ¢ : R® x R™ x Rt — R”,
1 <1<k, are k ansatz functions. Clearly, we have P, = P when w = 0 € R* and fig = JONGE
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As a special choice of ansatz functions, we can take () = —gTVV ") where V) : R” xR™ — R,
1 <1 < k, are k potential functions. In this case, recalling that dynamics (Il) can be written
equivalently as (I3)), we see that dynamics ({8)) becomes

dx(s) = [J - aV(V + Zle(l)) + %V . a] (z(s), A(s)) ds + /2B~ o (x(s), A(s)) dw(s),
=1

i.e., probability measure P, corresponds to the dynamics under the modified potential V' +

k
Z le(l).
=1
The optimal approximation of the probability measure P* within the set {Pw |w e Rk} is

defined as the minimizer of the minimization problem
min D P* P.,). 79
we}Rk KL ( ” ) ( )

Note that, comparing to the minimization of the function ® in (66]), which is equivalent to
minimizing Dy (- || P*) by (68), approximations have been introduced in (79), i.e., we have
first switched the order of the two arguments in Dgp (-] -) and then confined ourselves on a
parameterized subset of probability measures with fixed starting distribution fig. Using (64)), we
can write the objective function in (79) more explicitly as

dP,,
Dgr(P*||Py) = Dgr(P*||P) — eﬁAFE(efﬁW In d—P) ; (80)

where the parameter w only appears in the second term on the right hand side of the above

equality. Applying Girsanov’s theorem [53], we have

de - dﬂo ﬂ T k . /3 T k 2
B G (2(0)) x exp [5/0 (;wmb(l)) -0~ (dx(s) —bds) — 1 /0 ’;wlgb(l)‘ ds] ;
(s1)

where the dependence of the functions b, o, ") on z(s), \(s), s is omitted for simplicity. Sub-
stituting ([BI) into equality (B0), we can observe that the objective function in ([79) is in fact
quadratic with respect to the parameter w € R*. Taking derivatives, we conclude that the

minimizer of (79) is determined by the linear equation Aw* = R, where

T T
Ay :E[e—ﬂw/ ) .¢(l/>d5}, R :E{e—BW/ ¢ o7 (dz(s) — bds) |, (82)
0 0

for 1 <1’ <k.

In practice, we can estimate entries of A and R in (82]) by simulating a relatively small
number of trajectories, and compute w* by solving the linear equation Aw* = R. After this,
the free energy difference AF can be estimated using importance sampling by simulating a large
number of trajectories corresponding to P,«. Also notice that, instead of computing A and
R using the original dynamics and solving w* directly, it is helpful to solve w™ in an iterative
manner starting from a higher temperature (small 8) or running a different dynamics (importance

sampling). We refer readers to the previous studies |56, [72] for more algorithmic details.

Remark 5. More generally, instead of keeping the starting distribution [y fized, we could also

optimize ig within a parameterized set of probability measures on R™ by solving an optimization
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problem which is similar to (79). In this case, while the optimal parameter w* can still be
obtained from the same linear equation Aw* = R, a nonlinear equation needs to be solved in
order to get the optimal fig. We expect to develop algorithms which adaptively optimize w* and

o in an alternative manner. This will be considered in future work.

Choices of ansatz functions. Clearly, the efficiency of the importance sampling Monte
Carlo method crucially depends on the choices of ansatz functions used in the cross-entropy
method. From Jarzynski’s equality (@) and the optimal change of measure (&4]), we can expect
that an importance sampling estimator will have better performance if paths with smaller work
W (comparing to AF) are sampled more frequently. Accordingly, the ansatz functions used
in the cross-entropy method should be chosen such that the work W can be decreased by the
control forces. A similar idea has been used in the previous work [31], where several ways of
choosing ansatz functions have been proposed.

In the current situation where the work W is given in (62), we can see that W will be
large if the potential increases along the movement of the parameter A. Actually, this already
explains the reason why a standard Monte Carlo simulation of fast-switching dynamics based
on Jarzynski’s equality is likely to have poor efficiency. To elucidate this point more clearly, we
consider a special situation when the expression of the work W becomes simpler and allows us to
have some insights on how to choose ansatz functions. Specifically, let A € [0, 1] and suppose that
we are interested in the free energy differences corresponding to potentials V' (x,0) and V(x,1),

2 € R™. Then a simple way is to consider the linear interpolation [6§]
V(z,\) =1 =NV (z,0)+ AV (z,1), Xe]0,1], (83)

and the control protocol A(s) = s on the time interval s € [0,1]. In this case, the expression of

work in (62) as a path functional becomes as simple as

W= /01 (V(z(s), 1) — V(x(s), 0))ds. (84)

It is not difficult to see that paths simulated by a standard Monte Carlo method will typically
have large work due to the fact that, starting from the Boltzmann distribution of the potential
V(z,0) and on the finite time interval [0, 1], the nonequilibrium process z(s) is likely to stay
within the region where potential V'(z,1) is large, in particular when the low potential regions
of V(z,0) and V(z,1) do not overlap (see [39] for more detailed discussions). Accordingly, the
importance sampling can improve the efficiency of the standard Monte Carlo estimator if we
place ansatz functions in a way such that, after optimization using the cross-entropy method,
transitions of the controlled dynamics (78) from low energy regions of V' (z, 0) to low energy region
of V(z, 1) within time [0, 1] become easier. Similar idea (i.e., to reduce the “lag”) has been used
to guide the choice of the vector field in the escorted free energy simulation method [63, [64].

Readers are referred to Subsection [£.1] for numerical study of the ideas discussed above.

3 Jarzynski-like equality and fluctuation theorem : reac-

tion coordinate case

Different from the situation in Section[2 where the free energy in ([IJ) is defined as a function

of the parameter X through the invariant measure gy on R”, in this section we assume a function
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€ :R™ — R? is given and the free energy is defined as a function of z € R¢ through the invariant
measure j, on the level set £~1(z). In the literature, such a function ¢ is often termed as reaction
coordinate function or collective variable |26, 128, 43, 12, 45, |48].

In this context, we point out that a Jarzynski-like equality has been obtained in the previous
work [44], and a Jarzynski-Crooks fluctuation identity has been derived for the constrained
Langevin dynamics in [46]. In this section, following the analysis in Section 2] we will prove
a fluctuation theorem (Theorem [B)) which is similar to Theorem [ and then we obtain the
Jarzynski-like equality (Theorem @) by applying the fluctuation theorem. Importance sampling

and variance reduction issues will be discussed in Subsection 3.4

3.1 Mathematical setup

First of all, we recall some notations as well as some results from the work [70, [69] in order
to introduce the problem under investigation.

Let £ : R® — R? be a C? function with components & = (£1,&2,-+-,&)T € R, where
1 <d<mn. Given z € Im¢ C R?, which is a regular value of the map &, we define the level set

. =¢7() = {yer”

£y) =2 € R} (85)

It is known from the regular value theorem [5] that 3, is a smooth (n — d)-dimensional submani-
fold of R™. Let v, denote the surface measure on X, which is induced from the Euclidean metric
on R”, and V¢ denote the n x d matrix whose entries are (V§);y = giy:, 1<i<n,1<y<d.

Given a smooth function V : R® — R, we consider the probability measure on the subman-
ifold ¥, defined as

=

dyy = ——e PV {det(ngvg)} v, (36)

1
Q(2)
where Q(z) is the normalization constant. The probability measure p. arises in many situations

and plays an important role in the free energy calculation along a reaction coordinate [12, |13,
43,70, 45, 169]. The free energy for fixed z € Im¢& C R is defined as

F(z) =—"'InQ(2)
=— B8 'In / e PV [det(VfTV«E)}iéduz (87)
P
=—p7! ln/ e‘BV(y)é(«E(y) — z) dy,

where the last equality follows from the co-area formula |22, 41]. Let o : R™ — R"*™ be an n xn
matrix valued function such that the function a(-) := (o0®)(-) is uniformly elliptic on R™. Let
U = VETaVE be the invertible d x d matrix whose entries are

Uy = (v§'y)Tav€w’ , 1< '7;7/ <d, (88)

where V¢, is the usual gradient of the function &,. Let P = id —aVEW1VET be the projection

matrix, with entries

Pij :(Sij — (\I/_l)w/aﬂ@lﬁw Gjﬁwr s 1 < i,j <n. (89)
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Notice that in the above §;; is the Kronecker delta function and Einstein’s summation convention

is used here and in the following. From (89), we can directly verify that

P =P, PTVE =0, 1<y<d,

(90)
(@PT)i; = (Pa)i; = aij — (V1)1 (aVEy)i(aVEy )y, 1<4,j<n,

i.e., P is the orthogonal projection w.r.t. the scalar product (u,v),-1 = ula=tv, for u,v € R™.

It is shown in |69] that, starting from y(0) € X, the process

oV 1 9(Pa); )
dyi(s):f(Pa)Ua ds +E (aa L ds+ /2 L(Po)ij dw;(s), 1<i<n, (91)
where w(s) is an n-dimensional Brownian motion, will remain on the submanifold ¥, and has
a unique invariant measure g, which is defined in (86). In particular, denoting by L+ the
infinitesimal generator of the process (@1, i.e.,

8V (9 la(Pa)w (9 +1 82

(Pa)i;

£ = (P Yl
VY

ot =
Toy; 0y; B Oy; Oy B

it is easy to verify that L',L{,Y =0,for1 <y <d.

(92)

3.2 Fluctuation theorem

In order to state the fluctuation theorem, we further introduce a “controlled” process

as well as its time-reversed counterpart based on the process (@II). Specifically, we let f =

(f1, f2,--, fa)T : R" x [0, 7] — R? be a bounded smooth function and consider the process
ov 1 9(Pa);
i (5) == (Pa)y G ds-+ 52T st (U0) 1 (@VE ) £y s+ /25 (P du(),
j

(93)

for 1 <4 < n on the time interval [0, T]. The infinitesimal generator of the process (@3] is given
by

0
L=CL"+ (‘If*l)w/(av‘sv)ifv/a_y_ ) (94)

where the operator £+ is defined in ([@Z), and a simple application of Ito’s formula implies that

d§(y(s)) = f(y(s),s)ds. (95)
Similarly, the time-reversed process of the dynamics ([@3) on the time interval [0, 7] is defined as

ov 1 9(Pa);

' (5) = = (Pa)y G ds+ 5 A s — () ) s V/2FT (P (o).
j
(96)
where 1 <7 <mn, f,;(~, s) = fy (-, T — s), and the infinitesimal generator is
_ _ 0
L=t —(v 1)w’ (aV&y)i Y Oy (97)

Using a similar argument as in the proof of Theorem [2] we obtain the following fluctuation

theorem which concerns the relation between the dynamics ([@3) and the time-reversed one ().
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Theorem 3. Let0 <t' <t <T andy,y’ € R". For any continuous function n € C(R" x [0, T7])
with compact support, we have

e VW ER [exp </tt n(y"(s), T — S)dS) a(y™(t) —y) ]

T (98)
= PVWE, 1, [e—ﬂw exp (/ n(y(s), s)ds) S(y(T —t') — y’)] ’
Tt
where
Sl P v o190,
W= . [(‘I’ 1)w’ (ava)ifv’a_yi - Ea_yz ((‘I’ 1)W (ava)ify)}ds, (99)

yE(), y(-) satisfy the dynamics [98) and (93), respectively. Eﬁt, 1s the conditional expectation
with respect to the path ensemble of the dynamics (98) starting from y®(t') =y at time t'. And
E, 17— is the conditional expectation with respect to the dynamics (23) starting from y(T'—t) =y
at time T — t.

The proof of Theorem[Blcan be found in Appendix[Dl Similar to Theorem[2], the identity (@8])

should be understood in the sense of distributions. We refer to Remark [2 for further discussions.

3.3 Jarzynski-like equality

In this subsection, we assume that there is a function J?: (fl, ]?2, e ,fd)T ‘R4 % [0,T] —
R?, such that

fly,s) = F(€W),s), V(y.s) eR™ x [0,T]. (100)
Fix t € [0, T] and suppose that both the ODE
é(s;z):f(C(s;Z)ﬂs)ﬂ s € [Oﬂt]ﬂ (101)

starting from ¢(0;z) = z, and the ODE
C.-R(S;z): —f(CR(S;Z),T—S), s € [T_taT]a (102)

starting from (f*(T —t;2) = z, have a unique solution for any z € R%. Under this assumption,
it is not difficult to conclude that

Fls3¢(t;2) =T = 552), (T —s;¢"T;2) =C(s52), sell—tT],

which in turn implies that the map (®(T';-) : R? — R? is invertible and its inverse is given by
C(t;).

Consider the process y(s) in (@3) on the time interval [0,¢], and process y%(s) in ([@8) on
the time interval [T’ — ¢, T, respectively. Assume that £(y(0)) = z and &(y™(T —t)) = 2/, where
2,2 € R Similar to (35)), we can obtain

de(y(s)) = f(Ey(s)),8) ds,  de(y™(s)) = —F(E(W"(5)), T — s) ds,
which imply that

E(s) =C(s52), EWHNT—9)=¢T~s:2), Vselod]. (103)

Applying Theorem Bl we can obtain the following Jarzynski-like equality for the free energy
difference in the reaction coordinate case.
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Theorem 4 (Jarzynski-like equality). Let y(s) be the dynamics in (93) with the function f in
(I00) and z(s) solve the ODE ({I1l). For any smooth and bounded test function ¢ : R™ — R and
t €10,T], we have

E.(0).0 [w(y(t))e_ﬁw“)} = 6_B(F(Z(t))_F(Z(O)))/E edg) (104)
2(8)

where F'(-) is the free energy in (87) and W (t) is defined as

oV 190
Zayi B Oy;

E.(0),0 denotes the conditional ewpectation with respect to the dynamics y(s), starting from the

wio - [ ) v (@) (@VE):) | 2 ()ds. (105)

initial distribution y(0) ~ p.y on X.o). In particular, taking ¢ =1, we have

E. ) 0[€fﬁw<t>} _ o B(FE®)-F:(0) (106)

Proof. Let div, denote the divergence operator with respect to z € R%. Notice that from the
definitions of ¥ in (88)) and the function f in (I00) we can compute
Of 98

= (T7Y),(aVE,); 5 B (div. f)(€®), 5).

Ofy
y;

(‘I’_l)w’(avév)i

Choosing 7(y, s) = —(div. f )(£(y), s) in the equality [@8) of Theorem B we obtain

T—t

- (107)
=YW E, {e‘ﬂw(t)é(y(t) -y )} .

VOO RE [exp < " () (6" (). T - s)ds>6 (v™(T) - y)}

Let 7 > 0 and multiply both sides of (I07) by @(y’)e_ﬂw

y,y', yields

(T ew)—20)12 T ~
i exp( / (divzf>(cR<s;§(y>>,Ts)ds) ey) dy

T—t
= [l ) g [y 1) ay.

. Integrating with respect to

(108)

Notice that, on the left hand side above, we have used the fact that £(y*?(s)) under the conditional
expectation is deterministic and is given by (I03).
We can rewrite the left hand side of (I08) by applying the co-area formula

/n e—ﬂ(V(y)+4‘<R(T;5(3))72(0)‘2) exp (— /T (divzf) (CR(S;f(y)),T — s)ds) o(y) dy

T—t

_pll=z@? _BV() T R
:/ e & [/ e Y p(y) exp(—/ (div.f)(¢ (s;{(y)),T—s)ds)
R {y [ CR(T;€(y))=2"} T—t

[t (Vi) w6 ew)] v

(109)
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where v# is the volume measure on the level set {y € R |[CR(T;¢(y)) = z’}, V(R (s;€(y))
denotes the n x d matrix with components (VCR(S;é(y)))W = —“w for s € [T —t,T],
1<~y<dand1<i<n.

To simplify the above expressions, let V,((s; 2) denote the d x d matrix with components
(VoCR(s32))i = % for 1 < i,j < d, i.e., the differentiations with respect to the initial
value at time T — t. lé‘urthermore, since ¢%(T';-) is invertible, we can deduce that (®(s;-) is
invertible for all s € [T — t, T, which then implies that the matrix V,((s;2) has full rank for
s € [T —t,T). Applying chain rule, we have V(% (s;¢(y)) = VEV.(E(s;¢(y)) and therefore

1 — _1
2

[det ((VCR(T5€)) " VCHT3€w)] = [det (Ve (Ts¢w))] | det (VEVE) )]

Combining the above identity, the equation (I09), and applying Lemma 2] below, we know that

equation ([I08) can be simplified as

1 B L@ ==(0) 2 —
» A e ﬁ(V(y)Jr = )Ey,0|:e ﬁW(t)w(y(t))} dy

d

T ) 2
B) (BN [ gl . B
:%(_) : / e B ™ |:/ PaA4¢)) w(y)[det (vaVE)} 2V5(dy):| 5
T T Rd {y | CR(T ; €(y))=2"}
(110)
where Z, = [.. BV Emzer)
applying [69, Proposition 3], we obtain

/ Ey0 [e‘BW“)w(y(tw 120y (dy)
2= (0)

dy is the normalization constant. Letting 7 — 0 and

B (111)
e AV p(y) [det (VfTVO] i Vio)(dy)

1
Q(=(0)) /{y | R (56 =20) }

where Q(+) is the normalization constant in (86). Since the inverse of the map ¢¥(T';-) is ((¢;),

we know

{y e R [(U(T:6(y) = 2(0)} = {y € R" [€(y) = C(t:2(0)) = 2(t)} = T. 0,

and therefore (IT1]) becomes

Eyole WO u(yt)| pao (dy) = Q(z(1)) ),
/z:zm) ,0[ (y( ))} 1=(0)(dy) 26:0) /sz P(y)pz(e) (dy) (112)

which is equivalent to the identity (I04]). O

We have used the following result in the above proof.

Lemma 2. Let (*(s;z) be the solution of the ODE ({I02) for s € [T —t,T), starting from z € R?
Reg.

at time s = T —t. V.(%(s;z) denotes the d x d matriz where (V,(T(s;2));; = W for

1<i,j<dandT —t <s<T. Suppose that V,(E(s;z2) is invertible for T —t < s < T, then

we have

se[T—tT]. (113)

3

det (VZCR(S ; z)) = o~ 7o iV (s 3 2) T8 ds’
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Proof. Differentiating both sides of the ODE ([02)) with respect to z, we obtain the matrix
equation

d(V.("(s;2))

7 = —V.¢(%(s;2) sz(CR(s;z),T—s), se[l—t,T], (114)

with the initial condition V,(®(T — t;z) = id. Applying Jacobi’s formula, we know that the

determinant of V,(f(s; 2) satisfies

d[det (V.¢%(s;2))]

ds
=aon (V.%o r( (Vo)) AT L))

= —det (V.("(s;2)) tr(sz(CR(s i2), T — s))
=—det (V.(%(s;2)) (din:fV) (¢f(s;2), T —s).

The expression (I13)) is obtained by integrating the above equation. O

Remark 6. 1. In the special case when the reaction coordinate & € R is scalar, matriz a =

o = id, we have ¥ = |VE&|? and it can be checked that the work (I03) becomes

_[TveE o 1 VE ]
W(t)—/o [—|V§|2 \4% ﬂdw(—|V§|2) 2(s)ds

_ (" V¢

o IVER

(115)
v (v+ %m vel) + %H} i(s)ds,

where H = —div(‘g—g) ‘g—é is the mean curvature vector (field) of the surface X, [44].

Notice that the free energy (87) is different from the one considered in [44]. In fact, from
the second expression in (I13), we see that Theorem []] is identical to the Feynman-Kac
fluctuation equality Theorem of [44] for the potential V + % In(det ).

2. As in the alchemical transition case, one can also study the escorted dynamics and Crooks’s
relations in the reaction coordinate case. For simplicity, we will omit the discussions on the
escorted dynamics and only briefly summarize the Crooks’s relations. In fact, by modifying
the proof of Theorem[{], we can show that

E(e?Vg) _BAF(T)
W =€ 5 (116)

for any bounded smooth function G on the path space, where W = W (T) is the work in
@), G (y(-)) = G(y(T —-)) for any path y(-), E and EF are the expectation with respect
to the process y(-) in (93) starting from y(0) ~ p.0) on L., and the expectation with
respect to the process yf(-) in (38) starting from y®(0) ~ p.(r) on X1y, respectively. In
particular, this implies

E(e #Wo(W)) o
BRGCWR) — BAR(D) v ¢ e Cy(R), (117)

where WE is the work for the time-reversed process y®(-) in (98). We refer to Remark[3
for comparisons.
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3. Similarly as in the alchemical transition case, by considering the Jarzynski-like equal-

ity ([I04) for the dynamics
1 ov 1
dyi(s) =— —(Pa)ijz—ds + ——
yi(s) 7_( )ij dy; BT dy;

+/ 25;1 (Po)ij dw;(s)

as T — 0, we can recover the thermodynamic integration identity in the reaction coordinate
case. See Appendiz[Al and[D for details.

XL gy 4 (w7, (Ve ) £ ds

(118)

3.4 Information-theoretic formulation and numerical considerations

In this subsection, we study the information-theoretic formulation of the Jarzynski-like
equality (I06) in the reaction coordinate setting. Numerical issues related to computing free
energy differences will be discussed as well. Since the analysis is similar to Subsection 2.4] and
Subsection [Z5] the discussion in this subsection will be brief and mainly focus on the changes.

First of all, let P, E denote the probability measure and the expectation of the path
ensemble corresponding to the dynamics (@3)) starting from y(0) ~ f.(), with the function f
given in (I00). We can rewrite the equality (I00]) as

AF = —B'InE (e7?V), (119)

where AF = F(2(T)) — F(2(0)) is the free energy difference and W = W(T) is defined in (I05).
Let P be another probability measure on the path space which is equivalent to P and E denote

the corresponding expectation. Applying a change of measure in (I19), we have
— dP
AF = B 'InE (e*ﬁW—_) . (120)
dP

Following the same argument in Subsection 2.4] we can deduce exactly the same inequality (63]),
as well as the expression for the optimal measure P*, which is characterized by (64]), such that
the Monte Carlo estimator based on (65]) will achieve zero variance. The derivations (66), (&1,
([6]) in Subsection [Z4] carry over to the current setting as well.

On the other hand, since the trajectories of the dynamics (@3) satisfy &(y(t)) = z(t) for
t € [0,7], it is important to notice that the probability measure P concentrates on the set of

paths
{v0)|y() € C(0, TLR), y() € To, 0t < T} (121)

Accordingly, the probability measure P used to perform the change of measure in (I20) should
also concentrate on the set (IZI)) in order to assure that it is equivalent to P.
The optimal measure P* can be characterized more transparently by considering the HJB

equation. Specifically, define

gy, 1) = BV | y(t) = y), Vye T, (122)

where y(-) satisfies (@3) and W, 7y is similarly defined as in (I03]) except that the integration is
from t to T'. It follows from the Feynman-Kac formula that g satisfies

0+ Lg — B[ (@98 o L0 (w7, (avE,),)| g =0,

dy; B Oy
g(wT)=1.

(123)
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where L is the infinitesimal generator defined in (94)) for the process y(-). And a simple calculation
shows that U = —3~11n g satisfies the HJB equation

. c?
O,U + min {w + (Poc) - VU + -
v 19
g1, A
+ |:( )V’Y (ang)l ayz 6 ayz

(@ sr@Ve)i)] ) =0, (124

from which we conclude that the optimally controlled dynamics satisfies

dyi(s) = — (Pa)yy 2L gs + L 2Ly

ds + (U71)5y (aVEy )i fyr ds

dy; B Oy; (125)
+ [Poui(y(s))], ds + /2671 (Po)ij dw;(s), 1<i<n,
where the optimal feedback control u*(y) = —2(Po)TVU, starting from the distribution
which is determined by % x g(-,0).

Cross-entropy method. In the following, we briefly discuss the cross-entropy method
following Subsection Consider a family of parameterized probability measures {P,, |w €
Rk}, where, for given w = (w1, ws, - ,wi)? € Rk, P, is the probability measure of paths

corresponding to the dynamics

ov 1 9(Pa);; _
dyi(s) = — (Pa)jj=—ds + = L ds 4+ (U (aVE&y); frrds
( ) ( )] ayj /3 8y] ( )’YV ( ’Y) v
k (126)
+ (P0>ij(zwl¢§l))d5 + V2871 (Po)ijdwj(s), 1<i<n,
1=1
where ¢() = ( gl), ;”, s ,(,l))T : R™ x [0,7] — R™ are k ansatz functions, 1 <1 < k. As a
special choice, we consider ¢! = —oTVV® where V) : R - R, 1 < [ < k, are smooth and

linearly independent potential functions, by which (I26) becomes

AV +3r  wv® 1 9(Pa)i;
(o)== (P, 5 Liss ] (ay s (127)
J J

(U)o (V) fy ds + /26T (Po)yy duwy(s), 1<i<n,

k
i.e., paths are sampled with the modified potential function V + 3 w V),
=1
Applying Ito’s formula as in (@), we can verify that trajectories of the dynamics (I26]),

starting from y(0) € ¥ (o), satisfy {(y(t)) = z(t) for t € [0, T] as well. Therefore, the probability

measures P, indeed concentrate on the set (IZI)). Applying Girsanov’s theorem, we obtain

% = exp [\/g/OT (éwzd)(l)) ~dw(s) — f /OT ’ éwlfﬁ(l)‘Qd‘s] , (128)

where w(s) is the Brownian motion in the original dynamics ([@3) (i.e., under the probability
measure P). Following the same argument as in Subsection 25 we know that the minimizer of
the optimization problem (79) is given by the unique solution of the linear equation Aw* = R,

where

T , T
Ay = E<eﬁW/ POIICY ds) . R = 251E{eﬁw/ o -dw(S)] , (129)
0 0
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for 1 <[,lI'! <k.

Variance reduction by increasing mixing. In practice, however, due to the complicate
expressions of work W in (I05) or (IIH), it becomes difficult to have an intuitive idea to guide
the choices of ansatz functions, which play a crucial role in the cross-entropy method above. In
the following, we briefly discuss another idea that can be explored in order to reduce the variance
in the free energy calculation based on Jarzynski-like identity.

Different from the importance sampling method which improves the efficiency of Monte
Carlo method by increasing the sampling frequency of paths with small work, the idea here,
which is inspired by the analysis in Appendix [A] and Appendix [Bl is to compute free energy
differences based on trajectories of the dynamics (II8) with a small 7 (similar idea has also
been investigated in [18, 133]). The observation is that the standard Monte Carlo estimator
based on Jarzynski-like identity typically sample trajectories with large work (therefore low
efficiency) because the nonequilibrium dynamics do not have enough time to equilibrate under
nonequilibrium force. Therefore, by decreasing 7 in ([I1I8]), the mixing of the “equilibrium part”
of the nonequilibrium system becomes faster at each fixed nonequilibrium force. Numerically,
the work W of the sampled trajectories is likely to be both smaller and more concentrated. From
the analysis in Appendix [Al and Appendix [Bl we know that the free energy calculation method
based on Jarzynski-like identity (I06]) reduces to the thermodynamic integration method when
7 — 0. In practice, 7 should be chosen not very small since otherwise the system will become
more stiff and a smaller time step-size has to be used in numerical integration. Readers are

referred to Subsection for numerical study of free energy calculation using different 7.

4 Numerical examples

We consider two simple examples and study the efficiency of Monte Carlo methods for free

energy computation.

4.1 Example 1: 1D example in alchemical transition case

In this example, we consider one-dimensional potentials

Vo) = (1- )& z D A((zz - D 0.4z) , (130)

where z € R and X € [0,1]. As X increases from 0 to 1, V (-, A) varies from a quadratic potential
centered at = —1 to a tilted double well potential (Figure . Recalling the free energy F'
defined in (), (I0), we will compute free energy differences AF(X) = F(A) — F(0), using Monte
Carlo based on Jarzynski’s identity (6II). We fix 5 = 5.0 and the SDE
ov
dz(s) = —%(x(s), A(8))ds + /26 1dw(s), (131)
with control protocol A(s) = s, s € [0, 1], will be considered in the Monte Carlo simulations.
Clearly, for the initial distribution uo = (), we have dszO X exp ( -5 @)
In fact, since the problem is one dimensional in space, we can directly compute the normal-
ization constant Z(\) by numerically integrating (I0]) and therefore obtain the free energy differ-
ences AF()), which are shown in Figure In particular, we obtain AF(1) = F(1) — F(0) =
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—3.44 x 107! and this will be our reference solution. Furthermore, we can also approximate
the optimal change of measure P* in (76) by computing the optimal control force u* and the
optimal initial distribution pg according to ([7Hl), (7)), respectively. For this purpose, we need to
compute the function g(z,t) = E;(e7?"1) in (§9) which satisfies (ZI). Notice that, in the
current setting, we have T'= 1 and (TI]) becomes

dg 0OV dog 10%

-~ 7 — 7 — = <
5t azaz+ﬂax2 (V(z,1) = V(z,0))g=0, 0<t<1,

g(-,l) =1.

To compute g, we truncate the space of (x,t) to [—5.0,5.0] x [0, 1] and discretize the PDE (I32])
on a uniform grid of size 10000 x 10000, following a similar way that was described in [30, [71].

(132)

The solution g is obtained by solving the discretized system backwardly from ¢ = 1 to 0. The
function U = —3~!In g is displayed in Figure and the profile of g(-,0) at ¢ = 0 is shown in
Figure Based on these results, we can obtain the optimal control potentials (which is V42U
according to (74) and (75)) and the optimal initial distribution . These results are shown in
Figure Figure and Figure ] respectively. In particular, combining the expression (7))
with Figure and Figure [ it can be observed that, due to the strong inhomogeneity of
g(+,0), the high probability density region of the optimal initial distribution pg is shifted along
the positive x axis and has little overlap with that of the distribution uyg.

Now we turn to discuss the performance of Monte Carlo methods. First of all, we apply
the standard Monte Carlo method to estimate free energy differences. SDE (I31)) is discretized
with time step-size As = 5 x 10~% and we repeat the simulation 10 times. For each independent

run, the estimator
1N
I =+ > et (133)
i=1

is computed by generating N = 5 x 10° trajectories of dynamics ([31)) starting from s, where
Wi(A) is the numerical approximation of (84]) on [0, A] for the ith trajectory. The free energy

differences are then estimated by
AF(\) = -7 InZ()\), (134)

which is asymptotically unbiased when N — +oc. The results are summarized in Figure
Figure as well as in the last row of Table [l We can observe that the estimations of free
energy differences have very large fluctuations within the 10 runs and the standard Monte Carlo
estimator (I33) has a very large (sample) standard deviation.

Noticing that the initial distribution pg in fact is very different from the optimal initial
distribution g, we have also used the probability measure fig, which is given by % X exp ( —
I} M), as the initial distribution in importance sampling Monte Carlo methods. From the
profiles of their probability density functions in Figured we expect that the importance sampling
Monte Carlo estimators using fip will have better performance than estimators using po. Besides

the change of measure in the initial distribution, the controlled dynamics

k
dx(s) = —g—‘;(x(s), A(s))ds + Zwlqﬁ(l)(x(s), s)ds + /2871 dw(s) (135)

=1
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is used to generate trajectories instead of dynamics (I3I]), which leads to a further change of
measure on path space. In ([I35), ¢V are ansatz functions which we choose to be either piecewise
linear functions or Gaussian functions [31]. In the case of piecewise linear ansatz function, we
divide the domain [—1.3,1.3] uniformly into 30 Voronoi cells C; and the ansatz functions are
defined as ¢ (z,t) = (1 —t)1¢,(x), 1 <1 < 30, where 1¢, denotes the characteristic function of
cell C;. Tn the case of Gaussian ansatz function, we choose two functions ¢ (z,t) = a‘g—;l)(a), t),

where [ = 1,2 and

x? (x—1.2)2). (136)

V(@) =(1-tep (- %), V@b =0-texp (-5
In both cases, the ansatz functions are chosen based on the idea discussed in Subsection
and the dependence on time t is included since we know that the optimal control force, which is
proportional to %, vanishes at time ¢ = 1, due to the Dirichlet boundary condition in (I32).
After these preparations, we apply the cross-entropy method discussed in Subsection
to optimize the coefficients w; in (I35) by simulating 10° trajectories. The control forces at
time ¢t = 0, as well as the control potentials in Gaussian ansatz case are shown Figure and
Figure respectively. Apparently, although the control forces are different from the optimal
one, all of them can help drive the system along the positive x axis. Similarly as in the standard
Monte Carlo case, we estimate the free energy differences using importance sampling Monte
Carlo method for 10 times where N =5 x 105 trajectories of the controlled dynamics ([35]) are

simulated for each run. Instead of (I33), estimator
| N
- —BWi(A) ..
Z\\) = N 2_1 e Ti (137)

is computed, where r; is the likelihood ratio given by Girsanov’s theorem (see (8I))). The results
are shown in Figure Figure as well as in Table[Il Comparing to the standard deviation
of the standard Monte Carlo estimator (I33), we observe that the standard deviations of the
importance sampling Monte Carlo estimators Z(A) in (I37) are significantly reduced when we
applied a change of measure both in the initial distribution and in the dynamics, i.e., when
the controlled dynamics (I35) with initial distribution fg is used. And both types of ansatz
functions exhibit comparable performances. To better understand the efficiency of Monte Carlo
methods, the probability density functions and the mean values of work within the 10 runs of
simulations are shown in Figure Figure and Table [I] for each Monte Carlo estimators.
Clearly, by applying importance sampling both in the initial distribution and in the dynamics,
trajectories with low work value are more efficiently sampled, leading to a much better efficiency

of the Monte Carlo estimators.

4.2 Example 2: reaction coordinate case

In the second example, we study free energy calculation in the reaction coordinate case
considered in SectionBl A similar example has been considered in [43], where the main focus was
the approximation quality of effective dynamics. The system consists of three two-dimensional

particles A, B, C whose positions are at x 4,3, Tc, with potential

1 1 S|
V(za,zp,2c) = 2—6{7"30 - [1 + n(sin(t?ABc) - 5):|leq} + Q—G(TAB - leq)2 +V3(0aBc),

(138)
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Figure 1. Example 1. (a) Potential V(z, ) in (I30). (b) Function U = —3~!1ln g, where 3 = 5.0
and g solves PDE (I32]).

(a) Optimally biased potentials (b) Biased potentials using Gaussian ansatz

Figure 2. Example 1 with the control protocol A(s) = s, for s € [0,1]. (a) Optimally biased
potential (V' + 2U). (b) Biased potentials computed from cross-entropy method with Gaussian
ansatz functions (I30]).
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(b) Control forces at t =0

Figure 3. Example 1 with the control protocol A(s) = s, for s € [0,1]. (a) Profile of the function
g(x,0) = E, 0(e7#W) where 8 = 5.0 and g solves PDE ([I32). (b) Profiles of control forces at
time ¢t = 0. Curves with Labels “optimal”, “linear” and “Gaussian” correspond to the optimal
control u*, the control forces obtained from the cross-entropy method using piecewise linear and
Gaussian ansatz functions.

pdf

Figure 4. Example 1 with the control protocol A(s) = s, for s € [0,1]. Probability den-

sity functions of different initial distributions used in Monte Carlo methods for 5 = 5.0.
. I d 1%\ di —0.5)?
The corresponding densities are ﬁ x exp( - 6%), ﬁ x exp( - ﬁ%), and

Cfi—‘;& X exp ( — ﬂ%)g(z, 0), which is given by (7).
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Figure 5. Example 1 with the control protocol A(s) = s, for s € [0,1]. Probability density
functions of work along trajectories estimated from 10 independent runs of Monte Carlo simu-
lations where 5 x 10° trajectories are simulated for each run. (a) “optimal” corresponds to the
importance sampling estimator with control u* starting from the distribution pj. The other
three curves correspond to Monte Carlo estimators with initial distribution fig, using either the
controlled dynamics (I35]) with piecewise linear ansatz functions (Label “fig, linear”), Gaus-
sian ansatz functions (Label “fig, Gaussian”), or the uncontrolled dynamics (I31)) (Label “fo,
stdMC”). (b) Results correspond to Monte Carlo estimators with initial distribution pg, using
either the controlled dynamics (I33]) with piecewise linear ansatz functions (Label “ug, linear”),
Gaussian ansatz functions (Label “ug, Gaussian”), or the uncontrolled dynamics (I31)) (Label
“ug, stdMC”).

initial control mean 7 SDT mean AF SD AF mean W
J75 optimal 5.58 84x 1072 —344x10"r 24x10* —1.85
linear 5.59 6.0x10° —3.44x107' 34x107* —2.08

fio Gaussian | 5.59 71x10° —344x107' 35x107* —2.05
stdMC 5.51 9.8 x 101 —341x107!' 54x107% —0.71
linear 5.74 22x102 —-349x107' 1.0x1072  —0.08

1o Gaussian | 5.71 2.6 x10%2 —348x107! 1.3x1072 0.06

stdMC 6.28 1.7x10% —-353x107! 7.2x1072 0.40

Table 1. Example 1 with the control protocol A(s) = s, for s € [0,1]. Estimations of free
energy difference for A = 1 using different (importance sampling) Monte Carlo methods. Direct
calculation of (I0) and (L)) gives the reference value AF = —3.44 x 107!, Column “initial”
specifies the initial distribution that are used to generate trajectories in Monte Carlo simulations.
Column “control” specifies the different dynamics (different control forces) and the meaning of
each name is the same as those appeared in Figure Columns “mean Z”, “SD Z” show the
mean and the sample standard deviation of estimators (I33) or (I37). Columns “mean AF”,
“SD AF” show the mean and the sample standard deviation of 10 independent runs of the free
energy difference estimations AF (1) using (I34)). The mean values of work W for different Monte

Carlo methods are shown in Column “mean W”.
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Figure 6. Example 1 with the control protocol A(s) = s, for s € [0, 1]. Labels of different curves
have the same meaning as those appeared in Figure (a) Profiles of free energy differences
AF(X) for A € [0,1]. Standard deviations of the free energy difference estimations for 10 in-
dependent runs are shown in vertical error bar for different A\. “exact” corresponds to results
obtained by directly integrating the normalization constant Z(\) from ([I0). (b) Mean values of
free energy differences at A = 1 for 10 independent runs using different (importance sampling)
Monte Carlo methods. For each run, 5 x 10° trajectories of either SDE (I31)) or the controlled
SDE (I35) are generated with time step-size At = 5 x 10~%. Results corresponding to piecewise

linear ansatz functions are not shown here since they are very similar to those corresponding

Gaussian ansatz functions.
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where rap, rpc are the distances between particles A and B, B and C, respectively. 4p¢ is

the angle spanned by the bonds AB and BC, and V3 is the potential of angle given by

_ Fo

AOBE

(16— 00— (59)2) ~ kpa(6 — 1), (139)

with kg > 0. Furthermore, in order to remove rigid body motion invariance, we fix the position of
particle B (zp = 0) and particle A is only allowed to move along horizontal axis. For parameters,
we take 0y = 5, 00 = ¢, e = 0.1, kg = 20, kg1 = 0.3, and loq = 5.0.

The system essentially has three degree of freedom, i.e., the position of z¢c = (y1,y2) and
the position of 4 = (y3,0) on the z-axis. The free energy is defined according to (&), where

we take

§(W1,Y2,y3) = O0apc = arCtan% (140)

as the reaction coordinate function and 8 = 5.0. In order to calculate free energy differences,
we consider the dynamics y(s) = (y1(s),y2(s), y3(s)) in (II]) during the time interval [0, 1] with
a =0 =id, and f = Z, starting from 6(y(0)) = § at time s = 0. In this case, the projection
matrix in ([89) can be directly computed as

yf Y1Y2 0
Y2ty yf-i;yﬁ
P = Y1y2 Yo 0 141
vit+ys  vitvs (141)
0 0 1

and we have ¥ = |V£|? = y2—}ry2 in (B8). The angle 04p¢ of the system y(s) evolves uniformly
1 2

during time s € [0,1] from § to & and the free energy at 6apc = § is taken as reference. The

free energy differences are calculated based on the Jarzynski-like identity (I06), where the work

W is given in (I15) and becomes as simple as

WO = [ (=mg +mg) e ds. (142)

In the numerical experiment below, we take x = 0.3, 0.6 in the potential V in (I38) and the
performance of the Monte Carlo estimator is tested using different values 7 = 1.0, 0.6, 0.3 in
dynamics (II8)). In each case, we estimate the free energy differences based on 10 independent

runs of Monte Carlo sampling of

N

AF@()) =~ -8~ 'InZ(0(t)) = - 'In (% > e_BWi(t)) : (143)

i=1

where 0(t) = & + Zt. In each run, N = 5 x 10° trajectories of dynamics (II8) are simulated
using time step-size At = 10~*, where W; denotes the work ([42) of the ith trajectory.

The numerical results are shown in Figure[7l, Figure [ (results for £ = 0.3 are similar and
therefore are not displayed) and Table[2l From both Figure [7]and Table [2, we can observe that
the free energy calculation using 7 = 1.0 lead to large fluctuations and inaccurate estimations.
On the other hand, by decreasing 7 to 0.3, the variance of 10 independent runs of free energy
calculation decreases significantly and the results become stable. Based on the 10 runs of Monte

Carlo simulations of the nonequilibrium dynamics, we can also estimate the probability density
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functions of the work (I42) and the results are shown in Figure Bl It can be seen that, as 7
decreases, the probability density functions shift along the negative horizontal axis and become
more concentrated. This indicates that the work of the sampled paths becomes smaller on average
and the variance decreases. All these results confirm that variance of the Monte Carlo estimator

can be reduced by decreasing the value of 7 (see discussions at the end of Subsection [B4]).

Q
O

0.6}

0.4}

0.2
S 0.0

' F--1 r=1.0

—0.2 F--1 r=06

—0.4¢ FH r=03

_o.6 ---- exact

/6 Py ﬁéi’) 5r/l2 72 75273 4 5 6 7 8 9 10
(a) AF(0) (b) AF(3)

Figure 7. Example 2 for k = 0.6. (a) Profiles of free energy differences AF(0) for § = Oapc €
[%, 5] computed using different 7 in (II8). Standard deviations of the free energy difference
estimations for 10 independent runs are shown in vertical error bar for different 6. “exact”
corresponds to the reference results obtained by directly integrating the normalization constants
Q(-) appeared in (B6). Curves with Label “r = 0.3” and Label “exact” almost coincide. (b)
Mean values of free energy differences at ¢ = 5 for 10 runs of Monte Carlo simulations using
different values of 7 in (I18). The horizontal line with Label “exact” corresponds to the reference
value AF (%) = —3.74 x 10~'. For each run, 5 x 10° trajectories of SDE (II8) are generated

with time step size At = 1074,

5 Conclusions

In this work, we have studied nonequilibrium theorems for diffusion processes. Jarzynski’s
equalities and fluctuation theorems are proved for quite general types of diffusion processes in
both the alchemical transition case and the reaction coordinate case. The information-theoretic
formulation of the Jarzynski’s equality, as well as variance reduction approaches are discussed in
both cases. Our mathematical tools to derive these nonequilibrium relations are from the theory
of stochastic differential equation, in particular the Feynman-Kac formula and the Girsanov’s
theorem. An advantage of the approach is that, it enables us to elucidate the connections between
Jarzynski’s equality and the thermodynamic integration identity, which were often treated as
two distinct free energy calculation methods.

Two variance reduction approaches for Monte Carlo methods have been studied in order
to compute free energy differences using Jarzynski’s equality. As demonstrated by simple ex-

amples, these approaches can largely improve the efficiency of Monte Carlo estimators in both
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Figure 8. Example 2 for k = 0.6. Probability density functions of the work W ([42) along
trajectories of ([I8) for different values 7 = 1.0, 0.6, 0.3. For each 7, the probability density
function is estimated from 10 runs of Monte Carlo simulations where 5 x 10° trajectories are

simulated in each run.

K 7 | mean 7 SDT mean AF SD AF mean W
1.0 | 546  94x10" —-3.39x107! 1.4x1072 0.29

0.3 0.6 567 4.0x10' —347x10"! 1.1x1072 0.05
0.3 5.52 1.5 x 10! —3.42x10"! 29x10"3 —0.13
1.0 | 427 20x10® -255x10"! 1.6x 107! 2.14

0.6 0.6 5.28 51x102 —-3.32x1071 4.0x 1072 1.22
0.3 6.33 23x10° —-369x10"! 1.3x1072 0.46

Table 2. Example 2. Estimations of free energy difference for § = 7 using Monte Carlo methods
for different values £ and 7. Direct calculation of (I0) and (1)) gives the reference value AF (%) =
—3.42x 107" and AF (%) = —3.74 x 107! for x = 0.3 and 0.6, respectively. Columns “mean Z”,
“SD Z” show the mean and the sample standard deviation of the estimator Z in (I43)). Columns
“mean AF”, “SD AF” show the mean and the sample standard deviation of 10 runs of free
energy difference estimations AF(%) using (I43). The mean values of the work W for Monte

Carlo simulations using different x and 7 are shown in the Column “mean W”.
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the alchemical transition case and the reaction coordinate case. One of the key findings is that
variance reduction by a change of measure requires to change both the initial distribution and
the equation of the dynamics. We expect that our simple numerical studies can provide some
insights into the source of sampling variances.

While the current work focuses on diffusion processes, the mathematical tools may be
applicable to other types of stochastic processes, such as Markov chains, particle systems or
networks, whose evolution depends on external parameters. In future work, we will also in-
vestigate free energy calculation for high-dimensional applications using the variance reduction
approaches proposed in this work, together with the recent techniques of solving high-dimensional
PDEs |17, 9, [21].
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A Connections with thermodynamic integration and adi-

abatic switching : Alchemical transition case

In this appendix, we study two (essentially equivalent) asymptotic regimes of nonequilibrium
processes using formal arguments. In particular, we will derive the thermodynamic integration
identity from Jarzynski’s identity, therefore bridging these two different free energy calculation
methods. Let us point out that such a connection is indeed known in physics community [14],
although we are not aware of its mathematical derivation in the literature. For simplicity, we
only consider the alchemical transition case studied in Section 2l and assume the protocol A() is
deterministic with e = 0.

From Jarzynski’s equality to thermodynamic integration Thermodynamic integra-
tion is a well known method and has been widely used to compute free energy differences [24].
From the definition of the normalization constant Z(-) in (I0)), we can derive the thermodynamic

integration identity by the simple argument

AF(T) =F(T)) — F(\0))
PR (YC))
=7 Z00)

(A(s))
=—F /ds Zo00)
- / (R e "V<“<S>>VAV< A(s)) da)
=)y Z(\(s))

:/0 (Epn, (VaV)) - FA(s),5) ds (144)

) - F(A(s), 5) ds

In the following, using a formal argument, we show that the identity (I44)) corresponds to the
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Jarzynski’s equality (29) in certain asymptotic limit. For this purpose, we consider the dynamics

da(s) = Lb(a(s). M) ds + /22 (a(s), M) dw (). (145)
on s € [0,T], where 0 < 7 < 1 and A(s) satisfies the ODE
As) = f(A(s),8). (146)

Clearly, dynamics (I45) is related to () by rescaling time with the parameter 0 < 7 < 1, and its
infinitesimal generator is ££1, where £ is defined in (@) with A(-) being time dependent. The

main observation is that, repeating the argument from Subsection 2.2 the Jarzynski’s equality
(29) holds for (I45) and (I46]) for any 7 > 0. As a consequence,

e PP = B, \0)) (9('7 A0), 0)) ; (147)
where the function g now satisfies

1
O+ —L1g+f-Vag=B(f-VaV)g=0, 0<t<T,

g, T)=1.

(148)

To show that ([4T) reduces to the thermodynamic integration identity (44l as 7 — 0, it is
enough to study the asymptotic limit of (I48]). To this end, we consider the formal asymptotic

expansion
g=go+To +7g2+ -

as T — 0, where go, g1, - - - are functions independent of 7. Substituting this expansion into (I48])
and comparing terms of different powers of 7, we can conclude that go = go(A, ¢) is independent

of z and satisfies

0igo+L1g1+ f-Vago—B(f-VaV)go=0, 0<t<T

go(T) =1. )

Taking the expectation with respect to py on both sides of (I49) and noticing that E,, (£1g1) =

0, we obtain

Bigo+ f-Vago = B(f - Eu(VaV))go =0, 0<t<T

(150)
gO('ﬂ T) =1.
It is easy to verify that the solution of (I50) is given by
T
Go(A 1) =P (Buy o (VaV)) ) ) ds (151)

where \(s) satisfies (48] with initial value A\(¢) = A. Taking the limit 7 — 0 in (I47) then yields
— T . S),8 S
e IAFD) i B30 (90 A(0).0)) = g0(A(0),0) = e (Braco TaV)S0@0ds (159

which is equivalent to the thermodynamic integration identity (I44).
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Adiabatic switching Now we turn to another (equivalent) asymptotic regime where the
protocol A(-) is switched infinitely slowly. Specifically, given Ag, Ay € R™, the protocol A(-) satis-
fying A(0) = Ag and A(T") = A1 as T' — +oo is called adiabatic switching. For the nonequilibrium

process z(-) in (1) under adiabatic switching, it is well known that we have

T
F(\)—F(X\) = lim Ej, O(W(T)) = lim E,, 0(/0 VaV(x(s),A(s)) - f(A(s),s) ds) ,

T—+oo T—+o00
(153)

i.e., the free energy difference equals to the average work performed during the switching. In
the following we provide a formal mathematical argument to derive the above identity. For this

purpose, we define

(@, A, t) / VaV((s). A(s) - FA(s), ) ds | at) = M@) = N) . (154)
which, by the Feynman-Kac formula, satisfies

Ou+ Liu+ f-Vau+ f- ViV =0,

M) — 0 (155)

Notice that, as T" — 400, the switching becomes infinitely slow and )\(t) = f goes to zero.
Instead, we rescale the time by # = 4 € [0,1] and define A(f) = \(L), where 7 = L — 0. A()
satisfies A(0) = Ao, A(1) = \; and

— = f(\t),t 156
=A@, (156)
where f(-, 1) = L f(., %) is a function of O(1). Under this time scaling, PDE (I5H) becomes

1 < - -
8gu+;£1u+f-vku+f-v,\\/:0, 0<t<1,

(157)
u=0, t=1.
Consider the expansion u = ug + Tuy + 72us + - - -, then the same argument as above yields that
the function ug is independent of x and satisfies
a{uO-i-f'v,\uO-i-f-E)\(V)\V):O, 0<t<1, (158)
Ug = 0 y f =1.
The solution of (I5])) can be directly computed:
— 1 R
w8 = [ Bay (aV) - FR(s). ) ds. (159)
f

where \(-) satisfies (I56) on [£,1] with A(f) = A. In particular, taking # = 0 and applying the
thermodynamic integration identity (I44]), gives

wo(Xo,0) = / By ) (VaV) - F(A(s),5)ds = F(Ar) — F(A) (160)
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Therefore,

lim Ey,, 0(/0T VaV(z, \(5)) - F(A(s), 5) ds)

T—+o00
= lim By, , (u(-, A0, 0))
:Uo()\o, 0) = F()\l) — F()\O) s

which concludes the proof of (I53).

B Thermodynamic integration identity in the reaction co-

ordinate case

In the reaction coordinate case considered in Section [3 connections between the thermo-
dynamic integration identity and the Jarzynski’s equality as well as the adiabatic switching
regime can be studied using the same asymptotic argument as in Appendix [Al In this section,
we omit the derivation and only provide the thermodynamic integration identity. We emphasize
that both the identity and its proof can be found in the literature, e.g., [45, 43]. The result is
included for readers’ convenience.

Recall the definition of the probability measure p, in (86l), where the normalization constant

is given by

Qz) = / e PVWs(g(y) — 2)dy, ze€R?, (161)

and the free energy is defined in (87). Let z(s) € RY satisfy the ODE (0T on [0, 7]. Similar to
the derivations in (I44]), and using Lemma [ below, we can compute

F(z(T)) — F(2(0))

— _ gl x\E)) Q=(T))
()

- ﬂfl/ (o) (162)
=—j" / 1 ) (2(s5)) 24(s) ds

Q 827
av. 1 0 .
:/0 Eu. [(aV&Y )i(¥ _1)7’va_yi - Bayi ((av‘sv’)i(‘p_l)vv’)} Zy(s)ds,

where Einstein’s summation convention has been used.

Lemma 3. Let the function Q be defined in (I61]). For 1 <~ < d, we have

S_Z(Z) = *ﬂQ(@/ [(aV&W/)i(\pfl),w,g_;/i _ %aayl ((ava’)i(\llil)»w/)} 12 (dy) .

z

Proof. Let ¢ : RY — R be a smooth test function with compact support. For 1 < ~ < d,
integrating by parts and using (I61]), we have

/() Ddz=— [ 22 )Qe)dz= - / D2 (e Wy, (163)

azV ra 02 n 0%y
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On the other hand, from the relation

I(pog)
Jy;

Dy
0z

0&.y y

(y) = €())

and the definition of the d x d matrix ¥ in (88), we obtain

0 ((p o f) 0&y
A
yi Jy;

22 et = | (T | ) (164)

0z,

Therefore, integrating by parts, (I63]) simplifies to

0
L ergt e

9 &
:/]R"' @(f(y»a—yi(aij (,fy”] (\Irl)w/efﬁv(y)) dy

= [ [ 5 (s Fe @ e ) dlely) - 2]z

from which we can conclude after simplification. O

C An alternative proof of Theorem

In this appendix, we provide an alternative proof of Theorem [2I Different from the proof
in Subsection 23] where only the Feynman-Kac formula has been used, the proof below relies on
the combination of both the Feynman-Kac formula and Girsanov’s Theorem. While the idea is

inspired by the derivations in [10], the proof below is shorter.

Alternative proof of Theorem [ First of all, we recall the definition of v in ([@3) as well as the
equations ({AQ), (@4), (45) used in the proof of Theorem lin Subsection In accordance with
[@H), we define

_ 1 1
L',:(J+aVV+EV~a)~V+Ea:v2+f~VA+eaaT:V§, (165)

and consider the function w(z, A\, t) = u(x, ANT —t;x', N, t’). From ([@4) and (&), we know that
w satisfies
Ow

S+ L + [div(J +aVV) + divy (f eV, - (aaT)) + n]w =0, Vtelo,T—1),

w(x,\t) =8 —x)d(N =N, t=T-t,
(166)

where (2,)) € R” x R™ and Z(I,A,t) is the operator (IG3) evaluated at (x, A,t). On the other
hand, applying the Feynman-Kac formula to (I66]), we observe that

w(z,\,t) =Egz ¢ [exp (/tTt/ (diV(J +aVV) +diva(f — eVa - (aa®)) + 77) (Z(s), A(s), s)ds>

X 6(2(T —t') — 2')§(\(T — ¢') X)] ,
(167)
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where EI, A+ denotes the conditional expectation under the path ensemble of the dynamics

d(s) = (J FavV + %v - a) (#(s), A(s)) ds + /2B~ 1o (2(s), A(s)) dw ™ (s) (168)

and the control protocol

dN(s) =f(7(s), N(s), 8) ds + V2e a(Z(s), A(s), s)dwP (s) , (169)

starting from Z(t) = x and A(t) = X at time t. Note that the infinitesimal generator of the
dynamics (I68) and ([I69) is given by the operator £ in (I65).

Now we apply Girsanov’s theorem to change the probability measure in (I67) from the
path ensemble of the dynamics (I68)), (I69) to the path ensemble of the dynamics (I3, @).
Specifically, starting from (z,\) at time ¢, let P, » and ﬁz, » denote the path measures on
the time interval [¢t,T — t'] corresponding to (IH), [B) and (I6]), (I6Y), respectively. Applying
Girsanov’s theorem, we obtain after some straightforward calculations

dP; »
dﬁz,)\

T—t'
(2(-),A(-)) =exp { ﬂ/ VV (2(s), \(s)) - da(s)
' (170)

+ ﬂ/tTt/ (VV (J+ %V . a)) (z(s), A(s)) ds} .

Therefore, changing the probability measure in (IG7) from P, ) to P, x, using (IZ0), [I3), we
find

w(@ AT — 1) = w(z, A t)
=E, ¢ {exp </tTt, (@iv(J +aVV) + diva(f = eV (aa”) + 1) ((s), A(s), s)ds)

< 8(2(T =) — /) S(NT — ¢/) — X) ‘g—i (2(). /\(~))]
—E, {eXp </3 /t T IV a(s), A(s) - dals) + /t o (a: V2V (2(s), A(s)) ds

+ /tT_t/ (dm (f =€V (aa®)) + n) (z(s), A(s), s)ds) §(x(T —t)—a") s(NMT —t') — )\’)]
—E, . {exp <ﬁ /tT_t/ YV ((s), A(s)) o d(s) + /tT_t/ (dm(f — eV - (aa?)) +n) (z(s),)\(s),s)ds)

< 3(2(T — ) — ') S(NT — ') — X)] .
Note that in the last equality above, we have converted Ito integration to Stratonovich integration

according to (3. Substituting ¢ by T — ¢, integrating by parts, and recalling the expression
[3)), we obtain

e PV EE {exp ( /t f n(zf(s), \B(s), T — s)ds) §(af(t) — x)s (AE(t) — /\)]

T—t

Ve R, o, [e—ﬂW exp ( / T (s). ), s)ds) §(a(T —t') — 2')S(MT — t') — )\’)} ,

where W is defined in (@2]). O
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D Proof of Theorem

In this appendix, we provide the proof of Theorem [3]in Subsection

Proof of Theorem[3. We consider the quantities on both sides of the equality (@8]). For the left
hand side of (@), let us fix (y',¢') € R™ x [0,T] and define the function u by

wly,tsy ) =B, [eXp (/tt n(y"(s), T — s)ds>5(yR(t) _ y)] , (171)

for (y,t) € R™ x [/, T]. Tt is known that u satisfies the PDE

% = (ER)*U—l—n(y,T—t)u, V (y,t) € R™ x (¢',T7],

u(y,t;y,t)=686(y—y), if t=1t,

(172)

where the operator £ is defined in ([@7) and (ER)* denotes its formal L? adjoint. A direct
calculation shows that

(ER)*(b = |:8?Jz ((Pa)ij g—;/;) + 36% ((\I]_l)vv' (ava)if;)] 10)

Yoy, "B a,
for a smooth function ¢.

For the right hand side of ([@8), fixing (y',t') € R™ x [0,T], we define the function g for
(y,t) e R" x [/, T] as

0 0?
+ (U1, (GV&y)if;] 9 + ! ¢

* [(Pa) yi E( i Qyi0y;

9(y,t) = Ey 1y [eﬁw exp (/Ttl (y(s), S)dS) S(y(T —1") - y’)] :

T—t

where W is defined in ([@9), and the dynamics y(-) satisfies the SDE ([@3). Using the same
argument as in Lemma [I} we can verify that g satisfies the PDE

o —

Y _Tg+n(.T—tg, Yyt eR"x (1],

Y g+ n( )g (y,t) (t',T] (174)
gly.t) =0y —y'), if t=t,

where the operator £ is defined as

B oV 0
L= [ — B(Wfl)nwr(avffy)ifv_ra—y_ + Oyn ((‘Ilil)vv’ (ang)if;)] ¢
. Oy (175)
o
b L0+ (87 ) 0Vl 20

for a smooth function ¢. Now consider the function w(y,t) = e #V®g(y, ). A direct calculation
shows that

o(ePV . 9(ePV o2 (ePV
e PVetg=e PV [ B (Pa)ija—v ("w) + 1 9(Pa);; 9(”"w) + l(Pa)ij‘ L W)}
dy; Oy B Oy, y; B Oy 0y;

(a5 ) o [(Pasy G+ 2200 224 Lipay, T2 )

y; Y 0y, Yoy, B dy; oy B 7 dyidy;
e*ﬁV@ :efﬁva(eﬁvw) _ ﬂavw n Ow .
0y; yi yi yi
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Combining (@7)), (I74), (I79), (ITG), it follows that the function w satisfies the PDE

0 — ,
a_b::e_ﬁv £g+n(.,T—t)g} :(ER) w+ny,T—tw, V(yt)eR"x (' T],

wly,t) = e PVOs(y—y), if t=t.

Comparing this with the equation of function v in (I72), we obtain

e PV yu(y, t5y/,t) = w(y, t),

which is equivalent to (@8]). O
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