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Abstract

We formulate the static mechanical coupling of a geometrically exact
Cosserat rod to a nonlinearly elastic continuum. In this setting, appro-
priate coupling conditions have to connect a one-dimensional model with
director variables to a three-dimensional model without directors. Two
alternative coupling conditions are proposed, which correspond to two
different configuration trace spaces. For both we show existence of so-
lutions of the coupled problems, using the direct method of the calculus
of variations. From the first-order optimality conditions we also derive
the corresponding conditions for the dual variables. These are then inter-
preted in mechanical terms.
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1 Introduction

In the mechanical simulation of large structures frequently the structure to be
simulated combines long slender parts together with bulky ones. A typical
example would be a suspension bridge, with bulky pillars and slender cables.
Discretizing such a heterogeneous structure with a single finite element mesh
is prohibitively expensive, because the usual shape regularity assumptions re-
quire a large amount of elements in the slender parts. As an alternative, struc-
tural mechanics has invented reduced models, which are mathematically one-
or two-dimensional objects, and which allow to model slender structures more
efficiently. There is quite a variety of such models. They may be linear or geo-
metrically exact, and may or may not comprise certain orientation or director
variables. A structure combining bulky and slender parts could be modeled
by a combination of full-dimensional continuum and lower-dimensional reduced
models.
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The problem then arises as to how to couple the lower-dimensional mod-
els with the bulk model. Coupling conditions need to be formulated, which
have to be adapted to the continuum and reduced model. In particular, if
lower-dimensional models with directors are involved, coupling conditions for
the director variables are needed. Coupling conditions can be derived ad hoc
from physical intuition. However, for a mathematically rigorous theory well-
posedness of the coupled problem has to be shown. By this we mean primarily
the existence of solutions. Uniqueness of these solutions can only be expected
as far as the bulk and reduced models themselves allow for unique solutions.

In this article we focus on the coupling of a three-dimensional continuum
model to a geometrically exact one-dimensional model with an orthonormal
director frame, a so-called Cosserat rod [I]. We assume that both objects are
governed by hyperelastic material laws, and consider the static case only.

We then propose two different coupling conditions and show that the coupled
problem has solutions for both of them. Our existence proof uses the direct
method of the calculus of variations. From the optimality criteria we also obtain
the corresponding dual conditions. These dual conditions can be interpreted
physically in terms of forces and moments transmitted at the interface.

Existence of more than one set of plausible coupling conditions is a general
feature of heterogeneous models (cf. [4] for the linear case without directors).
Indeed, coupling conditions need to be formulated in an interface space, which
is usually the trace space of the submodel configuration at the interface. When
coupling two instances of the same model across a common boundary, these
trace spaces coincide. This common trace space is then the canonical choice of
interface space to formulate the coupling conditions in.

The situation is more complicated when the two models differ in their kine-
matics. There are then two different trace spaces leading to two different families
of coupling conditions, which are both equally valid. In their treatment of the
coupling between linear elastic continua and beams, Blanco et al. [4] even intro-
duce an entire continuum of conditions by interpolating between the two trace
spaces. They note, though, that no truly new coupling conditions are produced
in this way.

The presence of orientation degrees of freedom in the reduced model adds
another set of difficulties. These orientations have no counterpart on the con-
tinuum side to couple to. Local rotations of a continuum obtained by polar
decomposition (microrotations) are a natural choice, but are difficult to work
with in combination with averaging (see [I8] and Section[4.3)). In this article we
choose a different approach which avoids the use of microrotations.

The coupling of mechanical models of differing dimensions has been treated
both in the engineering and the mathematical literature. Monaghan et al. [16]
describe a 3d-1d coupling between linear elastic elements in the discrete setting.
Lagnese et al. [I5] have studied the coupling of beams to plates extensively. In
their work, however, the main focus is on the linearized equations. Modeling
of 3d—2d junctions between linear elastic objects of different dimensions using
a method of asymptotic expansion has been carried out by Ciarlet et al. [7].
Formaggia et al. [12] couple 3d and 1d variants of the Navier—Stokes equations
in a simulation of blood circulation.

As systematic treatment for coupling linear models of different dimensions
has been given by Blanco et al. [4]. In particular, they provide existence and
uniqueness of solutions for their coupled problem. To the knowledge of the



authors, coupling conditions for a reduced model with director variables have
only been treated in Sander [I8, [T9]. There, coupling conditions were derived
by a heuristic dimensional reduction. An algorithm based on fixed-point itera-
tion was proposed to numerically solve heterogeneous coupling problems. Our
approach here instead suggests to treat the problem as a global minimization
problem with nonlinear constraints. A detailed treatment may appear in a
separate article.

We proceed as follows. In Chapters [2] and [3| we formally introduce the rod
and continuum models. Then, in Chapter [4 we propose two sets of coupling
conditions, which differ in the choice of interface space. In Chapter [ we prove
existence of solutions for both of these conditions. Assuming some additional
regularity, in Chapter[6] we derive coupling conditions for the dual variables from
the optimality conditions of the minimization problem. In the final Chapter [7]
these are interpreted in terms of physical quantities such as coupling forces and
torques.

2 Geometrically Exact Cosserat Rods

In this section we briefly present Cosserat rods, which model the large defor-
mation behavior of long, slender objects. For an in-depth presentation see the
book by Antman [I].

2.1 Rigid Body Motion

Consider R?, equipped with the Euclidean scalar product v, w + v - w and the
cross product v,w — v X w. Let SO(3) be the special orthogonal group in
R3, that is the group of orthogonal 3 x 3-matrices with positive determinant.
Elements R of SO(3) act on R? by rotation around the origin.

Consider the product space R? x SO(3). We denote elements of this space
as tuples p = (r, R). Together with the product

(r1, Ry) - (r2, Ra) == (Rara + 11, R1 R), (1)
this space becomes the special Euclidean group
SE(3) = R® x SO(3).

An element p = (r, R) € SE(3) acts on R? by a rigid body motion p : z +— Rax+r,
and the group multiplication corresponds to a composition of these motions.
The inverse of a group element (r, R) is

(r,R)™' = (=R 'r,R7Y).
The group SO(3) has the structure of a three-dimensional compact C*°-

manifold. For any R € SO(3) the tangent space of SO(3) at R (which is a three-
dimensional linear space) can be characterized in two different ways, namely

TrSO(3) = {dR € R**® | R = UR, U € s0(3)}, (2)
which is called the spatial representation, and

TrSO(3) = {§R € R*** | R = RU, U € s0(3)},



which is called the body representation. The Lie algebra so(3) of SO(3) is the
space of skew-symmetric 3 x 3 matrices. Obviously, we have the relation

U = RUR™ !,

and hence U arises from U by an orthogonal change of coordinates. Both can
be interpreted as infinitesimal rotations.
With each U € s0(3) we associate a vector u € R? via the relation

Uv=uxv YveR3,

and we will denote this relation (which is in fact a linear isomorphism) by
U = v, with the inverse u = Uy. The vector w is called the axial vector of the
skew-symmetric matrix U.
A combination of the above results yields a linear isomorphism that identifies
TrSO(3) with R3 via
‘I’R : TRSO(S) — R3
SR+ u:= (JRR™Y)y,

and we call u the spatial vector of §R. Similarly, we have an isomorphism
Or : TRSO(3) — R?
SR+ u:= (R'R)y,

where u is called the body vector of dR. A short computation that uses the
relation R(w x v) = Rw x Rv for R € SO(3) yields

u = Ru. (3)
When working with axial vectors, the well-known identity of cyclic permutation
u-(vxw)=v-(wxu) =w-(uxXv) (4)

for vectors u,v,w € R? is a useful tool.

The cotangent space TrSO(3)* of SO(3) at R is the space of linear functionals
on TrSO(3). The adjoint mappings ®% : (R3)* — TRSO(3)* and ¢}, : (R3)* —
TrSO(3)* are isomorphisms, so that every linear functional B* € TrSO(3)* has
a spatial representation m* and a body representation m* by

B* = ®Lm" = dLm™.
This means, for example, that
B*(6R) = (®m*)(6R) = m*(®r0R) = m* ((JRR™ 1))

for any 6 R € TrSO(3). Finally, we can associate to m* € (R3)* a vector m € R3
via m-u = m*(u) for all u € R®. Similarly, we can define a vector m associated
to m* via m-u = m*(u) and compute, using m - u = m - u, Equation , and
R™' = RT, that

m = Rm. (5)
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Figure 1: Kinematics of Cosserat rods. Under deformation, rod cross-sections
remain planar, but not necessarily orthogonal to the centerline.

The structure of the tangent spaces of SE(3) can be inferred from the general
rules about tangent spaces of product manifolds. For each p = (r, R) € SE(3)
we have

T,SE(3) = T, R* x TrSO(3).

By the above identifications, each element (dr,0R) € T,SE(3) has a representa-

tion (v,u) = (6r, PrdR) in spatial coordinates and (v,u) = (R™16r, ®r6R) in

body coordinates. Clearly, (v,u) = (Rv, Ru). Note that the factor R~! in the

definition of v originates from the action of SE(3) on its own tangent bundle.
For the cotangent space TPSE(?))* we have analogously

T,SE(3)" = (T,R*)* x TrSO(3)*.

Each element (b*, B*) € T,SE(3)" has a representation (n*,m*) = (b*, ®;*B*)
in spatial coordinates and (n*, m*) = (R*b*, ®," B*) in body coordinates, where
¢L* = (¢5) "' Again, (n,m) = (Rn, Rm).

2.2 Static Rod Model

The theory of Cosserat rods views a rod as a curve in space, with a planar
cross-section attached at each point. The central assumption is that under
load, cross-sections do not change shape. They may, however, change their
orientations, and are in particular not restricted to remain normal to the curve
tangent vector (Figure. Hence, configurations of Cosserat rods are continuous
maps

p:[0,1] — SE(3), s = p(s) = (r(s), R(s)),

for some parameter interval [0,/]. While the first component r(s) € R? of p(s)
determines the position of the center curve of the rod at s, the second component
R(s) € SO(3) determines the orientation of the cross-section A(s) (Figure|1)).

We single out one configuration function pg : [0,!] — SE(3) and call it the
reference configuration. It will be convenient (but not necessary) to choose pg
to be the stress-free configuration.

Let p: [0,1] — SE(3) be a given rod configuration. We define the derivative

p 0,1 = TSE(3), s+ ((s), R(s)),



with respect to s, and the spatial strains
(V7 u) = (Tl7 @RR/)'

Correspondingly, we write (vg,ug) for the spatial strain of the reference con-
figuration pg. The strains become invariant under rigid-body motions when
expressed in body coordinates. Using , we get (v,u) € R? x R? with

(v,u) = (R ®rR') = (R"'v, R 'n),

and in particular the reference strains (vo,ug) = (Ry Vo, Ry 1uo).

The coefficients of v and u can be interpreted in a natural way. The two
values vi,vs are the shear strains, and vs is the stretching strain. Further, the
values u, up—infinitesimal rotations about axes in the cross section—are the
bending strain, and us is the strain related to torsion (cf. [I4]).

Physically, the stress variables in an elastic Cosserat rod model are the total
resultant force n and moment m across a cross-section. Mathematically they
are elements of the cotangent bundle of SE(3), related to the force and moment
vectors by the relations ®} and ®7%. Forces and moments are linked to the strain
by constitutive relations which describe the properties of specific materials. We
assume that the rod material is hyperelastic in the sense that there exists an
energy functional W : R3 x R3 — R such that the body stresses n*, m* are given
by a Legendre transform

n* = aa—‘f//(v,u), m* = aa—vr(v,u).
We assume the strain-energy function W to be convex, Fréchet-differentiable,
and coercive in the sense that

W (w,z)

5 5 > a as w|® + [z]* = (6)
wl” + [2|

for some fixed o > 0.

The coefficients of the body stresses n and m have again a physical interpre-
tation. We refer to m;, my as the bending moments and to mg as the twisting
moment. The values n{, ny are shear forces and ns is the tension.

2.3 Formulation as a Minimization Problem

The stable equilibrium configurations of a Cosserat rod with a hyperelastic
material law can be characterized as the minima of an energy functional

Jip— W(V(p), u(p)) ds, (7)
(0,1]

where for simplicity we have assumed absence of external volumes forces and
moments. To discuss the well-posedness of such minimization problems we need
to introduce Sobolev spaces for functions with values in SE(3). Note that SE(3)
arises naturally as a submanifold of R3 x R3*3. We define the manifold-valued
Sobolev space

H'([0,1],SE(3)) := {p € H'([0,1], R* x R**?) | p(s) € SE(3) a.e.}.



By [I7, Thm. (6)], it is a Hilbert manifold. By the same theorem, tangent
vectors at a configuration p in the Hilbert manifold H!([0,1], SE(3)) correspond
to tangent vector fields along p in SE(3):

Lemma 2.1. For any given p € H'([0,1],SE(3)) we have
T,H'([0,1],SE(3)) := {6p € H'([0,1], R* x R**?) | §p(s) € T,(5)SE(3) a.e.}.

Since the domain [0,1] is one-dimensional, there is a continuous Sobolev
embedding
H([0,1),SE(3)) = C([0,1],SE(3)), (®)

see, e.g., [3] for a proof. Further, we have the following density result
C*((0,1),SE(3)) —* H'([0,1], SE(3))

(ct. [BL 7).
By our coercivity assumptions on W, the space H([0,1],SE(3)) is the ap-
propriate framework for considering minimization problems for the functional j.

Lemma 2.2. Let W be coercive in the sense of @ Then j is coercive as a
function of (u,v) € La([0,1],R3 x R3), and weakly lower semi-continuous in the
space H'([0,1], SE(3)).

Proof. Coercivity of j in Ly([0,1],R® x R3) follows directly from (). In [20]
sequential weak lower semi-continuity in the space L'([0,1],R? x R3) of strains
is shown, which implies weak lower semi-continuity in L?([0,1], R3 x R?). This
corresponds to weak lower semicontinuity in H*([0,], SE(3)). O

If we impose Dirichlet boundary conditions

p(0)=ppo and  p(l)=ppy, (9)

and a corresponding constraint manifold

Hp 0,([0,1],SE(3)) := {p € H'([0,1],SE(3)) | p(0) = pp.o, p(l) = pp.}, (10)

then the problem of finding stable equilibrium configurations of Cosserat rods
can be written as the optimization problem

minimize j in Hp, ,([0,1], SE(3)). (11)

Existence of solutions to this problem has been shown by Seidman and Wolfe
[20). These solutions are generally not unique. However, the following regularity
result holds:

Theorem 2.1 ([20], Thm.4.24). Let (u(p),v(p)) be a solution of the mini-
mization problem (7)), with the boundary conditions (9). Then (u(p),v(p)) is
in (C[0,1])S.



2.4 Weak formulation and Neumann-type boundary con-
ditions

We now want to investigate Neumann-type boundary conditions in a variational
form. These appear as additional terms in the Euler-Lagrange equations of the
energy functional (7).

Let us, however, recall first the well-known case of Dirichlet boundary condi-
tions on both ends (cf., e.g., [6L20]). Let Y, p,o, be the subspace of T, H!([0, 1], SE(3))
where dp(0) = 0 and dp(l) = 0 holds in the sense of traces. Then solutions to
the minimization problem solve the weak formulation

p € Hp,([0,1],SE(3)) : 0=T,jop forallépeY,pos,  (12)

where the prescribed Dirichlet values are incorporated into the configuration
space . Explicit computation of T,,j dp and integration by parts yields the
well-known strong equilibrium equations of forces and moments

n =0, on [0,1], (13)
m'+7' xn=0, on [0,1]. (14)

We now assume that the rod is clamped only at the far end s = [, but free
to move at s = 0. We introduce the rod Neumann boundary ~ := {0} C 9[0, ],
and the modified configuration and test function spaces

Hp, 1 ([0,1),SE(3)) == {p € H'([0,1],SE(3)) | p() = pp.1} (15)
Yp.p1 = {T,H'((0,1],SE(3)) | dp(1) = 0}. (16)

We assume that external loads act on the rod boundary +, given by the linear
functional

BT, SE@B) :  (0r,6R) > b*(5r) + B (6R).

Subtracting this functional from the weak formulation 7 we obtain the new
problem

p € Hp,([0,1,SE(3)) : 0="T,jdp— B(dply) for all 6p € Y, p .

The following result shows that the additional term can really be interpreted as
a Neumann boundary condition at s = 0.

Theorem 2.2. Let p € H}ll([o,l}7 SE(3)) be a rod configuration such that

0="T,jdp— B(opl,) (17)

for all admissible variations §p = (dr,0R) € Yy p,, and let p be twice differ-
entiable. Then p solves the spatial Fuler—Lagrange equations and .
Moreover, it fulfills the boundary conditions

—n*|, =b" (18)
—m*|, = ®,*B". (19)



Remark 2.1. Using test functions, and can be written equivalently
as

—n|, - 0r = b*(dr)
—m|, - dw = B*(0R)
for all 6r € T,R? and §R € TrSO(3), and with dw = ®rIR = (RR™1)«.
Proof. Writing out T,jép in we obtain
v v
0= /[07” 887‘?// . (gr&“ + 88R5R> + 687‘3/ . (g;dr + g;b(SR) ds
—b*(or|y) — B*(6Rl,). (20)

We then compute the partial derivatives of v(s) = R71(s)r'(s) and u(s) =
(R(s)"R/(s))«. For the derivatives with respect to r we obtain immediately

o, . ., ou
Eér =R r and 557“ =0.
Next, we use the formula (9(R™1)/OR)6R = —R™'0RR~! to compute
v _ -1 —1y,./
SR = —RMGRR ).

Finally, using that
OR™'R

_ _p-1 —1ps -1 /
By dR=—-R SRR R + R 6R

=R Y~6RR'RR '+ 6RRY)R=R (SRR YR,

we obtain

ou_ . ORR).., 6 (OR'R
st =~ ar R={"3g IR

= (RY(6RR™YWR)x = R (SRR™Y).,.
Inserting these results into yield

oz/ n- (R-16r") ds — b" (571,
[0,]]

+ / ~RYORR™Y))+m- R 6RR™Y), ds — B*(6R|,).
[0,1]
Let us now define dw := ®r6R = (§RR™ '), noting that m*(dw) = B*(JR).

Performing integration by parts and and setting (n,m) = (Rn, Rm) as in
we obtain

0= [ (B0 brds-+ [~ (Rlynl) 51, G,
(0,1]
+/ —(Bm)' - 6w — (Rm) - §w x ' ds + [~ (R|yml|,) - dw|, — B*(§R|,)]
[0,0]
= / —n'-drds — [n|V Or|y + b*(57“|7)}
[0,]

+/ —m’-dw — (' x m) - Swds — [m|7 Sow|y + @g*B*(éw\v)]
[0,1]



There is no boundary term at s = [ by construction of the test functions.
Since the equation must hold for all test functions dr and §R, the equilibrium

equations (13) and (14) follow from the integral terms. Likewise, the boundary
conditions ([18) and (19) follow from the non-integral terms. O

Remark 2.2. The minus signs in and originate from the integration
by parts performed in the proof, and reflect the fact that we apply Neumann
conditions at the left end of the rod parameter domain. Indeed, if we use v, to
denote the unit outer normal of the rod parameter domain [0,1] we get v,(0) =
—1 and v,(I) = 1. A more general way to write conditions and would
hence be

n*|,vl, =b*

m*|,v|, = ®,"B*,

which involves the outer normal boundary stresses of the rod on the left. For a
simpler notation, though, we stick with the form used in Theorem for the
rest of the paper.

3 Elastic Continua

We now describe our model of the elastic continuum. Let E? be a three-
dimensional Euclidean space, which we will use as the parameter space. A
body is an open connected subset B C 2, and a configuration of B is a map-
ping ¢ : B — R? such that ¢(B) is open and connected, and ¢ has an inverse
¢! : ¢(B) — B. We single out one configuration ¢ : B — R3 and call it
the reference configuration. In principle it is possible to use any configura-
tion as the reference configuration. For simplicity we assume only that ¢ is a
C*°-diffeomorphism.

We assume the boundary 0B to be Lipschitz continuous and to consist of two
disjoint parts dpB and dxB such that 0B = 0pB U OyB. The unit boundary
normals of the domain B are denoted by v. Our space of admissible configura-
tions is H!(B), the usual first-order Sobolev space of three-valued functions on B,
constraint to fulfill Dirichlet conditions if present. We consider hyperelastic con-
tinua, i.e., we assume the existence of a stored energy function W : BxR3*3 = R
such that equilibrium configurations of the continuum are stationary points of
the functional

p6)= [ [Weve)-vi@]av- [ vi@ar e

B
The volume loads Vy and surface loads V, are assumed to be dead loads, i.e.,

there are functions f : B — R? and g : 9vB — R3 such that Vi(¢) = f - ¢ and
Vo(@)=g- .

In this article we focus only on minimizers of E. To guarantee the existence
of such minimizers, we make the following assumption.

Assumption 3.1. The energy functional E is weakly lower semi-continuous
and coercive in the semi-normed space (H'(B), ||V - ||L,8))-

10



Since W depends on ¢ through V¢ only, we cannot expect more than co-
ercivity in the above semi-normed space. The energy E will be coercive with
respect to the full norm || - || if OpB has non-zero two-dimensional measure.

Large classes of stored energy functionals satisfy Assumption [3.1] Partic-
ular examples are linearly elastic materials, and polyconvex materials such as
Mooney-Rivlin materials. In the case of linear elasticity E is a quadratic energy
functional. Convexity and coercivity of E follow from Korn’s inequality, and
weak lower semi-continuity is in turn a consequence of the convexity of E. In
the polyconvex case, showing weak lower semi-continuity of £ is more involved
and depends on several delicate assumptions on W. Details can be found, e.g.,
in [8, Chap. 7].

The minimization formulation of the continuum elasticity problem is con-
venient, because it makes only few regularity assumptions. We will use this
formulation later as the basis of our proof showing existence of solutions to
coupled rod—continuum systems. However, to properly interpret the resulting
dual coupling conditions, we need the weak and strong forms of the equilib-
rium equations as well. These can only be stated under additional smoothness
assumptions.

Consider an energy minimizer ¢, of E and assume that F is Gateaux-
differentiable at ¢, for all directions §¢p € C*(B). Then differentiation of
yields the corresponding Euler-Lagrange-equation

0= Ty, E(0¢)
:/ [P(x, V¢*)V5¢—f~5¢>} dV—/ g-0pdA (22)
B

B
for all test functions ¢ € C'(B) with a zero trace on dpB. Here, P is the first
Piola—Kirchhoff stress tensor [8, Chap. 4]

P(z) = P(z,Vé,) = ‘W.

To derive a strong form of the equilibrium conditions we have to inte-
grate by parts (which is, of course, only possible if ¢, is sufficiently smooth),
and obtain

—divP=f in B,
Pv=g on OnB,

in the reference domain.

4 Coupling Conditions

In this chapter we formulate coupling conditions for a model consisting of one
Cosserat rod and one continuum, where the rod is attached by one of its end-
points to a part of the boundary of the continuum, and the other end of the
rod is clamped (Figure . We discuss two different sets of coupling conditions,
which correspond to different choices of the interface space.

Let B C E? as in Section However, the boundary 0B is now supposed
to consist of two disjoint parts OyB and T, such that 0B = OyBUT. We

11
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Figure 2: Coupling between a three-dimensional continuum and a Cosserat rod.

assume that I has positive two-dimensional measure and contains a subset that
is diffeomorphic to a disc. Additionally, we assume that the trace mapping

()lr : H*(8) — HY*(T) (23)

is continuous and surjective. All these assumptions are fulfilled if " is a smoothly
bounded relatively open subset of B, and B is a C*!-domain (cf., e.g., 22|
Sec.1 §8]). Note that by the Sobolev embedding theorems we have the contin-
uous embedding H3(B) < C*(B), which will be needed later in view of (22).

The three-dimensional object represented by B will couple with the rod
across I', and we call " the coupling boundary. On 0By boundary forces may
act. For simplicity of presentation we do not consider Dirichlet boundary con-
ditions on any part of 9B, which would, however, be straightforward to incor-
porate.

Consider also a Cosserat rod defined on the parameter interval [0, 1], with
smooth reference configuration pg : [0,1] — SE(3). The boundary 9[0,] of the
parameter domain [0, /] consists of the two points {0} and {I}. We call v C 9]0, 1]
the coupling boundary of the rod. To be specific, we pick v = {0}. On the other
boundary s = [ we will impose Dirichlet boundary conditions. As in Section
we use the constraint manifold Hp, ,([0,1],SE(3)) defined in to incorporate
these Dirichlet conditions.

Our coupling conditions involve only the primal variables restricted to the
coupling boundaries I and ~. For the continuum model we have

¢lr € HYA(D),

and for the rod we have

ply = p(0) = (r(0), R(0)) € SE(3).

This is the position and orientation of the rod cross-section at the coupling
boundary.

To prepare for the existence results in Section 5] we will formulate the coupled
problems in a variational form. First, we will write the coupling conditions as

12



equations
c(@lr, ply) =0

with a constraint mapping
c: HY2(T)xSE3) =V

into a linear space V. The precise forms of ¢ and V will depend on the actual

coupling conditions (see Chapters and . Then we add and to
obtain the total energy minimization problem

wmin [E(@) + j(p)] (24)
restricted to those ¢ € H'(B) and p € Hp, ,([0,1], SE(3)) with
c(¢lr, ply) = 0. (25)

The coupled problem thus assumes the form of a single constrained minimization
problem, and can be treated using the calculus of variations.

In the rest of this chapter we will now discuss two alternative coupling con-
ditions. In Section [5| we will show existence of minimizers (¢, p.) to the con-
strained problem (24) + for both of them. Then we will derive existence
of Lagrange multipliers A € V* at a minimizer (¢., p.) such that the first or-
der optimality conditions are fulfilled. Finally, we will interpret this system of
equations as equilibrium conditions, where the Lagrange multipliers yield the
constraint forces.

4.1 Rigid coupling

For the first set of coupling conditions we assume that under load, the pair of
coupling boundaries ¢|r and p|, moves rigidly from their reference configura-
tions ¢o|r and pgly. That means there is a rigid body motion R € SE(3) such
that both

R(¢olr) = ¢|r (26)
and
R(poly) = pl- (27)

Here, (26]) is to be understood as an action of R on the points ¢|r(z) for almost
all x € T'. Since both R and py|, are elements of SE(3) we have R(po|y) =
R-poly, i-e., group multiplication in SE(3). Hence we can use the group structure
of SE(3) to get
R = ply - (poly) ™
Inserting this into yields
ply - (Poly) ™ (¢olr) = @l

Introduce r,79 € R® and R, Ry € SO(3) such that p|, = (r,R) and po|, =
(ro, Ro). The multiplication rule in SE(3) gives

ply - (poly) ' =(r,R) - (—Ry'ro,Ry") = (—RRy'ro + 1, RRy").  (28)
Hence we obtain the coupling condition

(=RRgy'ro + 7, RRy ") (o|r) = lr
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or, equivalently,
RRy (¢olr) — RRy'ro +7 = lr. (29)

Note that this is an equation in the function space H/2(I'), i.e., it holds point-
wise almost everywhere on I'.

We now write this condition in the variational form of the previous section.
For this we set V = H'/?(T") and define the constraint function

e : HY2(I') x SE(3) — HY*(D)
(@Ir, ply) = (@l — r) = RRy (ol — ro).

It is evident that ¢ (@|r, p|y) = 0 if and only if holds.
The following two lemmas state a few technical properties of ¢;.

(30)

Lemma 4.1. The subset of H'(B) x H}, ([0,1],SE(3)) defined by c,(¢|r, pl,) =
0 us weakly closed.

Proof. Consider a weakly converging sequence (¢, pr) — (¢, p«) such that
¢ (@klr, prly) = 0 for all & € N. Since the trace operators are linear and
continuous in the spaces that we have chosen, the sequence (vg, (rx, Ri)) =
(¢k|r, prly) is weakly converging as well, with limit (vy, (74, Rs)) = (@«|r; Pil~)-
We have to show that ¢, (vs, (74, Ri)) = 0. Since SE(3) is finite dimensional we
conclude that (rg, Rg) — (r«, Ri) strongly. It follows that

(i + RiRy H(olr — 10)) = (rv + RuRy (ol — 7o)

in H'/?(T). Hence in the equation

0 = ¢x(vk, (ri, Ri)) = (ve — 1% — R Ry (ol — 10)),

the right hand side converges weakly to

(v — 74 = RuRy H(olr — 70)) = (s, (7, R)).
Thus ¢;(vs, (7s, Rs)) = 0. O

Lemma 4.2. The derivative T of ¢, at (@|r, ply) = (@|r, (r, R)) is a surjective
mapping
Tilepl,) €+ HY3(T) x Ty SE(3) - HYA(T)

and is given by
Tplr.pl) cr(0®|r, (07, 0R)) = (3¢|r — 0r) — SRRy (¢holr — 70)-

Proof. The formula for the derivative follows from the linearity of ¢, in ¢, r, and
R. Setting (0r,6R) = (0,0) we immediately obtain surjectivity of T(g|. p|,) Crs
since

T(g)r.pl) e (0T, (0,0)) = deblr.
0

Note that in Lemma we have used the canonical identifications of the
linear space H'/?(T) with its tangent spaces.
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Remark 4.1. Clearly, Ty p|.) ¢r remains surjective if we replace the domain
and codomain space Hl/Q(F) by any subspace.

Finally, we show a density result, which will be needed in Section [6} Let us
define the subspace

Ky = {(66,0p) € H(B) X Yy.0.1 | Tigir,pi) (00l 0pl,) = 0}, (31)
Proposition 4.1. The intersection
K}, , NH?(B) x H*([0,1],R? x R**?)
is dense in K‘g)p.

Proof. We will show that any given (6¢,0p) € K¢ , can be approximated by
an element of K%  NH?(B) x H?([0,1],R? x R**?). By the well known density
result in Sobolev spaces §p can be approximated by C*° functions, and thus also
by a H? function p; we may choose p such that p|, = dpl|,. Since dp|, acts as an
affine mapping on I, (0|1, dpl,) € ker T(g|,. p|,) ¢r implies that @|r is an affine
mapping as well, and thus in particular an element of H?/ 2(T"). By surjectivity
of the trace operator we find an extension ¢r € H3(B) of d¢|r such that
¢r|r = d¢|r. By density in Sobolev spaces, we may now approximate d¢ — ¢r
(which satisfies (§¢ — ¢7)|r = 0) by some ¢4 € H3(B), such that ¢4|r = 0.
Then ¢r + ¢pa € H?(B) satisfies (¢ + ¢pa)|r = d¢|r and approximates ¢ in
H'(B). Hence, the pair (¢1 + ¢4, p) is in Ky , NH3(B) x H2([0,1], R? x R3*3),
and approximates (d¢, 0p). O

4.2 Averaged Coupling

Our second coupling condition is formulated in se(3), the Lie algebra of the
rod configuration space restricted to . The main idea here is to drop the
condition that ¢|r is transformed by a rigid body motion. Instead, for
any ¢|r we seek a rigid body motion R that minimizes the least squares error
between ¢|r and R(¢o|r). Thus, is replaced by

1 2
R € argmin —||¢|r — Q(do|r , 32
QESE(3) 2” | (% )HLZ(F) (3

which, together with yields our second set of coupling conditions.

An alternative formulation gets rid of the minimization problem. Note that
instead of writing the orientation condition on s0(3), we choose a formulation
in R3 using axial vectors. This allows an easier interpretation.

Proposition 4.2. Assume that (¢|r, p|) are such that and hold, and
write ply as (r, R). Then we also have the coupling conditions

0= / (Slr — r) — RRy (ol — o) dA (33)
T

0= /(¢|F — 1) x RRy (¢ho|r — o) dA. (34)
r
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Proof. In the following we will frequently use the function
YT =R y(x) = Ry (¢olr(x) — o) (35)

to shorten the notation. Let R be a minimizer of . Then it satisfies the
first order optimality conditions

0= (@|r — R(¢holr), *5R(¢0|F)>L2(F) VR € TrSE(3). (36)
Using the coupling condition , which implies , we compute

R(golr) = r + RRy *(¢olr —r0) =71+ Ry
SR(o|r) = dr + SRRy (¢po|r — 70) = 67 + SR,

(with (dr,0R) € T, SE(3)). Inserting this into we obtain
0= (¢l — 7~ R, —0r = 6RY); ., Vor € R®, 6R € TrSO(3).

Hence, setting 6 R = 0 yields
0= <¢|F -7 — Rz/),51">L2(F) = /(¢|p —r— Ry)dA-6r Vér € R3,
r

which implies .

If we set 0r = 0 instead, we obtain
0=(lr —r— Ry,6RY), ., VIR € TRSO(3). (37)

Using the spatial representation (2|) we may write R = UR for some U € s0(3),
which implies
0=(plr —r, URY)p,r) YU € 50(3),

because in we have
(R, 0RY) = (R, URY) =0

by skew-symmetry of U. Defining u := Uy we can continue
0= (@l —roux R = [ (@l 1) (u x Re)dA
r
:/u~(R1/)>< (¢>|p—r))dA:/Rw>< (plr —r)dA-u  for all u € R?,
r r

where we have used . This implies . O

Following our variational program we rewrite and as a constraint
function. This time, the function is defined as

ca : HY3(') x SE(3) — R® x R®
/(Cb\r — 1) — RRy  (gho|r — 1) dA

Ca(qh‘l"ap"y) = 1
F(¢\F — 1) X RRy " (¢po|r — 10) dA

We prove the same properties for ¢, as for c;.
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Lemma 4.3. The subset of H'(B) x H}, ,([0,1], SE(3)) defined by ca(¢|r, ply) =
0 1s weakly closed.

Proof. As in the proof of Lemmal4.1]for rigid coupling, this follows from linearity
of ¢, with respect to ¢, and continuity of ¢, with respect to variables (r, R) in
the finite dimensional space SE(3). O

Lemma 4.4. The derivative of ¢, is a surjective mapping
T(¢|I‘7PH) Cq Hl/Q(F) X TP|«/SE(3) — Rd X RB,

and is given by

/ (6BIr — o7) — SRR (¢olr — 1) dA
T
T(¢\F,P|n,) Ca(6¢|p, ((5’/‘, (5R)) = A(5¢|F — (57“) X RRSl((ZSo‘F — ’I“o) dA . (39)

+ / ($lr — 1) x 6RRy Lol — 7o) dA
N

Proof. Equation follows from the product rule for the cross product. To
prove surjectivity of T(g|p. p|.) Ca, let (w1, w2) € R3 x R3. We will show that

=0 Voo|r,6r,0R  (40)

R3 xR3

<T(¢|F7P|w) ca(0@|r, (01, 0R)), (w1, w2)>

implies (wy,wsz) = (0,0).
Set 0r =0, )R =0 in to obtain

/F Slr(x) - wr + (6Bl (x) x R(x)) - wn dA = 0,

where we use again the function 1 defined in . By , this is the same as
/ dplr(z) - (w1 —we x RyY(x))dA = 0.
r

Since this holds for all d¢|r € HY/?(T) it follows that
w) —wy X RY(z) =0 VaeTl. (41)

Since ¢y is a diffeomorphism, so is Ry = RRy'(polr — 7o), the range I =
R)(T") of which thus contains a subset that is diffeomorphic to a disc by our
assumptions on I'. Hence, we can find three points p1, ps, p3 in I which are not
collinear. Then yields wo X p1 = wg X pa = wy X p3 = wi, and hence
wa X (p1 — p2) = wa X (p1 — p3) = 0. It follows that any nonzero wy would be
parallel to both p; — ps and p; — p3. But since these are linearly independent,
we conclude wo = 0 and thus also wy; = 0. O

Remark 4.2. As one can see from the proof, the same surjectivity result holds,
if in the domain of T( g, p|,)Ca the space Hl/Q(F) 1s replaced by another space
that contains C>°(T).

Finally, we need a density result, which will be a consequence of the following
general lemma.
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Lemma 4.5. Let X and X be two Banach spaces, such that X s densely and
continuously embedded into X. Let Y be a Banach space and A : X — Y
continuous and surjective. Assume that the restriction A:X =Y of Ais also
surjective. Then ker A is dense in ker A.

Proof. Let z € ker A be given. We will construct a sequence in ker A that
approximates z in X. To this end, consider a sequence zj in X with z;, — z
in X. By continuity of A it follows that y; := Az = Az, — Az =0in Y.
Hence, since A is surjective, and thus an open mapping, there is a sequence
v — 0 in X, such that Y = Avy,. Consequently, wy 1= zp — v € ker A. Since
|z —wi|x < ||z —zkllx + [|vellx < ||lo — 2kl|x + cl|ve]| ¢ — 0, we have shown
existence of a sequence wy, in ker A that converges to z in X. This gives our
assertion. O

In analogy to the last section let us now define the subspace

K3, = {(6¢,0p) € H'(B) X Y, p1 | Tig|rpl,) Ca(00|r,6ply) = 0} (42)
Then Remark and Lemma imply the following:

Corollary 4.1. The intersection
K¢, NH?(B) x H*([0,1], R x R>*?)
is dense in Kg .

Proof. Defining A as the composition of T(g|.. p|.) Ca and the trace operators |p
and |, (ie. A(d,6p) == T(grpl,) CaldPIr,0p|)), it is easy to see that A is
continuous, linear, and surjective due to Lemma and the surjectivity and
continuity of the trace operators. Moreover, by definition Kj , = ker A. If

we define A as the restriction of A to H?(B) x H?([0,1],R? x R**?), we can

conclude continuity and surjectivity of A as well, taking into account and
Remark Hence, Lemma applies and yields the desired result. O

4.3 Further coupling conditions

The heterogeneous structure of our coupling problem, involving rotation degrees
of freedom on only one side, lends itself to propose even more coupling conditions
than the two discussed in the previous section. In this sense our setting differs
from the linear one treated in [4], where two different conditions very similar
to ours appeared as canonical. We will here briefly discuss two more coupling
conditions.

The first author proposed the following conditions in [19]. First, with p|, =
(r, R) we require that the centerline at the coupling boundary + be at the center
of mass of the continuum coupling boundary

1
— / ¢(x)dA =r. (43)
Tl Jr

We then define an average orientation of the continuum configuration at I'.

Using the deformation gradient V¢(x) we first define the average deformation
of the interface boundary I' as

1
Frld) = a7 /F V() dA. (44)
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For sufficiently well-behaved ¢ the matrix Fr(¢) can then be split up uniquely
into a rotation and a stretching, using the polar decomposition. Let polar(Fr(¢))
be the rotation part of the polar decomposition of Fr(¢). We call polar(Fr(¢))
the average orientation of I' induced by ¢.

The average orientation can now be set in relation to R, the orientation of
the cross-section at the rod coupling boundary ~. We postulate the condition

polar(Fr(¢))Ro = R, (45)

where Ry € SO(3) is the rotational part of pg|,. The condition is constructed
such that it is fulfilled in particular by the reference configurations ¢q, pg, pro-
vided that ¢ = Id.

Equation is an equation in the three-dimensional space SO(3). Together
with we get six independent conditions for the six primal rod variables.
Existence of solutions for these conditions was shown in [I8] using a fixed-point
argument, but only under very restrictive symmetry assumptions.

The coupling conditions and appear to be related to the notion
of averaged coupling introduced in Chapter E Indeed, (33 reduces to
under the assumption that ro = || Jr ®o dA. Forrnally, Equatlon is close
to however the precise relationship between and (| is unclear We
suspect not to be a special case of .

The conditions and are dissatisfactory for several reasons. First of
all they are challenging to handle analytically, because of the implicit definition
of the polar decomposition. Secondly, they implicitly require additional regu-
larity assumptions. Indeed, we take the continuum displacement field ¢ to be
in H!(Q). The usual Sobolev trace theorems then give us a trace of only the
normal component of V¢ only in H='/2(I") [2I, Thm. 1.2]. However, for the
integral in to make sense we would need the complete trace to exist and to
be in L;. This is a severe functional analytic obstacle for a rigorous treatment
of such kinds of conditions. Finally, the averaging only leads to a regular
matrix if ¢ is sufficiently well-defined. This may not be the case in finite-strain
mechanics.

This last problem is much less severe if the averaging is done in SO(3) instead
of R3*3. This leads to a set of conditions that are much more elegant, and
provide well-defined averages on a much larger set of configurations. Averaging
in SO(3) is possible using the Riemannian center of mass. One obtains the
following definition for an average orientation of I' under ¢

Or(¢) := argmin 1 / dist(polar(Ve(z)), Q)% dA,
Qeso3) 2 Jr
where dist(-,-) is the Riemannian distance in SO(3). Well-posedness of the
minimization problem is given in a large and fairly well-defined set of configu-
rations [I3]. With this definition we can state a new coupling condition for the
orientation
Or(¢)Ro = R,

which is identical to except for the definition of average orientation.

It is even possible to include the translational coupling condition and
obtain a single condition

(r,RRy') = argmin /dlbt x),polar(Ve)), (q Q))ZdA,
(q,Q)€eSE( 3)
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where we have used that || ™" Jr ®dA = argmin,ps [1]lg — o(z)||* dA.

The approach based on the Riemannian center of mass is much more concise
and mathematically elegant than the one based on . However, it suffers
from the same regularity problems. Also, the definition of the average as a
minimizer in a nonlinear space makes the definition even more difficult to grasp
analytically. We will not treat those conditions any further in this article.

5 Existence of energy minimizers for the cou-
pled problem

This chapter is devoted to showing the existence of energy minimizers for the
minimization problem with . These minimizers are solutions of the
coupled problem.

To proceed, we denote by R := R U {+00} the set of extended real values,
and recall the well-known definition of the indicator functional tg : X — R of a

set S C X
s () = 0 =zeb,
S N x ¢S

Finally we define the feasible set

F = {(¢,p) € H'(B) x Hp,([0,1],SE(3)) | ¢(¢Ir, pl,) = 0},
where c is a placeholder for either ¢, or ¢, (38).

Lemma 5.1. Any bounded sequence in H'(B) x Hp, ,([0,1],SE(3)) has a weakly
converging subsequence with limit in H'(B) x Hp ([0,1],SE(3)). The functional
v HY(B) x Hp, ([0,1],SE(3)) — R is weakly lower semi-continuous.

Proof. Since H'(B) is a Hilbert space, and hence reflexive, any bounded se-
quence in H!'(B) has a weakly converging subsequence. In contrast (see Sec-
tion , H}DJ([O,Z],SE(?))) is an infinite dimensional nonlinear manifold, em-
bedded in the Sobolev space H*([0,1],R? x R3*3). Thus, a bounded sequence
pr € H'([0,1],SE(3)) has, first of all, a weakly converging subsequence with
limit p, only in H([0,1],R? x R3*3). We have to show that this limit is in
Hp ,([0,1],SE(3)). By the compactness result of Rellich, weak convergence in
HL([0,1],R? x R®*3) implies strong convergence py, — p. in C([0,1], R3 x R3*3).
Since SE(3) is closed in R? x R3*3 we thus obtain p,(s) € SE(3) for all s € [0,1].
This shows our first assertion.

For our second assertion consider a weakly converging subsequence (¢, pr.) —
(¢+, p.) in HY(B) x Hp, ,([0,1],SE(3)). By continuity and linearity of the trace
operators (-)|r and (-)| this implies also (¢g|r, pxly) = (¢«|r, p«|y). Thus, due
to the weak closedness results of Lemma 1] and Lemma [£3] we obtain that F
is weakly closed. Hence, as the indicator functional of a weakly closed set, tp is
weakly lower semi-continuous. O

Lemma 5.2. For ¢ € H*(B) define the componentwise average on T’ by

A / Slr dA. (46)
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Then the Poincaré-type inequality

1@, ) < IVPlLo) + nlédr] (47)
holds for some n > 0.

Proof. Interpret as a vector-valued linear functional on H!(B). This func-
tional does not vanish on the constant functions. Then [I1I, Lem.B.63] as-

serts . O

We use the previous definitions to write the constrained minimization prob-
lem as a nonsmooth unconstrained problem for the energy

g :HY(B) x Hp,([0,1],SE(3)) = R,

This allows to state the main result of this section.

(48)

Theorem 5.1. The energy functional € has a global minimizer in H'(B) x
Hp,([0,1], SE(3)).

Proof. As a sum of weakly lower semi-continuous functionals, £ is weakly lower
semi-continuous as well.

Let us now show coercivity of £. By Lemma we know that j is coercive
in H}ll([O, 1], SE(3)). Here, the Dirichlet boundary condition at s = [ is crucial.
By the Sobolev embedding (8]) we also get coercivity of j in C([0,!],SE(3)) and
thus, in particular, p|, — oo implies j — oo.

Further, by Assumption 3.1} E' is coercive in the semi-norm ||V - ||y, (5). By
the Poincaré inequality we have

Bl 5) < n(IVPllLzs) + ) < n(E(d) + [¢r).

Hence, it remains to prove that |¢p| — oo implies & — oo. Here we have to
exploit the coupling conditions. Both conditions imply (see and ) that

(writing p|y = (r, R))
0= /(¢|F —7) — RRy (¢po|r —70) dA = |T|(p — 1) +/ RR; (po|r — 7o) dA,
r r

where the last integral is bounded independently of R, because R € SO(3).
Hence, |¢p| — oo implies |r| — oo, and thus in turn j — oo. This shows
coercivity of £.

Consider a minimizing sequence (¢, pi). By coercivity we conclude that ¢y,
is bounded in the Hilbert space H'(B), and py, is bounded in Hp, ,([0,1], SE(3)).
Hence, by Lemma [5.1] we obtain a weakly converging subsequence with limit
(¢«, p«). Since (¢g, pr) is a minimizing sequence, we know that £(¢y, pr) —
inf £. Since £ is weakly lower semi-continuous (Lemma we can conclude
that

inf & < E(ps, px) < klirgo€(¢k,pk) =inf &,

and hence E(¢y, px) =inf €. Thus, (¢, p«) is a minimizer of &. O
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Theorem asserts the existence of a global minimizer. Since the energy
functional usually is not convex, as for example in the case of nonlinear elasticity,
this minimizer may be non-unique, which also reflects physical reality. The best
one can hope for is local uniqueness, for which certain second order sufficient
optimality conditions would have to be imposed.

Remark 5.1. We may easily extend our analysis to an arbitrary number of
finitely many continua, rods, and couplings. Then our combined functional is a
sum

ne n; Ne
E=> Eid:)+ Y irlor)+ D un (i) Pry)-
i=1 k=1 1=1
In this more general setting, £ is coercive if and only if there is a Dirichlet
boundary condition for each connected component of the model.

6 First order optimality conditions and weak
formulations

In this section we rigorously derive the first order necessary conditions for en-
ergy minimizers of our coupled problem. Existence of such minimizers has been
shown in the previous section. Let in the following (¢., p«) be a local mini-
mizer of £, as defined in , equipped with either rigid or averaged coupling
conditions.

In Section [5] we have not used any assumptions on the smoothness of j and
E at a minimizer. To derive the first-order optimality conditions we require
differentiability of these functionals there.

Assumption 6.1. The continuum energy E is Fréchet differentiable at ¢,
with respect to perturbations in C*(B), with derivative Ty, E € H*(B)*. The
rod energy j is Fréchet differentiable at p. in Cp,,((0,1],SE(3)) with derivative

Tp.j€Y, by (cf. )

By our use of C''-spaces we can include stored energy functionals with singu-
larities, used for example in nonlinear elasticity to exclude local self-penetration [9].

If j and E are both quadratic functionals of the strains, then these spaces can
be replaced by their H'-counterparts. In this case, the following proofs could
be simplified to some degree, but realistic stored energy functionals would be
excluded. Still, Assumption [6.1] can usually not be verified a-priori for realistic
stored energy functionals (cf. [2]), but only under the assumption that det V.,
is bounded away from zero on B.

In the following results, ¢ will mean either the rigid-coupling function ¢, (30)
or the averaged-coupling function ¢, (38).

Lemma 6.1. Let (¢, pi) be a minimizer of £ and
(6,6p) € H'(B) x Yy, D1

such that
T |11 C(6@|r, 3p|4) = 0.
Suppose that Assumption holds. Then

Ty Eb¢p+T,.jop=0. (49)
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Proof. Since we can interpret p, as the solution of a Dirichlet problem with p, (1)

and p.(0) given, we can conclude by Theorem [2.1|that p. € C?([0,1],SE(3)).
Consider a C"-neighborhood U of (¢, p.) in H'(B) x C}, ([0, 1], SE(3)), and

a local chart 6 of U into C*(B) x (Y, p,NC* ([0, 1], R? x R3*3)). Assume w.l.o.g.

that 6(¢«, px) = (0,0).
In order to stay in a Hilbert space context we consider small local perturba-
tions

(¢0,po) € H*(B) x (Y, py N H*([0,1],R? x R**?))
— CY(B) x (Y,, p.NC([0,],R? x R3*3)

and their corresponding preimages

(¢, p) 1= 0" (o, po) € H'(B) x Hp, ,([0,1],SE(3)),

which lie in our C*-neighborhood U. Then we obtain the local representations

(E+ j)e(do, po) == E(9) + j(p),
co(Po, po) = c(P|r, plvy)-

Thus, ¢y is defined as the local representation of the composition of ¢ and the
trace mappings. We conclude that c(0,0) = ¢(¢«|r, p«|y) = 0, and that (0, 0)
is a local minimizer of the problem

min(E + 7)o(¢o, po)  on H(B) x (Vp..p N H([0, 1), R? x RY)),

subject to
co(o, po) = 0.

Unlike the original problem the coordinate formulation is now posed in a
linear space. By Lemmas and we know that cg is differentiable, and
(E + j)p is differentiable by Assumption Let us denote their derivatives by
(E + j)p and ¢}, respectively. To derive the equality we will show that

(E +5)5(0,0)(¢o, po) < 0, (50)

for all (¢g, po) € kerc)(0,0). To achieve this, we first construct a local dif-
feomorphism ¥ between ker ¢j(0,0) and the set ¢ = 0 near (0,0). We will
use the surjective implicit function theorem [23, Thm.4.H]. For this, we need
surjectivity of ¢}(0,0). In the case of rigid coupling,

ch= (o) = H(B) x (Yp, pg N H?([0,1],R® x R?*®)) — HY/*(T")
is surjective directly due to assumption (23)), while the surjectivity of
cp=(ca)y : H*(B) x (Yp, pu N H?([0,1],R? x R¥?)) — (R x R**?)*

in the case of averaged coupling is due to Lemma and . Taking into
account that the domain of ¢j is a Hilbert space (and thus its kernel has a
closed complement), we can apply the surjective implicit function theorem to
establish existence of a diffeomorphism ¥ between ker ¢}, (0, 0) and the set cg = 0
near (0,0) in H3(B) x (Y,, p,NH?([0,1], R x R3*3)). This diffeomorphism can
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be chosen in a way such that ¥’(0,0) is the identity. By differentiability of
(E+j)¢ and ¥, and the minimizing property of (0,0) we conclude that

0> lim (B +j)0(\1f(t¢>o,tp:)) — (E + )6(0,0)

which is .

The converse inequality can then be shown by inserting (—¢g, —pg). Since
our result is invariant under changes of charts, we may switch to tangent vectors
and tangent spaces by taking equivalence classes and obtain

= (E 4 4)5(0,0) (0, po),

Ty ES¢ +T,.jop=0 (51)

for all
(56, p) € B3 (B) x (Y. pa 1 H3([0, 1), RS x R¥))
such that (5¢|p,5p| ) € K¢, p., where Ky, is either Kj . )or K3, [@2).

Equation is the desired assertion (49), but for a smaller set of test
functions. To show we have to extend (51)) from the dense subspace H3(B) x

(Yp.. 00N HQ([O,Z]JR‘3 x R3%3)) of HY(B) X Y,, p, to the whole space. For this
we need that the intersection of Ky, ,. and the smoother space is dense in
K., .p.. This has been shown in Proposition Fi;fl for the rigid coupling and in
Corollary for the averaged coupling.

By Assumption Ty, E and T, j are continuous on H*(B) x Y, p,, and
T(¢. p.)(E+j) is continuous on this space, too. By these density and continuity
assumptions, we can perform the desired extension by a simple approximation
argument and passing to the limit. O

We can now derive the first-order optimality conditions.

Theorem 6.1. Set V as in Chapter ie., V.= HY2(T) if ¢ = ¢, (rigid
coupling), and V = R3 x R3 if ¢ = ¢, (averaged coupling). Suppose that As-
sumption holds.

There exists a Lagrange multiplier A € V* such that the equation

T6.E6¢+Tp.j0p — A (4. |r.p.1,)c (60|, dply) =0 (52)
is satisfied for all (6¢p,0p) € H*(B) x Y, p-
Proof. Define K¢, ,. by either or (42)), and consider the functional
F(0¢,0p) =Ty, Eop+T,, jop+ LKy, p. (0, 5p).

We apply the rules of subdifferential calculus [0, Sec.L.5] to this functional.
Recall that the subdifferential of a functional f : X — R at a point z¢g € X is
defined by

Of (xo) :=={l € X* [ U(xz —xo) < f(z) — f(zg) Vze X}
By we have F' =0 on Ky, ,, and +oo otherwise. Hence,

0 € OF(0,0) = )Ty E + Tp.j + tx,. . )(0,0).
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Since Ty, E and T, j are linear and continuous in H'(B) x Y, p, application
of the sum-rule of subdifferential calculus [I0, Prop.1.5.6] provides the existence
of an £ € duk,_, (0,0) such that

0=Ty.E+T, j+1. (53)

It is easy to see that the subdifferential of an indicator function of a closed linear
subspace can be characterized as its annihilator, i.e.,

Ok, ,. (0,00 =Ky , ={teH' (B)* xY; p,|l(z)=0Vz € Ky, p.}.

Let us define the linear operator A as the composition of T(4, , ¢ and the
trace operators, via A(d¢, 6p) := T4, ,.)c(d@|r, 0p|y), which is continuous and
surjective as a composition of continuous and surjective operators. By definition
ker A = Ky, .. Application of the closed range theorem [5, Thm. 2.19] yields

K$*7p* = (kerA)L =ran (A),

for the adjoint A* of A. Hence, since ¢ € Kj;*’p* = ran (A*), there exists a
A € V* such that
=—-A"X

(the minus sign is chosen deliberately), which means that
U(3¢,6p) = —XT(g. p.)c(0¢|r,0ply) V(66 6p) € H'(B) X Y, p.
Inserting this into proves our assertion. O

Equation is the first-order optimality condition for our coupled problem,
both with rigid and averaged coupling conditions. Splitting of into the com-
ponents corresponding to elastic body and rod yields the following alternative
representation

Ty, E6¢ — AT (g, |1,p.1.)c(00|r, 0) = 0 Vo € H(B) (54a)
Tp*jép — )‘T(¢*\F7P*|~,)C(O’ §p|fy) =0 Vdp € Yp*,D,l (54b>
c(@slr, pily) = 0.

We have chosen the negative sign in front of A in order to make \ easier to
interpret as a boundary force in the following section.

7 Coupling conditions for the dual variables

Theorem allows to derive coupling conditions for the dual variables. These
conditions can be interpreted in terms of forces and moments. Unlike in the
previous chapters we treat rigid and averaged coupling separately again.

7.1 Rigid coupling

In the case of rigid coupling, the codomain of ¢, is the infinite dimensional space
H'/2(T"). Thus, we will obtain boundary stresses in H'/2(T)*.
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Proposition 7.1 (Dual conditions). Suppose that (¢« ps) satisfies the first
order optimality conditions (52|) with ¢ = ¢, and is sufficiently smooth. Let
(r, R) = p«|y. Then the dual conditions

n|, = /FPl/(x) dA
m|, = /F(cj)*|p(x) —r) x Pv(z)dA

hold, and Pv =X onT'.

Proof. Inserting the definitions of Ty, E (Eq. (22)) and T(4, | p.|,) ¢ (given in
Lemma [£.2)) into (54a)) we obtain

/P(V(b*) V¢ — f-d¢padV
B
— / qg- (5¢|3NB dA — <)\, 6¢‘F>H1/2(I‘) =0 V(S¢ € Hl(B)
ONB
Formal integration by parts yields Neumann boundary conditions
Pv=XonT, and Pv =g on OnNB,
where \ is an element of H'/2(T")*. Thus, A can be interpreted as a boundary
force on T'.

We will assume in the following that X is an integrable function, which holds
if ¢, is sufficiently smooth. Plugging the definition of T4, . p.|, )¢ given in

Lemma [£.2] into (54D)) yields
T, jop— / - (=61 — SRR; (¢holr — o)) dA =0 Vop € Yoo 1,
r

with (67,0R) = dpl,. Writing AT(g.|1.p.
Theorem 2.2] with

yer = b*(6r) + B*(6R) we can use

v

b*(0r) = f/A«érdA and B*(6R) = 7/ A (SRRy (ol — o)) dA.
r r
In particular, from follows

w'l (6r) = b (or) = [

/\-5rdA:/)\dA~5r,
r r

ie.,

n|, = / AdA = / Pv(z)dA.
r r
For the moments m|, we obtain, using (30)

~B*(§R) = /F/\ - SRR; (¢holr — r0) dA = /F)\ C(6RR™VY (|- — 1) dA.
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We rewrite this expression in terms of dw := (JRR™!)y. Using we obtain
', 0w) = [ A BRR)(@ule — ) dd = [ A G (@]~ 1) dd
r r

:/6w-((¢*|p—r)xA)dA:/(¢*|p—r)></\dA-6w.
T T

Thus, we can identify

ml, = /F(qb*|p ) x AdA = /F(<z>*|F 1) x Pu(z) dA.
O

As mentioned, A € H'/2(T")* can be interpreted as a normal stress density
on the continuum coupling boundary I'. The equations in Proposition [7.1] then
signify equality of the total force and moment transmitted by the continuum
across I' and by the rod across the cross-section at ~.

7.2 Averaged coupling

In the case of average coupling, the codomain space of ¢, is R? x R3, so that
the dual variables correspond to a force vector and a moment vector. Before we
proceed, we prove the following technical lemma.

Lemma 7.1. Let u € R?, and v(z),w(z) € Lo(T) with [ v(z) x w(z)dx = 0.
Then

/Fw(x) X (uxv(z))dx = / v(z) X (u x w(x)) dz.

r

Proof. We can compute pointwise almost everywhere

wXx (uxv)—vX (uXxw)=wx (uxv)+(uxw)Xv

=—ux (vxXw),
where the last equality is the Jacobi identity. Integration over I' yields
/ w(z) x (uxv(z)) —v() X (uxwk))de=—ux </ v(x) x w(x) dz) =0,
r r

which was asserted. O

Proposition 7.2 (Dual conditions). Suppose that (¢., p.) satisfies the first
order optimality conditions (52)) with ¢ = ¢4, and is sufficiently smooth. Let
(r,R) = p«|y. Then the dual conditions

n|, = / PvdA (55)
r
m|, = /(¢*|1‘($) —r) x PrdA, (56)
r
hold at the contact boundary, where Pv is of the form

Pu(x) = A = X2 x RRy (¢l (x) — 7o) (57)
for some (A1, \2) € R3 x R3.
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Proof. Let us denote again for brevity
T — R3, Y(x) = Ry (polr(z) — 7o)
The first line of the dual coupling conditions is
Ty. E6p — AT (g, |1p.1,)C(60|0,0) =0 Vi € H'(B).
We write A = (A1, A\2) with A\; € R? and Ay € R3, and insert the definitions of

Ty.E (Eq. (22)) and T$.|r.pu|,)Ca (Eq. ([39)) to obtain

/B(P(Vcb*)rwcb—ﬂw)dv—/ g-6¢pdA

oNB

- {Al -/5¢dA+A2./5¢ N qudA} =0 Vé¢p € H(B).
r r
The second term in the brackets is
/\2-/(6(;5 X Rq/))dA:/&ﬁ- (R X Ag)dA = / =8¢ - (A2 X RY)dA,
r r r

where we have used and the anti-symmetry of the cross product. Together
with the first term in the brackets, integration by parts yields

Pr(z) = A1 — X2 X Ry(x)
for almost all x on I'.

The second line of the optimality conditions is
Tp.joP = AT 4. 11p.1,)Ca(0,0ply) =0 Vop €Y, pu.
Inserting the definition of T(4,|. p.|,)Ca from Lemma [£.4] we obtain
Tp,J0p — A1~ /(—5r —dRyY)dA
r
—/\2-/ [(—57“) X R+ (dp—7) xéRz/J] dA =0 Vop e Y, by,
r
where we have again set A = (A1, A\2). We write this as
Tp.jop — B(0r,0R) =0 Yép e Yy, pi,
with 8(dr,6R) = b*(dr) + B*(dR),

b*(&r):—)\1~/6rdA—)\2-/6erwdA
r r

and

B*((SR):—Al-/F§R¢dA+A2-/F(¢*Ir—r) X §Rip dA.
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Using Theorem we get with

n|7~5r:fb*(ér):Alo/rérdAJr)\T/F&eri/JdA

:Al'/érdAntér-/wa )\QdA:/cSr-()\l—)\g X Rip) dA.
r r r
For the orientation part, Theorem gives (using again dw := (SRR~ 1))
m|, - dw = —B*(dR) = —B*(6w™R)
:>\1~/(6w y Rz/J)dA—)\g-/(qb*|p—r) « (5w x Rip) dA.
r r

Consider the first term of the second line. We can use , the coupling condi-
tions and again to compute

/F)\l (0w x Ryp(x)) dA = /FRg/J(gc) (A x dw)dA

:/(¢)*|p—r)~()\1 X(Sw)dA:/(qb*\p—r) « Ay dA - dw.
I I

For the second term we use twice and Lemma which applies due to
to compute

Ag - /(¢*|r —7) x (0w x Ryp)dA = /((5111 X Rip(x)) - (A2 X (¢s|r — 7)) dA
. r
— /F(;w (RY(x) x (A2 X (¢s|r —1))) dA

_ /F<¢,*|F — ) x (s x Ry(x)) dA - 6w

Adding both terms yields finally
m*|, (dw) = /((ﬁ*\p —7) X (A1 — A2 X RY(z))dA - dw,
r

for all Jw € R3 and thus the desired result. O

In contrast to the case of rigid coupling, the possible constraint forces given
by form a vector space of only six dimensions, parametrized by the Lagrange
multipliers (A1, Az2).

To gain additional insight into these results, we consider the case that rq is
at the center of gravity of ¢o(T'). In this case A; and Ay decouple. The vector
A1 is then the average force density transmitted, and As is related to the average
moment density.

Proposition 7.3. Assume that ro is the center of gravity of ¢o(T")

/F (ol () — ro) dA = 0. (58)
Then
nl, :/)\1 dA (59)
I
m|, = / ($(x) = 1) X (—a x Ry (ebo() — 70)) dA. (60)
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Proof. Inserting into we obtain
n|, = / (M = A2 x RRy (¢ho|r(z) —10)) dA.
r

Taking into account (58)) we obtain because Ay x RR !'is independent of
x. Inserting into (56) we get

m}, = / (e () — 1) x (M1 — Ao X RRy (ole(z) — r0)) dA,
N
where, due to and
/F(¢*|p(x) —r)dA=0.

Hence, follows, since A; is independent of x. O

8 Outlook

In this article we have analyzed a coupled problem involving models of different
dimensions and orientation degrees of freedom from a constraint minimization
perspective. Under increasing regularity assumptions we arrived at a hierarchy
of results: from energy minimizers via weak formulations to balance equations.

Our work can be extended in several directions. First of all, as already noted,
it is straightforward to consider multiple rods and elastic continua, and multiple
couplings. Further, in many situations of interest, there are also Signorini-type
contact conditions present. In principle, our approach can be extended to this
case. One would then have to replace the differentiability assumption on the
energy functional of the elastic body by subdifferentiability. Dynamic coupling
problems can be analyzed by a semi-group approach, where discretization in
time leads to a sequence of stationary problems. Coupling of elastic continua
to two-dimensional Cosserat shells is another interesting topic.

Our approach may also prove beneficial for solution algorithms. In principle,
the problem together with can be treated directly with a constraint
minimization algorithm, resulting in a “monolithic” method for the coupled
problem. On the other hand, the availability of an energy formulation may help
to analyze Steklov—Poincaré-type algorithms, or provide viable globalization
strategies. This is a topic for future research.
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