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Molecular simulations of biomolecules often reveal a complex picture of the their kinetics,
whereas kinetic experiments typically seem to indicate considerably simpler two- or three-state
kinetics. Markov state models (MSM) provide a tool to link between simulation and experi-
ment, and to resolve this apparent contradiction.

1 Introduction

Molecular simulations of large biomolecules typically reveal a complex picture of the free-
energy surface with many kinetically relevant states1–3. Complementary to this, advanced
experimental techniques allow probing the equilibrium kinetics of biomolecules directly.
This can either be done by perturbation techniques, such as temperature or pressure jump,
or by equilibrium experiments in which the measured signal is autocorrelated to obtain
kinetic information, as e.g. in fluorescence correlation spectroscopy. These measurements
can be described by dynamical fingerprints, i.e. densities of relaxation timescales where
each peak corresponds to an exponential relaxation process. In many cases, single- or
double-peaked fingerprints are found, suggesting that a two- or three-state model may pro-
vide a satisfactory description of the biomolecule studied4, 5.

We sketch an approach combining Markov state models (MSM)6, 3 of the simulated
dynamics with dynamical fingerprints, which allows addressing the following questions:
(i) Is the largest relaxation timescales observed always due to the folding process? (ii) Can
a given experiment detect all relaxation processes that are present in the dynamics of the
molecule? (iii) Are the processes observed in perturbation experiments the same as those
observed in equilibrium experiments? We illustrate our findings using a four-state model
of a protein folding equilibrium.

2 Theory

In MSMs of conformational kinetics, the conformational space of the molecule is dis-
cretized into N states. The kinetics between the states is described by transition probabil-
ity tij of going from a state i to a state j within a time step τ , which are summarized in a
transition matrix T(τ). The entire information of the kinetics of the system is contained in
this matrix. In particular, each (left) eigenvector li of the transition matrix represents one
of the kinetic processes of the system. For a detailed review of the theory of MSM and
their application to the simulation of biomolecules see Ref. 6 and 3.

Kinetic experiments yield time series µ(t), either of the observed signal a directly (per-
turbation experiments), or of the autocorrelation of the signal (equilibrium experiments).
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Figure 1. Sketch of a protein folding equilibrium. The arrows represent possible transitions between confor-
mational states. Their thickness corresponds to the transition probability. The yellow stars represent possible
chromophore attachment points.

From physical principles, we expect that in both cases µ(t) is a noisy realization of a sum
of multiple exponential functions

µ(t) =

∫
t′
dt′γ(t′) exp

(
− t
t′

)
≈

N∑
i

γi exp

(
− t
t′i

)
. (1)

γ(t′) is inverse the Laplace transform of µ(t) and is called the dynamical fingerprint7.
The approximation in Eq. 1 results from the fact that any experimental signal is time-
discretized, and that in an MSM-representation of the kinetics the number of processes
which contribute to the dynamical fingerprint is limited to the number of states N . The
relaxation timescales ti of the system are linked to the eigenvalues λi of the transition
matrix by t′i = −τ/ lnλi One can derive analytical expressions7, 8 for the amplitudes γi
of equilibrium experiments γπ,a

i = 〈a, li〉2 and of perturbation experiments γp(0),ai =
〈a, li〉 〈p′(0), li〉. p′(0) is the excess probability density with p′j(0) = pj(0)/πj , where π
is the equilibrium density. a is the observable vector which associates each states in the
MSM with a signal strength of the observable a.

3 Model system and results

Each of the secondary structure elements of the protein folding model in Fig. 1 can fold
and unfold in a single distinct step. This leads to a MSM of the conformational equilibrium
with N = 4 metastable states. The transition probabilities are represented by the thickness
of the arrows in Fig. 1. None of the eigenvectors of the MSM (Fig. 2.a) reflects our notion
of folding. Hence, the folding process may not be contained in a kinetic process and can
thus not always be associated with a single folding rate.

The yellow stars in Fig. 1 mark possible chromophore attachment points. We choose
our observable vectors to resemble FRET constructs, i.e. two chromophores attached to the
molecule with strong signal if they are close to each other, weak signal if they are further
apart (Fig. 2.c).
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Figure 2. Markov model and experimental setup for the protein folding model.

Figure 3. Amplitudes of the dynamical fingerprints of a variety of experimental setups for the protein folding
model. (A) Equilibrium experiment, dynamical fingerprint of the autocorrelation function of observables a, b,
and c. (B) Perturbation experiment, dynamical fingerprint of the decay signal of the observable c combined with
initial distributions p1(0) and p2(0), respectively.

Fig. 3.A show the dynamical-fingerprint amplitudes of equilibrium experiments using
each of the three possible observable vectors a, b, and c. The scalar product of observable
vector a with eigenvectors l3 and l4, is close to zero and therefore the corresponding exper-
iment is insensitive to these processes. This is in line with the intuition that an experiment
in which the chromophores are attached at site 1 and 2 will be most sensitive to conforma-
tional changes of the α-helix. Conversely, observable b has little overlap with eigenvectors
l2, and the corresponding experiment is insensitive to this kinetic process representing the
α-helix folding. Only with observable c all relevant kinetic processes can be observed.
This shows that a single experiment will typically be insensitive to some of the processes
present in the system and explains why kinetics appear often simpler in experiments than
in simulations.
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A perturbation experiment cannot reveal a kinetic process which would be invisible in
an equilibrium experiment with the same observable. This is easily seen by considering
that the amplitude is given as γp(0),ai = 〈a, li〉 〈p′(0), li〉. If the first factor is zero, i.e. the
process is not detectable in an equilibirum experiment, the corresponding amplitude in
the fingerprint of the perturbation experiment will also be zero - independent of the initial
distribution p(0). However, not all kinetic processes are involved in relaxing a particular
initial distribution to the equilibrium distribution and therefore the second factor can be-
come zero, too. This is shown in Fig. 3.B, where 〈p′

1(0), l3〉 ≈ 0 and 〈p′
2(0), l4〉 ≈ 0,

respectively (see also Fig. 2.a and see Fig. 2.c). Consequently, these perturbation experi-
ments are insensitive to the third and fourth kinetic process respectively, even though they
are conducted with an observable which sensitive to all processes in the system.

Given a MSM of the conformational kinetics of biomolecule, our approach can also be
used to suggest optimal attachment points for the chromophores7, 8.
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