View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Contributions to Discrete Mathematics (E-Journal, University of Calgary)

iﬂé Contributions to Discrete Mathematics

Volume 12, Number 1, Pages 74-82
ISSN 1715-0868

ON THE SPECTRUM OF OCTAGON QUADRANGLE
SYSTEMS OF ANY INDEX

PAOLA BONACINI AND LUCIA MARINO

ABSTRACT. An octagon quadrangle is the graph consisting of a length 8
cycle (x1,x2,...,2s) and two chords, {x1,z4} and {x5,xs}. An octagon
quadrangle system of order v and index A is a pair (X, B), where X is a
finite set of v vertices and B is a collection of octagon quadrangles (called
blocks) which partition the edge set of AK,, with X as the vertex set. In
this paper we completely determine the spectrum of octagon quadrangle
systems for any index A, with the only possible exception of v = 20 for
A=1

1. INTRODUCTION

Let G = (X, E) be the graph having X = {x1,z9, x3, x4, x5, T6, x7, T8}
and F = {{x;,zi11}, {z1,24}, {w5,28} | i € Zg}. A graph of this type will
be denoted [(x1), z2, x3, (z4), (5), T, 7, (8)]. It is called octagon quadran-
gle (briefly OQ).

A G-design of order v and index A is a couple ¥ = (X, B), where X is a
finite set of v elements and B is a family of graphs all isomorphic to G such
that for any x,y € X, with x # y, there exist A graphs G € B having {z,y}
as an edge. A G-design is also called a G-decomposition of AK, [11, 14].

An octagon quadrangle system of order v and index A will be denoted
by OQS(v). Concepts and definitions of octagon quadrangle and octagon
quadrangle systems have been introduced in [1, 2, 4], where the authors
studied perfect OQSs, determining their spectrum. Similar questions have
been studied in all the other papers cited in the references (see, e.g., [5, 3,
6, 7]).

If a block [(x1),x2,x3, (x4), (x5), x6, x7, (x8)] is repeated k times in an
OQS, we use the notation [(x1), 72, ¥3, (74), (75), 6, T7, (T8)](k)-

A technique used in the constructions in the main results of the paper
is the difference method. Given Z,, for some n € N, and given any two
a,b € Zp, a # b, there exists precisely one = € {1,...,[n/2|} such that
either a = z + b or b = x + a. In this case we say that the edge {a,b} has
difference x.
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Let n be odd. Given an edge {a,b} of difference = € {1,...,|n/2|}, any
edge of the same difference x is of type {a +1i,b+ i} for exactly one i € Z,,.
Let n even. Given an edge {a,b} of difference xz € {1,...,(n/2) — 1}, any
edge of same difference z is of type {a + i,b + i} for exactly one i € Zy;
given an edge {a,b} of difference n/2, any edge of same difference x is of
type {a +¢,b + i} for exactly one i € {0,...,(n/2) — 1}. So in this paper,
often blocks in an OQS are given by the translated forms of a base block.
Other techniques used in these type of problems can also be found in [6, 7].

In this paper we will determine the spectrum of all OQS(v) for any A,
with the exception of A =1 for v = 20.

2. INDEX A =1

In the following theorem we will give necessary conditions for the existence
of an OQS(v) of fixed index A.

Theorem 2.1. Let ¥ = (X, B) be an OQS(v) of index A\ > 1. Then:
(1) if A=0 mod 10, then v € N, with v > 8,

(2) if A=1,3,7,9 mod 10, then v=10,1,5,16 mod 20, with v > 16,
(3) if A=2,4,6,8 mod 10, then v =0,1 mod 5, with v > 10,
(4) if A=5 mod 10, then v =0,1 mod 4, with v > 8.
Proof. Since ¥ = (X, B) is an OQS(v) of index A\, we have:
Av(v —1)

O

In the following theorem we get the spectrum for OQS(v) of index 1 with
a possible exception.

Theorem 2.2. For A =1 and for everyv =0,1,5,16 mod 20, with v # 20,
there exists an OQS(v) of index 1.

Proof. Let v = 20k + 1, for some k > 1. In this case we use the difference
method. Let us consider ¥ = (Zggk+1, B) whose blocks are:

[(20k + 8 — 104),0,20k + 10 — 104, (1), (20k + 6 — 104), 3, 20k + 4 — 10i, (2)]

for i = 1,...,k and all their translated forms. Then ¥ is an OQS(v) of
index 1.
Let v = 20k + 5, for some k > 1. Let us consider ¥ = (Zggg+4 U {0}, D),
with 0o € Zogkt4, whose blocks are:
(1) A; = [(2i + 1), 00,23, (2i + 3), (2 + 6),2i + 8,2 + 4, (2i + 5)] for
i€{0,...,10k + 1},
(2) B; = [(2i),2i + 10k + 1,2i + 10k + 6, (26 + 5), (2i + 10k + 7), 2i +
4,2i + 20k + 3, (2i + 10k + 2)] for i € {0, ..., 5k},
(3) Cij = [(2i+5j+8),2i, 2+ 55+ 10, (20 +1), (2 + 55+ 11), 2 + 3, 2i +
57+ 9, (2 +2)] fori € {0,...,10k +1} and j € {0, ..., 2k — 2}.
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Then ¥ is an OQS(v) of index 1. Indeed, in this case we are using the
difference method in an appropriate way, since 20k + 4 is even. So in the
blocks A; we have the differences:

e 1, given by the edges {2i + 4,2i + 5} and {2i + 5,2i + 6} for ¢ €
{0,...,10k + 1},

e 2, given by the edges {2i + 1,2i + 3} and {2i + 6,2i + 8} for ¢ €
{0,...,10k + 1},

e 3, given by the edges {2¢,2: + 3} and {2i+ 3,2i + 6} for ¢ € {0,...,
10k + 1},

e 4, given by the edges {2i + 1,2i + 5} and {2i + 4,2i + 8} for ¢ €
{0,...,10k + 1}.

In the blocks B; we have the differences:

e 5, given by the edges {2i,2i + 5}, {2¢ + 10k + 2,2i + 10k + 7},
{2i+10k+1,2i+10k+6} and {2i+20k+3,2i+4} for i € {0,..., 5k},

e 10k+1, given by the edges {24, 2i+10k+1}, {2i+10k+2, 2i+20k+3},
(20 +5,2i + 10k + 6} and {2i + 10k + 7,2 + 4} for i € {0, ..., 5k},

e 10k+2, given by the edges {2, 2i+10k+2} and {2i+5,2i+10k+7}
for i € {0,...,5k}.

In the blocks C;; we have the differences:

e 5j+6, given by the differences {2i + 3,2i + 55 4+ 9} and {2i +2,2i +
5j + 8} for i € {0,...,10k + 1},
e 5j+7, given by the differences {2i +2,2i+ 55 4+ 9} and {2i +1,2i +
5j + 8} for i € {0,...,10k + 1},
e 5j+8, given by the differences {2i+3, 2i+5;5+11} and {2, 2i+5j+8}
for i € {0,...,10k + 1},
e 5j+9, given by the differences {2i+1,2i+ 55 + 10} and {2i+2,2i +
5j+ 11} for i € {0,...,10k + 1},
e 5j + 10, given by the differences {2i,2i + 55 + 10} and {2¢ + 1,2 +
5j+ 11} for i € {0,...,10k + 1},
with j € {0,...,2k — 2}.
Let v = 16. Let us consider ¥ = (Z16, B) whose blocks are:
(1) A; = [(24),2i +4,2i + 11, (20 +5), (20 + 13),2i + 3,2i + 12, (2i + 8)]
for i € {0,1,2,3},
(2) B; = [(2i+1),2i+5,2i +3, (2i+6), (20 +7),2i +4, 2 + 10, (2i + 8)]
for i € {0,1,...,7}.
Then ¥ is an OQS(v) of index 1. Indeed, we use again the difference method
in a way similar to the previous one and we get:

e the differences 1, 2 and 3 in the blocks B;,
e the differences 4, 5, 6 and 7 in the blocks A; and B;,
e the difference 8 in the blocks A;.

Let v = 20k + 16, for some k > 1. Let us consider ¥ = (Zsgk+16, B) whose
blocks are:
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(1) A; = [(20k+23—10i),0, 20k + 25 — 104, (1), (20k +21 — 103), 3, 20k +
19 —10i, (2)] for i € {1,...,k} and all their translated forms,

(2) B; = [(20), 2i+10k+4, 2i+20k+11, (2i+10k+5), (2i+20k+13), 2i+
10k + 3, 2i + 20k + 12, (2i + 10k + 8)] for i € {0, 1, ..., 5k + 3},

(3) C; = [(20),2i + 10k + 1,2 — 3, (2i + 10k + 2), (2 + 1), 2 + 10k +
4,2i + 20k + 10, (2i + 10k + 3)] for i € {0,1,...,10k + 7}.

Then ¥ is an OQS(v) of index 1. In fact, using the previous method we get:

e the differences 1,2,...,10k in the blocks A; and their translated
forms,
e the differences 10k + 1, 10k 4+ 2 and 10k + 3 in the blocks Cj,
e the differences 10k + 4, 10k + 5, 10k 4+ 6 and 10k + 7 in the blocks
Bi and C’i,
e the difference 10k + 8 in the blocks B;.
Let v = 40. Let us consider ¥ = (Z13 x ZsU{oo}, B), where co ¢ Z13 X Z3
and whose blocks are:
(1) [((5,1)), (@ + 1,2), (4,0), (0), ((2,2)), (i + 1,0), (2 = 1,2), ((i + 1,1))]
for any i € Z3,
(2) [((1+2,0)),(4,0), (i+1,0), ((i+5,0)), ((:+1,2)), (7,2), (i1+2,2), ((i+
5,2))] for any i € Z3,
(3) [((1+5,1)),(i4+2,1),(z,1),((4,0)),((4,2)), (i +11,1), (i +4,1), ((i +
9,1))] for any i € Z3,
(4) [((1+6,0)), (,0), (i+5,0), ((:+12,1)), ((i+5,2)), (¢,2), (i+6, 2), ((i+
0,1))] for any i € Zis3,
(1 +12,1)),(i + 6,2),( + 9,1),((¢,0)), ((z + 2,1)), (s + 7,0), (7 +
), (i +1,0))] for any i € Zs,
,2)), (i+11,0), (i45,2), ((, 1)), ((i+3,2)), (i+6,0), (i+12,2), ((i+
8,0))] for any i € Z3.
Then ¥ is an OQS(v) of index 1.
Let v = 60. Let us consider ¥/ = (X, B’), an OQS(45) of index 1, with
X ={a;|i=0,...,44}. Given Z;5, consider:

(1) ¢ ={[(i+5),i+1,14, (as2), (i+10),i+4,i+12, (i+7)] | i =0,...,4},
(2) Co ={[(i+5),i+1,14, (as3), (i+10),i+4,i+12, (i+7)] | i =5,...,9},
(3) C5 = {[(i45),i+1,4, (aaa), (i-+10),i+4,i+12, (i+7)] | i = 10, ..., 14},
(4) Cy = {[(Z +1),a9i,1, (azi—1), (i + 2),a2i—3,7 + 3, (agz‘_g)] |i=0,...,

20}, where i,i + 1,7 + 2,7 + 3 are taken modulo 15 and the indices
of the a; are taken modulo 42,

(5) C5 = {[(Z + 6),0,21',1' -+ 5, (agi_l), (Z + 7),0,21‘_3,1 + 8, (agi_g)] | 7 =
0,...,20}, where i +5,i+6,i+ 7,7+ 8 are taken modulo 15 and the
indices of the a; are taken modulo 42,

(6) Ce = {[(2 + 11), ag;, i+ 10, (agi_l), (2 + 12), ag;i—3,1+ 13, (GQi_Q)] ’ 1=
0,...,20}, where i +10,i+ 11,7+ 12,7+ 13 are taken modulo 15 and
the indices of the a; are taken modulo 42.

Then ¥ = (X U Z5, B U, C;) is an OQS(v) of index 1.
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Let ¥ = (X', B') be an OQS(v) of index 1, for some v = 0 mod 20,
v # 20, with X' = {a; | i = 0,...,v— 1}, and let ¥ = (X", B”) be an
0QS(40), with X" ={b; | i =0,...,39}. Let us consider:

C = {[(bi+1+105), @4, bi+10j, (ai—2), (bi+2+105), Gi—6, bi+3+105, (@i—1)]
1i=0,...,0—-1,j=0,1,2,3},

where the indices are taken modulo v and modulo 40. Then, given X =
X' UX"and B=BUB"UC, ¥ = (X,B) is an OQS(v + 40) of index 1.
This proves that for any v =0 mod 20, v > 40, there exists an OQS(v) of
index 1. O

3. INDEX A =2

Theorem 3.1. For A\ = 2 and for every v = 0,1 mod 5 there exists an
0QS(v) of index 2.

Proof. Let v = 10k, for some k > 1. Let us consider ¥ = (Zjox—1 U {00}, B),
with oo ¢ Zox, whose blocks are:
(1) [(0),5i + 1,10 + 6, (5i +2), (10i +5), 5i + 4, 10i + 8, (5i + 3)] for any
i €{0,...,k—2} and all their translated forms (in the case k > 2),
(2) [(4),i+4 5k —4,00, (i+5k—3), (i+10k—5),i+5k—2,i+ 10k — 3, (i+
5k — 1)] for any i € Zygg—1-
Then ¥ is an OQS(v) of index 2.
Let v = 10k + 1, for some k > 1. Let us consider ¥ = (Zyog+1, B) whose
blocks are:

[(0), 5641, 10i+6, (5i+2), (10i45), 5i44,10i+8, (5i+3)] fori=0,...,k—1

and all their translated forms. Then ¥ is an OQS(v) of index 2.
Let v = 10k + 5, for some k > 1. Let us consider ¥ = (Zjgg14 U {0}, B),
with 0o € Zjok-t4, whose blocks are:

(1) A; = [(0),5i + 1,10¢ + 6, (51 + 2), (10¢ + 5), 5i + 4,107 + 8, (5i + 3)]
for any ¢ € {0,...,k — 2} and all their translated forms (in the case
k>2),

(2) B; = [(i+10k—2),i+5k—2,i+10k—5, (i+5k—1), (i+10k), 00, i+
10k — 1, (’L + 5k + 2)] for any i € Z10k+47

(3) C; = [(25 +3),2) + 5k +3,2j + 1, (2j + 5k + 2), (27),2j + 5k, 25 +
2,(2j + 5k +1)] for any j € {0,...,5k + 1}.

Then ¥ is an OQS(v) of index 2. In fact, in this case we use again the
difference method and we get:

e the differences 1,2,...,5k — 5, each repeated twice, in the blocks A;
and their translated forms,

e the differences 5k — 4 and 5k — 3 twice in the blocks B;,

e the differences 5k — 2, 5k — 1, 5k and 5k + 1, each once in the blocks
B; and once in the blocks C},
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e the difference 5k + 2 in the blocks C}, given by the edges {2j,2j +
5k+2} and {25+ 1,25 +5k+3} for j € {0,...,5k+1}, so that each
edge of difference 5k + 2 appears twice.

Let v = 10k + 6, for some k > 1. Let us consider ¥ = (Z1gxr6, B), whose
blocks are:
(1) Aij = [(29),27 + 50 +3,2) —1,(25 + 50+ 4),(25 + 3),2j + 5i +
6,25 +4,(2j + 5i + 5)](z) for any i € {1,...,k — 1} and for any
j €10,...,5k + 2} (in the case k > 2),
(2) B; =1(2§),27 +1,2j +6,(2) +2),(2 +7),2j +8,2j +5,(2] +3)]
for any j € {0,...,5k + 2},
(3) Cj = [(2j—1), 2j+5k, 2§ — 2, (2 +5k+1), (2), 25 +1,2j -3, (2j+2)]
for any j € {0,...,5k + 2},
(4) D; = [(25),2] + 5k + 1,25 —1,(25 + 5k +2),(25 + 1),25 + 2,2j —
2,(2j + 3)] for any j € {0,...,5k + 2}.
Then ¥ is an OQS(v) of index 2. Indeed, also in this case we use the
difference method and get:

o the differences 1, 2, 3, 4 and 5 once in the blocks B; and once among
the blocks Cj and Dj,

e the differences 6,7,...,5k in the blocks A;;, each of them repeated
twice, because the blocks are repeated twice,

e the differences 5k + 1 and 5k + 2 once in the blocks C; and once in
the blocks Dj,

e the difference 5k+ 3, in the blocks C; given by the edges {2j—2,2j+
5k+1} and in the blocks D; given by the edges {2j —1,2j + 5k + 2},
so that each edge of difference 5k + 3 appears twice.

O

4. INDEX A =5

Theorem 4.1. For A = 5 and for every v = 0,1 mod 4, there exists an
0QS(v) of index 5.

Proof. Let v =9. Let us consider ¥ = (Zg, B) whose blocks are:
[(6),0,1,(2),(3),4,5,(8)] and [(6),0,2,(4),(7),3,5, (1)]

and all their translated forms. Then ¥ is an OQS(9) of index 5.
Let v = 4k + 1, for some k& > 3. Let us consider ¥ = (Zyx11,8) whose
blocks are:
(1) [(20—1),0,2i, (4i+1), (2i+1),4i+3,6i+2, (4i)] for i = 1,... k—1,
(2) [(2k - 1)7 4k — 27 2k — 27 (4k)7 (1)7 37 27 (0)]
and all their translated forms. Then ¥ is an OQS(v) of index 5.
Let v = 8. Let us consider ¥ = (Z7 U {oo}, B) whose blocks are:
(1) [(7 +6),00,5 45,0 +4),(j +1),5,5 +2,(j +3)] for j € Zz,
(2) [(00),5 +3,j+6,( +5),(j+2),5,5 +1,(+4)] for j € Zr.
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Then ¥ is an OQS(8) of index 5.
Let v = 4k, for some k > 3. Let us consider ¥ = (Zy;_1 U{oc}, B) whose
blocks are:
(1) [(2i—1),0,2i, (4i+1), (20 +1),4i +3,6i +2, (40)] for i = 1,...,k—2
and all thelr translated forms,
(2) [(00)7]7]+2k_1a (]+1)’ (]+2k—2)’]+4k_37]+2k, (]+4k—2)]7

for j € Zaj—1,
(3) [(j42),4,4+1, (§+3), (+2k+2), 00,45, (j+2k+4)] for j € Zyp_,.
Then ¥ is an OQS(v) of index 5. O

5. INDEX A =10

Theorem 5.1. For A = 10 and for every v € N, v > 8, there exists an
0QS(v) of index 10.

Proof. Let v=0,1 mod 4. Then, in this case, the proof follows by Theorem
4.1, because, given ¥ = (X, B) an OQS(v) of index 5, ¥’ = (X, B'), whose
blocks are those of B, each repeated twice, is an OQS(v) of index 10.

Let v =10. Let ¥ = (X, B) an OQS(10) of index 2, as given in Theorem
3.1. Then ¥’ = (X, B’), whose blocks are those of B, each repeated 5 times,
is an OQS(10) of index 10.

Let v = 14. Let us consider ¥ = (Z;3 U {o0}, B), with oo ¢ Z;3, whose
blocks are:

(1) [(1),0,5,(6),(7),8,3,(2)] and all its translated forms,
(2) [(5),0,1,(6),(11),3,2,(10)] and all its translated forms,
(3) [(] + 11)7 00, j + 1, (] + 7)7 (.7 + 3)7]7.7 +2, (j + 5)](5) for j € Zss.
Then ¥ is an OQS(14) of index 10.
Let v = 18. Let us consider ¥ = (Z;7 U {oc}, B), with oo ¢ Z;7, whose
blocks are:

(1) [(1),0,4,(5),(6),7,3,(2)] and all its translated forms,

(2) [(4),0,1,(5),(9),13,12,(8)] and all its translated forms,

(3) [(2),0,3,(5),(7),9,6,(4)] and all its translated forms,

(4) [(3),0,2,(5),(8),11,9, (6)] and all its translated forms,

( ) [(J + 0) 00,7 + 9, (.7 +3)a (] +8)7J7] +7, (] +2>](5) for j € Zy7.
Then ¥ is an OQS(18) of index 10.

Let v = 4k + 2, for some k > 5. Let us consider ¥ = (Zyx1 U {0}, B),
with 0o & Zag+1, Whose blocks are:

(1) [(2i—1),0,2i, (4i+1), (2i+1),4i+3,6i+2, (40)] ) fori = 1,...,k—3
and all their translated forms,

(2) [(2k —5),4k — 10,2k — 6, (4k), (1), 3,2, (0)](2) and all its translated
forms,

(3) [(j+2k+2),00,j+2k+1,(j+3),(G+2k),j,j+2k—1,(j +2)]5)
for j € Z4k+1.

Then ¥ is an OQS(v) of index 10.
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Let v = 11. Let us consider ¥ = (Z;1,B) having [(0),1,8,(2), (4),
10, 6, (3)] and all its translated forms as blocks, each repeated 5 times. Then
¥ is an OQS(11) of index 10.

Let v = 15. Consider ¥ = (Z;5, B) with blocks [(0),1,6,(2),(7),4, 5, (3)]
and all its translates, each repeated 5 times, and [(8),0,7, (1), (10),4, 11, (2)]
and all its translates, each repeated twice. Then ¥ is an OQS(15) of 1ndex
10.

Let v = 4k + 3, for some k > 4. Let us consider ¥ = (Zyy13, B) whose
blocks are:

(1) [(2i—1),0,2i, (4i+1), (2i+1),4i+3,6i+2, (4i)] o) fori =1,... k-1,
(2) [(2k+4),0,1,(2k +5),(6),2k + 10,2k + 9, (5)],
(3) 1(2),0,2k+1,(2k +3),(2k +5),2k + 7,6, (4)],
(4) [(2k),0,2k + 1, (4k +2), (2k — 1),4k — 1,2k — 2, (4k + 1)]
and all their translated forms. Then ¥ is an OQS(v) of index 10. O

6. ANY INDEX A\

Theorem 6.1. For any A € N, with X\ > 2, there exists an OQS(20) of
index .

Proof. Let us consider ¥ = (Z1gU {0}, B), with oo ¢ Z19, whose blocks are:
(1) [(i+1),i43,4,(00), (1 +2),i+ 13,0+ 7, (i + 6)], for any i € Zg,

(2) [(2),0,1,(5),(14),7,15,(9)] and all its translated forms,

(3) [(2),0,1,(5),(13),6,16,(7)] and all its translated forms.

Then ¥ is an OQ.S(20) of index 3.

By this construction and by Theorem 3.1 we know that the statement
holds for A = 2,3. Taking any A € N, with A > 2, we know that A = 2a+ 30,
for some a,b € N. Let us now consider two 0OQS5(20), ¥; = (X,B;) and
Yy = (X, Bz2) on the same vertex set X, of indices 2 and 3, respectively.
Then ¥ = (X, B), whose blocks are those of B;, each repeated a times, and
those of Ba, each repeated b times, is an OQS(20) of index . O

As a consequence of all the previous results, the following statement fol-
lows easily:

Theorem 6.2. Let us consider A\,v € N, with v > 8, such that:
(1) if A\ =1, then v=0,1,5,16 mod 20, with v # 20,
(2) if A=1,3,7,9 mod 10, A\ # 1, then v =0,1,5,16 mod 20,
(3) if A =2,4,6,8 mod 10, then v =0,1 mod 5,
(4) if A\=5 mod 10, then v =0,1 mod 4.
Then there exists an OQS(v) of order A.

Proof. The statement has been proved in the case that A = 1,2, 5, 10.

Let A = 1,3,7,9 mod 20, with A # 1. If v = 20, the proof follows
by Theorem 6.1. Let v # 20. Given ¥ = (X,B) an OQS(v) of index 1,
Y = (X,B’), where the blocks of B are those of B, each repeated A times,
is an OQS(v) of index A.
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Let A = 2,4,6,8 mod 10. Given ¥ = (X,B) an OQS(v) of index 2,

¥ = (X,B’), where the blocks of B’ are those of B, each repeated \/2
times, is an OQS(v) of index A.

Let A = 5 mod 10. Given ¥ = (X,B) an OQS(v) of index 5, ¥/ =

(X, B’), where the blocks of B’ are those of B, each repeated \/5 times, is
an OQS(v) of index .

Let A = 0 mod 10. Given ¥ = (X,B) an OQS(v) of index 10, ¥’ =

(X, B), where the blocks of B are those of B, each repeated \/10 times, is
an OQS(v) of index A. O

10.

11.

12.

13.

14.

15.
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