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AND ANTOINETTE TRIPODI

ABSTRACT. A A-fold G-design is said to be a-resolvable if its blocks can
be partitioned into classes such that every class contains each vertex
exactly a times. In this paper we study the existence problem of an a-
resolvable A-fold (G-design of order v in the case when G is any connected
subgraph of K4 and prove that the necessary conditions for its existence
are also sufficient.

1. INTRODUCTION

For any graph T', let V(I') and E(I") be the vertex set and the edge set
of I, respectively, and AI' be the graph I' with each of its edges replicated
A times. Throughout the paper K, will denote the complete graph on v
vertices, while K, \ K} will denote the graph with V(K,) as the vertex set
and E(K,)\ E(K}) as the edge set (this graph is sometimes referred to as a
complete graph of order v with a hole of size h), and Ky, p,,. n, Will denote
the complete multipartite graph with ¢ parts of sizes ny,no, ..., n.

Let G and H be simple finite graphs. A \-fold G-design of H (or (AH, G)-
design for short) is a pair (X, B) where X is the vertex set of H and B is a
collection of isomorphic copies (called blocks) of the graph G, whose edges
partition E(AH). If A = 1, we drop the term “l-fold”. If H = K,,, we refer
to such a A\-fold G-design as one of order v. A (AH, G)-design is balanced if,
for every vertex x of H, the number of blocks containing z is a constant 7.

A (AH, G)-design is said to be a-resolvable if it is possible to partition the
blocks into classes (often referred to as a-parallel classes) such that every
vertex of H appears in exactly « blocks of each class. When o = 1, we simply
speak of resolvable designs and parallel classes. The existence problem of
resolvable G-decompositions has been the subject of extensive research (see
1, 2,3,4,6,7, 8,10, 11, 12, 15, 16, 17, 20, 19]). The a-resolvability, with
« > 1, has been studied for G = K3 by D. Jungnickel, R. C. Mullin, S. A.
Vanstone [9]; Y. Zhang and B. Du [22]; G = K4 by M. J. Vasiga, S. Furino
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and A. C. H. Ling [18]; G = C4 by M. X. Wen and T. Z. Hong [21]; and
G = K4 — e by M. Gionfriddo, G. Lo Faro, S. Milici, and A. Tripodi [5].

In this paper we shall focus on the existence of an a-resolvable A-fold G-
design when G = P3, Py, K1 3, K3 + e (where K3+ e is a kite, i.e., a triangle
with a tail consisting of a single edge) completely solving the spectrum
problem for any connected subgraph of Kj.

In what follows, we will denote by:

e P, = [a1,a2,...,a;], k > 3, the simple graph on the k vertices
ai,az,...,a with {{a1, a2}, {as,as},...,{ax_1,ax}} as the edge set;

o K3 = (ai;as,as,as) the 3-star on the vertex set {a1, as, as, a4} with
{{a1, a2}, {a1,a3},{a1,a4}} as the edge set;

e K3+ e = (a1,az,a3) — a4 the kite on the vertex set {a1,as,as,as}
with {{a1, a2}, {a1,as},{a2,a3}, {as,as}} as the edge set.

By the definition of a-resolvability, we can derive the following necessary
conditions:

(1.1) M(v—1)=0 (mod 2|E(G)|);
(1.2) av =0 (mod |V(G)]);
(1.3) MV(G)|(v—1)=0 (mod 2a|E(G)|).

Note that any a-resolvable A-fold G-design is balanced because every
vertex of V(G) appears exactly « times in each a-parallel class. Let D(G)
be the set of all degrees of the vertices of G. For every vertex = of an a-
resolvable A-fold G-design D of order v and for every d € D(G), let rg(x)
denote the number of blocks of D containing = as a vertex of degree d. It is
easy to see that the following relations hold:

(1.4) > ra()d = Av - 1);
deD(G)

v—1
2[E(G)|

(15) > rale) = AV(G)

deD(G)

From Conditions (1.1) — (1.5) we can deduce minimum values for a and
A, say ag and Ay, respectively.

For any graph G € {P3, Py, K1 3, K3+ e}, similarly to Lemmas 2.1, 2.2 in
[18], we have the following lemmas.

Lemma 1.1. If an a-resolvable \-fold G-design of order v exists, then ag| «
and Ao| \.

Lemma 1.2. If an a-resolvable \-fold G-design of order v exists, then a
ta-resolvable n\-fold G-design of order v exists for any positive integers n

and t where t divides \|V (G)|(v —1)/(2a|E(G)]).
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The above two lemmas imply the following theorem (for the proof, see
Theorem 2.3 in [18]).

Theorem 1.3. If an ag-resolvable Ag-fold G-design of order v exists and
and X\ satisfy Conditions (1.1) — (1.5), then an a-resolvable \-fold G-design
of order v exists.

Therefore, in order to show that the necessary conditions for a-resolvable
designs are also sufficient, we simply need to prove the existence of an «g-
resolvable \p-fold G-design of order v, for any given v.

2. AUXILIARY DEFINITIONS

A (AKp; no,...ne» G)-design is known as a A-fold group divisible design (or
G-GDD for short), of type {n1,na,...,n:} (the parts are called the groups of
the design). We usually use “exponential” notation to describe group-types:
the group-type 127 3%... denotes i occurrences of 1, j occurrences of 2, etc.
When G = K,, we will call it an n-GDD.

If the blocks of a A-fold G-GDD can be partitioned into partial a-parallel
classes, each of which contains all vertices except those of one group, we refer
to the decomposition as a A-fold («, G)-frame; when o = 1, we simply speak
of A-fold G-frames (n-frames if additionally G = K,,). In a A-fold (a, G)-
frame the number of partial a-parallel classes missing a specified group of
size g is Ag|V(G)|/(2a|E(G)]).

An incomplete a-resolvable A-fold G-design of order v + h, h > 1, with a
hole of size h is a (A(Ky4+n \ Kn), G)-design in which there are two types of
classes, A(h — 1)|V(G)|/(2a| E(G)]|) partial classes which cover every vertex
a times except those in the hole and \v|V(G)|/(2a|E(G)|) full classes which
cover every vertex of K, ; a times.

3. THE cASE G = P3

In this section the existence of an ag-resolvable A\p-fold P3-design of any
order v is proved by distinguishing the following cases.
Case 1: v=0 (mod 6): \g =4 and oy = 1.
For a solution, see [4].
Case 2: v=1,5 (mod 12): A\g =1 and ap = 3.
In Z, develop the base blocks: [i,0,(v+1)/2—1d],i=1,2,...,(v —
1)/4.
Case 8: v=2,4,8,10 (mod 12): \g =4 and oy = 3.
In Z, develop the base blocks: [¢,0,1+1],i=1,2,...,v—2;[v — 1,0,1].
Case 4: v=3 (mod 12): \g =2 and o9 = 1..
For a solution see [4].
Case 5: v="7,11 (mod 12): \g =2 and ay = 3.
In Z, develop the base blocks: [i,0,v —1i],i=1,2,...,(v—1)/2.
Case 6: v=9 (mod 12): \p =1 and a9 = 1.
For a solution see [4].
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4. THE CASE G =Py

Here, we construct an ag-resolvable A\g-fold P,-design of any order v.
Case 1: v=0,8 (mod 12): Ao =3 and ag = 1.
For a solution see [4].
Case 2: v=1 (mod 6): A\g =1 and agp = 4.

In Z, develop the base blocks: [i,0,(v+2)/3 —1i,(2v+1)/3], i =
1,2,...,(v—1)/6.

Case 3: v=2,6 (mod 12): Ao =3 and ag = 2.

Let Z,/o X Za be the vertex set. In Z,,, develop the base blocks:
[io,Oo,il,Ol], 1= 1,2, ceey (’U - 2)/2; [’io,Oo,il,Ol], 1= 1,2, ceey (v - 2)/4;
[((’U +2)/4+ i)l ; 00,21, ((v — 2)/4)0]7 i=0,1,...,(v— 6)/4;

[01’ 0o, ((U - 2)/4)1 ) ((U - 2)/4)0]'
Case 4: v=3,5 (mod 6): \g =3 and oy = 4.

In Z, develop the base blocks: [i,0,v —i,(v—1)/2],i=1,2,...,(v—
3)/2; [(v—1)/2,0,1, (v +1)/2].

Case 5: v=4 (mod 12): A\g =1 and o = 1.

For a solution see [4].

Case 6: v =10 (mod 12): A\g =1 and ap = 2.

Let v =12k 4+ 10 and Zgg45 X Z2 be the vertex set. In Zgg,5 develop
the base blocks: [ig, 00,71,01], 1 =1,2,...,3k + 2;

[(3k + 3 +14),,00, (5k +2 — i), (5k +3)), i = 0,1,....k — 1
[(5k + 3)1 ; 00, 01, (k + 1)0]

5. THE CASE G =Ky 3

To solve the spectrum problem for a-resolvable A-fold Kj 3-designs we
distinguish the following cases.
Case 1: v=0,8 (mod 12): \g =6 and ag = 1.
For a solution see [4].
Case 2: v=1 (mod 6): A\g =1 and ag = 4.
In Z, develop the base blocks: (0;i, (v —1)/6 +1i,(v—1)/3+1), i =
1,2,...,(v—1)/6.
Case 3: v=2 (mod 12): A\g = 6 and ap = 2.
Let v = 12k +2 and Zy95+1U{oc0} be the vertex set. In Zyo541 develop
the two base classes:
Py {(12k —i+134,12k — 20+ 1,12k — 20 +2) : i = 2,3,...,6k —
1} U {(00;0,1,12k) , (12k; 1,12k — 1,00) , (6k -+ 1;0,2, 6k)};
Py {(12k —i+1;4, 12k — 20, , 12k — 2+ 1), i = 2,3,...,6k, i #
Ak}Y U {(12k;0,4k, 12k — 1), (12k; 1,12k — 2,00) , (8k + 1; 4k,
4k +1, 00)}.
Case 4: v=3,5 (mod 6): Ao =3 and o = 4.
In Z, develop the base blocks: (0;i,v —i,1414), i=1,2,...,(v—
3)/2 (03 (v — 1)/2, (v 4+ 1)/2,1)..
Case 5: v=4 (mod 12): \p =2 and a9 = 1.
For a solution see [4].
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Case 6: v =6 (mod 12), then \yg = 6 and oy = 2.
Let v = 12k+6 and Z1954+5U{00} be the vertex set. In Zy9515 develop
the two base classes:
Pr: {(12k —i+5;4, 12k — 2 +5, 12k — 20 +6) : i = 2,3,...,6k +
1, i #4k+2} U {(00; 0, 1, 4k +2), (12k + 4; 1, 12k + 3, 00)
(6k +3:0,2,6k +2), (8% + 3; 4k + 1,4k + 2,12k + 4)};
Py {(12k — i+ 53,12k — 2i + 4,12k — 20 +5) : i = 2,3,...,6k +
2} U {(12k + 450,12k + 3, 00) , (12k + 4; 1,12k + 2, 00)}.
Case 7: v =10 (mod 12): g =2 and oy = 2.
This case follows by the following lemmas.

Lemma 5.1. There exists an incomplete 2-resolvable 2-fold K1 3-design of
order 10 with a hole of size 4.

Proof. Let V = Zg U H be the vertex set, where H = {001, 009, 003,004} is
the hole. The partial classes are:

{(3;4,0,2),(4;5,1,0), (5;3,2,1)},{(0;4,5,1), (1;5,3,2),(2;3,4,0) }.

The full classes are:

{(001,0 1 2),(002;0,1,2),(3,4,003,004),(4 5 003,004),(5;3,001,002)},
{(OOQ, 3, 4, 5), (003, 3,4, 5), (0; 1, 01, 004), (1, 2 , 001,00 4), (2; 0, 09, 003)},
{(003, 0, 1, 2), (004, 3,4, 5), (3, 0, 01, OOQ), (4, 1 , 001,00 2), (5; 2, 03, 004)},
{(004, 0, 1, 2), (001, 3,4, 5), (0, 5, 09, 003), (1, 3 , 009, 003), (2;4, 01, 004)}

O

As a consequence of Lemma 5.1 and the existence of a 2-resolvable 2-fold
K 3-design of order v = 4, the following lemma is obtained.

Lemma 5.2. There exists a 2-resolvable 2-fold K1 3-design of order v = 10.
Lemma 5.3. There ezists a 2-resolvable 2-fold K1 3-GDD of type 6>.

Proof. Take {a,b,c,d,e, f} and {1,2,3,4,5,6} as groups and consider the
classes:

{(a; 17 27 4)? (b; 27 37 5)7 (C; 3’ 1’ 6)7 (4; d? f’ a)? (5; e? d? b)’ (6; f’ 67 C)}?
{(a;2,5,6), (b;3,4,6),(c;1,5,4), (1;d, f,b), (2;¢e,d,¢), (3; f,e,a)},
{(d;3,4,6), (e;1,4,5),(f;2,5,6), (1;b,e,a), (2:c, f,b), (3;d,a,c)},
{(d;1,2,5),(e;2,3,6), (f;3,1,4), (4;b,¢e,¢), (5;¢, f,a), (6;d,a,b)}.

Lemma 5.4. For every v =10 (mod 12), there exists a 2-resolvable 2-fold
K1 3-design of order v.

Proof. Let v=12k + 10. The case v = 10 follows by Lemma 5.2. For k > 1,
start from a 2-frame of type 1271 with groups Gy, i = 1,2, ..., 2k+1, expand
each vertex six times and add a set H of size 4 such that H n(u 2k“G’ ) =

(. For i = 1,2,...,2k + 1, let P; be the partial class which misses the
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group G; and for each block b € P; place on b x {1,2,...,6} a copy of a
2-resolvable 2-fold K1 3-GDD of type 62, which exists by Lemma 5.3; this
gives four partial classes missing G; x {1,2,...,6}, say P;1, P2, Pi3, P 4.
For ¢t = 1,2,...,2k + 1, place on H U (G; x {1,2,...,6}) a copy D; of an
incomplete 2-resolvable 2-fold K 3-design of order 10 with a hole of size 4,
which exists by Lemma 5.1. Finally, filling in the hole H with a copy D
of a 2-resolvable 2-fold (K 3)-design of order 4 gives a 2-fold (K 3)-design
of order v which is also 2-resolvable. Indeed, for every i = 1,2,...,2k + 1
combining P; 1, P; 2, P; 3, P; 4 with the full classes of D; gives four 2-parallel
classes, while combining the two classes of D with the union of the partial
classes of D;, 1 =1,2,...,2k 4+ 1 gives the remaining ones. O

6. THE CASE G = K3 + e

For G = K3 + e we have the following cases with the corresponding
solutions.
Case 1: v=0 (mod 4): \p =2 and o = 1.
For a solution see [4].
Case 2: v=1 (mod 8): A\g =1 and ap = 4.

In Zgi+1 develop the base blocks ([13]): (4k—1,2k+1+1, 0)—(2k—2i),
i=0,1,...k—1.

Case 3: v=2 (mod 4): A\g =4 and ag = 2.

Let Zogy1 X Zo be the vertex set. In Zox41 develop the base blocks:
(ij,(Qk +1-— i)j,Oj.H) — i1, ¢ = 1,2,...,k, j € Zo; (ij,(Qk -1 -
1)j,0541) — (0 + V)jg1, @ = 1L,2,...,k =1, j € Zo; (1o,11,00) — 21,
(11,10,01) — 0o, (0o, 20,01) — 21.

Case 4: v=3 (mod 4): \p =4 and o = 4.

In Zyky3 develop the base blocks: (i,4k +3 — i, 0) — (1 4+ 1), ¢ =

1,2,...,2k; (2k +1,2k+2, 0) — 1.
Case 5: v="5 (mod 8): \g =2 and o = 4.

In Zgj 45 develop the base blocks ([14]): (i,4k+3—1, 0) — (4k—1+24),

i=1,2,...,2k+1.

7. MAIN RESULT

Theorem 1.3 along with the results of the previous sections allows us to
obtain our main result.

Theorem 7.1. For any graph G € {Ps, Py, K13, K3 + e}, the necessary
conditions (1.1) — (1.5) for the existence of a-resolvable \-fold G-designs are
also sufficient.
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