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ON THE ENUMERATION OF A CLASS OF TOROIDAL
GRAPHS

DIPENDU MAITY AND ASHISH KUMAR UPADHYAY

ABSTRACT. We present enumerations of a class of toroidal graphs which
give rise to semiequivelar maps. There are eleven different types of
semiequivelar maps on the torus: {3}, {4*}, {63}, {3?,4%}, {3?%,4, 3,4},
{3,6,3,6}, {3*,6}, {4,8%}, {3, 122}, {4, 6,12}, {3,4,6,4}. We know the
classification of the maps of type {3°}, {4*}, {6°}. In this article, we
attempt to classify maps of type {3%,4%}, {3%,4, 3,4}, {3,6, 3,6}, {3*,6},
{4,8%}, {3,122}, {4,6,12}, {3,4,6,4}.

1. INTRODUCTION

A map M is an embedding of a graph G on a surface S such that the
closure of components of S\ G, called the faces of M, are closed 2-cells,
that is, each face is homeomorphic to a 2-disk. A map M is said to be a
polyhedral map (see Brehm and Schulte [4]) if the intersection of any two
distinct faces are either empty, a common vertex, or a common edge. An
a-cycle C, is a finite connected 2-regular graph with a vertices, and the
face sequence of a vertex v in a map is a finite sequence (a?,b?,--- ,m") of
powers of positive integers a,b,--- ,m > 3 and p,q,--- ,7 > 1 in cyclic order
such that through the vertex v, p number of C,’s, ¢ number of Cy’s, ---, r
number of C),’s are incident. A map K is said to be semiequivelar if the
face sequence of each vertex is same, see [8]. T'wo maps of fixed type on the
torus are called isomorphic if there exists a homeomorphism of the torus
which sends vertices to vertices, edges to edges, faces to faces, and preserves
incidents. That is, if we consider two polyhedral complexes K7 and Ko, then
an isomorphism is a map f : K1 — Kj such that fly (g : V(K1) — V(K2)
is a bijection and f(o) is a cell in K> if and only if o is a cell in K;. There are
eleven types of semiequivelar maps on the torus: {36}, {44}, {63}, {3342},
{32,4,3,4}, {3,6,3,6}, {3 6}, {4,8%}, {3,122}, {4,6,12}, {3,4,6,4}.

In this article, we classify the remaining semiequivelar maps on the torus
up to isomorphism, completing their classification. In this context, Altshuler
[1] has shown construction and enumeration of maps of types {3°} and
{63}. Kurth [5] has given an enumeration of semiequivelar maps of types
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{35}, {4*}, {63}. Negami [6] has studied uniqueness and faithfulness of
embeddings for a class of toroidal graphs. Brehm and Kiihnel [3] have
presented a classification of semiequivelar maps of types {3}, {4%}, {63}.
Tiwari and Upadhyay [7] have classified semiequivelar maps of types {33, 4%},
{32,4,3,4}, {3,6,3,6}, {3%,6}, {4,8%}, {3,122}, {4,6,12}, {3,4,6,4} with
up to twenty vertices. In this article, we devise a way of enumerating all
semiequivelar maps of types {33,42}, {3%2,4,3,4}, {3,6,3,6}, {3*,6}, {4, 8%},
{3,122}, {4,6,12}, {3, 4, 6,4} on the torus and explicitly determine the maps
with a small number of vertices. Therefore, we have the following theorem.

Theorem 1.1. The semiequivelar maps with n vertices of types {33,42},
{32,4,3,4}, {3,6,3,6}, {3,122}, {3%,6}, {4,6,12}, {3,4,6,4}, {4,8%} can
be classified up to isomorphism on the torus. In Tables 1-8, we have given
nonisomorphic objects with few vertices.

More precisely, let X = {33 42}, {32 4,3,4}, {3,6,3,6}, {3,122}, {3%,6},
{4,6,12}, {3,4,6,4}, or {4,82} be a semiequivelar type on the torus. We
present an algorithmic approach of calculating different maps for the type
X for different numbers of vertices in the subsequent sections.

2. DEFINITIONS

We now define some operations on graphs. Let G; = (V1, E1) and G =
(Va, E3) be two subgraphs of the same graph G = (V, E). Then the union
G1 UG is a graph G = (Vg,Eg) where V3 = V3 UV, and F3 = E1 U Es.
Similarly, the intersection G1 N Gy is a graph G4 = (V4, E4) where V) =
V1NV, and E4 = Eq N Ey. For more on graph theory see [2].

We denote a cycle uj-ug-- - --ug-u; by C(uy,ug,--- ,ux) and a path wi-
wa- -+ --wy by P(wy,ws, - ,w,;). Let Q1 = P(ug,---,ux) be a path. We
call a path Q2 = P(v1,---,v,) to be a path extended from Q; if V(Q1) C
V(Q2), E(Q1) C E(Q2), i.e., Q1 is a subpath of Q2. We say that the Qs is
an extended path of the path Q1.

We say that a cycle is contractible if it bounds a 2-disk. If the cycle does
not bound any 2-disk on the torus then we say that the cycle is noncon-
tractible.

3. EXAMPLES

Example 3.1. Let M be a semiequivelar map of type {33, 42} with n vertices
on the torus. The map M has a T(r,s, k) representation (defined later in
Section 4) for some r,s,k € NU{0}. Let the number of vertices n = 14. By
Lemma 4.9, n =rs =14 where 2 | s. Hence, s=2,r =17, and k = 2,3,4 by
Lemma 4.9. So, T(r,s, k) =T(7,2,2), T(7,2,3), and T(7,2,4), see Figure
1, 2, and 3, respectively. In T(7,2,2), C1q1 = C(u1,ug,--- ,uy) is a cycle of
type A1 (see the definition of type Ay in Section /),

Ch,2 = C(u1, ug, uz, 10, Us, U12, U7, U4, U2, Ug, U, U11, U, U13)
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and
C1,3 = C(u1, us, ug, U1, U7, U14, U3, U10, Ug, U13, U2, U9, Us, U12)

are two cycles of type Ag (see definition of type As in Section 4), and C1 4 =
C(usg, w10, us,uq) is a cycle of type Ay (see definition of type Ay in Section
4) In T(77 274)7 CQ,I = C(vhv% e 71)7) is Of type A17

Ca2 = C(v1,v8, V5, V12, V2, V9, Vg, V13, U3, V10, U7, V14, V4, V11)
and

Ca 3 = C(v1,v8, V6, V13, V4, V11, V2, V9, U7, V14, Us, V12, U3, V10)
are of type Az, and Ca4q = C(vs,vi2,v3,v4) is of type Ay. In T(7,2,3),
C31 = C(wy,wa, -+ ,wr) is of type Ay,

C32 = C(w1, ws, wa, Wi, Wy, Wi4, W3, W10, We, W13, W2, W9, W5, W12)

and
C33 = C(w1, ws, ws, Wiz, W2, Wy, We, W13, W3, W10, W7, W14, W4, W11)

are of type As, and C3 4 = C(wyg, ws, we, w7, w11) is of type Ay4.

u3 Uqg us ueg w7 ul u2 u3

ug ug uio (w11 |uU12 |U13 |U14 |US8

ulp U2 u3 U4 U5 U U7 U]
Fieure 1. T(7,2,2) : Oq
Vs v6 v7 v1 v2 v3 V4 v5

U8 V9 V10 |V11 |vY12 |V13 |V14 |V8

V1 Vo v3 V4 VU5 Vg vy V1
FIGURE 2. T'(7,2,4) : O2
wy Sws Swe Slwr Slwy Slwe Slwsy Sl wy

wsg wg w1l (W11 |W12 |W13 |Wi4 |WS8

w1 w2 w3 w4y ws we wry w1

FiGure 3. T(7,2,3) : Og

In Section 4, by Lemma 4.8, the cycles of type A; have the same length
and the cycles of type Ao have at most two different lengths in M. So,
O3 2 O since length(C3 4) # length(C1 4) and O3 22 O since length(Cs4) #
length(C3 4). Thus, O3 2 O; for i = 1,2. Now, length(C} ;) = length(Cs 1),
{length(C12), length(C 3)} = {length(C52), length(C5 3)}, and length(C1 4)
= length(Cy4). We cut T(7,2,4) along the path P(vs,v12,v3) and identify
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along the path P(vq,vs,vs). This gives the presentation of T'(7,2,4) in Fig-
ure 4. Figure 4 has a T'(7, 2, 2) representation. So, O1 = O3 (see the proof of
Lemma 4.10 for the isomorphism between O; and O). Thus, O; = Oy and
O3 % 01, 05. Therefore, there are two semiequivelar maps of type {33, 42}
with 14 vertices on the torus up to isomorphism.

v3 V2 v1 vr Ve V5 V4 v3

V12 |V11 ([V10 |Y9 v V14 |V13 [V12

Vs V4 v3 v2 vl v7 v6 V5
FIGURE 4. T'(7,2,2) : Og
U3 Vg U5 V6 U1 V2 U3

Wy we wo

w3 w5 w1 w3

] To T3 T4 s Tg T1
z2 Z4 Z6

zZ1 z3 Z5 z1

U] ) U3 V4 U5 Vg V1

FIGURE 5. T'(6, 4, 2)

Example 3.2. Let M be a semiequivelar map of type {32,4,3,4} with 16
vertices on the torus. As above, by Lemma 5.5, there are three represen-
tations of M, namely, T(8,2,4), T(4,4,0), and T(4,4,2), see Figures 9,
6, and 7, respectively. In T(8,2,4), Ci1 = C(ui,uz,--- ,ug) and Cio =
C(u1,ug,us,u13) are two cycles of type By (see the definition of type By in
Section 5). InT(4,4,0), Ca1 = C(v1,v2,v3,v4) and Ca 2 = C(v1,vs, Vg, v13)
are two cycles of type Bi. In T(4,4,2), C31 = C(wi, w2, w3, wy) and
C39 = C(wy,ws, wy, w13, w3, wr, w1, wis) are two cycles of type By. In Sec-
tion 5, the cycles of type By have at most two different lengths. So, Os 2
Og since {length(C11),length(Cy 2)} # {length(C21), length(C22)}. Now,
{length(C1 1),length(Ci2)} = {length(Cs1), length(Cs2)}. We identify
boundaries of Oz and cut along the cycle Cs2 = C(wy, ws, wg, w13, w3, wr,
wit,wis) and next along Cs1. Thus, we get a T(8,2,4) representation in
Figure 8. So, O5 = Oy (see the proof of Lemma 5.6 for the isomorphism,).
Therefore, we have two maps of type {32, 4, 3,4} with 16 vertices on the torus
up to isomorphism.
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vy Vo v3 Vg uy [ws Jwg [wi Jwz |ws

V14 vie wi4q wie
v13 v15 V13 |w13 wis w13

v9 vi0 |V11p/|V12 |V9 w9 w1o |w1 w12 w9

Ve v8 we ws
VU5 v7 vs  |ws w7 ws
v VY2 V3 V4 V1 W] W2 W3 W4 W]
FIGURE 6. T'(4,4,0) : Og FIGURE 7. T'(4,4,2) : Or
wy JSlwg (w1 wie (W2 Slwe W10/ | W14 | W4
w5 w13 wy wis
w1 w9 w3 w11 w1

w2 W W10 Wi4 W4 WS W12 Wie W2
FIGURE 8. T'(8,2,4) : Oy4

us ue uy ug ul u2 us Uuq us

u10 ui2 Uiaq uie
ug Uil u13 uls ug

ul u2 us uq us ue uy ug ul

FIGURE 9. T'(8,2,4) : Os
vy vg

vl VY2 vz Vg4 V5 vg V7
/é,10,6,7><1,12,8><3,14,2><5,16,4>’U/9,10,6,7
gr) U10 /V11 Wiz /U913 \i4 /U15 \W16 /Y9
v1,2,16,9 ¥V3,4,10,11¥Y5,6,12,13 XV7,8,14,15YV1,2,16,9
v1 vo v

)
3 V4 U5 Ve vr v v1

FIGure 10. T'(8, 2, 6)
V4 U5 V6 Cird v1 v2 V3 V4 wg  wy ws we w1 wo w3

21 22 z3 24 25 26 7 21 xq o T3 x4 x5 T6 x|

r1T2 z3 z4 5 Te6 z7 Z z9 Z4 26 21
z1 z3 z5
w1 w9 w3 w4 ws we wrw 1| V1 ) v3 V4 U5 Ve v
v1 v2 v3 Vg Us Ve vr V1 w1 w2 w3 wyq ws We W1
FiGURE 11. T'(7, 4, 3) FIGURE 12. R

4. MAPS OF TYPE {33,4%}

Let M be a map of type {33,42} on the torus. Through each vertex in
M there are three distinct types of paths as follows.
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Definition. Let Py := P(--- ,uj—1, uj, uit1,- -+ ) be a path in the edge graph
of M. We say Pi is of type A1 if all the triangles incident with an inner
(degree two in Py ) vertex u; lie on one side and all quadrangles incident with
u; lie on the other side of the subpath P’ = P(u;—1,u;,u;y1) (as in Figure
13) at u;. Since the link of vertex u; is a cycle and the path P' is a cord
of cycle lk(u;), so, the path P’ divides the region into two parts. If uy is a
boundary vertex (degree one in P;) of Py then there is an extended path of
Py where u; is an inner vertex.

Observe that a link of a vertex in M contains some vertices which are
adjacent to the vertex. To identify the nonadjacent vertices in the link, we
use bold letters. That is, if a description of a link, say lk(w), contains any
bold letter a then it indicates that a is nonadjacent to w. For example, in
lk(u;) vertices a and ¢ are nonadjacent to w;. In this article, we consider
permutation of vertices in lk(u;) of a vertex u; counterclockwise locally at
Ug.

Definition. Let Py := P(--+ ,v;_1,0;,Vit1, -+ ) be a path in the edge graph
of M for which v;,vi41 are two consecutive inner vertices of Pa or an ex-
tended path of Po. We say Py is of type Ag if lk(v;) = C(a,vi—1, b, ¢, vit1,d,
e) implies lk(viy1) = C(ag,vit2, by, d,vi,c,p) and lk(v;) = C(x,vit1, 2,1,
vi—1, k,m) implies lk(vit1) = C(Lv;, m,z,vy9,9,2). At least one of the
former two conditions must occur for each vertex.

Definition. Let P := P(--- ,w;_1,w;, wit1,---) be a path in the edge graph
of M for which w;, w;y1 are two inner vertices of Ps or an extended path
of Ps. We say Ps is of type As if lk(w;) = C(a,wj—1,b,c,d, wiy1,€) im-
plies lk(wit1) = C(a1, wit2, b1, p, e, wi,d) and lk(w;) = C(az, wit1, ba, p, €,
wi—1,d) implies lk(w;11) = C(p,w;, d, az, 21, wit2,b2).

Let @ be a maximal path (path of maximal length) of type A; for a fixed
t € {1,2,3}. We show that there is an edge e in M such that QUe is a cycle
of type A;.

Lemma 4.1. If P(uy,- - ,u,) s a maximal path of type Ay, As, or As in
M then there is an edge uyuy in M such that C(uy,usg, - ,u,) is a cycle.

Proof. Let Q = P(uy,--- ,u,) be of type Ay and lk(u,) = C(z,y, z,w, v, u,
Up—1). If w=wy then @ = C(uy, ug, -+, u,) is a cycle. If w # uy. Then
either w = u; for some 2 < 4 < r or w # u; for all 2 < ¢ < r. Suppose
w = u; for some 2 < i < r. Observe that L = P(u;—1,u;,ui+1) C @ and
L' = P(u,,w,z) are two paths of type A; through u;. By Definition 4.1,
through each vertex in M we have only one path of this particular type A;.
So, L = L'. This implies that u, = u;_1 or u, = u;;1. This is a contraction
since, by assumption, @ is a path and w; # u; for all i # j,1 < 4,5 < r.
Therefore, w # u; for all 2 < i < r. If w # u; for all 1 < ¢ < r then
by Definition 4.1, w, is an inner vertex in the extended path of ). Thus,
we get a path, namely @1, which is extended from ). Hence, length(Q) <
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As
N /A2
Ne fr T T2 3 Ty.. Tp_2 Typ_1 T T
Ay
Uj—1 Ui Uit wy  |wz w3 |wg |Wp_2|we_1|wr |wi
a c
b I\ N v1 vg v3 v4 Vp_2 Vp_1 Ur v1
F1eure 13. lk(u;) FIGURE 14. Cylinder
Vet |k + 2| Vk+3 | Vk+a [vn V1 vg v3 v —2Tve—xTvk V41
z1 Z2 z3 Z4 Zk Zk+1 |Zk+2 |2k+3 |Zr—2 |Zr—1 |27 z1
T1 To T3 24 |z Ty x| Tht 2| Tht3 [ Tr—2|Tr—x | Tr T
w1 w3 w3 |wy  [Wg | Wgt1| Wht2| Whis| Wr—2|Wr—1|Wr | w1
v1 v2 v3 vy v Vkt1 Vkt2 Vk+3 Vr_2 Up_1 Ur vy

FIGURE 15. T'(r, 4, k)

Up 5| Wr—9 Wi+2 |Uit6
Uy wT/A K+1 Ui
Uy — 3] wy U444
Uy — Wi — 1/ \%i+
U — 1 Ui42
U, Ui+1
Ujg
Uq—1
FIicURE 16.

length(Q1). This is a contradiction as ) is maximal. Therefore, w = u; and
QUuyu; = C(ug,ug, -+ ,u,) is a cycle.

Let W = P(uy,ug, - ,u,) be of type Ay. We follow a similar argument
from [1, Theorem 1]|. Let lk(u,—1) = (v, ur, 2,p,q, ur—2,z) and lk(u,) =
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(pytup—1, T, 0,€,Up41,2). If upp1 = ug then C(uy,ue, -+ ,u,) is a cycle. If
Ury1 7 u1, then either u,,1 = u; for some 2 < ¢ < r or u,y1 # u; for all
2 < ¢ < r. Suppose u,y1 = u; for some 2 <4 < r. Then u,41 = u; defines
a cycle R = C(uj, uiy1,--+ ,u,). Now by assumption, W is a path. That
is, u; # wuj for all 1 < 4,5 < r and i # j. By Definition 4.2, through each
vertex in M we have exactly two paths of type As. Hence, we have either
lk(u;) = C(a,uj—1,b,c,ujt1,d,e) or lk(u;) = C(a,ui—1,b,c,z,uir1,e). If
lk(u;) = C(a,uj—1, b, ¢, z,uit1,e) then u;11 = u,. However, u; # u; for all
1<i4,j <randi#j. Hence lk(u;) = C(a,ui—1,b,c,ui+1,d,e). Thus from
the cycles lk(u,) and lk(w;), 2 = uit1, p = Uit2, d = Uy, and ;U1 U, 1S a
triangle (see Figure 16). Consider cycle R and faces incident to it. These
faces

Up—3WiWyr—8, Up—3Wr—_8Ur—4, [ur—47 Wy—8, Wr—9, u’/‘—5]7
Uy —5 Wy —9Wyr—105 Upr—5Wr—10Ur—6, " * *

Wi+3Ui4-7Ui+6, Wi+3Ui4-6Wi4-2, [wi+27 Ui+6, Wi+5, wiJrl]a
Wi41Wi+5Ui+4, Wi+1Ui+4W;

define a new cycle R’ = C(w;, wit1, « -+, wy—g,w,_g) (see Figure 16). Ob-
serve that, R is the same type of cycle as R since the faces [u,—2, uy—3, w;,
wi—1] and [u;13, Ujt+4, w;, w;—1] have a common edge w;_jw;, and length(R’)
< length(R). Similarly, we consider cycle R’ and repeat the process as
above. Thus, we get a sequence of cycles of the same type as R. How-
ever, in this sequence, the length of cycles is gradually decreasing. After
a finite number of steps, the cycle of type R may no longer exist since
the map is finite. Therefore, u,41 # u; for all 2 < ¢ < r. By Definition
4.2, lk(uy) = (2, up—1, T, v, Up1,w) implies lk(u,+1) = C(y, ur, T, a,w,b,c)
for some vertices b, w. Hence, we define a new path L := P(uy, ---,
uy) U P(uy, up41) which is of type Aa. So, we have a path @ with length(Q)
> length(P). This gives a contradiction as P is maximal. Therefore,
Ups1 = uq, that is, C(uq,us, - - -, u,) is cycle of type As.

We use similar argument for the maximal path of type As. Similarly, we
get an edge which defines a cycle of type As. This completes the proof. [J

Every maximal path of type A1, As or As is a cycle. In this article, we
use the terminology cycle in place of maximal path since maximal paths are
also cycles.

Lemma 4.2. Let Cy and Cy be two cycles of type Ay for a fized t € {1,2,3}.
(a) If t =1 and C1 N Cy # 0, then Cy = Cs.
(b) Ift =2 or 3 and E(Cy) N E(Cy) # 0 then Cy; = Cs.

Proof. Let Cy := C(u11,u1,2,- -+ ,u1,) and Cy := C(ug1,u22, -+ ,u2s) be
two cycles of type A;. If C1 N Cy # 0 then V(C1 NCy) # (. Let w €
V(C1 N Cy). The cycles C; and Co are both well defined at the common
vertex w. Let lk(w) = C(wi,ws, ws, wy, ws, ws, w7). By Definition 4.1,
wy, w7 € V(Cy N Cy). So, P(wg,w,wr) is part of C; for t € {1,2}. Let
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W= Ul = Ugg,. Then wy = w141 = Ugg,—1 and wy = U 41 = Utp41
for some t; € {1,---,r} and ty € {1,---,s}. We can argue for wy and wy
as we did for w to get two vertices, uy ¢ —2 = U2 ,—2 and Uy 42 = U2 1,42
This process stops after a finite number of steps as » and s both are finite.
Let r < s. Then w1 = wugry1,u12 = U242, **+, Uy = U214r, and
U1 = U [+r+1 for some I € {1, s ,S}. Hence U] = UQT4+1 = U2 [+r+1-
This implies that I +1 = I +r + 1 and the cycle Cy contains a cycle of
length r. This gives r = s. Hence C = Cb.

Let C1,C5 be two cycles of type As and E(Cy) N E(Cs) # 0. Let uv €
E(C1)NE(Cy). We proceed with the vertex u of edge uv in a similar manner
to the one used for the cycles of type A;. (We have also used this argument
in Lemma 5.2.) Thus, we get C1 = Cy. Similarly we argue for the case of
cycles of type As to show that C; = C5. This completes the proof. ([l

Now, we show that the cycle of type A; for each t € {1,2,3} is noncon-
tractible.

Lemma 4.3. If a cycle C is of type A; for some t € {1,2,3} in M then C
s moncontractible.

Proof. Let C be a cycle of type A; for a fixed ¢t € {1,2,3} in M. We claim
that the cycle C' is noncontractible. Let the cycle C be of type A;. Suppose
C is contractible. Let D¢ be a 2-disk bounded by the cycle C. Let fy, fi,
and fo denote the number of vertices, edges, and faces of D¢, respectively.
Let there be n internal vertices and m boundary vertices. So, fo = n + m,
fi=(n+3m)/2, and fo =n+ (n+m)/2 if quadrangles are incident with
C,and fo =n+m, fi = (5n+4m)/2 and fo = 3n/2 + m if triangles are
incident with C' in D¢. In both the cases, fo — f1 + fo = 0. This is not
possible since the Euler characteristic of the 2-disk D¢ is 1. Therefore, C' is
noncontractible.

We use a similar argument for the cycles of types Ao and As. Suppose a
cycle W of type As is contractible. Let Dy be a 2-disk which is bounded
by the cycle W. As above, calculate fo, f1, and fs to get fo — f1 + fo =0,
a contradiction.

Finally, we again use a similar argument for cycles of type As. This
completes the proof. O

Let C be a cycle of type A; for a fixed t € {1,2,3} in M. Let S be a
set of faces which are incident at u for all u € V(C). The geometric carrier
|S| is a cylinder since C' is noncontractible. Let S¢ := |S|. Observe that
a cylinder (or an annulus) in M is a subcomplex of M with two boundary
cycles. If the boundary cycles of a cylinder are same, it is a torus and we
say that the cylinder has identical boundary components. Clearly, the S¢
is a cylinder and has two boundary cycles. Let 0S¢ = {Cj,C3}. Then
length(C') = length(C;) = length(C3) by Lemma 4.4.

Lemma 4.4. IfC is a cycle of type A; for a fizedi € {1,2,3} such that Sc is
a cylinder and 0S¢ = {C1, Ca}, then length(C) = length(C}) = length(Cs).
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Proof. Let C be a cycle of type A;. Let Fy, Fy,---, F,. be a sequence of
faces in order which are incident with C and lie on one side of C'. These

faces Fi, Fy,--- , F, are also incident with C; and lie on one side of C} for
a fixed t € {1 2}. Without loss of generality we assume that Cy = Ci.
Let Iy, Fo,-- F denote the sequence of faces incident with C' that lie on

the other s1de of C. Let F be a dz -gon. Then, we get the sequence T} :=
{dl, dg, . d } of face—types corresponding to the sequence Fl, Fg, ‘e ,FT.
Again, let Wl, Wy, -+, W, denote the sequence of faces incident with Cj
that lie on the other Side of Ci. Similarly, let Ty := {di,da, -+ ,d,} for

the d;-gon W;, ¢ = 1,2,--- | r. Since Fy, Fb,--- , F,. is a sequence of faces
that lie on one side of both C' and (i, there exists a j such that d; = d;,
do = dji1,- ,dg—jy1 = di, dg—jy2 = dy,- -+ ,dp = dj_1. So, the cycle Cy

is of type A;. Similarly we argue as above for Co and we get that the cycle
Cy is of type A;. For example in Figure 15, the cycle C' = C(zy,- -+ ,x,),
0Sc = {C1(wy,--- ,w,),Co(21, -+ ,2)}, and C, Cy, and Cy are cycles of
type Aj.

We repeat the above argument for the other two types A; for j € {2,3}
and get the similar results. So, the boundary cycles of S¢ for a cycle C' of
type A;, i € {1,2,3} are also of type A;.

Suppose length(C') # length(C7) # length(Cy). Let C' := C(uq, ug,- -,
uy), C1 := C(v1, v2, -+ ,vs), and Cy := C(w1,wa, - - - w;) denote three cycles
of type A;. The link [k(u;) contains the vertices v; and wq. Let P(vq,u1,w1)
be a path of type either Ay or Az through u;. Without loss of generality,
we assume r < s and r # [ since r # s # [. Now, the path P(vy,uj,wq) is a
shortest path between v1 and wy via u;. It follows that the path P(v;, u;, w;)
is also a shortest path of type either As or A3 between v; and w; via u;.
Since by assumption r < s, the link lk(u,) contains the vertices v;, v,; for
7 > 0 and w,. This gives that the link of w, is different from the link of wu,_1.
This is a contradiction as M is a semiequivelar map. Therefore, r = s =1,
that is, length(C) = length(C1) = length(C?>).

We use a similar argument for the cycles of type A; for j € {2,3}. This
completes the proof. O

Let Cy and C5 be two cycles of the same type in a semiequivelar map M
on the torus. We denote a cylinder by Sc, ¢, if the boundary components
are C1 and Cy. We say that the cycle C; is homologous to Co if Sc, ¢,
exists. In particular, if Cy = Cy then consider S¢, ¢, = C1 = Cy, hence Cy
is homologous to Cs.

By the above lemma, the cycle C and the boundary cycles of S¢ are
homologous. Let C1, Co,--- ,C,, be a list of cycles which are homologous
to C'in M, Then the cycles have same length. That is:

Lemma 4.5. If Cy,Cy, - -, Cy, are homologous cycles of type Ay for a fized
t € {1,2,3} then length(C;) = length(C};) for 1 <i,5 < m.
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Proof. Let C; be a cycle of type A;. Then we have a cylinder S¢,. Let
Ct,,Cty, -+, Cy,, denote a sequence of cycles {C1,Co,---,Cp} such that
95¢c,, = {Ci,_,,Cypy } for 2 < j < (m —1). By Lemma 4.4, length(Cy,)
= length(Cy;) for j € {1, 2,---,m}. Thus, length(C;) = length(C;) for
1 <i,j < m. We argue similarly for the cycles of type A; for j € {2,3}.
This completes the proof. O

A (r,s,k)-representation in M. Let v € V(M). By Lemma 4.1, there
are three cycles of types A1, As, As through v. Let L1, Lo, L3 be three cycles
through the vertex v where the cycle L; is of type A;, i = 1,2,3. Let
L, .= C(ai,az, -+ ,a,). We cut the map M along the cycle L;. We get a
cylinder which is bounded by an identical cycle L;. We denote this cylinder
by Ni1. We call such a cycle a horizontal cycle if the cycle is Ly or homologous
to Li. Similarly, we say that a cycle is a wvertical cycle if the cycle is L; or
homologous to L; for i € {2,3}. Observe that the horizontal and vertical
cycles are noncontractible by Lemma 4.3. Again, we say that a path is a
vertical path if the path is part of a vertical cycle. We consider N7 and make
another cut in Nj starting through the vertex v along a path Q C L3 until
reaching L again for the first time where the starting adjacent face to the
horizontal cycle L;. (For example in Figure 15, v = v1.) Assume that along
P := P(wi(= a1),wa, -+ ,wy) C L3 we took the second cut in Nj. Thus,
we get a planar representation which is denoted by Ns.

Claim 4.6. The representation No is connected.

Proof. Observe that the Nj is connected as L is a noncontractible cycle.
Suppose N» is disconnected. This implies that there exists a 2-disk, namely
Dp,uq,, which is bounded by a cycle PLUQ1 = P(uj, -+ ,u;) UP(a;-- -, as)
where Py C L3, Q1 C L1, u; = a4, and u; = a,. We consider faces which are
incident with Py and Q1 in Dp, g, . (In this article, O denotes a quadrilateral
face and A denotes a triangular face.) Observe that if the quadrilateral faces
are incident with Ql and Di, AiJ, AZ"Q, |:|i+1, Ai+171, Ai+1’2, s ,Aj,Ll,
Aj_12,; are incident with Py in Dp, @, then as in Lemma 4.3, we calculate
the number of vertices fo, edges fi, and faces fa of Dpug,. So we get
fo— fi+ fo = 0. Similarly, if the triangular faces are incident with @)1 then
also we calculate fo, f1, and f2 of Dp,ug,. Similarly, we get fo— fi+ fo =0
which is a contradiction in both cases as Dp,ug, is 2-disk. Hence N is
connected. O

Observe that Ny is planer and bounded by L; and Q). Let s denote the
number of cycles which are homologous to L; along P in N,. (For example
in Figure 15, we took a second cut along the path P(vq, wi, 1, 21, Vkt1)
which is part of L and s = 4.) Now in Ny, length(L;) = r and number of
horizontal cycles along P is s. We call Ny a (r, s)-representation.

Observe that Ny is bounded a by a cycle Ly, a path @, a cycle L} and a
path @ where Ly = L} and @ = Q'. We say that the cycle L; is a lower
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(base) horizontal cycle and L} is an upper horizontal cycle in the (r,s)-
representation. Without loss of generality, we may assume that the incident
faces of L; are quadrangles. (For example in Figure 15, C(vy, -+ ,v,) is a
lower horizontal cycle and C(vgy1,- -+ ,vg) is an upper horizontal cycle.) So,
we get an identification of the vertical sides of Ny in the natural manner but
the identification of the horizontal sides needs some shifting so that a vertex
in the lower(base) side is identified with a vertex in the upper side. Let L] =
Claks+1(=wm), -+ ,ag), then agq is the starting vertex in L). In the (r, s)-
representation, let k =: length(P(ay, - ,axy1)) if P(ay,- -+ ,ag+1) is part of
L;. Thus, we get a new (r, s, k)-representation of the (r, s)-representation.
We call the boundaries of the (r, s, k)-representation the cycles and paths
along which we took the cuts to construct the (r, s, k)-representation of M.
(For example in Figure 15, the vertex vy is the starting vertex of the upper
horizontal cycle C'(viy1,Vkt2, -+ ,vx) and k = length(P(vy,va,- -+ ,v,,,)).)

By the above construction, we see that every map of type {33, 4%} has a
(r, s, k)-representation. We use T'(r, s, k) to represent a (r, s, k)-representa-
tion. Therefore, we have the following lemma.

Lemma 4.7. The map of type {32,4%} on the torus has a T(r,s,k) repre-
sentation.

Let T'(r, s, k) be a representation of M. It has two identical upper and
lower horizontal cycles of type Aj, namely, Cj, = C(uj,ug, - ,u,) and
Cun = C(ups1, Uy, ,ug) in T(r,s, k), respectively. (For example in
Figure 11, Cj, = C(v1,ve, - -+ ,v7) and Cyp, = C(vg,vs5, -+ ,v3).) We define
anew cycle in T'(r, s, k) using Cj, and Cyp. The vertex ugy1 € V(Cyy) is the
starting vertex of Cyp in T'(r, s, k). In T'(r, s, k), we define two paths Q2 =
P(ugy1,- -+ ,ug, ) of type Ag and Q3 = P(ug41,- - ,uk,) of type Az through
Up41 in T'(r, s, k) where ug, , ug, € V(Cyp). Clearly, the paths Q2 and Q)3 are
not homologous to horizontal cycles, that is, these are not part of cycles of
type A;. We define two edge disjoint paths Q5 = P(ug,,- -+ ,ur+1) and Q5 =
P(ugy, - ,ugs1) in Cyp where Q4 U Q%5 := P(ug,, -+ ,Upt1, ", Uk,) C Cup
is a path in T'(r,s,k). Let Cy1 = Q45U Q2 := C(Ukg1, -, Ukys* "+ » Ukt1)
and Cyo = Q4 U Q3 := C(Ukt1," " ,Uky, - ,Ukt+1). We define a new cycle
(4 using lengths of Cy; and Cy o as follows:

(4 1) 04 = { 04’1’ if length(c4,1) S 1ength(C4’2)7

04,2, if length(C'4,1) > length(C4,2).

It follows from the definition of Cy that length(Cy4) := min{length(Q5) +
length(Q2), length(Qf5)+length(Q3)} = min{k+s, (r—(s/2)—k) (mod r))+
s}. We say that the cycle Cy is of type A4 in T'(r,s,k). (In this section,
we use (r + 5 — k) in place of (r + (s/2) — k) (mod r).) (For example in
Figure 11, Cy1 = Q45U Q2 = P(v4,v3,v2) U P(v2, 25, x5, w4, v4) and Cyo =
Q5 U Q3 = P(va,vs,v6,07) U P(v7, 24, x4, ws,v4).) We have cycles of four
types A, Ag, A, and Ay in T'(r, s, k).
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We show that the cycles of type A; have same length and the cycles of
type Az have at most two different lengths in M.

Lemma 4.8. In M, the cycles of type A1 have unique length and the cycles
of type As have at most two different lengths.

Proof. Let C1 be a cycle of type Ay in M. By the preceding argument of
this section, the geometric carrier S¢, of the faces which are incident with
C1 is a cylinder and 0S¢, := {Cq, Cp} where the cycle Cy is homologous to
Cy and length(C}) = length(C%). Similarly, the S¢, is a cylinder and which
is bounded by two homologous cycles C and another, say C3 of type A;.
Again, we consider the cycle Cs and continue with above process. In this
process, let C; denote a cycle at the ith step such that 0S¢, = {Ci—1,Cit1}
and length(C;_1) = length(C;) = length(Cj;+1). Since M consists of finite
number of vertices, it follows that this process stops after, say ¢ + 1 number
of steps when the cycle Cy appears in this process. Thus, we get C, Co, - - -,
C; cycles of type A; which are homologous to C} and cover all the vertices
of M as the vertices of S, are the vertices of C;_1 UC; UCjyq for 1 <i <t.
It is clear from the definition that there is only one cycle of type A; through
each vertex in M. Therefore, the cycles Cy, Co, - -, C; are the only cycles
of type A1 in M. Since these cycles are homologous to each other, it follows
that length(C1) = length(C;) for i € {1,--- ,¢} by Lemma 4.5. This implies
that the cycles of type A1 have unique length in M.

Let L1, Lo, L3 be three cycles through a vertex of types Ay, As, A3 respec-
tively in M. We repeat the above process and consider Ls in place of Cf.
Similarly, we get a sequence of cycles, namely, Ry(= L2), Ro, - - , Ry of type
Ao which are homologous to each other. Since R; and R; are homologous
to each other for 1 <i,j <k, it follows that I; = length(Ls) = length (R;)
for 1 < i < k by Lemma 4.5. Again we consider the cycle L3 and repeat
above argument. Let [ = length(Ls). Since the cycles Lo and L3 are mirror
images of each other, it follows that they define the same type of cycles. The
map M contains the cycles of type As of lengths [y and l5. Therefore, the
cycles of type A, have at most two different lengths in M. This completes
the proof. O

We define admissible relations among r, s, k of T'(r, s, k) such that T'(r, s,
k) represents a map after identifying their boundaries.

Lemma 4.9. The maps of type {33,4%} of the form T(r,s, k) exist if and
only if the following holds:
(i) s > 2 and s even,
(ii) rs > 10,
(iii) 2<k<r—3ifs=2and 0<k<r—1ifs>4.

Proof. Let T'(r, s, k) be a representation of M. In T'(r,s, k), the s denotes
the number of horizontal cycles of type A;. By the preceding argument of
this section and Lemma 4.8, the cycles of type A; are homologous to each
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other and cover all the vertices of M with length r. So, the number of
vertices n of M equals the length of the cycle of type A; multiplied by the
number of cycles of type A1 = rs.

Let C be a cycle of type A;. By the definition of Ay, the triangles incident
with C' lie on one side and 4-gons lie on the other side of C'. If s = 1 then
T(r,1,k) contains one horizontal cycle, namely C. Since the incident faces
of C are either triangles or 4-gons, it implies that the faces of M are either
only 3-gons or 4-gons. This is a contradiction as M consists of both types
of faces. So, s > 2 for all . If s is not an even integer and C is the base
horizontal cycle in T'(r, s, k) then the incident faces of a vertex in C are all
3-gons or 4-gons after identification of the boundaries of T'(r, s, k). This is
a contradiction as both 3-gons and 4-gons are incident at each vertex of M.
So, s is even.

If s =2 and r < 5 then the representation 7'(4,2, k) has two horizontal
cycles. If C(uy,ug,us,uq) and C(us, ug, u7, ug) are two horizontal cycles in
T(4,2,k) then the link Ik(ug) is not a cycle. So, r # 4. Similarly one can
see that r #£ 1,2,3. Thus, r > 5. If s > 4 and » < 3 then one can see as
in the above that some vertex has link which is not a cycle. By combining
above all cases, r > 3 and rs > 10.

If s=2and ke {1,---,7r —1}\ {2,---,r — 3} then we proceed as
before and get some vertex whose link is not a cycle. Thus, s = 2 implies
k€ {2,---,r — 3}. Similarly we repeat the above argument for s > 4 and
we get that k € {1,--- ,7 — 1} if s > 4. This completes the proof. O

Let M and M3 be two maps of type {33, 42} with same number of vertices
on the torus and T; := T'(ry, s;, ki), ¢ € {1,2} denote M;. If a; 1 equals the
length of the cycle of type Ai, a;2 equals the length of the cycle of type
Az, a;3 equals the length of the cycle of type A3, and a; 4 equals the length
of the cycle of type Ay in T; then we say that T'(ry, s;, k;) has cycle-type
(@i1,052,0:3,0;4) if a;2 < a;3 or (ai1,ai3,ai2,ai4) if a;3 < a;2. Now, we
show the following isomorphism lemma.

Lemma 4.10. The map M1 =2 Ms if and only if they have same cycle-type.

Proof. We first assume that the maps M; and Ms have the same cycle-type.
This gives a11 = ag,1, {a1,2,a13} = {a22,a23}, and a; 4 = az 4. The maps
M; for i € {1,2} have a T; = T(ry, si, ki) representation.

Claim T = Ts.
First, T1 has s; horizontal cycles of type A1, namely,
C(1,0) := C(up0,Uo,1," " * ,U0ri—1),s
C(1,1) :=C(u1,0,u1,1, " ,Ulr—1),

C(]~7 S1 — 1) = C(u81—1,07u51—1,17 T 7u81—1,7’1—1)
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in order. Similarly, 75 has ss horizontal cycles of type A;, namely,
C(2,0) := C(v0,0,v0,15"** ,V0,r3—1)5
0(27 1) = C('Ul,(), Ul,la o 71)1,7"2—17 Ul,O)a

0(27 S2 — 1) = C(’USQ—LO? 082—1,17 e 7U82—1,'r’2—1)

in order. Now we have the following cases.
Case 1: (r1,s1,k1) = (ro, s2, k).
In this case, 1 = 19,51 = s2,k1 = ka. Define a map f1 : V(T'(r1, s1,
k1)) — V(T'(r2,s2,k2)) such that fi(us;) = v for 0 <t < s—1 and
0<i<7r—1. Observe that

Uke(ugi) = C(Up—1,i—1, Wp—1,55 Wt—1 541, Ut it1s Wit 1,i+15 Utt1,, Ut i—1)
is the link of the vertex w;; in T'(ry, si, ki). By fi, fi(lk(ues)) = C(fi
(wi—1i-1), fr(uwe—1,0), fr(w—1i41), fr(ueiv1), fr(uesrien), fi(uee1q), fi
(ut,i—1)) = C(Vs—1,i—1,Vi—1,i5 Vi—1,i41> Vt,i+15 Vit1,i+1, Ve41,is Vti—1). SO,
fi(lk(ue;)) = lk(ve ). This implies that the map f; sends vertices to ver-
tices, edges to edges, faces to faces and also, preserves incidents. There-
fore, the map f; defines an isomorphism map between T'(r1, s1, k1) and
T(T’Q,SQ, ]{72). Thus, T1 = T2 by f1~

Case 2: r1 # ro.

In this case, length(C1.1) # length(Cy,1). This implies that a; 1 # as 1,

a contradiction since aj 1 = a2 1. So, r1 = 72.
Case 3: s1 # sa.

In this case, ny = ris1 # r1s2 = ne as r; = ro by Case 2. This is a

contradiction since ny = no. So, s1 = Sa.
Case 4: ki # ko.

By assumption, aj 4 = ag 4, length(C14) = length(C24). This implies
that min{k; + s1,71 + s1/2 — k1} = min{ka + s2,72 + (52/2) — ka2}. It
follows that k1 + s1 # ko + s since k1 # ko and s; = so. This gives us
k1+s1 = ro+(s2/2)—ke = r1+(s1/2)—kg as r; = r9 and s1 = s9. That s,
ko =r1—k1+(s1/2)—s1 = r1—k1—(s1/2). In this case, identify T along
vertical identical boundary P(vg0,v1,0, " ,Vsy—1,0, Yok, ) Of T2 and then
cut along the path @ = P(v0,0,v1,0,02,1," ", Vsy—1,(s0/2)—15 V0,(s2/2)+ks)-
Observe that the path @ is of type Ay and through the vertex vg.
So, we get a new (r, s, k)-representation of Ms and we denote it by R.
This process defines the map fao : V(T'(r2, s2,k2)) — V(R) such that
fg(vtyi) = Ut (ro—i+[t/2]) (mod rz) for 0 <t <sp—1 and 0 <3< T‘Q—l. In R,
the base horizontal cycle is C’(2,0) := C(v,0,v0,r5—1, - ,v0,1) and the
upper horizontal cycle is C(vg ky4(s0/2)5 V0,ka+(s2/2)—15 """ > V0, ka+(s2/2)+1)
where the length of the path P(v0,0,00,r,—1," " , V0 kytss/2) in C'(2,0) is
r9 — (s2/2) — k2. In this process, we are not changing the length of the
horizontal cycles or number of horizontal cycles which are homologous
to the cycle C'(2,0). So, we get R = T'(rg, s2,72 — k2 — (s2/2)). Now
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ro—ko—(s2/2) = ro—(r1—k1—(s1/2))—(s2/2) = kq since r1 = rg, 51 = S9

and ko = r1 — k1 — (s1/2). Thus, by fi, T(re, s2,72 — ko — (82/2)) =

T(Tl,sl, k‘l) SO, T1 = Tg.

By Cases 14, the claim follows. Therefore, by fi, M; = Ms. Conversely,
let My = Ms. Then there is an isomorphism f : V(M;) — V(Mz). Let
C1,; be a cycle of type A; for j = 1,2,3,4 in My. By f, consider Cy; :=
f(CLj) fOI“j = 1,2,3,4. SO7 length(C’Lj) = length(f(Cl,j)) = length(CQ,j)
for j = 1,2,3,4 since f is an isomorphism. Hence, M; and Ms have the
same cycle-type. O

Thus, we state the following corollary.

Corollary 4.11. The following holds:

(i) T(Tl, S1, ]ﬁl) %\é T(T‘Q, S9, kg) fO?" all 1 75 T2,

(ii) T(r1,s1,k1) £ T(r2, s2,k,) for all sy # sa,

(iii) T(T’l,sl,kl) % T(T‘l,sl,kg) if S1 = 2, and ko € {2,3,‘ s, T — 3}\
{kl,Tl — ]{71 — 1},

(iV) T(T’l,sl,kl) ?ﬁ T(Tl,sl,kQ) if s1 > 4 and ky € {0,1,- e ,T — 1} \
{kl,T1 — kl — 81/2},

(V) T(T’l,Sl,kl) = T(T1,81,7j — kl — 1) z'fsl =2 and T Z 5,

(Vi) T(T’l, S1, ]{21) = T(rl,sl,rl — 81/2 — kl) if S1 Z 4 and ™ Z 3.

Proof.

(i) If 71 # 7o then it follows that aq 1 # a2 1. This implies that T'(ry, s1,
k‘l) % T(’I“Q,SQ,]{?Q) by Lemma 4.10. SO, T(’r‘l,Sl,kl) ’\7—2 T(T‘Q,Sg,k‘g)
for all 1 # ra.

(ii) Again, s; # so implies 71 # ry since 1157 = r289. This implies that
T(r1,81,k1) 2 T(re, s, k,) for all s; # sa.

(iii) If k1 # ko, 71 = 72 and s; = sg then by the argument in the proof of
Lemma 4.10, T'(r1, s1, k1) = T'(r1, s1, k2) if and only if ko = r1 — k1 —
81/2. SO7 T(Tl,sl,kl) = T(Tl,sl,kg) if S§1 = 2 and kg 75 r — kl —1.
Thus, T(Tl,sl,kl) 2 T(T‘l,Sl,kQ) if s1 =2 and kg € {2,3, s, T —
3P\ {k1, 1 — k1 — 1}

(iv) From the argument in (iii), 7'(r1,2, k1) = T'(r1,2, 11 —k1—1) ifry > 5
(by Lemma 4.9).

(v) Again, T(r1,s1,k1) 2 T(r1,s1,k2) if s1 >4 and ky # 11 — $1/2 — k1.
SO, T(rl,sl, kl) 7'% T(Tl,sl,kg) if s1 >4 and kg € {0, 1, cee T — 1}\
{kl,T1 — k‘l — 31/2}, and T(Tl,sl,kl) = T(T’l,Sl,'Fl — 81/2 — kl) if
s1 >4 and r; > 3 (by Lemma 4.9).

O

We calculate all possible T'(r, s, k) representations on n vertices by Lemma
4.9. Then, we calculate lengths of the cycles of type A; for i € {1,2,3,4}.
Next, we classify all T'(r, s, k) representation by Lemma 4.10 up to isomor-
phism. So, by the Lemmas 4.9, 4.10, maps of type {33,42} can be classified
up to isomorphism. We repeat this same argument in the Sections 5, 6, 7,
8,9, 10, 11. We have done the above calculations for vertices up to n < 22.
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TABLE 1. Maps of type {33,42}

n Equivalence classes Length of cycles  i(n)
10 T(5, 2, 2) (5, {10,101, 4) __1(10)
12 T(6 22),T(6 23 (6 {64),4  3(12)
T(3, 4,00, T(3, 4, 1) (3, {4,12}, 4)
T(3, 4, 2) (3, {12,12}, 6)
4 T(7, 2, 2), T(7, 2, 4) (7, {14, 14}, 1) 2(14)
T(7, 2, 3) (7, {14, 14}, 5)

16 T(8, 2, 2), T(8, 2, 5) (8, {8,16}, 4) 5(16)
T(s,2,3) T(s.2.4) (5, {16,4}, 5)
T(4,4,0), T(4, 4.2) (4, {48}, 4)

T(4, 4, 1) (4, {16, 16}, 5)
T(4, 4, 3) (4, {16,16}, 7)

18 T(9, 2 2), T(9,2,6) (9, (18,6}, 4) _ 5(18)
T(9,2,3), T(9,2,5) (9, {6,18}, 5)
T(9, 2, 4) (9, {18, 18}, 6)

T(3,6,0) (3, {6,6}, 6)

T(3,6, 1), T(3,6,2) (3, {18,18}, 7)

20 T(10, 2, 2), T(10, 2, 7) (10, {10,20}, 4) _ 6(20)
T(10, 2, 3), T(10, 2, 6) (10, {20,10}, 5)
T(10, 2, 4), T(10, 2,5)  (10,{10,4}, 6)
T(5, 4, 0), T(5, 4, 3) (5, {4,20}, 4)
T(5,4,1), T(5,4,2) (5, {20,20}, 5)
T(5, 4, 4) (5, {20, 20}, 8)

22 T(11, 2, 2), T(1L, 2, 8) (11, {22,22}, 4) 4(22)
T(11, 2, 3), T(11, 2, 7) (11, {22,22}, 5)
T(11, 2, 4), T(11, 2, 6) (11, {22,22}, 6)
T(11, 2, 5) (11, {22,22}, 7)

We list the resulting objects in the form of their (r,s, k)-representation in
Table 1. In Table 1, we use n to denote the number of vertices of a map. We
put T'(r1, s1, k1) and T'(r2, s2, k2) in a single equivalence class if T'(rq, s1, k1)
and T'(rq, s9, k2) are isomorphic. We write (a1, {az,as}, as) to denote a per-
mutation of lengths of cycles where a; = length(Cy ;) for j € {1,2,3,4}
and {az, a3} denotes a set of lengths of the cycles C 2 and C 3 of type As.
We also use i(n) where i denotes the number of nonisomorphic objects of
type {33,42} on n vertices up to isomorphism. This notation is also used in
Tables 2, 3, 4, 5, 6, 7, 8.

5. MAPS OF TYPE {32,4,3,4}

Let M be a map of type {32,4,3,4} on the torus. Through each vertex
in M there is a path as follows.
Definition. Let P(--- ,uj—1,u;, uit1,---) be a path in the edge graph of M.
We say the path P is of type By if
(i) lk(u;) = C(a, uit1,b, ¢, d,ui—1,e) implies lk(ui—1) = C(f, g, e, u;, c,
d, ui_g) and lk(uH_l) = C’(e, a, k, Ui+2, l, b, ui);
(ii) lk(u;) = C(e, hyk,uit1,1 byui—1) implies lk(u;—1) = C(h,u;, b, c, d,
Ui—9,€) and lk(ui+1) = C(s, uit2,t,1,bu;, k).
In Figure 17, lk(u;) = C(a,b,c,uit1,f,e,u;—1) and the path P(u;_1,u;,
u;+1) is part of a path of type By. Let P be a maximal path of type Bj.
Then by the following lemma, P defines a cycle.
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FIGURE 19. T'(r, 4, 2k)

Lemma 5.1. If P is a mazximal path of type By in M then there exists an
edge e such that P Ue is a cycle.

Proof. Let P(ui,ug,--- ,u,) be a maximal path of type By and lk(u,) =
C(up—1,a,b,¢,d, f, ). If d = uy then C(uy,usg, - ,u,) is a cycle. Suppose
d # u; and d = u; for some 2 < ¢ < r. Then it defines a cycle L =
C(uj, uit1,- -+ ,ur). By a similar argument to the one used in Lemma 4.1
and by Definition 5.1, either f = w;41, d = u;, and ¢ = u;—1 or ¢ = ujy1,
d = u;, and f = u;_1. In both the cases, by considering faces incident with
the cycle, we get a new cycle C(w;, w;y1,- - ,wy—2) (see Figure 20) of the
same type as L with lesser length. By induction, it is impossible similarly as



ON THE ENUMERATION OF A CLASS OF TOROIDAL GRAPHS 97

in Lemma 4.1. Therefore, d # u; for 2 < i < r. So, we get a path () which
is extended from P with length(P) < length((@). This is a contradiction as
P is maximal. Therefore, d = u; and the path P defines the cycle C(u1, uz,

, ur). So, every maximal path of type Bj is a cycle. O

In Figure 19, the path P(vi,ve,---,v,) is of type By and the cycle
C(ui,ug, -+ ,u,) is of type By. Let Cy and Cs be two cycles of type Bj.
We claim that

Lemma 5.2. If Cy and Cy are two cycles of type By and E(C1)NE(Cs) # 0
then C1 = Cs.

PTOOf. Let Cl = C(U171,U172, s ,ulm), CQ = C(’UQ’]_,’LLZQ, ce ,Ust), and
E(C1)NE(Cy) # (. Then there is an edge ¢ € E(C1NCy). Let e = yx. The
cycles C1, Cy are both well defined at the vertices y and z. Let lk(z) = C(a,
b, ¢, w, d, e, y). By Definition 5.1, w € V(C1 N C2). So, the path P(y, x,w)
is a part of both C; and C5. This implies that y = wu14,-1 = ug4,—1,
T = ULy = U2y, and W = Uit 41 = U1 for some ¢t € {1, ---, r} and
to € {1, ---, s}. We argue similarly for the edge zw as we did for the
edge e and we continue with the above process stopping after r steps. Let
to > t1 and to — t; = m for some m. By this process we get w11 = U2 m+1,
UL2 = U2m42, " ULy = U2mtr, aDd U1 1 = U2 mirp1. This implies that
m+1=m+r+1and r = s since Ui miry1 = Uz,mt1 and Cy is a cycle.
Hence, C1 = Cy. Again, let lk(z) = C(a,b,c,w, d,y,e). By Definition 5.1,
b € V(C1 N Cy). We repeat above argument and get C; = Co. Therefore,
by combining above two cases, E(C1) N E(Cs) # 0 implies C; = Cy. This
completes the proof. O

Let C be a cycle of type By. Similarly we argue as in Lemma 4.3 for the
cycles of type By and so, the cycle C' is noncontractible. Let S := {F €
F(M) | V(C)NV(F) # (0}. The cylinder S¢ = |S| has two boundary cycles
which are either disjoint or identical by Lemma 5.3.

Lemma 5.3. Let C be a cycle of type By, 0Sc = {Cy,Ca}. If CrNCy #£ ()
then Cy = Cs.

Proof. The cycle C' is of type By and 0S¢ = {C1,C2}. We argue similarly
as in Lemma 4.1 for the cycle C and the cylinder Sc. So, the cycles C, Cf,
and Cy are of the same type B;. Let C1 N Cy # () and u € V(C1 N Cy).
Suppose C7 N C9 does not contain any edge which is incident at u. By
Definition 5.1, the number of incident edges that lie on one side of the cycle
C; is two and on the other side is one at each vertex of C;. Let d; denote
the number of incident edges which are incident at u and does not belong
to E(C;). Then d; + da = 3. The vertex u € V(C}) and u € V(C2). Since
C1 N Cy does not contain any edge at u, the cycles C7 and Cs both contain
two different edges which are incident at the vertex w. This implies that
degree(u) > (di +d2 +4) = 7. This is a contradiction as the degree of u is
five. Therefore, C1 N Cy contains an edge at the vertex u. This implies that
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C1 = Cy by Lemma, 5.2. Again, if C1y N Cy contains an edge then by Lemma
5.2, C1 = (5. Therefore, boundary cycles of a cylinder are either identical
or disjoint. O

We show that the cycles of type By have at most two different lengths in
the next Lemma 5.4.

Lemma 5.4. In M, the cycles of type By have at most two different lengths.

Proof. We proceed as in the case of Lemma 5.3. There are two cycles of type
Bj through each vertex of M (by the definition of cycle of type Bj). Let
u € V(M). Let C; and C] denote two cycles through a vertex u. Consider
the cylinder S¢, which is defined by the cycle Cy. Let 0S¢, = {C2,Co}.
The cycles Cy, Cs, and Cp are homologous to each other and length(Ch)
= length(C2) = length(Cy) by a similar argument of Lemma 4.5. Again,
we proceed with the above argument for the cycle Csy in place of C; and
continue. In this process, let C; denote a cycle at ith step where 0S¢, =
{Ci41,Ci_1} and length(C;_1) = length(C;) = length(Ciy1). Let k+ 1 be
the number of steps until process stops and the cycle Cy appears. Thus,
the cycles C;, C; are homologous for every 1 < i,j < k where UF_,V(C;) =
V(M) and l; =length(C4) = length(C;) for all 1 < i < k. Again, we proceed
with the above process for C] in place of C. Similarly, we get a sequence of
homologous cycles, namely, C7, Cj, ---, C}. such that Uf’llV(CZ{) =V(M)
and ly =length(C) for all 1 < i < k;. So, M contains cycles of type B
of at most two different lengths [; and ly. This completes the proof of the
lemma. ([l

As in Section 4, observe that every map of type {32,4,3,4} on the torus
has a T'(r, s, k) representation for some 7, s, k. We define admissible relations
among 1, s,k of T'(r, s, k) such that T'(r, s, k) represents a map after identi-
fying their boundaries in next lemma. We omit the proof of next lemma as
its argument is similar to the one used in Lemma 4.9.

Lemma 5.5. Maps of type {3%,4,3,4} of the form T(r,s, k) exist if and
only if the following holds:

(i) s > 2, s is even,
(i) 27,
(iii) rs > 16,
(iv)

kef{2t:0<t<r/2} if s > 4.

Let T; = T(r;, i, ki), i € {1,2} denote M; of type {32, 4,3,4} on the torus
with n; vertices and ny = na. Let C; 1 and Cj 2 be two nonhomologous cycles
of type By in M; for i = 1,2 and a; ; = length(C; ;).

{k€{2t+4:0§t§(r—8)/2} if s =2,
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Lemma 5.6. The map My = My if and only if (a1,1,a12) = (azt,,a24,) for
t1 75 to € {1,2}.

Proof. We first assume that (a1,1,a12) = (a2y,,a2,.,) where t,t2 € {1,2}
and t; # to. This implies that {a11,a12} = {a2,1,a22}.

Claim. T1 = T2.

From the definition of a (7, s;, k;)-representation, 77 has s; horizontal
cycles of type Bj:

0(170) = C(“O,Ov uo,1, - 7u0,7“171)7

C(1,1) := Clur0,ur,1, -+ U1, —1),

C(1,51 = 1) := Clus; 1,0, Usy—1,15" " »Usy—1,r1-1)5
and T» has so horizontal cycles of type By:
C(2,0) := C(v0,0,v0,1," "+ ,V0,rp—1);

0(2? 1) = C(Ul,()a V1,1, ,Vl,ra—1, vl,O)a

C(2,52 = 1) := C(Vsy-1,0,Vsy—1,1, " * s Vsy—1,rp—1)-

Case 1: (T1,81,k1) = (TQ,SQ,kQ) (i.e., ry =rmr9,81 — SQ,kl = kg).

Similar to the proof of the Lemma 4.10, we define an isomorphism
fi : V(T(r1,s1,k1)) = V(T(r2,s2,k2)) such that f(u;) = vy for 0 <
tSSl—landOSiﬁTl—l. SO,TlgTQbyfl.

Case 2: 11 = 19,81 = So, k1 # ko.

Since r1 = ry, it implies that the vertical cycles in T7 and T5 have
same length.

We define a cycle in T} as in equation (1) of Section 4. Let Cy;, denote
the base horizontal cycle and C,; denote the upper horizontal cycle in
T,. Let @ be a path through wug,y; of type B; and not homologous to
Cip. Let Q' and Q" denote two edge disjoint paths in C,j such that
Cun = Q' UQ". Hence as in equation (1), we define a new cycle C3(1)
using the above paths in 77 of minimum length. Similarly, there is a
cycle C3(2) as C3(1) in T5. Since {a11,a12} = {a21,a22} and 11 = ro,
it follows that length(C3(1)) = length(C5(2)).

Since length(C3(1)) = length(C3(2)), this implies that min{s;+k, 1+
S1 —]{31} = min{52+k2, o+ So — k‘g}. It follows that 71 +s1 — k1 = s9+ ko
since k1 # ka. So, ko = r1 — k1 as s1 = s3. We proceed similarly
to Lemma 4.10. In this process, identify T'(r2, s2, k2) along the verti-
cal boundary and cut along a path Q := P(vgi, V1,4, ;Vsy—1,i500,i+ks)
for some even 0 < ¢ < r; — 1. Thus, we get a new representation R
of My with a map fy : V(T'(re, s2,k2)) — V(R) such that fo(v,;r) =
Vg (i4ra—i7) (mod 1) 01 0 <t < sp—1and 0 < i’ < 7y — 1. Clearly, fo



100

DIPENDU MAITY AND ASHISH KUMAR UPADHYAY

maps the cycle C(2,t) := C(v0,v4.1, ,Vtry—1) to the cycle C'(2,t) :=
C(Vti, Vi1, "+, Vtra—1,V,0,Vt,1, - -+ , Vg it1). Since the path

Q1 := P(v0,,00,i—1,"** ,00,i+ky) C C'(2,0) := C(vo,i, V0,i—1," "+ s V0,i4+1)

and length(Q) = i+1ro—ko —i = ro— ko, it follows that R has so number
of horizontal cycles of length 5 and the cycle of type By has length ro—ko
as length(Q1) = r9 — ka. Observe that the R is not of type T'(r, s, k)
for some r, s,k because the sequence of the incident faces in R of the
base horizontal cycle C" = C'(vg i, V0,1, ,V0,ra—1,V0,0,V0,15" ** 5V0,i+1)
starts with triangular faces. (For example, R in Figure 12 does not follow
the definition of a (r, s, k)-representation since the sequence

V1U2W1, W1W2V2, [U2, v3, W3, w2] , U3V4W3, V4W3 W4,
[v4, Vs, W5, W4, V5VEW4, VW5 WS, [U1, Ve, W6, W]

starts with the triangular faces vyvowy, wiwyvy.) In this case, if C'(2,0),
C'(2,1),--+, C'(2,s2 — 1) denotes a sequence of horizontal cycles in
R, then we identify R along C(vo;, vo,i—1, - ,%0,i+1) and cut along
C(v1,i,1,i—1, V14—2," " ,V1,i+2,V1,i+1). Thus, we get a new represen-
tation of M, say R’ where C'(2,1) := C(v1,,v1,i—-1, -+ ,V1,i+1) denotes
the base horizontal cycle in R’. In this process,

C'(2,1) = C'(2,0),C"(2,2) — C'(2,1),C"(2,3) — C"(2,2), - ,
C'(2, 85 — 1) — C'(2, 50 — 2),C"(2,0) — C'(2, 80 — 1).

This process defines a map f3 : R — R’ such that f3(C’"(2,t)) = C"(2,t—
1 (mod s3)) for 0 <t < sy — 1. Now observe that C’(2,1),C"(2,2),C’(2,
3),--+,C"(2,s2—1),C"(2,0) denotes the sequence of horizontal cycles in
R'. (Figure 5 is a R’ = T(6,4,2) representation which is defined from
R in Figure 12. In Figure 12, we cut R along the cycle C(vy,va, - ,vg)
and identify along C(wi,we, - ,ws). Hence, we get a representation
R’ in Figure 5.) In the above process, we are redefining R to a desired
representation R’. The length of the horizontal cycles of type By remain
unchanged as we are only changing the order of the horizontal cycles. So,
R’ has a well defined T'(rg, s2, 72 — ko) representation. Thus, T'(r, s2, 72—
ko) = T'(r1, 81, k1) since r1 = ro, 81 = S9,ka = r1 — k1. So, Ms has a
T(r1, 81, k1) representation. Therefore, by f1, T1 = Tb.

Case 3: r1 # ro.

This case implies that a;; # ag;. By assumption {aj1,a12} =
{a2,1,a22}, we get that a; | = az 2. We identify boundaries of T'(r3, s2, k2)
and cut along the hole cycle C(2, 2) in place of C(2,1). Then take another
cut along C'(2, 1) until we reaching C'(2, 2) again for the first time. Hence,
we get 71 = length(C(1,1)) = length(C(2,2)) = ra2. Thus, ris; = ras2
implies that s; = so. Since 71 = r9 and s; = so, this implies that we are
in Case 2. Similarly to Case 2, we define maps f1, fo, and fs. Thus, by
J1, f2, and f3, Th = Ts.

Case 4: s1 # so.
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TABLE 2. Maps of type {32,4,3,4}

n Equivalence classes Length of cycles  i(n)
6 T, 2 4), T4, 4, 2) Y 2(16)
T(4, 4, 0) (4, 4)

20 T(10, 2, 4), T(10, 2, 6) (10, 10) 1(20)
24 T(12, 2, 4), T(12, 2, 8), (12, 6) 3(20)

T(6, 4, 2), T(6, 4, 4)
T(12, 2, 6), T(4, 6, 2) (4, 12)
T(6, 4 ,0), T(4, 6, 0) (4, 6)
28 T(14, 2, 4), T(14, 2, 10) (14, 14) 1(28)
T(14, 2, 6), T(14, 2, 8)
32 T(16, 2, 4), T(16, 2, 12), (16, 8) 5(32)
T(8, 4, 2), T(8, 4, 6)
T(16, 2, 6), T(16, 2, 10) (16, 16)
T(16, 2, 8), T(4, 8, 2) (4, 16)
T(8, 4, 4) (8, 8)
T(8, 4, 0), T(4, 8, 0) (4, 8)

This case implies that ny = 1181 # 198y = ng if 1 = r9. This is a
contradiction as ny = ng. If r; # ro then we are in Case 3. By combining
Case 2 and 3, we get an isomorphism f; if s; # so. Again, let ki # ko.
Here, we have the following cases. If r; # 79 then we are in Case 3.
Similarly, if s; # so then we are in Case 4. If 1 = ry, 51 = s9 and
k1 # ko then we are in Case 2. Thus, (a1,1,a12) = (az,,a24,) where
t1,t9 € {1,2} defines T, =2 Ts.

By Cases 1, 2, 3, and 4, the claim follows. Thus, by f1, M1 = Mo.
Conversely, let M; = My. Similarly to Lemma 4.10, let f : V(M;) —

V (Mz) such that Cy j := f(Cy ;) for j € {1,2}. So, {a1,1,a12} = {a2,1,a22}.

Thus, this implies that (a1,1,a12) = (a24,,a2,,) where t; # to € {1,2}. O

As in Section 4, by Lemmas 5.5 and 5.6, the maps of type {32,4,3,4}
can be classified up to isomorphism. We have done calculation for the ver-
tices up to 32 and listed the obtained objects in the form of their T'(r, s, k)
representation in Table 2.

6. MAPSs OF TYPE {3,6,3,6}

Let M be a semiequivelar map of type {3,6,3,6} on the torus. We define
a path in M as follows. Through each vertex in M there are two paths of
type Xi as shown in Figure 20.
Definition. Let Q1 := P(--- ,u;—1,u;, ui+1,- -+ ) be a path in the edge graph
of M. Let A(v) denote a set of incident edges through v in M. We say the
path Q1 of type X1 if A(u;) \ E(Q1) is a set of two edges where one edge lies
on one side and remaining one lies on the other side of P(u;—1, Ui, Wit1).

For example in Figure 20, P(u;—1,u;, ui+1) and P(b,u;,g) are two paths
through w; and both are part of paths of type Xj. Let P(uy,---,u,) be
a maximal path of type X7 in M. Now consider a vertex u,, lk(u,) and
argue similarly as in Lemma 4.1. We get an edge uju, such that PU{uju,}
is a cycle of type X;. Thus, there are two cycles of type X; through a
vertex. Let Li(v) and Lo(v) be two cycles of type X; through a vertex v.
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FIGURE 20. lk(u;)

We proceed with a similar argument from Section 4 and get a connected
T(r,s, k) representation of M. In this process, we cut M along the cycles
Li(v) and Lo(v) where we take second cut along the cycle Lg and the starting
adjacent face to the base horizontal cycle L; is a 3-gon. Thus, every map
M has a T(r,s, k) representation. Figure 10 is an example of T'(8,2,6)
representation of a map with 24 vertices on the torus.

Now, we show that map of type {3,6,3,6} contains three cycles of type
X1 up to homologous.

Lemma 6.1. The map M contains at most three cycles of type X1 of dif-
ferent lengths.

Proof. Let A(u,v,w) be a 3-gon in M. Then A(u,v,w) has three edges
e1 = uv, eo = vw, and es = uw. By the definition of a cycle of type X1, M
contains at least three cycles, say C1, C2, and C5 where C; contains edge
e; for i € {1,2,3} and C; does not contain e; for j # i. Since C; does not
contain e; for j # 4, cycles are not identical. Again, since the cycles are not
identical and V (C;) NC(C}) is a vertex of A for i # j, the cycles are not ho-
mologous. (In Figure 10, vjv9v; 2 16,9 denotes a face, and the cycles which are
of type X1 and contains the edges viv2, v1v1,2,16,9 and v1 2,16,9v2 are namely,
Ly = C(vi,v2,---,v8), Ly = C(v1,v1,2,16,9,V9,v9,10,6,7: " * * > V11,12,8,1), and
L3 = C(Ug, V1,2,16,9, V16, V15,16,4,5, * * ° ,U1371472,3), respectively. The cycles Ll,
Lo, and L3 in Figure 10 are not homologous to each other.) Let A; be a
3-gon in T'(r,s,k) and A # Ay. Observe that there is a cycle of type X3
through an edge AA; and homologous to C; for some ¢. That is, there is a
cylinder which is bounded by two cycles of type X7 and containing edges of
A and Aq; this is true for any 3-gon in T'(r, s, k). We proceed as in the case
of Lemma 4.5 and thus, the homologous cycles of type X; have the same
length. Thus, there are three different cycles C1, Cy, Cs of type X7 up to ho-
mologous in M. So, the map M contains at most three cycles of type X of
different lengths. (In Figure 10, consider the face v11v12v11,12,81 and the cy-
cles of type X1 which contain the edges V11012, V11V11,12,8,1, and V12711,12,8,1
are L = C(vg, v10,- - ,v16), Ly = C(v11,011,12,8,1, V1, V1,2,16,9, 5 V3,4,10,11)>
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, .
and Ly = C(v12,v11,12,8,1, U8, V7,8,14,15, " * * ,U5,6,12,13), respectively. The cy-
cles which contain the edges viv9 and vi1v12 are L1 an , respectively, an
1 hich tain the ed d L d L} pectively, and
the cycles Ly and L are homologous. The cycles which contain v1v12,16.9
and v11v11.12.81 are Lo an respectively and Cy = C),. Also, the cycles
d 12,8, L d L respectively and C: CY. Also, the cycl
which contain v9v1 92169 and v19v11.12.81 are Lz an respectively, an
hich t 2,16, d 12,8, L d Lf, pectively, and
Ly =1L5.) O

We define admissible relations among r, s, k of T'(r, s, k) in the next lemma.
In this lemma we omit some cases since similar cases are discussed in the
previous sections.

Lemma 6.2. The maps of type {3,6,3,6} of the form T(r,s, k) exist if and
only if the following holds:

(i) s > 1,
(i) 2 |,
(iii) there are 3rs/2 > 21 wvertices of T'(r, s, k),
(iv)
14 ifs=1,
r><8 ifs=2,
6 ifs>3,

ke{2t+6:0<t< O\ {2519 +6} ifs=1,

ke{2t+6:0<t<8} if s =2
kEef{2t:0<t< L} if s > 3.
Proof. Let
Co(uo0,0,u0,1, -+ ,Uor—1),
Cr(u1,0,u1,1, -+, U1—1),
Cs—1(Us—1,0, Us—1,1, " s Us—1,r—1)

be horizontal cycles of type Xy in T'(r, s, k). By the definition of T'(r, s, k),
T(r,s,k) contains s horizontal cycles of type X;. Observe that the number
of adjacent vertices which lie on one side of a horizontal cycle and do not
belong to any horizontal cycles is /2. So, the total number of vertices in
T(r,s,k) is (r 4+ r/2)s. This implies that n = (r +r/2)s = 3rs/2.

By Euler’s formula, the number of 6-gons in T'(r, s, k) is 2n/6 and it is an
integer. This implies that 6 | 2n. Hence 3 | 3rs/2 as n = 3rs/2. Thus, 2 | r
if s =1. Again, if s > 2 and 2 1 r, the link [k(u;) is not of type {3,6,3,6},
which is a contradiction. Therefore, 2 | r for all s > 1.

Let s = 1. If r < 14 then r € {2,4,6,8,10,12} and there is a vertex in
T(r,s, k) whose link is not a cycle. So, r > 14 if s = 1. Similarly, we get
that r > 8 if s =2 and r > 6 if s > 3. So, 3rs/2 > 21.
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If s=1 and
~1 —1
kE{t:Oﬁtﬁr—l}\<{2t+6:0§t§r 5 0}\{{ y 0+6}>

then similar to the above we get some vertex whose link is not a cycle. We
repeat the same argument as above for other two cases when s = 2 and
5> 3. U

Lemma 6.3. Let M;, i = 1,2, be maps of type {3,6,3,6} on n; vertices
and n1 = ng. Let C;j, j = 1,2,3, denote cycles which are of type X1 and
nonhomologous in T; = T (4, s;,ki). Let a; j = length(C; ;) for i =1,2 and
Jj=1,2,3. Then M; = My if and only if (a11,a12,a13) = (a2,4,,a2+,,02,t;)
for t1 75 to 7é t3 € {1,2,3}.
Proof. We first assume that (a1,1,a12,a13) = (a24,,a2¢,,a2,) Where t; €
{1, 2, 3} and ¢; 75 tj. This implies that {a171,a1,2, a173} = {ag,l, 42,2, a273}.
Claim. T1 = TQ.
Case 1: (r1,s1,k1) = (ro, s2, ka).
In this case, T'(r1, s1, k1) = T(r2, S2, ko) = T(r, s, k). Let
C(1,0) == C(UU,O) Uo,1, """ 7UO,T—1)7
C(1,1) := Clur0,ur,1, - Utr—1),

0(17 3) = C(us,O; Us, 1y 7“5,7’—1}

denote a sequence of horizontal cycles of type X; in T7. Let G (¢, t+1) :=
{w,0,we 1, , Wy r_2/2) be a set of vertices such that wy; is adjacent to
both w:2; and ust12; in 71 and does not belong to both C(1,¢) and
C(1,t+1) for 0 < t < s. (For example in Figure 10, G1(0,1) =
{v1,2,16,9,V3,4,10,11, U5.6,12,13, U7,8,14,15 } Where

T0,0 = V1,2,16,9, T0,1 = V3,4,10,11, 70,2 = V5,6,12,13, £0,3 = V7,8,14,15)-
Similarly, let

C(2,0) := C(vo,0,v0,1," "+ ,V0,r—1)5
C(2,1) :=C(v1,0,v1,1," - V1,r—1),

0(27 S) = C(Us,[)a Us,1," " 'Us,rfl)

denote a sequence of horizontal cycles of type X7 in T3 and let Ga(t,t +
1) := {®0, %1, , Tyyp—2/2} be a set of vertices such that the vertex
x¢; is adjacent to both v;9; and viy19; in T for 0 < ¢t < 5. Now
define an isomorphism f : V(T'(r1, s1,k1)) = V(T (r2, s2, k2)) such that
flug)) =y forall0 <i<r—1,0<t<s—1and f(w,) =z, for
the vertices of G1(t,t + 1) and Ga(t,t + 1) for all 0 < ¢ < s — 1. By f,
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TABLE 3. Maps of type {3,6,3,6}

n Equivalence classes

Length of cycles  i(n)

21 T(14, 1, 6), T(14, 1, 10)

(14, 14, 14) 1(21)

24 T(16, 1, 6), T(16, 1, 12) (16, 16, 8) 2(24)
T(8, 2, 6)
T(16, 1, 8), T(16 , 1, 10) (16, 16, 4)
27  T(18, 1, 6), T(18, 1, 8) (18, 18, 6) 2(27)
T(18, 1, 12), T(18, 1, 14)
T(6, 3, 2), T(6, 3, 4)
T(6, 3, 0) (6, 6, 6)

30  T(20, 1, 6), T(20, 1, 8)

T(20, 1, 14), T(20, 1, 16)

T(10, 2, 2), T(10, 2, 6)
T(10, 2, 8)

T(20, 1, 10), T(20, 1, 12)

T(10, 2, 0), T(10, 2, 4)

(20, 20, 10) 2(30)

(20, 4, 10)
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the link [k(us;) maps to the link k(v ;) and (k(we;) maps to lk(z;),

therefore T7 = T5.
Case 2: (11,51, k1) # (12, 52, k2).

If r1 # ry, we identify boundaries of T'(rq, s9, k2) and cut My along
cycle of length r1 then make another cut along a cycle of type X7 to get a
(r, s, k)-representation. Thus we get a new T'(r}, s5, k}) representation of
Ms. This implies that 71 = 7} and s; = s, as ny = 3r181/2 = 3rhsh /2 =
ng. By this process, we get a new representation 7'(r1, s1, k3) of My. If
ki = ki then M; = My by f in Case 1. If k; # kf, similar to Lemma
5.6, we make a cut along a path which is homologous to the vertical
boundary path and identify along the boundary path. Thus, we get an
another representation T'(r1, s1, k3 ) of My and ki = k. So, the M5 has a
T(r1, s1, k1) representation since ki = k%. Therefore, there exists f and

T =215 by f.

This completes the Claim and by f, M7 = M.
Conversely, let M; =2 My. We proceed as in the converse part of Lemma
5.6 and we get {al,l,a172,a173} = {a2,17a272,a273}. That is, (a171,a1,2,a173)
= (a27t1, a27t2,a27t3) for t; 75 to 7& t3 € {1, 2, 3}

0

As in Section 4, by Lemmas 6.2 and 6.3, the maps of type {3,6,3,6}
can be classified up to isomorphism on different number of vertices. We
have done the calculation for vertices up to 30. We have listed the obtained

objects in the form of their T'(r, s, k) representation in Table 3.

7. MAPS OF TYPE {3,12%}

Let M be a semiequivelar map of type {3,122} on the torus. We define
a fixed type of path (G in the edge graph of M as shown in Figure 21. Let
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Qi) := P(u, wjt1, Uit2, Uit+3, Ui+4) be a path in M where
lk(u;) = C(ui—1,a,b,c,d, e, f, g g ujs,
Uit1, U, t, 0, W, T, Y, 2,8, W3, 0;_2),
Ik(uiv1) = C(us, w1, a,b,c,d, e, f,g g uiio,
Uit3, Ui+4,0', 0,P,q, 7,8, b, u),
lk(uizo) = C(uiy1, wi, wi—1,a,b,c,d, e, f,g,g,
Uiy3, Uit4,0,0,P,q,T,8, t, 1),
k(uiyz) = Cluit2, 9,8, h,i,j,k, 1, m,n,
Ui 16, Uits, Uitd, O, 0,P,q,T,S, t, Uty 1),
lk(uira) = C(uits, g, g,h,1,3,k, 1, m, n,
Uit6, Uit5,0,0,P,q, T, 8, b, W, U1, Uit2).

Definition. Let Ry := P(--- ,v;—1,0;,Vit1, -+ ) be a path in the edge graph
of M. We say Ry is of type G1 if L1 := P(vt, V41, Vt42, Vp43, Vppd) 5 @
subpath of Ry or Ly is part of an extended path of Ry, then either L1 — Q(i)
by vj = uj, L1 — Qi+ 1) by vj — ujy1, L1 — Qi + 2) by vj — ujio, or
Ly Qi+ 3) by vj — ujys for j € {t,t +1,t +2,t + 3, + 4}.

Definition. Let Ry := P(--- ,xj_1,%i, Tit1,---) be a path in the edge graph
of M. We say Ra is of type G if Ly := P(xt, Tit1, T42, Tet3, Tera) 1S @
subpath of Ra or Lo is part of the extended path of Ry, then either Lo — Q(1)
by Tj = Ut+4—j, LQ — Q(Z + 1) by Tj = Ut+4—j; L2 — Q(Z + 2) by ZTj =
Ut +4—j, OT Li— Q(Z+3) by Vj = Ut+4—j fO’I“j S {t,t+ 1,t+2,t+3,t+4}.

FIGURE 21. Cycle of type Gq

We use a similar argument from Lemma 4.1 for the path of types Gj
and G hence every maximal path of types G; and G} is a cycle and non-
contractible (by a similar argument from Lemma 4.3). Observe that the
cycles of type G1 and G’ are mirror images of each other. Hence these
types define the same type of cycle. (A similar argument is provided in
detail in Section 8 for the type {3%,6}.) Clearly, there are two cycles of type
G through each vertex of M. Let wvw be a 3-gon in M. Let Lj(u,uw),



ON THE ENUMERATION OF A CLASS OF TOROIDAL GRAPHS 107

Lo(w,wv), and L3(v,vu) denote three cycles through u, w, and v, respec-
tively, where Lj(u,uw) contains the edge uw, Lo(w,wv) contains the edge
wv, and Lsz(v,vu) contains the edge vu. We repeat a similar argument from
Section 4 and define a T'(r, s, k) representation of the map M for some r, s, k.
In the process, we take the first cut along L;(u,uw), and then the second
cut along Lo(w,wv) where the starting adjacent face to the horizontal base
cycle Li(u,uw) is a 12-gon. Let length(L(u,uw)) = r, s denote the number
of homologous cycles of Lj(u,uw) of type G, and k denote the distance of
the starting vertex of upper horizontal cycle from the starting vertex w in
Li(u,uw). By this process, we get a T'(r, s, k) representation of M. Now,
we proceed with the process from Section 6 for the map of type {3,122}.
We show that a map of type {3,122} contains at most three nonhomologous
cycles of type G of different lengths.

Lemma 7.1. The map M contains at most three cycles of type Gy of dif-
ferent lengths.

Proof. We proceed as in the case of Lemma 6.1 for the map of type {3,122}.
Consider the map of type {3,122} in place of {3,6,3,6}, a cycle of type Gy
in place of X1, and the 3-gon in the proof from Lemma 6.1. Thus, we get
three nonhomologous cycles of type G of different lengths. O

We define admissible relations among r, s, k of T'(r, s, k) in M.

Lemma 7.2. The maps of type {3,122} of the form T(r,s, k) exist if and
only if the following holds:

(i) s>1,
(i) 4],
(iii) there are 3rs/2 > 36 vertices of T(r, s, k),
(iv)
24 ifs=1,
r>4¢16  if s =2,
12 ifs>3,

ke{at+9:0<t <203\ {4(5—-3)+ 9} ifs=1,
ke{dt+5:0<t< =10} if s =2
ke{dt+1:0<t <4} if s > 3.

Proof. We proceed as in the proof of Lemma 6.2. We consider a map of type

{3,122} in place of {3,6,3,6} and different values of r, s, k. Thus, we get all
the cases. O

Lemma 7.3. Let T; = T(rq,s;,k;) be representations of M;, i = 1,2, on
the same number of vertices. Similar to Section 6, let b; ; = length(L; ;),
J=1,2,3, then My = My if and only if (b1,1,b1,2,013) = (b2,t;,b2,15,b2,¢5)
forty #te #t3 € {1,2,3}.
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TABLE 4. Maps of type {3,122}

n Equivalence classes Length of cycles i(n)
36 T (24, 1, 13) (24, 12, 8) 1(36)
42 T(28,1,9), T(28, 1, 13) (28, 28, 28) 1(42)
T(28, 1, 17)
48 T(32,1,9), T(32, 1, 21) (32, 32, 16) 2(48)
T(16, 2, 5)
T(32, 1, 17) (32, 32, 8)

As in Section 4, by Lemmas 7.2 and 7.3, maps of type {3,122} can be
classified up to isomorphism on different number of vertices. We have done
the calculation for vertices up to 48. We have listed the obtained objects in
the form of their T'(r, s, k) representation in Table 4.

8. MapPs OF TYPE {3%,6}

Let M be a semiequivelar map of type {3% 6} on the torus. Let Q(i) :=
P(w;, wit1, wit+2, wiys) be a path in M, where

lk(w;) = C(w;—1, T2, Wit1, Wiy, T3, T4, T5, T6),

lk(wit1) = C(w;, x2, 7, T8, Wit2, T3, Ty, Ts5),
Uk (wiy2)
)

w
lk:(ng
We define two fixed types of paths Y7 and Y/ in the edge graph of M.
Definition. Let Ry := P(--- ,v;—1,v;,vit1, -+ ) be a path in the edge graph
of M. We say Ry is of type Y1 if L1 := P(us, Upy1, Uy, Urys) 1S a subpath
of R1 or Ly is in the extended path of Ri, then L1 — Q(i) by uj — wj,
Ly — Qi +1) by uj = wjy1, or L1 = Q(i +2) by uj — wjyo for j € {t,
t+1,t+2, t+3}.
Definition. Let Ry := P(-- ,xj—1, i, Tit1,- -+ ) be a path in the edge graph
of M. We say Ry of type Y{ if Loy := P(xy, Ty11, Tit2, Tet3) 1S a subpath of
Ry or Ly is in the extended path of Ry, then Lo — Q(i) by xj — wari3—j,
Ly — Qi+ 1) by z; — warr3—j, or Ly — Qi +2) by xj — warp3—j for
je{t,t+1,t+2,t+3}

Let P be a maximal path of type Y7 or Y{. By a similar argument from
Lemma 4.1, the path P defines a cycle of type Y7 or Y/, that is, there
is an edge e in M such that P U {e} is a cycle of type Y7 or Y{. We
show that the cycles of type Y7 and Y/ define same type of cycle. Let
C1 := C(ug,ua, - ,u,) of type Y1 and Ca(vy,ve,- - ,v,) of type Y{ be two
cycles of length r. Let P; := P(u;—1,u;,u;+1) be a subpath of Cy where
the adjacent 6-gon lies on one side and all 3-gons lie on the other side of P;
at the vertex u;. Similarly, let P := P(v;j_1,vj,vj11) be a subpath of C5
where the adjacent 6-gon lies on one side and all 3-gons lie on the other side
of P, at the vertex v;. Define a map f : V(Cy) — V(C2) by f(u;) = vy,
fluiv1) = vj—1, f(uize) = vj—2, -, f(ui-1) = vj41. Let P(ut, -, ug) be

(
C(wi+1a T8, T9,Wit3, T3, T4, L5, Wi, )7
(

= C(wit2, T9, Wit4, Wits, T10, T11,T12, T3).
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a subpath of Cy. Then P(ug,--- ,ug) and P(f(ut), -, f(ug)) divides the
link of the vertices u; and f(u;) for t < i < k into the same ratio. This is
true for every subpath of C7. Therefore, cycles C7 and Cy are of type Y7,
and hence, Y7 = Y/.

Let M be a map and C' be a cycle of type Y7 in M. By a similar argument
from Lemma 4.3, C'is noncontractible. As in Section 4, we get that the cycles
of type Y7 which are homologous to C have the same length by a similar
argument from Lemma 4.5. There are three cycles of type Y; through each
vertex of M. Let v € V(M) and Li(v), La(v), L3(v) be three cycles of type
Y through the vertex v. We repeat a similar construction of the (r,s, k)-
representation of a map as in Section 4 for M. In this process, we take
the first cut along L;i(v) and the second cut along Ly(v) where the starting
adjacent face to the horizontal base cycle L; is a 3-gon. This gives a T'(r, s, k)
representation of the map M. Thus, T'(r, s, k) exists for every M.

Now, we show that map M of type {3 6} contains at most three nonho-
mologous cycles of type Y7 of different lengths in Lemma 8.1.

Lemma 8.1. The map M contains at most three nonhomologous cycles of
type Y1 of different lengths.

Proof. Let v € V(M) and T'(r,s, k) denote a (r,s, k)-representation of M.
We have three cycles, namely, C1, Co and C5 through v in M of type Y.
The cycles C1, Cs, and C3 are not identical as C; divides the link lk(v) into
a different ratio. Also, the cycles are not disjoint as v € V(C;) N V(C};) for
i # jand i,j € {1,2,3}. Hence Cy, Ca, and C3 are not homologous to
each other. Let w € V(M) and v # w. Consider cycles of type Y7 at w in
T(r, s, k) and denoted by C1,C%, and C%. Now, by the definition of cycle of
type Y1 and considering the cylinder, C; and C;- are homologous for some
i,7 € {1,2,3} as we have seen from Lemma 6.1. This holds for any vertex
of M. Therefore, M contains at most three nonhomologous cycles of type
Y1. We proceed as in the proof of Lemma 4.5 to show that the homologous
cycles of type Y7 have the same length. Thus, the map M contains at most
three nonhomologous cycles of type Y7 of different lengths. O

We define admissible relations among r, s, k of T'(r, s, k) such that repre-
sentation T'(r, s, k) gives a map of type {3%,6} after identifying their bound-
aries.

Lemma 8.2. The maps of type {36} of the form T(r,s, k) ewist if and
only if the following holds:
(i) s > 2 even,
(i) 3| r,
(iii) there are rs > 18 vertices of T(r, s, k),
)

(iv
r> 9 ifs=2,
|6 ifs>4,
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Ee{3t+5:0<t

Ee{2+3t : 0<
Proof. Let T'(r, s, k) be a representation of M. It has s disjoint horizontal
cycles of type Y7 of length r by the definition of a (r, s, k)-representation.
These cycles cover all the vertices of M. So, n = rs. By Euler’s formula,
n—>5n/2+4n/3 4+ n/6 = 0. Hence the number of 6-gons in M is n/6 and
is an integer. This implies that 6 | n. That is, 6 | rs as n = rs. So, 3 | r
for s = 2. Let s > 3. If s is an odd integer then T'(r,s,k) contains an
odd number of horizontal cycles of type Y;. Consider a vertex v of base
horizontal cycle which is belongs to only triangles which is a contradiction.
Therefore, 2 | s. Similarly, for 3 | r, we get a vertex whose link does not
follow the type {3%,6}. So, n = rs where 6 | n, 2 | s and 3 | .

For r > 9, we proceed with a similar argument to the proof of Lemma
4.9. We also proceed as in the proof of Lemma 4.9 to show r > 6 and 3 | r
and the other remaining cases. This completes the proof. ([

TABLE 5. Maps of type {3%,6}

n Equivalence classes Length of cycles  i(n)
18 T(9, 2, 5) 9, 9,9 1(18)
24 T(12, 2, 5), T(12, 2, 8) (12, 6, 12) 2(24)
T(6, 4, 2)
(6, 4, 5) (6, 6, 6)
30 T(15, 2, 5), T(15, 2, 8) 5, 15, 15)  1(30)
T(15, 2, 11)
36 T(18, 2, 5), T(18, 2, 14) (18, 9, 18) 2(36)
T(9, 4, 2)
T(18, 2, 8), T(18, 2, 11) (18, 6, 9)

T(9, 4, 5), T(9, 4, 8)
T(6, 6, 2), T(6, 6, 5)
12 T(21, 2, 5), T(21, 2, 8) (21, 21, 21) 1(42)
T(21, 2, 11), T(21, 2, 14)
T(21, 2, 17)

Lemma 8.3. Let My and Mo be two maps of type {3% 6} on the same
number of vertices. Let a;; = length(C; ;) where C;y for i =1,2,3 denote
three nonhomologous cycles of type Y1 in T'(ry, si, ki) of M;. Then My = My
if and only if (a1,1,a12,a13) = (a2,4,, 024, a2¢,) forty # ta # t3 € {1,2,3}.

Proof. Let T(r;,s;,k;) be a representation of M;. If r = r1,s = s1, and
k = kq, then consider the horizontal cycles in T'(r;, s;, k;) of type Y;. Pro-
ceed a similar argument from Lemma 4.10. We get a map which defines
an isomorphism between T'(r1,s1, k1) and T'(rg, s2, ko). Hence My = M.
Again, if (r, s, k) # (71, $1, k1) then proceed with a similar argument to the
proof of the Lemma 5.6. The converse of the lemma follows from a similar
argument from the converse of Lemma 4.10. This completes the proof. [
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As in Section 4, by Lemmas 8.2 and 8.3, the maps of type {3*, 6} can be
classified up to isomorphism on different number of vertices. We have done
the calculation for vertices up to 42. We have listed the obtained objects in
the form of their T'(r, s, k) representation in Table 5.

9. Maps OF TYPE {4,6,12}

Let M be a semiequivelar map of type {4,6,12} on the torus. We
define a fixed type of path H; in the edge graph of M. Let Q(i) :=
P (i, Wig1, Wig2, Uit3, Uitd, Uits, Uire) De a path in M where

Ui, Ui—1b, €, Uiy 2, Uit 3, Uita, Uiys, Uitre, K,1,m,n,0,p,q),
Uit1, Ui, W1, ¢, d, Uit 3, Uitd, Wits, Uive, K, 1, m, 1, 0,p),
Uiy2, c, d, e, f, g u 4% 5ui16,k,1,m,n,0,p, 1),

= C(uit3, d, e, f, g, h,uiysui6,k, 1, m,n,0,p, uit1, iy 2),

= C(it4, g, b 1, Wiys, Ui, uive, K, 1, m,0,0, P, Ui 1, Uit 2, Uiy3),
lk(uite) = C(Uits, by i, Uits, it7,§, k1, mM,10,0, P, Uit 1, Uit2, Uits, Uits)-

~
T
~ N N
g
S8
_l’_
w
— — ~— ~— ~—
—~ Y~~~

Definition. Let Py := P(...,vi—1,v;,Vit1,...) be a path in the edge graph of
M. We say Py is of type Hy if Ly := P(vt, V41, V12, Vi 43, Ve d, Vit 5, Vi46) 18
a subpath of Py or Ly lies in the extended path of Py, then either Ly — Q(i)
by vj = uj, Ly = QG+ 1) by vj = ujp1, L1 — Qi +2) by vj — ujqo,
Li— Q(Z+3) by Vj — Uj43, Li— Q(i+4) by Vj = Ujtq, OT Li— Q(Z+5)
by vj > wjys for j e {t,t+1,t +2,t+3,t+4,t+5,t+6}.

Definition. Let Py := P(...,%i—1,%;, Tit1,...) be a path in the edge graph
of M. We say Py is of type Hy if Ly := P(2t, Tt 41, Teq2, Tey3, Ted, Tits,
Tite) 1S a subpath of Py or Ko lies in the extended path of Pa, then either
Lo — Qi) by x5 — uztt6-j, Lo = Q(i+1) by x5 = usrye—j, Lo — Qi +2)
by T; > U46—75 Ly — Q(Z + 3) by Vj > Ut46—5; Ly — Q(l + 4) by
Vj > U¢46—j5, OT Ly — Q(Z + 5) by Vj > Ut46—j for j € {t,t +1,t+2,t+
3,t+4,t+5,t+6}.

Let P be a maximal path of type Hy or H{ in M. By a similar argument
from Lemma 4.1, the map M contains an edge e which defines a cycle PU{e}
of type Hy or H{. The cycle C' := P U {e} is a noncontractible cycle (by
a similar argument from Lemma 4.3). Observe that the cycles of types Hy
and Hj are mirror images of each other. It follows that they define the
same type of cycles as in Section 8. Hence we consider only cycles of type
H;. Let Cq, Cs,---,Cy, be a sequence of homologous cycles of type H; in
M. We use a similar argument from Lemma 4.5 and get that length(C})
= length(C}) for 1 <4,j < m. By Definition 9.1, there are three cycles of
type H; through each vertex of M. Let v € V(M) and Ly (v), La(v), Ls(v)
denote three cycles through v. Define a T'(r, s, k) representation of M by
a similar construction given in Section 4. In this process, we first cut M
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along L, and then take a second cut along the cycle Lg where the starting
adjacent face to the base horizontal cycle L is a 6-gon. So, every map M
has a T'(r, s, k) representation. In Lemma 9.1, we show that the map of
type {4, 6,12} contains at most three nonhomologous cycles of type H; of
different lengths.

Lemma 9.1. The map M contains at most three nonhomologous cycles of
type Hy of different lengths.

Proof. We proceed as in the proof of Lemma 8.1. Consider the map {4, 6, 12}
in place of {3%,6} and a cycle of type Hj in place of Y;. Let u € V(M) and
T(r,s,k) denote a (r, s, k)-representation of M. Let L;, Lo, and L3 denote
three cycles of type H; through w in M. They are not identical as L;
divides the link (k(u) into different ratios. Also, cycles are not disjoint as
u € V(L;) N V(Lj) for i # j. Therefore, cycles are not homologous to each
other. Again, let v € V(M), u # v and consider cycles of type H; at v
in T'(r,s, k). Let L}, L5, and L% denote three cycles through v of type Hj.
Then, by the definition of a cycle of type Hy and considering cylinder, L;
and Lg are homologous for some 7,j € {1, 2, 3}. This holds for any vertex
v of M. Thus, M contains at most three nonhomologous cycles of type
H,. We proceed as in the proof of Lemma 4.5 to show that the homologous
cycles of type Hi have the same length. This completes the proof. ([

We define admissible relations among r, s, k of T'(r, s, k) such that the
representation T'(r, s, k) gives a map of type {4,6, 12} after identifying their
boundaries.

Lemma 9.2. Maps of type {4,6,12} of the form T(r, s, k) ezist if and only
if the following holds:
(i) s > 2 even,

(i) 67,
(iii) there are rs > 36 vertices of T'(r, s, k),
(iv)
s =z
“Y12 ifs>4,

(v)
kef{6t+9:0<t< B} ifs=2
kef{6t+3:0<t<8}  ifs>4.

Proof. We proceed as in the case of proof of the Lemma 8.2. We prove this
lemma by considering link of some vertices in T'(r, s, k). We consider a map
of type {4,6,12} in place of type {3* 6} and different values of r, s, and k
in the proof of Lemma 8.2. Thus, we get all possible ranges of r, s and k of
T(r,s,k). This completes the proof. O
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TABLE 6. Maps of type {4,6,12}

n Equivalence classes Length of cycles  i(n)
36 T(18, 2, 9) (18, 18, 18) 1(36)
48  T(24, 2,9), T(12, 4, 9) (24, 12, 24) 2(48)
T(24, 2, 15)
T(12, 4, 3) (12, 12, 12)
60 T(30, 2, 9), T(30, 2, 15) (30, 30, 30) 1(60)
T(30, 2, 21)

Lemma 9.3. Let M; and My be two maps of type {4,6,12} on the same

number of vertices. Let T (r;, s;, ki) denote a (r;, s;, k;)-representation of M;.

Similar to Sections 4 and 5, by Lemma 9.1, let b; j = length(L; ;) where L; j,

Jj = 1,2,3 denotes nonhomologous cycles of type Hy in T(r;, s;,k;). Then

?41 = ];42 if and only if (b11,b12,01,3) = (b2, b2y, b2;) forty #ta #t3 €
1,2,3}).

Proof. We proceed as in the proof of Lemma 8.3. Let r = ry,s = s,
and k = k;. Consider horizontal cycles in T'(r;, s;, k;) of type Hy. We
proceed with a similar argument from Lemma 4.10. We get M; = M,. If
(r,s,k) # (r1,s1,k1) then we proceed as in the proof of Lemmas 5.6 and
6.3. The converse follows a similar argument from the converse of Lemma
4.10. This completes the proof. ([

As in Section 4, by Lemmas 9.2 and 9.3, the maps of type {4,6,12} can
be classified on different number of vertices. We have done the calculation
for vertices up to 60. We have listed the obtained objects in the form of
their T'(r, s, k) representation in Table 6.

10. MAPS OF TYPE {3,4,6,4}

Let M be a semiequivelar map of type {3,4,6,4} on the torus. We
define a path Wj in the edge graph of M on the torus. Let Q(i) :=
P(u;, uit1, uit2, ui+3) be a path in M, where

lk(ul) = C(uifla a, ba Ui+1, ia Js kv 1, 714'72)7

Ik(uiy1) = C(us, b, ¢, uit2, uiy 3,8, h,i,j),

lk(ui+2) — C(ui+1a ba c, da €, Ui+3, 8, ha i)a

lk(ui+3) = C(“i+23 d7 €, ui+4afa g, h7 i7 'U’L'Jrl)‘
Definition. Let P, := P(...,v;_1,0;,Vit1,...) be a path in the edge graph
of M. We say Py is of type Wy if L1 := P(v¢, Vg1, Ver2, Vers) 1S a subpath
of Py or Ly is in a path containing Py. In this case, either L1 — Q(i) by
vj = uj, L1 — Qi+ 1) by vj — wjy1, or L1 — Q(i +2) by vj — ujo for
jeft,t+1,t+2,t+3}.
Definition. Let Py := P(...,2;—1,%;, Tit1,...) be a path in the edge graph
of M. We say P» of type W{ if Ly := P(x¢, T441, Tir2, Ti+3) S a subpath
of Py or Ly is in a path containing P. In this case, either Lo — Q(i)
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by xj = ugys—j, Lo — Qi+ 1) by xj > uxys—j, or Ly — Qi +2) by
Tj — Ut+3—j for j € {t,t +1,t+2,t+ 3}.

We consider only cycles of type Wi as Wi and W/ define same type of
cycle (by a similar argument from Section 8). Repeat a similar argument
from Section 9 and define a T'(r,s, k) representation. In this process, we
consider a path of type Wi in place of Hy. By Definition 10.1, there are
three cycles through each vertex of M. Let v € V(M) and L1, Lo, and L3
be three cycles through v. We first cut along L; and then take a second
cut along L3 where the starting adjacent face to base horizontal cycle Ly is
a 4-gon. So, every map has a T(r, s, k) representation. In Lemma 10.1, we
show that a map of type {3,4,6,4} contains at most three nonhomologous
cycles of type Wi of different lengths.

Lemma 10.1. The map M contains at most three nonhomologous cycles of
type W1 of different lengths.

Proof. As above, proceed with a similar argument from Lemma 8.1. Con-
sider a map of type {3,4,6,4} in place of {3*, 6} and a cycle of type W7 in
place of Y;. Let wy # wy be two vertices of M. Let Jy, Js, J3 denote three
cycles through w; and Ji, Jj, J5 denote three cycles through wy. Then by
the definition of a cycle of type Wi, we get a cylinder which is bounded by
J; and J]’~. That is, J; and JJ{ are homologous for some i,j € {1,2,3}. This
holds for an arbitrary vertex of M. We proceed as in the case of proof of
Lemma 4.5 to show that the homologous cycles of type W have the same
length. Thus, the map M contains at most three nonhomologous cycles of
type Wy of different lengths. This completes the proof. (|

We define admissible relations among r, s, k of T(r, s, k) such that rep-
resentation T'(r, s, k) gives a map of type {3,4,6,4} after identifying their
boundaries.

Lemma 10.2. The maps of type {3,4,6,4} of the form T(r,s, k) exist if
and only if the following holds:
(i) s > 2 even,
(i) 3],
(iii) there are rs > 18 wvertices of T(r, s, k),
)

(iv

(vi)

~+

<
<

ke{3t+4:0
ke{3t+1:0

Proof. We follow a similar argument from the proof of Lemma 8.2. We
prove this lemma by considering a link of some vertices in T'(r, s, k) and by
showing that the link of those vertices are not a cycle if we consider the
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TABLE 7. Maps of type {3,4,6,4}

n Equivalence classes Length of cycles i(n)
18 T(9, 2, 4) 9,9,9) 1(18)
24 T(12, 2, 4), T(12, 2, 7), T(6, 4, 4) (12, 6, 12) 2(24)
T(6, 4, 1) (6, 6, 6)
30 T(15, 2, 4), T(15, 2, 7), T(15, 2, 10) (15, 15, 15) 1(30)
36 T(18, 2, 4), T(18, 2, 13), T(9, 4, 7) (18, 9, 18) 2(36)
T(18, 2, 7), T(18, 2, 10), T(9, 4, 1) (18, 9, 6)
T(9, 4, 4), T(6, 6, 4), T(6, 6, 1)
42 T(21, 2, 4), T(21, 2, 7), T(21, 2, 10) (21, 21, 21) 1(42)
T(21, 2, 13), T(21, 2, 16)
48  T(24, 2, 4), T(24, 2, 7), T(24, 2, 16) (24, 24, 12) 3(48)
T(24, 2, 19), T(12, 4, 4), T(12, 4, 10)
T(24, 2, 10), T(24, 2, 13), T(6, 8, 4) (24, 24, 6)
T(12, 4, 1), T(12, 4, 7), T(6, 8, 1) (12, 12, 6)
54 T(27, 2, 4), T(27, 2, 13), T(27, 2, 22) (27, 27, 27) 3(54)
T(27, 2, 7), T(27, 2, 10), T(27, 2, 16) (27, 27, 9)
T(27, 2, 19), T(9, 6, 4), T(9, 6, 7)
T(9, 6, 1) 9,9,9)

values of r, s, and k outside the given range in Lemma 10.2. Consider a
map of type {3,4,6,4} in place of type {3%,6} and different ranges of r, s,
and k in the proof of Lemma 8.2. Thus, we get all the cases of this lemma.
This completes the proof. O

Lemma 10.3. Let M;, for i = 1,2, be maps of type {3,4,6,4} on the
same number of vertices and T; = T(r;, s;, k;) be (ri, s;, ki)-representations
of M;. (By Lemma 10.1, there are at most three nonhomologous cycles of
different lengths in T;.) Let ¢; ; = length(N; ;) where N; j, j =1,2,3 denote
nonhomologous cycles of type Wy in T;. Then the map My = Ms if and only
if (c1,1,¢1,2,¢1,3) = (€81, Coty, Cty) for th # ta # t3 € {1,2,3}.

Proof. We proceed as in the proof of Lemma 8.3. Let r = r1,s = s1, and
k = k1. We consider horizontal cycles of T'(r;, s;, k;) of type Wi. Proceed
with a similar argument from Lemma 4.10. Thus, we get M7 = Ms. Again,
if (r,s,k) # (r1, 1, k1) then we proceed as in the proof of Lemma 5.6 and
Lemma 6.3. The converse follows from a similar argument from the converse
of Lemma 4.10. This completes the proof. O

As in Section 4, by Lemmas 10.2 and 10.3, the maps of type {3,4,6,4}
can be classified on different number of vertices. We have done calculation
for up to 54 vertices. We have listed the obtained objects in the form of
their T'(r, s, k) representation in Table 7.

11. MAPS OF TYPE {4, 82}

Let M be a semiequivelar map of type {4,8} on the torus. We define
a fixed type of path Z; in M. Let Q(i) := P(uj, ujt1, Ui+2, Ui+3, Uitrq) be a
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path in M, where

lk(uz) Ui—1, fa 2 h, ia Ujt-2, Uit+1, S, G, ba G, da u;—3, uif2)’
lk Ui+1 =C Uiy Wi—1, .fa g, ha ia Ui+2, Ui+3, Ui+4, P, 4, T, S, a’)a
lk Ui+2

=C Ui+2, i,j’ k.1, m, Uj+6, Ui+5, Ui+4, P, G, T, S, ui+1)7

C(
(
= C(uit1, Ui, wi-1,f,8,h, 0, j, uit3, Uiya, P, ¢, 1, 8),
(
= C(uit3,j, k1, m, ui16,Ui45,0,D, ¢ T, S, Uit1, Uit2).

Definition. Let Ry := P(...,v;—1,;,Vit1,...) be a path in the edge graph
of M. We say Ry of type Z1 if L1 := P(vt, Vt41, Vtt2, UVt 43, Verq) iS a subpath
of Ry or Ly is in the extended path of Ry. Then either L — Q(%) by vj — u;,
Li— Q(i—i—l) by Vi = Ujy1, Li— Q(i—|—2) by Vj = Ujq2, OT Li— Q(i+3)
by vj — ujys forj e {t,t+1,t+2,t+3,t+4}.

Definition. Let Ry := P(...,xi—1,%;, Tit+1,...) be a path in the edge graph
of M. We say Ra of type Z1 if Ly := P(x4, Ty41, Ti42, Tits, Tira) 1S a subpath
of Ry or Ly is in the extended path of Ry. Then either Lo — Q(i) by xj —
U2¢+4—3 L2 — Q(Z + 1) by Tj = Ut+da—j, L2 — Q(Z + 2) by Tj = Ut+a—j,
or L1 — Qi+ 3) by vj = ugepa—j forj e {t,t+1,t+2,t+3,t+4}.

As in Section 8, we consider a path of type Z; as Z; and Z| define the
same type of path (by a similar argument from Section 8). Let P be a
maximal path of type Z;. We use a similar argument from Lemma 4.1 for
P. We get an edge e in M such that P Ue is a cycle of type Z;. Therefore,
every maximal path of type Z; is a cycle. Let C' = P Ue. The cycle C is
of type Z; and noncontractible (by a similar argument from Lemma 4.3).
Let C, Co,--- ,C} be a sequence of homologous cycles of type Z;. Then
we proceed with a similar argument from Lemma 4.5. Thus, length(C;) =
length(C};) for 1 <i,j <t. By Definition 11.1, there are two cycles of type
Zy through each vertex of M. Let v € V(M) and Li(v), La(v) be two cycles
through v. We repeat a similar construction of the (r, s, k)-representation
from Section 4 for M. So, we get a T(r, s, k) representation of M. In this
process, we take the first cut along L; and then the second cut along Lo
where the starting adjacent face to the base horizontal cycle L; is a 4-gon.
By this construction, every map of type {4,82} on the torus has a T(r, s, k)
representation.

We have two cycles of type Z; through each vertex of M. Therefore, by
Lemma 11.1, map M contains at most two nonhomologous cycles of type
71 of different lengths.

Lemma 11.1. The map M contains at most two nonhomologous cycles of
type Z1 of different lengths.

Proof. Let v be a vertex in M. By the definition of a cycle of type Z;, we
have two cycles, namely, Cy and C5 through v. We proceed as in the proof of
Lemma 8.1. We get that the map M contains at most two nonhomologous
cycles of type Z; of different lengths. ([l
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TABLE 8. Maps of type {4,82}

n Equivalence classes Length of cycles  i(n)
20 T(20, 1, 6), T( 20, 1, 14) (20, 20) 1(20)
24 T(24, 1, 6), T(24, 1, 18) (24, 8) 2(24)
T(8, 3, 2), T(8, 3, 6)
T(24, 1, 14), T(24 , 1, 10) (24, 24)

We claim in the Lemma 11.2 that map of type {4,8%} does not contain
a cycle of type Z; which has length four. We use this result to classify the
maps of type {4,82} on the torus.

Lemma 11.2. The representation T'(r, s, k) does not contain a cycle of type
Z1 of length four.

Proof. Suppose T'(r, s, k) has a cycle C of length four of type Z;. Let Cr,
denote a boundary cycle of an 8-gon Fg. By the definition of a cycle of
type Zi1, it C N Cp # 0 then C N Cp, is a path of length three. Let
CNCpr = P(ui,ug,us,uq). If C is a cycle of length four then u; = uy
which is a contradiction as u; and u4 are in Cg,, and CF, is a cycle without
a chord. Again, by the definition of cycle of type Z1, C' must intersect an
8-gon. Thus, length(C) > 4. So, a map M of type {4,82} does not contain
a cycle C of type Z7 of length four. This completes the proof. O

We define admissible relations among r, s, k of T'(r, s, k).

Lemma 11.3. The maps of type {4,82} of the form T(r,s,k) exist if and
only if the following holds:

(i) 4],
(i) s > 1,
(iii) there are rs > 20 vertices of T(r, s, k),
(iv)
20 ifs=1,
r>{16 ifs=2,
8 if s > 3,
(v)
ke {dt+6:0<t<r=12} if s =1,
ke f{at+7:0<t< =16} if s =2,

ke{dt—1 (modr):0<t< 2} ifs>3.

Proof. We proceed as in the proof of Lemma 8.2 and use Lemma 11.2 to
prove this lemma. Consider the link of some vertices in T'(r, s, k), a map
of type {4,82} in place of type {3%,6}, and different values of r, s, and k
in the proof of Lemma 8.2. So, we get all possible ranges of r, s, and k of
T(r,s,k). This completes the proof. O
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Lemma 11.4. Let M;, fori = 1,2, be maps of type {4,8%} on the same num-
ber of vertices and T; = T(ry, s;, k;) be a representation of M;. (By Lemma
11.1, there are at most two nonhomologous cycles of different lengths in T;.)
Let a;; = length(C; ;) where C;j, j = 1,2 denotes nonhomologous cycles of
type Zy in T;. Then My = My if and only if (a1,1,a12) = (a2, a2+,) for
t 75 to € {1,2}.

Proof. We proceed as in the proof of Lemma 8.3. Let r = r1,s = s1, and
k = ky. Consider horizontal cycles in T'(r;, s;, k;) of type Z;. Proceed with
a similar argument from Lemma 4.10. So, we get My = Ms. Again, if
(r,s,k) # (r1,s1,k1) then we proceed as in the proof of Lemmas 5.6 and
6.3. The converse follows from a similar argument from the converse of
Lemma 4.10. U

As in Section 4, by Lemmas 11.3, 11.4, the maps of type {4,8} can be
classified up to isomorphism on different number of vertices. We have done
the calculation for up to 24 vertices. We have listed the obtained objects in
the form of their T'(r, s, k) representation in Table 8.

12. SEMIEQUIVELAR MAPS

Proof of Theorem 1.1. The proof of the Theorem 1.1 follows from the Sec-
tions 4, 5, 6, 7, 8, 9, 10, and 11. Let M be a map on n vertices of type
{33,42} on the torus. We consider all admissible T'(r, s, k) representations
of M by Lemma 4.9. We calculate the length of the cycles of types A1, As,
As, and As. We classify them by Lemma 4.10. In Table 1, we have classified
up them to 22 vertices. Similarly, we consider maps of types {32, 4,3,4},
{3,6,3,6}, {3,122}, {3%,6}, {4,6,12}, {3,4,6,4}, and {4,8?} on the torus.
That is, we consider cycles of type By in maps of type {324, 3,4} and classify
them by Lemma 5.6. Table 2 contains the classified maps up to 32 vertices.
Consider cycles of type X1 in maps of type {3,6,3,6} and classify them by
Lemma 6.3. Table 3 contains the maps up to 30 vertices. Consider cycles of
type G in maps of type {3,122} and classify them by Lemma 7.3. Table 4
contains the maps up to 48 vertices. Consider cycles of type Y7 in maps of
type {3%,6} and classify by Lemma 8.3. Table 5 contains the maps up to 42
vertices. Consider cycles of type Hy in maps of type {4,6,12} and classify
by Lemma 9.3. Table 6 contains the maps up to 60 vertices. Consider cycles
of type W1 in maps of type {3,4,6,4} and classify them by Lemma 10.3.
Table 7 contains the classified maps up to 54 vertices. Consider cycles of
type Z1 in maps of type {4,8%} and classify them by Lemma 11.4. Table 8
contains the maps up to 24 vertices. This completes the proof. ([
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