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INDEPENDENCE COMPLEXES AND INCIDENCE
GRAPHS
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ABSTRACT. We show that the independence complex of the incidence
graph of a hypergraph is homotopy equivalent to the suspension of the
combinatorial Alexander dual of the independence complex of the hy-
pergraph, generalizing a result of Csorba. As an application, we refine
and generalize a result of Kawamura on a relation between the homo-
topy types of the independence complex and the edge covering complex
of a graph.

1. INTRODUCTION

In [2], Csorba showed that the independence complex of the edge sub-
division of a simple graph is homotopy equivalent to the suspension of the
combinatorial Alexander dual of the independence complex of the graph.
(An alternative proof was given by Barmak [1].) Studying this homotopy
equivalence from a poset point of view, we describe the homotopy type of
the former as a certain kind of poset of intervals, generalize the result to the
case of hypergraphs and give an explicit map giving the homotopy equiv-
alence. The independence complex of a hypergraph (see Definition 4.5) is
essentially a simplicial complex of transversals and this generalization might
be of interest.

In Section 2, we collect some fundamental definitions and results. In
Section 3, we study the homotopy type of the poset of intervals and prove
two key results, Propositions 3.5 and 3.8. In Section 4, we define a kind of
generalized hypergraph (see Definition 4.1) and describe the relation between
the homotopy type of the independence complex of a generalized hypergraph
and that of the incidence graph of the hypergraph. See Theorem 4.10 and
Corollary 4.11. As an application, we show that the combinatorial Alexander
dual of the independence complex of a hypergraph and that of its dual
hypergraph are homotopy equivalent and as a special case of this result, we
obtain a refinement of a result of Kawamura [4]. See Corollaries 4.15 and
4.17. As another application, in Section 5, we consider the homotopy types
of independence complexes of bipartite graphs. The results of this section
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are known [5], [3]; however, our point of view would give a certain natural
interpretation of these results.

This work grew out of my attempts to understand the result of Csorba.
The author would like to thank K. Iriye for suggesting the generalization to
hypergraphs.

2. PRELIMINARIES

In this section, we collect some fundamental definitions, results, and fix
notation. Given a poset P, we denote its order complex by A(P), and given
a simplicial complex A, we denote its face poset by P(A). We denote the
geometric realization of a simplicial complex A by the same symbol A by an
abuse of notation; however, we sometimes denote the geometric realization
of the order complex A(P) by |P|. The order complex of the face poset of
a simplicial complex A is called the barycentric subdivision of A and their
geometric realizations are homeomorphic: A = A(P(A)). When we consider
homotopical properties of posets, we consider those of geometric realizations
of their order complexes, that is, say, a map f: P — @ of posets is called
a homotopy equivalence if the induced map |f|: |P| — |Q| is a homotopy
equivalence. We consider subsets of posets as posets via the induced order
unless otherwise stated. For a poset P, we denote the dual of P by P?,
which is the poset on the same underlying set with the opposite ordering.
A map f: P — Q of posets could be seen as a map of dual posets, which
we denote by f°: P° — Q°, that is f° = f as a map of sets. If P has a
maximum (resp. minimum) element, then we denote it by 1 or 1p (resp. 0
or 0p) and call it the top (resp. bottom) element. A poset P is said to be
bounded if P has both top and bottom elements and is said to be nontrivial
if P has more than one element.

Definition 2.1. Let P and @Q be posets.

(1) The direct product P x Q is the poset whose underlying set is the
Cartesian product of P and Q with the order given by (p,q) <
(0,d)ep<p andqg<{.

(2) The join PxQ is the poset whose underlying set is the disjoint union
P11 Q and whose order agrees with the given one on P and Q and
p<q forallpe P and q € Q.

Definition 2.2. Let P be a poset, p € P an element and S C P a subset.

(1) S is called an upper (resp. lower) set if S has the property that, if
xeS andx <y (resp. x > y), theny € S.
(2) We define subposets of P as follows:

Pey={reP|z2pl, Pey={zePlu<p},
P.,={xeP|x>p}, Po,={xeP|x<p},
Psos = P, Pes = | J P<..

seS seS
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Note that P>g and P<g are defined by the union, not the intersection.
Therefore, we have P>sur = P>5 U P>7 and P>y = P<y = 0.
(3) If P has the top or bottom element, we use the following notation:
Sy =P gNS= S\{OP},
S_ = <iﬂS:S\{1p}.
Note that, for posets P,(Q and subsets S C P, T C @, we have
(P X Q)sgur = P>s x Q>r,
(P x Q)>SXT = (PES X Q>1) U (Psg X QZT)-

We call a pair of maps
g
P=—=0Q
f

between posets an adjoint pair if the following holds: For all p € P and
q € Q, f(p) < qif and only if p < g(q). In this case, both f and g are maps
of posets, namely, they preserve order. The map f is called a left adjoint
or a lower adjoint of g and g is called a right adjoint or an upper adjoint of
f. Note that, for any subsets S C P and T' C @ satisfying f(S) C T and
g(T) C S, restrictions of f and g give an adjoint pair:

g
S==T.
f
We give an order on the set of maps of posets from P to @) by

f<f < f(p)<fl(p) forallpe P.

Our tools to construct and detect homotopy equivalences between posets
are the classical ones due to Quillen:
Theorem 2.3 ([6]). Let f, f': P — Q be maps of posets.
(1) If f < f', then f and f' are homotopic.
(2) If f has a right adjoint g: Q — P, then f is a homotopy equivalence
with g its inverse.

(3) If f~HQ>q) is contractible for all ¢ € Q, then f is a homotopy
equivalence.

3. POSETS OF INTERVALS
Definition 3.1.
(1) Let P be a poset. We define a poset I(P) by
I(P)={(z,y) e Px Pz <y}
with the order given by
(@) < (z,y) ' <zandy<y.

Note that I(P) is a lower subset of P x P°. If S C P is a subposet,
we consider I1(S) as a subposet of I1(P). One may call I(P) the
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poset of closed intervals or the poset of twisted arrows. Note that
our ordering on I(P) is the dual of that of Walker’s in [7].

(2) We relativize the construction above. Let f: X — P and g: Y — P
be maps of posets. We define a subposet of X x Y as follows:

I(f.9) = {(z,y) € X x Y| f(z) < g(y)}-
Clearly, I(f,g) = (f x ¢°) Y (I(P)) and is a lower subset of X x Y°.

The following two results are well known and can be proved using Theorem
2.3.

Proposition 3.2. Let P be a poset. Then projections to the first and the
second factors give homotopy equivalences:

p2

P<2—I(P) 2~ P°.

Proof. We show that the first projection is a homotopy equivalence. For
p € P, we have
pi ' (Psp) = {(z,y) € I(P) | p < a}.

Define two maps

2

(Pp)® =17 (P2y)

p
by p2(z,y) = y and j,(y) = (p,y). Clearly, p» and j, are well-defined
maps of posets and give an adjoint pair: j,(y') < (z,y) © ¥ <po p2(z,v),
whence homotopy equivalences. Since (P>p)? has the maximum element p,
it is contractible and so is p; *(Psp). Therefore, by the Quillen fibre lemma
(Theorem 2.3(3)), the projection p; is a homotopy equivalence. O

Lemma 3.3. Let P be a poset and T,U C P upper subsets. We define a
map

¢o: TUU = {0,1} x(T'NU)
of posets by

0, z¢&T
) =491, z¢U
x, x€TNU

where we consider T UU as a subposet of P and the set {0,1} is equipped
with the discrete order. If both T and U are contractible, then the map ¢ is
a homotopy equivalence.

Proof. Since T and U are upper sets, one easily sees that the map ¢ preserves
order.

We denote {0,1} * (T'NU) by S.

For pe TNU C S, we have ¢~ 1(S>,) = (T'N U)s, which is contractible
since it has the minimum element p. Clearly, we have ¢~1(S>) = U and
qb_l(SZl) =T.
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Therefore, if both T and U are contractible, the map ¢ is a homotopy
equivalence by the Quillen fibre lemma (Theorem 2.3(3)). O

Remark 3.4: Under the assumption of Lemma 3.3, we have A(T'UU) =
A(T)UAU) and A(T)NAU) = A(TNU).
Combining Proposition 3.2 and Lemma 3.3, we obtain the following simple

observation, which is a variant of a result of Walker [7, Theorem 6.1 (c)] and
is one of our key results.

Proposition 3.5. Let P be a bounded poset, U C P an upper subset and
L C P a lower subset. We define maps

p1: I(U)UI(L) — {0,1}«(UNL),
wo: I(U)UI(L) — {0,1}x (UNL)°
of posets by

0, =1¢U
cpi(xl,xg) = 1, i) € L
z;, x1 €U andxo €L

where we consider I(U) U I(L) as a subposet of I(P) and the set {0,1} is
equipped with the discrete order. If U and L are nonempty, then the maps
p1 and py are homotopy equivalences.

Remark 3.6: (1) Note that if L = (), then I(U)UI(L) = I(U) ~ U which
is either empty or contractible. On the other hand, {0,1}*(UNL) =
{0,1} « 0 = {0,1}.
(2) Walker [7, Theorem 6.1 (c)] showed that |I(P, ) U I(P_q)| is home-
omorphic to [{0,1} * (P_gNP_;)|. In general, |[I(U) U I(L)| and
{0,1} % (U N L) | are not homeomorphic.

Proof. Tt is straightforward to see that both I(U) and I(L) are upper subsets
of I(P), I(U)NI(L)=I(UNL) and the map ¢; is the composite:
o) id*p1
H{U)UI(L)—={0,1}xI(UNL)—={0,1}x (UNL).
We have I(U) ~ U, I(L) ~ L and I(U N L) 2 U N L by Proposition 3.2.
It is easy to see that the map id * p; is also a_homotopy equivalence. If U
and L are nonempty, they are contractible since P is bounded. Therefore,
by Lemma 3.3, the map ¢ is a homotopy equivalence, whence so is the map
P1. O

We consider the relative case. Observe that:

Lemma 3.7. If f: P — @Q is a map of posets and T C Q) is an upper set
(resp. a lower set), then so is f~1(T).
Moreover, if f has a right adjoint g: QQ — P, then the following hold:
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(1) If P has the bottom element, then so does Q and f(0p) = @Q. Dually,
if Q has the top element, then so does P and g(iQ) =1p.

(2) For any subset S C P, we have g~1(P>g) = Q> f(s)- Dually, for any
subset T C Q, we have f~H(Q<r) = Peyry. In particular, if U C P
is an upper set, then g~ (U) = Q> @) and if L C Q is an lower set,
then fﬁl(L> = PSg(L)'

Therefore, restrictions of f and g give adjoint pairs of maps of
posets:

g
Ps>g N Pey(r) = Q>p(s) NQ<r
g
Un f~YL) <4f7> Q>ranNL.

(3) The map f°: P° — Q° is a right adjoint of g°: Q° — P°: ¢°(q) <po
p < q<qe f°(p)

Proof. The proof is straightforward. O

Proposition 3.8. Let X,Y, P be bounded posets and f: X — P, g: Y — P

maps of posets. Assume that f has a right adjoint h and g has a left adjoint

h g
X=——=P=—2Y.

f k

hxk°
Then we have an adjoint pair X X Y° =—= P x P° and the following hold:
Ixg°

(1) The restrictions give an adjoint pair of maps of posets:

hxk°

I(f9)ee =1 (P> r(x,) N Pey(ye))

where I(f,g)++ = 1(f,g) N (X4 x (Y2)?).
In particular, we have homotopy equivalences

fp 9°p 0
Pspix,) N Pegivsy <= 1(f,9) 4+ ~=> (Pos(x,) N P<give))

where p; s the projection to the i-th factor.
(2) The restrictions give an adjoint pair of maps of posets:

hxk°
I(f,9)+ ! (Pspix,) UT (P<gpyy) -



34 SHUICHI TSUKUDA

In particular, if X and Y are nontrivial, then we have homotopy

equivalences
{0,135 (P2, N P<gry)
4:
1(f,9)+ I(Pyix,)) UT (Pegiy))

902l:
{0,135 (Popix,) N Pegrvy)”
Proof. Clearly, the map h x k°: P x P° — X x Y° is a right adjoint of
fxg?: X xY°— Px P
One can show (1) in the same way as (2).
We show (2). Recall that I(f,g) = (f x ¢°)~ ' (I(P)) and I(P) is a lower
subset of P x P°. We also note that (X x Y?), is an upper subset of X x Y

and I(f,g)+ = (X xY?)_ NI(f,g). Thus, we may apply Lemma 3.7(2).
We have

(f xg" ) (X xY°))=(f xg°) (Xy xY)U (X x (Y?)1))
= (f(X4) x g°(Y)) U (f(X) x g°(Y-)),
(P X P2)s (rxgoyxxveys) = (B X P2)s pixywgory U (X PO)s ) xgory)
= (Poy(xy) X P>g0v)) U (Pop(x) X PP5g0v))
(

= (Psgp(x.) X P°)U (P x P°5g0(v.y)

where the last equality holds since Op = f(0x) € f(X) and 1p = g(1y) €
g(Y) by Lemma 3.7(1). Note that P°>goy_) = P<gy_) as subsets of P,
whence

(Psr(x,) x P°)NI(P) = I(Psfx,)),
(P x P°>goy ) NI(P) = I(P<y(y ),
and thus

(P X P?)s (pxgoy(xxvey) NI(P) = I(Pspx,)) UI(Peyy))-
Therefore, by Lemma 3.7(2), we have an adjoint pair of maps of posets:

hxk°
I(f,9)+ f—>xc I(Psp(x.)) UI(P<gy.y) -
g
If X and Y are nontrivial, X, and Y_ are nonempty and so are P>y(x,)
and P<,y_). Therefore, in this case, the map ¢; is a homotopy equivalence
by Proposition 3.5. O

Given a Boolean lattice P = (P,A,V,—,0,1) and a subset S C P, we
define a subset =S C P by =S = {—z|z € S} = {z|-z € S} and given maps
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f: X = P,g: P—Y of sets, we define maps -f: X — P, g—: P — Y by
(—f)(z) = =(f(x)), and (¢9-)(p) = g(—p). Note that we have - (P —5) =
P — =S, = (Psg) = P<~g and =~ (S4) = (—5)_.

Corollary 3.9. Let P be a Boolean lattice. Given a subset S C P, we define
a subposet of P x P by

D(S) = {(z,y) € Sx =S |z Ay=0}.
Then the following hold:

(1) Projections to the first and the second factors give homotopy equiv-
alences:

S <2 D(S) 2= 8.
(2) Given an upper subset U C P and a lower subset L C P, the maps
Yr: D(U)UD(L) — {0,1} « (UNL),
e: D(U) UD(L) — {O,l}*ﬁ(UﬁL)
of posets defined by
O, Tl € U
Yi(r1,22) = (1, 1z &L
x;, x1 €U and xo € 2L
are homotopy equivalences if U and L are nonempty.

Proof. Clearly, the map id x =: P x P — P x P° sending (z,y) € P x P
to (x,—y) € P x P gives an isomorphism of posets D(S) = I(S) and we
have ¥ = 1(id x =), g = (id*x)pa(id x —). The results follow from
Propositions 3.2 and 3.5. O

Corollary 3.10. Let P be a Boolean lattice, X1, Xo bounded posets and
fi: X; = P maps of posets which have right adjoints g;: P — X;. We
define subposets of X1 x Xo as follows:

D(f1, f2) = {(z1,22) € X1 x X> ‘ fi(z1) A fa(zo) =0},

D(f1, f2)++ = D(f1, f2) N (X14 x Xo1).
Then the following hold:

(1) We have an adjoint pair of maps of posets:
g1Xxg2
D(f1, fa)++ 7 D (PZfl(X1+) N PSﬁfz(X%)) :
1 2

In particular, we have homotopy equivalences:

fip1 fap2
PZfl(XH) N PS—'f2(X2+) ~ D(f1, f2)++ ~ PS_‘fl(XlJr) N PZf2(X2+)'
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(2) We have an adjoint pair of maps of posets:

g1 XxXg2

D(f1, f2)+ f*> D (PZfl(X1+)) uD (PS—'fz(X2+)) .

1X f2

Furthermore, if X1 and Xo are nontrivial, then we have homotopy
equivalences:

{0,1} = (P>f1 (X14) M P<ﬁf2(X2+))

7/’1T"
fixfa
D(f1, f2)+ —=—=D (P>f1(X1+)) uD (Péﬂfz(Xer))

¢2i~

{0, 1} (P<ﬂf1 (X1 N P>f2(X2+))

Proof. We have maps of posets

g1 —f3
X, ==P=—<X§
fi 92

which satisfy the assumption of Proposition 3.8. Note that (X§)_ = Xoy
as sets, — (P2f1(X1+) n PSﬁfQ(XQ-k)) = P fi(x14) 0 P> gy @s subsets of
P and D(f1, f2) = I(f1,~f9) C X1 x X9 = X; x (X§)°. The results follow
from Proposition 3.8. O

4. INDEPENDENCE COMPLEXES AND INCIDENCE GRAPHS

Let P = (P,A,V,—,0,1) be a Boolean lattice which is complete, namely,
every subset S C P has a supremum which we denote by \/ S or Vpe gD
What we have in mind as P is the power set of a (finite) set V: P =P (V)
(Example 4.4 and Corollaries 4.11 and 4.13). While the present formulation
in a general set up makes it easy to distinguish the complements in V' from
the complements in P (V).

Consider a triple H = (P, fi1, f2) where f;: V; — P is a map from a
set V; for each ¢ = 1,2. One may think of such a triple as a generalized
hypergraph whose edges are indexed by f1: V3 — P and whose “vertex set”
is fa: Vo — P. We are mainly interested in the case when P = P (V') and
f2 is the inclusion V' < P (V). Then H is identified with a hypergraph
possibly with multiple edges that are indexed by fi: Vi — P (V). The term
“generalized hypergraph” may have various meanings in the literature, yet
we will use the term only for the meaning given below.

Definition 4.1. (1) A generalized hypergraph is a triple H = (P, f1, f2)
where P = (P, \,V,—,0, 1) is a complete Boolean lattice and f;: V; —
P is a map from a set V; for each i =1,2.
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(2) Given a generalized hypergraph H = (P, f1, f2), we define a bipartite
graph B(H) as follows:
V(B(H)) =V 11 Vs,
E(B(H)) = {{wl,:z:g} cWViiIv, ‘ x; € Vi and fi(x1) A fa(zo) # 6}
We call the graph B(H) the incidence graph of H.

Example 4.2. Let G = (V, E) be a simple graph, namely, a graph without
loops and parallel edges. We may think of G as a generalized hypergraph:

G=PWV),ECP(V),VCP(V)).
Then, clearly, the incidence graph B(G) is the edge subdivision Ga of G.

Example 4.3. Let H = (V, fg: E — P(V)) be a hypergraph whose vertez
set is V' and whose edges are indexed by the map fr. We may think of H
as a generalized hypergraph

H=®WV),fg: E=P(V),VCPV)).
The dual hypergraph H is given by
HY=(P(E),fv:V—=P(E),EC?P(E))
where fr and fy determine each other by
e € fv(v) & v e fe(e)

Then the natural bijection EIV = VII E gives an identification B(H) =
B(HY).

Example 4.4. Given a generalized hypergraph H = (P, f1, f2), we define
hypergraphs as follows:

HVz :(T(%)’fvlz Vvl_>:])(v2)7v2cj>(‘/2))’
HVl :(:P(‘/l),f%: ‘/2_>:P(V1)7V1 CT(Vvl))

where

Sui(z1) ={z2 € V2 \ fi(x1) A fa(z2) #0}
fua(w2) = {z1 € Vi | fi(@1) A falwa) # 0} .
(H
(P

) = B(Hy,) = B(Hy,) and Hy," = Hy,. Moreover, if
V), fe: E—P(V),VCP((V)), then Hy = H and

Clearly, we have B
H s a hypergraph
Hp=H".

Recall that, given a finite simple graph G = (V, E), a subset 0 C V is
called an independent set if o contains no edge: o ¢ P (V). . All the
independent sets in G form a simplicial complex Ind(G) called the indepen-
dence complex of G. Note that we may define independence complexes of
hypergraphs in the same way.
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Definition 4.5. Let H = (V, f: E — P (V) be a hypergraph with V finite.
We define a simplicial complex Ind(H) as follows:

Ind(H) = {0 cv \ od ?(V)Zf(E)} .

Recall that a subset ¢ C V is called a transversal if ¢ has nonempty
intersection with f(e) for every e € E. Clearly o is independent if and only
if V' — o is transversal and we have

Ind(H) ={oc C V| V — 0o is transversal} .
We also note that the face poset of Ind(H) is (P (V) — P (V)Zf(E))Jr'

Definition 4.6. Let H = (P, f1, f2) be a generalized hypergraph.

(1) Given a subset S C P, an element p € P is said to be independent
with respect to S if p & P>g and be transversal if p ¢ P<-g. Note
that p is independent if and only if —p is transversal.

(2) We define subposets of P as follows:

ind(H) = (P - szl(vl)) U= (P - PZfz(Vz))
= (P - P2f1(V1)) U (P - PSﬂf2(V2)) ’
Pind(H) = (P - ngl(vl))+ U= ((P - P2f2(V2))+)

- (P+ - PZfl(Vl)) U (P* - PS—'fQ(V2)) )
that is, p € ind(H) if and only if it is independent with respect to
fi(V1) or transversal with respect to fo(Va). We call ind(H) the
independence poset of H and Pind(H) its face poset. We denote the
order complex of the face poset by Ind(H):
Jno(H) = A (Pind(H)) .

Remark 4.7: Note that the poset structure of ind(H) does not determine
that of Pind(H) which also depends on the description of ind(H) as the
union of P — Ps¢ () and P — Pc_ 1, (v3)-

Example 4.8. In the case when H 1is a hypergraph
H=PWV),f: E=-P?(\V),VC?P((V))),
since P (V)5 =P (V)

4, we have:

ind(H) = (P (V) = P(V)s p ) ULV,

Pind(H) = (9’ V)-=2> (V)Zf(E)>+ ‘

Therefore, if V is finite, ind(H) = Ind(H) U {V'} as subposets of P (V)
and Pind(H) is the face poset of the independence compler: Pind(H) =
P(Ind(H)). Hence, IJnd(H) is the barycentric subdivision of Ind(H). In
particular, Ind(H) and Ind(H) are homeomorphic.

Note that if V is an infinite set, then Pind(H) may contain “infinite
dimensional” simplexes.
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Remark 4.9: The definition of Pind(H) is not symmetric with respect to fi
and fo. However, note that we have Pind(P, fo, f1) = = Pind(P, f1, f2) as
subsets of P, whence Pind(P, fo, f1) = Pind(P, f1, f2)° as posets.

We consider the relation between the independence poset of a generalized
hypergraph and that of the incidence graph.

Note that given a bipartite graph B whose vertex set is decomposed into
sides V1 11V, we may think of Pind(B) as a subset of P (V1) x P (V2) via the
natural identification P (V3 I Va) = P (V1) x P (V2). We denote the poset
Pind(B) N (P (V1), x P (V2),) by Pind(B)4+4. That is, Pind(B) is the
poset of independent sets which have nonempty intersections with both V;
and V5.

Theorem 4.10. Let H = (P, f1, f2) be a generalized hypergraph.
\

Define maps fix: P (Vi) — P by the composite P (V) Ji P(P) P,
that is, fi(oc) = \/ f(o) = \ f(z) € P. Then we have a commutative

xrxEo

diagram of posets
Pind(B(H))++ C Pind(B(H))
fl*sz*J/ﬁ Zlfnxfg*
D (Psfyn) N Pepv)  C D (Popiva) JUD(Peopy(vy)
p2l~ lzﬁz
- (P —ind(H)) C {0,1} x = (P — ind(H))

where the vertical arrows are homotopy equivalences except the map s.
Furthermore, if V; # 0 for i = 1,2, then the map 1o is also a homotopy
equivalence.

Proof. Clearly, fix: P(V;) — P has a right adjoint f: P — P (V;) given
by ff(p) = f'(P<p). Since fi({z}) = fi(z) for = € V;, we see that

szi*(?(m+) = P>y,(v;)- Therefore, by Corollary 3.10, we have homotopy
equivalences

D(fres fox)++ C D(fre: fos)+

fl*sz*lN lel*XfZ*

D (Pspyv) VPenpy(vz))  C D (Pogyv) UD(Penpyvy)
ple ldlz
PSﬂfl(Vl) N P2f2(V2) - {0,1} = (PSﬂfl(Vi) N PZfz(V2)) :

If V; # (), then P (V;) is nontrivial and the map 1 is also a homotopy
equivalence.
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Recall that we have Pind(B(H)) = (‘.P (V) —ﬂD(V)ZE)Jr where V =
V(B(H)) and E = E(B(H)). We identify
PV)=P(WOV2) =P (V1) xP(Va)
and with this identification, we have

E={({z},{z2}) € P(V1) x P(Va) | fu(z1) A falwa) # 0}
Since P is a complete Boolean lattice, it is infinitely distributive; hence, for

all (o1,09) € P (V1) x P (V3), we have
fis(a) A fau(o2) =\ (fil@1) A fol2))

Tr1€01
T2€02

and we see that (01,09) € P (V). if and only if f1.(c1) A fax(o2) # 0. In
other words, we have ;

Pind(B(H)) = (T (V)—-? (V)ZE) N

= {(0'1,0'2) (S T(Vi) X ?(Vg) ‘ fl*(gl) A fg*(O'Q) = 0}+
= D(f1, f2x)+,
Pind(B(H))++ = D(f1x, f21)4++-

Finally, we see that
= (P —ind(H)) = = (P — (P~ Psp,(v)) U (P = P<opy(1)))
== (Ps,n) N Paefo(va))
=P, (1) N P> py (1)
0

Recall that, given a simplicial complex K on a finite vertex set V, the
combinatorial Alexander dual of K is the simplicial complex given by

K'={ocCcV|V—-0¢K}.
Clearly, the face poset is given by
P(E")=(=(P(V) - K),=~((®(V)-K)_).

Let H be a hypergraph with V finite. We have seen in Example 4.8 that
ind(H) is equal to Ind(H) U {V'} as subposets of P (V'); hence,

2 (P(V)—ind(H)) == (P(V) —Ind(H)U{V})

=~ (P (V) ~ Ind(H))_)
= P(Ind(H)*).

In view of this observation, for a generalized hypergraph H = (P, f1, f2),
we denote the poset = (P — ind(H)) by Pind*(H) and its order complex by
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Pind*(H) = -~ (P — ind(H)),
Ind*(H) = A (Pind*(H)) .
If H is a hypergraph with finite vertices, Jnd*(H) is the barycentric sub-
division of Ind(H)*. We also note that, if V; and V5 are finite, then the
incidence graph B(H) is a finite graph and the complexes Jnd(B(H)) and

Ind(B(H)) are homeomorphic.
With this notation, we restate Theorem 4.10 as follows:

Corollary 4.11. Let H = (P, f1, f2) be a generalized hypergraph. Then we
have a commutative diagram

| Pind(B(H)) 14| —=— In0* (H)

| |

In0(B(H)) SY% Ind*(H)

where the top horizontal arrow is a homotopy equivalence.
Furthermore, if V; # 0 for i = 1,2, then the bottom horizontal arrow is
also a homotopy equivalence:

Jn0(B(H)) = S% Ind*(H).
In particular, if H = (V, f: E — P(V)) is a finite hypergraph with V # ()

and E # (), then we have a homotopy equivalence:

Ind(B(H)) = S% Ind(H)*.

Remark 4.12: Let G = (V, E) be a finite simple graph. Then B(G) is the
edge subdivision G2 of G. By Corollary 4.11, we have a homotopy equiva-
lence:

Ind(Ga) = S% Ind(G)*.

Thus, Corollary 4.11 is a generalization of a result of Csorba [2, Theorem 6]
to the case of (generalized) hypergraphs. Moreover, this homotopy equiva-
lence is given by the following map

¥: P(Ind(G2)) — {0, 1}+P(Ind(G)*)
between face posets: We have
(1,0) # (0,0) and
P(Ind(Gs)) = { (1,0) € P(E) x P(V) (U 6) no i

ecT

P(Ind(G)")={c€P (V) |0 #0 and c Ne = for some e € E}
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and
0, 7=0
Y(r,o) =<1, o=10
o, T#0and o # 0.

Corollary 4.13. Let H = (P, f1, f2) be a generalized hypergraph. Then we
have homotopy equivalences

Ind*(Hy,) ~ Ind*(H) ~ Ind*(Hy,)
where hypergraphs Hy, and Hy, are defined in Example 4.4.

Proof. As we have noted in Example 4.4, we have identifications B(Hy,) =
B(H) = B(Hy,). Clearly, these identifications give identifications of posets
Pind(B(Hyv,))++ = Pind(B(H))4++ = Pind(B(Hy,))++ and the result fol-
lows. ]

Remark 4.14: In fact, we can construct adjoint pairs giving these homotopy
equivalences. Recall that we have

Pind*(H) = Py (vi) N P> fa(v3);
Pind*(Hy,) = P (Va) < sy (1) NP (V2) 51
Pind*(Hy,) =P (V1)§ﬁfv2(v2) NP V1)sy,-
Consider the following adjoint pairs:
I3 - Ta

P (Va) P pe P (V1)

f2* - iko

f*
We apply Lemma 3.7(2) to the adjoint pair P (V) <=~ P and subsets

fax
Vo € P(Va), =f1(Vi) C P. Recall that the map f5 is given by f3(p) =
fy H(P<p). A straightforward calculation shows that fi; = —fi=fi: Vi —
P (Va), whence f3(=f1(V1)) = = fy,(V1). Since fau(Va) = f2(V2), we obtain
the following adjoint pair:

Pind*(Hy,) Pind*(H
» (V2)<ﬁfv (v M y (V2)>V T> P gy N Py (v):
2%

Applying the same argument to f;, we obtain the desired adjoint pairs:

* o

i . 7.
Pind*(Hy,) == Pind*(H) == (= Pind*(H))° === Pind*(Hy, °.

f2* 1
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G GY

FIGURE 1. Ind(G) # Ind(GY)

One can show that f3—f7, = —f}., by direct calculation or using the equal-
ity fi, = —f5—f1 and the fact that the map —f5— preserves supremum.
Therefore, the composite of the maps above yields:

“f‘(} *
Pind*(Hy,) =—= Pind*(Hy,)° .

AT
Corollary 4.15. Let V and E be finite sets,
H=WV),fg: E—=2(V),VC?P((V)),
HY=(P(E),fv:V—>P(E),ECP(E))
a hypergraph and its dual (See Ezample 4.3). Then we have a homotopy

equivalence:

Ind(H)* ~ Ind(HY)*.

Remark 4.16: (1) In general, Ind(H) and Ind(H") are not homotopy
equivalent. As an example, consider the graph G in Figure 1. One
sees that Ind(G) ~ S° v S and Ind(G"Y) ~ S' v S'.
(2) If V or E is empty, then Ind(H)* and Ind(H")* are either empty or
degenerate simplicial complexes.

Recall that, given a finite simple graph G = (V, E), a subset 7 C E is
called an edge cover if | J,., e = V. A simplicial complex EC(G) called the
edge covering complex is defined by

EC(G) ={r C E| E — 7 is an edge cover} .
Kawamura [4] showed that S°* (Ind(G)*) ~ S°* (EC(G)*). Applying Corol-
lary 4.15 to a finite simple graph, we have the following result which refines
(de-suspends) this:
Corollary 4.17. Let G = (V, E) be a finite simple graph and
GV = (P(E) fy: V =P (E).E C P(E))
its dual hypergraph. Then we have Ind(GY) = EC(G). In particular, we

have a homotopy equivalence:

Ind(G)* ~ EC(G)*.
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Proof. Recall that the map fy is defined by fy(v) = {e € E | v € e}. Hence,
a subset 7 C E is transversal with respect to fi- (V) if and only if 7 is an
edge cover. Since

Ind(GY) = {r C E| E — 7 is transversal} ,
we have Ind(GY) = EC(G). O
Remark 4.18: The maps
P(Ind(G)*) % P(EC(G)*)°
v

in Remark 4.14 giving homotopy equivalences are given as follows: We have

P(Ind(G)*)={ocCV |og#0and cNe=0 for some e € E},

T # () and Ue;«éV}

ecT

P(EC(G)*) = {T CE

and

—fve(o) ={e€ E|lone=0}, —fp(r)=V-{Je

ecT

5. BIPARTITE GRAPHS

It was observed by Nagel and Reiner [5] and Jonsson [3] that the indepen-
dence complexes of bipartite graphs have the homotopy types of suspensions.
(They also showed a converse. See Corollary 5.4.) In view of Corollary 4.11,
we can give a certain natural interpretation of this phenomenon.

Recall that any finite simple bipartite graph is regarded as the incidence
graph of a hypergraph constructed as follows.

Definition 5.1. Given a finite simple bipartite graph G = (V, E) with
nonempty sides V.= Vi 11 Vo, we define hypergraphs H(G,Vy), H(G,V3)
as follows:
H(G,V1)=(P(WV),Ng: Vo — fP(Vl) Vi cC '.P(Vl)),
H(G,Vy)=(P(Va),Ng: V1 — 'P(VQ),VQ C '.P(Vz))

where Ng(v) = {u €V | u and v are adjacent} is the neighbourhood of v.
(Note that we allow hypergraphs to have the empty set as an edge.)

Clearly, H(G,Vi) = H(G,V,)” and G is the incidence graph of these
hypergraphs:
G = B(H(G,W)) = B(H(G, ).
Remark 5.2: Let H = (P, f1, f2) be a generalized hypergraph. Then we have
Hy, :H(B(H)v‘/?)v Hy, :H(B(H)7‘/1)

Thus, we have the following;:
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Corollary 5.3. If G is a finite simple bipartite graph with nonempty sides
V1 and Vs, then there exist homotopy equivalences:

Ind(G) ~ 5% (Ind(H(G, V1))*) ~ 5% « (Ind(H (G, Va))*) .

Jonsson [3] defined a simplicial complex associated to a bipartite graph
with nonempty sides V7 and Vs as follows

Ty, ={oc CVi|oU{u} € Ind(G) for some u € V5}

and showed that Ind(G) ~ S° x T’ 1;,. Under the notation we have 'y, =
Ind(H (G, V1))* and Corollary 5.3 reproves a result of Jonsson [3]. We also
note that the space Nagel and Reiner [5, Proposition 6.2] considered (which
they denote by T'N £~ (1/2)) is essentially the same as | Pind(G)4+|.

We give a proof of a converse, that is, the suspension of any finite sim-
plicial complex has the homotopy type of the independence complex of a
bipartite graph. The proof is essentially the same as those of [5] and [3],
while we can clarify the nature of the desired bipartite graph with the help
of Corollary 4.11.

Corollary 5.4. Let A be a finite simplicial complex. Then there exists a
finite hypergraph H such that A = Ind(H)*. In particular, the suspension of
A is homotopy equivalent to the independence complex of the bipartite graph
B(H): Ind(B(H)) ~ S% % A.

Proof. We consider the case when A is not empty. Note that, for a finite
hypergraph H = (P (V),f: E - P(V),V C P(V)), we have

Ind(H)*={cCV |V -0 ¢Ind(H)}
={oCV |oCV - f(e) for some e € E}.

Let V' be the vertex set of A and E the set of maximal faces of A. Define
amap f: E — P(V) by f(r) =V — 7, then we have Ind(H)* = A. In
particular, by Corollary 4.11, we have:

SO % A = 8%« (Ind(H)*) ~ Ind(B(H)).
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