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Abstract.

In this paper, we shall define new subgroups which are called pure—1—2-3 inabelian groups G, xG,,
forall n,me N which are a family of pure subgroups.

In [1], [2] H.M.A.Abdullah gave the some general properties of pure—1—2-3 inabeliangroup G, but
here, we shall prove more than properties os this subgroups in Mod G, xG,,, which are not valid for pure

subgroups.
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1. Introduction
we shall use following definitions, to get the results.

Definition 1.1 A subgroup S of G said to be pure—1 in G if for all XS and for all prime p,
pX = X.

Remark 1.2

1. If S is pure—1 in G then ¥xeS wehave p™| nkeZ" in S.

X

2. Every pure—1 subgroupis pure in G.

3. Every pure—1 subgroup is divisible.

Definition 1.3.

Let A, B are pure—1 subgroups inG,,G, . Then we shall called a direct product AxB is pure—1 in
G,xG, if A and B are pure—1 in G,,G, . Which meansthatVvx=(a,b)e AxB aeA beBthen

p(a,b) = (pa, pb) = (a,b).
Now, we are ready to show some results relating to the direct — pure—1.
Theorem 1.4 Let A xB, and A,xB, are two direct product pure-1 in G, xG,.

Then
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1. AxB[ A xB, is pure-1 in G, xG,.
2. AxB +AxB, is pure-1
Proof.
1. Let xe AxB/ A, xB, so xe AxB, is pure—1,thus Vp
p(a,b)=x=(a,b)e AxB, acA,beB,.
And A,xB, is pure—1,then p(a,,b,)=x=(a,,b,) e A xB,.
Therefore, we get
p(a,b) = p(a,,b,) = x = (a,b) = (ay,by)
Thus, a=a, and x=(a,b)b=Dh,
so px=p(a,b)=(ab)=xeAxB[ A xB,.

Thus, A xB,(")A,xB, is pure-1.

2. Let X beanyelementbelongto A xB, +A, xB,

So, x=((a,).(a,,b,)) (a,b)eAxB,, (a,b,)eA xB,
but, both A xB, and A,xB, are pure—1.Thus Vp
p(a,b)=(a,b) (1.1)
p(ay.b,) = (a,b,) (L2)
By (1.1) and (1.2) we get
p(a,b)+ p(@,b,) = ((a,b)+(a,,b,)) = x
P((a, b)) +(a,,b,)) = x, but (a;,b)+(a,,b,) € A B, + A, xB,

So, pX = X.We obtain

AxB +A xB, is pure-1.

Theorem 1.5 If AxB is any pure—1 in G,xG,, and HxK any subgroup of G,xG, , then
AxB[H xK is pure in G, xG,.
Proof.

Let X any element in Ax BﬂHxK. So xe AxBand xe HxK . Since AxB is a pure—1 in
G, xG,,,s0 Vp (p isprime number)

px=x. But xe AxB[HxK.

Hence, AxB[H xK is pure-1.
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Easily to show the following:

Theorem 1.6
1. If AxB is any subgroup of pure—1 subgroup AxB of G, xG,,. Then AxB isa pure—1.

2. If AxB isa pure-1in G,xG, and AxB any subgroup of AxB then

AxB | . G, xG,
—— is pure—1 in =——=
AxB AxB
Proof.

1. Let XEKxg,so Xe AxB but AxB is pure—1 in G, xG,,,then Vp, we have
p(a,b) = (a,b) = xe AxB forsome ac AbeB.

So, AxB is pure—1.

2. Let (ab)+AxBe B
AxB
Since (a,b) e AxB and AxB is a pure—1 in G, xG, . Thus, we have Vp, P(a,b) =(a,b). Clearly
p(a,b)+ AxB = p((a,b) + AxB) = (a,b) + AxB. Thus, AxB is pure—1 in Glxgm _
AxB AxB

Definition 1.7 A subgroup AxB issaidtobe pure—2 in G, xG,_ if VX, Xxe AxB and Vp, p isprime
number, then px = p(px).

Remark 1.8
1. ltisclearthatany pure—1 isa pure—2.

2. VX, Xxe AxB andif AxB is pure—2 in G, xG,,, then we are ready to prove the following
results of pure—2.

Theorem 1.9 Any pure—2 subgroup of Torsion-free group is pure—1.
Proof.

Let AltimesB be any pure—2 in Torsion-free G, xG, and Xxe AxB, so Vp, px= p(px), put
x=(a,b)e AxB , thus p(a,b)=p(p(a,b)) , which implies that p(a,b)—p(p(a,b))=(0,0) so
p((a,b)—(p(a,b))) =(0,0). But G, xG,, isa Torsion-free. Then P(a,b) = (a,b), we obtain the result.

Theorem 1.10 Any pure—2 subgroup of Torsion-free group is

1. pure.
2. pure-1.
Proof.

1. Let AxB beany pure—2 in G, xG,, weclaimthat AxB isaneatin G, xG,,.
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Let xe AxB, and suppose that Vp, p|, in G,xG,,,s0 xep . Thus,

GxG [ B
x=p(9,,9,) forsomeg, €G,, g, G,. €.3)

Since AxB isa pure—2, sowe canwrite px = p(px),

so p(p(g,,9,)) = Pp(X) = p°(9,,9,) = p°x but G,xG, is Torsion-free we get (g,,d,)=X by

(1.3) we can obtain x=(9,,9,,) = P(9,,9,) € P(AxB).

Which means that p|,e AxB,by ([3] p.q2) We get the result.

2. Let AxB beany pure—2 in a Torsion-free G, xG,, for all xe AxB, so for all prime p we have
px = p(px), and let x=(a,b) for some ac AbeB then, p(a,b)=p(p(a,b)), But G,xG, is a
Torsion-free group. Thus, p((a,b)— p(a,b)) =0 which implies that (a,b) = p(a,b)) and we we get . But
V(a,b) e AxB and forall prime p, p |y in AxB. Moreover, AxB isaNeatin G, xG.

By the above theorems we get the main results:

Theorem 1.11 Let G, xG,, be a Torsion-free group then the following statements are equivalents:
1. AxB isa pure-1;
2. AxB isa pure-2;
3. AxB isa pure.

Theorem 1.12 If AxB is pure—2 and a Neat subgroup of G, xG,, then AxB is pure.
Proof.

Since AxB isaNeatin G,xG,,, then we have p(G, xGm)ﬂAx B = p(AxB), Vp, p is prime number.
we shall prove the statement by induction.

Solet Vp and VkeZ"
PG, xG, [ JAxB = P*(AxB) istrue.
We have to show that

PG, xG, [ JAxB =P“*(AxB).
The induction P**(AxB) = P“'G, xG, ("JAxB is obvious.
Remained to show that P“'G xG, [ JAxB < P***(AxB).

Let (a,b) e P'G,xG,[|AxB and we may write (a,b) in the form (a,b) = P*"(g,,g,,) for some
(9,,9,) €G, xG,,. Thus, (a,b) =P*(p(g,.9,)) € AxB[ P“G, G, but AxB isa Neat. Thus,

(a,b) = P*(P(g,.9,)) € AxB[ P*G, xG, = P*(AxB).
Therefore,

(a,b) = P*(a,,b,) forsome (a,,b,) e AxB.Since AxB is pure—2,then we get
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(a,b) = P*(a,,b,) = P“*(P(ay,,b,)) = P*"(P(P(a,,b,))) = P“*(a,,b,) € P**AxB . Assuming k >1.
so AxB[P"*(G,xG,)=P"*(AxB). Consequently AxB isa pure

Now we shall prove some properties of pure—2 subgroups, which are valid in pure—1.

Theorem 1.13 If AxB isa pure—2 subgroup of G, xG,, then:
1. Ax prxD isalso pure—2 forany subgroup CxD of G, ,xG,,.
2. If AxB isa pure—2 subgroup of G,xG,, then any subgroup of AxB isalso pure—2.
3. The sum of any two pure—2 subgroups of G, xG,, will be pure—2.

4. If AxB isa pure—2 subgroup of AxB,then AxB/cxD is pure—2.

Definition 1.14 A subgroup AxB of G, ,xG, is called pure—3 if (Vp)), (vkeZ" and
V(a,b) e AxB

P*(a,b) = P*(P(a,b)) = P*"*(a,b)

Remark 1.15
1. Any pure—2 is pure—3.

2. If k=1,thena pure—3 isa pure—2.
Now, we are ready to prove the following results of pure—3 subgroups.

Theorem 1.16 If AxB is pure—3 and Neat subgroup of G, xG, ,then AxB isa pure.

Proof.
Since AxB is pure—3, then we have Vp, P(G,xG,)( JAxB=P(AxB).

We will prove the statement by induction. Let (¥p),(vk), P*(G, xGm)ﬂAx B =P(AxB) is true, so we
have to showing that

P“(G,xG,)[ JAxB =P“*(AxB).
Let (a,b) =P**(g,,q,) forsome (g,,9,)<G,xG,. Thus,
(a,b) = P“(g,,9,) € AxB[ P*(G, xG,) = R (AxB).

Therefore, (a,b)=P"“(a,,b,) for some (a,b,)eAxB . Since AxB is pure—3 , then
(a,b)= Pk(aO!bo) = Pk(P(aO!bo)) eP“'(AxB).

Consequently AxB is pure.
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Now, we shall give the generalization of the Theorem 1.10.

Theorem 1.17 Any pure—3 subgroup of Torsion-free G, xG, is pure

Theorem 1.18 Any pure—3 subgroup of a torsion-free abelian group G is pure—1

Proof.

Let AxB be a pure in a free G, ,xG, , let (a,b)e AxB , then (Vp),keZ" we have

P*(a,b) = P*(p(a,b)) (Assume that k >1).So P*((a,b)—P(a,b)) =0 andsince G is torsion-free, then
P(a,b)—(a,b) =0 So (a,b) =P(a,b), we obtainthat AxB is pure—1.

We know that the intersection of divisible ( pure), (Neat) subgroup is not divisible ( pure— Neat ). But we

shall show that if AxB and A xB, are two pure—3 and Neat in G, xG,_ then Ax BﬂAixB1 is
pure.

First we need the following lemma:

Lemma 1.19 Let AxB be a pure—3 in G, xG, and A xB,, be any subgroup of G, xG, . Then
P*(AxB(JA xB,) = P*AxB(P*A xB,, (Vp) (Vk, ke Z".

Proof.

Let (a,b) e P*AxB[|P*A xB,. Therefore, (a,b) = P*(a,,b,) forsome (a,,b, € AxB.Since AxB is

pure—3. Then P*(a,b) = P*(a,b) = P*(a,,b,) . Then (ay,b,) = P"(a,b) e P*(AxB[JAxB,) we
obtain the result.

Remark 1.20 The above lemma is satisfied for pure—1—2 subgroups.

Theorem 1.21 Let AxB and A xB, betwo pure—3 and Neatin G, xG,,.Then Ax BﬂAlx B,.
Proof.

By using Theorem 1.16 we have AxB and A xB, are pure.We need to prove Ax BﬂA_l x B, is pure.

Let (a,b) e Ax BﬂAix B, and let us suppose that P|[‘(a,b) is solvable in G, ,xG, . Then
(a,b)=P*(g,,9,) for some (g,,d,)€G,xG, . Since AxB and AxB, are pure . Then
P*(a,,b,) = (a,b) = P*(a,,b,) forsome (a,,b,) e AxB, (a,,b,) e A xB, By lemma 1.19 we have

P*(AxB)("P*A xB, = P“(AxB( A xB,) .Then (a,b)=P*(y,z) forsome (y,z) e AxB[ A xB,.

Consequently, Ax BﬂAix B, is pure.

Now, we are showing the following results:

Volume 12, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 1826



Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Theorem 1.22 Let P(SxM) bea pure—2 in G,xG,,.Then P(SxM) is pure.
Proof.

Claim P(SxM) is Neat. We have to show that P(G, xGm)ﬂP(S xM)=P(P(SxM)).
Let (a,b)=P(g,,9,)=P(S,M)eP(SxM) since P(SxM) is pure-2,

P(S,M)=P(P(S,M)), so (a,b)=P(S,M)=P(P(S,M)) e P(P(SxM)). Consequently P(SxM) is
Neat. By theorems (1.12, 1.13) We obtain that P(SxM) is pure in G, xG,,.
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