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Abstract. In 2016, Hamid et al. [1] introduced the thought of the AP-Henstock integrals of interval-
valued functions and fuzzy-number-valued functions and obtained a number of their properties. The aim
of this paper is to introduce the thought of the McShane delta integrals of interval-valued functions and
fuzzy-number-valued functions and discuss some of their properties.
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1 Introduction

The calculus on time scales was introduced for the firrst time in 1988 by Hilger [2] to unify the theory of
difference equations and the theory of differential equations. The Henstock delta integral on time scales was
introduced by Allan Peterson and Bevan Thompson [3] in 2006. In 2016, Hamid and Elmuiz [4] introduced the
concept of the Henstock-Stieltjes (HS) integrals of interval-valued functions and fuzzy-number-valued functions and
discussed a number of their properties.

In this paper, we introduce the notion of the McShane delta integrals of interval-valued functions and
fuzzynumber-valued functions and investigate some of their properties.

The paper is organized as follows, in Section 2 we have a tendency to provide the preliminary terminology used
in this paper. Section 3 is dedicated to discussing the McShane delta integral of interval-valued functions. In Section
4, we present the McShane delta integral of fuzzy-number-valued functions. The last section provides Conclusions.

2 Preliminaries

A time scale T is a nonempty closed subset of real number R with the subspace topology inherited from
the standard topology of R. For t € T we define the forward jump operator o(t) = inf{s € T : s > t} where
inf ¢ = sup{T}, while the backward jump operator p(t) = sup{s € T : s < t} where sup¢ = inf{T}. If o(t) > t,
we say that ¢ is right-scattered, while if p(t) < t, we say that t is left-scattered. If o(t) = t, we say that f is
right-dense, while if p(t) = t, we say that f is left-dense. The forward graininess function pu(t) of t € T is defined
by p(t) = o(t) — t, whlie the backward graininess function v(t) of t € T is defined by v(t) =t — p(t). Fora,b €T
we denote the closed interval [a, bt = {t€ T :a <t < b}.

Throughout this paper, all considered intervals will be intervals in T. A division P of [a,b]t is a finite
collection of interval-point pairs {([ti—1,t:]T;&) }iz1, Where {a =1ty < t1 < -+ <ty < tp, = b} and & € [a,b]T
fori =1,2,--- ,n. By At; = t;—f;_1 we denote the length of ith subinterval in the division P. §(¢) = (6. (£),0r(£))
is a A- gauge for [a, b]r provided 4z (¢) > 0 on (a,b]T, 6r(£) > 0 on [a,b)T, dr(a) > 0, dr(b) = 0 and dr(b) > p(&)
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for all £ € [a,b)r. We say that P = {([t:—1,t:]7; &) ey is a d-fine McShane division of [a,b]t if [ti—1.tT C

i=1

(& — 6L (&), & +0r(&))p and & € [a, bl for all i=1,2,- -+ ,n.

Definition 2.1 [5] A real-valued function f : [a,b] — R is said to be McShane (M) integrable to B on [a,b] if for
every £ > 0, there is a function 8(t) > 0 such that for any d-fine McShane division P = {{u;,v]; &}y of [a, b],

we have

| fl&)(vi—u) - Bl <e, (2.1)
i=1
we write (M) fb f(t)dt = B, and f € M[a,b].

Definition 2.2 [6] A function f : [a,b]r — R is McShane delta integrable (McShane A-integrable) on [a, b]1 if
there exists a number A € R such that for each ¢ > 0 there is a A-gauge, 4, on [a, bt such that

| 2o FE)t —tia) - Al < (2.2)

for each d-fine McShane division P = {([ti—1, t:]1; &) }ieq of [a, U] 1. A is called McShane A-integral of [ on [a, b]T,
b
and we write A = (M) [ f(t)At.

Theorem 2.1 If f(t) and g(t) are McShane A-integrable on [a, b]r and f(t) < g(t) almost everywhere on [a, b]T,

then
b b
(M‘)/f(t)Atg (}H)fg(t]At. (2.3)
Proof The proof follows easily from the same argument in Theorem 3.6 [5]. (|

3 McShane delta integral of interval-valued functions on time

scales

In this section, we introduce the notion of the McShane delta integral of interval-valued functions on time

scales and investigate some of their properties.

Definition 3.1 [7] Let Ir = {I = [I~,I"] : I is the closed bonnded interval on the real line R}.
For A,Be Iy, wedefine A < Bif A=< B  and At < Bt A4+ B=CifCT =A"+B~ andCT = AT+ Bt
and A- B={a-b:a € A,be B}, where

(A-B)” =min{A~ -B~,A”.BY At.B7 A".B"} (3.1)

and
(A- B)+ =max{A~ - B, A~ Bt AT .B7, AT. B+}. (3.2)

Define d(A, B) = max(|A~ — B7|,|A"t — B*|) as the distance between intervals A and B.

Definition 3.2 [8] Let I : [a,b] — Ir be an interval-valued function. Iy € Ig, for every = > 0 there is a é(¢) > 0

such that for any é-fine McShane division P = {([us,v:], &) }ey, we have

d{zﬂ:F(&)(Ui—u@),fo) <e, (3.3)

b
then F(t) is said to be McShane integrable over [a,b] and write (IM) [ F(t)dt = Iy. For brevity, we write

F(t) € IM[a, b]. ’
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Definition 3.3 A interval-valued function F : [a,b]lt — Iz is McShane delta integrable to Iy € Ir on [a, b]T if
for every = > 0 there exists a A-gauge, d, on [a, bl such that

ZF& (ti —tic1), Do) < &, (3.4)
b
whenever P = {([t;—1,t;]7:&:)}izy is a d-fine McShane division of [a,b]y. We write (IM) [F(t)At = Iy and
F € IM[a,blx.
Remark 3.1 If F(t) € IM[a,b]T, then the integral value is unique.

Theorem 3.1 An interval-valued function F' : [a,b]y — Iz is McShane delta integrable on [a, b]r if and only if
F~ F* € Mla,b]t and

(IM) /b F(t)At = [(M) j F~(t)At, (M) /b F%)At}. (3.5)

Proof Let F € IM[a,b]r, then there exists an interval Ig = [I;, ] with the property that for any ¢ > 0 there
exists a A-gauge, d, on [a, b]r such that

ZF& (te — tic1). Io) < =, (3.6)

whenever P = {([ti—1,t:]T;&)}i=1 is a §-fine McShane division of [a, b].
Since t; — t;—1 = 0 for 1 < i < n, we have

d(;F(&)(tz —ta;fl)_,fo}
= x| {iF(&)(u —t«a-l)} =y

ZIHQ.X(

Hence ZF (E)(ts —tic1) — I E)(ti — tima) — I
J-fine McSh'me division of [a, b]T. Thus F F t ¢ Mla, bt and

| [Z Pt - ti)| e

ZF+ (€)(ts — 1) — I

)<

ZF (&) (t — tiz1) ) <e. (3.7)

5| <&, < ¢ whenever P = {([ti—1.t]|T;&) oy 15 a

(IM) /b F(t)At = [(M) fb F~(t)At, (M) fb F%}At}. (3.8)

Conversely, let F~,F* € M[a,b]r. Then there exists My, My € R with the property that given = > 0 there
exists a A-gauge, d, on [a, bl such that
(&)t~ tim) = M| < 2

Zﬂ: Fr(&)(ti — tima) — M2

whenever P = {([ti—1,t:]1; &)} i1 is a d-fine McShane division of [a,blr. We define Iy = [Mi, M], then if
P = {([ti=1,%:]T;&) izt is a d-fine McShane division of [a, b]T, we have

ZF& ti—tic1), Jo) < e (3.9)

Hence F : [a, bt — Ir is McShane delta integrable on [a, b]T. O

Theorem 3.2 If F(t),G(t) € IM[a, by and 3,7 € R. Then [SF(t) + vG(t)] € IM[a,b]y and

b

(IM) / (BE(t) +yG(t)A(t) = B(IM) / F(t)A(t) +~(IM) ] G(t)A(t). (3.10)

@
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Proof If F(t),G(t) € IM[a,b]r, then F~(t), FT(t), G~ (t), Gt (t) € M[a,b]T by Theorem 3.1. Hence 3F~(t) +
YG (1), B (1) +4GT (), BFT (1) + G~ (1), BE T (t) + vG T (t) € M[a, b]T.
(1) If 3> 0 and v > 0, then

b

(M) / (BF(t) +1C(t))"At = (M) / (BE™(t) + G () At

a

= ,S(M)/F—(t)m +ﬁ,(M)/G_(t)At

- ,a(gy)jF(z)At)_ +",r-((L'LI)/bG(t)At)_

b b _

- (,B(IM) f F(t)At +~(TM) f G(t)At) .

@ @

(2) It 3 < 0 and v < 0, then

(M) f (BE(t) +~G(1))” At (M) / (BF™(t) +vGH (1) At

= ,B(M)fw(t)m +7(M)/G+(t)At

- ,-3((13»{) j F(t)At)+ +~,-((IM) /b G(t)At)+

(,S(IM) j F(t)At +~(IM) fb G(t)At)_.

(3)If f>0and vy <0, (or < 0and~ > 0), then

b b
(M) / (BE(t) +~7C(t))” At (M) f (BF~(t) + G (1) At

B(M) / F~(1)At +~(M) / Gt (t)At

,S(UM) /b F(t)At)_ +ﬁr((IM) fb G(t)At)+

(,S(IM) j F(t)At + (IM) j G(t)At)_.

Similarly, for four cases above we have

(M) fb (BF(t) + vG(1) T At = (,S(IM) fb F(t)At +~(IM) /b G(t)At)+. (3.11)

Hence by Theorem 3.91 BF(t) + 7G(t) € [M[a, bt and “ “
(IM) j (BF(t) +G(t)) At = B(IM) fb F(t)At +(IM) j G(t)At. (3.12)
o o a ]
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Theorem 3.3 If F(t) € IM[a,c]t and F(t) € IM|c, b]t, then F(t) € IM[a,blT and
(IM) /F(t)At = (L-H)fF(t]At + (IM) fF(t)At. (3.13)

Proof IfF(t) € IM[a,c]t and F(t) € IM|c,b]T, then by Theorem 3.1 F~(t), F*(t) € M[a,c]t and F~(¢), FT(t) €
M]e, blr. Hence F~(t), FT(t) € M[a,b]r and

b

(M) f F~(t)At

[

(M) / F~ (1) At + (M) / F(0)At

((IM) / F(t)At + (IM) /b F(t)At)_.

b c b +
Similarly, (M) [ F*(t)At = ((I}U] [ F(t)At 4 (IM) fF(t)At) . Hence by Theorem 3.1 F(t) € IM][a,b]t

a a (&

and

(IM) / F(t)At = (IM) / F(t)At + (IM) / F(1)At. (3.14)

Theorem 3.4 If F(t) < G(t) nearly everywhere on [a,b]t and F(t),G(t) € IM|a, b]t, then

b

(IM) / F(t)At < (IM) ] G(t)At. (3.15)

Proof Let F(t) < G(t) nearly everywhere on [a, b]t and F(t), G(t) € IM[a,b]r. Then F~(t), F*(),G~(t),GT(t) €
b
Mla,blr and F~(t) < G~ (t), FT(t) < G (t) nearly everywhere on [a,b]r. By Theorem 2.1 (M) [ F~(t)At <

(M) fc:—(t)m and (M) fFWt)At < (M) fbcﬁ (t)At. Hence

b b
(IM) f P(t)At < (IM) / G(t)At, (3.16)

by Theorem 3.1. a

Theorem 3.5 Let F(£),G(t) € IM[a,blt and d(F(t),G(t)) is Lebesgue integrable on [a,b]r. Then

b

b b
d((IM) f F(t)At, (IM) f G(t)AY) < (L) f d(F(t),C(t)) At. (3.17)

a

Proof By definition of distance,
b

d((1M) / F(t)At, (IM) ] G(t)At)

a

= max (‘ ((IM) be(z)m)_ - ((IM)be(t)At)_, ‘ ((IM) be(t)At)Jr - ((fM)/bG(t)m)+

= max (‘(M}j(F () — G’(t)}At‘, ‘(M)/b{F*(t) - G*(t)}mD

)

< max ((L)/b‘F_(t) _G‘(t)‘m,(L)/bF+(t)_c:+(t)‘m)
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< (L)fbmax (‘F‘ (t)— G~ (t)‘At, ‘F+(tj - Gﬂt}‘At)

= (L)fd(F(t),G(t)). (3.18)

@

4 McShane delta integral of fuzzy-number-valued functions on
time scales

This section introduces the notion of the McShane delta integral of fuzzy-number-valued functions and dis-

cusses some of their properties.

Definition 4.1 [9, 10, 11] Let A € F(R) be a fuzzy subset on R. If for any A € [0,1], Ay = [A],A]] and
Ay # ¢, where Ay = {t : A(t) > A}, then A is called a fuzzy number. Tf A is (1) convex, (2) normal, (3) upper

semi-continuous, (4) has the compact support, we say that A is a compact fuzzy number.

Let B denote the set of all fuzzy numbers.

Definition 4.2 [9] Let A, B € B, we define (1) A < Biff A, < B, forall A € (0,1], (2) A+ B = C iff
Ayx+ By =0, forany A € (0,1], (3) A- B= D iff Ay - By = Dy for any A € (0,1].
For A, B € R, then

D(A.B) = sup d(Ax, By), (4.1)
A€[0.1]

is called the distance between A and B.

Lemma 4.1 [12] If a mapping H : [0,1] — Ig, A = H(X) = [ma,n,], satisfies [ma,,na,] D [ma,,na,] when
A1 < Az, then

J AHN R (4.2)

AE€(0.1]

and -
Ay = HOw), (4.3)

where \,, = [1 — T}HJ])‘

Definition 4.3 Let F' : [a,b]y — R. If the interval-valued function Fy(¢) = [Fy (), F;f(t)] is McShane delta
integrable on [a, bl for any A € (0, 1], then F(t) is called McShane delta integrable on [a,b]t and the integral is
defined by McShane delta integral is defined by

b
(FM)/F(t)At = |J rm) /F,\(t)m

AE(0,1]

- U /\{(M) f F(t)At, (M) j Fj(t)m}.

AE(0,1]

We write F(t) € FM|a, b]T.
b
Theorem 4.1 F(t) € FM[a,b]y, then (FM) [ F(t)At € R and

b b

FM) | F(H)At| = OC(IM) By, ()AL, (4.4)
e [Foad =N |

n=1 w

where A, = [1 — ?}HJ]A

Volume 12, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm 1785]



Journal of Progressive Research in Mathematics(J PRM)
ISSN: 2395-0218

Proof Let H :(0,1] — Ig, be defined by H(\) = [(M) fF t)AL, (M) fF*(t At].

Since F (t) and Fj(t) are increasing and clecreasmg on A respectwel}, therefore, when 0 < Ay < Ay < 1, we
have F, () = F,, (%), F;rl (t) = F;; (t), on [a,b]r. From Theorem 3.4 we have

b b b b
{(ﬁj’)[F;l(t)At\ (U)/F;\i (t)Atj| o) |i[1f)/F;2 (t)At,(;’u‘)fF/{g(t)At}. (4.5)
Using Theorem 3.1 and Lemma 4.1 we obtain
b b
FH)/ {(}u‘)fF/\_(t)At,(;’u‘)/.Fj(t)At} eR (1.6)
Aem 1] 2 .
and for all A € (0,1],
b - b
[(Fﬂf)/ﬁ‘(t}ﬂt]) = ﬂ(fﬂf)/.FAn(t)Ai, (4.7)
" n=1 "
where A, =1 — ﬁ])\ O

Theorem 4.2 If F(t),G(t) € FM[a,b]t and 3,7 € R. Then BF(t) +4G(t) € FM[a, bt and

b

b b
(F M) / (BE(t) +vG(t))At = B(FM) / F(t)At +~(FM) [ G(t)At. (4.8)

@

Proof If F(t),G(t) € FMJa,blr, then the interval-valued function Fi(t) [Fy(t), ;P (1) and Ga(t) =

Fiat= U A(IM)be,\(t)A

AE(0.1]

B ||

[G7 (t), G (t)] are McShane delta integrable on [a, b]r for any A € (0,1] and (FM)
b -~
and (FM) [G(t)At = | AIM) fC“A (t)At. From Theorem 3.2 we have SF\(t) +vGx(f) € IM[a,b]lr and
a AE(0,1]
b - -~
(IM) [ (BF(t) +~Ga(t)) At = ,S(IM)I Fr(t)At 4~ f’u’)f@)\ t)At for any A € (0,1]. Hence BF(t) +vG(t) €
FM[a, bz and ‘

U A(m)/ BFEx(t) +7Ga(t)) At

AE(D,1]

- U A(,@(IM) / Fi(t)At +~(IM) / G,\(t)At)

AE(D,1]

(FM) / (BE(t) +~G(1)) At

b

= B8 |J aum) /F,\(z)AHn U /\m)fc*,\(z)m

ArE(0,1] AE(0,1] °

— B(FM) / F(t)At +~(FM) / G(t)AL

0
Theorem 4.3 If F(t) € FM[a,c]t and F(t) € FM|c,blt, then F(t) € FM[a,b] and
(FM) / F(t)At = (FM) f F(t)At + (FM) f E(t)At. (4.9)

Proof If F(t) € FM[a,c]r and F(t) € FM[c,b]t, then the interval-valued function F(t) = [F; (t) Fr(t) is
MeShane delta integrable on [a, ¢t and [¢, b]T for any A € (0,1] and (FM) fF L)AL = U )\ IM) fFA t)At and
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b b b
(FM) [F(t)At = |J AUM) [ Fx(t)At. From Theorem 3.3 we have F)(t) € IM[a,b]T and (IM) [ F)(t)At =
e Ag(0,1] e a

c b -
(IM) [ Fx(t)At + (IM) [ Fa(t)At for any A € (0,1]. Hence F(t) € FM[a, by and

o

b
(FM)[F‘(t)At = | My fF,\(z)At

Ag(0,1]

- U A((IM) / Fr(t)At+ (IM) fb F,\(r)m)

AE(0,1]
b
= Y rm ]F,\(z)AH U )\(mf | (t) At
AE(0,1] AE(0,1] "

b

= (FM)fF‘(t)AH—(FM)[F‘(t)At.

c

O
Theorem 4.4 If F(t) < G(t) nearly everywhere on [a,blr and F(t), G(t) € FM[a,b]. then
b b
(FM) / F(t)At < (FM) ] G(t)At. (4.10)

Proof If F(t) < G(t) nearly everywhere on [a,b]T and F(t),G(t) € FM|a,blr, then Fi(t) < Ga(t) nearly
everywhere on [a,b]t for any A € (0,1] and F )\( ) and Gi(t) are I\ICS‘hane delta integrable on [a,b]T for any

b o~
A€ (0,1] and (FM) [ F(t)At = (J A(IM) fF,\ t)At and (FM) jC U /\(IUUG,\ t)At. From
a AE(0,1] /\E(D 1]

Theorem 3.4 we have (IM) fF)\ )AL < (IM) f(_?)\ (£)At for any A € (0,1]. Hence

(FM)/ﬁ(t)m = U X IH)[F,\ (t)At

NE(0,1]

[N

AE(0.1]

b
(FM) /é

U A ﬂr)/a\(z)m

5 conclusions

In this paper, we have a tendency to introduced the concept of the McShane delta integrals of interval-valued
functions and fuzzy number- valued functions and discussed some properties of those integrals.
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