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Abstract.

M.A.Hassin and A.B.Hussien introduced thefollowing concept :(a,H) is called aringoverG if H is asubgroup
of groupG and acG and a has finite order or infinite order , we called the ring (w,,+,.) ; (a,H) Ring over G
where

w,= {a"Ha",m,neZ ,acG\H }

with two binary operation + and. Such that v a™ Ha™ ,a™Ha"e wa , m;,mj,,n, n; €Z
1_am1Hanl+am2Han2 :aml+m2 Hanl+n2 .

2_am1Hanl amZHanZ :am1+m2 Han1+n2 .

In [4] , (w,,+,.) is commutative ring with unity aHa these lead us to give the definition of w,-module define
on the ring R which is for any commutative ring with unity element.

The main purpose of this work is to give definition of wa-module and some properties of W, module
many new and useful results are

Obtain about this concept, and we illustrate that by examples

Key words: injective module; Homomorphism; R-balanced.

Introduction :

The concept of module is very important in algebra [2] ,[3] . We give a definition of wa-module, where R is a
commutative ring with unity. In this work, we define a quotient module of this module, homomorphism and
injective module of this module.

1-  Wa-module

In this section we introduce the concept of w,-module where R is an abelian group ring with identity, and
G is an abelian group and H is a subgroupof G ,then we can give a new definition .

Definition:(1-1)

Let R be a commutativering with unity 1R. An abelian group (w,.) is called a left R-module of there exist a
map ¢: R Xw,— w, with
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@ (r,a"H a")=a"r Ha" satisfies the following:

1- (rp+r)(@" Ha")=a" ry Ha" +a™ r, Ha"

2- r(a™, Ha"+ a",Ha", )=a™rHa"+a",rHa",

3- (nrp)a"Ha"=r; (,a"Ha")

4- 1g.a"Ha"=a"Ha"v r,r,neR va"Ha",a"Ha", ,a",Ha"ew,

To satisfy that.
1-(ri+rp)(@"Ha")=a"(ry+r,)Ha"
=a"(ryH+r,H)a"
=a" r;Ha" +a"r,Ha"
2-r(@™Ha" +a™mHa",)=r@","Ha" ")
=a™"MrHa" ",
=a"irHa"; +a",rHa",
3-(rirp)a™Ha"= a™(ryrp)Ha"
=r,(a"r, Ha")
=ry(r,a" Ha")
4-1.a"Ha" =a"1Ha"=a" H a"
Note (1-2)
If R is a commutative ring then every left R-module can be considered as a right R-module

Example (1-3) :

1- Let G=R, H=2 Z&R = R then w,-module is

{a"(2Z2)a";mnez,ae2z}

identity element is (2) sincevxe M

x = a"(2 Z) a" such that x+I = x where 1= a°(22)a°

soR is w,— module

2- Z is not Wa — module since a™¢ Zif m=Z

Theorem (1.4)

Let N be anon empty subset of W, such that N={a"H;a¢H,H subgroup of G, a € G}
Then (N,+) sub-module of (W,,+)

Proof :

Volume 11, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm 1692 |



Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Letx =a™H e N, y=a"™H e N

x+y =a™H +a™H

x+y =a"™HeN

SoxtyeN

LetreR ,vxeN;x=a"H
Sorx=r@"H)=a"(rH);a" & rH

..rx e NIlmplies that N is a sub-module of W,
Remark (1.5):

1- Every sub-module of wa-module is wa-module

2- Since ( W,,+) is abelian group in [4] , and we prove (N,+) submodule of (M,+) for each N # = s0 (N,+) is
normal submodule of (M,+) , by definition of normal submodule in [5]

We can give the definition

Definition (1.6) : Quotient module

Let M be wa-module and N be normal submodule of M then
M/N = {x+N;xeM} = {a"Ha"+ N;m,ne Z;acG/H}
={a"Ha"+a“H;m,n,ke Z,ae G / H
={a™*Ha";m,n,keZ,acG/H}

To prove M/N is wa-module we give the theorem .

Theorem (1.7) :

Let M be wa-module, N be normal submodule of then M/N is W, - module .
Proof :
We must prove (M/N, @) is abeflian group
1 -&®closed
Vx1, x2€M/N to prove x;+x,eM/N
Let x;=a™Ha™ + N :m,nk € Z
= a™*Ha"e M/N
Let x,=am™Ha" +N = a ™ Ha"+ a"H :m,n,,keZ

=a"2*Ha"%e M/N
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X +Xo= a™ Ha"+ 2™ Ha™
- am1+k+m2+kHan1+n2
=a"Ha"; w = ml+k+m2+k € Z , n = ny+ne Z
x1:X2€ M/N
So @ is closed
2- @ is associative since + is associative on Z
3- identity of M/N is H+N =N since
H=a’Ha’ & N=a"H so H+N = (a°Ha’® a"H)
=a'H=N
So V (x+N)eM/N where xeM implies
That (x+N)®N = x+N VxeM
4- inverse :Vx+NeM/N implies
X+N e M/N; -x= a™Ha™
(AN)D(-x+N) = (x+(-x))+N
= (@"Ha"+a"Ha")+N
=(@""Ha"")+N
= a’Ha’+N
= H+N=N
5-abelian : Vx;+N , x,+NeM/N Vx1,x,eM
(X1 +N)D (X2+N)=(x1 +X2) +N
= (X2+x1) + N
= (X+N) @ (X, +N) |
So (M/N,®) is abelian group
Let R be any commutative ring with the unity 1
Let :RxM / N-M/N S.t @(rx+N)=a"*rH a"
Similarly we can prove
6- r(xitx)*N =rx;+rx;+ NV re RXy XeM

7-to prove (ri+r)(X+N) =rix +N +r,x+ N
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Vr,he R, xe M

8- rira(x2+N) =ry (r2(X+N))

So M\Nis wa-module

2- Homomorphism and injective module:

In this section we give the definition of homomorphism map on wa-module .in [4] we can see the
definition of homomorphism module.

Definition 2.1 :

Let N, M be two wa-modules then s:M— N can define by =(a"Ha") = a™Ha*"; m;neZz
Definition(2.2): (Homomorphism on W,-module)

Let M,N be two W,-modules, then mapping = : M —N is homomorphism if
s(@"Ha"+a™Ha™) = s(@"Ha")+ = (@™Ha™) ; m,n,my,n, € Z
2-a(ra™Ha") =r=(@™Ha") ;mneZ,reR
Thus we have the following theorem.

Theorem (2.3): Let = : M — K be homomorphism such that M ,K be two W,-module then if N be W,-
submodule of M then = (N) is wa-submodule of K .

Proof:
Let ,yew=(N),a,beEN ,mnez
x=ws(c); soc=a"H
y==(b); b=a"H
x=m (a" H)
y== (@'H)
x+y =s (@" H) + s(@"H) = a®™H+a"" H

— s(m)+a(n) H

=a*™"H ¢ s (N)

2- let r eR ,xe =(N) to prove rx e= (N),x € &(N) so
x=w(b);beN
sob=a"H;meZ

so x== (@" H)=a
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rx =r= (@" H)
=s[@" (rH)]
=a"™(rH) e = (N)
.= (N) is submodule of K

Definition (2-4):

Let f :M — M be homomorphism where M be wa- module
Ker f = {xeM ;¢ (@"Ha") =H }
={aeM ;= ®™Ha*" ;m,n ez }

= {aem ;a@(m) H=Ha @™ ;mnez

We can find the relation between wa-module and injective module where a module is called injective if for
each monomorphism f : A— B where A, B are two module and for each homomorphism g : A — M there
exist a homomorphismh:B — Ms.thof =g see [5]

f

A B

1

hof =g
Theorem 2.5
If M is R —wa — module then M is injective module
Proof
Letf:A — A XA ; Abeany module such that f (a) = (a,a)
f is monomorphism since f is I-1
if f(a)="(a,) foreacha;a, e A
- (ar,a1) = (a2,82)
—a; =a,
sofis |-l

A f AXA
—

Volume 11, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm 1696 |



Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

g3h

hof =M M

1- f(ay+ay) = (aytas,a+a)v a;,8, € A
= (a,a)+(aay)
=f(a) +f(a)
2- f(ra) = (ra,ra)
=r(a,a) = rf(a)
Then f is homomorphism so f is monomorphism
Let there exist homomorphism function
g:A —M ;g (a)=aHa
1- g(a;+ay) = (aytax)H(as+ay) Vag,a € A
=a;Ha;+a,Ha,
=g(ar) + 9(az)
g(ra) =a(rH) a ; reR, ac A
=r(aH a)
=rg(a)
So g is homomorphism, there exit homomorphism h :AxA —M; h((a,a)) =aHa
1- h(az,a;) +h (az2,a2) =h((ai+az,a;+a,))
=(a;+a,) H (a;+ay)
=a; H a;+a,Ha,
= h(ay) + h(a;)
2- h(r(a;,a;)) = h(ra ray)
=a,(rh) a,
=r (a;Ha2)=rh(a;)

=rh (a)
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.. h is homomaorphism to prove hof (a) =g(a) h of
ho f(a) = h(f(a))
=h((a,a)) = aHa
hof (a) =g(a)
then M is injective
but the converse of theorem is not true for example :

Q as z-module is injective since by theorem an abelian group if Z is injective module [5] but Q is not Z — wa-
module.

3- R-balanced and wa- module
In this section we study the relation between R — balanced and wa- module

Definition (3.1) R — balanced [1]Let M,N be two module over ring R and let G be abelian group ,a function
f:MXN— G is said to be R-balanced in case for all m;,m, e M,n;,n, e N and r eR

1- f(mg+mjy,n)=f(my,n)+f(m,,n)
2- f(m,n;+ny)= f(m,ny)+f(m,n,)
3- f(mr,n)=f(myrn)
Theorem 3.2
Every function from wa-module to an abelian group is R — balanced
Proof:
Let M,N between wa-module and G be abelian group
Let the function f: MXN —G ; f(a,b)=ab
1- f(mg+m;,,n) = (My+my) n; My,m,eM |, neN let
m,= a*Ha"
m,= a“'Ha"
n=a*’Ha"%;ky ko k,w w; WoeZ
= (a*Ha"+a""Ha"")(a**Ha"?)
— (ak+leaw+w1)(ak2Haw2)
= gkHkDk2p o (wewD)w2
— akk2+klk2H aWW2+W1W2

— aksz aWW2+akl|(2 H awlw2

Volume 11, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm 1698 |



Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

— (akHaW)(ak2HaW2)+(alean)(ak2HaW2)
= m¢n+myn
= f (ml!n)+f(m21n)

2- to prove f(m,n;+ny) =f(m,n;) + f(m,n,) f(Myn;+n,) = my(ng.ny) ; my = aHa"n, =a“* H a"n, = a*H a"?
KKy, Koy wwiwsp € Z

=a“Ha" . (@'Ha" + a“Ha"?)
- akHaW (ak1+k2 Han+W2)
= KKIHD) Py qwwisn2)
- akkl+kk2 HaWWl+WW2
- akkl Hawwl + aka HaWWZ
= (a“Ha")(@"Ha"") + (a*Ha") (a** Ha"?)
= mny+mn,
= f(mang)+ f(many)
3- to prove f(mr,n) =f(m,rn) let m = a*Ha" , n=a"'"Ha"*
f(mr,n) = (mr)n
= (a*Ha") r@H™"")
= (a“Ha") (@*(rH)a"*
=m (rn)
= f(m,rn)
So wa- module is R-balanced.
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A:I@MKASJ‘\JJaEG JG Bf)nw@)aﬁf‘)H u\S\J\&A&AM‘(a,H )J\A:ILSS;‘}”?%AAS \Laﬁ)abmi?jdb)l\m ,_G_u.n~~ .2
G ol e (a,H) Aall (wa,+,.) Aalad) pand S dagtia g

Wa={a"Ha";mneZ,acG\H}
- O sy Ol iblee aa
1- amlHan1+ amz Han2 - am1+m2Hanl+n2
2_ amlHanl . amZHanZ - amlmZHanan
mlm2,nl, n2eZ,a™Ha" a"Ha"ewa

(e de gana a5 R A3l e wa-module <= () Liald oda g plas paie ae 4l 5 5e ) (Wa,+,.) O G &3 [4]o2aal) A
. Aanaall alac )

138 Jsa Baaadl y sadall iUl (e de sama Liaa 5 3815 sl g3 (aza s (Wa-module ) <ayed 2 o Jasll 138 (e (o))l Caagl)
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