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Abstract

In this paper we recall the definition of fuzzy length space on a fuzzy set after that we recall basic
definitions and properties of this space. Then we introduce the notion pseudo fuzzy length space on a
fuzzy set to prove that the fuzzy completion of pseudo fuzzy length is a fuzzy length space. Finally we
defined the quotient of a fuzzy length space then we defined the fuzzy length to the quotient space.
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1. Introduction

The theory of fuzzy set was introduced by Zadeh in 1965[1]. In 1984[2], Katsaras is the first one who introduced
the notion of fuzzy norm on a linear space during his studying the notion fuzzy topological vector spaces. In 1984
Kaleva and Seikkala [3] introduced a fuzzy metric space. In 1992 Felbin [4] introduced the notion of fuzzy norm on
a linear space so that the corresponding fuzzy metric is of Kaleva and Seikkala type Kramosil and Michalek
introduced another idea of fuzzy metric space [5]. In 1994 Cheng and Mordeson [6] introduced the notion fuzzy
norm on a linear space so that the corresponding fuzzy metric is of Kramosil and Michalek type. Bag and Samanta
[7] in 2003 studied finite dimensional fuzzy normed linear spaces. In 2005 Saadati and VVaezpour [8] studied some
results on fuzzy complete fuzzy normed spaces. In 2005 Bag and Samanta [9] studied fuzzy bounded linear proved
the fixed point theorems on fuzzy normed linear spaces. In 2009 Sadeqi and Kia [10] studied fuzzy normed linear
space and its topological structure. In 2010 Si, Cao and Yang [11] studied the continuity in an intuitionistic fuzzy
normed space. In 2015 Nadaban [12] studied properties of fuzzy continuous mapping on a fuzzy normed linear
spaces. The concept of fuzzy norm has been used in developing the fuzzy functional analysis and its applications
and a large number of papers by different authors have been published for reference please see
[13,14,15,16,17,18,19,20,21,22].

In the present paper we recall the definition of fuzzy length on a fuzzy set. The structure of this paper is as follows:
In section two we recall basic properties of fuzzy length space on a fuzzy set that’s will be needed later. In section

three we introduced the notion of pseudo fuzzy length space and we proved some properties of this space. Finally
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in the last section we defined the quotient of fuzzy length space and we defined the fuzzy length of the quotient

space.

2. Basic Concept about fuzzy set
Definition 2.1:[1]
Let U be a classical set of object, called the universal set, whose generic elements are denoted by x.

The membership in a classical subject A of U is often viewed as a characteristic function ps from U onto {0, 1}
such that La=1if x € A and 1s=0 if x & A, {0, 1} is called a valuation set. If a valuation set is allowed to be real
interval [0, 1] then A is called a fuzzy set which is denoted in this case by Aand Lz is the grade of membership of
x in A, Also, it is remarkable that the closer the value of Uz (x)to 1, the more belong to A Clearly, A'iis a subset
of U that has no sharp boundary. The fuzzy set Ajs completely characterized by the set of pairs: A= { (x, ug(x):
X €U, 0= ugx(x) =1}.

Definition 2.2:[11]
Suppose that D and B be two fuzzy sets in V# @ and W+ @ respectively then D X B is a fuzzy set whose

membership is defined by: ¢+ g(d, b) = Bg(d) A Lg(b) ¥ (d, b) € VEW.

Definition 2.3:[18]

A fuzzy point p in U is a fuzzy set with single element and is denoted by  or (x,c).
Two fuzzy points X, and ¥ are said to be different if and only if x #y.
Definition 2.4:[7]
Suppose that d is a fuzzy point and D is a fuzzy set in U. then dj is said to belong to D which is
written by dge D & ug(x) > 5.
Proposition 2.5:[22]

Suppose that h: V— W is a function. Then the image of the fuzzy point dE in V, is the fuzzy point h(dE) in W
with h(dﬁ):(h(d), B).

Definition 2.6:[23]

A binary operation *: [0,1] * —[0,1] is said to be t-norm (or continuous triangular norm) if ¥ p, g, t,r < [0, 1]
the conditions are satisfied : (i) p*q =g*p (ii) p¥1 = p (iii) (p*q) *t = p=(q*t)

(iv) Ifp=q and t=r then p*t = g*r.

Examples 2.7:[23]

When p#q = p.q and p*q=p/\q ¥p, q €[0, 1] then * is a continuous t-norm.

Remark 2.8:[23]

% p==q, there is t such that p=t = ¢ and for every r, there is e such that r*r = e, wherep, g, t, r and e belongs to

[0, 1.

First we recall the main definition in this paper
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Definition 2.9:[24]

Let U be a linear space over field F and let Apea fuzzy set in X. let * be a t-norm and F be a fuzzy set from Ato
[0,1] such that:

(FLy) E(xy) >0forallx, €A,

(FLp) F(x,) = 1ifand only if x, = 0.

(FLs) F(ex, )= F (x ,%), where 0#c €I .

(FLy) B tvp) = F(x,) * F(vp) -

(FLs) Fis a continuous fuzzy set for all X ¥Vp €A and a, B € [0,1].

——

Then the triple (A |F ,®) is called a fuzzy length space on the fuzzy set A,

Definition 2.10:[24]
Suppose that (D ,F ,*) is a fuzzy length space on the fuzzy set D then F is continuous fuzzy set if
whenever {(%,,%,)} —»x,inD then Ff(x_, o<, )}— F(x,) thatis lim__  F[(x,, )] = Fx.).

Proposition 2.11:[24]

Let (U, I} be a normed space, suppose that D is a fuzzy set in U. Put llxll = llxIl. Then (D, Il I} is a normed
space.

Example 2.12:[24]

Suppose that (U, .|} is a normed space and assume that D is a fuzzy set in U. Put p* q = p.q for all p,

q< [0,1]. Define Fy(xg) = ﬁ . Then (D, Fy-®) is a fuzzy length space on the fuzzy set D, is called the

fuzzy length Induced by || ||

Definition 2.13:[24]

Let A be a fuzzy set in U, and assume that (ﬁl” F %) is a fuzzy length space on the fuzzy set 4.

Let B((x,, r)= {vged : F(vp — x)>(1 — p)}.50 B(x,.p) is said to be afuzzy open fuzzy ball of center x, € A
and radiusr.

Definition 2.14:[24]

The sequence {(x,,%,)} in a fuzzy length space (leu,f-'”,*) on the fuzzy set A s fuzzy converges to a fuzzy point
x,€ A ifforagiven £ 0 < £ < 1, then there exists a positive number K such that F[(x,,0%¢,)— X,] > (1— £) ¥n
> K.

Definition 2.15:[24]

The sequence {(%,. &,,)} in a fuzzy length space (f—lu,ﬁ'”,*) on the fuzzy set A s fuzzy converges to a fuzzy point
xqed if lim, . F[(x,,00)— %= 1.

Theorem 2.16:[24]

The two Definitions 1.14 and 1.15 are equivalent.
Lemma 2.17:[24]
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Suppose that (A ,F %) is a fuzzy length space on the fuzzy set A. Then F(x,—Vg) = F(¥g — %), for any

X ¥p€ A,

Definition 2.18:[24]

Suppose that (A ,F,#) is a fuzzy length space and I’ € A then I is called fuzzy open if for every yg € D there is
B(vg.) <D. Asubset E S Ais called fuzzy closed if £ =4 — E is fuzzy open.

Theorem 2.19:[24]

Any E(yﬂ,q) in a fuzzy length space (E,l?,*) is a fuzzy open.

Definition 2.20: [24]

Suppose that (E,F,#) is a fuzzy length space, and assume that D < A Then the fuzzy closure of D is denoted by ]

or FC(flT) and is defined by D is the smallest fuzzy closed fuzzy set that contains D.

Definition 2.21:[24]

Suppose that (4 ,F ,#) is a fuzzy length space, and assume that B € A .Then D is said to be fuzzy dense in A if
D=A or FC(D) = K.

Lemma 2.22:[24]

Suppose that (JEIH,F'”,#) is a fuzzy length space, and assume that Dc ﬁf, Then dﬁeﬂ_” if and only if we can find
{(d,, ¢, )}in D suchthat (d,.oc, ) —d, .

Theorem 2.23:[24]

Suppose that (E,P”,*) is a fuzzy length space and let that D < A then D'is fuzzy dense in A ifand only if for any
ageA we can find dp €D with B[a,, — dg] > (1-£) forsome 0 <& <1,

Definition 2.24:[24]

Suppose that (ﬁf,f-‘”,éc) is a fuzzy length space. A sequence of fuzzy points {(x,,,,, )} is said to be a fuzzy Cauchy if
for any given £, 0 << £ =X 1, there is a positive number K such that ﬁ[(xn,ocn] — (2,9, )] = @1-£) foralln,m
=K

Definition 2.25:[24]

Suppose that (A ,F ,#) is a fuzzy length space and D < A . Then B is said to be fuzzy bounded if we can find g ,0 < g
< 1 such that, F(x_) = (1—q), ¥ x €A,

Definition 2.26:[24]

Let [E,ﬁﬁ ,*) and [ ﬁ,ﬁﬁ ,*) be two fuzzy length space on fuzzy set AandD respectively, let Ec A
then The operator T: E D is said to be fuzzy continuous at &, € E  if for every 0 <0 £ << 1, there exist 0 << &

< 1, such that F35 [T'(xp ) — T(a,)] = (1- €) whenever xg< E satisfying Fx(xg — a,) > (1- 8). If T is fuzzy

continuous at every fuzzy point of E  then T itis said to be fuzzy continuous onE.

Theorem 2.27:[24]
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Let (E,ﬁﬁ ,*) and [ D,Fy ,*) be two fuzzy length space, let E A The operator T: E - is fuzzy continuous
at a e E if and only if whenever a sequence of fuzzy points {(¥,. )} in E fuzzy converge to &, , then the

sequence of fuzzy points {(T(%,),,,)} fuzzy converges to T(&,).

Theorem 2.28:[24]

An operator T: A — D is fuzzy continuous if and only if T ~2(& ) is fuzzy open in A for all fuzzy open & of D
where (&, Fx ) and (D,Fg ,#) are fuzzy length space

Theorem 2.29:[24]

The fuzzy length space [,51“, F ,*) is fuzzy compact if and only if every sequence of fuzzy points in A has a

subsequence fuzzy converging to a fuzzy point in A.

Theorem 2.30:[24]

A fuzzy subspace D of a fuzzy complete fuzzy length space (A, F ,#) is itself fuzzy complete if and only if D is
fuzzy closed in(A4, F *).

3. Pseudo Fuzzy Length Space

Let \V be a vector space over the field F[F = B or F = €], and let A be fuzzy setin V.

Definition 3.1:

A triple [151', F ,/#) is said to be a pseudo fuzzy length space where A is a fuzzy set, * is a continuous t-norm and
F is a fuzzy set from A to [0,1] satisfying the following conditions:

(PF,) F(x,) = 0 for each x, €A

(PF,) If x4 = O then F(x,) =1
o

el

(PF3) F(cx,a)=F (x,—)where0 # ¢ €F

(PF,) F(x,) = F’(}’g) < Flx,+ Vgl foreach x,, ¥ € Aand &, f € [0,1].
(PFs) F is continuous fuzzy set

Remark 3.2:
Clearly, that every fuzzy length space is a pseudo fuzzy length space.

Example 3.3:
Let V=R and let 4 = {{(x, ,a,)}:{(x, ,a,)} is a fuzzy convergent sequence of fuzzy points}. Suppose

a=b = a-b forall a,be[0,1]. Define F[{(x, ,e,)}] = where @ = min{a,:n € N},

a+limy_ . ()

R 11
Then (A, F ,%) is a pseudo fuzzy length space put it is not fuzzy length space since {{;,;)} + {(IJ,IZI]}

u {2} =2

Proposition 3.4:
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Let (A, F =) be a pseudo fuzzy length space. Define ~ on A by x,, ~ ¥ ifand only if F(x, — }’.E‘) =1
Then ~ is a fuzzy equivalence relation on A.

Proof:

(1)~ is reflexive since F(x, —x_ ) =1

(2)~ Is symmetric because if X, ~ Y then ¥g ~ x4 since F(x, — vg) = F(vg — x,).

(3)~ Is transitive, assume that X, ~ Y and ¥g ~ Z5 s0 F(x, — v ) = 1and F(yg — z;) = 1. Now,
Flx,—z5) = F(x,—yg) * F(yg— z5) = 1 =1 = Litfollows that F(x, — z3) = 1 and

hence x_, ™~ Zz.

Notation 3.5:

Let A/~ be denoted by A and the element of A by [x,] = fvpg €A:yp ~x}

Lemma 3.6:

Let (A, F ,*) be a pseudo fuzzy length space. Defined F from A to [0,1] by: F([x,]) = F(x,).

Then E does not depend on the representative x .

Proof:

Let x, ~ Vg then F(x, — }F.E) = 10 [x,] = [¥g] this implies that

F (lea]) = F([vg]) = Fvg) = F(xo).

Theorem 3.7:

Let (;51', F ) be a pseudo fuzzy length space then (ﬁl:, F ) is a fuzzy length space where F [[x,x]:] =F [x,z]
Proof:

It is clear that [ﬁi F /) is a pseudo fuzzy length space. Now if f([xﬂ]] = 1, then E([xﬂ]] = F([0]) and
E([xﬂ] — [0]) = L thatis [x,] = [0]. Hence [ﬁi F ) is a fuzzy length space.

Proposition 3.8:

Define an operator T': A- ﬁl: from the pseudo fuzzy length space [;51', F /) to the fuzzy length space [J-T, E %)
by T(x,) = [x,], then T is a fuzzy isometry.

Proof:

We show that T is well defined if x, = Vg, then F’[xE — Fﬁ) =1so¥g E [x,.] and Vg ™~ X, implies
vp €[x,] and x, € [ye]l , it follows that [x.]=[yg]l or T(x,) =T(yg) since
F(x,) = f[[xm]] = E[T (x,) ) hence T is fuzzy isometry.

Theorem 3.9:

Let [il", F ) be a pseudo fuzzy length space and let T': A ﬁl: then the collection of all E-fuzzy open fuzzy balls

is a base for the fuzzy topology T 5.
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Proof:

Consider x, € A, 0 < r < 1and B(x_,7) first we show that T (E(xﬂ, r]} = B(T(x_).7), let

bg €T (E(x,x,r])then bg € T(ds) where d5 € B(x,,7). Now

F(ds —x,) = F ([ds — x.]) = F(T(ds) — T(x,)) =(1—) this implies that T (d;) € B(T(x,),7)
therefore by € E[T [x,x;r:]) thus T (E(x,x, T":]) S B(T(x,).7). Similarly we can show that

B(T(x,),r)ET (E(xm,’r])therefore T (E(x,x, T]) = B(T(x,),7). Hence

Tt (E (T [xﬂj,r]} =TT ((E [xﬂ,*r])) = B(x,1).
Theorem 3.10
If [Jfl“, F %) is a fuzzy complete pseudo fuzzy length space then [ﬁln, E ) is fuzzy complete fuzzy length space.
Proof:
Let {(%,,, &, )} be a fuzzy Cauchy sequence of fuzzy points in (ﬁif =), where (%,,&;) = [(x, ,&;)] for each

i then {(xn ,rxn]} is a sequence of fuzzy points in A and for given 0 << & <X 1, there is a positive integer K such
that F (%, 8m) — (£, &,)) > (1 — ). But F((£,,8m) — (Fndn)) = F(( ) — (2 a,)).
Hence F( (%, atp) — (x,.,)) = (1 — &) for all m,m = K Therefore {(x, ,e,)} is fuzzy Cauchy
sequence of fuzzy points in A but A is fuzzy complete hence there is x, € A such that

lim F((x, ,a,) —x,) = 1. Now put &, = [x,] then % € A and lim E[(i‘n,&n] —%,) =11t
11 —+oo 1 —+00

follows that {(%,, &, )} fuzzy converges to £, € A. Hence (A, F ,#) is fuzzy complete.
Definition 3.11:

Two pseudo fuzzy length spaces F and F' on same fuzzy set A are said to be fuzzy equivalent, if for a sequence of

fuzzy points {(x, ,a,)} and fuzzy point x_ are in A then lim F’[(xn,rxn:] —x, ) =1 if and only if

n—soc
lim F'((x,@,) —x, ) =1

Theorem 3.12:

If T:A—= Adisa fuzzy continuous operator where [il", F ) is a pseudo fuzzy length space, then there exists a
pseudo fuzzy length space F' such that F is fuzzy equivalent to F'.

Proof:

For all x _in A defined F'(x_) = F(x_) = F(T(x,)). We now prove that F" is a fuzzy length space on A.
(PFy) F'(x) = 0since F(x,) = 0 and F(T(x,))> 0

(PF,) If x4 =0 then F(x,) =1and F(T(x,)) = 1implies that F(x,) = 1

o

o
el

el

e

el

(PF;) F'(c x,a) =F(c x,a)* F(T(c x, &)) = F(x,=) *F(T (x,)) =F'(x
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(PE,) let x,, v € A, we have F'(x, + Yg) = F'(x,)=F' (ve)
Frf[xﬂ: + }F,Ej = Fr[xﬂ: + }F,Ej * Fr(T(x:z] + T[}F,Ej]
= F(x,) = Fyg) * F(T(x)) = F(T(¥p))
= F(xg) * F(T(x))* F(yp) * F(T(yp))
= F'(x,)* F'(vg)
(PFs) F' is continuous since F is continuous. Hence (A, F' ) is pseudo fuzzy length space. To prove that F' is
fuzzy equivalent to F. Let {{x,, , @, )} be a sequence of fuzzy points in A and x , is fuzzy point in A, suppose that
lim F((x, a,) —x, ) =1 then limF(T(x, &) —T(x,))=1 since T is fuzzy continuous.
F1—oo n—*oo
im F' — =lim F — # lim F(T(x, e )—T =1+#1=1.
Hence?}ﬂF [[xn,a:n:] xﬂ) &ﬂF[[xn,an] xm) Iim (T(x,,a,) (x,)) It
' = _ —
follows that lim # (G a,) —x, ) =1.
Conversely, suppose that lim F'((x,, a,) — x, ) = 1. This means that
1 —oo
P () = 72) = I P ()~ )"
lim F(T(x,, e,) — T(x,) ) = L.1tfollows that lim F((x,,a,) —x, ) =1
Fl—Foo oo

Lemma 3.13:
In Theorem (3.12), if we take * = Athen T: ( A ,F',#) — (A, F ;) is uniformly fuzzy continuous.

Proof:

Clearly that F (T[x,zj — T[}Fg)) =F'(x,— ¥g) now, given 0 <7 < 1 such that F' [x,z — }rg) =1—7.

Let § = v, then F{T(x,) — T(vg) ) = (1 — &) therefore: T: ( 4 ,F'#) — (A, F #)is uniformly fuzzy
5}

continuous.

Theorem 3.14:

If [;51', F /) is a fuzzy compact pseudo fuzzy length space then [ﬁif %) is fuzzy compact fuzzy length space.
Proof:

Let {(%,.&,)} be a sequence of fuzzy points in [A:,E £} where (%,,&;) = [(x,,a,)] for each i, then

f(x,, ., )} is asequence of fuzzy points in A, but A is fuzzy compact hence {(x,, , e, )} contains a subsequence

{(xnj. ' an;)} which fuzzy converges to some x, € A; that is given, O == r < 1 there is positive integer K

such thatf’((xn__,cxn__) — X, ) = [1—7"] for alln}. =K.
F Fl
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Hence F ((:’EHJ__,&”J__) — :’:;‘E) =F ((xn__,cxnj_) — X, ) = (1—r).Foralln; = K, it follows that

d

re

{(%,.&,)} contains a subsequence {(xnj., y, )} which fuzzy converges to %, where

[fnj,é?nj) = [(xnj., W, )] and £, = [x,]. Hence (A, F ,#) is fuzzy compact.

4. Quotient of Fuzzy Length Space

Definition 4.1:

Suppose that (A, F =) is a fuzzy length space and let E be a subset of A. Let Q: A —>§ be the natural
operator, Q(x,) = x, + E.Wedefine F, [x, + E] = sup{F[x, + yg]:v; € E}.

Theorem 4.2:

Let (A, F ,*) be a fuzzy length space if E is fuzzy closed subset of A then (%, Fy ,#) is a fuzzy length space.

Proof:

(FL,) Itisclearthat By [x_+ E] = 0forallx, + E € %
(FL,) Let F[x,+ E] =1 then there is a sequence of fuzzy points {(x, .&,)} in E such that
Flx,+ (x,,a,)] = 1s0x,+ (x,,a,) = 0or (x,,a,) = —x, but E is fuzzy closed so x, € E
which implies that x, + E = E where E is the zero element of g

Conversely, if x, + E = E then x_ € E since E is fuzzy closed then there is {(x,, ,e, )} € E such that
(%, .a,) = —x, thatis F[x_ + (x,,a,)] = 1. Hence F, [x_, + E]=1.(FLj)Letr # 0, r is scalar
Filr(x, + E)] = F[rx, + E]

=sup{ Flrx+ ry,Al:yg € El=aAf)= sup{ﬁ'[x—l— }F,_]:VE EEA=anfl}=

B [x.+ B, 2]

[

(FLOE [(x,+ E )+ (yp + E)] = B [(x, + yp) + B)]
= sup{F[(x. +vg) +z,]: z, € E} = sup{F[x, + z,]: z, € E]} * sup{F[yp + z,]: 2, € E]} =
Filx,+ E]=F[yg + E]

- ¥ | -
(FL:) Let {(x,,a,)+ E} be a sequence of fuzzy points in 7 fuzzy converges to x, + E. Now

lim Fl(x,a,)+E]l= lijnsup{?[(xn,rxn] + }FE]:}FE €E} = sup {li_?qﬁ'[(xn,rxn] +
yglivg € E}l= sup{ff'[xﬁ + FE]:F.E‘ (S E’}
= F’l [x, + E ].Hence F’l is continuous.

Lemma 4.3:
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Let (A4, F =) be a fuzzy length space and let E be a fuzzy closed subset of A. Then F, [Q(x,)] = F[x,] for
all x_, € A.

Proof:

F[Q(x,)] = Fi[x, + E] = sup{F[x, +yg]:vp € E}

Lemma 4.4:

I

Flx,].

o - o A =~
Let (4, F ,=) be a fuzzy length space and let E be fuzzy closed subset of A. Suppose that [E, F, /*) be the

quotient fuzzy length space. Then the operator  is fuzzy continuous.

Proof:

Let {(x,,a,)} be a sequence of fuzzy points in A such that (x,,a,) = x,eA that is

lim Fx, —x,4] =1 where 1 = min {a,a,:n € N}. Now
Ql(x, .a,)] = (x, ,a,)+ E, hence 11_1}]’1 Fl(x,—x ) +E]l= 1i_£]’1 Fl(x,—x4A)]=1. This
implies that ~ lim Fi[(x,—xA) +E]=1 This means that {(x,—a,)+E}—>x_ +E or

Q[(x, ,a,)] = @[x,]. Hence @ is fuzzy continuous.

Lemma 4.5:[20]
If] = [0,1] and sup] = P then for each £ € [0, 5] there exists & € [ suchthat £ * § < a.

Theorem 4.6:

R ~ - - ¥ |
Let (A, F ,#) be a fuzzy length space and E be a fuzzy closed subset of A. If A is fuzzy complete then 7 is a

fuzzy complete.

Proof:

Let {(x,, ,a,) + E} be a fuzzy Cauchy sequence in % . Then for any given v ,0 << r < 1 there is a positive
number K suck that B [(x,—x,,A)+E]l=(1—-r) for almm=K.  Let
[(x,,a,)+ (v, .B,)] € {(x,.a,)+E} for all m €N. Then by (lemma 4.5) there is = € [0, F,],
Fl(x,—x,, ) + (v, —y,¥)] = (1—1) = for allm,m =K where A= min {a,:n € N} and
¥y = min {f,:n € M}. Hence {(x,, + ¥,,8)} is a fuzzy Cauchy sequence in A where § = ¥ A 4. But 4 is
fuzzy complete S0 (x, +v,.8)} = x_+ Ve S0 [(x, + ¥, 0)] = (x,,a,)

~ ~ A
+ E — Q[(xE + }:rg:]] = x, + E . Since @ is fuzzy continuous. Therefore every fuzzy Cauchy in 7 is fuzzy

4
converges. Hence is fuzzy complete.

Theorem 4.7:
Let (A, F ,#) be a fuzzy length space and let E be a fuzzy closed subset of A. Then A is fuzzy complete if and

. A
only if £ and 7 are fuzzy complete.
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Proof:

" 4 - - .
If 4 is fuzzy complete then 7 is fuzzy complete by (theorem 4.6). Since E is fuzzy closed subset of 4 so E is
fuzzy complete by (theorem 2.30)

~ 4 -

Conversely, assume that E and Fare fuzzy complete. Let {(xn ,a:n]} be a fuzzy Cauchy sequence in A. So given
7,0 <r <1 there is a positive number K such that F[(x, —x,,A)] = (1 —r) for allm,m = K,
where A = min {a,:n € N}. Hence F[{x,—x,,4)+E]>F[(x,—x,,D]=(1—7r) for

. o ! 4. .
all m,m = K. That is {(xn,rxn] + E}is a fuzzy Cauchy sequence in e But zis fuzzy complete, hence there is

- A - -
(xg T+ E) € Zsuchthat £ [(x, — %, 4) + E] = (L —r)forall n = K.
Now there is (1 — £) € [III, Fil(x, —x,1) + E’]] such that F[(x, —x,A)] = (1 —r) = (1 —¢) . That
is li_.'r}n Fl(x, — x,4)] = 1, hence (x,, ,a, ) = x_. Therefore 4 is fuzzy complete.
7 —on

Conclusion
In the present paper our aim is to define the notion of pseudo fuzzy length space and proved some basic properties
of this space. Also we define the quotient of a fuzzy length space to introduce the definition of the fuzzy length of
the quotient space in order to prove that the quotient space is fuzzy complete.
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