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Abstract.

In this paper, we consider a stochastic model of tuberculosis imbedded in environmental noise. We prove
the existence of global solution , and we establish the stochastic stability of solutions.
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1 Introduction

In this paper, we consider the following model of tuberculosis transmission :

S =A—- ?% — S

E:ﬁ(l—p)%—l—?‘gf—(;L-i—l'.:(l—?'l)]E (1)

I = Bp’%{ +kEk(1=—r)E—(pp+d+ 0+ )]
Where S(t),E(t) and I(t) denote the numbers of susceptible, exposed and infected indivi-
duals at time t, respectively ,with the following parameters :
A is the recruitment into the population; /., the probability that a susceptible individual
will be infected by infectious; ju is the probability that an individual in the population died
from reasons not related to the disease: d is the probability that an infectious individual
dies because of the disease.An individual leaves his region to another for a new treatment

with the probability d, thus this individual goes missing of model. New infected individual
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may develop the disease directly with probability p. To account for treatment, we define
ri £ as the fraction of population receiving effective chemoprophylaxis and ro as the rate
of effective per capita therapy. We assume that chemoprophylaxis of latently infected in-
dividuals E reduces their reactivation rate r; and that the initiation of of therapeutics
immediately removes individuals from active status I and places them into state E,the
time before latently infected individuals who does not received effective chemoprophylaxis
become infectious is assumed to satisfy an exponential distribution, with time % Thus,
individuals leave the class E to I at rate k(1 — ry). Also, after receiving a therapeutie
treatment, individuals leave the class I to E at rate ro L.

System (1) has two equilibrium points : the desease equilibrium (£,0,0) and the endemic

I

equilibrium :
S* _ A[B—(d+)Ro]
T p(A—d=0)Rg

+ _ ARo=1D[3(1—p)+r2R0] ‘
k= [ptk(1—r)](f—d—5)Ro (2)
]’* — A(Rﬂ—l)

A—d—8

satisfying the system :
AN-j % —puS =0
B(L=p)2E + ol — (p+ k(1 —7r))E =0 3)
BpSL + k(1 —r)E— (u+d+85+1)I =0 '
AN—pN*—(d4+0*)[* =0

Where Ry is the basic reproduction number defined below.
This paper is the continuation of that of Mbaya and al[13]. In that paper the essential
work was the application of Allen’s method for evaluating the transition of the probability
density for stochastic differential equations. To form the SDE model, we have calculate
E(AX) and F((AX)(AX)). We have also calculate the basic reproduction number Ry
by using the next generation matrix from Driessche and Woutmough , 2002 [9] and is
- Blpp A+ k(=) + R(1 = rq)) + prs
(e +d+0) (e + k(1 —r1)) + pra

0=
We now extend the model (1) by introducing the effect of environmental fluctuations.

These fluctuations are due to the fact that epidemic models are inevitably affected by
environmental noise which is an important component in real life [1,6,7,10,11]. This en-
vironmental noise is generated by a 3-dimensional standard Brownian B;(t). These B;(t)
i=1, 2,3 are independent and ’752 > 0 represent the intensities of B;(¢). Following this
approach by introducing stochastic perturbation term into growth of susceptible,exposed.
infective individuals, our model becomes :

5‘ = (A — 5’% — ;LS)df + 015d By (f)

E=(3(1- p)i—f +rod — (p+ k(1 —r))E)dt + oo EdBa(t) (4)
I=(Bp3 + k(1 —rm)E — (p+d+ 05+ ro)l)dt + o31dBs(t)
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The deterministic model and the stochastic model have the same equilibria.
The deterministic model and the stochastic model have the same equilibria.
Through this paper,let (Q. F, {F'};50.P) be a complete space with filtration {F}} satis-
fying the usual conditions (i.e. it is right continuous and increasing while £ contains all
null sets). We define the differential operator L associated with 3-dimensional stochastic
differential equation :

dr(t) = fz. t)dt + o, t)dB(t) (1

[y )
—

If V (x.t) is a Lyapounov function, we define the action of L on V by :
1
LV (r.1) = Vi, t) + Va(w ) f (. ) + stracep Ve (e H)p(. 1)

This paper have two sections .In the first . we prove the existence and positivity and boun-
dedness of solution of system (2). and at the second section we present some numerical

simulations to illustrate our main results.

2 Dynamics of Stochastic differential system

In this section. we establish the global existence and boundedness of solution of system
(4). The following definitions and theorems prove that there is an unique globally positive

solution of system (2) for any initial value Xo = (S(0), £(0), I(0)) € R? where
R? = {(21,29,73) € R*/a; > 0,i =1,2,3}

2.1 Stochastically ultimate boundedness

Definition 1 ( [1:10]) The solution of system (4) s stochastically ultimately bounded
a.s. if for any e € (0,1) , there exists a positive constant o = o(€) such that for any initial
value (S(0). E(0). 1(0)) € RY | the solution of system (4) has the property :

limsup P{|X(t)| = o} < € (6)

t—oo

Lemma 1 For any given (S(0).E(0).1{0)) € R} | there is a unique solution (St).E(t).I(t)).

on t > 0 and will remain in Ri with probability one.

Proof Since the coefficients of model (4) satisfy the local Lipchitz condition, then there
exists a unique local solution on [0, 7.), where 7. is the explosion time.
We, now, want to show that this solution is global. i.e. 7. = 400 a.s. Let ng > 0 be

sufficiently large for for any (S(0)E(0),I1(0)) remaining in the interval [% ngl. For each
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integer n > ngy , we define the stopping time :
7, = inf{t € [0, 72);min(S(¢), E(t). I(t)) < %or max(S(¢), E(t),I(t)) > n}
By reduction to absurdity , we suppose that 7. = +oco is false, there is a pair of constant
T > 0 and for any = € (0,1) such that P{7. < T} > =. Consequently , there is an integer
ny > ng such that

Plr, <T}>en>m (7)

Define V(S,E.I)=(5-Lu(S)+(E-Ln(E))+(I-Ln(I)) and we obtain

LV(S,E.T) :A+3;¢+d+?'z—;aS—%_ﬁE_w_%
8PS k(1-r)E o}+o}+o}

LV(S,E)<C—pu(S+E+1)<C

where C' = A + 3+ d + 19

Since

dV = LVdt +o(S — 1)dB;(t) + oo( £ — 1)dBy(t) + a3({ — 1)({ — 1)dB;(t)
we have :

dV < Cdt +o1(S = 1)dBy(t) + 0o E' — 1)dBa(t) + o3(1 — 1)(1 — 1)dBs(t)

Integrating both side from 0 to 7, vields that :

tAT tAT AT AT
] C'dt +] o1(S —1)dBy (1) +] oo(E — 1)dBs(t) +] o3I — 1)dBs(t)
0 0 0 0
where 7, AT = min{r,. T}. Whence taking expectations of the above inequality leads to

EV(S(r AT), E(ra AT), I(m, AT)) < V(S(0), E(0),1(0)) + CT ®)

Set Q,, = {7, < T} for n > ny by inequality (7),we obtain P(£,) > . Note that every

w € (2, there exists at least one of S(7,,w), F(7r,,w) and I(7,.w) equals either n or %,
hence
1 1
V(S(tn,w), E(tp,w), I(t,w)) > (n—=1—=Inn) A (= —1—In—)
n n

as a consequence from (8) one has :
1 1
V(S(0), £(0), 1(0))+CT > E[lg, @V (S7n, w), E(7,w), I (1, w)] = e(n—1=Inn)A(——1—In—)
T T
where 1q, is the indicator function of €),. Let n — 400 lead to the contradiction

oo > V(S(0), E(0),1(0) + CT = 400 (9)
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So we must have 7., = oo. Therefore | the solution (S(t),E(t),I(t)) of model will not ex-

plode at a finite time with probability one. This completes the proof of lemma 1.

Theorem 1 The solutions of System (2) are stochastically ultimately bounded for any
initial value (S(0), E(0),1(0)) € Q

Proof From lemma 1 we know that the solution (S(t).E(t).I(t)) will remains in RY for
all > 0 with probability 1. Define the functions Vi = etS?%, Vo = ! E? and V3 = ¢t1? and
0 < 8 < 1. By [t6's formula, we have :

dVy = LVidt + 010t S%d B (t)

dVy = LVodt + oyfet S°d By () (10)
dVy = LVadt + o30etS°d B (t)

where N
LVi = e'SP(1+ (4 — 8L — ) + A0
LVy = ¢t E2(1 + 6(3(1 — p)- ,g+r25 (1o + k(1 — 7y))) + =D (11)
IV = (0% + (1~ ) — o+ d -+ 6+ 1)) + 209D
Thus , there exists the positive constants Cy, Cy and C5 such that we have LV} <
Cret LVy < Cyet and LVy < Cset. Tt follows that ef E(S?(1))— E(S9(0)) < Cyet, et E(E?(t))—
E(E?(0)) € Coet ande! E(I°(t)) — E(1%(0)) < Cet.

Hence obtain that :

lim sup,_, ., ES°(t ) < Cl < 0
limsup,_, . F(F)%(t) S 5 < 00 (12)
lim sup,_, ., EIQ( ) < Oy

for X(t) = (S(t). E(t).1(t)) € R3, note that

X (1|7 = (S2(t) + E2(t) + I2(1)) < 2Zmax{S?(1), E° (1), I°(1)}

13
SQ%??raz{Sef +EO(t) + I°(¢)} (13)
consequently
limsup F|X(#)] < %(Cl + Cy + Cy)
t—oo

as a result , there exists a positive constant ¢, such that

limsup F|\/ X ()] < & (14)
t—oo

~ 2 . . -
now for any £ > 0, let 6 = i—ﬁ then by the Chebychev’s inequality,
E \/
P{X ()|} € ———— | @ (15

= £
&

which gives us the desired assertion
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2.2  Stochastic stability of disease free equilibrium

Theorem 2 If Ry < 1 then for any given initial value (S(0).E(0).1(0)) the solution of
system (2) has this property :

lim sup lE]t[(S(T) - é)2 + (E(1))* + (I(r))?dr < 207 {\2
- Jo

t—oo iz e
where
M = min{2(p — 01); (2u — 03); (2(p +d + 8) — o3}
and if o1 = 0 the disease free equilibrium is stochastically asymptotically stable

Proof :Set v = (5 —* ) v=E and w=I, and define V(u.v.w) = (v +v +w)? + Av + Bw
By Ité formula one ha.s

B(1—p)(u+ %)-w
N

LV = 2(u+v+w)(—pu—pv—(p+d+8)w)+A{ +row—(p+k(l—r1))v)}

Bp(u + %)u

+B{- N +h(l=r)v—(p+d+06+r)w} +oi(u+ ;_})2 + 020 4 ohu?
41—
—(2u—o 2p—02 )0 = (2(p+d+8) =03 w? —dpuv—[(4(p+d+6)— A- u - p)_'_B,ﬂ?p ww
(2p—07)u’~(2u—03)v* = (2(s )=a3 / (4(s ) N N
B(1—p)A BpA
AR ) = Bl dt 8 va) = B+ [BR(L = r0) = Al (1= )l
2
+20% \u + O’?A
It 7
Let d(u +d +8) — AZGGE 4+ 52 = 0 AR +72) = Bl(u+d + 5 +71) = 7)< 0

and Bk(1—r) —A(p+k(1l—r)=0

We have :
. ) A SN
LV = —(2u—o?)u® — (2u — 03)v? — 2(p +d +6) — o2)w? —-l,cruc'+9crl—tr+01
ft j
therefore

A2
LV < —2u—o?)u? — 2u — o3)v® — (2(u + d + ) — o3 )w? + o2u® + 90'1
i

Taking the expectation vields

EV (u,v,w| — E[V(u(0),0(0),w(0)

t ) ;’\2
< Ef —(2p — 201)u® — (20 — o) — (2( + d + 0) — oF)w? + 207 — Jdr
0 1
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therefore
t AQ
< Ef [2(n—o)u+(2u—03) 0 +(2(p+d+6)—o3)w?ldr < E[V (u(0),1 {O),w(O}]—f—?afi—Q
0 H
Let M = min{2(u—0?); 2u—03): 2u+d+0)— o2} . u= (5 — %} , v=E and w=I.
We obtain
. 1 e Ay 2, ; 2 o A
lim sup ;E (S(r)— =)'+ (EM) "+ 2p+d+06)— (I(r))]dr < 261W
PN S /i My

Theorem 3 If Ry < 1 and Ry = Qa?ii;ﬁ) < 1, for any given value (S.E.I) (1) almost

surely tends to zero exponentially

Proof from system (1) we have

~

EH_S%{ —uE = (p+d+ oI

thus
I< ,85\{ —(p+d+ oI
and
ST i
dl = (Bp v + — (e +d+0)])dt + o3ldBs(t)

Dividing this equation by I we have

din(I(1)) = @

and by [to formula ,

o 2

din(1(t) == (Bp5; — (u+d + 6)dt = %3 )dt + o3d By(t)

which gives

u

t 2 T t
Lni(t) = Lnl +f (Bp% — (g +d+0)— %)dﬁ —1—/ o3d By(1) +/ (+k(1— 7‘1))%0'{.
0 ! 0 0
We have always S < N | hence
9
Lnl(t) < Lnly+ (Bp— (p+d+6) — 0—93)? + G(t) (16)

where G(t) is a martingale defined by :

T
G(f) = ‘/Dv Cl'gng(f)
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This implies
T
< GG > / crgds = Jgt.
0

by the strong law of large number for martingales [10,11] we have

G(t)
=10 .8
t

lim sup
t—oo

[t follows from (16) by dividing t on the booth sides and letting ¢ — oo that :

I(t) o2
ot

lim sup < (Pp—(p+d+0)— 73) <0 a.s. (17)

t—oo
2.3 stochastic stability of endemic equilibrium

We know that the endemic equilibrium is globally asymptotically stable if Ry > 1
The next theorem shows that the solution of (2) will oscillate around the endemic

equilibrinm

Theorem 4 If C13 — =0, then the solution of model with any value (S(0), E(0), 1(0))
€ ]Ri has the property

1 [ H
lim sup —E[ [(S(1) — a1 S*)2 + (E(1) — agE*)? + (I(1) — asl*)?]dr < S
t—oo 0 H2
where
o — pi(ra + 41)
p(ry + p) — roo?
pra(p + k(1 —ry)) + pp?
( p—
L e k(L= ry)) - pp? =03
. plre +plp+d+ 06 +ry))
¥y — —
’ p(re +p(p+d+ 6 + 1)) — 1203
. otplra tp) o ospra(p b k(1 —11)) + pp? 2
2+ 1) — 1207 (i + R — 1)) + i — 13
(,rg#(;.--g +p(!”‘ +d+5+?2)) (I*)Q
p(rey +plu+d+68+12)) — ry03
and
ot p) — oot plp +E(1—11)) +pp) — a3 pu(re +plpn+ 0 +12)) — re0s
Hy = min{ : , }

12 72 2
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Proof We define a Lyapounov function

V(S EI) = %(S—S*+E—E*+I—J*)%51(S—S*+E—E*)%%(E—E*H—I*)%Z—B(I—J*)?
=W+ Vo + Vs + V)
by Ito formula we have :
dVi=[(S=S*+E—E* + 1 —-I")A—pS —(u+d+ I+ = ( 1S oF + o51%)|dt
(S =8+ E—E*+1—1I")0,SdBy(t) + 02 EdB(t) + 31 d By (t)
(S=S*+E—E*+1—1*)(—pu(S=S*)—(ptd=+8) ([ = I*)+[(S—S*+E—E*+1-1")(

1
+§(af82+0§+0312)
+H(S =S+ E—E + 1 —1I")oSdB(t) + oo EdB(t) + a3l d By(t)

= —p(S5—5*)—(p+d+8)(I-I*)’—p(S—5*)(E—E*)—pu(S—S*) (I-I*)

1
+5(o 2S% o3+ oil?

we have :

—(p+d+0)(I-I")(E—E)
|4+ (S— S+ E—E*+1—TI")(01SdB;(t) + 0o EdB(t) + o3d B3 (t)

BSI 1
dVo=1[(S - S8*+ E— E*)(A - v — S Frol — (4 k(1 —r))E + 2(01+02E2]d

(S — §* + E — E*)(01SdBy(t) + o5 EdBs(t))

from (2) we have 3(1 — p)S*I*

(pe+ k(1 —r))E = 0 and dV5 becomes

Sl S*I* 1
dVs :[(S—S*+E—E*)(—3( — )+ (I-I*)— (,u+ﬁc(1—7»1))(E—E*)+5(afs?+a§EQ)}dt

(S — 8 + E — E)(01SdBy(t) + oa EdBa(t))
, ST _ ST o ST ST o .
AVs = [=Bp(S = §7)(5 = =) = Bp(E — B*)(5x = =20) + (S = §7)(I = )

dro(l = E)(I = 17) = (H FR( = r))(E = EF)(S

= §%) = (u+ k(L —r))(E — E*)?
+%(O‘f82 +o2E?)|dt + (S

— S+ F— E*) (o SdBy(t) + 0o Fd DBy (1))
We also have
Bi_l —pll = (p+d+ ) + %(«72}52 + o2I?))dt
3 L E R
= ((F—E*+I-1" )(Bif b\:r )+‘£(02E2+0312))a’t+(E E* 4+ 1—TI") (oo EdB(t)+o31d Bs(t)

ST S5*[* i }
N E=E )G — S U= ") = (E= B = (2t d8) (E= EY) (I 1) (u+d+0) (1= ")}

AVy = (B — E* +1—TI*)(

ST S*I*
=5~

+§(J§E2 4 021%))dt + (E — E* + T — I")(02EdB(t) + 031dBs(1)
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with the same way, we get

AV = (=)ol g = k(L) (B E) =t d+5-412) [ I 4o +o( I~ 1) By )
‘SI ‘5 I* * 1 * * S *\ 2 2 *
= (Bp( =TV +k(1—r (E—E*)({ =17 )= (p+d+o+re) (I -1 ) +o3®]dt+o3(1—1*)[dB;(t)

N N+

and now we can write dV=LVdt +W where
LVdt = —;L(S—S*)Q—(,Lz.+d+r5) (I—I*)Q—,u.(S—S*)(E—E*)——,u.(.S'—S*)(I—I*)—(,qudJrO')(I—I*)(E—E*)

1
+=(078* + 03 + 03] + (S = S* + E— E* + I — I")(0,SdBy(t) + 02 EdB(t) + 031 d Bs(t)

2
SIS SIS
FOUAG 37 E-E) 35—

(I~ [*)+ (02E2+a§I2))a’a‘+(E E* 4+ T—I*) (0o BdB(t)+ 0o d By (1))

E S*
Cz[(!—?}?(ﬁ - (E) (AR =) (5 — (o N

I
s 5
N N*
< —p(S=8* P =(prd) (I =12 —p(S—S*)(E—E*)—pu(S=S") (I—I*) = (p+d) (I = I") (E—- E*)

))+ I* 2dt + (I — I*)o3dBs(t)]

+C3[=B(5 = 57)(

)*ﬂ@*33+%myﬁﬁﬂﬂm$*SUH&UH

1
50757 + 03 + 5] + (S = 8" + B~ E" +1 = I")(015dBy(t) + 02EdB(t) + 051 dBat)

+CY[B(S—=S*)(E—E*)+3(S—=S*)(I—I*)+ ( 2E2 4 021?))dt4+-(E—E*+1—I*) (02 EdB(t)+03ldBs(t))]
With C18 — = 0 one get :
<—p(S =SV —(p+d)I =TIV = (u+d) (I —I')E—E*) + %(0352 + o2 E? + 03 1%)]

(S =8+ E— E*+ 1 — I")(0,8dB,(t) + 0o EdB(t) + 051 Bs(t)

+Cl[%(a§E2 +o3I®)dt + (E — E* + 11— I*)(02EdB(t) + 031 dBs(t))]

—(p— —%(03 + 1)ad) (S — = _%(23 - 1)0%(8*)2 - Hajf;l (5*)?
—(p+d— %(C—H +1)03)(E — e Eﬂ_?p(i 1 )JQ)E*)Q L d—m;cff)+ 1)03)(E*)2
%(Cl T Do) ~ (n+d (#(+ij)+ ag)mg T (#é(zfi 1)o3) ry
Therefore
dV < —(u— ,%(03 +1)od)(S — = _%(23 )0 (S*)? + ﬂgii’ﬁ (5*)?
(it d— %(cl F DA L E) R (;Ugci)+ op F)
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(,u+d} "z 4 (#+0’)
(i +d—1(Cy +1)03) (n+d—3(Ci+1)03)

Integrating both sides of inequality from 0 to oo, taking expectations, and recalling that

1
(= 5(C1+ 1) - (I

B;(t) is a Brownian motion yields

1 t 1 ,U-
limsup-E | (11— —=(Cs + 1)o?)(S — 5*)
zmsupt /O(ﬂ 2( 3 + 1)oy)( 'U,——%(Cg"—].)"j'%( )

(,Ul +d) %2
B
(,qud—%(Cl +1)a3) )

1
+(p+d— 5(C71 + Do) (E —

(1 +d)
(+d—3(Cr+1)od)

+p d**((' Do) (I — r)dt < H,

Where

ot (pe +d) (1 + d)
H, = 1 g 2 + o 2 + I 2
! p— o3 (,u—f—d—%(@—kl)cr%)( ) (,LL—F({—%(Q—FUJ%)( )

Let

l 1 1
Hy = min{(p = 5(Cs + 1)oi), (p+ d = 5(C1 + 1)o3). (u + d = 5(Cr + Dod)}

Then
. J‘ ! - L AVA %42 Hl
lim sup ?E [S(T) — a1S*)? + [E(7) — n E*)? + [I(7) — en I*)?d7 < A
t— o0 ] 0 2

3 Numerical simulation

In this section , we use the Milstein method mentioned in Higham 4] to show the

effect of noise on the dynamics of tuberculosis model

LSA,+1 =5, + (A BSI — ;LS)A? + o1 SV ALE + ot 5;, (gk )Af

Eii1 = Ec+ (f (l—p)S‘T + 1ol — (;L‘F.I»(l—71))E)Af+UQER\/7T}g + Ek(m —1)At

Iiyr = I + (Bp5F + k(1= r) E = (n+ d + ra) DAL+ o3[,V ALG + ?Iﬂ-(@k DAL
(18)

The following parameters are taken from [5] :
pe=0.101, ry =0, 0 = 0.16288, ry = 0.81862, d = 0.0022727, p=01

for 5 =2 and k = 0.005 we obtain Ry = 0.27387 , 132.0 = ;ﬁiﬁ%) = 0.67630 and

where 7, and &, are the gaussian random variables N(0.1)

We exhibit in the next three figures below some fluctuations with different values of o;
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i=1..3. If 3 =20 we have By =2

Sx =
Ex=":

I+ = Alo—1)

and for Ry < 1 we obtain

1200
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.7387 and one has endemic equilibrium :

AB=(+)R0] _ s
,u(.ﬁ' d—ad) Ry e
A(Ro—1)[8(1—p)+r2Ro] _ 1rq
[ptk(1—r)](B—d—0)Rg

= 13.67

B—d—4
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