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Abstract.

In this paper, some results for the generalized Beta function are derived by using N -fractional calculus of

the logarithm function . Also, some results associated with the usual Beta function are obtained as
special cases of the main results.
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1. Introduction

We adopt the following definition of fractional calculus :
Definition 1.1. ( by K. Nishimoto [2] )

Let D={D.,D,},C={C_, C.}, C. bea curve along the cut joining two points zand -« , C, be a
curve along the cut joining two points z and - co+ i Im(z) , D . be a domain surrounded by C. ,D. isa
domain surrounded by C ., ( Here D contains the points over the curve C) .

Moreover , let f =f(z) be a regular functionin D(z € D )

FE@=0, =l = D f (;_[‘fjﬁl wezo), (D)
and

(Aem = lim (9, (mez®), (12)
where

—nr=<arg({—z)<m for C.and 0 < arg({—z) < 2m for C, ,
(L+z),z€e(,vER;I:Gamma function,

then (f), is the fractional differintegration of arbitrary order v (derivatives of order v for v = 0 and
integrals of order — for v < 0) with respect to z of the function f,if [(f),| < .
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On the fractional calculus operator N*, we recall the following theorems [3] :

Theorem 1.1. Let fractional calculus operator (Nishimoto's Operator) N* be

 Tw+1D) dr i
N —( -L = ) (vg&Zz7), (Referto [2] ) (1.3)

2wt

with N™™ = lim N* (meZ™), (1.4)

and define the binary operation = as
NFoN® f=NF N®f=NP(N®F) (a,f ER), (1.5)
then the set INY1={NY;vER} (1.6)

is an A belian product group( having continuous index v7) which has the inverse transform operator
(N¥)™* = N7 to the fractional calculus operator N, for the function f such that
fFEF={f:0 #I|f,| <w,vE R}, where f=F(2)

and z€ (.(vis.—0 < v <),
( For our convenience , we call N¥ = N® as product of N¥ and N¢.

Theorem 1.2. The set " F.O.G. {N¥ : w ER } " is an action product group which has continuous
index v " for the set of F . (F.O.G. Fractional calculus operator group).

Theorem 1.3.
Let S:={ . N"}u{o}={N"}u{_N"}u{0} (veER) (1.7)
then the set 5 is a commutative ring for the function f € F when the identity
N + NF = NY (N%,NE,NY € 5) (1.8)
holds[4].

Further, we recall that the generalized Beta function of n (1 € Z = 2) elements ( n-dimensional
or m-variables) is defined by [1]

B(a) = B2y, ay . ,) =% (19)
(T (el TRz )] <0 ).
where e, (k= 1,2,..,n (n€ Z% = 2) ) are variables with order number & .
We note the following special case :
,B(a,)=B(a,,a,)=B(a,,a,) (1.10)
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where B(a, @, ) is the usual Beta functions [5].

Recently , Miyakoda and Nishimoto [1] derived some identities of the generalized Beta function by
using N- fractional calculus of the power function (z — ). This paper is a further attempt in

introducing certain results of the generalized Beta function by employing the technique of the fractional
differintegration to the logarithm function log({z — ¢).

2. Main results
In the following
@ =log(z—c) (z—c#0), (2.1)
we prove the following results by using - fractional calculus :

Theorem 2.1.
We have the identity

me_. ¢ . 3
k=1 'P,_ak 'lex;{ 'p,—lx;{ — [:_1:];"'?1—1 nB(lak)nB(fka) nB[rak)

IPEQZ,_ [ g0+ o+ mt+ plg)
XB[E:=1 1% rzﬁq g%;---;Zﬁ:l Py s (2.2)
where
;]
()b ITGal - PGl <o T (ot o ++ ad)|<w,
k=1

T(XE=1 2a)

r Fouwn g

[(Zi=1 sa )| <0and @y, 2@y o, @

|T[Z§:1 10)

(r,k=12,..,neZ " n= 2) are variables (constants for special case ) with order number k .

Proof
Operating N ¢ to the both sides of (2.1) , we have

N % @ = N 1% log(z — c),
that is
¢, =(Qogz—0) (23)
which on using the following identity [2]:
(log(z — ) = —e™™ I (a)(z— )™ (IT(a)l < =) , (2.4)

inthe r.h.s.of (2.3) , gives

0 = —e" % T(ua) (e % (s < 0) @9

1By
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Hence

E:1‘P‘_ﬁtar =1Ii=y (-1 . =1 g Ttk [z (z—c)7 2% HEZlF[lak)
=(—1)" e k=2 | (z—c) Theaa® [P, T(4a,) (REZY ,n=2). (26)
In the same way , we obtain
HE=1‘PEE;{ =Ilg=y (=1)%  Ilg=y e772% [Iiy (z2— )7 =% HE=1F[2ak)
=(—1)" e " lkz1%  (z—¢) Zh=a2% [P, T(La,) (n€Z¥ n22). (27)

Continuing this process 7 times, we get

Ezlfprﬂk = E:j_ (_1:];'{ X E:j- E—i-‘f iy HE:]_ (z—cj_ iy HE:lF( ?"ﬂ:k)
=(—1)" e-imLizy rap (z— c]‘EE:-_ iy ]’[EZIT[ rcxk) mezZt n=2). (2.8)
Again, operating NZi=2( 2%k + e+ -+ @) {0 the both sides of (2.1) and using (2.4), we have
—im E o, g + gapt-—+ pap)

1. = —£
‘PE p=al smg + goptt gl

XT(Zies (1 + o0 + 4 @) (2= ) Thmaladi Famtt )

[|T[E veq(qay + sa o+ ay) )| = ::c) . (2.9)

Therefore, we obtain

Moo , o, ~e ) Mee Mo  .M.e
1% 2% iy 1% 7% iy [2 10]
¥ .
IPE"%:,_ [ g8+ g+ wm+ O] IPEEZ,_ [ g0+ g+ mt O]

which on using (2.6) ,(2.7) , (2.8) and (2.9) in ther. h. s., becomes

T, (g @ @ 3 f_yn —imER_ Lay o -ET_, L@y o
=1 . . = g Sh= 2R lg-e) o Rm 2R I, T sy
- T N o _ 1 3 ] e [_ k,
—imER_ [ Loy 4 et i
m._.i';{l:._ [0+ g+ w+ pil) -8 MR S i

Y (_]Jn E_ngzi =%k . [:z_c]_zgzi 2%k szlr[ﬂak)

F(Z E:l( 10 T oaa ot ay))

o (—1)™ e7 Zkza vk | (z — )~ Thea ok M-, T( ,a,)

il -
[Z _ C]l—E yo ol gy F gap et o)
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HE=1T[ 1ka) X nﬁzlr[ zka) Ko X HE=1r( rak)
T(Z ::1[ 1@yt oaa ot ay))

— [_1]?"?2—1 (211]

Multiplying the r. h.s. of (2.11) by

]'_[EE:-_ ‘_E?{_} l_liEzl:'_ :‘.E?{_} ]'_I:EE:'_ ."E?{:I
l—liE;:a_ '_"I?cj TI:E;:-_ zﬂfkj rl:E;:-_ rﬂfkj ,

we obtain

(@ o - @y @ e _ [_ljm_ln;:lr( ) T, T zrxk)m -, T( ,a,)
PEL_, (oot gap o+ pay) r[E:q 1‘%) T[Zﬁzl zka) T(Zﬁq r‘xk)

xl—(_zﬁzl 1“k)r[2§:1 zﬂk)--- r[zﬁzl r“k)
Iz p=1l 1@ + oo+ Lay))

(2.12)

which on using definition (1.9) in the r. h. s., yields assertion (2.2) of Theorem 2.1, under the
conditions.

Remark 2.1.

Operating N~ to the both sides of (2.1) and using identity (2.4) and then proceeding on the same

lines of proof of Theorem (2.1),we get the following result :

Theorem 2.2.

H;=1(¢J - © g =1 " ? ,.n:;{—lj

Q:JEE:,_ ([ yopt qopt ot oo J-1)
=(z—¢c)™ !, B(,a,—1) ,B(,a,—1).. ,B(,a,—1)

T T T
KH[Z 10 — 1,2 S —1,.. ,Z J,— 17, (2.13)
k=1 k=1 =1

where

M@, —1)| <e,

|r[ 1ka—1) r[ :Exk—l) (e (e — 14 o, — 14+
Al — 1]]| < oo,
IT(Z 3=y 10— D]IT(Zhzy 200 — 1)

1ﬂfk_1,2ﬂfk_1,..._, ?,.ﬂfk—l

r porvn g

, s es T(Z32y o — 1) < coand

(r,k=1,2,...,n € Z% ,n = 2) are variables (constants for special case ) with order number & .

In the next section ,we drive some results for the usual Beta functions as special case of main results
(2.2) and (2.13).
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3. Special cases

Taking r = 2 inresults (2.2) and (2.13), we get the following results for the usual Beta
function :

[G=i(e o, -9 o)

. . = (-1 nH[lak)x HH(_fok)
“iti(e te )

10 ol

T n
(Y @Y ) o
k=1 k=1

and

Ezl[qﬂ gap—1 @ zrx;{—ij

=(z—¢)™ 1 .-—;E[ 1%, — 1) nB[: 2@y — 1)

Pri, (Camet 2m) 1)

T )
(Y 1Y 1) 52)
k=1 k=1

respectively.
Acknowledgment

The authors would like to thank Dr. Ahmed Al-Gonah of Aden University for his valuable comments and
suggestions which improved the presentation of the paper.

References

[1] Miyakoda, T. and Nishimoto, K., Some applications of the multiply elements Beta functions
obtained from the N- fractional calculus of a power function , Proceeding of the 2™ IFAC ,

Workshop on fractional differentiation and its applications , Porto , Portugal , July, 19 — 21, 2006 .
[2] Nishimoto , K., Fractional calculus vol.1 . Descartes press, Koriyama , Japan, 1984.

[3] Nishimoto, K., On Nishimoto's fractional calculus operator (on an acting group ), J. Frac. Calc. 4
(1993), 1-11.

[4] Nishimoto, K., Ring and field produced from the set of N- Fractional calculus operator , J. Frac.
Calc. 24 (2003), 29-36 .

[5] Rainville, E. D., Special functions , Chelsea Pub. Com. Bronx, New York, 1960.

Volume 5, Issue 5 available at www.scitecresearch.com/journals/index.php/jprm 639




