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Abstract

Based upon the classical derivative and integral operators we introduce a new symbolic operational images
for hypergeometric functions of two and three variables. By means of these symbolic operational images a
number of operational relations among the hypergeometric functions of two and three variables are then
found. Other closely-related results are also considered.
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1. Introduction

The subject of operational calculus has gained importance and popularity during the past three decades, due mainly to its
demonstrated applications in numerous seemingly diverse fields of science and engineering. One of the most recent
development on the use of operational calculus is the finding of operational representations and relations for
hypergeometric functions and polynomials which play an important role in the investigation of various useful properties
of the hypergeometric function and polynomials. Operational representations and relations involving one and more
variables hypergeometric series have been given considerable in the literature, see for example, Chen and Srivastava [2]
,Goyal ,Jain and Gaur( [3],[4]) Kalla ([5],[6]),Kalla and Saxena( [7] ,[8]),Kant and Koul [ 9 ] ,Tu, Chyan and Srivastava

[13]. In this work we will deal with operational definitions ruled by the operators Dy and DX_1 where Dy denotes the
derivative operator and DX_1 defines the inverse of the derivative [1]. zero. The following two formulas are well-know
consequences of the derivative operator Dy and the integral operator Dy 1 (see, Ross [10]):

m_A _ l—‘(l—i—l) Xﬂ’_m

= , A>-1, :
Dy x F(Z—m+1) >-1 (1.1)

L T(2+1)  j4m
x XT=— X
1“(1 +m +1)
. meN u{0}, 1eC—{-1-2..}
Based on the operational relations (1. 1) and (1. 2) the action of the set of operators
{oX'ox™}. (m=0123..)

. A>-1, 1.2)

isgiven by [1]
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{a+m—l b 1} (a)m {ta—lub+m—1}.

DD,
t ~u b)m

1.3)

—

By introducing the constricted notation
m
D™ [t:u] = (o ogt) =pMu "D M m=0.12..... (1.4)

it is easily verified that

e = e (@) (m=012,..). (1.5)

Moreover, the multinomial expansion of algebra
)—a ) (a)ml+...+mn my m

- > Xptoxp ", (1.6)

1—X4 —XaAooe—
( 172 My,...Mp=0 myL..mp!

has its analogue the operator multinomial expansion

-a 0 (a)ml+. .4mp,

(l—Dl:tl;ul:I—m—D[tn;un]) - 3

m
My..ofp =0 myL..mp ! 1[t1;ul]~--Dm” [tniun ]

1.7

The aim of this paper is to obtain operational representations of binomial-types and exponential type for Appells
functions of two variables F,F,,F;and F,and Lauricella's functions ( see [11,p.22-23]) of three variables

Fo. Fe....,F ('see [11,p.42-43]). Also we aim here to derive operational relations between the above said Appell's

and Lauricella's functions. Section 2 deals with the derivation of operational representations of binomial-type for
Appell's double and Lauricella's triple hypergeometric series. In Section 3 we establish operational representation of
exponential-type for Appell's double and Lauricella's triple hypergeometric series. Section 4 aims at presenting

operational relations between Appell's functions F, F,, F;and F, and Lauricella's functions F¢ , F,...,F; .

2. Operational Representations of Binomial-Type
By means of the operator D [t ;u ] defined by (1. 4), we aim in this section at establishing the following operational
representations.

(1—XD [tl;ulj— yD [tz;uzj—zD [ 3]) { L b2—1 ;1—1 ;2—1 23—1}

{b 1b—1b31cllc—1c—1

) 271 C3 . .
17 7 37 U Uyt oug }FE(al’al’al’bl’bz'b2’cl’C2’C3’X’y’z)’ @1)

(1-x0 [tyuy ]-yD[tpiu, ]-2D [tyu, ) {bl_ltgz_l fl_l ;2_1}

- {tfl‘]tgflufl‘lu;fl} F- (a,a,a,b,,b,,b;5¢,,C,.C,5%,y,2), 2.2
(1=xD [ty;u,]-yD [tysu,]—2D [tu,]) {2 a5 e upug

= {tP 't U U R (a,8,8,b,,b,,b400,6,,6,0X, Y, 2), 2.3)
(1-xD [t;;u,]) ™ (1-yD [tiu, ] -2D [tiu,]) {2 uz g tug )

= {tfl‘hffh;fh;fl} Fe (a,a,a,b,,b,,b,ic,,C,,05%,y,2), (2. 4)
(1-xD [t,;u,]) * (1-yD [t,iu,]-2D [tiu,]) ™ {2 tb s ug g

= {2t U ug U R (8,8,,8,,0,,0,,05,,C,, €%,y ,2),  (2.5)
(1=xD [ty;u,]) ™ (1-yD [t,5u,] 2D [tysu, ]) ™ {2ty g
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= {t2 't Ui U R, (a,8,,8,.0,b,,b,5¢,,€,,65i%, Y .2 ),
(1-xD[t;u,]) ™ (1-yD [t,su,]-2zD [tsiu,]) ™ et up
:{bl‘ltbflt"f]u"l‘l} (a,8,,8,,b,,b,,b,;C,,C,,Ci X, Y, 2 ),
(1-xD[ty;u,]) ™ (1-yD [t,iu,]-zD [t;5u, ] {bl‘ltbflucl‘l}
{ th gy o } (a,8,,8,,b,,b,,b;;c,,c,,05%,y,2),
(1-xD [t;;u,]-zD [t,;u, ]) (1-yD[t;u, { te Uy gt
_{tfl Yy 1ugz } Fe (a,8,3,b,,b,,b5¢,,C,,C,5X, Y, 2 ),
(1-xD [t,u,]-2D [t,u,]) ™ (1-yD [tyiu,])  {te it s ugdug )

= {2 U U ug T R (a,8,,8,,0,,0,,0,56,,6,,650% Y, 2),

(1-xD[t,;u,]-zD [tz;uz])_bl (1-yDIt, ;Uz])_bz {te g uf gt
={t2 7t up U Ry (8,8,,8,.0,0,,0556,,6,,6,:%, Y 12 ),
(1-xD[t,;u,]-zD [t3;u2])_bl (1-yD[t,u, ])_b2 RS S T T

:{tfrlt;rltsas—lulcl—h;z—l}|:N (al,az,as,bl,bz,bl;cl,cz,cz;x,y Z )

(1-xD[t,u,]-2D [t,u,])  (1-yD [tpou,]) " {2t g
:{tff]t;f’uffl} F (a.a,.a,,b,,b,,b5c,c.05%,y,2),
(1-xD [ty;u,]-2D [ty;u,]) ™ (1-yD [tsu,]) ™ {2t upug )
_ {tfrlt;rh;rhgz-l} Fo (a,,8,,8,b,,b;,b5;C,,C,,C,5X Y, 2 ),
(1-xD[t,;u,]-yD [tz;ul])f611 {tfl_ltgz_lufrl}
= {tP 'ty Uy R fabybyiex, y ],
(1—xD [t;;u,]-yD [tz;uz])fal {tfl_ltgz_hfrlu?_l}
= {2 U U R [a by byic,Coix, Y ],
(1-xD [t,;u,]-yD [tl;uz])fal {tfl_lulcl_lugz_l}
:{tbl‘h°1‘h°2‘l}|:4 [a,.by;c,.C05%, Y |,
(1-xD [ty;u,]-zD [t;u,]) ™ (1-yD [tou, ]) ™ {2ty up gy
:{ s e Vi T }FR (a,,a,.a,b,,b,,b;c,,c,,0,:x,y,2),
(1-xD [t;u,]-yD [t,u,]) " (1-2D [tu,]) ™ ftete usug )
:{tff]tzafhfl’lu;ﬁ} Fo (a,8,,8,,b,,b,,b,;¢,,C,,C,:X, Y, 2 ),
(1-xD [t;u,]) ™ (1-yD [tu,])  (1-2zD [tiu,]) " ft2 upug )
:{tffluffh;fl} Fs (a,.a,a,,b;,b,,bs5c,,¢,.¢,,%,y,2),
(1-xD [tu,]) ™ (1-yD [ty ]) ™ (1-2D [ty ]) ” ft2t5 u )
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={t2 Ui R (2,,8,,8,,0,,0,,b556,,€,,6X, Y, 2), (2. 21)
(1-xD[t;u,]) ™ (1-yD [t;u,]) ™ (1-zD [t;u,]) {t i upug
= {tP 7t U U Ry (80,8,,8b,,0,,b,5€,,€,,650% Y 12 ), 2. 22)
(1-xD [tl;ul])fbl (1-yD [tl;ul])fbz {teupy
={t>up R [aubybyicix, y ], 2. 23)
(1-xD [tl;ul])_bl (1-yD [tl;uz])_bz {teup gt
= {t2upuz R, [a,bybyic,Coix Ly ], (2. 24)
(1-xD [tl;ul])_bl (1-yD [tz;ul])_bz {tfl’]tj‘f]uffl}
= {t2 'ty R a8, bybyicix, Y ] (2. 25)

Derivation of the results (2. 1) to (2. 25)
To prove formula (2. 1), let | denotes the left-hand side of equation (2. 1), then in view of the multinomial expansion (1.
7) one gets

S L) (0 [ty )" (1010, ])" (20 [tp.05])" i 57 gt 5 g™

m,n,p=0 mlin!p!

) Ly 6L ¢yl eyl
“mitpeo mintpt © 0" [wea]y"0" [tz ]2 POP 1y w2 g

Now, by using the operator D [t u ] defined by (1.14.5), we get

| tb 1b2 -1 Cl -1 C2—1 c —1} © (ai)m+n+p (bl)m (bZ)n+p myn.p
1 Ug U3 m,n,p=0 ml!nlp! (Cl)m (C2)n (C3)p

which in view of the definition of Lauricella's functions F_ ('see [11,p.42(1)]) yields the right-hand side of equation

(2.1) and thereby (2. 1) is proved. The proofs of formulas (2. 2) to (2. 25) run parallel to that of formula (2. 1), so are
skipped details .

3. Operational Relations

In the present section, we shall establish certain operational relations involving Appell's functions of two variables

defined in [11,p.22-23] and Lauricella's functions of three variables defined in [11,p.42-43]. For convenience, let

=(1—ZD [t;u]). Consider
(1 zDIt; u]) 1 Fl[a1 bl,b2 e X y}{taz_lucz_l}

_ ‘%‘:’ (al)m+n (bl)m (b2 )n X my n (1—zD[t;u])_b1_m {taZ_luCZ_l}

_ {taz—l 02—1} § (al)m+n (aZ)p (bl)m+p (bZ)n menz p.
m,n=0 (Cl)m+n (CZ)p min!p!

Therefore
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(1-zD[t;u]) ™ F, [al,bl,bz;cl;xg, y }{taﬂu%l}

=[N, (8,88, 00,056,602,y 1 X). (3.1)

Applying the same techniques and making slight adjustment in interchanging of variables, we derived the following
operational relationships.

(1-zD[t;u])™ [albl,bz,cl, ,yt}{tal‘llffl}

={t* U (a,a,8,b,0, b6, €, 2 Y X, 3.2
(1—zD[t;u]) {ai b,,b,;c;; ,yu}{ta”u‘:ll}
={t* U (a,,8,8,b,,b,,b;¢,,¢,,¢32, yu, xu), (3.3)
(1-zD[t;u]) ™ F, {ai,bl,bz;cl;x ,%}{taﬂu%‘l}
=t Uy (8,8,8,0,0,0,i,.6,¢52. X,y ), (3.4)
(1—zD[t;u]) [al b,,b,;c ;xt, }{ tay ce }
:{t61 U } (a,a,8,b,.b,0,50,.0,,6,2 Xt yt ), (3.5)
(1—zD[t;u]) {ai b,,b,;c.;xu, . }{ t oy cm }
={t U F, (8,8,8,b,,0,byic, 0,52 xu, yu), (3.6)
N X oo
(1-zD[t;u]) Fl{ai,bl,bz;cl;x,%}{tbs e 1}
={ %  F (8,,8,0, 000,062, XY ), 3.7)
. Xy -1 o
(1-zD[t;u])™ {ai b,,b,;c,; B X}{tb U 1}
=t R (2,8,8,0,0,00,,6,,6,2 X ), (3.8)

(1-zD[t;u]) ™ F, {ai,bl,bz;cl,cz;%, y }{taz]u%l}
=R (3,8,8,b,0,0564,C,,C52, Y X), (3.9)

(1-zD[t;u])™ {al b,b,;C,,Chp ,yt}{taﬂu%‘l}
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:{ta1‘1u°3’1} Fe (8,a,8,b,,0,b,C,,,,C5; Yt X0, 2 ),

(1—2D[t;u]) {al bl,bz,cl,cz, ,th}{tai_luCz—l}

=AU (@,8,8,0,.b,,016,,C,, 650Xt YU 2),

(1-zD[t;u]) ™ F, {ai,bl,bz;cl,cz;%, yu}{ta“uczl}
:{t"‘?’]ucfl}FP (a,8,,8,b,,b,,b,;c,,C,,Ch5%, 2, yu),
(1—zD[t;u]) {ai b,,b,;c,,C,i X, A}{ az—lucg-l}
:{ta2‘1u°3’1} F (8,2,2,D,,0,,0,1€,,¢,,C,2,X,Y ),
(1—zD[t;u]) {ai b,,b,;c,,C i Xt, A }{ ta 1uc3—1}
:{t"‘l’]ucfl} F (a.a.a,b,,b,,b,c c .0 xt, yt,z),
(1-zD[t;u]) ™ F{al,bl,b :C,,C,; Xtu X}{ SanThe }
:{tal"u°1‘l} Fe (a,a,a,b,,b,,b,5c,,c,,0,; vt xtu, ),
(1—zD[t;u]) {ai b,,b,;c;,C XU, A}{ az—Jucl—l}
:{taflucl‘l}Fp (a,8,,a,b,,b,,b;5¢,,¢,,6,5y,2,xu),
(1-zD[t;u]) " F, {ai,bl,bz;cl,cz;%,%}{t%]uCS1}
:{tbfluca‘l} F (8,b,0,05:€,,C,C5 Y, 2),

(1-zD[t;u])” F{al.bl,b i yﬂ{ eyt

:{tbf’ucﬁ’l} Fe (,8,8,b,0,,0,1€,,C,,C5i% Y, ),

Xt YU | b oo
(1-zD[t;u]) ™ {al b,,b,;C,,Ci— X yA }{ oy 1}
:{tbflucfl}FF (a,,a,a,b,,b,,b,;c,,C,,C,ixt, yu,z),
—& . X u -1 ¢cy-
(1-zD[t;ul) " F, [al,bl,bz,cl,cz,Z,yX}{tbg e 1}

:{tbflqul}FG (a,a,a,b;,b;,b55¢,,¢,,0,:x,yu,2 ),
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10)

(3.11

@3.

@3.

@3.

@3.

@3.

@3.

@3.

@.

3.

12)

13)

14)

15)

16)

17)

18)

19)

20)
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(1-zD[t;u]) ™ F, {al,az,bl,bz;cl;%, y }{t%lu%l}

:{tarlucz—l}FN (a8,,8,b,,0,,0,;C,.C,,Ci2, Y X ),

(1-zD[t;u])™ {al a,,b,.b,:c.; " ,y}{tal‘iu%‘l}
:{t""l‘h%‘l} Fs (a,3,.a,b,,b,,b5¢,,¢,,¢52,y,xt),
(1-zD[t;u])™ {ai a,,b,,b,:c,; ,yut}{taflu"l‘l}
={t* U F (a,8,,8,,b,b,.b;5¢,,¢,,¢xu, yut, 7 ),
(1-zD[t;u]) ™ F, {al,az,b b,;c,; ,yt}{ta“u%l}
=t U, (3,8,8,0,0,0,iC,,€,642 X1, (3. 24)
(1—zD[t;u]) {ai a,,b,,b,;c;; X, A}{ £ ]ucfl}
={t"‘3‘1u°1’1}FN (33,8,,8,,0,,0,,,iC,,C,,C;; 2, X, Y ),
(1—2D[t;u])7bz F, [ai,az,bl,bz;cl;xt,%}{tal1u‘°21}
={t" U R, (8,8,,8,b,0,0,,6,,0,62,Y X, (3. 26)
(1-zD[t;u]) ™ F, {ai,az,bl,bz;cl;x 'thi|{ta21uczl}
:{t""2‘1u°2‘1}FR (8,,a,,a,,b,,b,,b,;¢,,¢,,¢52,x, yt),
(1-zD[t;u]) ™ {ai a,,b,.b,;c;xtu, X}{ ST
={t* "R (8,,8,8,b,,b,,b,5¢,,€,,C15 yu, xtu, 2 ),
(1-zD[t;ul) ™ F, {ai,bl;cl,cz;%,ﬂ{tbz]ucfl}
=[S (,8,8,0,b,0,1,.6,,652, Y X),

L X yu 3o
(1-zD[t;u]) " F, {al,bl;cl,cz;g,yf}{tbz s 1}

={tb2‘1u°2‘1} F- (a,a,8,b,0,0,:¢,.0,.0,x,2,yu).
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(3.21)

(3.22)

(3. 23)

(3. 25)

(3.27)

(3. 28)

(3. 29)

(3. 30)
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4. Conclusion

In this work we introduce a certain set of operators as the main working tools to develop a theory of operational
representations and operational relations of hypergeometric functions of two , three and four variables. Indeed, we have

obtained operational representations of binomial-types for Appell's functions of two variables Fl,Fz,F3and F, and

Lauricella's functions of three variables F¢,F¢,...,F . Also we derived operational relations between the above said

Appell's and Lauricella's functions. In a forthcoming papers we will consider the problems of using the operational
representations obtained in this work in order to derive a number of expansion and summation formulas involving the
double functions Fl’ F2, F3 and F,, the triple functions FE , FF ene FT ,Kampé de Fériet's Function FIPn:]q;:nk defined in
[11,p.27(28)] , and the Generalized hypergeometric Function Fq [11,p.19(23)].
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