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Abstract

Model-Based Decentralized Optimal Control of a Microgrid

Matthew Chu Cheong, Ph.D.

The University of Texas at Austin, 2019

Supervisor: Dongmei Chen

Power networks have experienced dramatic changes with the growth of renewable en-

ergy and ‘smart’ grids. To accommodate the challenges posed to traditional power system

control architectures, the microgrid concept has gained traction. Microgrids are small-scale

power networks that can disconnect from the main grid and operate autonomously if nec-

essary. These systems add robustness and facilitate the incorporation of renewable power,

but they face control challenges of their own due to the lack of significant inertial genera-

tion. Without the main grid to provide balance, the high proportion of electrically-interfaced

power resources can cause significant deterioration in microgrid stability.

This dissertation proposes designs to improve decentralized control in microgrids;

model based information is incorporated into controllers and estimators to more optimally

guide control signals, while still only using local data for real-time computation.

We outline the role that microgrid topology can have on stability, and how judicious

power injection can mitigate instabilities. These results are extended to a decentralized

vii



H-infinity control design for microgrid frequency; even with limited model-based informa-

tion and controller distribution, the design offers significant improvements over traditional

controllers.

Building upon the idea of microgrid stabilization, we also present a control method

by which a wind turbine can be coordinated for microgrid support. The wind turbine is

used as a controllable power source by utilizing the rotational energy stored in its rotor; this

design incorporates an aerodynamic wind turbine model and a novel optimal blade pitch

angle controller to ensure stable turbine operation. This allows for rapid power injection for

grid support.

This theme concludes with a decentralized estimation scheme to facilitate coordinated

control across a microgrid using only local data. We leverage the frequency synchronization

and load-sharing intrinsic to the microgrid so that local measurements can provide insight

about grid-wide conditions. This allows for effective implementation of optimal filtering

techniques so that remote conditions can be estimated using only local data; this allows for

grid-wide coordination and optimization. Together these ideas represent the concept that

the microgrid model, even in a limited and inaccurate sense, can be manipulated to provide

significant benefits for decentralized control across the network.
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Chapter 1

Introduction

The focus of this dissertation is on decentralized estimation and control in islanded

microgrids. The results presented here will allow these systems to operate robustly and

stably with high penetrations of distributed and renewable power resources.

Microgrids are small-scale power networks that may disconnect from the main grid

and operate autonomously. This islanding feature allows microgrids to better recover from

grid failures, but it also complicates the associated control challenges. Microgrids typically

have a much higher penetration of electrically interfaced distributed energy resources which

facilitate this autonomous operation. These sources, such as wind turbines or photovoltaic

arrays, lack physical inertia since they do not possess the large spinning rotors of tradi-

tional generators; microgrid disturbances result in swings in power quality, and threaten the

stability of these networks.

The research in this dissertation explores how we can optimally control microgrids to

better address this issue. The designs outlined in this work are constrained by the physical

obstacles and requirements posed by a microgrid; microgrid power sources are expected to

be ‘plug and play,’ and data transmission between controllers is limited at best.

First, we explore how H-infinity control methods may be used for decentralized model-

based control in microgrids. Controllers utilize the full microgrid model to guide their control
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decisions, but real-time operation of the synthesized controller is constrained to only use local

sensor data. These methods are used to improve voltage and frequency stability in islanded

microgrids.

We then explore decentralized power injection in a traditionally controlled microgrid-

we control only one of the power sources in a microgrid to identify the limits of control in

these systems. We outline the role that microgrid and controller topology may have in terms

of the limits of controlling the transient response.

We expand upon these topics by then proposing a decentralized improvement to the

droop method, where instead of explicitly controlling the power supplied to the microgrid,

we change the droop control command. This new design maintains the steady-state power

sharing that makes droop controllers attractive, but improves the transient microgrid per-

formance and stability. In addition, it allows for seamless integration in a traditionally

controlled microgrid, offering notable improvements even when the microgrid model is not

entirely available or not all inverters can be equipped with this new design.

These methods so far present ways that power quality can be improved without

modifying the total power supplied to the system. We then explore how wind turbines may

be used to add power to the system so as to improve the microgrid stability: we design a

control method to allow wind turbines to act as a robust, controllable power source in order

to provide frequency support to a microgrid. The power electronics in a wind turbine allow

for fast power injection for grid support, where this power injection is balanced against wind

turbine operation constraints, power output, and stability criteria, in order to ensure stable

control.
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Finally we expand upon the wind turbine controller, by presenting a decentralized

estimation scheme for microgrid applications. This method allows for state estimation of the

full microgrid using only local measurement data; for this we leverage the idea that there is

intrinsic synchronism in a power system, and thus local measurements provide some insight

into system-wide measurements. This estimation allows for coordinated control, as with

the wind turbine, by providing local controllers with a communication-free means for state

estimation.

This work provides insight into how model-based designs can be used to significantly

improve microgrid performance, and allow for features not typically encountered in these

networks. The results provide means to significantly improve microgrid stability and ro-

bustness, using only the sensor data and infrastructure that is presently available in these

systems. This in turn will allow for increased security in these networks, and will facilitate

higher renewable energy penetration.
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Chapter 2

Background

As this research deals with methods for the control of microgrids, the goal of this

section is to provide some context for this problem. This section defines microgrids and

their relevance to modern power systems. In addition microgrid control will be reviewed,

starting with what it means for a power system to be stable. This section concludes with a

review of control methods in microgrids, particularly as they have motivated the presented

research.

2.1 Microgrids and Associated Challenges

As society advances, renewable energy continues to advance and become more eco-

nomically feasible. The increased penetration of renewable energy has been coupled with the

growth of distributed generation [1], which refers to locally-situated power generation from

a variety of sources that include micro-turbines, photovoltaic arrays, wind turbines, and fuel

cells. This contrasts with centralized generation plants, such as coal and natural gas plants,

which are often remotely located [2]. Distributed energy resources (DERS) can be used for

power support at substations and onsite generation, and combined with their lower emissions

and costs can offset the advantages usually associated with economies of scale [2].

Unfortunately this growth has been coupled with challenges for power networks.
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While the redundancy and locality of distributed generation improves the robustness and

efficiency of power networks, at the same time the increased number of power sources is chal-

lenging from a control perspective. Coordinating a large, growing number of power sources

poses an extraordinary control challenge for utility operators that have been designed to

handle a fairly fixed number of power supplies.

In addition to the sheer number of controlled power sources, the growth of distributed

generation challenges the conventional control architecture in power systems. Power grids

traditionally have a hierarchical structure, where the most complex control systems with the

greatest automation are used at the high voltage levels [3]. This system has been effective for

centralized generation, when the overwhelming bulk of power generation has taken place at

this voltage level. However, more DERs at the low and medium voltage levels now demand

this same level of control complexity, and so grids are unequipped to handle the associated

control tasks. Without appropriate control, modern power systems will be otherwise forced

to limit the growth of renewable and distributed power.

To address these issues, the idea of a microgrid has been explored. A microgrid is

a small-scale interconnection of distributed energy resources (DERs) and loads with distri-

bution voltages ranging from 1 kV up to 69 kV [1]. Microgrids can operate in two main

modes: grid-connected mode, or islanded mode. When a microgrid functions as an island,

it disconnects from the main power grid and operates as an autonomous unit.

While the unique aspects of a microgrid are more prominently featured during is-

landed operation, grid-connected operation is an essential feature of these systems that can

facilitate higher renewable energy penetration. As previously mentioned, as the proportion

of DERs increases, the centralized control task becomes more heavily burdened. To mitigate
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this control challenge, a microgrid operator can aggregate its local DERs and loads and

then respond to signals from the main grid [4]. In this scenario, the main grid can send

and receive high-level signals about power imbalances to and from the microgrid, while the

microgrid controllers can then supervise the local energy generation and demand [2]. From

the perspective of the main grid, it is notably easier to deal with this hierarchical form of

control rather than having to individually handle these local sources and sinks.

Islanded operation, on the other hand, is featured whenever the microgrid disconnects

from the main grid and functions autonomously. Islanded operation may occur in order to

avoid faults from the main grid, or to allow for planned maintenance [4, 2]. In this scenario,

the microgrid is entirely responsible for managing its local power balances; without the main

grid to serve as a power reservoir, this control problem is nontrivial.

Islanded control is challenging primarily due to a combination of the scale of the

microgrid as well as the nature of its power sources. Compared to a large-scale grid, a mi-

crogrid is more sensitive to any given power disturbance or fault due to its small system

inertia. In a conventional power system, much of the power is provided by synchronous gen-

erators which have heavy, spinning rotors. This introduces a significant amount of physical

rotational inertia into the system. When these networks experience disturbances, whether

they may be from load changes, supply variations, or grid faults, the angular momentum in

these rotors dampens the overall system response [5]. This inertial response adds robustness

to the system in that it prevents rapid swings in the network frequency [6]; this is a highly

desirable feature in a network whose stability relies upon synchronized operation at a set

frequency. A microgrid, on the other hand, has a higher proportion of its power provided by

electrically-interfaced sources. Solar panels, for example, provide power without any mov-
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ing parts and thus lack the same degree of physical inertia. Similarly, wind turbine rotors

are typically physically decoupled from the power network and provide power without any

inertial support. With a lower proportion of synchronous generation, microgrids have less

inertia, and thus experience more pronounced power quality deviations.

These problems are exaggerated by the scale of microgrids as well as the inherent

intermittency of renewable generation. With fewer overall components in the microgrid,

individual faults and disturbances are less dampened and proportionally more disruptive.

The intermittency of renewable generation adds to this issue, as it can complicate the problem

of power scheduling; if a significant portion of power is supplied by renewable sources, then

more robust control may be necessary in order to accommodate this intermittency. To

exemplify the challenge associated with renewable sources in microgrids and the need for

more robust control, [7] has identified that minimum amounts of synchronous generation

may fundamentally be necessary in such power systems to maintain grid stability.

Despite these issues, the islanded feature of microgrids offers significant advantages

towards robustness and efficiency in power networks. Microgrids may intentionally be is-

landed, to allow for planned maintenance [8]; they may also be islanded due to unplanned

faults. During natural disasters microgrids can offer self-sufficiency in times when grid black-

outs may otherwise lead to cascading failures, and can significantly expedite the recovery

process. For example, during Hurricane Sandy in 2014, Princeton university was able to stay

powered due to its 15 MW microgrid, even as neighboring communities lost power [9, 10].

This advantage is particularly important for rural or isolated communities, where disaster

recovery is often slow; an experimental 5 MW microgrid in Borrego Springs, California, was

able to restore power within hours, following the destruction of a transmission line by a
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lightning strike [9].

With this in mind, microgrids simplify the control of DERs and accommodate the

projected growth of renewable technologies, while simultaneously adding robustness to power

networks. However they come at a cost; controlling microgrids is challenging, particularly

due to the high penetration of electrically interfaced power sources, renewable or otherwise.

We discuss methods and results for the islanded control of microgrids, where the lack of

inertia makes power stability a conspicuous issue.

2.2 3-Phase Power System Overview

Before going into the control of power networks, we first clearly outline what exactly

needs to be controlled. Voltages and currents in AC systems are periodic, with a character-

istic frequency, ω; in the United States, this is set at 60 Hz, while the European standard is

50 Hz. AC power can be broken down into active, reactive, and apparent power. This can

be formally represented by:

I(t) = Imax(sinω(t) + φI)

V (t) = Vmax(sinω(t) + φV )
(2.1)

where power is represented as

Apparent: S = IRMSVRMS

Active: P = S cosφ

Reactive: Q = S cosφ

(2.2)

In the above equation note that RMS refers to the root-mean-squared value of the sinusoidal

quantity, while φ refers to the phase difference between current and voltage.
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Power quality in AC power systems refers to the ability of the grid to maintain a con-

sistent and smooth voltage waveform which alternates at the desired nominal frequency. The

goal is to deliver power that has a steady frequency at its nominal value, with a consistently

sinusoidal waveform [5].

Losses in power quality occur during power imbalances or routine usage. Generators

inject power at a given voltage magnitude, and this voltage level drops as consumption

increases further along the associated power lines. Similarly, frequency deteriorates with

power imbalances; when active power consumption exceeds supply, frequency drops and

when active power supply exceeds demand, frequency increases. To maintain high power

quality standards, controllers tend to focus on some combination of this voltage problem

and the frequency/power-sharing problem.

The power systems and models discussed in this work, as well as those referenced

in the majority of the cited research, focus on 3-phase AC networks. AC signals are sinu-

soidally time-varying, which can make these 3-phase models challenging for use in control.

Naturally, it is more challenging to deal with quantities that oscillate in time, so to simplify

these calculations, the direct-quadrature-zero (DQ0) transformation is frequently used in the

following discussions. This transformation will be briefly explained to avoid confusion when

referencing later models.

The intention is to transform the stationary reference frame of these sinusoidal signals

to a rotating reference frame; in this rotating reference frame, the signals appear as DC

signals, which in turn simplifies analyses [5, 11]. This process is referred to as the DQ0

transform, and a visualization is shown in figure 2.1.
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Figure 2.1: A geometric interpretation of the abc to dq0 transformation, where the dq0 frame
rotates at the frequency ω instead of remaining stationary.

By convention, 3-phase AC circuits are described on the abc coordinate system; a

3-phase signal u is comprised of components ua, ub, uc. The dq0 transform, to shift to the

DQ0 reference frame, is given by [12] ud
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In this transformation, the d and q axes rotate about the 0-axis, which remains stationary.

This can be visualized in figure

The advantage of this transformation is that it simplifies calculations, which in turn

simplifies the ensuing control design. Power, for example, can be computed in a manner

that is reminiscent of single-phase DC systems. For a current I, across a voltage drop V ,

the active and reactive powers are given as

P =VdId + VqIq

Q =VqId − VdIq.
(2.4)
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This reduces the challenge of having to deal with a time-varying sinusoidal component.

2.3 Stability and Control in Power Systems

Power systems have well-defined notions of stability, along with different types of

control to address various aspects of grid stability. The two main types of stability are

steady-state and dynamic.

Steady-state stability refers to the system’s ability to supply all loads in the network

with power, while maintaining synchronism among all connected components. Alternatively,

dynamic stability, or transient stability, refers to how the system responds to disturbances;

a system that can return to an equilibrium following a disturbance is considered to be

dynamically stable. From the perspective of dynamic systems and controls in mechanical

engineering, dynamic stability in power systems is analogous to the traditional ideas of

stability, where stability can be investigated via eigenvalue analysis.

To illustrate this idea of dynamic stability, consider a traditional power source with

a turbine and a rotor. An increase in the load results in a slowed generator and thus a

lowered frequency; to maintain a constant frequency, the active power output can be raised

by increasing the torque on the rotor. However in an interconnected network comprised of

multiple such sources, like a microgrid, the action by any individual generator affects the

other connected power sources. Synchronous generators in an AC system ideally rotate at the

same frequency, in phase with each other. For small perturbations, generators that rotate

faster experience a greater load, while generators that rotate slower experience a smaller

load; therefore there is a restoring force to maintain stability. However, this only holds to

a point; if the rotor speeds up excessively, this energy cannot be readily dissipated and the
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generator cannot return to its equilibrium. This exemplifies the idea that a goal of frequency

control is for frequency disturbances to be as small as possible, to maintain stability in these

power systems.

Related to these ideas of stability, control in power systems is generally divided into

three main timescales: primary, secondary, and tertiary control. Primary and secondary

control are concerned with dynamic stability, while tertiary control deals with steady-state

stability.

Primary control seeks to stabilize the network immediately following a disturbance.

The goal here is typically to ensure that the system can maintain dynamic stability, and so

these controllers are concerned with the first 20-30 seconds following a perturbation.

Primary control action usually results in some amount of steady-state error. For

example, an unexpected variation in load can result in an unscheduled imbalance between

supply and demand. After the primary controllers have stabilized the dynamics of the power

system, the goal of secondary control is then to determine how to best restore the network to

specified setpoints. This typically takes between 5 to 10 minutes. In microgrids, secondary

controllers may also focus on stabilization following islanding from, or reconnection to, the

main grid.

Tertiary control is focused on power scheduling and planning, and trying to predict

how much generation will be required to meet upcoming demands. The projected windows

can be anywhere from hours to days.

This research is focused on the dynamic stability of microgrids, and as a result the

timescales of interest will generally center on primary control in these networks.
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2.4 Primary Control in Microgrids

A significant challenge at the primary control timescale in microgrids is focused on

how to best handle inverter-connected power sources. Unlike conventional power sources,

inverter-connected DERs lack physical inertia, which in turn exacerbates the frequency reg-

ulation problem in power systems. As a result these networks can lack the same robustness

expected from traditional power systems.

In typical grids, the majority of power is supplied via synchronous generation which

converts mechanical power to electrical power with a specified frequency. In this scheme,

mechanical power is exerted to physically turn a rotor in a magnetic field; this in turn delivers

power [5]. Steam turbines, gas turbines, and hydroelectric plants are typical examples of

synchronous generators that are used to deliver usable electric power for an AC power system.

As mentioned earlier, these sources add inertia to the network due to their physically spinning

components; the frequency at which the rotor spins is proportional to the frequency of the

output power.

On the other hand, inverter-connected sources are electrically-interfaced generators

that do not have a physical coupling between their power generation and the associated

frequency of their injected power. Instead, these generators rely on an inverter to set the

desired waveform of their output power so that it can be used in an AC power system. Wind

turbines, batteries, and PV arrays are common examples of inverter-connected sources; unlike

turbine-driven systems, they intrinsically lack moving parts.

A significant challenge in microgrids at the primary timescale is how to deal with

the control of inverter-connected sources, and how these sources affect the stability of the
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network. The physical dynamics of synchronous generators intrinsically result in a degree

of damping and feedback control at the primary timescale [5]. While inverter-connected

DERs can supply power, they fail to contribute rotational inertia to the system. Therefore

when synchronous generators make up a smaller proportion of overall power generation,

a greater responsibility is placed on the remaining ‘physical’ power sources to maintain

frequency stability during unplanned disturbances. Primary control in microgrids therefore

tends to be focused on how we can more intelligently control inverter-connected sources so

that the overall system can be better stabilized even without physical inertia to dampen

these disturbances.

A necessary theme in this design process is modularity. A higher penetration of dis-

tributed generation means that there are more points of generation, which in turn means

that components are expected to be frequently connected to or disconnected from the net-

work. As microgrids are intended to be robust, these components should be able to be easily

added and removed [4, 2, 1].

As a result, centralized controllers are not well suited for microgrid operation. Cen-

tralized controllers rely on information about the full state of the microgrid, and assume that

individual controllers will operate with this knowledge. In many control schemes, this is a

common and reasonable assumption; a vehicle control system, for example, should operate

using data from its brakes, speedometer, accelerometer, temperatures, etc. However this

type of control is limited for microgrid applications, as the system has numerous generation

sources and it may be infeasible to rely upon real time communication between all generators

all the time [13]. To return to the vehicle example, it would be analogous to expecting a car

to know the state of every other vehicle on the road- a high bar.
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Instead, decentralized controllers operate based on local information. In the context

of a microgrid, this means that individual generators can operate without knowing the state

of every other generator and load. This is much more tractable in terms of sensor and

bandwidth constraints in microgrids. That said, there is a tradeoff in that with less available

data, decentralized controllers may perform suboptimally relative to the centralized case.

Moreover, care must be taken during the interconnection of these controllers; a decentralized

controller may be individually stable on the local level, but may result in an unstable overall

system [14].

With these constraints, the standard for primary control of inverter-connected sources

in microgrids is droop control [11]. This method is both simple and decentralized, and allows

droop-controlled sources to be easily added/removed to the grid in a ”plug and play” fashion

[4]. Droop controllers use local measurements of active and reactive power to adjust the

output voltage and frequency of the controlled inverter. In the most common implementation

[11], active and reactive power are decoupled in terms of their effects on frequency and

voltage:

ω = ω0 +m(P − P0)

Vd = Vd,0 + n(Q−Q0),
(2.5)

where P and Q refer to active and reactive power, while P0 and Q0 refer to their respective

nominal setpoints. In actual implementation, this fundamental controller is coupled with

additional voltage and current controllers, as illustrated in figure 2.2. These controllers

are meant to ensure that the commanded reference values are tracked, and to damp the

oscillatory harmonics from the resulting power injections.
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Figure 2.2: Block diagram representing feedback structure in a droop-controlled inverter.

Droop control is the most common type of control for inverter-connected sources

because it is both simple and streamlined. The control is decentralized and requires min-

imal sensor data; fundamentally only two power measurements are required. In addition

droop control can be used to enforce proportional power sharing between inverter-connected

sources, in the sense that the power demands of the system can be proportionally distributed

depending on the rating of the individual power sources. Tuning the droop gains, m and n,

results in steady-state power sharing that is proportional to the gain.

However droop control is not without its faults. Ultimately the controller is a simple

proportional controller, and so persistent disturbances or load changes result in steady-state

error. In addition, this control methodology is designed for steady-state power sharing, and

so tends to lack robustness and presents poor transient behavior such as excessive ringing

[13, 15].

There have been proposals to improve the transient performance in droop-controlled
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microgrids, as in [16, 17, 18]. The general idea in these designs is to adjust the linear droop

law by adding terms proportional to the derivative of the active power or reactive power,

to better address transient characteristics. In this way, the added terms decay to zero at

equilibrium, ensuring that the steady-state behavior of the original droop controller is un-

changed. However these methods are limited in how these droop adjustments are computed

and incorporated. The new terms are only proportional to dP
dt

and dQ
dt

, and therefore there

is less modulation available for control. In addition, the control gains are determined (1)

entirely by considering the individual inverter, irrespective of microgrid topology; (2) by

pole placement techniques and experimental tuning. These methods are effective in isola-

tion, but face challenges in terms of being reproducible in various microgrid topologies and

configurations, particularly in terms of being optimal.

Alternative decentralized control techniques in microgrids have been considered, but

the focus in those works is often on controlling microgrids with a single DER, or on applying

local control laws on a generator-by-generator basis [19, 20, 21]. As will be later outlined,

a number of H-infinity controllers applied for microgrids also fall into this category. A

significant challenge associated with these lines of research is that it can be difficult to

predict performance, robustness, or stability when more than one DER is connected to the

microgrid, as this scenario was not included in the original design. This may not be an

issue for conventional synchronous generators which operate on slower timescales, but for

microgrids with inverter-interfaced DERs, grid dynamics should not be ignored [11]. The

dynamics associated with grid interconnections, i.e. resulting from line inductance, may be

ignored with slower generators, but inverter-interfaced sources operate on similar timescales

to these grid dynamics, and thus the grid should be considered during stability analysis and
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design.

Master-slave controllers have been proposed as distributed methods for microgrids,

where a ‘master’ voltage-controlled inverter sends signals to other current controlled ‘slave’

inverters within the system [22, 23]. This approach can result in fast control, but has a fault

with respect to robustness: the master control mechanism represents a single point of failure,

which is unappealing in a system that demands robustness and modularity.

There is a need to improve the transient response for microgrid controllers, especially

for microgrids with several generating units operating in parallel [19]. To address this prob-

lem, we present decentralized control methods in microgrids as well as control schemes to

allow wind turbines to participate in microgrid control.

2.4.1 H-Infinity Control in Microgrids

This section provides some context for what is meant by H-infinity control, as well

as relevant applications in microgrid research. The goal is not only to outline the utility of

H-infinity methods in microgrid control, but also to identify some of the gaps in this past

research to illustrate the motivation for the work later described in this dissertation.

H-infinity controllers represent a branch of optimal control, where the goal is to

control the system of interest while simultaneously minimizing some quantity. In the H-

infinity problem, the challenge is to minimize the effects of unwanted disturbances on our

system. For microgrids, these methods can be used to minimize the impact that physical

disturbances and parameter uncertainty may have on power quality and grid performance.

To frame this more concretely, suppose this system is linear and time-invariant. Gen-

erally the inputs can be considered as either controlled inputs u, or disturbances/exogenous
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Figure 2.3: Representation of a plant with controlled and exogenous inputs, as well as
controlled and measured outputs

.

inputs w; the outputs are measurements made available for control, y as well as a set of

‘controlled outputs’ z. This general structure is shown in figure The goal of the H-infinity

problem is to minimize the effect of w on z, which is represented by minimizing the infinity

norm of the transfer function from w to z.

Intuitively, the infinity norm can be interpreted as the peak gain of the response.

Formally the infinity-norm of a stable LTI system G(s) can be found as the largest singular

value over all frequencies:

‖G‖∞= sup
ω
σ̄(G(iω)) (2.6)

This can be understood more intuitively by considering the analogous signal norm.

For a given signal, u(t), the 2-norm is commonly used in optimization problems where it

appears in cost functions. The 2-norm of u(t) is given as the integral of its absolute value.

‖u(t)‖2
2=

∫ ∞
−∞

u(t)2dt. (2.7)

If u(t) represented the velocity of a particle, for example, then the 2-norm would be propor-

tional to the integral of this particle’s kinetic energy over time. Alternatively, the ∞-norm

of the signal u(t) is given as the least upper bound on |u(t)|:

‖u(t)‖∞= sup
t
|u(t)|. (2.8)
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In the velocity example, this infinity norm would simply reflect the greatest speed reached

by the particle.

In this framework, the infinity norm of a system can be more easily interpreted. For

a system Ĝ(s) the infinity norm is given by

‖Ĝ(s)‖∞= sup
ω
|Ĝ(s)| (2.9)

With this context, we can better understand the use of H-infinity control in microgrid

applications. These controllers have been used to control power devices and power systems in

the past. H-infinity methods have been attractive for microgrid control due to their tendency

to result in more robustly controlled systems. Using H-infinity and µ-synthesis techniques,

authors in [24] found that these controllers contributed to a more robust microgrid compared

to more traditional, optimal proportional-integral (PI) controllers.

The focus in [25] was on designing a voltage controller for a power resource connected

to a microgrid based on H-infinity and repetitive control techniques. The paper was successful

in that the proposed controller resulted in a rejection of harmonic disturbances and effectively

handled nonlinear loads; the H-infinity techniques in particular allowed the controller to be

robust to a range of load impedance That said, the focus was somewhat narrow in that

it neglected the power or frequency control problems and focused only on handling voltage

distortions in a microgrid. Moreover, the controller was designed for a single power converter,

without considering the interaction with the remainder of the network.

A similar task was investigated in [26], which used H-infinity techniques to modify

the closed-loop voltage dynamics of controlled inverters. Using these methods they were

able to design a dual-loop controller that reduced voltage distortion while being robust to
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load variations. However as before, this was also singularly focused on the voltage control

problem and only on the behavior of a single inverter, rather than the dynamics associated

with multiple devices operating in tandem as would be expected in a microgrid.

The aforementioned researchers were concerned with using H-infinity methods for

the control of individual devices. However control in microgrids often involves coordination

between various power sources. Therefore other works have followed that have continued

to consider how to use H-infinity techniques to better coordinate the outputs from multiple

power sources.

In [27], H-infinity control was used to coordinate the power outputs from a battery

and a diesel generator, along with a nominally uncontrollable wind turbine, in order to

better control frequency in the microgrid. It was found that compared to traditional PI

controllers, the H-infinity methods resulted in a better suppression of frequency deviations.

While this paper did consider various power sources operating alongside each other, there

was only a single frequency-setting device and the interconnections between power sources

were largely ignored. Similarly, [28] explored H-infinity methods as a means to coordinate

a diesel generator with controllable loads in the form of electric water heaters, to mitigate

frequency deviations in the microgrid. The resulting centralized controller did not result

in a net decrease in power consumption, but the controlled system did show a significant

reduction in frequency variability. Researchers in [29] used H-infinity and genetic algorithmic

methods to coordinate the power outputs in a much larger microgrid, comprised of a variety

of sources including wind turbines, diesel generators, fuel cells, and energy storage units.

Even in these examples, where multiple sources were considered, the microgrids were

either assumed to be small and thus the controllers were centralized, or the models neglected
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to account for the dynamics associated with DER interconnections. As noted in [14], ignoring

the dynamics associated with interconnections may result in an a scenario where the overall

system is unstable, even if the individual subsystems are stable on a local closed-loop level.

These concerns are particularly relevant due to the increased sensitivity of microgrids, due

to their lack of inertia. This idea was highlighted in [11], where the individual inverters were

modeled alongside the interconnecting line dynamics, in order to evaluate the closed-loop

stability and sensitivity of the full microgrid. The authors emphasized that neglecting the

dynamics of interconnecting lines may be a reasonable simplification when dealing with more

conventional and slower power sources, but that the fast dynamics associated with inverter

controls meant that the microgrid interconnections have a significant impact on the overall

network stability.

Despite this absence in the literature, the potential for the improved application H-

infinity control remains. The contributions outlined later in this document will generally

focus on two main aspects. First, the full dynamics and interconnections of the microgrid

are considered during the modeling and control design process; the significance of this has

been previously emphasized. Second, the microgrid is considered to have more than a single

frequency-setting unit. Notably, many of the previous examples used a microgrid model in

which a single power source was responsible for setting the frequency of the microgrid; the

remaining power sources would then be responsible for supplying power as needed to result

in a more optimal system. This type of system is somewhat easier to model and control

compared to one in which there are multiple frequency-setting units. Synchronizing the

operation between independent frequency-setting units can be challenging, particularly when

power injections from controlled DERS affect these units asymmetrically due to microgrid
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topology. That said, this sort of microgrid composition is a common and realistic case; with

only one frequency-setting unit, the microgrid would suffer a catastrophic failure if it went

offline for some reason. As a result, this configuration is considered for this research.

2.4.2 Wind Turbine Control for Power System Applications

A fundamental challenge associated with wind turbines and power quality is that

wind turbines add variance and intermittency to the grid. Past research has focused on how

to address this problem, to see if wind turbines can be effectively controlled to mitigate those

intermittencies, or if wind turbines can be used to actively improve power quality.

Unlike synchronous generators whose frequencies are tied to that of the network,

wind turbines are physically decoupled from the grid’s frequency. In the most common

implementation, wind turbines are connected to a power system via a doubly-fed induction

generator (DFIG) that allows for variable-speed operation [30]. As a result, the rotor speed

of the wind turbine is not tied to the frequency of the grid.

Moreover wind turbines, and renewable sources in general, tend to be controlled

to provide maximum power depending on available conditions. When the penetration of

renewable sources is low then this can be an effective strategy to best utilize these resources;

low penetration would limit meaningful control strategies. However as renewable penetration

increases, then this maximum power point tracking strategy can result in grid instabilities

and more extreme vulnerabilities to intrinsic intermittencies [31, 32]; when this class of DERs

contributes a greater proportion of power to the system, then its effect on grid stability and

power quality is non-negligible [7].

The recognition of these problems has gained traction in various power regulatory
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committees. In some cases, this has been implemented into policy, where renewable DERs

are now required to have some amount of control over their power output, to help counter

frequency disturbances [33]. In Ireland, for instance, wind farms are mandated to have cur-

tailment capabilities on their active power output, and individual wind turbines must possess

a minimum response rate for these controllable functions [34]. Similarly in Denmark, an-

other country with a high penetration of wind power, wind turbines are required to maintain

an active power reservoir in order to track reference power setpoints [35]. Even in Canada,

where wind energy is not as commonplace as Denmark or Ireland, grid operators recognize

the challenges associated with large influxes of wind power. In Quebec, large wind farms

rated above 10 MW are required to be able to control their active power output for at least

10 seconds following grid frequency errors exceeding 0.5 Hz [36].

Following suit, research has focused on how to address these issues to allow wind

turbines to be more effectively integrated into power systems. Although renewable DERs

typically do not contribute to the inertia of a power system, wind turbines possess a signifi-

cant amount of inertia due to their rotating rotors and blades. While this inertia is typically

‘hidden’ from the grid because modern variable-speed wind turbines are physically decou-

pled from the grid frequency, this feature has been investigated to better control the power

output from wind turbines.

Early investigation in [37] identified that the rotational inertia stored in a wind turbine

could be theoretically used to inject power into the grid for primary frequency control efforts.

The authors readily acknowledged a significant limitation, in that the rotational inertia of

the wind turbine was finite and could not be used for extended frequency control efforts.

To offset this drawback, they proposed a hybrid controller in conjunction with a fuel cell in
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[38]. The challenge posed by fuel cells is that they can possess a slow response time when

hydrogen has to be obtained from fuels like natural gas. The proposition in [38] was to use

the inertial power injection from wind turbines during these slow transient periods of the fuel

cell; in this way, the primary frequency control from the wind turbine would not be relied

upon for extended times, and the slow response from the fuel cell would be compensated for.

Unfortunately this research was limited by the models used, and ignored the stability

of the wind turbine. While the authors presented a novel approach for inertial emulation and

frequency control, the limitation was that actual aerodynamic features of the wind turbine

were ignored. Instead, the wind turbine was treated as a black-box that traded off between

output power and rotor frequency. This approach is effective for theoretical estimates, but

these models ignore the real issues associated with wind turbine operation and stability.

Overspeeding and underspeeding are both issues that need to be considered during safe

operation of a wind turbine. For example, when rotational inertia is drawn from a wind

turbine to increase its output power, its rotor speed will decrease. When the rotor speed

decreases, the efficiency of the wind turbine may also decrease; to maintain the same overall

power output in this scenario, even more rotational inertia would need to be drawn. This can

result in a critical slowdown, where the wind turbine falls below its cutoff speed and needs to

be shut down and/or disconnected from the grid until it can return to its nominal operating

point. If these issues are neglected during the controller design process, the resulting control

methodology will not be robust to variable operating conditions. With this in mind, similar

problems can be identified in related research.

Other methods attempt to minimize stability issues by operating the wind turbine in

a deloaded way, as in [39, 40] and [41]. In this approach, the wind turbine outputs such that
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a designated power reservoir is available. During conventional operation the wind turbine

outputs less power than what is available; the remainder power serves as a controllable

reservoir, which the wind turbine may use for grid support. This offers a means for stable

wind turbine operation because the wind turbine only uses its designated ‘power reservoir’

for control, but can drastically affect system efficiency. Deloaded operation means that the

turbine generally only outputs a fraction of what is actually possible; without sufficient

storage, the remainder energy typically goes unused.

In some cases, authors have considered using energy storage in conjunction with wind

turbines in order to effectively utilize wind power for controllable power [42, 43, 44, 45]. This

approach would have energy storage systems, such as batteries or supercapacitors, operating

in tandem with wind turbines for efficient operation; excess energy from the wind turbine

could be stored and later used for control or as desired. Unfortunately these methods are

prohibitively expensive given the current state of energy storage technology, and the reserve

capacity that would be required for such applications [46].

In conclusion, wind turbines present a promising potential source of controllable

power. However past methods have been plagued with issues ranging from lack of stability,

to loss of efficiency, to infeasible costs.

2.5 State Estimation in Microgrids

In this section we provide some context for state estimation in microgrids. We re-

view fundamental state estimation concepts that are later applied to the microgrid control

problem. We also discuss the role of state estimation in present microgrid research, and the

extent to which it is used for control purposes. As will be discussed, control-oriented state
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estimation is not typically encountered in microgrid applications.

In this document we frequently refer to the state space of a system, in which the

modeled variables are treated as a set of first-order differential equations. The system of

interest is modeled as a dynamic ‘state,’ x = x(t), with associated control inputs u and

disturbances w. In this sense, the dynamics governing all time-varying components of our

model are modeled as differential equations that are functions of the state itself, x, and the

inputs u = u(t) and w = w(t):

ẋ = f(x(t), u(t), w, t)(t), (2.10)

where the dot notation is used to represent time derivatives. For linear models, this can be

represented as

ẋ = A(t)x+B(t)u+G(t)w, (2.11)

where A(t), B(t), and G(t) are linear matrices determined by the linearization of f . For the

applications in the following research, the model f is generally time-invariant in the sense

that the model is not an explicit function of time

f(x(t), u(t), w(t), t) = f(x(t), u(t), w(t)). (2.12)

As a result, the linearized matrices are also invariant with respect to time; A(t) = A,

B(t) = B, C(t) = C.

Outputs from this system, such as the measured signals y(t), can also be written as

functions of this state and input, as well as potential measurement noise or error h:

y(t) = g(x(t), u(t), h(t)), (2.13)
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or after linearization:

y(t) = Cx(t) +Du(t) + h(t). (2.14)

There are often elements of the state which are relevant to our interests, yet are

not or cannot be reliably measured. In such situations, state estimation techniques are

implemented. When we refer to state estimation or filtering, we mean the ability to obtain an

approximation or estimate of a state, based on past measurements [47]. For some cases, state

estimation may be necessary in order to understand the propagation of an unmeasured state

variable; in other cases, a state variable may be directly measurable, but the measurements

may be unreliable or noisy, and thus need to be ‘filtered’ to better match the actual state.

In designing an estimate of the state, x̂, a key idea is that the system model can

be used in conjunction with a set of measurements, y, in order to reconstruct a meaningful

approximation The dynamics of the filtered estimate, or the observer, can be modeled as

˙̂x = Ax̂+Bu+ L(y − ŷ)

ŷ = Cx̂+Du,
(2.15)

where L is an observer gain matrix designed to weight the measurements against the known

model dynamics. If the sensor readings are known to be particularly unreliable, for instance,

it may be more useful to rely upon the modeled dynamics rather than the raw measured

data; this insight can be incorporated into L depending on the design procedure.

So as to provide usable information, we require that the state estimator is stable in

the sense that the estimator error remains bounded. A stable estimator is only possible if

the system is at least detectable; the unstable modes of the system must be measurable in

some sense [48]. If the system is detectable, then an estimator can be found such that the
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error propagates as

e = x− x̂

ė = (A− LC)e+Gw − Lh.
(2.16)

The challenge is then choosing L such that A− LC is Hurwitz, so that the estimator error

converges to 0. Various methods exist for the selection of L, either through explicit pole

placement techniques or via optimization to minimize uncertainty as in the case of the

Kalman filter [49].

For the problems outlined later, we refer heavily to a specific type of state estimation

technique known as the Kalman filter. If the estimated system is linear, and the system

disturbances w and measurement noise h are zero-mean and Gaussian, i.e. white noise, then

the Kalman filter provides optimal state estimation [49]. While it is not the intention or

role of this section to outline the derivation and proofs of the Kalman filter, we will briefly

describe the ‘tuning’ and design aspects associated with this estimator, as these play an

integral role in our methodology.

The Kalman filter can be interpreted as the optimal estimator in the sense that it

minimizes the mean square error, P (t), associated with the estimated x̂(t):

P (t) := E[(x(t)− x̂(t))(x(t)− x̂(t))T ], (2.17)

where E[γ(t)] refers to the expectation value of γ(t). For the sake of exposition, we will

assume that the aforementioned disturbances w(t) and h(t) represent zero-mean random

variables. As such, w and h are associated with covariance matrices Q(t) and R(t):

Q(t)δ(t− t∗) = E[w(t)wT (t∗)]

R(t)δ(t− t∗) = E[h(t)hT (t∗)].
(2.18)
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The optimal estimator in this case can be proven to have the form of a linear observer [50]:

d

dt
(x̂) = Ax̂+Bu+ L(y − Cx̂), (2.19)

where the observer gain L(t), can be obtained as

L(t) = P (t)CTR−1. (2.20)

The estimation covariance, P (t), propagates as

d

dt
(P (t)) = AP + PAT − PCTR−1(t)CP +GQ(t)GT , (2.21)

and so if the disturbances are stationary noise where Q(t) = Q and R(t) = R, then the

observer gain can be obtained by solving for P implicitly defined in the algebraic Riccati

equation:

0 = AP + PAT − PCTR−1CP +GQGT . (2.22)

In the later applications of this filter it will be seen that the encountered disturbances are

not Gaussian. Nevertheless, the Kalman filter is still the optimal linear filter in such cases

[49, 47].

To more intuitively understand the role that these covariance matrices play in the

state estimate, the Kalman filter can also be interpreted as minimizing the estimation error

in the form of a quadratic cost function [48]:

J :=

∞∫
−∞

(ŷ(t)− y(t))TQ(ŷ(t)− y(t)) + hT (t)Rh(t)dt. (2.23)

If the eigenvalues of R dominate those of Q, it means that we assume more uncertainty

is associated with the sensor measurements and thus the optimal filter will not track the
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erroneous measurements as rapidly; alternatively if the eigenvalues of Q dominate those

of R, it means that we assume more uncertainty is associated with the plant disturbances

and the measurements are more reliable, and so the estimated state will more rapidly track

the measured states. The estimator performance therefore is dependent on a priori data

regarding the status of the system and available measurements.

State estimators can be used for control in the sense that feedback control, where

u = f(x), can be carried out using the state estimate u = f(x̂). This is the basic principle in

the classic linear-quadratic-Gaussian control problem, in which the linear-quadratic-regulator

(LQR) controller is applied to the state reconstructed by the linear-quadratic-estimator

(LQE). However this is not a typical application in power systems or microgrids, despite the

prevalence of state estimation in such systems.

Instead, state estimation tends to be used more for static state applications, where it is

used mostly at the transmission level. In this context, the state estimator can be interpreted

as a data processing technique for converting redundant data, such as meter readings, into

an improved approximation of the state [51]; note that here ‘static’ means that the time-

varying dynamics of the system are not estimated. This is especially useful for centralized

grid operators, where these techniques are applied for better energy management, pricing,

and trading [52, 53]. In these applications, measurements are taken at regular intervals,

and then a state estimate is constructed to better understand grid conditions and potential

network congestion. The obvious limitation is that these methods are limited to updates

every few minutes, which limits the potential of real-time estimation [54].

While less popular, dynamic state estimators have been applied for forecasting in

smart grids, so that grid operators can make better decisions regarding economic dispatch and
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security assessments [55]. In [55], Kalman filters and linear exponential smoothing techniques

were applied to better update and forecast the network estimate. In this centralized process,

data management poses a challenge for real-time computation; the volume of incoming data

can make it computationally infeasible for dynamic estimation which may need to be done

rapidly. To address this concern, authors in [56] presented methods to more efficiently process

this data, to make the centralized estimation problem more feasible.

However in these cases the estimators are centralized in that they assume grid-wide

data is sent to a single hub [54, 57]. As a result, these methods are not applicable for

control at the distribution level, and are thus unsuited for decentralized control in microgrids;

especially with the growing number of DERs, real-time communication between a DER and

a centralized grid operator is heavily limited. The concept of a ‘smart’ grid includes the idea

of increased communication, and so some authors have presented ideas which include 5G

data transmission which can in turn facilitate real-time centralized estimation [58]. These

communication protocols can be costly, and so while they present a useful hypothetical,

they do not answer the question of how decentralized estimation can be performed using the

hardware presently installed.

Real-time control is not yet a typical application for microgrid state estimation as it

would need to be both dynamic and decentralized. Nevertheless, the growth of smart grids

is coupled with an exponential increase in measurable data [52] that in turn disrupts long-

standing beliefs about the role of state estimation in these networks. With the challenges

that smart grids and distributed energy pose to traditional control architectures, we propose

that it is worth reconsidering traditional stances towards both decentralized estimation and

control in microgrids.
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Chapter 3

H-Infinity Voltage and Frequency Control in

Microgrids

The earlier literature review gave an overview of H-infinity control research particu-

larly as it applied to microgrids. This section describes the past, current, and proposed work

related to H-infinity control in microgrids, as well as the contribution of each1.

As described in the earlier background, droop control is simple and easy, but limited.

While droop controlled inverters ensure steady-state stability, their transient performance

is generally not optimized. This is particularly relevant as inverter dynamics are fast, and

thus the interconnections between droop-controlled inverters can often result in undesirable

harmonics and ringing behavior.

The goal of this work was to design a controller for a distributed generator that would

result in superior or optimized system performance. We have explored multiple extensions

and iterations of this idea.

1Results in this section have been published in the following [59], [60]:
(1) M. Chu Cheong, P. Du, and D. Chen, “Decentralized H-Infinity Control to Mitigate Renewable Inter-

mittency,” in ASME Dynamic Systems and Control Conference, (Minneapolis, MN), Oct. 2016.
(2) M. Chu Cheong, H. Qian, J. Conger, D. Chen, and P. Du, “Distributed H-Infinity Frequency Control

for Inverter Connected Microgrids,” in ASME Dynamic Systems and Control Conference, (Tyson’s Corner,
Virginia, USA), ASME, Oct. 2017.

In (1), M. Chu Cheong was responsible for the entirety of the work. In (2), M. Chu Cheong was responsible
for the majority of the work, with modeling assistance from H. Qian and J. Conger. P. Du and D. Chen
provided advisory input in both cases.
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The first results of our research addressed the voltage control problem. Following the

example of [26, 25, 61], the frequency was assumed to be held constant at the desired setpoint,

and controlled by a separate controller. The resulting controllers then focused on minimizing

voltage deviations at local voltage buses, as shown in [FIGURE]. The robustness of this

controller was explored relative to parameter and structural perturbations; the controller

performance highlighted its performance despite intermittent wind turbine power injections.

A later investigation modeled and controlled both frequency and voltage in a micro-

grid using this decentralized H-infinity control method. In this case, the frequency of the

microgrid was modeled by considering the dynamics of a phase-locked-loop (PLL) coupled

to each inverter. This PLL is a controller which keeps all inverters in phase, to allow for

coordinated power injection in the network. This expanded upon the previous iteration by

considering the frequency dynamics, which is a crucial component of power quality analysis.

The drawback of this approach is that the frequency model was limited. In this case,

frequency did not vary in response to real power injections as is typical in power systems, but

instead varied in response to a PI-gain relative to error in the q-phase of the bus voltage. In

that scenario, all inverters could be kept in phase with each other provided that they followed

this control rule as well. However, this limited the applicability of the control method to

general power systems and microgrids; if the controlled inverter cannot be kept in phase

with the remainder of the system, the control law cannot be used.

This motivates my current research into the area, which models the frequency in the

grid in a way that adheres to conventional standards.

34



3.1 Voltage Control Using Decentralized H-Infinity Methods in a
Microgrid

For this research, the question of decentralized voltage control in a microgrid was

considered. Both voltage and frequency are important aspects of power quality, and in this

case the frequency was assumed to be independently controlled following [61]. Frequency

was assumed to be set by a local oscillator; [61] assumed that the synchronization of these

signals would be done via GPS coordination.

The question of voltage control is significant, yet less challenging than controlling

both frequency and voltage. Unlike frequency, inverters do not have to be synchronized to

the same voltage; signals operating at different frequencies in a power system can lead to

network instability and failures as the superposed signals are irregular and inconsistent. The

goal of this work was to identify how effectively H-infinity and H-2 control methods could

be implemented in a microgrid, and whether the subsystems were too closely coupled for

these decentralized control methods to be effective. The resulting success of this exploration

showed potential for later research into the frequency control aspect of the problem.

3.1.1 Model

For this analysis, the microgrid was interpreted as an interconnection of n subsystems.

Each subsystem was comprised of an inverter-interfaced distributed generator treated as a

voltage source inverter (VSI), and an RLC load. The network was also modeled; these

systems were coupled via distribution lines that connected various subsystems. In this work,

we investigated the case for n = 4, where subsystem i was connected to subsystem i + 1.

These parameters were selected to make it possible to explore the dynamics due to the
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Figure 3.1: A representative microgrid: a series of interconnected DERs and loads, joined
to the main power grid at its point of common connection (PCC).

couplings and interconnections between these controlled inverters, while also facilitating a

clear understanding of the behavior of each subsystem. This overall structure can be seen

in figure 3.1, with a more detailed illustration of each subsystem in figure 3.2.

The state-space was modeled in the dq0 reference frame; as all inverters were con-

sidered to be in phase, at the same reference frequency ω, there was no need for additional

reference frame transformations. For this structure, the state variables associated with each

subsystem were the bus voltages, vb,dq, the line currents connecting the VSI to the bus

voltage, If,dq, and the currents associated with the static RLC load, Il,dq. In addition to

these subsystem variables, network dynamics were also modeled; the currents along the lines

connecting voltage buses, It,dq, were modeled as part of the state. To avoid cumbersome

indexing, the line current connecting subsystem i to subsystem i + 1 was considered to be

Iti,dq.

The dynamic load current, Iw,dq, was treated as a disturbance variable. The inclusion
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Figure 3.2: The details of a representative subsystem connected to the remainder of the
network via distribution lines.

of this disturbance variable made it possible to simulate the system’s performance in response

to time-varying loads.

The control inputs to this system were the voltages associated with the VSI, Vf,dq.

This represented a controllable power injection into the system; the goal was then to see

if the dynamic performance of the system could be effectively controlled by decentralized

actuation of these voltages.

As a representative example for this microgrid model, consider some arbitrary subsys-

tem in the microgrid, subsystem j. In this scenario, the network topology had been chosen

such that subsystem j was connected to subsystems j − 1 and j + 1. These dynamics can

37



be modeled as:

V̇bj,d =
1

Cj
(Ifj,d − Ilj,d + It(j−1),d − Itj,d − Iwj,d −

Vj,d
Rj

) + ωvj,q

V̇bj,q =
1

Cj
(Ifj,q − Ilj,q + It(j−1),q − Itj,q − Iwj,q −

Vj,q
Rj

)− ωVj,d

İfj,d =
1

Lfj
(Vfj,d −RfjIfj,d − Vbj,d) + ωIfj,q

İfj,q =
1

Lfj
(Vfj,q −RfjIfj,q − Vbj,q)− ωIfj,d

İLj,d =
1

L
(Vbj,d −RljIlj,d) + ωiLj,q

İLj,q =
1

L
(Vbj,q −RljIlj,q)− ωiLj,d

İtj,d =
1

Ltj
(Vbj,d −RtjItj,d)− Vb(j+1),d + ωItj,q

İtj,q =
1

Ltj
(Vbj,q −RtjItj,q)− Vb(j+1),q + ωItj,d.

(3.1)

These parameters are given in the per-unit basis in table 3.1, and are consistent with micro-

grid parameters used in [61, 11]. As described earlier, the line connecting subsystems j and

j + 1 is associated with parameters Rt,j and Xt,j.

Table 3.1: Load, line parameters for microgrid, given in p.u.

Node 1 Node 2 Node 3 Node 4

Rj 2.94 3.15 3.36 2.94

XL,j 0.35 0.32 0.38 0.35

XC,j 0.37 0.34 0.41 0.37

Rl,j 0.02 0.02 0.02 0.02

Rt,j .015 .029 .029

Xt,j .013 .026 .026

Individual subsystems were coupled via It,dq. The overall system dynamics can be
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expressed as

ẋ = Ax+Buu+Bww, (3.2)

with x representing the various state variables, u representing the designated control inputs,

and w representing the system disturbances. In this case, the coupling of the system, specif-

ically between the bus voltages and distribution line currents, implied that the state-matrix

A had the following general structure:

A =



∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗



. (3.3)

While this is not precisely block-diagonal, it can be seen that individual subsystems are

coupled to the remainder of the system insofar as they are affected by adjacent subsystems.

This suggested that decentralized multivariable control methods could be well suited for this

system [14].

3.1.2 Control Methodology

The intention of this research was to identify not only how well H-2 and H-infinity

methods could be implemented in microgrids, but to what extent the decentralization of these
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controllers would reasonably perform. The control methods that will be outlined provide a

quantifiable degree of optimality which allow them to be assessed for practical applicability.

H-Infinity Norm

In the context of H-2 and H-Infinity control, ‘optimal’ has a strict definition. Consider

the state-space system that was previously described, now augmented with a set of measured

variables, z:

ẋ = Ax+Buu+Bww

z = Czx+Duzu.
(3.4)

Here z was the controlled output- the set of variables that we wished to minimize. In

the context of this application, z could be some combination of currents and voltages that

should be kept small. H∞ optimal controllers seek to stabilize the system dynamics while

minimizing the H∞ norm of Twz, the transfer function from the exogenous input w to the

controlled output z [62].

The H∞ norm is conveniently described in terms of singular values,

‖G‖∞= sup
ω
σ {G(iω)} . (3.5)

This norm represents a measure of ‘energy’ of the response. H∞ optimal controllers seek to

minimize the effects of the ’worst-case’ disturbance.

Integral Control for Voltage Tracking

For this application, the goal was to minimize voltage tracking error and control

effort. To implement reference tracking, integral states were added:

ė = yr − r, (3.6)
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Figure 3.3: Block diagram illustrating the output and feedback interconnections of the system

where yr was the quantity that was designed to track the reference value, r; if the controlled

system reaches a steady-state, then the tracking error is 0 as yr = r in that equilibrium. In

this project, reference values for Vb,d and Vb,q were tracked.

The intention of the controller was to minimize tracking error with respect to input

disturbances, while also minimizing the control effort expended by the DERs. This cost

function was formally incorporated into the system by adjusting the controlled output, z.

For each node, consider the local z variables:

zj =

[
W1ej
W2uj

]
. (3.7)

In this formalization, W1 refers to the weight placed on minimizing the tracking error, and

W2 refers to the weight placed on minimizing the control effort.

This general structure for local z measurements can be seen in figure 3.3.

H-Infinity Controller Synthesis

A strong goal is to find a controller that stabilizes the system while simultaneously

minimizing the H∞ norm of the closed-loop system, Twz. For numerical tractability, instead

of explicitly minimizing the norm, it is more common to address the problem of suboptimal
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control: for a given γ, the goal is to ensure closed-loop stability while ensuring that the norm

of the closed-loop system is bounded by γ.

With y representing measurement variables available for control, we formally sought

a controller of the form

u = Ky = KCyx, (3.8)

such that that the system was stabilized and the norm of the transfer function from w to z

satisfied ‖Twz‖∞< γ. Minimizing γ then resulted in a controller that was more ‘optimal.’ It

should be noted that this is a supremum and not an explicit minimum for the H∞ norm.

To efficiently solve this problem, we can state the problem in a convex form; the

problem must be rewritten as the minimization of a convex function over convex sets.

Consider the closed loop system under static output feedback:

ẋ = Aclx+Bclw

z = Cclx,
(3.9)

where

Acl = A+BuKCy

Bcl = Bw

Ccl = Cz +DuzKCy.

(3.10)

.

Following [63, 64, 65], the bounded-real-lemma can be manipulated to bound the H∞

norm of this closed-loop system. Written as a convex program, this yields

maximize
X,Y

η

subject to Xq � 0, Xr � 0, η > 0,[
Ψ(X, Y ) + ηBwB

T
w XCT

z + Y TDT
uz

CzX +DuzY −I

]
≺ 0.

(3.11)
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where we define

X := QXqQ
T +RXrR

T ;

Y := YrR
T ;

R := C+
y +QL;

Ψ(X, Y ) := AX +XAT +BuY + Y TBT
u .

(3.12)

Here Q ∈ Rn×(n−p) is a matrix whose columns are a basis of Ker(Cy), C
+
y is the Moore-

Penrose pseudoinverse of Cy, and L ∈ R(n−p)×p is a constant matrix chosen during the

design process. The notation � 0 and ≺ 0 are used to signify that the matrices are positive

definite and negative definite, respectively.

If a solution exists, with the optimal set (η̃, X̃q, X̃r, Ỹr), then the stabilizing output

gain matrix is given as

K̃ = ỸrX̃r
−1
, (3.13)

with an associated H∞-norm γK̃ such that

γK̃,∞ ≤ (η̃)−2.

Controller Decentralization

Decentralized control, a specific case of structured control, refers to the case where

each controller only has access to local variables. For the modeled microgrid, this yields

the constraint that the input to the ith subsystem, the generator voltage ui, is some linear

combination of local state variables, xi:

ui = Vfi = Kixi. (3.14)

43



For the full system, we can define the control law

u = Kx, (3.15)

where

u = [u1 . . . un]T (3.16)

x = [x1 . . . xn]T . (3.17)

This necessitates the constraint that K must be block diagonal,
K1 0 . . . 0
0 K2
...

. . .

0 Kn

 , (3.18)

yielding the corresponding inputs:

u =
[
K1x1 K2x2 . . . Knxn

]T
. (3.19)

The structured feedback matrix, K, is synthesized by implementing the desired struc-

tural constraints on Xr, Yr [64, 66]. For the case where K is constrained to be block diagonal,

this can be achieved with a block diagonal structure in Xr and Yr. In general, any arbitrary

structure can be implemented in the convex constraints by enforcing the desired structure

in Xr and a block diagonal or diagonal structure in Yr [66].

3.1.3 Results

The proposed decentralized control scheme was able to effectively track a reference

voltage despite an abrupt power injection, followed by intermittent power changes. Moreover
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the proposed decentralized design resulted in comparable performance to the fully centralized

case, demonstrating that the decentralized communication constraint did not significantly

limit the H-infinity methods. The controller was shown to be robust to model uncertainty

and grid topology changes, demonstrating value for common issues faced by microgrids.

To test the control design, we simulated the system response to an abruptly-connected

wind turbine. The turbine was simulated to be operating in its partial-load mode, and so

injected a variable amount of power over the course of 100 seconds. The goal was to see

how well the controlled system would be able to track the voltage references despite this

intermittent power addition.

The wind turbine was abruptly connected to the system at t = 0.05. Relative to the

total power demand at subsystem 4, this is associated with a step in real power supply of

approximately 81%. A reference setpoint of Vd = 0.6 kV and Vq = 0 kV, corresponding to

1 and 0 in the p.u. basis, is designated. The wind turbine is operating in its partial-load

mode, where the output is determined as in [30].

The controlled response is given in figures 3.4 and 3.5, which show the tracked voltage

behavior. Figure 3.4 illustrates the steady-state reference tracking at each node, along with

the associated control type (centralized or decentralized) at each DER. The response is

extended until t = 100, to show controller performance relative to changes in wind turbine

power, as seen in figure 3.5.
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Figure 3.4: Microgrid voltage response to the connected wind turbine.
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Table 3.2: H∞ norms for the closed-loop system

Decentralized Centralized

‖Twz‖∞ 8.72 5.82
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Figure 3.5: Wind turbine power output and normalized reference tracking over a longer
timescale.

We observed that decentralization of the control design process resulted in a moderate

increase of the measured H-Infinity norm of the overall system response. That said, the

microgrid performance did not notably suffer in terms of its physical performance; while the

decentralized controllers produced a less damped response than the centralized controllers,

in neither scenario did the system demonstrate highly oscillatory or underdamped behavior.

The specific norms associated with the decentralized and centralized controllers are shown

in table 3.2.

Similarly, it was evident that the timescales at which both controllers were able

to respond was much faster than the timescales at which the wind turbine power output

changed. While this is nominally a function of the physical limits of the control actuator,
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it is important to note that controlled response did not result in significant undesirable

harmonics despite the comparatively rapid control action. In this simulated scenario, the

most conspicuous system response was a result of the abrupt turbine connection at t = 0.05,

upon which the controllers essentially respond to a step disturbance. Here both controllers

resulted in settling times of less than 1 second, after which they were both able to easily

track the reference voltage in spite of the variable power injection from the wind turbine.
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Figure 3.6: Comparing the controlled system response when the controllers are supplied with
perturbed model parameters.

To demonstrate robustness, the system was tested against model uncertainty and

sudden changes in grid topology. The first case represents the situation where there is a

48



mismatch between modeled parameters and actual parameters. As this controller design

depended upon the full system model, it would be reasonable to assume that an inexact

model may result in significant deterioration in controller performance. To examine the

controller performance relative to model uncertainty, the controllers were designed based

on the presumed model while all the system parameters were set to 120% of their modeled

values. The performance of the decentralized H-infinity controllers with respect to this

parameter uncertainty is shown in figure 3.6. It can be seen that even when the controller

was supplied with inexact model information, the difference in the controlled system response

was negligible; the controllers were robust to parameter uncertainty.
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Figure 3.7: Decentralized H-infinity performance when a node is disconnected from the
microgrid; compared to performance with all nodes connected.

The second robustness analysis considered a situation to exemplify the modularity of

a microgrid. The controllers in this simulation were designed for a microgrid with 4 voltage
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buses, with an interconnected structure that is assumed to be known a priori. Even though

the controllers used only local data, the optimal control design involved the full grid struc-

ture. Therefore if a node were to be suddenly disconnected from the microgrid, as might be

the case if a power line failed or a generator was taken offline for maintenance, it may be

expected that the controller would suffer serious losses in performance. The performance of

the decentralized H-infinity controllers with respect to this structural uncertainty is given

in figure 3.7, where controllers which were designed for 4 nodes were simulated when only 3

nodes were available. In this case the controlled system was significantly robust to this struc-

tured uncertainty; comparing the tracked voltage response, the maximal difference between

the perturbed and unperturbed cases was on the order of 0.05%.

3.1.4 Discussion

This work provided helpful insights from the mathematical aspect of the control

problem. These results provided evidence that decentralized H∞ control could be effectively

applied at the fast timescales required for primary control in microgrids. Moreover, it could

be seen that decentralization of these controllers using this method resulted in only small

performance losses compared to the centralized case.

Practically, these results showed that this control methodology could mitigate dis-

turbances that may be expected from intermittent renewable generation, at times when this

generation is treated as a positive load rather than a controlled source. The robustness of the

resulting controller was evident in terms of parameter, model, and topology disturbances.
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3.2 Distributed Frequency Control for Inverter-Connected Micro-
grids

In this extension, the question of decentralized frequency control was considered in

microgrids. The previous section addressed voltage control, assuming that frequency was

handled elsewhere. As discussed, this investigation had its merits, but left significant ques-

tions unanswered.

Frequency control in microgrids is particularly relevant from a power quality perspec-

tive. As described earlier, without much inertia, microgrids are conspicuously vulnerable to

sharp frequency deviations.

Meanwhile from the control perspective, the frequency control problem presents

unique challenges. Each power source in an AC microgrid provides power at some volt-

age level, with some frequency. Unlike voltage, these frequencies must be synchronized; if

the power is asynchronous, the resulting superposition of signals results in grid failures. This

resulted in a decentralized control problem where the decentralized control actuators must

coordinate on the same objective.

Decentralized H-infinity controllers were designed and implemented to explore their

effectiveness for this problem.

3.2.1 Model

The model for this work is largely similar to that of the previous section. However,

this extension modeled frequency dynamics, and thus frequency was its own state variable.

It is important to note that while we have the concept of a single network frequency,
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there is not a single ‘frequency’ variable in most power system networks. Each power source

in a network provides power at some frequency; the coupling and control between these

power sources results in frequency synchronism.

As each generator or inverter operates at its own frequency at its own phase, this

presents challenges for the d-q transformation. Recall that the d-q reference frame transfor-

mation essentially shifts a stationary reference frame to become a rotating reference frame;

if there are multiple frequencies and phases in play, then this reference frame transformation

needs to be adjusted accordingly [11].

As each inverter has its own frequency and phase, each inverter is associated with its

own local reference frame. A global or common reference frame is then designated, to allow

for interconnections between these local reference frames. To denote the difference between

a variable in a local reference frame compared to its equivalent in the common reference

frame, we adopt the notation of xd to signify a local instance, and xD to signify its global

translation.

For a given inverter, the local dynamics express the behavior of the subsystem, i.e.

the network bus voltage Vb, the inverter output current If , the load currents Il and Iw, and

the inverter frequency, ω. Note that the only difference compared to the previous section is

that now ω is modeled as a state variable.

To model these frequency dynamics, a phase-locked-loop (PLL) was implemented to

set the frequency for each inverter. This PLL is used to keep the local frequency in phase

with the global frequency. In this case, Vb,q was used for this comparison. Vb,q was controlled

to be kept at 0; if it was greater than 0, the inverter was considered to be lagging the grid,

52



and if it was less than 0 the inverter was considered to be ahead of the grid. The function of

the PLL was therefore to keep the inverter in phase by measuring Vb,q. A PI controller was

used for this purpose.

These local dynamics are presented here:

V̇bj,d =
1

Cj
(Ifj,d − Ilj,d + It(j−1),d − Itj,d − Iwj,d −

Vj,d
Rj

) + ωvj,q

V̇bj,q =
1

Cj
(Ifj,q − Ilj,q + It(j−1),q − Itj,q − Iwj,q −

Vj,q
Rj

)− ωVj,d

İfj,d =
1

Lfj
(Vfj,d −RfjIfj,d − Vbj,d) + ωIfj,q

İfj,q =
1

Lfj
(Vfj,q −RfjIfj,q − Vbj,q)− ωIfj,d

İLj,d =
1

L
(Vbj,d −RljIlj,d) + ωiLj,q

İLj,q =
1

L
(Vbj,q −RljIlj,q)− ωiLj,d

δ̇j =ωj

ω̇j =KPLL
dVbj,q
dt

+
KPLL

TPLL
Vbj,q.

(3.20)

KPLL and TPLL are PI controller gains for the phase locked loop.

In addition to local subsystem dynamics, network dynamics due to line interconnec-

tions also needed to be modeled. To keep this formalism as simple as possible, we designated

these line dynamics to be in the common reference frame; the alternative would be to model

these line dynamics in the reference frame of multiple inverters, but this would not change the

accuracy of the model and would needlessly complicate the representation. These network
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dynamics were modeled as:

İtj,D =
1

Ltj
(Vbj,D −RtjItj,D)− Vb(j+1),D + ωItj,Q

İtj,Q =
1

Ltj
(Vbj,Q −RtjItj,Q)− Vb(j+1),Q + ωItj,D.

(3.21)

3.2.2 Control Methodology

Our objective was to track voltage and frequency to desired setpoints. This involves

augmenting the system with corresponding error states in the form:

ė = yr − r, (3.22)

where yr is the variable that should track the reference r. For the case of the microgrid,

various error states are included in order to track the voltage of each bus, Vbi, as well as

the frequency of the common reference frame, ω1. As these frequencies are all linked, they

cannot be separately tracked.

In the stabilized case, we arrive at a steady-state where the error will be driven to

0. This implies that if if we can control the augmented system dynamics, then the reference

value will be tracked in the steady state. The objective is to design a controller such that

the tracking error is minimized with respect to input disturbances.

The robustness and performance of the controlled system are dependent on the design

of the state variable, z. Unlike the variables x and y, which were physically constrained by

the system model and available measurements, the controlled output z was chosen to best

suit design requirements. For this problem, the objective was to minimize errors in both

frequency and voltage, which would result from load fluctuations or grid disturbances.
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To this end, we designated z to be a linear combination of the integral states in-

troduced for error tracking, ei, as well as the control inputs, ui. The resulting controller

minimized the effect of power disturbances on system deviation and inverter effort. This was

achieved in a straightforward way by choosing:

zi = αiei,

zj = βjVf,j,
(3.23)

for i = 1, . . . , nb + 1 and j = 1, . . . , 2ng, where nb and ng denote the number of voltage

buses and generators in the system, respectively. Note that the common frequency for the

microgrid is controlled in addition to the d-phase bus voltages, as well as both the d and q

phases of the inverter output voltage. Here α and β can be tuned to meet desired performance

features; increasing αi will bias the controller towards minimizing the system error in voltage

or frequency, while increasing βi will bias towards slower inverter responses.

For this scenario, αi = 1 and βj = 0.01 for all i, j. These choices produced an

acceptable level of performance, but specific features could be favored by increasing the

associated weight.

The H-infinity control synthesis follows from the previous section. As before, this

problem was a structured control problem, where the goal was to design the controllers such

that they operate using only local state feedback. This represents the real constraint that

distributed power sources generally do not communicate with each other, and must rely only

on local measurements.

However unlike the voltage control problem, this research also sought to control fre-

quency. Due to the action of the PLL, the inverters are kept in phase by controlling the
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q-phase of the bus voltage, Vb,q to its reference point. This reduces or constrains the voltage

control problem, as only Vb,d can be controlled by inverter actuation.

The frequency control problem is similarly affected by the PLL, which couples all

inverter frequencies. Despite this coupling, the individual frequency variables associated

with each inverter were included in the cost function. Even though these frequencies were

all synchronized by the PLL, damping in the system means that individual frequencies

are unequally affected by control actuation. This was done to ensure effective and robust

control throughout the microgrid, and avoid a situation where individual frequency variables

demonstrated poor transient performance.

3.2.3 Results

This research showed the extent to which inverter-connected power sources in a micro-

grid could be controlled via decentralized H-infinity control techniques. Separate generators

operating in parallel were successfully controlled to operate synchronously despite grid dis-

turbances. The controller was demonstrated to be robust to model/parameter uncertainty.

To test the controller, the same microgrid testbed was used as in the previous section;

a 4-node microgrid whose parameters are given in 3.1. The magnitudes of these parameters

were consistent with a low-voltage power system. Each DER had a voltage rating of 0.6 kV,

and power ratings of 1.6 MW.

The controllers were tested in response to multiple step load changes. The magnitude

of the disturbances were kept constant, corresponding to an abrupt 301.7 kW change. This

value was chosen to represent approximately 50% of the total real power supplied by node 1

at its initial steady-state. A reference setpoint of Vd = 600 V and Vq = 0 kV, corresponding

56



0.95

1

1.05

V
o
lt
a
g
e
 (

p
.u

.)
V

b1

V
b2

V
b3

V
b4

0 2 4 6 8 10 12

Time (s)

0.98

0.99

1

1.01

1.02

F
re

q
u
e
n
c
y
 (

p
.u

)

Figure 3.8: Controlled voltage and frequency responses to multiple load step changes.

to 1 and 0 in the p.u. basis, was designated; the goal of the controller was to track these

values.

The first disturbance was a load increase at subsystem 1, at time t = 0.25; the second

was a load decrease at subsystem 2, at time t = 3.25; the third was a load increase at

subsystem 3, at time t = 6.25; the fourth and final disturbance was a load decrease at

subsystem 4, at time t = 9.25.

In terms of reference following, the objective was to control each bus voltage to

Vb,d = 0.6 kV, and Vb,q = 0. Frequency was controlled to 60 Hz as is the standard in North

America, and all generators were controlled to be in phase with each other.

The controlled results can be seen in figures 3.8 and 3.9. In figure 3.8, voltage and

frequency responses are shown on the same time axes in order to illustrate the contrast
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(a) Bus voltages in response to an abrupt load increase at subsystem 1.
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(b) Transient frequency behavior in response to an abrupt load increase at subsystem 1

Figure 3.9: Controlled voltage and frequency in response to the disturbance at node 1. Time
axes have been appropriately scaled in order to illustrate transient dynamics.

between the relevant timescales. To better illustrate the transient behavior of voltage and

frequency profiles, figure 3.9 shows these results at different timescales.

It was evident that the frequency dynamics in the microgrid are much faster than

those dynamics responsible for the controlled voltage responses. This is expected for an

inverter based system; without synchronous generators, the system lacked sufficient inertia

to dampen the effects that external disturbances can have on grid frequency.

Nevertheless we see that despite this lack of inertia, the rapid response of the system

did not result in excessive harmonics. After an approximate 4% change in voltage due

to the abrupt disturbance, voltages are restored to their prescribed values in less than 1
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second. Frequency is a much more sensitive value, but the controlled profile shows that

the disturbance does not cause more than a 2% variation from the nominal value, with

restoration within 0.01 seconds. This rapid response was due to the fast characteristics of

the modeled inverter; slower dynamics will be present with more inertial generators, but this

inertialess case presented a challenging scenario for frequency control.

To illustrate the robustness of the controller to parameter uncertainty, the system

was controlled with two separate controllers in figure 3.10. In the ‘unperturbed’ case, the

controller was designed with exact and correct knowledge of the model parameters, while in

the ‘perturbed’ case, the controller was designed for a model whose parameters had been uni-

formly increased by 20%. These controllers were then used to control the same ‘unperturbed’

model in response to the aforementioned load changes. As can be seen, the overall perfor-

mance was largely unchanged but there were some differences, as the perturbed controller

was less optimized for disturbance attenuation. The initial step response was of slightly

higher magnitude with the perturbed controller, which was especially notable for the volt-

age; similarly, the ringing is more pronounced as the frequency is regulated to its settling

point.

A concern for actual implementation is the robustness of the controller; a controller

may perform well in a situation when all parameters are precisely known and the model is

correct, but a perfectly accurate model is often a luxury. Here we see that the proposed

method was robust to parameter uncertainty by considering the performance of a controller

designed for a moderately distinct system. Figure 3.10 illustrates that even when optimized

for a model whose parameters differ by 20% from those of the actual system, the controller

performed nearly as well as it would if all parameters were precisely known. The slight
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(b) Controlled frequency comparison for perturbed controller

Figure 3.10: Controlled voltage and frequency in response to the disturbance at node 1.
Comparison shows that performance is robust to parameter selection.
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performance deviation is to be expected, with longer ringing and greater overshoot in the

disturbance response, because the disturbance rejection is not optimized for the system.

However considering the overall similarity of the responses in figure 3.10, the robustness of

this control design was evident.

3.2.4 Discussion

In this extension, the question of decentralized frequency control was considered in

microgrids. The results of this research showed that both frequency and voltage could be

robustly controlled with these decentralized methods. Moreover, the controllers showed

robust disturbance rejection despite intermittent renewable power injection; the controlled

microgrid was simulated with a wind turbine operating in its maximum power point tracking

mode in variable wind speed conditions. The presented controllers were able to effectively

reject the intermittency from the turbine and track their reference setpoints.

Notably, the decentralized methods were effective despite the fact that each inverter

was independently setting its own frequency. Without appropriate control, this scenario may

result in asynchronous operation, where individual inverters operate out of phase with each

other. In this case, the PLL associated with each inverter kept them in phase with each

other, and the H-infinity controllers minimized the ensuing frequency disturbances.

This demonstrated that this methodology had potential applications for realistic mi-

crogrid conditions, which would typically be subject to renewable intermittency.
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Chapter 4

The Role of Microgrid Topology for Decentralized

Control

4.1 Overview

In this section we present an analysis of the role of controller and grid topology in

achieving decentralized improvements for microgrid performance. Specifically, we explore

the role played by the location of microgrid controllers relative to both grid disturbances

and grid topology. The previous chapter demonstrated how decentralized methods could

improve power quality when applied to all connected sources. We now demonstrate how

controlled power injection from even a single source can be tailored to improve grid-wide

performance 1.

We present a form of decentralized control in this chapter. In a network of droop-

controlled inverters, individual inverters are instead selected to be alternatively controlled;

instead of varying frequency and voltage proportionally to active and reactive power loads,

a linear controller for voltage is designed for proportional state feedback while the frequency

tracks that of the grid average. In this way, power is injected into the grid with the intention

1Results in this section have been accepted for publication in:
M. Chu Cheong, P. Du, and D. Chen, “Understanding the Role of Microgrid Topology for Decentralized

Model-Based Control,” in ASME Dynamic Systems and Control Conference, (Park City, UT), Oct. 2019.
M. Chu Cheong was responsible for the entirety of this work, while P. Du and D. Chen provided advisory

input.
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of minimizing undesirable transient behavior. Steady-state power sharing is maintained by

controller tuning.

The following results show that the network topology can have a significant effect on

transient performance deterioration. Notably, the presence of a lower rated power source

can negatively impact the stability of a microgrid; if even a single such weaker source is

‘near’ or adjacent to a grid disturbance, then the microgrid may experience severe harmonic

disturbances. In addition, if these weaker sources are controlled with a decentralized optimal

controller, rather than a typical droop mechanism, then the overall microgrid performance

can be significantly improved. We show that the most effective disturbance rejection is

observed with controllers that are as close as possible to the disturbance. Additionally, we

show that proximity alone is not the deciding factor in controller effectiveness; controllers

that are connected to multiple nodes show less transient improvement than those which are

connected to only a single node.

That said, the goal of this section is to focus on the role of grid topology and controller

location as it affects grid performance. The proposed controller, while it offers benefits, may

present challenges with respect to robustness and modularity. The concepts developed in

this section, as well as the drawbacks of this controller, are used to motivate later sections

where an improved model-based controller is developed for microgrid applications.

4.2 Model

We consider an inverter-connected microgrid in which the majority are synchronized

via a P-V droop, while some are controlled independently. These can be classified as either

grid-supporting or grid-feeding inverters; the distinction is relevant to the ensuing discussion.
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The following descriptions refer to system dynamics in the dq0 reference frame, as described

in [12] due to the convenience when working with power system modeling and control.

Grid-supporting inverters are controlled to mimic the behavior of synchronous gen-

erators; to this end they inject power and contribute to the frequency/voltage regulation

capabilities of the grid [12]. These inverters are equipped with a droop mechanism, where

the output frequency and voltages are linearly related to the active and reactive power out-

puts, P and Q:

ω := ω0 −mp(P − P0)

Vd := Vd0 − nq(Q−Q0)

Vq := 0,

(4.1)

where mp and nq are droop-gains that vary depending on the rating of the inverter-connected

power source. Droop control results in steady-state power sharing proportional to the des-

ignated droop gain; this is analogous to the behavior and power-sharing associated with

synchronous generators [5].

Unlike grid-supporting inverters, grid-feeding inverters cannot independently set a

variable frequency or voltage in response to changes in power output. Instead, these inverters

are designed to mainly deliver power, while the frequency is determined by the interaction

of the inverter with the grid. Grid-feeding inverters can operate in parallel with other grid-

supporting or grid-feeding units, but cannot stably operate in isolation as they lack the

ability to set the voltage magnitude and frequency for the system [12].

In this modeled microgrid, there are N inverters, of which ns are grid-supporting

and nf are grid-feeding, where nf + ns = N . The grid-supporting inverters are equipped
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Figure 4.1: Overview of droop-controlled inverter setting the output frequency f and voltage
VS of the power source, connected to a network bus, Vb.

with a droop mechanism, and as such they have a prescribed response to variations in load.

Meanwhile the grid-feeding inverters are controlled independently; to interact synchronously

with the remainder of the power system, the controlled inverters can be set to follow the

frequency measured from the microgrid. The hypothesis we propose is that even if frequency

is not independently set, intelligent power injection by voltage actuation can result in an

improved transient response.

To model this system, we must describe models of inverter-connected power sources

as well as that of the interconnecting network. Both (droop-controlled) grid-supporting

inverters, as well as grid-feeding inverters, are included in this analysis.

4.2.1 Grid-Supporting Inverters

Grid-supporting inverters are equipped with a droop mechanism,in which the output

frequency and voltages are linearly related to the active and reactive power outputs, P and

Q as shown in figure 4.1:

ω := ω0 −mp(P − P0)

Vd := Vd0 − nq(Q−Q0)

Vq := 0,

(4.2)
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In practice, droop controllers are commonly equipped with low-pass filters in order to avoid

highly oscillatory behavior. These filters can be interpreted as a first-order lag transfer

function. Therefore a grid-supporting subsystem can be modeled as:

Vj,gd := V 0
j,gd − nq(Q−Q0)

Vj,gq := 0

ωj := ω0
j −mp(P − P 0)

δ̇j = ωj

Ṗj = τ(Vj,gdIj,od + Vj,gqIj,oq − Pj)

Q̇j = τ(Vj,gqIj,od − Vj,gdIj,oq −Qj)

˙Ioj,d =
1

Loj
(Vgj,d −RojIoj,d − Vbj,d) + ωIoj,q

˙Ioj,q =
1

Loj
(Vgj,q −RojIoj,q − Vbj,q)− ωIoj,d.

(4.3)

We can identify the dynamic state associated with the grid-supporting subsystem as

xs,j = [ωj, δj, Pj, Qj, Ioj,d, Ioj,q]
T , (4.4)

where ω is the frequency of the inverter, δ is its phase, P and Q are the filtered measurements

of active and reactive power respectively, and Io is the output current from the inverter to

the node voltage bus. The nonlinear model can be linearized about the steady-state, x0
s,j,
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such that the new dynamic variables are designated ∆xs,j = xs,j − x0
s,j, as follows

∆Vj,gd := −nq(∆Q)

∆Vj,gq := 0

∆ωj := −mp(∆P )

∆̇δj = ∆ωj

˙∆Pj = τ(∆Vj,gdI
0
oj,d + V 0

j,gd∆Ioj,d + ∆Vj,gqI
0
oj,q + V 0

j,gq∆Ioj,q −∆Pj)

˙∆Qj = τ(∆Vj,gqI
0
oj,d + V 0

j,gq∆Ioj,d −∆Vj,gdI
0
oj,q − V 0

j,gd∆Ioj,q −∆Qj)

˙∆Ioj,d =
1

Loj
(∆Vgj,d −Roj∆Ioj,d −∆Vbj,d) + ω0∆Ioj,q + ∆ωI0

oj,q

˙∆Ioj,q =
1

Loj
(Vgj,q −RojIoj,q − Vbj,q)− ω0∆Ioj,d −∆ωI0

oj,d.

(4.5)

4.2.2 Grid-Feeding Inverters

In this design, the control actuators to the microgrid are grid-feeding inverters. To

this end, the voltage of the grid-feeding inverter is controlled freely in order to modulate the

amount of power added to the system; the frequency is set to follow the microgrid average

frequency. This is distinct from the grid-supporting case where the inverter sets a frequency

proportional to its load. The specific control input signal to the inverter is described in the

following section.

The dynamics for a grid-feeding subsystem can be described as:

ωj := ωgrid

İoj,d =
1

Loj
(Vfj,d −RojIoj,d − Vbj,d) + ωIoj,q

İoj,q =
1

Loj
(Vfj,q −RojIoj,q − Vbj,q)− ωIoj,d,

(4.6)
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where the controllable variables are Vfj,d, Vfj,q. The grid-feeding inverter cannot indepen-

dently set a frequency that would allow for parallel operation with the remainder of the grid;

as such, the frequency of the grid-feeding inverter is set to track that of the microgrid.

We can identify the dynamic state associated with the grid-feeding subsystem as

xf,j = [Ioj,d, Ioj,q]
T . (4.7)

This can be linearized as

∆ωj := ∆ωgrid

∆̇Ioj,d =
1

Loj
(∆Vfj,d −Roj∆Ioj,d −∆Vbj,d) + ω0∆Ioj,q + ∆ωI0

oj,q

∆̇Ioj,q =
1

Loj
(Vfj,q −RojIoj,q − Vbj,q)− ω0∆Ioj,d −∆ωI0

oj,d.

(4.8)

The control actuator in this configuration is given by the voltage of the grid feeding

DER; this can be adjusted to vary the power provided to the microgrid. We can therefore

label

uf,j = [Vfj,d, Vfj,q]
T . (4.9)

4.2.3 Network

Individual power sources, whether they are grid-feeding or grid-supporting, are con-

nected by individual distribution lines in the microgrid. To model these interconnections, it

is necessary to transform distinct dq0 reference frames. As described earlier, the dq0 trans-

formation involves a shift from a stationary reference frame to a rotating one, where the dq0

reference frame at node j rotates at the frequency associated with the local inverter, ωj.

During transient periods, ωj 6= ωk for j 6= k, and so another reference frame transformation

68



is necessary in order to correctly model the interactions between different subsystems. In

other words, the local reference frames must be mapped to a shared reference frame, or vice

versa, for a cohesive model [11, 12]. Following [11], this is

These reference frame shifts follow from the derivation of the dq0 transformation. For

two reference frames with angles δ1 and δ2, variables can be transformed as

x1 =

[
cos(δ2 − δ1) − sin(δ2 − δ1)
sin(δ2 − δ1) cos(δ2 − δ1)

]
x2. (4.10)

For small phase differences, this transformation can be linearized as

∆x1 =

[
cos(δ0) − sin(δ0)
sin(δ0) cos(δ0)

]
∆x2 +

[
− sin(δ0) − cos(δ0)
cos(δ0) − sin(δ0)

] [
x0

2,d

x0
2,q

]
∆δ, (4.11)

where we have simplified notation by writing δ0 := δ0
2 − δ0

1, and δ := δ2 − δ1 .

This process can be simplified by understanding which variables in particular need to

be transformed. To model the dynamics of the interconnecting distribution lines, the output

inverter currents of individual subsystems Io need to be transformed to a global reference

frame. Oppositely, the interconnecting distribution lines need to be transformed to a local

reference frame to correctly model their interactions with individual subsystems. For clarity,

variables in the global reference frame are designated as XDQ, while variables in a local frame

are designated as Xdq.

The dynamics associated with the distribution line connecting nodes i and j can then

be modeled as:

˙Il,ij,D =
1

Ll,ij
(Vbi,D −Rl,ijIl,ij,D − Vbj,D) + ωIl,ij,Q

˙Il,ij,Q =
1

Ll,ij
(Vbi,Q −Rl,ijIl,ij,Q − Vbj,Q)− ωIl,ij,D,

(4.12)
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which can be linearized around its steady state as:

˙∆Il,ij,D =
1

Ll,ij
(∆Vbi,D −Rl,ij∆Il,ij,D −∆Vbj,D) + ω0∆Il,ij,Q + ∆ωI0

l,ij,Q

˙∆Il,ij,Q =
1

Ll,ij
(∆Vbi,Q −Rl,ij∆Il,ij,Q −∆Vbj,Q)− ω0∆Il,ij,D + ∆ωI0

l,ij,D,
(4.13)

with associated state variables

xnet,ij = [Il,ij,D, Il,ij,Q]. (4.14)

Note that here we have distinguished between Vb,DQ and Vb,dq. As each voltage bus is

connected to a resistive load, the respective voltages can be expressed in the global reference

frame as:

Vbj,D = Rj(Ioj,D − Iwj,D +
∑
i

H(i, j)Il,ij,D)

Vbj,Q = Rj(Ioj,Q − Iwj,Q +
∑
i

H(i, j)Il,ij,Q),
(4.15)

where H is a matrix that describes the interconnections such that H(i, j) = 0 if nodes i and

j are not connected, H(i, j) = 1 if the nominal direction of current flow is from i to j, and

H(i, j) = −1 if the nominal direction of current flow is from j to i. Ioj,D and Ioj,Q refer to

the current flowing from the local inverter to the voltage bus, while Iwj,D and Iwj,Q refer to

the current drawn by the dynamic load, expressed in the global reference frame.

Similarly, the bus voltages can be expressed in the local reference frame as:

Vbj,D = Rj(Ioj,d − Iwj,d +
∑
i

H(i, j)Il,ij,d)

Vbj,Q = Rj(Ioj,d − Iwj,q +
∑
i

H(i, j)Il,ij,q),
(4.16)

where Il,ij,d and Il,ij,q refer to the line currents expressed in the reference frame of subsystem

j.

The overall microgrid topology can be seen in 4.2.
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Figure 4.2: Overview of general microgrid structure.

4.2.4 Overall System Model

As shown in equations 4.8, 4.5, and 4.13, the state variables associated with the indi-

vidual inverter-connected DERs as well as those of the network are therefore interconnected.

To express the full system dynamics, we denote the set of state variables X as the collection

of all state variables associated with each DER as given in equations 5.2 and 4.7, and the

state variables associated with the network interconnections given in 4.14:

X = [xs,1, . . . , xs,ns , xf,1, . . . , xf,nf
, xnet]

T . (4.17)

Similarly, we express the set of control inputs U to the microgrid as the collection of grid-

feeding voltages as given in equation 4.9:

U = [uf,1, . . . , uf,nf
]T , (4.18)

while the set of disturbance inputs W to the microgrid is the collection of dynamic currents

given in 4.15:

W = [Iw1,D, . . . , Iwn,D, Iw1,Q, . . . , Iwn,Q]. (4.19)

In general, these relationships can be summarized to express the LTI dynamics of the
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microgrid state:

Ẋ = AX +BU +GW. (4.20)

4.3 Control Design

Generally the bulk of inverter-connected power sources will be grid-supporting/droop-

controlled, which results in desirable power-sharing characteristics. However the power out-

put from a droop-controlled inverter cannot be independently modulated in order to improve

transient microgrid performance. If the grid as a whole is seen as a controlled dynamic sys-

tem, then the grid-feeding inverters represent the control actuators to this system. The goal

of this control task is to modulate the power from these grid-feeding inverters to improve

the transient characteristics of the microgrid.

In a given microgrid, we assume that there are a fixed number of inverter-connected

sources, which may either be treated as grid-supporting or grid-feeding. In master-follower

control schemes, it may be sufficient to designate a single frequency-setting (grid-supporting)

power source, while the remainder of the power sources are grid-feeding. However such con-

figurations may detract from the redundancy and robustness of the microgrid, because grid-

feeding inverters cannot independently set a frequency, and the loss of the single frequency-

setting unit in such cases may be catastrophic for grid stability. Therefore a secondary goal

of the control problem is to identify the extent to which grid-wide improvements may be

had from as few of these grid-feeding “controllers” as possible. To this end, we explore grid

topologies in which a single controlled source can result in grid-wide improvements, as well

as configurations in which a single controlled source is ineffective.

In the ‘uncontrolled’ case, all inverters are equipped with a droop mechanism, which
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is a decentralized controller that only requires local power measurements. This is denoted as

uncontrolled to denote the idea that in this scenario we cannot independently modulate the

state of individual source; the voltages and frequencies are coupled to the active and reactive

loads as in equation 4.1. Alternatively, in the ‘controlled’ case, one or more inverters are

designated to be grid-feeding and are fitted with decentralized H-infinity controllers whose

design will now be explained; such methods have been applied to microgrids in [59, 67].

These controlled grid-feeding inverters are tuned such that the overall steady-state power

sharing is unchanged relative to the droop-controlled variation.

4.3.1 Decentralized Controller Design

The goal for controller synthesis in this problem is to be both (1) optimal and (2)

decentralized. These two goals are achievable via decentralized H-infinity controllers. The

control methods used in this paper are outlined in this section. The algorithms used for con-

troller synthesis are not the contribution of this work, but are simply stated here for clarity

and completeness. The control-based contribution of this research is instead in designing

a suitable cost function that can result in transient improvements, as well as identifying

topologies in which this decentralized control mechanism may be useful for microgrid appli-

cations.

To obtain optimal performance in the microgrid, the objective is to minimize the

effects that grid disturbances have on power quality, without excessive control action. For

example, if the demand suddenly spikes, as might be expected with a large load suddenly

being switched on, we would like our controller to inject a moderate amount of power into

the system such that the microgrid frequency does not drastically drop or oscillate. The
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formal objective of this H-infinity controller is to minimize the infinity-norm associated with

the transfer function from the disturbance to the set of variables we would like to minimize.

In our case, the ‘disturbance,’ W , is the dynamic load:

W = [Iw1,d, Iw1,q, . . . , Iwn,d, Iwn,q]
T , (4.21)

while the ‘set of variables we would like to minimize,’ z, is the weighted vector of frequencies

and power supplied by the grid-feeding inverter:

Z = [ω1, ω2, . . . , ωn, α1Pf , α2Qf ]
T . (4.22)

Note that we have weighted the power supplied by the grid-feeding inverter in order to tune

the controller performance.

We can express this dynamic system as

Ẋ = AX +BU +GW

Z = CzX +DzU.
(4.23)

For linear state feedback of the form u = −KX we can impose a decentralized

constraint on our control via a structured matrix K. In this problem we do not consider

the challenge of noise-polluted output feedback of the form u = −K(CX + v); the goal is

instead to identify the limits of decentralized control. A controller that is a function of only

local information, i.e. local state variables at the given grid-feeding DER, can be expressed

as

ui = Kixf,i. (4.24)

Over the full microgrid,this can be interpreted as a structured constraints on the feedback
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matrix K:

K =


K1 0 . . . 0 0
0 K2 0
...

. . .
...

0 Kn 0

 . (4.25)

The associated closed loop system can then described by

Ẋ = AclX +GW

Z = CzX +DzU,
(4.26)

where

Acl = A−BuK, (4.27)

with an associated transfer function from W to Z, Twz,cl.

Following [63], an upper bound of the infinity norm of this closed-loop system can

be found by manipulating the bounded real lemma; this methodology has been outlined

in previous sections but will be briefly restated here for completeness. As described in

[64, 65, 66, 68] a controller can be found to minimize this supremum by casting the problem

as a semidefinite program:

maximize
X,Y

η

subject to Xq � 0, Xr � 0, η > 0,[
Ψ(X, Y ) + ηGGT ∗
CzX +DuzY −I

]
≺ 0.

(4.28)

where we define

Ψ(X, Y ) := AX +XAT +BY + Y TBT . (4.29)

Here X and Y are optimization variables of appropriate dimension. Note that since the

matrix is constrained to be negative definite, and thus symmetric, the ∗ is simply used as a

placeholder to denote the appropriately transposed entries.
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Table 4.1: Load, line parameters for microgrid, given in p.u.

Rl,ij Xl,ij Ro,j Xo,j Rj

0.0125 0.0125 0.0042 0.0208 0.4155

The resultant controller is optimized in the sense that the infinity norm is bounded

by η:

‖Twz,cl‖∞≤ η. (4.30)

As outlined in [68, 65], this controller can be constrained to be decentralized by implementing

a block-diagonal structure on X and the desired zero-nonzero structure on Y . This convex

problem can be efficiently solved using solvers described in [69, 70].

4.4 Results

4.4.1 Simulation Parameters

The modeled microgrid is a 6-node microgrid whose structure is illustrated in 4.2. The

microgrid parameters are adopted from [61], and are shown in table 4.1. Note that Xl, Xo

are simply the reactance associated with Ll, Lo, the distribution line inductance and the

inverter output filter inductance, respectively. All filters and distribution lines are modeled

identically. Similarly, the droop gains are given (in p.u.) as mp = 5.64 and nq = 0.0205.

We simulate a disturbance at node 1 via a 5% step load increase, relative to the

steady-state power consumption at node 1. In the following simulations, the location and

controller-type are varied, and the results are compared.

In the ‘uncontrolled’ scenario, all DERs are controlled via a droop mechanism. We

then consider three ‘controlled’ scenarios in order to demonstrate the role of microgrid topol-
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ogy on the controlled mitigation of this disturbance. In all examples, the disturbance is at

node 1 as described previously.

We consider the situation in which not all of the DERs are of equal rating; we des-

ignate a node f such that the DER at node f has half the power capacity as the other

identical DERs. This characteristic can be reflected in the grid-supporting case by modify-

ing the droop gain at node f ; as the droop gain actuates the steady-state power sharing, we

adjust the droop gain mp such that

mp,f = 2mp,j, j 6= f. (4.31)

In the controlled case, DER f is instead modulated via the decentralized H-infinity controller.

To achieve proportional steady-state power sharing that matches the droop-controlled case,

the controller gains are experimentally tuned.

4.4.2 Topology 1: Adjacent Controller Connected to Only 1 Node

In this configuration, the controlled grid-feeding DER is at node 3 (f = 3). This

topology is shown in figure 4.3, where it can be seen that node 3 is located immediately

adjacent to the disturbance at node 1; in addition, the controller is connected to no other

microgrid nodes. The controller at node 3 only measures its own state variables as listed in

4.7, as well as the frequency of the adjacent node 1.

The microgrid frequency dynamics following the perturbing load change can be seen

in figure 4.4. It is evident that when each inverter-connected DER is fitted with a droop, the

microgrid frequencies experience a much longer transient than the case in which the controller

at DER 3 is switched from droop to the decentralized H-infinity case. The settling time is
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Figure 4.3: Controlled grid-feeding DER located at node 3, with a disturbance at node 1.

Figure 4.4: Comparing the ‘uncontrolled’ (only droop-controlled) microgrid frequencies to
the ‘controlled’ microgrid frequencies, in which a controlled grid-feeding DER is located at
node 3. Individual DER frequencies are labeled for the ‘controlled’ case.

reduced from approximately 0.30 seconds to 0.12 seconds, a 60% reduction. In addition, the

total power consumption is approximately consistent between both cases, as shown in figure

4.5; no excessive power spikes are required to mitigate this transient behavior.

4.4.3 Topology 2: Adjacent Controller Connected to Multiple Nodes

In the second configuration we explore the role of controller connectivity with respect

to microgrid stability. The controlled grid-feeding DER is now located at node 2; this
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Figure 4.5: Comparing the total power consumption between the ‘uncontrolled’ and ‘con-
trolled’ cases.
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Figure 4.6: Controlled grid-feeding DER located at node 2, with a disturbance at node 1.

topology is illustrated in figure 4.6. This topology differs from the previous case because of

the multiple connections at node 2; the controller is now connected to both nodes 1, 4, and

5. The controller at node 3 only measures its own state variables as listed in 4.7, as well as

the averaged frequency of the adjacent nodes 1, 4, and 5.

The grid frequency dynamics following the perturbing load change can be seen in

figure 4.7. The overshoot and qualitative transient behavior, in both the ‘controlled’ and

‘uncontrolled’ cases differ from the previous scenario; this can be attributed to the different

effect that a smaller source at node 2 has on the overall network dynamics. As before, when
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Figure 4.7: Comparing the ‘uncontrolled’ (only droop-controlled) microgrid frequencies to
the ‘controlled’ microgrid frequencies, in which a controlled grid-feeding DER is located at
node 2. Individual DER frequencies are labeled for the ‘controlled’ case.

inverter-connected DER is fitted with a droop, the microgrid frequencies experience a much

longer transient than the case in which the controller at DER 2 is switched from droop to

the decentralized H-infinity case. In this case, although the peak frequency undershoot was

not as prominent, the settling time in the uncontrolled case extended to approximately 0.4

seconds. The controlled configuration showed a settling time of approximately 0.12 seconds-

a 70% reduction.

In the previous case, the controller at node 3 had some estimate of the disturbance

as it made use of the frequency measurement at node 1. However in this case, there is no

exact measurement of the disturbance available; the controller at node 2 only has access to

the averaged frequency of its adjacent nodes 1, 4, and 5. This provides some evidence that

it is the proximity or location of the controller, rather than the measured variable, which

can result in improved grid-wide performance.
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Figure 4.8: Controlled grid-feeding DER located at node 4, with a disturbance at node 1.

4.4.4 Topology 3: Nonadjacent Controller Connected to Only 1 Node

In the third configuration we explore the role of controller proximity with respect to

microgrid stability. In this case, the controlled grid-feeding DER is at node 4; this topology

is illustrated in figure 4.8. As before, the controller at node 4 only measures its own state

variables as listed in 4.7, as well as the frequency of the adjacent node 2.

As with the previous examples, the DER at node 4 is now assumed to have a smaller

power capacity:

mp,4 = 0.2mp,j, j 6= 4. (4.32)

The associated frequency dynamics following the disturbance can be seen in figure 4.9. In

this case, we observe that the grid demonstrates no notable harmonic ringing, as in the

previous two cases; the smaller DER at 4 has a marginal destabilizing effect on the grid as

a whole. As a result we observe approximately no reduction in frequency harmonics; the

controller is unable to effectively improve the transient microgrid dynamics.
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Figure 4.9: Comparing the ‘uncontrolled’ frequencies to the ‘controlled’, in which a controlled
grid-feeding DER is located at node 4. Individual DER frequencies are labeled for the
‘controlled’ case.

4.5 Conclusion

We present these results to develop the idea that the microgrid topology can have

an important role in the resultant power quality of the grid. The results have shown that

microgrid stability can suffer depending on the location of individual power sources. Even

if the same total power is supplied, the network between DERs can significantly affect the

resultant power quality harmonics. As was presented in topologies 1 and 2, the presence

of the weaker power source immediately adjacent to the disturbance resulted in grid-wide

ringing; alternatively, this harmonic behavior was not observed in topology 3, when the

weaker power source was no longer directly connected to the disturbed node.

These results also show that the differences are not simply a function of the number

of nodes connected to the weaker power source. In both topology 1 and topology 3, the weak

DER was connected to only one other node, and yet the transient microgrid frequencies were

drastically different.
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Moreover, we have showed that in such cases, replacing the grid-supporting inverter at

the weak DER with a grid-feeding inverter equipped with a decentralized H-infinity controller

results in significantly improved transient behavior without requiring additional sensor data.

This proposed design improves microgrid performance without the need for additional sensor

data which may be costly or technically infeasible.

83



Chapter 5

Optimal Model-Based Improvements for Decentralized

Control

5.1 Overview

The contribution of this work is in modifying the droop characteristic in order to

improve transient microgrid performance in the primary control timescale. We have aug-

mented the V/F droop with a controlled variable so as to mitigate undesirable features of

the microgrid power quality, such as excessive overshoot or harmonics in the grid frequency.

This controlled augmentation is constrained to be zero in the steady-state, thus preserving

the desirable steady-state load sharing intrinsic to conventional droop controllers.

The controller is designed to be optimal in the H-infinity sense, to make the closed-

loop system more robust to model and parameter uncertainty. In addition, the proposed

controller requires only decentralized data in real-time, and only a limited model (i.e. a

model of its neighboring nodes) in order to be synthesized. The resulting control shows

superior transient performance to conventional droop control, at comparatively little cost.

5.2 Model

For this work, all inverters are treated as grid-supporting. This has been explained

in the previous chapter, but for clarity the model of the grid-supporting inverter is briefly

84



restated here:

Vj,gd := V 0
j,gd − nq(Q−Q0)

Vj,gq := 0

ωj := ω0
j −mp(P − P 0)

δ̇j = ωj

Ṗj = τ(Vj,gdIj,od + Vj,gqIj,oq − Pj)

Q̇j = τ(Vj,gqIj,od − Vj,gdIj,oq −Qj)

˙Ioj,d =
1

Loj
(Vgj,d −RojIoj,d − Vbj,d) + ωIoj,q

˙Ioj,q =
1

Loj
(Vgj,q −RojIoj,q − Vbj,q)− ωIoj,d.

(5.1)

We can identify the dynamic state associated with the grid-supporting subsystem as

xj = [ωj, δj, Pj, Qj, Ioj,d, Ioj,q]
T , (5.2)

where ω is the frequency of the inverter, δ is its phase, P and Q are the filtered measurements

of active and reactive power respectively, and Io is the output current from the inverter to

the node voltage bus. The nonlinear model can be linearized about the steady-state, x0
j ,
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such that the new dynamic variables are designated ∆xj = xj − x0
j , as follows

∆Vj,gd := −nq(∆Q)

∆Vj,gq := 0

∆ωj := −mp(∆P )

∆̇δj = ∆ωj

˙∆Pj = τ(∆Vj,gdI
0
oj,d + V 0

j,gd∆Ioj,d + ∆Vj,gqI
0
oj,q + V 0

j,gq∆Ioj,q −∆Pj)

˙∆Qj = τ(∆Vj,gqI
0
oj,d + V 0

j,gq∆Ioj,d −∆Vj,gdI
0
oj,q − V 0

j,gd∆Ioj,q −∆Qj)

˙∆Ioj,d =
1

Loj
(∆Vgj,d −Roj∆Ioj,d −∆Vbj,d) + ω0∆Ioj,q + ∆ωI0

oj,q

˙∆Ioj,q =
1

Loj
(Vgj,q −RojIoj,q − Vbj,q)− ω0∆Ioj,d −∆ωI0

oj,d.

(5.3)

5.3 Controller Design

The general droop characteristic for a voltage-source inverter can be expressed as:

ω := ω0 −mp(P − P0)

Vd := Vd0 − nq(Q−Q0)

Vq := 0.

(5.4)

Therefore if the inverter sees an increased real power load of ∆P , the inverter will lower its

frequency by mp∆P . This relatively simple control is effective in that it allows for desirable

steady-state power sharing, in that a network of n droop-controlled inverters in parallel will

proportionally share the load relative to their droop gain:

m1∆P1,ss = m2∆P2,ss = · · · = mn∆Pn,ss. (5.5)
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In the proposed design, the controller retains this steady-state sharing while tuning the

transient behavior.

Instead of seeing the power load, P and Q, the controller instead reads

P̂ = P − Pv

Q̂ = Q−Qv,
(5.6)

such that frequency and voltage are controlled as

ω := ω0 −mp(P̂ − P0)

Vd := Vd0 − nq(Q̂−Q0)

Vq := 0,

(5.7)

where Pv and Qv are ‘virtual’ power injections. By this we mean that no actual power is

added to the system, but the inverter is controlled as though the load were actually P̂ , Q̂,

rather than P,Q.

The intention of this controller is only to improve the transient droop behavior; the

steady-state load sharing should be unchanged:

P̂ss = Pss

Q̂ss = Qss.
(5.8)

This is accomplished via integral control; we augment the state vector to create the variables

UP , UQ, such that

U̇P = Pv

U̇Q = Qv.
(5.9)

In this way, if the system can be controlled to a steady state where time derivatives are zero,

then Pv,ss = Qv,ss = 0. The goal of the controller is therefore to determine Pv and Qv in

such a way that the microgrid dynamics demonstrate improved performance.
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It is important to note that in this design, no additional power is required on behalf of

the inverter. While the droop-controlled update responds as though the active and reactive

power loads were adjusted by Pv, Qv, these are simply signals computed by the controller that

are then used to adjust the voltage and frequency update commands. Instead of modifying

the output power and keeping the droop characteristic fixed, we are modifying the droop

characteristic and keeping the output power fixed.

5.4 Model Reduction for Controller Synthesis

A numerical challenge was observed during the controller synthesis; namely the dy-

namics of the microgrid presented timescales at significantly different orders of magnitude.

To address this issue, the controller synthesis involved reducing the model to focus on the

slower timescales, which dominated the power quality dynamics. The controller was then

generated in this reduced space, and then expanded to operate in the full space.

This issue is visualized in figure 5.1, which illustrates the eigenvalues of the sample

6-node microgrid on the complex plane. In this figure, it is clear that there are several

eigenvalues of relatively exceptional magnitude. These suggest that there are some dynamic

modes in this system that are considerably ‘fast,’ in the sense that dynamic perturbations

along these modes are attenuated considerably faster compared to similar disturbances on

the ‘slower’ modes.

This behavior can be understood intuitively. We cannot in general associate specific

states with specific eigenvalues, but we can consider the physical attributes of the modeled

states and draw conclusions about what may be reduced. In this case there are several char-

acteristic timescales that are intrinsic features of the model: those along the R-L circuits
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Figure 5.1: Eigenvalues of linearized 6-node microgrid model. Eigenvalues of significantly
greater magnitude have been shown in red.

in Io and Il, and those of the low-pass filters of the droop controller that are used to mea-

sure P and Q. These filtered measurements are then used to compute inverter frequency,

inverter voltage, and inverter phase, so we would not expect the timescale of these dynamics

to be significantly faster than the characteristic timescale associated with P and Q. The

characteristic timescale associated with the RL circuits,

τRL =
L

R
≈ 10−4 (5.10)

is much faster than the characteristic timescales associated with the low-pass filters

τf ≈ 10−2. (5.11)

. This made for poor numerical conditioning, which in turn made it difficult for the convex

solvers to converge on an optimal controller.
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As we are concerned with controlling the transient power quality, i.e. the voltage and

frequency of the microgrid, the focus of this research coincides with these slower timescales.

Since the RL dynamics are much faster than the remainder of the microgrid, we treat these

fast dynamics as quasi steady-state; instead of being modeled as differential equations, these

variables are modeled algebraically.

This model reduction can be formalized as follows. We denote the set of ‘fast’ variables

as xf and the set of ‘slow’ variables as xs, so that the microgrid dynamics can then be

rewritten as

d

dt

[
xs
xf

]
=

[
As Asf
Afs Af

] [
xs
xf

]
+

[
Bs

Bf

]
u+

[
Gs

Gf

]
w. (5.12)

The quasi-steady-state assumption means we take
dxf
dt

= 0, so that[
dxs
dt

0

]
=

[
As Asf
Afs Af

] [
xs
xf

]
+

[
Bs

Bf

]
u+

[
Gs

Gf

]
w. (5.13)

This in turn yields a linear relationship for xf as a function of xs, u, w:

Afxf = −Afsxs −Bfu−Gfw. (5.14)

For the case of the microgrid, the fast variables are all linearly independent of each other;

this is physically intuitive, as these dynamics are associated with distinct circuit lines. As a

result, Af is invertible, and so

xf = A−1
f (−Afsxs −Bfu−Gfw)

= Ãfxs + B̃fu+ G̃fw,
(5.15)

where Ãf := −A−1
f Afs, B̃f := −A−1

f Bf , and G̃f := −A−1
f Gf . Therefore we can rewrite the

reduced microgrid dynamics as:

dxs
dt

= (As + Asf Ãf )xs + (Bs + Asf B̃f )u+ (Gs + AsfG̃f )w

= Arxs +Bru+Grw,

(5.16)
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The state measurements can also be reduced in a similar fashion. Consider the

controlled variables, z:

z = Cz +Dzu. (5.17)

These can be rewritten as

z =
[
Cz,s Cz,f

] [xs
xf

]
+Dzu

= Cz,sxs + Cz,f (Ãfxs + B̃fu+ G̃fw)

= (Cz,s + Cz,f Ãf )xs + (Dz + B̃f )u+ G̃fw

= Cz,rxs +Dz,ru+Gz,rw,

(5.18)

where Cz,r := Cz,s + Cz,f Ãf , Dz,r := Dz + B̃f and Gz,r := G̃f .

The measurement matrices can also be rewritten as

y =
[
Cs Cf

] [xs
xf

]
+Du+Hw. (5.19)

However this step is not taken for this design. Instead, it was simply taken that all local vari-

ables in the ‘slow’ space were available for decentralized control. Therefore the measurements

were instead taken as

yr =


I1 0 . . . 0
0 I2 . . . 0
...

. . .
...

0 . . . In



xs,1
xs,2

...
xs,n

+ v

= Cy,rxs + v.

(5.20)

where Ij are identity matrices sized appropriately for the state at node j, and xs,j refers to

the reduced state at node j, and v refers to noise along the measurement channels.
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Following this procedure, we are left with a reduced model for the state propagation

of xs, along with measurement matrices yr and a set of controlled variables z:

dxs
dt

= Arxs +Bru+Grw

y = Cy,rxs + v

z = Cz,rxs +Dz,ru+Gz,rw.

(5.21)

This makes it possible to proceed with robust control synthesis via H-infinity methods.

Upon generating the feedback control matrix in the reduced space, Kr, it is then

necessary to augment this control matrix in order to operate in the full space. The matrix

is therefore augmented with appropriately sized zero matrices:

u = [Kr, 0f ]

[
xs
xf

]
. (5.22)

5.5 Robust Control Synthesis

The methods used to synthesize the controller follow the decentralized H-infinity

controller synthesis procedures outlined in chapters 3 and 5; sections 3.1.2 and 5.3.1 provide

more detail. In this case, the only variation is in the choice of matrices for the minimized

variables, z.

Inverters equipped with the proposed control design were associated with two new

sets of variables: (1) the control variables, Pv and Qv, as well as (2) the integral of these

variables, UP and UQ. These were not physical quantities, i.e. power is not explicitly injected

under this approach.

The set of z variables associated with node j were constructed as

zj = [ωj, αPPv,j, αQQv,j, βPUP,j, βQUQ,j]
T . (5.23)
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If the inverter was not equipped with the proposed control design, then zj = ωj. These

are linear functions of the state variable, in the case of ωj, UP , UQ, or linear functions of the

control variable, in the case of Pv and Qv, and so this can easily be added to the infinity-norm

cost function. Different weights on these quantities resulted in different dynamic responses,

which can be loosely intuited. For example, varying β, the weights on UP and UQ, affected

the dampening of the response, while varying α, the weights on the control actuation, affected

the magnitude of the control.

In the standard case, the ‘full’ model was used for controller synthesis. That is to

say, the state space matrices defined by equation 5.3, which describe the dynamics of the

full microgrid, are used during the semidefinite programming problem. In this sense, the

resulting controller is designed such that its actions are intended to minimize a grid-wide

cost.

5.5.1 Regional Model

Instead of synthesizing the decentralized controller with knowledge of the full mi-

crogrid model, the controller in the ‘regional’ case was developed using a limited model.

Specifically, the regional model only included nodes and lines that were directly connected

to the controller in question.

Figure 5.2 shows an example regional model, taken for the potential controller syn-

thesis at node 3. Here it is shown that only neighboring nodes 2, 5, and 6, along with the

associated connecting lines and node 3 itself, are included in this truncated model.

The purpose of this alternative model was to identify the extent to which the full

microgrid model was necessary to develop a superior controller. An underlying microgrid
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Figure 5.2: Example of truncated model for the ‘regional’ case; shown for potential controller
synthesis at node 3. Only states that directly neighbor node 3 are included, as shown in
green.
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Figure 5.3: Example of truncated model for the ‘solitary’ case; shown for potential controller
synthesis at node 3. Only the model of node 3 is included in this version.

theme is to be modular and robust to topology changes. Even though the full microgrid

model would only be used during controller synthesis and not during actual operation, there

is still a cost associated with having to know and access this full model; particularly in larger

microgrids, this may be an unwelcome barrier to entry. A controller that only required a

limited, smaller model would be significantly more tractable in such cases.

5.5.2 Solitary Model

Unlike the previous two cases, the controller in the ‘solitary’ case was developed using

an extremely limited model that included only states at its local node. Like the regional

case, the purpose of this variation was to identify the extent to which the microgrid model

was necessary for the controller to improve grid-wide performance.
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Rl,ij Xl,ij Ro,j Xo,j Rj mj nj
0.0125 0.0125 0.0042 0.0208 0.4155 5.640 0.021

Table 5.1: Load, line parameters for microgrid, given in p.u.

This represented the least amount of model-based information. An example of the

solitary model is shown in figure 5.3. The topology-free synthesis should be the most mod-

ular, and robust to topology changes, but suffers from the lack of model-based information

to guide its control action.

5.6 Results

We simulate conditions to explore microgrid performance along 3 axes. (1) We have

considered the grid performance as droop gain is varied, and how the microgrid may be

stabilized in response. (2) We have also considered different levels of model fidelity, and

how this relates to controller performance. (3) We have finally shown how microgrid power

quality can be improved with a varying number of controllers. In this way we hope to identify

methods to offer significant improvement to microgrid performance, at minimal additional

cost; fewer controllers, which require simpler models, are easier to implement.

Microgrid parameters are given in the per-unit basis in table 5.1, and are consistent

with microgrid parameters used in [61, 11]. Aside from the droop gain, which will be dis-

cussed, all other quantities are kept identical across the microgrid, to avoid confounding

variables. Rl and Xl describe the resistance and reactance on lines connecting nodes to

each other. Ro and Xo describe the resistance and reactance within the node, on the line

connecting the inverter to the node bus. R describes the resistance of the static load at the

node. m and n describe the droop gains for the P-F droop and Q-V droop, respectively.
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For the following simulations, we consider three microgrid scenarios in order to il-

lustrate the challenges faced by a droop-controlled network. In these individual cases, the

droop gain on a single inverter is modified to show how the inclusion of a single power source

may destabilize a conventionally controlled microgrid. These scenarios also illustrate how

the proposed control design can add significant robustness to the grid.

While some test situations may involve identical power sources, a more realistic con-

dition is the case in which not all generators are identically rated, in the sense that the

individual power sources may have different capacities. A wind farm may not have the same

rating as a storage bank, for example. To simulate this case, we can vary the droop gain on

the inverter. Along the P-F channel, a smaller droop gain implies that the associated power

source is larger, and thus a unit change in active power has a weaker effect on the output

frequency; a larger droop gain implies that the associated power source is smaller, where

a unit change in active power has a stronger proportional effect on the output frequency.

Such scenarios have been considered problematic for microgrids, as described in the earlier

literature review.

We have simulated a microgrid response to a disturbance at node 2; the associated

microgrid configuration is shown in figure. The disturbance is taken to be a 20 percent step

increase in active power load relative to the equilibrium load at node 1; this represented a

3.34% active power increase relative to the equilibrium load on the microgrid as a whole.

This was taken to simulate a sudden demand increase, as might be the case with electrical

machinery that is suddenly switched on.

In this scenario, we vary the rating of generator 3, while keeping the remainder

of the generators identically rated. The following simulations show the response of the
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conventionally droop-controlled microgrid alongside the response of the microgrid with the

proposed adjustments to the droop controller. We show the frequency response, as well as

power output from each node, to confirm that the transient power sharing between generators

is improved, with the same steady state power sharing.

As a first test scenario, all generators are identical. For the second test condition,

we set the rating of generator 3 to be 67% that of the other generators. In the second test

condition, we set the rating of generator 3 to be 50% that of the other generators.

These simulations are repeated for varying degrees of control. We show how the

microgrid responds with “full model”, “regional”, and “solitary” controllers as described in

5.5; as previously mentioned, the motivation for these variations is to identify the degree

of modularity that these model-based controllers require to actuate improved power quality.

To continue this theme, we also show how the microgrid responds with a varying proportion

of controllers. In addition to the cases where all droop controllers are ‘conventional,’ and

when all droop controllers are ‘adjusted,’ we also show the case where varying proportions of

controllers are ‘adjusted,’ so as to identify the degree to which additional control is needed

for grid-wide improvement.

5.6.1 Metrics

The results are quantified across a variety of metrics. Robustness is measured by

considering the H-infinity norm of the system. Overall dynamic performance is compared by

evaluating changes in peak undershoot and settling time with respect to inverter frequencies,

as these represent standard markers for the response of a dynamic system. Undershoot is

taken as the maximum difference between the frequency signal and its final settling time.
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Settling time is taken to be the time required for the signal to decay to within 5% of its final

steady-state value. For the microgrid, the largest of these values across all inverter output

frequencies was recorded. The goal is for the droop control adjustment to result in a shorter

settling time with minimal undershoot.

We also consider the ‘synchronism’ of the microgrid, i.e. how out of phase the indi-

vidual inverters are with each other. To quantify this, we look at the time-varying variance

sampled across all frequencies; when all inverters are in phase with each other, this variance

is 0. We present both the peak reduction in variance, as well as the change in variance

integrated over time to provide a measure of the overall change in variance.

5.6.2 Summarized Results

The results across all simulations are shown in Tables 5.2, 5.3 and 5.4, where the

change in various quantities is shown for the controlled vs. uncontrolled cases. ‘Model’

refers to the type of grid model used during controller synthesis, while ‘controller’ describes

which nodes were equipped with adjusted droop controllers. ‖T (s)‖∞ is the infinity norm of

the system, with z matrices as described in the controller synthesis section. Mp is the percent

undershoot, τs is the settling time, and σ2 is the variance taken across inverter frequencies.

Figures associated with all cases can be found in the appendices.

We have omitted results associated with the ‘solitary’ model, aside from the case

where all inverters were equipped with an adjusted droop controller. In this case, no note-

worthy improvements were observed even when all inverters included an adjusted droop

controller, and thus there was no value to be found from further reducing the level of con-

trol. This reasoning matched observations, and as such these results are not included. For
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a similar reason, we have not included the ‘solitary’ or ‘regional’ simulations where only a

single controller is equipped with an adjusted droop controller. Even when the controller

was designed using the full model, the microgrid performance showed no real improvements;

further controller reduction by minimizing the model resulted in insignificant changes.

There are three major results worth highlighting at this juncture. First, by comparing

results across model-type, it can be seen that more detailed models are helpful in terms of

allowing the resultant controller to better stabilize the microgrid. However, the depth of the

model offers a decreasing return; the losses observed with the ‘solitary’ model are obvious,

but there was little change between the ‘full’ and ‘regional’ models.

Second, as the droop gain at node 3 is lowered, the microgrid becomes less stable to

disturbances. However the proposed control design allows for comparatively stable operation

despite this sensitivity.

Third, controller location is relevant to the controlled response of the microgrid.

Configurations in which only one of the possible inverters was equipped with the proposed

control design resulted in significantly inferior performance compared to the cases where

two or more inverters were thus controlled. However there was little gain to be found from

having all inverters controlled, compared to the judicious selection of some inverters to be

controlled, as evidenced by the comparison between ‘all’ and ‘2, 3’ controller configurations.
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Model Controller ∆‖T (s)‖∞ ∆Mp ∆τs ∆σ2
peak ∆

∫
σ2dt

Full All 12.5% 41.2% 33.2% 30.5% 48.8%
Full 2, 3 12.5% 43.3% 24.2% 32.5% 30.8%
Full 3 −0.6% 0.7% 5.0% −0.6% 0.3%
Regional All 12.5% 53.8% 17.4% 32.3% 31.7%
Regional 2, 3 8.3% 45.1% 22.8% 32.3% 26.3%
Solitary All 4.5% 7.7% 23.6% 5.0% 6.9%

Table 5.2: A summary of the results across all simulations when the rated power at all nodes
is identical. Metrics are shown as the percentage decrease in the respective quantity in the
controlled case, relative to the uncontrolled case (i.e. positive values represent a decrease,
negative values represent an increase).

Model Controller ∆‖T (s)‖∞ ∆Mp ∆τs ∆σ2
peak ∆

∫
σ2dt

Full All 7.8% 60.1% 25.8% 34.6% 54.5%
Full 2, 3 7.8% 52.3% 23.3% 38.4% 36.5%
Full 3 −1.3% 1.2% 1.6% −0.3% 1.4%
Regional All 7.8% 66.3% 16.1% 35.5% 34.2%
Regional 2, 3 7.8% 52.4% 22.8% 34.9% 29.3%
Solitary All 4.5% 8.8% 1.6% 5.13% 7.4%

Table 5.3: A summary of the results across all simulations when the rated power at node 3
is lowered to 2/3 of the other power sources. Metrics are shown as the percentage decrease
in the respective quantity in the controlled case, relative to the uncontrolled case.

Model Controller ∆‖T (s)‖∞ ∆Mp ∆τs ∆σ2
peak ∆

∫
σ2dt

Full All 79.6% 73.7% 87.7% 38.7% 71.8%
Full 2, 3 79.6% 58.4% 88.0% 42.9% 59.7%
Full 3 78.0% 3.0% 88.5% 3.0% 35.1%
Regional All 79.6% 72.6% 86.8% 39.4% 57.1%
Regional 2, 3 79.6% 57.9% 88.1% 39.2% 54.2%
Solitary All 79.5% 9.5% 85.4% 6.6% 35.4%

Table 5.4: A summary of the results across all simulations when the rated power at node
3 is lowered to 1/2 that of the other power sources. Metrics are shown as the percentage
decrease in the respective quantity in the controlled case, relative to the uncontrolled case.
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5.6.3 Highlighted Results

After summarizing the results observed from various simulations, it is clarifying to

present some specific cases in order to discuss salient features in more detail.

5.6.3.1 Controller Performance vs. Model Complexity

As can be seen in tables 5.2, 5.3 and 5.4, as the model complexity is reduced from

‘full’ to ‘regional’ to ‘solitary’, the controller performance deteriorates. Notably these losses

are trivial for controllers synthesized using the ‘regional’ models, in which the neighboring

nodes are modeled. However, further model reduction to the ‘solitary’ case, where even these

neighboring interconnections are not modeled, leads to significant controller losses.

In this section we show the controlled microgrid performance as the model complexity

is reduced. As there are three simulated configurations depending on the power capacity of

source 3, in order to minimize variable obfuscation we will only be showing configuration 1

in which all sources are identically rated. Similarly, as the goal here is just to show the role

of model complexity, we only present the results in which all inverters are controlled with

the proposed design.

Figure 5.4 shows the inverter frequencies as they respond to the aforementioned dis-

turbance, for the case where controllers are synthesized with the ‘full’ model. Figure 5.4 also

illustrates the synchronism of the frequency response by mapping the time-varying variance

calculated across all inverter frequencies at each timestep. In figure 5.5, these individual

frequencies can be seen more clearly.
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Figure 5.4: Inverter output frequencies and associated variance for the full-model control
synthesis; all generators are controlled.
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Figure 5.5: Inverter frequency comparisons at each individual node, with and without droop
adjustments. Results are for the full-model control synthesis; all generators are controlled

As we first reduce the model complexity to the ‘regional’ case, we notice that the

losses compared to the ‘full’ controllers are not particularly conspicuous. This response can

be seen in figure 5.6. While the settling time is not as reduced, and the overall frequencies

are less synchronized, the overall response is comparable. Additionally, the reduction in the

infinity-norm is almost unchanged, implying that the reduced model has not significantly

changed the robustness of the control.
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Taking this a step further, we show the controller performance when the controllers are

synthesized with an entirely local model; the controller at node j only knows how its actions

affect node j, and has no knowledge of other grid components. Unlike the previous case

where losses were minimal, here the performance deterioration is significant. The reduction

in the infinity norm is more than halved; similarly the undershoot and variance reductions

have significantly suffered. This response is shown in figure 5.7.
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Figure 5.6: Inverter output frequencies and associated variance for the regional-model control
synthesis; all generators are controlled.
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Figure 5.7: Inverter output frequencies and associated variance for the solitary-model control
synthesis; all generators are controlled.

5.6.3.2 Controller Performance vs. Controller Layout

In this section we show the controlled microgrid performance as the number of con-

trollers is reduced. As there are three simulated configurations depending on the power

capacity of source 3, in order to minimize variable obfuscation we will only be showing con-

figuration 1 in which all sources are identically rated. Similarly, as the goal here is just to

show the role of controller layout, we only present the results in which the controllers have

been synthesized with the ‘full’ model, and neglect the ‘solitary’ or ‘regional’ cases.

As can be seen in tables 5.2, 5.3 and 5.4, the performance appears to be correlated

with the controller placement. When the number of controllers is reduced from every inverter

being equipped with the proposed controller, to the case where only 2 of the controllers are

equipped, to the case where only 1 is equipped, the controlled response suffers.
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As with the model complexity, the losses between these configurations are not linear.

The best controller performance in all cases is attained when all inverters are controlled; this

is intuitive. These plots have already been shown, in figure 5.4.

The losses are insignificant when only inverters 2 and 3 are controlled with the pro-

posed design. This response is shown in figure 5.9, where it can be seen that the overall

response is comparable to the case where all inverters were controlled. The infinity norm is

unchanged, and the peak variance and peak undershoot are approximately unchanged. The

undershoot reduction and the overall synchronism show moderate losses.

Finally when only inverter 3 is controlled with the proposed design, we see significant

performance losses. In this case all metrics either show trivial improvements, or even losses

compared to the uncontrolled case. This response is shown in figure
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Figure 5.8: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverters 2 and 3 are controlled.
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Figure 5.9: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverter 3 is controlled.

5.6.3.3 Microgrid Stability vs. Droop Gain

In this section we demonstrate that the proposed controller can significantly con-

tribute to the stability of the microgrid, by minimizing the destabilizing effects incurred

by the inclusion of a lower-rated power source. To minimize variable obfuscation, we only

consider the cases where all inverters are controlled with the proposed design, using the ‘full’

model for controller synthesis.

As can be seen in tables 5.2, 5.3 and 5.4, as the droop gain at node 3 increases, the

controller performance appears to improve. It will now be shown that this is because the

droop-controlled microgrid becomes increasingly less stable as this gain is increased. The

proposed control design mitigates this destabilizing factor.

The case where all inverters are identically rated is shown in figure 5.10. This can be
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compared to figure 5.11., the where the power rating at node 3 is decreased to 2
3

that of the

other power sources. We see that the while these scenarios are similar, there is a notable

increase in oscillatory behavior at node 3; other output frequencies have also suffered, but

much more subtly. This oscillation is especially conspicuous in figure 5.12, where the power

rating at node 3 is decreased to 1
2

that of the other power sources. Here the oscillation at

node 3 is clearly visible, and due to the frequency coupling this has led to observable, but

less exaggerated, oscillatory behavior at nodes 4, 5, and 6.

That said, the proposed control design has eliminated this oscillatory transient, es-

pecially at node 3. This results in a significantly shorter settling time, in the most extreme

case. In this sense the controller has mitigated the destabilizing effects of the weaker power

source.
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(b) Individual frequency comparisons.

Figure 5.10: Inverter output frequencies; all power sources are identical.
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Figure 5.11: Inverter output frequencies; the power rating at node 3 has been lowered to 2
3

that of the other power sources.
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Figure 5.12: Inverter output frequencies; the power rating at node 3 has been lowered to 1
2

that of the other power sources.

5.7 Discussion

As previously touched upon, there are three major implications of these results. These

results pertain to (1) the degree to which the proposed control design offers stability and

robustness improvements; (2) the significance of the model during controller synthesis; (3)

the relevance of controller placement for performance gains.

5.7.1 Transient Improvements: Stability and Robustness

First it can be seen that the proposed control architecture offers significant improve-

ments in terms of dynamic performance relative to the conventional droop method for invert-

ers: the proposed control design resulted in inverter outputs which settled faster, with fewer
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oscillations, and with increased synchronism. Across all comparisons, the ‘controlled’ cases

outperformed the ‘uncontrolled’ cases, with the exception of the configurations in which only

a single droop controller was adjusted with the proposed design. Even the weakest results,

observed in the configuration in which all power sources were identically related, showed

notable transient improvement upon incorporating the proposed droop adjustment; peak

undershoot and settling time were decreased by upwards of 40% and 30% respectively. This

improved controlled response also manifested itself in terms of improved synchronism be-

tween generators, as quantified by the reduced variance of the output frequencies; the peak

variance was reduced by more than 30%, with an integrated variance reduction exceeding

48%.

While these improvements were observed when all power sources were identically

rated, the results were even more considerable as the droop gain at even a single inverter

was varied. Since this corresponds to the case where a less powerful source is included in

the microgrid, this has noteworthy applications for real systems. As a given source becomes

weaker, it can be observed that the conventionally controlled microgrid became less stable;

the grid responded to the same disturbance with an increasingly oscillatory response. Despite

this loss of stability with conventional controllers, the proposed design essentially eliminated

the negative changes brought upon the system by this weaker source. Most conspicuously,

the oscillatory frequency response at the weaker inverter was controlled to be stable; however

the coupled frequency response at the other generators was also improved, as shown in Figure

5.12.

These stability improvements can be interpreted together with the improvement in ro-

bustness, as measured by the infinity norm of the microgrid transfer function. The proposed
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design resulted in reductions to this norm, implying improved robustness of the closed-loop

system. In the case where source 3 was simulated to be weaker than the others, this norm was

reduced by more than 78%, even in the worst case in which only a single inverter- the inverter

associated with this weaker source- was equipped with the proposed droop adjustment.

5.7.2 Impact of Model Type

Second, we can compare results across model type, i.e. controller performance when

it was synthesized with a full model that mapped out the full microgrid, a ‘regional’ model

that only mapped its neighboring nodes, and a ‘solitary’ model that knew nothing of the

remainder of the microgrid. These results show that model type had a pronounced effect,

but up to a point.

Across all simulations, we can see that as expected, the full model resulted in the

best microgrid performance. This was to be expected, as these controllers had the most

information regarding the effects actuated by their individual outputs.

However it can be seen that only mild losses were incurred if the controllers were

instead synthesized using the regional models. Between these cases, the reductions in in-

finity norms were typically unchanged, while the settling times and peak undershoots were

comparable; the full model did tend to result in improved synchronism, as evidenced by

the integrated variance. These losses appeared to be minor, suggesting that the bulk of

improvements could be attained using only regional models during controller synthesis.

Alternatively, the simplification of the model eventually resulted in a considerable re-

duction in performance. The solitary model-types resulted in the worst performance across

all simulations, by a considerable margin, yet still showed improvement relative to the con-
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ventional droop controllers. Nevertheless these improvements were approximately reduced

by an order of magnitude relative to the full and regional model types. The notable exception

is in the least stable configuration, configuration 3, in which even the solitary model-type re-

sulted in a significantly more robust system compared to the conventional droop controllers.

5.7.3 Role of Controller Topology

Finally, it was observed that controller placement had a notable effect on the resulting

microgrid performance. Note that we refer to the adjustment to the droop mechanism as a

‘controller,’ and so the conventional droop is referred to as ‘uncontrolled.’

Generally, the microgrid performed better with more controllers rather than fewer,

matching physical intuition. However, judicious placement of controllers may offset these

losses. Across all simulations, the microgrid performed best when all inverters were equipped

with the proposed controller. However the performance was nearly as good if only two of

the six inverters were similarly controlled. In particular, controllers placed at the weaker

power source and the inverter at the disturbed node resulted in comparable performance to

the case where all inverters were controlled. Again, this reduction eventually showed losses.

When only a single inverter was controlled with the proposed design, even the best results

were often comparable to the uncontrolled case.

Moreover, in the cases in which one power source was weaker than the others, the con-

vex solver failed to even converge to a solution if the weaker power source was not equipped

with the proposed controller. In fact, no suitable feedback matrix could be generated even

if all inverters were equipped with the proposed controller except the inverter at the weaker

source. This suggests that in model-based designs, it may be necessary to include controllers
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to handle ‘problematic’ features of the dynamic system.

We note that these results require further exploration. While it is intuitive that more

controllers means better performance, it is a somewhat open question of how many controllers

may be needed in a microgrid. If the goal is to limit the number of controllers, then it may

be necessary to explore topology-specific configurations to identify where controllers need

to be located. That said, in this case the proposed controllers would not require additional

sensor data compared to the conventional droop controller; they would simply require that

the same sensor measurements be used in a slightly different way. In this sense, it would not

be prohibitive to change the droop method to match this proposed design.

5.8 Conclusion

We conclude this section by remarking that the proposed control design has shown

considerable improvement relative to the conventional droop controller, across multiple tran-

sient metrics and robustness criteria. Additionally, the proposed design does not interfere

with the steady-state power sharing characteristic that makes droop controllers so attractive,

nor does it require any additional sensor data or intercommunication between nodes.

Instead, the proposed design simply requires more ‘startup’ cost during controller

synthesis. Much as droop controllers require tuning in order to set desirable droop gains, the

proposed controllers would require a model of the microgrid in order to be synthesized. But

as shown, the necessary model for effective control is fairly simple; considerable grid-wide

improvements can be attained if the controllers are synthesized with a truncated model of

only their neighboring nodes.
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With these improvements, the resulting microgrid can be more robust, particularly to

power sources of variable strength. This enhances the flexibility of a microgrid, and allows

for greater incorporation of distributed energy resources.
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Chapter 6

Wind Turbine Frequency Support in Microgrids

This section outlines a proposed controller to allow a wind turbine to participate in

primary frequency control. The controller draws power from the rotational inertia stored in

the rotor of the wind turbine, in order to provide rapid power injections during transient

periods 1.

As mentioned earlier, most modern wind turbine generators are decoupled from grid

frequency through power electronics, and so the inertia of the turbine’s rotor and generator

do not contribute to the overall grid inertial response. This exacerbates the challenge of

frequency regulation as more conventional units are replaced by wind turbines, and weakens

the grid’s ability to handle power quality disturbances. To improve the overall competitive-

ness of wind power, it is therefore necessary for wind turbines to provide control or support

during these transient perturbations.

The motivating idea behind this research is that although wind turbines can con-

1Results in this section have been published in [71]:
M. Chu Cheong, Z. Ma, H. Qian, J. Conger, P. Du, and D. Chen, “Wind Turbine Participation in Primary

Frequency Control,” Journal of Dynamic Systems, Measurement, and Control, vol. 141, p. 104501, May
2019.

M. Chu Cheong primarily led this work, with joint collaboration from Z. Ma. The responsibilities of
Chu Cheong included leading the overall project and design, as well as integrating the proposed control
methodology into the system model. H. Qian and J. Conger provided modeling assistance, while P. Du and
D. Chen provided advisory input.

117



tribute to frequency variability, they also possess a significant amount of stored rotational

energy in the turbine rotor. The goal of this project was to show that using this physical

inertia, a wind turbine can be used to support the network’s frequency response by emulating

the inertial response of a traditional synchronous generator.

This behavior is facilitated by the power electronics in variable-speed wind turbines,

which allow for fast actuation of the generator torque. Because the torque can be rapidly

adjusted and commanded, a wind turbine can quickly ramp up its overall power output

by drawing power from its heavy, spinning rotor. This allows the wind turbine to poten-

tially provide an inertial frequency response that could be more responsive than that of a

traditional generator.

This fundamental idea is not new, but proposed methodologies have been limited or

flawed. Generally, the implementation of this idea has resulted in controllers that are either

inefficient or not robust. In many cases, the proposed controllers are either efficient but

potentially unstable, or operate with guaranteed robustness and stability but waste power

in the process. Inefficiency generally results from deloaded controllers, which intentionally

capture less power than that which is available, in order to ensure a power reserve. On

the other end of the spectrum, there are proposed controllers which seek to maximize power

capture and provide support when required, but then fail to account for turbine aerodynamics

and may result in turbine instability or critical slowdowns. The goal of this research was to

design a controller which could address the shortcomings of these approaches.

In this project, we developed a robust controller for wind turbine operation that

allowed the wind turbine to participate in grid frequency control. The resulting controlled

turbine was designed to operate in conjunction with a conventional power source, such as a
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backup diesel generator. The idea is that these power sources can provide power at different

timescales, and using this controller they can complement each other to better support the

grid. Wind turbines can inject power quickly, but may not be able to sustain this increased

output; slower generators can provide sustained power, but ramp up much more slowly. If

these sources are controlled to operate together, the resulting frequency support is shown to

result in superior grid performance.

For the proposed controller, the wind turbine was controlled to inject active power

proportional to the measured frequency error; if more power was required than what was

available from the wind, power was drawn from the rotational energy of the turbine’s rotor.

To achieve this objective and avoid behavior such as critical slowdowns, wind turbine dy-

namics were included into the proposed control design in order to ensure stable operation

and control of the turbine.

6.1 Wind Turbine Model

An NREL 1.5 MW WindPact turbine was simulated for this application. Specifically,

this was a doubly-fed induction generator (DFIG) type turbine, in which a wind turbine was

coupled with a doubly-fed induction generator to allow for variable-speed operation.

The wind turbine frequency dynamics were modeled with a one-mass model which

assumes a rigid base, tower, and shaft:

(Jr +G2
rJg)ω̇ =

π

64
ρairD

5
r

Cp(β, λ)

λ3
ω2 − bω −GrTg, (6.1)

with the tip speed ratio, λ, defined as

λ =
ωDr

2Vw
. (6.2)
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In this equation Jr is rotor inertia (kg/m2), Jg is generator inertia (kg/m2), ω is the turbine’s

rotor angular velocity (rpm), ρair is air density (kg/m3), Dr is rotor diameter (m), β is the

blade pitch angle (degrees), b is the frictional loss constant, Gr is the gear ratio, Tg is the

generator torque, and Vw is wind speed (m/s). This expression is expressed more concisely

by introduction of aerodynamic torque:

Taero =
pi

8ω
ρairD

2
rV

3
wCp, (6.3)

such that

(Jr +G2
rJg)ω̇ = Taero − bω −GrTg. (6.4)

This reformulation was utilized during the controller design process.

The power coefficient, Cp is a measure of the overall efficiency of the wind turbine.

Cp is a function of the blade pitch angle β and the tip speed ratio λ, and was computed by

NREL’s WT-Perf program; this software package uses blade element momentum theory to

predict wind turbine performance.

6.2 Control Methodology

For this design, the goal was to control power injection on the primary and secondary

timescales. As described in previous section, spinning generators demonstrate a linear rela-

tionship between active power supply and frequency. This can be simplified for a network

of ng power sources and nl loads, where the relationship between power and frequency can

be expressed by a first-order lag transfer function:

∆f(s) =
1

2Hsys +Dsys

(

ng∑
j=1

∆Pg,j(s)−
nl∑
k=1

Pl,k(s)). (6.5)
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In this relationship Hsys represents the network’s rotational inertia, while Dsys represents the

damping present in the system. Note that here f is used to represent the network frequency,

while ω is reserved for the wind turbine rotor frequency; these quantities are physically

decoupled and are generally not identical.

When overall load does not match overall supply, network frequency deviates from

its nominal setpoint. To handle this discrepancy, we can adjust the power outputs from

individual generators. These generators do not instantly respond to commanded power

signals; the response can also be simplified as a first-order lag function:

∆Pg =
1

τgens+ 1
∆Pg,cmd, (6.6)

where Pg represents the output power from the generator and Pg,cmd represents the com-

manded power signal to the generator. It can be seen that if ∆Pl changes, ∆Pg will lag,

resulting in frequency error.

In the proposed control design, a wind turbine is controlled to operate in tandem

with a synchronous generator. For the coupled system, the overall change in output power,

∆P̃g, can be expressed as:

∆P̃g = ∆Pwt +
1

τgens+ 1
∆Pg,cmd, (6.7)

where ∆Pwt is the controlled change in wind turbine output power. The hypothesis that

motivated this design is the idea that the wind turbine can rapidly increase its output power

to mitigate the slow response of the traditional generator. However, this increased power

output may not be sustainable depending on wind conditions, and so the controller ramps

down the wind turbine output as the traditional generator ramps up. The goal of this design
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is to more closely track changes in load, which cannot be perfectly forecasted, in order to

minimize ∆f in the system.

The proposed control design depends on controlled modulation of the wind turbine’s

output power, which in turn depends on wind turbine’s generator torque:

Pwt = TgGrω. (6.8)

This torque can be rapidly actuated in order to draw power from the wind turbine’s

rotor, as it is directly proportional to the quadrature component of the rotor current:

Tg = − Lmet
Ls + Lm

Iqr, (6.9)

where Lm is the magnetizing inductance, Ls is the stator leakage inductance, et is the terminal

voltage of the DFIG, and Iqr is the quadrature component of the rotor current in the d-q

frame.

Ir can be controlled to meet its commanded value by adjusting the Vqr, the quadrature

component of the controllable rotor voltage. For these purposes, Vqr is adjusted using a PI

controller:

Vqr(s) = (Kpq +
Kiq

s
)(Iqr,ref (s)− Iqr(s)). (6.10)

By modifying Vqr, the wind turbine torque can therefore be controlled to the desired degree.

The Vqr response, and thus the torque response, is on the order of milliseconds; this is

significantly faster than the rate at which a traditional generator can change its power

output.

The proposed control laws for controlled torque generally fall into two main categories,

depending on the wind turbine’s power output relative to its rated capacity: (1) partial load

122



operation, and (2) full load operation. At partial load, the wind turbine produces less power

than its rating. In this situation, the wind turbine blade pitch angle, β, is set to its optimal

value to maximize energy capture; the wind turbine’s generator torque is actuated in order to

provide frequency support for the microgrid. Alternatively during full load operation, when

the wind turbine power output is at its rated value, then a novel optimal control procedure

has been implemented in order to avoid critical overspeeding.

6.2.1 Partial Load Operation

Under these conditions, the blade pitch angle is set to its optimal value. Depending

on the magnitude of network frequency error, |∆f |, the torque is commanded to be:

Tg,cmd =


Tenergy |∆f |≤ ∆fs
Tgrid |∆f |≥ ∆fd
|∆f |−∆fs
∆fd−∆fs

Tgrid + ∆fd−|∆f |
∆fd−∆fs

Tenergy ∆fs < |∆f |< ∆fd

(6.11)

where Tenergy and Tgrid are control schemes that apply depending on the grid status.

The control strategy is designed to change depending on the degree to which the

grid is disturbed. As the outlined control laws are generally nonlinear, a switched control

methodology is adopted to handle these different scenarios. Specifically, if the grid frequency

deviation is less than ∆fs, we have considered the grid to be ‘safe’ and not in need of wind

turbine support, while if the frequency deviation exceeds ∆fd, we have considered the grid to

require support from the wind turbine. ∆fd and ∆fs are not the same to avoid limit cyclic

behavior, where the grid would undesirably oscillate between ‘safe’ and ‘disturbed’ behavior.

In the interim between these two event-marking thresholds, the designated control laws are

linearly interpolated.

In addition to grid conditions, different operating modes are also included in the
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design to accommodate various turbine conditions. The control law varies depending on the

measured rotor frequency, ω, to ensure stable turbine performance.

If the grid experiences a small frequency deviation, less than ∆fs, then the goal of

controller is simply to track its nominal power setpoint, P 0
wt as best as possible. In this

situation, the torque is commanded to follow Tenergy, which is defined as

Tenergy =

{
Kstcω

2 ω ≤ (P ∗wt/(GrKstc))
1/3

P 0
wt

Grω
else

(6.12)

This scheme ensures that if the nominal power setpoint P 0
wt is greater than the available wind

power, then the wind turbine will seek to optimize its power capture. If the wind conditions

make it possible to meet P 0
wt, then this setpoint will be tracked.

Alternatively, if the grid undergoes a more significant frequency deviation which ex-

ceeds ∆fd, then the controller switches to a supporting role, as dictated by Tgrid:

Tgrid =


Kstcω

2 ω ≤ ω∗
Pcmd

Grω
ω ≥ ωopt

ω−ω∗

ωopt−ω∗
Pcmd

Grω
+ ωopt−ω

ωopt−ω∗Kstcω
2 ω∗ < ω < ωopt

(6.13)

ωopt refers to the optimal rotor speed in terms of energy capture, as determined by

ωopt =
2Vwλ

opt

Dr

, (6.14)

where Vw is wind speed and Dr is rotor diameter, as before. λopt represents the optimal tip

speed ratio, which is fixed for a given wind turbine.

In this control scheme, the controller attempts to track the commanded power until

the rotor frequency is too low to safely extract more power. If the rotor speed exceeds its

optimal value, then the power output can be easily tracked; wind energy capture increases
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as the the turbine rotor slows. As more power is commanded, the wind turbine’s output

power approaches the captured input wind power, at which point the system would be at a

steady-state.

If even more power is commanded, then the turbine frequency decreases and falls

below ωopt; in turn, the captured wind power decreases. This can result in instability: in

this scenario the turbine is slowing, and as it slows it captures less power, and slows further.

To avoid this failure mode, the output power is reduced and the generator torque is shifted

to maximize energy capture to allow the turbine frequency to recover.

As with ∆fs and ∆fd, two event marking frequencies are designated here to avoid

cyclic switching behavior. ω∗ < ωopt is a threshold chosen to avoid switching transients

between the ‘power tracking’ and ‘turbine recovery’ modes.

6.2.2 H-2 Gain Scheduled Pitch Control During Full Load Operation

If the wind conditions are such that the available wind power exceeds the commanded

wind power, then the turbine is free to operate at its rated speed. In this operating mode,

over-speeding is a concern for the wind turbine. Torque modulation alone cannot solve this

problem. If torque were to be increased, the turbine could be slowed, but at the cost of

tracking error: the output power would increase.

To avoid this issue while still tracking Pcmd, blade pitch angle λ is no longer held fixed.

Traditional blade pitch angle controllers apply gain-scheduled pitch control to minimize

the deviation between rotor speed and its setpoint under volatile wind flow. However this

application requires that the wind turbine must track its commanded reference, and so a

simple gain scheduled pitch controller is not optimal and robust enough for this application.
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For example, conventional gain-scheduled controllers rely on wind speed measurements and

this methodology can be challenged in variable wind conditions; this may not be an issue

for normal wind turbine operation, but the wind turbine is being used for specific power

injection in this application and so precision is more emphasized.

An H-2 gain scheduled controller was developed in this project in order to more

optimally control λ. Specifically, a PI controller is used to minimize the error between ω and

ωrated:

βcmd = Kp(β, Pcmd)(ω − ωrated) +Ki(β, Pcmd)

∫ tf

t0

(ω − ωrated)dt. (6.15)

Kp and Ki are the scheduled proportional and integral gains; the goal is to optimally choose

Kp and Ki.

These gains were determined by optimizing a cost function which considers both the

error in ω and the degree of control actuation, the rate of change of the pitch angle dλ
dt

. For

a given wind speed disturbance d(s), this cost function can be written as

E = W‖∆ω(s)

d(s)
‖2+‖sβ(s)

d(s)
‖2, (6.16)

where W is the relative importance of minimizing the rotor speed deviation relative to

minimizing the pitch rate. The specific norm used for this application is the H-2 norm:

E = W‖∆ω(s)

d(s)
‖2+‖sβ(s)

d(s)
‖2. (6.17)

The two transfer functions in this cost function are obtained by taking the first-order

Taylor expansion of equation 6.1, around its rated steady-state where Taero = GrTg = Pcmd

ωrated
.
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In this expansion, Taero = Taero(β, ω, Vw), while Tg = Tg(ω):

Jdω̇ =(Ta)− (GrTg)

≈(T 0
aero +

∂Taero
∂β

∆β +
∂Taero
∂ω

∆ω +
∂Taero
∂Vw

∆Vw)− (GrT
0
g +Gr

∂Tg
∂ω

∆ω)

≈(
Pcmd
ωrated

+
∂Taero
∂β

∆β +
∂Taero
∂ω

∆ω +
∂Taero
∂Vw

∆Vw)− (
Pcmd
ωrated

− Pcmd
ω2
rated

∆ω)

(6.18)

In this linearization step, the damping constant b is neglected as it generally has a negli-

gible effect upon the system. Furthermore, ∂Taero
∂ω

∆ω is dominated by the remainder of the

equation, and so this linearization can be simplified to:

Jd∆ω̇ =
∂Taero
∂β

∆β +
∂Taero
∂Vw

∆Vw +
Pcmd
ω2
rated

∆ω. (6.19)

Labeling the disturbance due to wind speed variations:

d(s) :=
∂Taero
∂Vw

∆Vw, (6.20)

then we can rewrite the Taylor expansion using equation 6.15

Jdω̇ −
∂T 0

aero

∂β
∆β − Pcmd

ω2
rated

∆ω =d

Jdω̇ − (
∂T 0

aero

∂β
Kp +

Pcmd
ω2
rated

)∆ω − ∂T 0
aero

∂β
Ki

∫
∆ωdt =d,

(6.21)

where this partial derivative ∂T 0
aero

∂β
can be computed for all equilibrium pitch angles βrated

∂T 0
aero

∂β
=

π

8ωrated
ρairD

2
rV

3
w,0

∂Cp
∂β

. (6.22)

This can be written in the frequency domain as

∆ω(s)

d(s)
=

s/Jd
s2 + c1s+ c2

, (6.23)

127



where

c1 =− 1

Jd
(
∂T 0

aero

∂β
Kp +

Pcmd
ω2
rated

)

c2 =− 1

Jd
(
∂T 0

aero

∂β
Ki).

(6.24)

Equation 6.15 can be used to relate β(s) to ω(s) and write this transfer function in

terms of the pitch rate, sβ(s):

sβ(s)

d(s)
= − 1

∂T 0
aero

∂β

(c1 + Pcmd

Jdω
2
rated

)s2 + c2s

s2 + c1s+ c2

. (6.25)

To minimize the cost function E in equation 6.17, the H-2 norms of equations 6.23

and 6.25 were computed. For a transfer function, Ĝ(s), with realization

ẋ =Ax+Bu

y =Cx
(6.26)

the H-2 norm can be found as

‖Ĝ‖2
H2= trace(CQCT ), (6.27)

where Q is the solution to the Lyapunov equation:

AQ+QAT +BBT = 0. (6.28)

Both 6.23 and 6.25 are second-order transfer functions, and so the cost function E

can be computed analytically as

E =
W

2J2
dc1

+
c2(c1 + Pcmd

Jdω
2
rated

)2 + (c2 − c1(c1 + Pcmd

Jdω
2
rated

))2

2c1(∂Taero/∂β)2
. (6.29)
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c1 and c2 can be computed such that E is minimized by solving ∂E
∂c1

= ∂E
∂c2

= 0 for c1

and c2. The global minimum solution results in the pair of equations:

(9c2
1 − 2c1

Pcmd
Jdω2

rated

+ (
Pcmd

Jdω2
rated

)2)(c1 +
Pcmd

Jdω2
rated

)2 =
4W

J2
d

(
∂Taero
∂β

)2

c2 =
1

2
(c2

1 − (
Pcmd

Jdω2
rated

)2).

(6.30)

Using the relations in equation 6.24, the optimal PI gains are given as

Kp(β, Pcmd) =− Jd(
∂Taero
∂β

)−1(c1 +
Pcmd

Jdω2
rated

)

Ki(β, Pcmd) =− c2Jd(
∂Taero
∂β

)−1.

(6.31)

The resulting gains are independent of wind-speed measurements, and so the con-

troller is more robust to variable wind conditions and more reliable for the desired applica-

tion.

6.3 Results

The controller was tested against simulated wind conditions in a 4-node 60 MW

microgrid. It was observed that the proposed design was able to effectively reduce the peak

frequency deviation; relative to the new steady-state, frequency overshoot was reduced by

as much as 44%. Moreover, the design was shown to be effective in both deloaded and

undeloaded conditions, demonstrating the flexibility and efficiency of the controller.
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Figure 6.1: Wind speed profile used for testing the proposed control design.

The simulated microgrid was modeled as an interconnection of 4 separate subsystems.

Each subsystem was comprised of a load and a generator, with the exception of subsystem 2

which also included a wind turbine. In the simulated microgrid, each generator is is assumed

to be identically rated. At steady-state, the active power contributions of each subsystem

(i.e. from the generator and possibly the wind turbine) were approximately 15 MW.

After 1 second, a sudden load increase of 3 MW is simulated via a step change in the

power draw at subsystem 4; this represented a 5 % increase in total active power load. This

in turn triggers an under-frequency event in the microgrid.

To test the ability of the proposed controller to respond to this frequency deviation,

we considered a wind profile with a time resolution of 2 ms and a mean value of approximately

8 m/s. The wind-speed time history can be seen in Figure 6.1.

Three separate cases were explored. In the first ‘no support’ case, the wind turbine

did not provide frequency support, and simply tracked its nominal power output setpoint of

0.6 MW. In the second ‘undeloaded’ case, the wind turbine contributed to frequency control.
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As before, the nominal power output setpoint was 0.6 MW, but notably this is close to

the maximum available wind power given the wind speed conditions; as a result, the wind

turbine cannot capture more power to counteract a frequency disturbance. In the third

‘deloaded’ case, the wind turbine also contributed to frequency control, but with a nominal

power setpoint of 0.3 MW. During this deloaded case, there was more available wind power

than was captured, but as a result the wind turbine operated near its rated rotor speed;

overspeeding was therefore a concern and was addressed by the blade pitch angle controller.
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Figure 6.2: Microgrid frequency deviation with varying levels of support from the wind
turbine

With a change in load at time t = 1s, the grid frequency is expected to drop. This

grid behavior is shown in Figure 6.2.

The main question was simply this: how well did this controller mitigate frequency

deviations? As can be shown in 6.2, the effects of the proposed controllers can most notably

be seen during the immediate transient period following the grid disturbance. The wind

turbine controllers allowed the system to respond more rapidly during the ramping-up period
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of the conventional generators. As a result, the peak frequency undershoot was curtailed due

to these controllers, while the final steady-state frequencies were approximately the same in

all cases. In the per-unit basis (p.u.), the final steady-state frequency was approximately

0.997. In the ‘no support’ case, the peak frequency error occurred at 0.9883 p.u., compared

to 0.9911 p.u. in the undeloaded case and 0.9919 p.u. in the deloaded case.

Given the nature of proportional control, some degree of steady-state error is to be

expected in response to a sustained load variation. Therefore the frequency undershoot

was compared to the final approximate steady-state frequency value. With this benchmark,

the frequency undershoot was reduced by 34.7% in the undeloaded case, and 43.4% in the

deloaded case- a noteworthy reduction.
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Figure 6.3: Performance comparison with respect to wind turbine characteristics, illustrating
rotor frequency (RPM) and blade pitch angle.

As earlier emphasized, a key point of focus in this research was not only on the grid

behavior, but also on the status of the wind turbine insofar as its stability was concerned. To

this end, rotor frequency ω and blade pitch angle β are shown in Figure 6.3. As expected, the

‘no support’ case shows approximately no variation in rotor speed and no change in blade

pitch angle during the simulation. In both the deloaded and undeloaded case with wind

turbine support, the rotor speed dropped in order to allow the wind turbine to inject active
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power into the system. However the deloaded case showed a much smaller rotor slowdown;

as the nominal power setpoint was significantly lower than the available wind power, the

deloaded case was able to increase its power output without slowing down as severely. The

blade pitch angle controller was only active during the deloaded case. In this scenario, the

wind turbine was operating near its rated rotor speed because less power was sent to the

microgrid.
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Figure 6.4: Power injections from the wind turbine and associated diesel generator. While
the sum power contribution is the same across individual cases, the proportion provided by
the wind turbine varies.

To better illustrate the behavior of the power injected to the grid, the power contri-

butions from the wind turbine and diesel generator at subsystem 2 can be seen in Figure 6.4.

This makes it clear that the wind turbine provides support during the transient period while

the diesel generator ramps up. Additionally, this figure highlights a key difference between

deloaded and undeloaded control, which is the recovery period following power injection from

the wind turbine. As can be seen in Figure 6.4, following the large power injection between

1 and 4 seconds, the undeloaded wind turbine provides less power than its nominal setpoint.

This is consistent with the rotor speed data in Figure 6.3, where the undeloaded control has

resulted in a moderately slowed wind turbine. In order to recover to its nominal operating
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point, the wind turbine is designed to shunt some power to its rotor in order to speed back

up. This was not an issue in the undeloaded scenario, where it was not necessary for the

rotor to slow down as significantly in order to provide frequency support to the grid.

6.4 Discussion

This research resulted in a controller for a wind turbine for primary frequency control.

This represented an improvement over similar wind turbine inertial controllers that have been

proposed in the literature, in that it was able to operate in both deloaded and undeloaded

conditions and considered wind turbine dynamics to avoid unstable turbine modes.

In addition, a novel optimal blade pitch angle controller was developed using H-2

methods, in order to avoid wind turbine overspeeding during full-load operation. Not only

did this optimize the blade pitch control, but it resulted in a controller that did not require

error-prone real-time wind speed measurements.

The proposed controller demonstrated smooth control actions during the transitions

between normal operation and frequency deviation events. The controlled system showed

that the control design effectively improved grid stability by reducing the frequency deviation

and recovery time.
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Chapter 7

Decentralized Estimation for Model-Based Control

7.1 Overview

In this chapter we outline and propose a method for decentralized estimation in mi-

crogrids. The previous chapter presented a coordinated control design for a wind turbine

to provide frequency support to a microgrid. However this application highlights a problem

with regards to information sharing. Coordinated control either requires that the individual

sources have knowledge of each other; in a microgrid with real-time communication con-

straints, this is a significant limiting factor. In some cases it may be sufficient to assume

that the coordinated sources are directly coupled, and are able to freely share information,

but this is a notable design constraint. This motivates the idea that ‘remote’ state informa-

tion is necessary, thus presenting the need for decentralized estimation.

In this proposed design, we make use of the concept that local information provides

insight into grid-wide behavior. Specifically, frequencies in a stable power network are syn-

chronized:

lim
t→∞

ωi = ωj, (7.1)

where ωi and ωj refer to the frequencies of individual generators, i and j. The main idea is

that we can then use this synchronization in order to approximate a remote measurement.

This in turn can be used in conjunction with the microgrid model to allow for more accurate
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and rapid state estimation compared to the case where we assume that we simply have no

information regarding remote states.

For a conventional state estimator, the challenge is that we have potentially noise-

polluted sensor measurements that provide information about a subset of the state, but

we would like more complete and accurate state information [49, 48]. This problem can

be addressed by using the sensor measurements in conjunction with a model of the system

dynamics to estimate the propagation of unknown states.

In the decentralized case, the challenge is that the available local sensor information

generally does not provide meaningful data about the remainder of the state. As a result, at-

tempts to estimate full state information with this local sensor data may result in excessively

slow or potentially unstable estimators, which would be useless for meaningful applications.

For the microgrid, we take advantage of a physical feature unique to power systems in

order to leverage local data such that it can be used to estimate grid-wide states. Microgrids,

and power systems in general, are commonly powered by some combination of synchronous

generation or droop-controlled inverter-interfaced sources. In both of these cases, frequency

and active power are strongly coupled across power sources due to the frequency synchro-

nization in a power system. As a result, we will show that local frequency and active power

measurements can be used to improve the estimate of remote nodes in a microgrid.

7.2 Estimator Construction

A typical linear model may be generally described as

ẋ = Ax+Bu+Gw

y = Cx+Du+ h,
(7.2)
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where x is the modeled state, y is the set of measurements from the system, u is the control

input, w is the disturbance or perturbation to the system, and h is the disturbance to the

measurement. For this application, the linear model is as described in chapter 6.

When parts of the state are unknown, a state observer may be used for estimation.

The purpose of this estimator is to use the known measurements, combined with a model of

the system, to get a better idea or estimate of the unknown parts of the state. We define

the observer as x̂, with some observer gain matrix L such that

˙̂x = Ax̂+Buu+ L(y − ŷ)

ŷ = Cx̂+Du.
(7.3)

A stable estimator is only possible if the system is at least detectable; the unstable modes

of the system must be measurable in some sense [48]. If the system is detectable, then an

estimator can be found such that the error propagates as

e = x− x̂

ė = (A− LC)e+Gw − Lh.
(7.4)

The challenge is then choosing L such that A− LC is Hurwitz, so that the estimator error

converges to 0. Various methods exist for the selection of L, either through explicit pole

placement techniques or via optimization to minimize uncertainty as in the case of the

Kalman filter [49].

That said, the detectability standard is not particularly powerful in the context of

decentralized systems. For the case of a microgrid linearized around a stable equilibrium,

the system may not have any dynamically unstable modes that diverge, and so any local

measurement may result in a detectable system. However that does not mean that any local

measurements will necessarily contribute meaningful updates to the full estimated state,
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which would in turn allow for faster or more optimal estimation. More importantly, intrinsic

model inaccuracies can lead to estimator drift without sufficient sensor data. Intuitively

this is reasonable; for something like a vehicular control problem, we would expect that

an acceleration measurement would result in a good estimate of velocity, but for microgrid

control, a local current measurement does not necessarily provide substantial information

about the state of a network bus several kilometers away.

In this design, the key idea is that the frequency is synchronized for all generators

and droop-controlled inverters in a microgrid; even if the frequencies go somewhat out of

phase during transient disturbances, they settle to a common equilibrium. The goal is to

leverage this synchronization so that a local frequency measurement can be used as a proxy

for other frequencies throughout the network. Knowing the frequency at a remote node, for

example, would allow for meaningful or at least improved state estimation at that node.

Consider the node from which we have real-time measurements; we can consider this

node 1, without loss of generality. We have an actual measurement of frequency at node 1,

ω1. Therefore for our pseudo-measurement of node j, we have

yj = ω1 = y1. (7.5)

This can be interpreted as

yj = ωj + hj(t),

= Cxj + hj(t).
(7.6)

where hj(t) represents the transient difference between yj and y1. As the generators are

kept in phase with each other by local droop controllers and the physics of synchronous

generation, we know that

lim
t→∞

h(t) = 0. (7.7)
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Specifically, we expect h(t) to settle on the order of seconds, as this is the primary timescale

range in power systems. Ideally we would then use yj to estimate xj.

7.3 Disturbance Reconstruction and Measurement Error

A challenge with state estimation is dealing with the measurement error, h, and plant

disturbances, w. The guiding principle behind the well-known Kalman filter is to assume that

these disturbances are zero-mean and Gaussian; under these conditions the filter provides

the best possible estimate for a linear system [49]. In this case, our disturbances do not

fit this description, and so this section outlines how these disturbances are modeled and

handled by the proposed estimator. The goal is to outline a means by which the filter can

be implemented.

In the case of measurement signals, y, the errors h are due to the transient period

during which individual frequencies are asynchronous. Meanwhile the plant disturbances, w,

represent changes in real power demand/supply. Neither of these are Gaussian, and while h

decays to 0, w is certainly not zero-mean. That said, the proposed hypothesis is that these

unconventional errors can still be leveraged towards effective state estimation. We will now

formalize this measurement and estimation process.

As described, the relevant disturbances to the microgrid are not zero-mean. Ac-

cordingly they cannot be neglected when considering estimator stability, as in canonical

formulations of state estimators. The estimator described in equation 7.4 is stable provided

the matrix A−LC is Hurwitz, which means that the estimate will not diverge from the true

state. However if h and w are not zero-mean, then the estimate will exhibit steady-state

errors relative to its actual value. In typical modeling and estimation problems, distur-
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bances are often safely modeled as zero-mean and Gaussian. This approach is effective for

sensor-noise problems, but less so when dealing with power demand surges; power imbal-

ances may be zero-mean over long timescales, but are decidedly not zero-mean at the rapid,

primary timescale where they may appear more like step disturbances. Therefore in order

for this methodology to have useful applications in microgrids, it is necessary to handle these

disturbances in more detail.

The challenge of non-zero mean disturbances could be resolved if the disturbance, w,

were perfectly known to the estimator. In that case, we would have feedforward compensation

of w in the form of

˙̂x = Ax̂+Bu+Gw + L(y − ŷ), (7.8)

where the estimator can perfectly account for the disturbance and thus better track the

state propagation. But this is not a realistic approach; it requires knowledge of an unknown

disturbance.

To deal with this issue, we first restrict this problem to the case where w represents

the class of real power disturbances to the network, in order to again take advantage of the

fact that synchronous/droop-controlled generators proportionally share the real power load.

This subset of problems represents the bulk of load challenges expected in a microgrid, where

we are concerned with matching real power demand and supply.

At equilibrium, a network of n droop-controlled inverters will share the total change

in real power load in the network ∆Ptot proportional to their droop gains mi such that

m1∆P1 = m2∆P2 = · · · = mn∆Pn (7.9)
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where
N∑
i=1

∆Pi = ∆Ptot. (7.10)

An approximation of the real power load can therefore be computed from a measurement of

the local load at node i, Pi, as

∆Ptot = ∆Pi(
mi

m1

+
mi

m2

+ · · ·+ mi

mn

). (7.11)

The obvious limitation is that this equality does not hold during the system transients.

However the proposal is that this is a sufficient approximation such that the estimator may

be useful for control purposes, particularly if the controller is sufficiently robust.

The second challenge associated with this unknown disturbance, w, is that the ‘lo-

cation’ of the disturbance within the grid is also unknown. By this we mean that there

may be a power imbalance event at any individual node, or some combination of imbalances

across multiple nodes, but this distinction cannot be readily ascertained without some sort

of inter-network communication. Consider that w is in general a n× 1 vector such that

w = [w1, w2, . . . , wn]T (7.12)

where wi represents the real power imbalance at node i, as would be expected from a sudden

change in demand. Suppose we reconstruct the disturbance as described, such that our

estimated disturbance ŵ satisfies
n∑
i=1

ŵi = ∆Ptot. (7.13)

. Without information exchange between multiple measurement points, a local measurement

cannot sufficiently differentiate to ensure that wi = ŵi. Even if the total power imbalance

can be correctly estimated, we may expect the system to respond differently if the source of
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the load imbalance is distributed evenly across the microgrid, compared to the case where it

is entirely localized at a particular node.

This issue cannot be solved using decentralized information; without communication

from other nodes, standard techniques are not sufficient to identify the source of the distur-

bance within the grid. That said, it may not be necessary to perfectly resolve this issue.

The main challenge associated with the unknown disturbances, w, is that when w is not

zero-mean, the estimate has steady-state errors. For our applications, we therefore are in-

terested in reducing the effect of this steady-state estimation error. If the total load can be

reasonably approximated, then the steady-state error may be sufficiently mitigated. In this

case, our error dynamics propagate as

ė = (A− LC)e+G(w − ŵ)− Lh. (7.14)

In this formulation, we see that the estimator sees a zero-mean perturbation along

the plant disturbance channel. If we consider

w̃ = w − ŵ = [w1 − ŵ1, w2 − ŵ2, . . . , wn − ŵn]T , (7.15)

then because
n∑
i=1

ŵi =
n∑
i=1

wi, (7.16)

on average w̃ is zero mean. As a result, we would then eliminate the issue of steady-state

offset error with the estimator.

As a function of the local state, x1, this may be written as

ŵ =


Ĉp1 0 . . . 0

Ĉp2 0 . . . 0
...

Ĉpn 0 . . . 0



x1

x2
...
xn

 = Ĉpx, (7.17)
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where Ĉpj is the matrix to measure the active power load at node 1, and then scale it

proportionally to the droop gain at node j:

Ĉpjx1 = (∆P1)
m1

mj

. (7.18)

This may be taken a step further, if the location of the disturbance is known a priori.

Such a situation may be realistic if the configuration of the microgrid is such that there is

a particular region whose demand is expected to vary, or if information can be sent to the

controller regarding an expected maintenance or disturbance issue. In this case, instead of

simply the sum of estimated disturbances matching the total grid disturbance, we can design

the estimated disturbance such that the individual channels match more closely.

For example, if it is known that the disturbance is localized at node k, then ŵj = 0,

for j 6= k:

ŵ = [0, 0, . . . , 0, ŵk, 0, . . . , 0]T . (7.19)

This can be represented as

ŵ =



0 0 . . . 0
...
0 0 . . . 0∑n

i=1 Ĉpi 0 . . . 0
0 0 . . . 0
...
0 0 . . . 0





x1
...
0
xk
0
...
xn


= Ĉpx, (7.20)

Note: Power Filtering Instead of explicitly measuring the local load, and extrap-

olating this measurement to be representative of the grid-wide load, we take a filtered ver-

sion of this measurement. This mitigates some of the overshoot associated with the power
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measurement. For this application, a simple first-order lag filter is applied to the power

measurement:

d

dt
Pfilt =

1

τf
(Pinst − Pfilt). (7.21)

The filter time constant, τf , is tuned experimentally. An example of the load reconstruction

is shown in figure 7.1, in which the reconstructed load is compared to the true load; the

unfiltered reconstruction better captures the initial growth of the step disturbance, but the

filtered reconstruction reduces the overshoot without increasing the settling time.
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Figure 7.1: Comparison of reconstructed load, using instantaneous local measurements with
and without a filter.
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7.3.1 Estimator Synthesis

Now equipped to address system disturbances, we can model the proposed estimator

design as a whole:

d

dt

[
x
x̂

]
=

[
A 0

LCy +BwĈp A− LĈy

] [
x
x̂

]
+

[
Bw

0

]
w +

[
0
L

]
h[

y
ŷ

]
=

[
Cy 0

0 Ĉy

] [
x
x̂

]
+

[
h
0

]
,

(7.22)

where h represents sensor error. Note that here we have distinguished between Cy and Ĉy.

Cy is the measurement matrix of the ‘real’ state, x, but it makes the pseudo-measurement

approximation where local frequency measurements are taken as pseudo-measurements of

remote frequencies. Alternatively, Ĉy measures the ‘remote’ estimator variables exactly,

instead of taking local measurements as a proxy, as there are no constraints on what can be

measured from the estimated state. This can be written as

Cyx = [ω1, ω1, . . . , ω1]T ,

Ĉyx̂ = [ω̂1, ω̂2, . . . , ω̂n]T
(7.23)

The estimator gain, L, can be designed in a variety of ways. For this application,

we treat the issue as a Kalman filtering problem as described previously. The Kalman

filter can offer optimal state estimation, provided that conditions are met: when the plant

disturbances and sensor errors are zero-mean and Gaussian, then the Kalman filter state

estimate minimizes estimation error [49]. However, even if these errors are not Gaussian, the

Kalman filter still provides the best linear unbiased estimate . The errors under consideration

for this problem are neither zero-mean nor are they Gaussian, but as shown, they can be

manipulated such that they are potentially applicable to this problem. For a more complete

reference regarding the background and synthesis of the Kalman filter, we refer the reader
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to [49, 47]; the contribution of this section is instead focused on the implementation of such

filter techniques, rather than the proofs that guarantee their optimality.

In order to synthesize L, we need some information regarding the uncertainty of our

disturbances w and h. For this problem, we have already outlined that as our disturbance is

not zero-mean, we have taken steps to approximate w with ŵ. Therefore typically we would

be interested in

Q = E[(w − w̄)(w − w̄)T ]

R = E[(h− h̄)(h− h̄)T ],
(7.24)

where w̄, h̄ represent the average value of these quantities. However in this problem we are

interested in looking at the variance of the zero-mean equivalents:

Q = E[(w̃ − ¯̃w)(w̃ − ¯̃w)T ]

R = E[(h− h̄)(h− h̄)T ].
(7.25)

As has been described, w̃ = w− ŵ can be taken as zero-mean provided that the disturbance

is an active power disturbance. The measurement error h is not explicitly zero-mean, but

decays to zero due to the convergence of the droop controllers.

On an intuitive level, Q describes the uncertainty present in the reconstructed dis-

turbance, both in terms of magnitude and its ‘distribution’, i.e. where the disturbance is

presumed to originate from. Meanwhile R represents the uncertainty due to the pseudo-

measurement, and how accurate it may be to use a local frequency measurement as a proxy

for remote frequency measurements.

The variance of these quantities can be experimentally computed, in order for estima-

tor tuning. To determine Q, we can explicitly measure ŵ by taking the difference between
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the true disturbance and the reconstructed disturbance. Similarly, we can compute R by

measuring h, the difference between the actual inverter output frequencies throughout the

microgrid compared to the local inverter frequency. These variances are time-varying, as the

transient errors are expected to exceed the errors at equilibrium; after the inverters have set-

tled, the steady-state values are more easily predicted due to the frequency synchronization

and proportional load sharing.

To standardize this computation, we can take the covariance measured for a pre-

determined disturbance, over the settling time of the inverter; after this transient period,

the errors are expected to be smaller due to the steady-state frequency synchronization and

load sharing. The magnitude of this predetermined tuning disturbance depends on expected

conditions for the system.

An example is illustrated in figure 7.2, which shows the error associated with the

pseudo-measured frequency, as well as the error associated with the reconstructed distur-

bance. In both cases, we see that the steady state error decays to 0 after the inverter response

has settled. For this scenario, the measurements are taken at node 1, while the actual dis-

turbance occurs at node 3; the specific topology is not particularly relevant to this example

aside from denoting that the measured and disturbed nodes are not the same.
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Figure 7.2: Error associated with using local measurements to approximate grid-wide values.

With covariance matrices Q and R, along with the linear model defining the prob-

lem, the estimator gain L can then be obtained, as described in chapter 2 or the provided

references.

7.4 Extensions to Control

In this section we outline how the aforementioned estimator may be used to facilitate

control of the microgrid. We describe how the estimator can coordinate to allow for state

feedback control, as well as why this design is useful.
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Estimator Disturbance

ReconstructionController

Disturbance Output

Figure 7.3: Block diagram structure outlining general controller-estimator structure

The proposed estimator allows for decentralized state feedback control, in which

knowledge of the state of the system is required for effective control. As has been out-

lined in previous sections, decentralized control is constrained to use only local sensor data

for control, and as such full-state feedback control is typically not feasible. In this case,

however, the use of the decentralized estimator allows for full-state feedback control; the

controller is actuated based on the estimate of the state.

This is similar to the concept of the linear-quadratic-Gaussian (LQG) controller, in

which a Kalman filter is used to estimate the state of the system, and then this estimate

is used for control actuation via the linear-quadratic-regulator (LQR) control law. This

problem is compounded slightly due to the necessity to estimate the disturbance as well.

The general estimator-controller structure is illustrated in figure 7.3, in which it can be

seen how the various components of this system would coordinate with each other. For

this application, local sensor readings are used to reconstruct the disturbance. These local
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measurements, along with the estimated disturbance, are then used to estimate the state of

the full microgrid. This estimate is then used to generate a local control signal to be sent to

the microgrid.

That said, there is the question of why a state estimate would even be required.

Conventional decentralized controllers, such as droop controllers, do not require full-state

information to make a control decision. Similarly, the methods outlined in previous chapters

only require local sensor data for real-time control.

Lf

Rf Rl

R

L

C

Inverter

Wind Turbine

Microgrid

Iw

Diesel Generator

Dynamic Load

Static Load

Figure 7.4: Hybrid controller featuring a wind turbine for fast power injection, and a diesel
generator for sustained power output.

The primary motivating factor for the estimator-controller structure is to facilitate

coordinated control between power sources, as may be the case when an individual controller

is designed to operate based on the status of a remote power source or grid condition.
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Consider figure 7.4, in which a wind turbine and synchronous generator are coordinated for

microgrid support; this controller structure was outlined in detail in chapter 6. The general

idea was that synchronous generators can offset microgrid power imbalances via sustained

increases in power output, but these sources ramp up slowly; meanwhile wind turbines can

be controlled to rapidly provide power injections to the grid, but cannot sustain this output

without jeopardizing turbine stability. These two sources were coordinated such that while

the slower power source ramped up to its new reference output, the faster power source

provided the difference between the actual power output and the reference power output of

the slower source. However a key idea in this process is that the control signal to the fast

source is dependent on information regarding the current status of the slow source; without

this information, coordination is impossible.

Similarly, methods like model predictive control require information about the sys-

tem’s full state in order to make control actions. In these control architectures, decisions

are designed by minimizing a cost function subject to some set of constraints, but this cost

function generally includes the condition of the full state. The proposed estimator would

allow for decentralized estimation, such that the problem of decentralized model predictive

control would be reduced to the traditional model predictive control problem.

To verify the effectiveness of this estimator for control applications, we consider a

simplified version of the control design outlined in chapter 6. This basic control law can be

summarized as follows:

d

dt
(Pslow) =

1

τ
(Pref − Pslow)

Pfast = Pref − Pslow,
(7.26)

where Pref refers to the reference power output to which the slow source is ramping; Pfast and
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Pslow refer to the power outputs from the fast and slow controlled power sources, respectively;

τ refers to the time constant of the dynamic response associated with the slow power source.

However unlike the methods in chapter 6, we consider again a 6-node microgrid in

which the fast and slow power sources are separated and do not have explicit real-time

measurements regarding the status of the other. In this case, we consider the microgrid

configured as in figure, in which the ‘fast’ wind turbine is located at node 1, and the ‘slow’

diesel generator is located at node 6. The power reference for the slow power source is

computed to be 30% of the increased load seen at node 6:

Pref = 0.3∆P6. (7.27)

Now the control law for the fast power injection is designed instead as

d

dt
(Pslow) =

1

τ
(Pref − Pslow)

Pfast = P̂ref − P̂slow,
(7.28)

where P̂ref and P̂slow refer to the estimates for the new reference output, as well as the

estimate of the power output from the slow source. In this case we do not model the full

controller design, which would include wind turbine modeling and optimal blade pitch angle

actuation; this is a simple reproduction of the controller designed to identify whether remote

coordination can be effective.

7.5 Simulations and Results

In this section we present the results of the estimator, as well as the estimator as

applied to the coordinated wind turbine control problem. We show estimator performance
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Figure 7.5: Example microgrid with estimator

when the disturbance location with respect to the grid is unknown, and considered to be

evenly distributed throughout the grid. In addition, we also show estimator performance

when the disturbance location is similarly unknown, but the covariance matrices Q and R

have been tuned to better match the disturbance; this is representative of the case where

historical load data may be used to provide more insight into prior probability distributions.

Microgrid parameters are given as in table 4.1; all power sources are identically rated.

The specific interconnection within the grid is shown in figure 7.5. The estimator is at node

1, and therefore only has access to real-time measurements from node 1.

Covariance matrices Q and R are approximated by measuring the system response

to a predetermined step disturbance at node 5; this location was randomly chosen. Its

magnitude is taken to be a 50% step increase of the steady-state active power load at node

5, corresponding to a 8.4% in grid-wide load. The time constant for the filtered power is set

to be τf = 0.015, tuned experimentally.
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The estimator is tested against a step disturbance at node 3. Its magnitude is taken

to be a 25% step increase of the steady-state active power load at node 3. This corresponds

to a grid-wide increase of 4.2% of the active power consumption.

The hybrid controller is also tested using the proposed estimator. In this scenario,

the controlled wind turbine is located at node 1, while the slower power source is located at

node 6; in this way, the effectiveness of the estimate for control purposes can be evaluated.

The same disturbance is simulated: a 25% step increase in active power demand at node 3.

This configuration is shown in figure 7.6. For a given increase in load at node 6, ∆P6, the

slow power source is controlled to increase its output to match 35% of this increase:

∆Pref = 0.35∆P6. (7.29)

The time constant for this slow power source is set as τs = 0.5.

7.5.1 Estimation: Even Distribution of Reconstructed Load

In this scenario, the disturbance actually occurs at node 3; it is the load at node 3

that experiences the step increase. However the estimator reconstructs the magnitude of

the disturbance, and instead assumes that this disturbance is evenly distributed across all

nodes.

The estimated frequency from each individual inverter is provided in figure 7.7, while

the estimated output current along the d-phase is given in 7.8. We can see that due to the

identically distributed load assumption, the estimated quantities are similarly identical; this

is to the detriment of the estimator accuracy, because the actual quantities are not identical

to each other. However, while the estimate does suffer somewhat, it does succeed in terms
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Figure 7.6: Example control application of proposed estimator design

of capturing some of the transient response; the estimated derivative is on the same order

of magnitude, with correct sign. Moreover, the estimate rapidly converges as the inverter

output settles.
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Figure 7.7: Estimated inverter output frequencies; load is assumed to be evenly distributed.
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Figure 7.8: Estimated inverter output current; load is assumed to be evenly distributed

7.5.2 Estimation: Improved Covariance Matrix

In this scenario, the disturbance actually occurs at node 3; it is the load at node 3

that experiences the step increase. However the estimator reconstructs the magnitude of the

disturbance, and instead assumes that this disturbance has occurred at its local node, node

1.

To demonstrate the relevance of an appropriate Q matrix, the covariance of the

disturbance error w̃, in this case we have fitted Q more strongly to the simulated disturbance.

This is meant to reproduce the case in which we have more prior information regarding the

location of the disturbance. In this case we have designed Q based on the pre-measured
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system response to a 50% load increase at node 3; in contrast, the actual disturbance is a

25% load increase at node 3.

The estimated frequency from each individual inverter is provided in figure 7.9, while

the estimated output current along the d-phase is given in 7.10. In these figures we can see

that while the ‘location’ assumption was incorrect, the resulting estimate appears to be more

accurate than the previous case in which the disturbance was assumed to evenly distributed

throughout the microgrid. Notably, however, the estimates at node 3 are conspicuously

worse than the other estimates.

The purpose of these figures is to highlight that information regarding load distri-

bution probabilities can be helpful in improving the state estimate, by allowing for better

tuned covariance matrices, Q. This is an overfitted example, but presents an ‘ideal’ case.
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Figure 7.9: Estimated inverter output frequencies; system has been tuned for this disturbance
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Figure 7.10: Estimated inverter output current; system has been tuned for this disturbance

7.5.3 Estimator for Control

For this result, we compare the microgrid response across 5 scenarios. (1) The micro-

grid receives no power support from either the slow or fast power sources. (2) The microgrid

only receives support from the slow power source. (3) The microgrid receives support from

both power sources, and the wind turbine has explicit state knowledge of the slow controller

so the estimator is not required. (4) The microgrid receives support from both power sources,

and the wind turbine uses the estimator to determine the status of the slow power source,

and thus its own control action; the estimator has no prior knowledge about the nature of

the disturbance, and the reconstructed load is evenly distributed throughout the microgrid.
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(5) The microgrid receives support from both power sources, and the wind turbine uses the

estimator to determine the status of the slow power source, and thus its own control action;

the disturbance covariance matrix is fitted closely to the actual disturbance.

The controller performance can be seen in figure 7.11, which shows the average fre-

quency error in each of these cases. It can be seen that without any support, the frequency

error is greatest, while with only the slow support, the frequency error slowly decreases over

time.

When the wind turbine is included, allowing for fast power injection, the results with

and without estimation are comparable. Even when the transient estimate is poor, as in the

case where the reconstructed load is evenly distributed throughout the grid, the estimate is

still sufficient for effective control. In all cases, the frequency undershoot and settling time

are approximately consistent with each other. This suggests that for this application, the

proposed estimator is sufficient to be used for effective control.

7.5.4 Comparing Proposed Estimator Design to Conventional Estimator

We now compare these results to the case of the typical estimator design, in which we

do not make the pseudo-measurement approximation, i.e. that the measurement of frequency

at node 1 is a reasonable proxy for a measurement of frequency at a remote node. We also

consider the performance of the conventional estimator with and without the reconstructed

disturbance.

In this case, we consider the estimator where

yk = [Io,d1, Io,q1, Vg,d1, Vg,q1, ω1]T . (7.30)
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Figure 7.12: Conventional estimator performance without including the reconstructed dis-
turbance; estimating inverter frequencies.

These are all local state measurements made at node 1. Alternatively we compare this to

the proposed estimator design, in which the only measured variable is ω1, which stands as a

proxy for other frequencies throughout the microgrid.

yp = [ω1, ω1, . . . , ω1]T . (7.31)

First we show the performance of the conventional estimator that utilizes the recon-

structed disturbance. In figure 7.12, we see the estimates for inverter frequency. It is readily

apparent that the conventional estimator suffers compared to the proposed estimator shown

in 7.9; in particular, the estimator is unable to correctly track the steady-state frequency for

remote nodes in contrast to the proposed estimator design. The estimate at the local node

tracks the actual value effectively, but at remote nodes, the estimate is comparatively poor.
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Figure 7.13: Conventional estimator performance without including the reconstructed dis-
turbance.

We then consider the performance of the conventional estimator without the benefit

of the reconstructed disturbance, in figure 7.13. Here there are conspicuous losses; the

estimated frequencies are egregiously incorrect compared to the actual values both in terms

of their transient and steady-state values.

7.6 Discussion

From these results, we have two main conclusions. The disturbance reconstruction is

shown to be effective, and the pseudo-measurement of frequency allows for state estimation

of non-frequency variables. This facilitates state feedback control in which local controllers

require knowledge of remote states.

First we see that the disturbance reconstruction method allows for significantly im-
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proved estimation. Even without knowing the origin of the microgrid disturbance, we are

able to reasonably approximate the magnitude of the increased power demand on the system.

This in turn allows for state estimates that are free of steady-state offset error.

Second, the pseudo-measured frequency allows for improved state estimates at remote

nodes. The resulting state estimates are shown to reasonably track the true steady-state,

unlike the estimates produced by the conventional state estimator in which this pseudo-

measurement is not taken. The argument could be made that because frequency converges

anyway, frequency estimates are less powerful; however as shown, even the output current is

shown to be tracked with this proposed design.

Notably, the choice of the covariance matrix Q has a significant effect on the perfor-

mance of the estimator. In this design, Q is chosen by simulating the microgrid response

to some predetermined disturbance, and then comparing the true disturbance to its recon-

structed value. Therefore if the system is tuned to expect disturbances at node j, and the

actual disturbance is at node j, then the estimator can better relate its measurements for

accurate estimates. While it is impossible to know the future, this highlights the need and

relevance for accurate data in the design process. That said, even the case that represented

minimal a priori knowledge- tuning the estimator to expect disturbances along all channels

with equal probability- resulted in reasonable state estimation that was able to effectively

track the steady states.

These results allow for effective coordinated control. With the ability to locally

estimate the state at a remote node, the wind turbine was able to coordinate its power

output to minimize the overall frequency deviation in tandem with a slower diesel generator.

This potentially has applications for more complex control schemes, in which knowledge of
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the full state is required.

7.7 Conclusion and Future Work

The presented method allows for full state estimation using only local real-time mea-

surements. Taking advantage of the frequency synchronization intrinsic to power systems,

as well as the active power load sharing presented by synchronous generators and droop-

controlled inverters, we are able to design an estimator for improved real-time state esti-

mation. This makes it possible to implement controllers that require full-state information.

These results compare favorably to the ‘conventional’ estimator, which neglects to take ad-

vantage of this synchronization.

In addition, we present a disturbance reconstruction method in order to address

the issue that standard estimation techniques demonstrate steady-state offset errors with

disturbances that have nonzero mean. In this way, local measurements are used compute

the magnitude of the disturbances to active power in the system. This facilitates state

estimation that is free of steady-state offset error; without this disturbance reconstruction,

the state estimate is shown to suffer significant losses.

We note that the covariance matrices, Q and R, play a significant role in the accuracy

of the estimate, and in this leaves an open question for future work. The matrix Q describes

the uncertainty present in the reconstructed disturbance, both in terms of magnitude and

its ‘distribution’, i.e. where the disturbance is presumed to originate from. Meanwhile R

represents the uncertainty due to the pseudo-measurement, and how accurate it may be to

use a local frequency measurement as a proxy for remote frequency measurements. These

quantities are data-dependent, varying with typical load usage profiles and the structure of
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the network at the very least. The best choices of these matrices may result in significantly

improved state estimates; inversely, poor selection of P and Q may result in considerable

losses. A method to better determine these values is an avenue for future work.

167



Chapter 8

Conclusion

We have presented a series of topics that share a consistent theme and build off each

other, and so it may be useful to review that overarching idea here. The main goal has been

to explore the limits of decentralized control in an islanded microgrid. In answering this

question, we have attempted to understand the role that the microgrid model can play in

decentralized control.

We first presented results in which all inverters were controlled as desired. This

demonstrated the effectiveness of decentralized control in microgrids, and showed that H-

infinity methods could be used to more optimally control the transient response in microgrids.

These results showed effective improvements in both voltage and frequency. However the

limitation with this methodology was that while it could be effective in isolation, it did

not allow for synchronous operation in parallel with more conventionally controlled power

sources. The control was effective, but it required that all controllers followed the prescribed

control scheme in order to maintain frequency synchronism between power sources. This can

be a limiting factor in microgrids, where we seek modular ‘plug and play’ controllers.

Therefore this was followed with a framework which was designed to easily operate in

parallel with a conventional microgrid, with either synchronous sources or droop-controlled

inverters. We outlined a method with which individual inverters could be controlled, so as

168



to improve the robustness and transient performance of a microgrid. These results were

successful in that we identified that the structure or topology of a microgrid can impact

the transient response and stability of the system, and that this transient behavior could be

improved by judiciously placing individual controllers.

The challenge with this methodology was that while the controllers were able to

improve the microgrid response, the implication was also that more such controllers were

required in order to be assured of ‘good’ performance. The proximity of the controller

relative to the disturbance, in addition to its location within the microgrid, had a pronounced

effect on its grid-wide impact; therefore it would be reasonable to assume that the best

performance could be attained if all the inverters were controlled in such a manner. However

in this approach, the proposed control would override the frequency-setting ability of a

droop controller, rather than working alongside it. Because the controller modulated its

output power in order to effect change, it was no longer possible to set frequency or voltage

proportional to this same output power. In this sense, an increased number of such controllers

would actually detract from the microgrid’s robustness. In the extreme case, where all

inverters but one were controlled with the proposed design, then there would only be one

frequency-setting unit in the microgrid; if this unit were to go offline for any reason, the

microgrid would not be able to stably operate without changing the control scheme.

To avoid the issue of a single point of failure, we followed these results with a decen-

tralized control scheme in which instead of supplanting a droop controller, we supplemented

it. We designed an alternative to the droop law, in which the steady-state behavior was

unchanged, while the transient behavior was improved. No additional sensor data would

be required, nor would any additional power injection be necessary, particularly since the
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steady-state power sharing was unchanged; this was an alternative decentralized rule for how

frequency and voltage could be set by the inverter. Most importantly, this method could

easily operate in parallel with existing systems and controllers without introducing any fail-

ure points; it was even shown that the transient microgrid performance could be significantly

improved if only a few judiciously chosen inverters were equipped with this proposed control

design.

There are, however, no free lunches to be had in most areas of optimization. In

this case, while the improvements were significant compared to the conventionally controlled

microgrid, it came at the cost of synthesizing these controller gains with a microgrid model.

However we were able to show that even with a reduced model, that only modeled the

neighboring regions of the microgrid relative to the controller, the resulting controller was

still able to provide significant improvements.

In addition to focusing on ‘grid-wide’ interconnections and control, we also presented

a specific application to improve microgrid power quality in which a wind turbine was con-

trolled to provide frequency support for a microgrid. In the previous cases, the overall

amount of power supplied to the grid did not change; we just modified how this power was

supplied, in order to minimize transient losses. In this case, we explored how a wind turbine

could be stably controlled in order to take advantage of the significant rotational inertia

stored in its rotor, so as to provide power on-demand to the microgrid. The challenge was

that the wind turbine had a limited amount of rotational power that it could safely afford to

share with the grid, but by operating in tandem with a slower, sustained power source, we

illustrated a design in which microgrid support could be supplied rapidly and sustainably.

This design faced challenges with regards to decentralization. As noted, the wind
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turbine was used in such a way that made best use of its rapidly injected, but limited,

power reservoir. However in order to make this control decision, the wind turbine needed

to know the condition of other components connected to the grid. This motivated the

idea of decentralized state estimation in a microgrid. If this were possible, then general

optimal control methodologies which required full-state information could be more effectively

realized.

We concluded this research by presenting a method for decentralized state estimation

in a microgrid, in which local measurements made it possible to reasonably estimate the

state throughout the microgrid. By leveraging the convergence of frequencies in a microgrid,

as well as the active power sharing, local measurements provided insight into grid conditions

throughout the system. This in turn made for improved state estimation using only local

data. The effectiveness of this result was demonstrated with a simple reproduction of the

aforementioned wind turbine controller; using this method, the wind turbine was able to

coordinate with a remote power source for effective combined control.

Altogether the ideas presented here have shown how the extent to which decentralized

control in microgrids can be expanded. As noted in the earlier literature review, a significant

proportion of research focuses on decentralized control without considering the connectedness

or model of a microgrid. We have shown that there significant benefits to be gained by

considering the microgrid model during controller synthesis. As ‘smart grids’ and distributed

energy resources continue to grow in the future, expanding our research perspective beyond

the control of individual devices and inverters will allow us to consider how these modeled

components work in tandem, and in so doing will provide more efficient answers to future

questions.
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Appendix A

Optimal Transient Droop Control

This appendix contains all the results described in chapter.

A.1 Configuration 1: All Power Sources Identical

In this case, all microgrid power sources are identically rated. Results are shown for

varying degrees of model complexity, and varying number of controllers.
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A.1.1 Full-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.1: Inverter output frequencies and associated variance for the full-model control
synthesis; all generators are controlled.
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Figure A.2: Inverter frequency comparisons at each individual node, with and without droop
adjustments. Results are for the full-model control synthesis; all generators are controlled

A.1.2 Full-Model; Only Inverters 2, 3 Controlled

Here we reduce the number of controllers to only control inverters 2 and 3.
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Figure A.3: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverters 2 and 3 have droop adjustments.
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A.1.3 Full-Model; Only Inverter 3 Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.4: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverter 3 has droop adjustments.
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Figure A.5: Inverter frequency comparisons at each individual node, with and without droop
adjustments. Results are for the full-model control synthesis; Only inverter 3 has droop
adjustments
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A.1.4 Regional-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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Figure A.6: Inverter output frequencies and associated variance for the regional-model con-
trol synthesis; all inverters have droop adjustments.
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Figure A.7: Inverter frequency comparisons at each individual node, with and without droop
adjustments. Results are for the regional-model control synthesis; all inverters have droop
adjustments.
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(b) Change in reactive power following a distur-
bance.

Figure A.8: Active and reactive power outputs for the regional-model control synthesis; all
inverters have droop adjustments.
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A.1.5 Regional-Model; Inverters 2,3 Controlled
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(a) Inverter output frequencies.
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Figure A.9: Inverter output frequencies and associated variance for the regional-model con-
trol synthesis; only inverters 2 and 3 have droop adjustments.
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Figure A.10: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the regional-model control synthesis; only inverters 2
and 3 have droop adjustments.
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A.1.6 Solitary-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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Figure A.11: Inverter output frequencies and associated variance for the solitary-model
control synthesis; all inverters have droop adjustments.
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Figure A.12: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the solitary-model control synthesis; all inverters have
droop adjustments.

A.2 Configuration 2: Variation at Source 3

In this case, we vary the droop gain at node 3 to simulate the condition in which this

power source can provide 67% of the rated power of the other sources.
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A.2.1 Full-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.13: Inverter output frequencies and associated variance for the full-model control
synthesis; all generators are controlled.
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Figure A.14: Inverter frequency comparisons at each individual node, with and without droop
adjustments. Results are for the full-model control synthesis; all generators are controlled
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A.2.2 Full-Model; Only Inverters 2, 3 Controlled
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(a) Inverter output frequencies.

1 1.05 1.1 1.15

Time (s)

0

0.5

1

1.5

2

2.5

3

3.5

V
a
ri
a
n
c
e
 (

p
.u

.)

10
-7

Adjusted Droop

Conventional Droop

(b) Associated variance for inverter frequencies.

Figure A.15: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverters 2 and 3 have droop adjustments.

188



1 1.05 1.1 1.15

Time (s)

-2

-1

0

 
 (

p
.u

.)

10
-3 Inverter 1

1 1.05 1.1 1.15

Time (s)

-2

-1

0

 
 (

p
.u

.)

10
-3 Inverter 2

Adjusted Droop

Conventional Droop

1 1.05 1.1 1.15

Time (s)

-1

-0.5

0

 
 (

p
.u

.)

10
-3 Inverter 3

1 1.05 1.1 1.15

Time (s)

-1

-0.5

0

 
 (

p
.u

.)

10
-3 Inverter 4

1 1.05 1.1 1.15

Time (s)

-1

-0.5

0

 
 (

p
.u

.)

10
-3 Inverter 5

1 1.05 1.1 1.15

Time (s)

-1

-0.5

0

 
 (

p
.u

.)

10
-3 Inverter 6

Figure A.16: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the full-model control synthesis; Only inverter 3 has
droop adjustments
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A.2.3 Full-Model; Only Inverter 3 Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.17: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverter 3 has droop adjustments.
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Figure A.18: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the full-model control synthesis; Only inverter 3 has
droop adjustments
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A.2.4 Regional-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.19: Inverter output frequencies and associated variance for the regional-model
control synthesis; all inverters have droop adjustments.
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Figure A.20: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the regional-model control synthesis; all inverters have
droop adjustments.
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A.2.5 Regional-Model; Inverters 2,3 Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.21: Inverter output frequencies and associated variance for the regional-model
control synthesis; only inverters 2 and 3 have droop adjustments.
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Figure A.22: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the regional-model control synthesis; only inverters 2
and 3 have droop adjustments.
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A.2.6 Solitary-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.23: Inverter output frequencies and associated variance for the solitary-model
control synthesis; all inverters have droop adjustments.
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Figure A.24: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the solitary-model control synthesis; all inverters have
droop adjustments.

A.3 Configuration 3: Significant Variation at Node 3

In this case, we vary the droop gain at node 3 to simulate the condition in which this

power source can provide 50% of the rated power of the other sources.
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A.3.1 Full-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.25: Inverter output frequencies and associated variance for the full-model control
synthesis; all generators are controlled.
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Figure A.26: Inverter frequency comparisons at each individual node, with and without droop
adjustments. Results are for the full-model control synthesis; all generators are controlled
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A.3.2 Full-Model; Only Inverters 2, 3 Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.27: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverters 2 and 3 have droop adjustments.
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Figure A.28: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the full-model control synthesis; Only inverter 3 has
droop adjustments
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A.3.3 Full-Model; Only Node 3 Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.29: Inverter output frequencies and associated variance for the full-model control
synthesis; only inverter 3 has droop adjustments.
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Figure A.30: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the full-model control synthesis; Only inverter 3 has
droop adjustments
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A.3.4 Regional-Model; All Inverters Controlled
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(a) Inverter output frequencies.
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(b) Associated variance for inverter frequencies.

Figure A.31: Inverter output frequencies and associated variance for the regional-model
control synthesis; all inverters have droop adjustments.
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Figure A.32: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the regional-model control synthesis; all inverters have
droop adjustments.
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A.3.5 Regional-Model; Inverters 2,3 Controlled
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Figure A.33: Inverter output frequencies and associated variance for the regional-model
control synthesis; only inverters 2 and 3 have droop adjustments.
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Figure A.34: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the regional-model control synthesis; only inverters 2
and 3 have droop adjustments.
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A.3.6 Solitary-Model; All Inverters Controlled
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Figure A.35: Inverter output frequencies and associated variance for the solitary-model
control synthesis; all inverters have droop adjustments.
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Figure A.36: Inverter frequency comparisons at each individual node, with and without
droop adjustments. Results are for the solitary-model control synthesis; all inverters have
droop adjustments.
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[69] J. Löfberg, “YALMIP: A Toolbox for Modeling and Optimization in MATLAB,” in

Proceedings of the CACSD Conference, (Taipei, Taiwan), 2004.

[70] R. Tutuncu, K. Toh, and M. Todd, “Solving Semidefinite-Quadratic-Linear Programs

using SDPT3,” Mathematical Programming Series B, vol. 95, pp. 189–217, 2003.

[71] M. Chu Cheong, Z. Ma, H. Qian, J. Conger, P. Du, and D. Chen, “Wind Turbine Par-

ticipation in Primary Frequency Control,” Journal of Dynamic Systems, Measurement,

and Control, vol. 141, p. 104501, May 2019.

219



Vita

Matthew Kieran Chu Cheong was born in Champs Fleurs, Trinidad on August 29

1991, the son of Dr. Keith Chu Cheong and Parbatee Chu Cheong. He received the Bachelor

of Science in Engineering degree in Mechanical Engineering, as well as a certificate in En-

gineering Physics, from Princeton University in the Spring of 2013. He began his graduate

studies at the University of Texas at Austin in the Fall of 2013.

Contact: mkchucheong@utexas.edu

This dissertation was typeset with LATEX† by the author.

†LATEX is a document preparation system developed by Leslie Lamport as a special version of Donald
Knuth’s TEX Program.

220


	Acknowledgments
	Abstract
	List of Tables
	List of Figures
	Chapter 1. Introduction
	Chapter 2. Background
	Microgrids and Associated Challenges
	3-Phase Power System Overview
	Stability and Control in Power Systems
	Primary Control in Microgrids
	H-Infinity Control in Microgrids
	Wind Turbine Control for Power System Applications

	State Estimation in Microgrids

	Chapter 3. H-Infinity Voltage and Frequency Control in Microgrids
	Voltage Control Using Decentralized H-Infinity Methods in a Microgrid
	Model
	Control Methodology
	Results
	Discussion

	Distributed Frequency Control for Inverter-Connected Microgrids
	Model
	Control Methodology
	Results
	Discussion


	Chapter 4. Microgrid Topology for Decentralized Control
	Overview
	Model
	Grid-Supporting Inverters
	Grid-Feeding Inverters
	Network
	Overall System Model

	Control Design
	Decentralized Controller Design

	Results
	Simulation Parameters
	Topology 1: Adjacent Controller Connected to Only 1 Node
	Topology 2: Adjacent Controller Connected to Multiple Nodes
	Topology 3: Nonadjacent Controller Connected to Only 1 Node

	Conclusion


	Chapter 5. Optimal Transient Droop Control
	Overview
	Model
	Controller Design
	Model Reduction for Controller Synthesis
	Robust Control Synthesis
	Regional Model
	Solitary Model

	Results
	Metrics
	Summarized Results
	Highlighted Results

	Discussion
	Transient Improvements: Stability and Robustness
	Impact of Model Type
	Role of Controller Topology

	Conclusion

	Chapter 6. Wind Turbine Frequency Support in Microgrids
	Wind Turbine Model
	Control Methodology
	Partial Load Operation
	H-2 Gain Scheduled Pitch Control During Full Load Operation

	Results
	Discussion

	Chapter 7. Decentralized Estimation
	Overview
	Estimator Construction
	Disturbance Reconstruction and Measurement Error
	Estimator Synthesis

	Extensions to Control
	Simulations and Results
	Estimation: Even Distribution of Reconstructed Load
	Estimation: Improved Covariance Matrix
	Estimator for Control
	Comparing Proposed Estimator Design to Conventional Estimator

	Discussion
	Conclusion and Future Work

	Chapter 8. Conclusion
	Appendices
	Appendix A. Optimal Transient Droop Control
	Configuration 1: All Power Sources Identical
	 Full-Model; All Inverters Controlled
	Full-Model; Only Inverters 2, 3 Controlled
	Full-Model; Only Inverter 3 Controlled
	Regional-Model; All Inverters Controlled
	Regional-Model; Inverters 2,3 Controlled
	Solitary-Model; All Inverters Controlled

	Configuration 2: Variation at Source 3
	Full-Model; All Inverters Controlled
	Full-Model; Only Inverters 2, 3 Controlled
	Full-Model; Only Inverter 3 Controlled
	Regional-Model; All Inverters Controlled
	Regional-Model; Inverters 2,3 Controlled 
	Solitary-Model; All Inverters Controlled

	Configuration 3: Significant Variation at Node 3
	Full-Model; All Inverters Controlled
	Full-Model; Only Inverters 2, 3 Controlled
	Full-Model; Only Node 3 Controlled
	Regional-Model; All Inverters Controlled
	Regional-Model; Inverters 2,3 Controlled
	Solitary-Model; All Inverters Controlled


	Bibliography
	Vita

