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Minimizing Direct Competitions in Complete Components

of (1,2)-Step Competition Graphs

Introduction

Graph theory is a useful tool for studying systems of food webs, a
concept from ecology that models the predator-prey relationships
between species in an ecosystem.

*\We use the concept of food webs to inform and motivate our

exploration of graph theory.

*In particular we examine the characteristics of (1,2)-step competition
graphs, which are an extension of normal competition graphs (Factor

and Merz, 2010).

°In general, when considering digraphs that represent real food webs,

we place some restrictions on the types of graphs that we examine.
Specifically we limit our investigations to simple, acyclic digraphs that
are weakly connected (Pimm et al., 1991).

« Of particular interest are complete graphs,

graphs that have an edge between each

pair of vertices. During the course of our
research we developed a family of digraphs

that induce a complete graph as a

component of their (1,2)-step competition
graphs. This group of digraphs appear to

Figure 1. an example food web

induce a minimum number of direct

and its competition graph and competitions (see definitions below) in

(1,2)-step competition graph. these com p|ete com ponents_

A complete graph on 7
vertices.

Background & Definitions

x Definition. Given a digraph D, the competition graph of D, denoted
C(D), is the graph with the same vertex set as D and an edge between
vertices x and y if and only if O (x) N O™ (y) # (). (Factor and Merz, 2010)

Definition. Given a digraph D, the (1,2)-step competition graph of D,
denoted C1 2(D), is the graph with the same vertex set as D and an edge
between vertices x and y if and only if there exists some z € V(G) for
which either dp\(z1(y,z) = 1 and dp\(,y(2,2) < 2 or, dp\(y(2,2) = 1
and dD\{ }(y z) <9 (Factor and Merz, 20\1

Definition. Let C; 2(D) be the (1,2)-step competition graph of a digraph
D= (V,A). Ifz,y € V(Ci2) (1,2)-compete for a vertex z in D such that
d(y,z) =1 and d(x,z) = 1, then we say that x and y compete directly
and we call the edge (z,y) € E(C12) a direct competition between x and
y. If x and y (1,2)-compete for a vertex z in D such that dp\ ;1 (y, 2) = 1
and dp\ g1 (T, 2) = 2, then we say that x and y compete indirectly and
we call the edge (z,y) € E(C12) an indirect competition between x and y.

Theorem. Let G = (V, F) be the (1,2)-step competition graph of a digraph
D = (V,A). A vertex v € V is isolated in G if and only if for every
u € OT(v) the following conditions hold:

1. O~ (u) = {v} and
2. for ally € OTu, O~ (y)\{u} = 0.

An example of a digraph that induces a complete
component on 4 vertices in its (1,2)-step competition
graph. The (1,2)-step competition graph is shown to the
right with direct competitions in black and indirect in blue.

An example of a vertex v that would be isolated in
the corresponding (1,2)-step competition graph. If
the arcs colored in red are present in the digraph,
then they cause the vertex v to compete with
other vertices in the graph
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Figure 2. digraphs that induce
complete components in their
(1,2)-step competition graphs.

Results é’&?ﬁ

We constructed the family of digraphs shown in fig. 1 in an effort to the find
the minimum number of direct competitions that can be induced in a
. <N\
complete component of a (1,2)-step competition graph. ,g(;v&v
o . . A
x Theorem. The family of digraphs shown in fig. 2 each induce K,, on the \ \'@/4 )
n numbered vertices as a component of their (1,2)-step competition graphs. A\

x Lemma. For n > 10, the complete components that the digraphs from /\

A

fig. 2 induce in their (1,2)-step competition graphs have ezxactly i =2 6

4
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_64”+25 direct competitions for n odd.

direct competitions for n even and =~

x Theorem. For any digraph D that is a member of the family of digraphs
shown wn fig 2. where n > 10, the ratio of direct competitions to total
edges in the component K, of C12(D) is given by: <N\
A0,
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for n even and
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for n odd. Furthermore, eq. (1) and eq. (2) are both increasing sequences
for n > 10, and

Figure 3. an example
of the constructive

n® —6n + 24 n®—6n+25 1

lim — lim - process used to generate
n—soo 2n2 — 2n n—soo 2n2 — 2n 2 the digraphs in fig. 2.

Future Work

*\We conjecture that the family of digraphs shown in fig. 2 induce the minimum possible number of direct
competitions in a complete component of a (1,2)-step competition graph. We have yet to find a proof or a
counter example to this.

*There are some results that still need to be written up and proven rigorously. There exist some
superfluous arcs in the digraphs in fig. 2 that are not necessary in order to induce a complete component.

References & Acknowledgments

[1] Midge Cozzens, Nancy Crisler, Randi Rotjan, and Tom Fleetwood. Biomath field test: The biology and mathematics of food webs,
September 2009.

[2] R. D. Dutton and R. C. Brigham. A characterization of competition graphs. Discrete Applied Mathematics, 1983.

[3] K. A. S. Factor and S. K. Merz. The (1,2)-step competition graph of a tournament. Discrete Applied Mathematics, 2011.

[4] S. L. Pimm, J. H. Lawton, and J. E. Cohen. Food web pattern and their consequences. Nature, 1991.

[5] Fred S. Roberts. Applied Combinatorics. Prentice-Hall, Inc., Englewood Cliffs, New Jersey 07632, 1984.

| would like to thank my research advisor, Dr. Kim Factor for her excellent help and support with my research. | would also like
to thank Dr. Dennis Brylow for his help and support organizing the MSCS summer REU at Marquette University. | would also
like to extend my thanks to Lindsey Smith, my fellow mathematics researcher and all of the other MSCS summer REU
participants. This research program was made possible by a generous grant from the National Science Foundation.

NSF Grant Number: CCF-1063041




	Minimizing Direct Competitions in Complete Components of (1,2)-Step Competition Graphs
	Let us know how access to this document benefits you.
	

	Minimizing Direct Competitions in Complete Components of (1,2)-Step Competition Graphs

