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UNlVEft* ‘ * TANA

 ̂ GBITBHAL CONFIGURATIONS s

D e f i n i t i o n  o f  a c o n f i g u r a t i o n ;  A f i g u r e  i s  c a l l e d  a c o n f i g u r a t i o n  i f  i t  

c o n s i s t s  o f  a  f i n i t e  number o f  p o i n t s ,  l i n e s ,  end p l a n e s ,  w i t h  t h e  p r o p -  

ex tïï t h a t  e a ch  p o i n t  i s  on t h e  number a^^of l i n e s  and  a l s o  on t h e

game number a , o f  p l a n e s ;  .each l i n e  i s  on t h e  same number a^ .of  p o i n t s  and  

th e  same number a ^ o f  p l a n e s ;  end e a c h  p l a n e  i s  on th e  same number a „ o f  

p o i n t s  and t h e  same number a^^of l i n e s .

A c o n f i g u r a t i o n  can  b e  c o n v e n i e n t l y  d e s c r i b e d  by  a s q u a r e  m a t r i x :
1 . a a

p o i n t  l i n e  p l a n e
1 p o i n t .....

2 l i n e «X. a. .

3 p l a n e

In t h i s  n o t a t i o n ,  i f  we c a l l  a  p o i n t  an e l e m e n t  o f  t h e  f i r s t  k i n d ,  a  l i n e  

an e lem en t  o f  t h e  second  k i n d ,  and  a p l a n e  one o f  t h e  t h i r d  k i n d ,  t h e  

number a^ ) g i v e s  t h e  number o f  e l e m e n t s  o f  t h e  j t h * k i n d  on e v e r y  

element o f  t h e  i t h  k i n d .  The num bers  a„ , a^^, g i v e  t h e  t o t a l  number 

o f  p o i n t s , l i n e s ,  and p l a n e s  r e s p e c t i v e l y .  Such  a  s q u a r e  m a t r i x  i s  c e l l e d  

the  symbol o f  t h e  c o n f i g u r a t i o n .

A t e t r a h e d r o n  f o r  example i s  a  f i g u r e ,  c o n s i s t i n g  o f  f o u r  p o i n t s ,  s i x  

l i n e s ,  end f o u r  p l a n e s ;  on e v e r y  l i n e  o f  t h e  f i g u r e  a r e  two p o i n t s  o f  

t h e  f i g u r e ,  on e v e r y  p l a n e  a r e  t h r e e  p o i n t s ,  t h r o u g h  e v e r y  p o i n t  p a s s  

t h r e e  l i n e s  end  a l s o  t h r e e  p l a n e s ,  e v e r y  p l a n e  c o n t a i n s  t h r e e  l i n e s ,  and  

th r o u g h  e v e r y  l i n e  p a s s  two p l a n e s .  A t e t r a h e d r o n  i s  t h e r e f o r e  a c o n f i g 

u r a t i o n  o f  t h e  symbol 4 3 3

2 6 2

3 3 4

The symm etry  shown i n  t h i s  symbol i s  due t o  t h e  f a c t  t h a t  t h e  f i g u r e  

in  q u e s t i o n  i s  s e l f - d u a l .  A t r i a n g l e  e v i d e n t l y  h a s  t h e  symbol

3

2 3 i

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



3 in o «  a l l  t h e  number» r e f e r r i n g  t o  p l a n e »  e r e  o f  no i m p o r t a n c e  i n  ca» e  

o f  a p l a n e - f i g u r e ,  t h e y  a r e  o m i t t e d  f rom t h e  aymhol f o r  a p l s n e  c o n f i g 

u r a t i o n .

I n  g e n e r a l ,  a c o m p le te  p l a n e  n - p o i n t  i s  o f  th e  »ymbol

Z è n ( n - l )

and a  c o m p le te  a p a c e  n - p o i n t  o f  t h e  symbol

n

2

3

Û-1 g-&n - l ) ( n - E )

•ÿn(n-l)*^  n - 2

3 ( J ^ n ( n - l ) ( n - 2 )

The D esa rg u e »  o o n f ig u m m tio n . A v e r y  i m p o r t a n t  c o n f i g u r a t i o n  i s  o b t a i n e d  

by t a k i n g  t h e  p l a n e  s e c t i o n  o f  a c o m p le te  s p a ce  f i v e - p o i n t .  The f i v e -  

p o i n t  i s  c l e a r l y  » c o n f i g u r a t i o n  whose symbol may be  o b t a i n e d  f rom  t h e  

one j u s t  g i v e n  by  rem ov ing  t h e  f i r s t  column and th e  f i r s t  row.

5 4r t 6

2 • 1 0» 3

3 10
T h is  i s  due  t o  t h e  f a c t  t h a t  e v e r y  l i n e  o f  t h e  s p a c e  f i g u r e  g i v e s  r i s e  

to  a  p o i n t  i n  t h e  p l a n e  and  e v e r y  p l a n e  g i v e s  r i s e  t o  a  l i n e .  The c o n f i g 

u r a t i o n  i n  t h e  p l a n e  h a s  t h e n  t h e  symbol

10 3

3 10

We p r o c e e d  t o  s t u d y  i n  d e t a i l  t h e  p r o p e r t i e s  o f  t h e  c o n f i g u r a t i o n  j u s t  

o b t a i n e d .  I t  i s  known a s  th e  c o n f i g u r a t i o n  o f  D e s a rg u e . The th e o re m  o f  

D esa rgue  s t S t s s  t h a t  i f  two t r i a n g l e s  i n  t h e  same p l a n e  a r e  p e r s p e c t i v e  

from a  p o i n t ,  t h e  t h r e e  p a i r e s  o f  homologous s i d e s  meet i n  c o l l i n e a r
a ,

p o i n t s ; i . e .  t h e  t r i a n g l e s  a r e  p e r a p e c t i v e  f rom  a  l i n e .  P r o o f :  L e t  t h e

two t r i a n g l e s  be  AjB,C an d  Ĉ , P l a t e  I  , t h e  l i n e s  ^ ,B ^B ,  CĈ  m e e t in g  

i n  t h e  p o i n t  0 .  L e t  M ,  BA i n t e r s e c t  i n  t h e  p o i n t  Cj fC.AC i n  B; BO,
J r  I  t '  X  " ÿ t ! *

id t o  p r o v e  t h a t  A^B^C^are c o l l i n e a r .  C o n s id e r  an y
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3—
Xine th r o u g h  0 t r h iç h o t*  n h t t l n  £héî p l e n a  o f  th e  t r i a n g l e # ,  pad d e n o te  by 

Q 0 sny two d i s t i n c t  p o i n t #  on t h i #  l i n e  o t h e r  t h a n  0* S in c e  t h e  l i n e #

^ end A, 0, l i e  i n  th e  p l a n e  (A^A^,0,0J t h e y  i n t e r e e e c t  i n  a p o i n t  A. Sim

i l a r l y  B| 0, end B ^ O ^ in t e r # e c t  i n  a p o i n t  B end l i k e w i s e  C 0, end 0̂  ̂ i n  a 

po in t  C. Thuse A B C 0, 0̂  t o g e t h e r  w i th  t h e l i n e #  and p la n e #  d e t e r m in e d  by 

them form a com ple te  f i v e - p o i n t  i n  sp a ce  o f  which  th e  p e r s p e c t i v e  t r i a n g l e s

form a p a r t  o f  a p la n e  s e c t i o n .  The theo rem  i s  p roved  by c o m p le t in g  th e

plane s e c t i o n .  S in c e  A B l i e #  i n  a  p l r n e  w i th  f^B, and a l s o  i n  a p l m o  w i t h  

I  B th e  l i n e #  A, B , A. B. , and j'. B meet i n  C , . So a l s o  A, C, , A , m d  AC3L 1 I A* *• 1 I JL w
m e e t  i n  B̂  ; and B, C , B^C^, B C meet i n  Â  . S in c e  , B^^  , l i e  i n  th e

p lane  A B C  and a l s o  i n  t h e  p l a n e  o f  t h e  t r i a n g l e #  A ,B ,C ,and  A^B^C^they a r e

c o l l i n e a r .

A# a  c o r o l l a r y  t o  t h e  above we may s t a t e  t h a t  i f  two t r i a n g l e s  i n  the  same 

plane a r e  p e r s p e c t i v e  from a p o i n t ,  t h e  p a i r s  o f  homologous s i d e s  i n t e r s e c t  

in  c o l l i n e a r  p o i n t s ;  pnd c o n v e r s e l y .

P e r s p e c t i v e  t e t r a h e d r a :  I f  two t e t r a h e d r e  e r e  p e r s p e c t i v e  from a p o i n t ,

the s i x  p a i r s  o f  homologous edges  i n t e r s e c t  i n  c o p l r n s r  p o i n t s ,  m d  t h e  f o u r  

p a i r s  o f  homologous f e c e s  i n t e r s e c t  i n  c o p l e n a r  l i n e s ;  i . e .  t h e  t e t r e h e d r a  

e r e  p e r s p e c t i v e  from a p l e n e .  2.

P r e o f :  L e t t h e  two t e t r e h c d r a  be P P, P, P̂  rnd P ’P ' P ' P '  m d  l e t  th e  l i n e s' A, 3 7 / JU 5 -f
P, p ' j  P^pJ , P ^ m e e t  i n  th e  c e n t e r  o f  p e r s p e c t i v i t y  0. Two homologous

edges P^P m d  P/P* th e n  c l e a r l y  i n t e r s e c t ;  c e l l  th e  p o i n t  of i n t e r s e c t i o n
® « V

The p o i n t s  P ^ ,  P ^, P_^ie  on t h e  same l i n e ,  s i n c e  th e  t r i a n g l e s  P̂  P̂  P̂  end

P*PJP* a r e  p e r s p e c t i v e  from 0. By s i m i l a r  r e a s o n i n g  a p p l i e d  t o  the  o t h e r

p a i r s  o f  p e r s p e c t i v e  t r i a n g l e s  Vi/e f i n d  t h a t  t h e  f o l l o w i n g  t r i p l e s  o f  p o i n t s

a r e  c o l l i n e a r :  P , P , ^  ; P p  P ; P P .P  ; P P P._ The f i r s t  two t r i p l e s  haveif tJ ts v<è /s >'* If i j i y  ^
the  p o in t  i n  common and hence  d e t e r m in e  a p l a n e ;  each  o f  th e  o t h e r  two 

t r i p l e s  h a s  a p o i n t  i n  common w i t h  e a c h  o f  t h e  f i r s t  two. Hence a l l  t h e  

p o i n t s  P . ' l i e  i n  t h e  same p l a n e .  The l i n e s  o f  t h e  f o u r  t r i p l e s  J u s t  g iv e n  r r e  

the  l i n e s  o f  i n t e r s e c t i o n  o f  t h e  p a i r s  o f  homologous f a c e s  o f  t h e  t e t r a h e d r e .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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I "
q u * d r a n g le -q u f id r i l a t « r f i l  c o n f i g u r a t i o n :

D e f i n i t i o n :  A com plete  p l a n e  f o u r - p o i n t  im c a l l e d  a complete  q u a d ra n g le ,  

p  c o n s i s t *  o f  f o u r  ver t& e**  and * i x  a id e * .  Two s id e *  not  on th e  same v e r t e x  

ère 0*11®^ o p p o s i t e .  The i n t e r s e c t i o n  o f  two o p p o s i t e  s i d e s  i s  c e l l e d  a d i 

agonal p o i n t . I f  the  t h r e e  d i a g o n a l  p o i n t s  a r e  n o t  c o l l i n e a r ,  the  t r i a n g l e  

f o r m e d  by them i s  c a l l e d  th e  d ia g o n a l  t r i a n g l e  o f  the q u a d ra n g le .

I D e f i n i t i o n ;  Â c o m p le t e  p la n e  f o u r - l i n e  i s  c a l l e d  a c o m p le te  q u a d r i l a t e r 

a l .  I t  c o n s i s t *  o f  fo u r  s i d e s  and s i x  v e r t i c e s .  Two v e r t i c e s  n o t  on th e  same

'side a r e  c a l l e d  o p p o s i t e .  The l i n e s  j o i n i n g  two o p p o s i t e  t e r t i c e *  i s  c a l l e d
!

s  diagonal  l i n e .  I f  t h e  t h r e e  d i a g o n a l  l i n e s  e r e  n o t  c o n c u r r e n t ,  t h e  t r i a n g l e  

f o r m e d  by them i s  c a l l e d t h e  d i a g o n a l  t r i a n g l e  of t h e  q u a d r i l a t e r a l .

From p l a t e  s i x  l e t  P^P^P^P^be th e  v e r t i c e s  o f  the  g iven  complete  qusd-  

i reng le , and l e t  D^D be the  v e r t i c e s  o f  th e  d i a g o n a l  t r i a n g l e ,  DjDeing on 

the s id e  P P ^ , D^on the  s i d e  P, P  ̂and D̂  on th e  s i d e  P̂  ^  . Y/e obse rve  f i r s t  

' t h a t  th e  d i a g o n a l  t r i a n g l e  i s  p e r s p e c t i v e  w i th  each  of the  f o u r  t r i a n g l e s  

formed by a s e t  of  t h r e e  o f  t h e  v e r t i c e s  o f  th e  q u a d ra n g le ,  th e  c e n t e r  o f  

p e r s p e c t i v i t y  b e in g  i n  each case  the  f o u r t h  v e r t e x .  This g iv e s  r i s e  t o  f o u r
I
axes of p e r s p e c t i v i t y  one c o r r e s p o n d in g  to  each  v e r t e x  of the  q u a d ra n g le .

i
j These f o u r  l i n e s  c l e a r l y  form the  s i d e s  o f  a com plete  q u a d r i l a t e r a l  whose 

, d iagonal  t r i a n g l e  i s  D^D,^D^.
I
‘ The Fundam enta l  theorem on q u a d ra n g u la r  s e t s :
!

I I f  two com plete  q u a d ra n g le s  P^P^P^P^and P/PJP|P^* c o r re sp o n d  — to

) P ' ,  P^ to  P J , e t c . — i n  such  a way t h a t  f i v e  of  t h e  p r i r s  o f  homologous s i d e s  

i n t e r s e c t  i n  p o i n t s  of  a l i n e  1 ,  t h e n  the  s i x t h  p p i r  o f  homologous a i d e s  w i l l  

' i n t e r s e c t  i n  a p o in t  of  1. £
P ro o f :  Suppose f i r s t ^  th P t  none o f  th e  v e r t i c e s  or s i d e s  of  one of th e  

quad rang les  c o i n c i d e  w i th  any v e r t e x  or  s id e  of  t h e  o t h e r ,  l e t  P P, P̂  P ^ ,

P p , P jP j»  P^P^be th e  f i v e  a i d e s  which,  by h y p o t h e s i s ,  meet t h e i r  homolo

gous s i d e s  pyi|J .P*!*! . P J P ^ i n  p o i n t s  o f  JL Vj’e must show t h P t  P̂  P^

"r-- ........ -   - 1* Tbe T r i a n g l e s  P P P , s n d  P 'p 'p »  «' o I » re
® bTT
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5--
liyjjothesi*» p e r a p e c t i T a  f rom  1; »s  o l a o  t h e  t r i s n g l a a  I* ,^  I^end.

Seoii pBir  i a  t h e r e f o r e  p e r a p e c t i v e  f rom  a p o i n t ,  rod t h i s  p o i n t  i a  i n  e r c h  

ese the  i n t e r s e c t i o n  0 o f  t h e  l i n e a  P , P / ^ n d P ^ . Hence th e  t r i a n g l e s

p P*P*P* e r e  p e r s p e c t i v e  f rom  0 end t h e i r  p r i r s  o f  hom ologous  s i d e s  

i n t e r s e c t  i n  t h e  p o i n t s  of a l i n e ,  w h ic h  i a  e v i d e n t l y  1 ,  s i n c e  i t  c o n t r i n a  

two p o i n t s  o f  É. But P^P^ snd P̂ ’P̂ * a r e  two homologous s i d e s  o f  theme l a s t  

two t r i a n g l e s .  Hence t h e y  i n t e r s e c t  i n  a p o i n t  o f  t h e  l i n e  L.

The p la n e  d u a l  o f  t h i s  theemem i s  : I f  two c o m p le te  q u a d r i l a t e r a l s  a^a^a^

and c o r r e s p o n d — a, t o  a /  , s J : o  s * ,  e t c —  i n  such  a way t h a t  f i v e  o f

the l i n e s  j o i n i n g  homologous v e r t i c e s  p a s s  t h r o u g h  a p o i n t  P t h e  l i n e  j o i n 

ing the  s i x t h  p a i r  o f  t h e  homologous v e r t i c e s  w i l l  a l s o  p a s s  t h r o u g h  P. 

E x erc ise  3— I f  two s e t s  o f  t h r e e  p o i n t s  A B C  and A 'B * C  on two c o p l a n a r  

l i n e s  1 and 1* r e s p e c t i v e l y ,  a r e  so r e l a t e d  t h a t  t h e  l i n e s  A A ’ , B B*, C O',  

a re  c o n c u r r e n t  t h e n  t h e  p o i n t s  o f  i n t e r s e c t i o n  o f  th e  p a i r s  o f  l i n e s  A B ' ,  

and B A ' ,  B O'  and O B ' ,  0 A'  and A O' a r e  c o l l i n e a r  w i t  A 1 1 ' .  The l ln m

thus  d e te rm in e d  i s  c a l l e d  t h e  p o l r r  o f  the  p o i n t  B B ' ) w i t h  r e s p e c t  t o

11 '

Given; A AÎ B B*, 0 C* c o n c u r r e n t  t o  p ro v e  1 1 ' ,  X.,M,H a r e  c o l l i n e a r .
3ee P l a t e  .

' 'P ro o f :  T r i a n g l e s  A 'B '  C end A B Cé a r e  p e r s p e c t i v e .  T h e r e f o r e  P^M,iJ a r e

c o l l i n e a r  by t h e  D esa rgue  th e o re m .  T r i a n g l e s  A'BC and A B ' C  a r e  p e r s p e c t i v e  

There fo re  P ,ü ,M  a r e  c o l l i n e a r .  The p o i n t s  P and M d e t e r m i n e  b o t h  l i n e s  and 

therefitfre r e p r e s e n t  th e  same l i n e ,  hence  iC,M,N a r e  c o l l i n e a r .
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Uiing th e  th eo rem  o f  e x e r c i s e  t h r e e ,  g iv e  a c o n s t r u c t i o n  f o r  s l i n e  

iülhg g iv e n  p o i n t  i n  th e  p la n e  o f  th e  two g iv e n  l i n e s  1 rnd 1* t o  t h e  

+ of i n t e r s e c t i o n  o f  1 and 1* w i th o u t  m aking  u s e  o f  t h e  l a t t e r  p o i n t ,  

so lu t ion:  h e t  M be th e  g iv e n  p o i n t ,  brew s n y  two l i n e s  th ro u g h  At i n t e r s e c t i n g  

arid i n  p o i n t s  B and  B*, C end Of r e s p e c t i v e l y .  Draw B B ' and C C* i n t e r -  

leoting a t  P*. Draw any l i n e  AP* i n t e r s e c t i n g  l i n e s  1 and 1 '  i n  p o i n t s  A and

AB* and A'B i n t e r s e c t i n g  a t  Ki Then iflkl i s  t h e  r e q u i r e d  

4 na, by theo rem  p r e c e d i n g .
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p,rcl»«=6-- P U + es'

U sing  th e  d e f i n i t i o n  o f  e x e r c i s e  3 show t h f t  i f  t h e  p o i n t  P '  i s  on 

p o f  fi p o i n t  P w i t h  r e s p e c t  t o  t h e  two l i n e  1 snd 1*. Then the
I til® V
! oint Î  on t h e  p o l a r  p* o f  P * w i th  r e s p e c t  t o  1 m d  1*.

5 iv«n the  p o i n t  P5 on t h e  p o l a r  p ,  to  p rove  t h a t  P i s  on the  p o l r r  P% 

jjcofi Iiot t h e  p o i n t s  2  B D on l i n e  1 m d  p o i n t s  C 'A 'B '  on l i n e  1 '  be r e 

spect ive ly  p e r s p e c t i v e  from m d  P 'b e  any  p o i n t  on t h e  p o l a r  o f  P. Brew

,ip» i n t e r s e c t i n g  l i n e  1 a t  A. Draw l i n e  AP i n t e r s e c t i n g  l i n e  1 '  i n  B .
r  I

‘ since A'BPAB*P* end A'BPBD'K e r e  two co m p le te  q n s d r e n g le  B -  B* by th e  

(jusdr®hgle th e o re m ,  B' b e i n g  th e  i n t e r s e c t i o n  o f  BP* m d  I P ) .  Draw any  l i n e  

through P* su c h  e s  B B*. Brew BB' m d  BE? m e e t in g  a t  II. S ince  t r i a n g l e s  

g'i.3 end B'A*B e r e  p e r s p e c t i v e  P ,  U and 11* a r e  c o l l i n e a r  b y  D esargue theorem . 

But p o i n t s  II m d  11* d e t e r m in e  t h e  p o l a r  o f  P* w i th  r e s p e c t  t o  th e  l i n e s  1 

find 1?. T h e r e f o r e  P l i e s  on th e  p o l a r  of  P * , m d  th e  theorem  i s  p roved .
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®‘*** P la te -U *
6— I  f  the  T e r t i c e #  A,A^A,A^of a s im ple  p l a n e  q u a d ra n g le

g r e s p e c t i v e l y  on th e  s id e #  a ^ a ^ a ^ a ^ o f  p s im ple  p la n e  q u a d r i l a t e r a l  

 ̂ j_f the  i n t e r s e c t i o n  o f  th e  p a i r  o f  o p p o s i t e  s i d e s  Â  Â A  ̂ ia  on th e  

j o in i n g  t h e  p a i r  of o p p o s i t e  p o i n t s  a^a_^^^a^the rem a in in g  p a i r  o f  

,pOsite s i d e s  of  t h e  q u a d ran g le  w i l l  meet i n  the  l i n e  j o i n i n g  th e  r e 

ining o f  o p p o s i t e  v e r t i c e s  of  th e  q u a d r i l a t e r a l ,

ygg: t h e  v e r t i c e s  A,A^A^A^of a s im ple  pls:ne q u r d rm & le  on the s id e s

» o f  t h e  s im p le  p la n e  q u a d r i l a t e r a l  rnd  the  i n t e r s e c t i o n  of  th e  

id»* A, Ay on l i n e  j o i n i n g  t h e  p a i r  o f  p o i n t s  a . To prove t h a t

jg remaining p a i r  o f  o p p o s i t e  s i d e s  of t h e  q u a d r a n g le  w i l l  meet on 

jg l ine j o i n i n g  t h e  rem a in in g  p a i r  o f  o p p o s i t e  v e r t i c e s  o f  t h e  

j g d r i l a t e r a l .

foof: Connect A, Ay and A. The two t r i a n g l e s  and A ^f^ l^h rv e  t h e i r

jrraspofiding s i d e s  m e e t in g  i n  t h r e e  c o l l i n e a r  p o i n t s .  The l i n e s  j o i n -  

ig the c o r r e s p o n d i n g  v e r t i c e s  a r e  c o p o i n t s l  by th e  co n v e rse  of the  

lu rgue  theo rem . Thence,  Pj,P^and A,A^,AA^are c o l l i n e a r .
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gxero i**  7 - -  I f  two c o m p le te  p l e n a  n - p o i n t »  s r e  so r e l e t e d  t i i s t  t h e  

gida Æ . i^ c n d  t h e  r e m e in in g  2 ( n - S )  a i d e »  p e s a i n g  t h r o u g h  â-,end A^meet 

tha c o r r e s p o n d i n g  s i d e s  o f  t h e  o t h e r  n - p o i n t  i n  p o i n t s  o f  s l i n e  1 end  

the two n - p o i n t a  e r e  p e r s p e c t i v e  from a p o i n t .

Given; Two co m p le te  n - p o i n t s :  .......... J ..................................... AJL end  l i n e

1.
lo p ro v e :  n - p o i n t a  p e r s p e c t i v e ,  f rom a p o i n t  

proof ;

l i n e s  p a s s i n g  t h r o u g h  A ,and  ^ ^ i n  one n - p o i n t  end  A' end A§ i n  

cno ther  n - p o i n t  a l l  meet i n  a l i n e  1. T r i i n g l e a  A, Â Â  end 

AjA^A^end AJAJAJ^ ; A; Â  A^rnd ,4'AJA]^ e r e  e l l  p e r s e p c t i v e .  A l s o  t h e y  

sre p e r s p e c t i v e  from th e  same p o i n t .  T h is  makes A^A/ A A^ Â ĵ * A ^ A J  

c o p o i n t a l .  Hence t r i a n g l e s  Â  j^A ^and  A '̂AJ[A^ heve  t h e i r  a i d e s  m e e t i n g  

on 1 a s  th e y  a r e  p e r s p e c t i v e  f rom  th e  p o l e  o f  1 .  Hence a l l  t h e  r e m a in 

ing l ( n - 2 j  s i d e s  can  he  shown t o  meet  on 1 t n d  r n d  p e r s p e c t i v e  f rom  a 

p o in t .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



I
s

i g

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



lü —

gjjerciao - - 8 .  ■pja+4 1 

I f  5 s i d e »  o f  r  com ple to  q a t a r ü u g l e  p e s a  t h r o u g h  f i v e  v a r -

t ic ea  o f  c o o a p l e t e  q u ed r  i l c t a r e l  a ,  a ,  s u c h  » wsy t h i . t  / . A ^ i »  OQ

, A .A A, on A a  e t c . ,  t h e n  th e  s i x t h  a i d e  o f  t h e  quadrex ig lo  p a s s e s  

through t h e  s i x t h  v e r t e x  o f  th e  q u c d r i l a t e r s l .

given: t h e  co m p le te  q u s d r i l a t e r e l  a ,  whose v e r t i c e s  a r c  I', ^ ^  ^

füd a co m p le te  q u a d r a n g le  A, A ^w ith

A.A^on p o i n t  a ,  a,, A^A,on u u in t  a, , A^A^on p o i n t  
A,A4 on p o i n t  a ^ a ^ rn d  A^A^ on p o i n t  a

Î 0  p ro v e :  Th^^t A_jA^is on tne p o i n t  a ,  a^

i r o o f ;  Ti^e s i d e s  o f  t i ie  t r i a n g l e s  A^P^P^and Â  P̂  P̂ , meet i n  t n r e e  c o l -  

l i n e a r  p o i n t s  A, PçAj_. T h e r e f o r e  t h e  l i n e s  j o i n i n g  t i i e  c o r r e s p o n d i n g  

v e r t i c e s  a r e  c o p o i n t a l ,  by c o n v e rs e  o f  h e s a r g u e  tuaoxem . T u e r e f o r e  

l i n e  A^A^ p a u s e s  t n r o u g h  p o i n t  a,a^r,,.ri tn e  th e o re m  i s  r r o v e d .  Tij.eeram 

is  u d l f  d u a l .
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g^ercime y — I f  on es-ch o f  t n r e o  o o n c a re e n t  l i n e »  o b c two ^ o i n t s  r r e  

gj^ven A, on a ;  B^B^on b ;  C, Q^on c —  t h e r e  c m  be farmed f o u r  p r t r a  o f  

t f i f ing le#  A  ̂Bj Cj (̂ i  , j ,1c m l,  2 j m l  tuo pr i r e  o f  c j r r e e p o n d i n g  a id e »  rreot 

e i x s  p o i n t »  Wuicr* t r e  une v e r t i c e »  o f  % c o e x i s t e  2 ^ ^ d r i l P t * r c l  

(Ÿ^ron##*, A t t i  d e l  Line e l ,  1876— 1877, p .  6 4 9 j 

given: 3 e o n c n r e e n t  l i n e a  tv.o p o i n t s  t o  t h e  l i n e .

JO Provo: T na t  the  r c i r a  o f  c o r r e s p o n d in g  a i d e s  uiaat i n  a i x  p o i n t a  which

j,re t h e  v e r t i c e s  o f  a co m p le te  q .u s^ i r i lp te r f t l .

proof:  T r i a n g l e s  can  be a r r a n g e d  i n  t h e  f o l lo w in g  manner:

A, B, C, rnd V B JC ^
/ , ,B .C .  and ÆJB^CJ 

B, C, and f

meet i n  a1 p o i n t L
B.C^ meet i n  aL p o i n t m

meet i n  a1 p o i n t II

A, B, me e t i n  a p o i n t 0
AxC, meet i n  a p o i n t P

C, meet i n  a p o i n t M

A,]^ meet i n  a p o i n t f i
f-v C^me e t i n  a p o i n t r
B.^G^meet i n  a p o i n t 4

A, B^meet i n  a p o i n t 0
A.,. CL me e t i n  a p o i n t II
B^ CL meet i n  a p o in t q

Thus we have s i z e  p o i n t s  L ”  II C P i  which  e r e  c o l l i n e a r  in  

g roups  o f  t h r e e  a s  g iv e n  in  the  above f o u r  g ro u p s .  These p o i n t s  may 

be r e g a r d e d  e s  t h e  p o i n t s  o f  a com ple te  q u a d r i l a t e r a l  a s  each  l i n e  

has  a p o i n t  i n  common w i th  e&ch o f  the  o t h e r  l i n e s .
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B z a ro i s e  10—  With n in e  n o ln t a  a l t u e t e d  i n  s e t a  o f  t h r e e  on t h r e e  con

c u r r e n t  l i n e s  a r e  formed 36 s e t s  of t h r e e  p e r s p e c t i v e  t r i p n g l e a .  For 

efiOh s e t  o f  t h r e e  d i s t i n c t  t r l e n e - l e ?  t h a  pr*a o f  p e r s ^ e o t i v l t y  " e e t  

in  » rn d  th e  36 p o i n t s  th u s  o b ta ined  from the  36 s e t a  o f

t r o i p n g l e s  l i e  i n  s e t -  o f  f o u r  on a7 l i n e s  g iv in g  « c o n f i g u r a t i o n

f i e ” ”

-yOP.

w , A3.Q,

W .  ■

Given;^A^A*A^on one I ' ine ;  B,B^B^on a n o th e r  l i n e  and O^C^C^on the  o th e r .  

Ï 0  p ro v e :  the  above c o n f i g u r a t i o n  i s  t r ^ e  and t h a t  th e  axes o f  p e r s p e c 

t ive  tV  o f  t h e  t r à è n g l e s  a"" 1 meet i n  » n o in t .  

i r o o f :

36 r e p r e s e n t s  the  number o f  p o i n t s  in  the  c o n f ig u r a t i o n .
w

A^C.
W
w  
w  
w

from th e se  27 t r ia n g le #  can be chosen 36 s e t s  o f  3 d i s t in c t  t r ia n g le s  
w ith  no s id e  or v e r te x  common in  any s e t .  The f i r s t  t r ia n g le  can be

chosen in  27 d if f e r e n t  ways, fo r  any tr ia n g le  chosen th ere  are 6 p o in ts

l e f t ,  2 on each l i n e .  These 6 p o in ts  can be formed in to  6 s e t s  o f  two

t r ia n g le s .  We, th e r e fo r e , have 27x8 com binations o f  th ree  or 36 s e t s
TsT

o f th r e e . For each tr ia n g le  in  th e  f i r s t  column above th ere  are four

com binations o f  the o th e r s , having no v e r te x  or s id e  common in  th e th ree
A,B,C3

>------------------------------------------------------------------ i r i f i r "
a g o  AtBt-Ct

» ' *• B,,B.O^ d,B.C,
 ______

Î:;-;3
a ,B. 0^
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Bx. 10 1.B.C,

^ A , B ^ C .  ând so on through  th #  
l i s t ,  fo r  smoh s s t  o f thro#  A ls t in o t  t r ia n g le s  th e  e x e s  Of p e r f ÿ e o t lT lty  
teat In  e  p o in t , hy oonrerse o f  D esergue theorem . See P la te  ^  /  To
orore th a t  th e se  p o in ts  o f in t e r s e c t io n  o f  th e  a x es  l i e  in  s e t s  o f  4  on 
h l i n e s  l e t  th e  s id e s  o f  th e  t r ia n g le s  m eet a s  fo l lo w s :  
t B, end A .B ^ e e t  in  p o in t  1
iC .sn d  4^0^ " S in  t r ia n g le s  A, B, C, and A
» C  " B . C ^  « If 3

H  A. "" *"---- "------ T*i O.' ? AxO, ? ? i in triangles A,B, C, and A^B^O,ft'C. ? B^O. * *? ■ 5_a  Tl k \k wn n w e~' "9 A > , ?" 9 9 6
iC . 9 A»OL " 9 9 S in  t r a in g le s  A,B, C,and A B,Cp>b s :—=—s—Ir s r ? — z i r " -------------» r
1,0. " AtO, « »* « 4  in  t r ia n g le s  A B C, and A JB, 0^

^ "—I
>,C, ? A,C^ ■*' " " 10 in  t r ia n g le s  A,B.C and A ,B ,C ,
B̂.Oi - 9__ ____________ : ____ : ___&n r""  If 5“
1,0, ? A,C. *  « « 11 in  t r ia n g le s  A, B, C and A,B,
^  ^  M  «% ^  ^  #a «a *# mm f f f fB.C. " B.C^ « If H 7

— I Î 5 T " — "— "— 12
1,0, « A ,0 , *• " 10 in  t r ia n g le s  A B, 0, and A, B̂ Ĉ

— : — : — k1*5"—If----ATT—If-------HT"..... -If----- jg
1,'c! « A^oT " " 11 in  t r ia n g le s  A B C .  and A,B,C,
B.O. " B.O. * " " 3

In th s e  same way th e  p o in ts  o f  in t e r s e c t io n s  o f  th e  s id e s  o f  th e  second a 
and th ir d  t r ia n g le s  may be found in  each  s e t  o f  fo u r . T h is however i s  un

necessary  fo r  we would g e t  p o in ts  on th e l i n e s  which p a ss  t  hr ought th e  

p o in ts o f in te r  s e t  ion  o f  th e  ax es and th e se  have been determ ined by th e  

f i r s t  two l i n e s ,  s in c e  th e  th ree  a x e s  are cop o in t a 1 fo r  each  s e t  o f  th r e e .  

kt th e  ^olrius wb above c o l l in e a r  by th r e e s ,  by D esargues theorem , a s

1 ,2 ,0  are c o l l in e a r  and 1 2 ,1 1 ,0  are c o l l in e a r  e t c .  A lso  we have th e  fo llo w 

ing c o l l in e a r  p o in ts  l , 6 , 9 , 1 2 ; 2 , d , 1 0 , l l ;  and 0 , 5 , 7 , 8 .  The f i r s t  s e t  i s  A B. 

The second s e t  i s  on A C. The th ir d  s e t  o f  c o l l in e a r  p o in ts  i s  on B C. Prom 

th ese  s e t s  o f  c o l l i n e a r i t i e s  we o b ta in  tb s  f ig u r e  "f . In t h i s  f ig u r e  Y 

and Z a re  c o l l in e a r  w ith  B by th e  theorem B*. Then th e  p o in ts  u yv , w and X 

%re c o l l in e a r  by D esargoes theorem#
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j#»- Bx 10

th e##  p o in t#  a re  th# p o in t#  o f  in te r a e o t io n  o f  th e  axe# o f  persepo*

Ifitjr o f  th e  f i r e t  four group# o f  th r ee  t r ia n g le #  a# grouped above. There*

,r# th e  p o in t#  o f  I n te r s e o t io n #  o f  th e  axe# o f  p e r s p e c t lT lty  are o o l l ln e a r  

I ea t#  o f  fo u r . By fo llo w in g  th e  grouping o u tlin e d  above we g e t  36 p o in t#  

n 9 l i n e # .  I f  in e te a d  o f  ta k in g  each  o f  th e  f i r e t  column o f  th e 27 t r ia n g le #  

libre w ith  a l l  th e  com bination# o f  th e  o th e r # , n o t having a v e r te x  or s id e  

Miimon, we had taken  each  o f  th e second w ith  a l l  th e  com binations o f  th e  

there, we would have ob ta in ed  th e  same 36 p o in ts  on 9 other l i n e s ,  and l ik e *  

lee each  o f  th e  th ir d  w ith  th e com binations o f  th e  o th e r s , would | | iv e  th e  

|#me 36 p o in t#  on 9 o th ev  l in e s #  We th e r e fo r e  g e t  th e  req u ired  c o n fig u r a tio n  

[or th e  p o in t#  o f  in t e r s e o t io n  o f  th e  axe# o f  p e r s p e o t iv i ty .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



PfAfe. S ’
B z«rola«  11 . A plana aeo tio n  mi a 6- p o in t  in  spaoa may ba conaidarad aa 

tbraa tr la n g lv a  parapaotiva in  y a ir a  fzom th rea  c o l l in e a r  p o in ta  w ith  o o r-  

raaponling aidaa m oating in  thraa c o l l in e a r  p o in ta .

Given: Thraa t r ia n g le a  parap actlva  in  p a ira  from thraa  c o l l in e a r  p o in ta  

•nd th e  corraaponding aidaa m eeting in  thraa c o l l in e a r  p o in ta .

TO prove: th a t the f ig u r e  may ba con iid arad  aa a p lana a a o tio n a  o f  a 6 -  

point in  apace.

P roof; A com plete apaoa 6 p o in t ia  o f  th e  confignm ation

ë ..........  5  .............. 1 0
8 1 5 ê
3 3 8 0

A p lane a eo tio n  o f  a com plete 3-apaoa 6 -p o in t  ia  o f  th e  c o n fig u r a tio n

....I F " ... ....  ...i ........

3 2 0

The f ig u r e  o f  th ree  tr ia n g la a  p arap active  in  p a ir#  form thraa c o l l in e a r  

p o in ta  and whoaa a idaa meat in  th r e e  c o l l in e a r  p o in ta  ia  o f  t h ia  c o n f ig 

u r a t io n . Sea f ig u r a  ^
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^ #T ol##  1#* A p le n e  # # o tlo n  o f  m 6-p o in t  in  apaco can b# oo##ldare& a s

g p a ro p so tiT s oom plst#  qna& rangles w ith  tb s ooarraeponding a id a s m a stin g  in  

th# T s r t io s s  o f  a  oom plst# qnadri la  t a r a i ,

OiTen: Ths f ig u r a  o f  2  parspactiT # quadranglss w ith  th e  correspond

ing #!&#* m astin g  in  th a  v a r t io a s  o f  a com pléta q u a d r ila te r a l.

To proTs th a t  t h i s  f ig u r e  i s  o f  tha co n fig u r a tio n  o f  a p lana s e c t io n  

of s  6 - p o in t  in  space#

P ro o f: Such s  f ig u r a  can ha co n stru c ted . We oan prove th a t A B C  

are c o l l in e a r ;  A P D o o l l in e a r ;  C J> B c o l l in e a r ;  3  P B o o ll in a a r  hy Basargua 

theorem , a s  fo r  in s ta n c e  t r ia n i^ e s  A*B*C* and a '*B**G** a re  p a e sp e c tiv e  

and th e r fo r e  th e  correspon d ing  s id e s  meet in  th r ee  o o lliiM a r  p o in ts .  In  th e  

same way th e  o th e r s  s e t s  may he proved c o l l in e a r .  T his f ig u r e  i s  o f  th e  

c o n f ig u r a tio n
15 4

0 20

T his i s  th a  c o n fig u r a tio n  o f  a p lan e s e c t io n  o f  a 6 -p o in t  in  apaoe and 

the theorem  i s  proved . See f ig u r e  ^ ______•
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X p la n t  a a o t lo n  o f  an  n » p o ln t  in  apaoa g ir a a  th a  o o n f lg o r a t io n

J3k n -8
3 VfHloh may ha oanaidarad (in  

paya) aa a aat of (n *k ) k -p o ln ta  parapaotiTa in  paira fro* point a,
loh  foam the oonfignrationa

TZBI n -k » 8
3 pH

i  th a  p o in ta  o f  in t e r  a a o tio n a  oŸ th a  o or r  a aponding ai& ea form tha oon-

g a r a tlo n KTSZ-------------E=JT
2 __________ Æu

G iven: a  p lan a  a e o t io n  f f  an n -p o in t  in  aim oa, t o  p rove: th a t  i t  i a  

th a  above o o n fig u v a tio n a *

P roof: E v ery  p a ir  o f  p o in ta  o f  tha n -p o in t  in  apaoa determ ine# a l i n e ,  

a sa  l i n e  a in ta r a a o t  th a  p lan a  s e c t io n  in  p o in ta*  Thera are o f  thaaa  

L in ta  in  th a  p la n a  aeo tio n *  Every oom bintAiona o f  th r e e  p o in ts  in  tha  

I p o in t in  spaoa d eterm in e a p lana* Thaaa p len aa  in ta r a a o t  th e  p len a  s e c t io n  

. l ln a a *  Thera er a  o f  th aaa  l i n e s  in  th a  p lana  s e o t l  on . Bach o f  tha  

ana a spakan o f  above w hich  in t e r s e c t  th a  p lana s e c t io n  in  p oin ta*  T hera- 

»ra th e r e  a re  3 p o in ta  on a l i n e  in  th a  p lana  se c t io n *  Any two poi& ts o f  

la n -p o in t  in  apace tek«& w ith  ea ch  o f  tha o th er  p o in ta  d eterm in e n - 8  

Lanaa a l l  i n t e r s e c t i n g  on th a  same l in e *  T h is g iv e s  n - 8  l i n e s  on a p o in t  

I th a  p la n a  s e c t io n *  Thia p ro v es  th a  f i r s t  c o n f ig u r a t io n  o f  tha  theorem*

> prove th a  aaoond o o n f iu r a t io n , l e t  ua c o n s id e r  th a  n -p o in t  in  apace* In  

3S n -p o in t  in  apaoa wa may s e l e c t  any s a t  o f  (k) p o in ts*  Thera era  l e f t  

k p o in ts *  S e l e c t  any two o f  th e s e  n -k  p o in t s ,  such  aa f  & g* Thaaa two 

d in ts  w ith  ea ch  one o f lh a  k p o in t s  d eterm in e a  plana* Thaaa p la n e s  i n t e r -  

•o t th a  p la n a  s e c t io n  in  k c o p o in ta l  l i n e s , upon w hich th e r e  a re  two s e ta  

f  k  p o in t s ;  th o s e  formed by th e  in t e r s e c t io n ,  w ith  th e  p lan a  s e c t io n ,  o f  

in ea  j o in in g  th e  p o in t  f  to  each  o f  th e  k p o in t s  in  apaoa, and th e  o th e r  

he p o in t s  form ed by l i n e s  from  p o in t  g  to  th a  k p o in t s  in  apace i n t e r s e c t -  

Qg th a  p la n e  s e c t io n .  These two k -p o in ta  era  p e r s p e c t iv e  from the p o in t  

f  in t e r a e o t lo n  o f  l i n e  f  g  w ith  th e  p lana s e c t io n .  Suppose we take any
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li*r p a ir  o f  p o in ta  o f  th e  n -k  p o in t a ,  o th e r  than  f  and g  , n a in g  no p o in t  

i,ee« There w i l l  be formed in  t h ia  manner  n -k  a e ta  o f  8  k - p o in t a ,  p e r -

t fo t ir e  by p a i n ,  making in  a l l  (n -k )  k -p o in ta .  The k p o in ta  end th e  n -k  

in ta  in  apaoe may be s e le c t e d  in j ; ^ t p y 8  and t h e r e f o r e  we g e t  th a  s e t  o f  

k) k -p o in ta  i n  th e  s e c t i o n ,  in ^ ^ $ a y a .  How i f  in s t e a d  o f  s e l e c t i n g  our 

,t o f  (n -k )  k -p o in ta  in  th e  manner we d id ,  we ta k e  th e  p o in ta  o f  th e  n -k  

in ta  in  apaoe b y  p a ir s  in  othew c o m b in a tio n s , we would have th e  same s e t  

(n -k )  k -p o in ta  p era p eo tiT e  by  p a ir a  from  n -k  o th e r  oeA tera# In  s h o r t  we 

11 g e t  t h i s  s e t  o f  (n -k )  k -p o in t s  p e r s p e o tiT e  in  p a ir a  from  a a  many eem - 

ra a s  th e r e  a r e  co m b in a tio n s o f  8  in  n -k ,  n a m e ly .,.43.. c e n te r s#  Por exam p le, 

we cen n eo t th e  p o in t  g  to  ea ch  o f  th e  o th e r  n -k - 1  p o in t s  i n  apaoe we g e t  

a k -p o in t  form ed by l i n e s  from g  to  th e  k p o in t s  i n  ap ace i n t e r s e c t i n g  th e  

ane s e c t io n ,  p e r s p e c t iv e  w ith  each  o f  th e  o th e r  ( n - k - 1 ) k - p o i n t s  by p a ir s ,  

kawiae we may show th a t  any k -p o in t  o f  th e  s e t  i s  p e r s p e c t iv e  w ith  ea ch  o f  

m o t h e r s ,  in  p a ir s .  S in c e  th e s e  c e n t e r s  o f  p e r s p e o t iv i t y  o f  t h e  k -p o in ta  

e t h e  in t e r s e c t io n s  o f  th e  lim a#  jo in in g  th e  n -k  p o in t s  in  s p a c e , by  p a ir a ,  

th  th e  p la n e  s e c t io n ,  t h e i r  c o n f ig u r a t io n  in  th e  p la n e  s e c t io n  i a  s im p ly  

p la n e  s e c t io n  o f  an ( n - k ) -  p o in t  in  space# Which p r o v e s  th e  secon d  o o n fig »  

a t  io n  o f  th e  theorem#

S in c e  th e  k -p o in ta  a re  p e r s p e c t iv e  by p a i r s ,  e v e r y  p a ir  o f  t r i a n g l e s  

)rmed by th r e e  co r resp o n d in g  p o in t s  o f  th e  two p e r s p e c t iv e  k -p o in ta  a re  

ir s p e o t iv e  and by Demargues theorem  t h e i r  co r r e sp o n d in g  s id e s  w i l l  m eet in  

kree o o l l i n e a r  p o in ts#  There w i l l  be 4O ,o f th e s e  o o r r e fp o n d in g  t r i a n g l e s  

Id co n se q u en tly ^ C â lin e s  and 3  p o in t s  on a l i n e .  The two k -p o in t s  w i l l  have  

)rresp o n d in g  s id e s  fo r  e v e r y  p a ir  o f  co r re sp o n d in g  v e r t i c e s ,  o r a i d e s ,  

lic h  i n t e r s e c t  ea ch  o th e r  i n p o i n t s  on t h e ^  l in e s #  To f in d  th e  t o t a l  

imber o f  p o in t s ,  w hich  i s  3 .4 k (k -1  j  ( k - 8 ) -  k -2  l i n e s  on a p o in t#
J  k ( £ - i )  *

tierefore  th e  c o n f ig u r a t io n
kST"

f o l lo w s  and th e  theorem

I proved#
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A p la n *  s e c t io n  o f  a  sev en  p o in t  in  sp a ce  can be sonsid lered  ( 19 sm ys) 

a s  composed o f  3 s im p le  h ep tagon s c y c l i c a l l y  c ir c u m sc r ib in g  each  o th e r .

® i^ sa i A p la n e  s e c t io n  o f  a 7 -p o in t  in  sp a c e . To prove t h a t  i t  may 

be c o n s id e r e d  a s  composed o f  3  s im p le  h eptagons c y è à ic a l ly  c ir cu m scr ib in g  

ea ch  o t h e r .

P ro o fs  The c o n f ig u r a t io n  o f  a 7 -p o in t  in  sp a ce  i s

SCOtion i s 21----- B ■

3 35

7 S IT
3 21 6

 3 36

L et th e  p o in t s  o f  th e  7 ^ p o in ts  in  sp  

sp a ce  be numbered 1 , 2 , 3 , 4 , 6 , 6 , 7 ,  r e s p e c t iv e ly .  In  a  p la n e  s e c t io n  th e r e  asm 

21 p o in t s  made b y  t h e  in t e r s e c t io n  w ith  th e  p la n e  s e c t io n  o f  l i n e s  jo in in g  

th e  p o in t s  o f  th e  7 -p o in t  in  sp a c e , by p a ir s#  T hese p o in t s  we s h a l l  d e s 

ig n a te  by  th e  numbers o f  th e  p o in t s  con n ected  in  th e  7 -p o in t  in  sp a ce; a s ,  

th e  l i n e  c o n n e c t in g  p o in t s  3 A 6 o f  th e  7 -p o in t  i n  sp a ce  i s  th e  l i n e  36  

and th e  l i n e  i n t e r s e c t s  w ith  th e  p la n e  s e c t io n  in  p o in t  3 6 . The 21 p o in t s

a r e :  12  23 34 4 6  66 67
13 24 36 46  67
13  25 36 47
16 26 37
16 27
17

The l i n e s  j o in in g  t h e s e  p o in t s  s h a l l  be named a cco rd in g  to  th e  2  p o in t s  
c o n n ec ted : a s ,  th e  l i n e  j o in in g  p o in t s  23 & 37 s h a l l  be l i n e  23 37 e t c .
The t h r e e  h ep tagon s a re  ohosen  w ith  th e  fo l lo w in g  v e r t i c e s :  
1 2 ,2 3 ,3 4 ,4 5 ,5 6 ,6 7 ,7 1 .  1 3 ,3 6 .6 7 ,2 7 .2 4 ,4 6 ,6 1 .  1 4 ,4 7 ,3 7 ,3 6 ,2 6 ,2 6 ,6 1 .
P o in t s  1 , 2 , 3 ,  o f  th e  7 -p o in t  in  sp a ce  determ ine a p la n e . T h is p la n e  c u ts  
th e  p la n e  s e c t io n  in  a l i n e .  OM t h i s  l in e  a re  p o in t s  1 2 ,1 3 ,3 3 .  In  th e  
same way 2 3 ,2 4 ,3 4 ; 3 4 ,3 5 ,4 6 ;4 6 ,4 6 ,6 6 ; 6 6 ,6 7 ,6 7 ; 6 7 ,7 1 ,6 1 ; 7 1 ,2 1 ,2 7 ; 1 3 ,1 6 ,3 6 ;  
3 6 ,3 7 ,6 7 ; 2 6 ,2 7 ,6 7 ; 2 4 ,2 7 ,4 7 ; 2 4 ,2 6 ,4 6 ; 2 4 ,4 6 ,6 1 ; 1 3 ,# 6 ,6 1 : 1 4 ,4 7 ,1 7 ; 3 4 ,4 7 ,37;
3 6 , 3 7 , 6 7 ; 2 3 , 2 6 ,3 6 ; 2 6 ,2 6 ,6 6 ;  1 2 ,1 6 ,2 6 ;  1 4 ,1 6 ,4 6  a 3 e  a l l  c o l l in e a r  in  s e t s  o f  
3 .  T h er e fo re  ea ch  v e r t e x  o f  th e  second heptagon  l i e s  on a s id e  o f  th e  f i r s t  
and ea ch  v e r t e x  o f  th e  t h ir d  l i e s  on a s id e  o f  th e  secon d , and each  v e r te x  
o f  th e  f i r s t  l i e s  on a  s id e  o f  th e  th ir d #  The h ep ta g o n s, t h e r e f o r e ,  c y c l i 
c a l l y  c ir c u m sc r ib e  ea ch  other#  The f i r s t  heptagon may be ch o se n in  6 o r  
120  d i f f e r e n t  w ays, a s  w i l l  be shown in  e x e r c is e  1 6 . The secon d  and th ir d  
a r e  f ix e d  when th e  f i r s t  i s  chosen#
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A p le a #  a e o t io n  o f  e a  1 1 - p o ln t  in  ep aoe man fee o o a s id e r e d  ( i n  d i f f e r e n t  

« ey e ) e e  f i r e  e lm p le  1 1 -p o in te  o y o l i o e l l y  o iro n m eo rife in g  eeofe o th er#

G iven: A p la n e  a e o t io n  o f  en  1 1 -p o in t  in  apaoe# To p ro v e: t h a t  i t  ooa -  

t a in e  f i v e  aimpAfe 1 1 -p o in ta  o y o l i o e l l y  o iron m eorife in g  each  o th er#

P r o o f:  L et th e  l i n e s  and p o in t s  o f  th e  1 1 -p o in ta  in  apaoe and th e

p la n e  a e o t io n  fee numfeered aa  in  e z e r o ia e  14# Then th e  f i v e  a im p le  1 1 -p o in ta  

may fey ohoaen w ith  th e  f o l lo w in g  v e r t lo e a :

iC l+ a * ),2 (E + a ),3(3*2").4(4*2') ,6 (6^ «S K 6(6+ 2 '),7(74.2*),8 (8 fE )9 (9 fS K l0 (1 0 + 2 ‘' ) l l ( l l*

1 (1 * 2 )  ,2 (2 * 2 )  ,3 (3 * 2 )  ,4 (4 * 2 )  ,5 (6 * 2 )  ,6 ( 6 * 2 )  ,7 (7 * 2 )  ,8 (8 * 2 )9 (9 * 2 ') ,  1 0 ( 1 0 * 2 ')H ( 11

1 ( 1* 2 ) ,2 (2 * 2 )  ,3 (3 * 2 1 ,4 (4 * 2 )  ,5 ( 5 * 2 1 ,6 ( 6 * 2 ) ,  7 (7 * 2 l ,8 (8 + 2 ')i(9 * 2 ')  ,1 0 (1 0 * 2 T u fU <

1 ( 1 * 2 ) ,2 ( 2 * 2 l  , 3 ( 3*2*) ,4 (4 * 2 )  ,5 ( 5 * 2 1 ,6 (6 * 2 )  ,7 ( 7 * 2 ) ,8 ( 8 * 2 l9 (9 * 2 ’) ,1 0 (  1 0 * 2 l l l ( l l

1 (1 * 2 1 ,2 (2 * 2 ^ ) ,3 (3 * 2 1 ,4 (4 * 2 1 ,5 (5 * 2 1 ,6 (6 * 2 1 ,7 (7 * 2 1  , a ( 8 * 2 l 9 ( 9 * 2 l ,1 0 (1 0 * 2 1 1 1 (1 1

ffh ioh  may fee w r it t e n  aa f o l lo w s ,  th e  nnmfeera in  t h e  p e re n th e a èa  feeing  
ta k en  in  o y o l io  o rd er:
1 2 ,2 3 ,3 4 ,4 5 ,6 6 ,6 7 ,7 ,8 ,  8 9 ,9  1 0 ,1 0  1 1 . 11 1 .
1 3 ,2 4 ,1 5 ,4 6 ,6 7 ,6 8 ,7 9 ,8  1 0 ,9  1 1 ,1 0  1 ,1 1  2 .
1 5 ,2 6 ,3 7 ,4 8 ,5 9 ,6  1 0 ,7  1 1 ,8 1 .9 2 ,1 0  3 ,  11 4#
1 9 ,2  1 0 , 3 1 1 ,4 1 ,  6 2 ,6 3 ,7 4 ,8 5 ,9 6 ,1 0  7 ,  11 8 .
1 6 .2 7 .3 8 .4 9 .5  1 0 ,6  1 1 , 7 1 ,8 2 ,9 3 ,  10 4 ,  11 5 .

W rittmn in  th e  o rd er  i f  a d je o e n t  v e r t i c e s :

1 2 .2 3 .3 4 .4 5 .6 6 .6 7 .7 8 .8 9 .9  1 0 ,1 0  1 1 , 11 1#
1 3 .3 5 .5 7 .7 9 .9  1 1 ,1 1  2 ,2 4 ,4 6 ,6 8 ,8  1 0 ,1 0  1 .
1 5 .6 9 .9 2 .2 6 .6  1 0 , 10 3 ,  37 7 1 1 . 11 4 ,  4 8 ,8 1 .
1 9 ,9 A ,6 3 ,3  1 1 , 11 8 ,  8 5 , 5 2 ,2  1 0 , 10  7 , 7 4 , 41#
1 6 .6  1 1 , 11 5 ,  5 1 0 , 10 4 ,  4 9 ,9 3 ,  3 8 ,8 2 ,  2 7 ,7 1 .

The f i r s t  o f  th e s e  s im p le  1 1 -p o in ta  may fee ohoaen in(_9 d i f f e r e n t  ways fo r

s in c e  th e r e  a r e  9 l i n e s  one a  p o in t  a f t e r  t h e  f i r s t  v e r t e x  i a  ch osen  th e

secon d  may fee ohoami in  9 w ays. L ik e w ise  th e  t h ir d  may fee ch o sen  in  6 w ays, 

s in c e  th e  9 t h l in e  g o e s  feaok to  th e  second# The 4 t h  may fee oh o sen  in  7 ways: 

th e  5 th  i n  6; th e  6 th  in  5 ; th e  7 th  in  4  th e  8 th  in  th r e e ;  th e  9 th  in  2 ;  an  

10 in  one and th e  l i t h e  in  oge way , m aking f a c t o r i a l  n in e  ways th e  f i r s t  ma 

fee ohosen# A f te r  th e  f i r s t  ia  ch o sen  th e  o th e r s  a re  a l l  f ix e d #
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A p la n #  a a o t lo n  o f  an n -p o in t  in  apaoe fo r  n  prim# oan b# #onaid#r#A  ( in

*^ 7#) a# n -1  aim pl# n * p o in ta  o y o l i o a l l y  o iroum aorib in g  each  o th e r .
&

G iven: A p la n #  a e o t io n  o f  an n * p o in t in  apaoe. To prove th a t  i t  can be

oonaid#r#d  a a n -1  aim pl# n * p o in t#  o y o l i o e l l y  o irou m aorib in g  each  o th e r .  

P r o o f:  A p la n #  a e o t io n  o f  an n -p o in t  in  apaoe ia  o f  th e o o n f lg o r a t io n

w n - r j  n=%
8 4 -n ( n « l ) ( n - 8 )  S in c e  th e r e  a re  i n ( n - l )  p o in ta  in  t h e  o o n fig u r a tio j

V# have e x a c t l y  th e  number o f  pollu te c a l le d  fo r  in  th e  theorem . We w i l l  o n ly  

have to  o o n a tr u o t th e  n -1  a im ple n -p o in ta  to  p rove th e  thhorem . L et th e

p o in ta  o f  th e  n -p o in ta  in  apaoe be numhered 1 , 2 , 3 , 4 , 6 , 6 , — ............. n - 3 , n - 2 , n - l ,

n . In  th e  p la n e  a e o t io n  th e r e  a r e  - in ( n - l )  p o in te  formed by th e  in t e r e a t io n  

w ith th e  p la n e  a e o t io n  o f  l in e #  jo in in g  th e  p o in ta  o f  th e  n -p o in t  in  a p aoe , 

by p a ir a .  L et ua d e a ig n a te  th e a e  p o in ta  by th e  numb era  o f  th e  p o in ta  w hich  

the corra a p o n d in g  l i n e #  o o n n e o t, a a in  e x e r o ia e  1 4 . Eaoh a e t  o f  th r e e  p o in ta  

o f th e  n -p o in t  in  apaoe d eterm in e a p la n e  w hich out^a th e  p la n e  a e o t io n  in  a 

l i n e ,  ao th e r e  w i l l  be th r e e  p o in ta  on a l i n e .  T h erefore th e r e  can be but  

one v e r t e x  o f  a  aeoond aim ple n -p o in t  on a a id e  o f  th e  f i r a t .  L et th e  aim ple  

n -p o in ta  b e  ohoaen w ith  th e  fo l lo w in g  v e r t io e a :

1 8 ,8 4 ,4 6 ,3 4 ,6 7 ,7 8 ,8 9 ,9  1 0 , 1 Q J .1 .........................................n - 8 ) ( n - l ) ,  n - l ) n ,  n  1 .
1 8 ,8 4 ,3 6 ,4 4 ,6 7 ,6 8 ,7 9 ,8  1 0 ,9  lT ,1 0  1 8 ..................................n -8  n  , ( n - l ) l ,  n  8 .
1 4 ,8 6 ,3 4 ,4 7 ,6 8 ,6 9 ,7  1 0 ,8  1 1 ,9  1 8 , .........................................n -S  1 , n - l ) 8 ,  n  8 .
1 6 * 8 6 ,3 7 ,4 8 ,6 9 ,4  10 , 7 1 1 ,8  1 8 ,9  13 ................................ ... 8 n - l ) 3 ,  n  4 .
1 6 ,8 7 ,3 8 ,4 9 ,6  1 0 , 6 1 1 ,7  1 8 ,8  1 3 ........................................... n -8  3 n - l ) 4 ,  n  6 .i;|f5

# 1  n - 8 , 8  3 n | l .  4  n |3  n -1  n -7 ,  n

0 | l  n -1  .8  n4>l. 3 n j3  ................................................. n -1  n - 6 .  n  n j3
2 8 #  2 « 

H i  n i l ,  8  n * 8 , 3  n + 6 ........................................................  n -1  n -3  , n  n -1
I T  8 2
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The sim p le  n -p o ln t  mey t e  wrltem^ in  th e  order o f  th e a d ja c en t v e r t lo e #  i f  ^  

d e s ir e d  a s ;  1 3 ,3 5 ,6 ? ,7 9 ,9  1 1 ,1 1  1 3 ,1 3  15 • • • • • • « e t c .  Let th e  s im p le  n-pointa

he nnmbered 1 , 2 , 3 , 4 , 6 , 6 , 7 .................. to  n -1  in  th e  order w r it te n  on th e  p re-

ced in g  page. Then th e  sim ple n -p o in ts  a r e  ciron m sorih ed  aa fo l lo w s :

If ember 1 ia  o iroem scribed  by n -1
^  {HI

tH

ft

oh

lo

ft

U

fl

tl

# Z n If If 1

1* 3 H If If n -3
r

ft i * If MZ
M 6 n It If n—6

T T
It 6 II If If 3

n 7 If If If n -7
T T

II 6 n n If 4
N 9 If ft If n -9

T T

• ...........    and ao to  •
n  -  n -1  .

Hember n -1  ia  cirotunacribed by n -1  or a — n * l  depending on
& 4 % 4 t

w hether n -1  ia  even or odd. By th e  n atu re o f  th e  n o ta t io n  u sed  in  w r it -
“T “

in g  th e  n -1  mlmple n -p o in ta  i t  i a  e v id e n t th a t  ev ery  p o in t  o f  th e
a

p lan e s e d t io n  o f  th e  n -p o in ts  i #  apaoe has been u se d , and but o n es . I t  ia  

a ls o  e v id e n t  th a t  th e  theorem  d oes not hold  fo r  (n )  an even number, fo r  

th en  n -1  ia  a f r a c t io n  and not in t e g r a l .  Suppose (n ) ia  any odd number
T "

n o t prim e. Then some aim ple n -p o in t  may be o irou m scrib ed  o n ly  by i t s e l f  as,

i f  n  5  3 3 , th en  th e  e le v e n th  aim ple 3 3 -p o in t  ia  o iroum scrib ed  by 33 -1 1

w hich i s  i t i e l f .  Let ua show th a t  t h ia  i s  im p o ss ib le  fo r  (n ) a prime num

b e r . Suppose k a p o s i t iv e  in te g e r  l e a s  th a n , or eq u a l to  n -1  , r e p r e se n ts
2

th e  number o f  any sim p le n -p o in t .  Bow i f  k ia  an e te n  number i t  w i l l  be 

circu m scrib ed  by number k /2 .  I f  k ia  an odd number i t  w i l l  be circum 

sc r ib e d  by n -k . How n -k  cannot be eq u a l to  k fo r  th en  n  would eq u a l

3 k w hich  ia  co n tra ry  to  th e  h y p o rth ea ia  th a t  n la  a  prime number.
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I t  ream in #  to  b# proven %hmt th e  s im p le  n -p o in t  s  can be ohosen  in  

«S7S* We w i l l  s e l e c t  th e  f i r s t  v e r t e x  o f  th e  f i r s t  s im p le  n -p o in t  a s  

th e  i n t e r  s e c t  io& w ith  th e  p la n e  s e c t io n  o f  a l i n e  jo in in g  any two p o in ts  

o f  th a  n -p o in t  in  s p a c e , such  a s  f  & g . I t  w i l l  be remaasbered th a t  a l l  

th e  p o in t s  in  th e  p la n e  s e c t io n  a re  formed in  t h i s  way. To d eterm in e  

th e  seco n d  v e r t e x  we ssay ta k e  th e  in t e r s e c t io n  w ith  th e  p la n e  s e c t io n ,  o f  

th e  l i n e  from g t o  any o f  th e  n -8  rem ain in g  p o in t s .  L et u s s e l e c t  h . The 

t h ir d  v e r t e x  w i l l  be th e  in t e r s e c t io n  w ith  th e  p la n e  s e c t io n  o f  th e  l i n e  

from  h to  any o f  th e  rem in in g  n -3  p o in t s ,  e t c .  A fte r  th e  f i r s t  v e r te x  i s  

oh osen  th e  secon d  may be ch osen  in  n -2  w ays, th e  th ir d  in  n -3  w ays, th e

fo u r th  in  n -4  w ays, th e  6 th ,  in  n -6  w a y s ......................................... . . . t h e  n - s t

i n  n ( n - l )  or  1  way and th e  l a s t  w i l l  be determ ined by th e  l i n e  from th e  

th e  n th  p o in t  ch osen  in  th e  n -p o in t  in  sp a c e , back  to  f .  Thus we have th e  

f i r s t  s im p ls  n -p o in t  in  th e  p la n e  s e c t io n  determ ined  in  n -8  w ays. S in c e  

th e r e  a re  o n ly  3 p è in t s  on a l i n e ,  in  th e  p la n e  s e c t t o n ,  and s in c e  each  

s im p le  n -p o in t  h as to  be c ircu m scr ib ed  by one o f  th e  o th e r s ,  a f t e r  th e  

f i r s t  s im p le  n -p o in t  i s  ohosen  tha  o th e r s  a re  f ix e d .
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S x  1 7 —  Pute
A p la n t  a e o t io n  o f  a  6 -p o in t  In  apaoa g l# # #  ( In  6 w ays) a  f i r a

p o in t  whoaa a id a a  paea  th rou gh  th a  p o in ta  o f  th a  o o n f ig u r a t io n
To ST

3 10
O iran: A p lan a  a e o t io n  o f  a 6 - p o in t  in  ap aoa , t o  P rora t h a t  i t  g ir a a  

i n  a ix  way# a  f i r a  p o in t  whoaa a id a a  paaa th ro u g h  tha  o o n f ig u r a t io n  o f  

D eaarguaa.

P ro o f A To prove t h ia  theorem  i t  i a  o n ly  n eo a a a a ry  t o  o o n a tr u o t  a

f ig u r a  w hioh f u S f i l l s  th e  c o n d it io n a , aa  th a  f ig u r a  /3'. T h ia  f ig u r a  i a

a plmna a e o t io n  o f  a a ix  p o in t  in  apaoa. To ahow t h a t  i t  a a t i a f i a a  th a

o o n d it io n a  o f  th e  theorem  I  have drawn a  6 -p o in t  in  th e  r a d in k  and Pea*

a rgu e o o n f ig u r a t io n , a a t ia f y in g  th a  g iv e n  o o n d it io n a , in  h la o k  in k . Thaae

two o o n fig n r a t io n a  w ere ohoaen a f t e r  th a  6 -p o in t  a e o t io n  waa drawn. Wa hav

th e  o o n d it io n a  a a t ia f ia d  in  th e  f o l lo w in g  a ix  waya:

Deaagguaa P lan a  6 -p o in t

A, B, 0. D, B, P. S, I .
8 ,  D, 8 ,  B . b ; C. CL B,.
B^ C. 8^ C, D, I , a.
A , K, J. D, I, B, H,
B. K, J. A , 8 , P. C, B,
A , 3, 8 .  A, B, J, C,

WHICH provaa tha o o n d it io m  o f  th a  theorem  in  a ix  waya.

J, A , B , c . B. 8^
A« A, 1:1 I , J,
» , H, B. K, J,3̂ 8„ B. C. B. P. c .
B . A, C, B. I. B^
I , », B, B, H,
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1

83C 18—"

A P la n *  a e o t io n  o f  an  n -p o in t  in  sp eo e  g iv e #  a  com p lete  n -1  p o in t  whoae 
8 i4 e a  p ea#  through  th e  p o in t s  o f  th e  c o n f ig u r a t io n

G iven: A p la n e  a e o t io n  o f  a n -p o in t  in  sp a o e;$ o

3 T  n z r

Prove: % hft_______  , _____  ,  ,  ̂    i t  g iv e #  a
^  com p lete  (n -1 )  p o in t  whoae a id ea  p asa  through  th e  p o in ta  o f  th e g iv e n  oon- 
'* f ig u r a t io n  .
. P r o o f:  A p la n e  a e o t io n  o f  a com plete n -p o in t  in  apace i s  o f  th e  iM ofig-
 ̂ u ratioQ

A n ( n - l ) n -S )

The g iv en  
c o n fig u r a tio n

ÎTn=rTTn=3T n = 3 ~ -

g ^ n - l ) ( n - 2 ) ( n -

li

h i

Dll'

I l i i t

llW

A co m p le te  p la n e  n -1  p o in t  
i s  o f  th e  c o n f ig u r a t io n

' ^ t ( n —1 ) )
I f  we s u b tr a c t  th e  p o in t s  o f  th e  p la n e  s e c t io n  o f  th e  (n -1 )p o in t  in  sp ace  

from th e  p o in t s  o f  th e  p la n e  s e c t io n  o f  th e k -p o in t  in  sp a c e , we g e t  
i n ( n - l )  -  & (n -A )$n -2) # n -1  j o i n t s .  I f  we go to  th e  n -p o in t  in  sp a c e , we 
f in d  th a t  t h e s e  (n -1 )  p o in t s  a re  form ed by th e  in t e r s e c t io n s ,  o f  l i n e s  
drawn from  one o f  th e  p o in ty  k , o f  th e  g -ap aoe n -p o in t  to  th e  o th er  n -1  
p o in t s  w ith  th e  p la n e  s e c t io n .  The p o in t  k , ch o sen , l i e s  in  th e« g s^  p la n e s  
o f  th e  3 sp a c e  n -p o in t  o f  § ( f - l ) ( n - 2 )  p la n e s . These p la n e s  cu t th e  p la n e  
s e c t io n  in  l i n e s  so  t h a t  th e  n -1  p o in t s  above l i e  on th e  it ( n - l ) ( n - 2 )  l i n e s  
or th e  number o f  l i n e s  req u ired  by th e  com p lete  p la n e  (n -1 )  p o in t  in  s p a c e ,  
or n ( n - l ) ( n - 8 )  -  ( n - 1 ) ( n - 8 ) ( n - 3 )  s  # ( n - l ) ( n - 2 )  th e  number o f  l i n e s  l e f t
fo r  th e  co m p lete  p la n e  n -1  p o in t .  T h erefo re  we ohoose th e s e  l i n e s  in  th e  
manner spoken  o f  a b o v e . S in c e  any one o f  th e  n -1  p o in ts  are o b ta in ed  by 
l i n e s  from  k  to  th e  o th er  n - l p o i n t s  o f  th e  th r e e  sp ace  n -p o in t  in t e r s e c t in g  
th e p la n e  s e c t io n *  i t  i s  e v id e n t  th a t  any l i n e  and eaoh o f  th e  o th e r  n -2  
p o in tf  o f  th e  3 - s p a c e  n -p o ln t  form p la n e s  w hich  c u t  th e  p la n e  s e c t io n  on th< 
g iv en  p o in t  maictng n -8  l i n e s  on a p o in t .  S in c e  l i n e s  were drawn from k to  
each  o f  th e  o th e r  n -1  p o in t s  o f  th e  3 -sp a c e  n - p o in t s ,  to  determ ine n -1  
p o in t s ,  spoken  o f  above (b u t th e  o th e r  p o in ts  con n ected  by p a i r s ) ,  th e r e  a n  
ju s t  two p o in t s  on each  l i n e ,  in  t h i s  c o n f ig u r a t io n , th u s  g iv in g  a com plete  
plane ( n - 1 )p o in t  whose § ( n - l ) ( n - 2 )  s id e s  l i e  on th e  v e r t i c e s  o f  th e  p la n e  
s e c t io n  o f  th e  (n -1 )  p o in t  in  sp a c e .
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B x ero le#  19

Th* s e c t io n  b y  a th re*  sp ace  o f  ah n -p o in t  in  a 4 -s p e o e  i s  o f  th e

c o n f ig u r â t lo h
n -6 The p lan e

3 n-2 s e c t io n  i s
6 4

P roof: In  a 4 -sp a c e  th e r e  a re  n - p o in t s ,  no 3 o f  whioh a re  c o l l i n e a r ,

no 4  o f  w hich  are cop lan ar and no 5 o f  w hich are in  th e  same 3 - s p a c e . B very  

com bination  o f  2  p o in t s  determ ine a l i n e ,  so  th e r e  l i n e s .  B rer y  combin

a t io n  o f  th r ee  p o in ts  d eterm in e  a p lane so th e r e  er e  j ; ,p la n e s .  E very com

b in a t io n  o f  4  p o in t s  determ ine a 3 -a p a ce  so  th e r e  a re  Jg, 3 - s p a c e s  in  th e  

fo u r -sp a c e  n -p o in t .  A 3 sp ace  s e c t io n  o f  a 4  sp ace  c u ts  each  o f  th e s e  3 -  

sp a c e s  in  a Erspace so th e r e  a re  p la n e s  in  th e  s e c t io n .  The 3 -sp a c e  s e c t io n  

o f  th e  4 -sp a c e  c u t s  th e  2 -sp a c e s  o f  th e  4 -s p a c e  in l-p p a e e s  so  th e r e  a re  

l i n e s  in  th e  s e c t io n .  The s e c t io n  o u ts  th e  l i n e s  o f  th e  4 -s p a c e  in  p o in ts  

so  th e r e  a r e p o i n t s  in  th e  s e c t io n .

In th e  4 -sp a c e  th e r e  a r e  3 p o in t s  on e v e r y  p la n e . These p o in t s  a re  

con n ected  in  p a r ts  by tn r e e  l i n e s ,  s o th e s e  a re  th r e e  p o in t s  on a l i n e  in  

th e  s e c t io n .  In  th e 4 - sp ace th e r e  a re  4  p o in t s  on ev e ry  3 - s p a c e . These may 

be co n n ected , in  p a r t s ,  by 6 l i n e s ,  s o ,  th e r e  a re  6 p o in t s  on e v e r y  p lane  

in  t h e  3 -sp a c e  s e c t io n .  In  th e  4 - s p e c e  th e r e  a r e  4 p o in t s  on ev e ry  3 - s p a c e .  

These 4 p o in t s  determ ine 4  p la n e s  so  th e r e  a re  4 p la c e s  on e v e r y  3 - s p a c e ,  

w hich makes 4 l i n e s  in  th e  s e c t io n  on ev ery  plm ne. In th e  4 - s p e c e  e v e r y  

3 p o in t s  tak en  w ith  each  o f  th e  o th er  p o in t s  determ ined  (n -3 )  3 - s p a c e s  on 

ev e ry  p la n e . These make n -3  p la n e s  on a l i n e  in  th e  s e c t io n .  In  th e  4 -s p e c e  

each  2 p o in t s  w ith  each  o f  th e  n -2  o th e r s  d eterm in e n -2  p la n e s  on a l i n e .  

These g iv e  n -2  l i n e s  on a p o in t in  th e  3 - sp a ce  s e c t io n .  T h erefore th e  f ig u r e  

o f  th e  3 - sp ace  s e c t io n  o f  an n -p o in t  in  a 4 - sp ace  i s  o f  th e  o o n f ig u r a t io n . In  

th e  4 -s p a c e  th e r e  a re  2  p o in t s  on a l i n e .  These 2 p o in t s  w ith  each  o f  th e  

other^_Ç jp o in t s  tkken  by p a ir s  determ ine a th r e e - s p a c e . There are^.p^ S -sp e o e s  

on a l i n e .  In th e  s e c t io n ,  th e r e  are^,p,.pl8nes on a  p o in t .
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B x e ro l# #  19

â  p la n e  s e c t io n  o f  th e  o o n f ig u r a t io n
n -2

3 Jk n -3
6 4 ____A  ....- ,

B a e ^ o ,p o in ts  f o r  th e  p la n e  s e c t io n  c u t s  t h e l i n e s  in J 3 ,p o in ts *  I t  has  

l i n e s  fo r  th e  s e c t io n  o u ts  th e  JĈ  p la n e s  o f  the c o n f ig u r a t io n  i n l i n e s *  

There a r e  4  p o in t s  on a l i n e ,  f o r  in  th e  c o n f ig u r a t io n  th e r e  a re  4  l i n e s  on 

a p la n e  and th e s e  become 4 p o in t s  on a l i n e  in  th e  plane s e c t io n  o f  th e  

c o n f ig u r a t io n . Tnere a re  n -3  p la n e s  on a l i n e  in  th e  c o n f ig u r a t io n ;  th e s e  

g iv e  f i-3  l i n e s  on a p o in t  in  th e  p la n e  s e c t io n  o f  th e  c o n f ig u r a t io n .  The 

p la n e  s e c t io n  o f  th e  g iv e n  c o n f ig u r a t io n  i s  o f  th e  c o n f ig u r a t io n
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Th« o o n f lg o r a t io n  o f  th e  Z p e r a p e c t i  v e  te tr a h e d r a  o f  theorem  A can  

be o b ta in e d  aa  th e  s e c t io n  o f  a 3 - apace o f  a com p lete 6 -p o ln t  In  a 4-apace*  

Given: The 3 p e r s p e c t iv e  te tr a h e d r a  o f  theanma A* To prove th a t  th e y  can  

be o b ta in ed  aa a s e c t io n  by a 3 -a p a ce  o f  a comp e t e  6 -p o ln ts  In  a 4-apace#

III P roof I By theamem p r e c e d in g  th e  s e c t io n  by a th r e e  apace o f  an n -p o ln t  In

Sla* 4 -a p a c e  la  o f  th e  c o n f ig u r a t io n

hi

hill ^ eq u a l t o  6 th en  th e  c o n f ig u r a t io n  la  iB 4  5
3  20 aj

Tki .   ̂ 6_______4_______16
The two p e r s p e c t iv e  te tr a h e d r a  a re  o f  t h i s  c o n fig u r a tio n .T h e  in t e r s e c t io n

of th e  4  p la n e s  by 3*a In  each  o f  th e  te tra h e d ra  form 8 p o in t s .  The c e n te r

o f p e r a p e c t i t i t y  forma a  n in th  p o in t  and 6 p o in ts  c a l le d  fo r  In th e  theorm

A make, In  e l l ,  15 p o in ts#  There a r e  6 l i n e s  to  eaoh te tra h ed ro n  end 4  oo-  

planar l i n e s  formed by th e  I n t e r s e c t io n  o f  th e  homologous fa c e s*  end th e  

four l i n e s  o f  p e r s p e o t iv i t y  make 20 l i n e s  In  a l l#  Sach te tra h ed ro n  h as 4  

faces#  The I n t e r s e c t io n s  o f  th e  hom ologous fa c e s  are  cop lan ar and th e  l i n e s  

of p e r s p e c t l t l y  form 6 p la n e s ,  end th e r e  are 6 p la n e  fa c e s  In  th e  2 t e t r a 

hedra, m aking IS p la n e s  In  a l l .  There a re  3 p o in t s  on eaoh l i n e ,  6 p o in t s  on

each p la n e , 4  l i n e s  on each  p la n e , e tc#  Three p o in t s  on a l i n e  becauare  

th ere  e r e  2 v e r t i c e s  o f  th e  te tr a h e d r a  and a p o in t  o f  I n te r s e c t io n  o f  th e  

homologous ed g es  or th e  c e n te r  o f p e e s p e c t iB lt y  on every  lin e #  S ix  p o in t s  

on a p la n e  b eca u se  th e r e  a r e  on each  p la n e  3 v e r t i c e s  o f  one o f  th e  t e t r a 

hedra and th r e e  c o l l in e a r  p o in t s  o f  I n t e r s e c t io n  o f  th e  3 ed g es In  th a t  

plane w ith  th e  co r resp o n d in g  ed g es  o f  th e  o t h lr  te tra h ed r o n , 4  v e r t i c e s  o f  

the te tr a h e d r a  th e  c e n te r  o f  p e r s p e o t iv i t y  and one p o in t  o f  in t e r s e c t io n  o f  

th e  hom ologous ed g es  o f  th e  te tr a h e d r a  or th e  p la n e  c o n ta in in g  th e  6 p o in ts  

o f I n t e r s e c t io n  o f  th e  hom ologous e d g ls  o f  th e  two p er s p e o t lv e  te tr a h e d r a .

4 l i n e s  on each  p la n e  b eca u se  th e r e  I s  one each  p la n e  two l i n e s  o f  p e r s p e c t  

l t l 3 7  end two ed g es  o f  th e  te tr a h e d r a  o r  th r e e  ed g es o f  th e  te tr a h e d r a  end a
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l ln «  o f  in t e r s e o t io n  o f  th e  hom ologous f a c e s  o f  the te tr a h e d ra  or th e  4  l i n e s  

o f  in t e r s e c t io n  o f  the hom ologous f a c e s  o f  th e  te tra h ed ra  e tc*  T h erefore  th e  

theorem  i s  proTsd.
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I f  th #  two flT# p o in t#  in  a 4 -#p eo#  a re  p orsp eotlT #  from a p o in t the  

oorreapottd ing ed ges meet in  th e  v e r t lo e a ,  th e  oorreaponding p len a  fa ced  

meat in  th e  l i n e s ,  and th e  corresp on d in g  3 -apeo#  fa c e s  in  th e  p la n es  o f  

a com p lete  6 -p la n s  in  a 3-spaoe#

G iven: The two 5 -p o |n t s  in  a 4 -sp a o s  p e r s p e c t iv e  from a p o in t . To prove 

th a t  th e  corresp on d in g  ed g es meet in  th e  v e r t i c e s ,  th e correspon d ing  

p la n e  f a c e s  in  th e  l i n e s  and th e correspon d ing  3 -sp a ce  fa c e s  in  th e  

p la n e s  o f  com plete 5 -p la n e  in  a th r e e -sp a c e .

P roo f: The 5 -p o in t  in  th e fo n r -sp a ce  i s  assumed to  he such th a t no 3

p o in ts  a re  on a l in e ;  no 4  p o in ts  on a p lan e; end no 6 p o in ts  on a 3 -  

sp a c e . L et u s  co n s id er  any fou r corresp on d in g  p o in ts  o f  th e E p e r s p e c t iv e  

5 -p o in t s  o f  th e  4 -s p a c e . These s e t s  o f  p o in ts  determ ine a 3 -s p a c e , and 

by theroem  A th e  6 p a ir s  o f  homologous f e c e s  meet in  cop lanar l i n e s .  T h is  

h o ld s  tr u e  fo r  a l l  th e  com binations o f  correspond ing  4 p o in ts  o f  th e  t e t  

reh ed ra . I f  fo l lo w  then  th a t  th e  corresp on d in g  3 -sp a c e  f e c e s  meet in  p la n es  

th e  ed g es in  p o in ts  end th e  p lane fa c e s  in  l i n e s .  In  order to  show th a t  

th e s e  p o in t s ,  l i a s  and p la n e s  l i e  on th e same 3 -sp a c e , l e t  th e p o in ts  o f  

th e  p e r s p e c t iv e  5 -p o in t s  be A,. A^end A', A". A^^Pirst co n sid er

i  M .A ^ a n d  L .t :

AA.meet A.'AL « t  A ,A ,n « .t  A/A' a t  X„ A.A.me»t A/A,' a t  E ,

'-k t f -  % î;Ü -h
Bach s e t  o f  3 p o in ts  o f  in t e r s e c t io n s  o f  the correspon d ing  ed ges are  

c o l l i n e a r .  A l l  th r e e  l i n e s  a re  cop lan ar by theorem  A. and w ith  them 

U sin g  th e  same m ota tion  c o n s id e r in g  A^A^A, j^end A/A]AjA^* ; A, A,A^Ayand

a ; a ,'a ; a; .s A ,A ,A ,i^ nd  a; ü; a; a/ :  A^i,/^A^and m  tu m

p'ŸJP,.' P^^P^P^ âre cop lanar in  group;
P'%%^ r,P ^ ^ ^  P ^ P .f.,o f  four and c o l l  in

s e t s  o f  three#
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Let th e  f i r s t  two p la n es  (o r  any tw o) determ ine a th r  e sp a o e , 1 e th a t

p lanes Then th e  th ir d  p la n e  i s  onyf th a t  3 -sp ao#
P^P^P., « P..P..P.,.

(or i t s  determ ined by two l i n e s  one on eaoh o f  th e  two p la n es  d eterm in in g  

She 3 -sp a o e  a s  ^ » P ,^ a r e  p o in ts  o f  a l i n e  on th e  second end th ir d  p la n e s .  

P^P,^]^8re on th e  f i r s t  end th ir d , l i k e  w ise  P,^P^^P, âre on th e f i r s t  end 

fou rth  p la n e s  and P,^P,^^are on th e  second and fo u r th . And P^^^^^^ere on 

p lan es one end f i v e .  And P^J^^P^are on th e  second end f i f t h .  S in ce  a l l  th e  

o th ee  p la n e s  have a l in e  common^ w ith  each  o f  th e  f i r s t  two th e y  e l l  l i e  in  

th e same 3 -sp a c e . Sach p le a s  o f  in t e r s e c t io n  o f  th e 3 -sp a c e  fa c e s  has one 

l in e  and th r ee  p o in ts  commo4 w ith  eaoh o f  th e  o th er  p la n e s . We th e r e fo r e  

sa v e  a com plete 5 -p la n e  in  a th r e e -s p a c e . T h is p roves th e  theorem .
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B x w o la #  2 2 .

I f  two t r ia n g le s  ar# p e r s p e c t iv e  th en  ere  p e r s p e c t iv e  a ls o  th e  two t r ia n 

g le s  whose v e r t i c e s  a re  p o in ts  o f  in t e r s e c t io n  o f  each s id e  o f  th e g iv e n  

t r ia n g le  w ith  th e  l in e  jo in in g  a f ix e d  p o in t o f  th e  a x is  o f  p e r s p e o t iv i ty  

to  th e  o p p o s ite  v e r te x .

G iven! th e  two p e r s p e c t iv e  t r ia n g le s .  To prove: th a t  th e  two t r ia n g le s  

whose v e r t i c e s  a re  th e  p o in ts  o f  in t e r s e c t io n  o f  eaoh a id e  o f  th e  g iv en  

t r ia g g le  w ith  th e  l i n e  jo in in g  a f ix e d  p o in t  o f  th e  a x is  o f p e r s p e o t iv i ty  

to  th e  o p p o s ite  v e r te x .

P ro o f: C on sid erin g  th e  com plete quadrangles M Y, B, 2, and U l i n e s  T 2^

and 2, m eet in  th e  l i n e  U L, hy theorem  B. T herefore t r ia n g le s  1^7, 2̂ , d^l^2^ 

are p e r s p e c t i v e , 7 , 2 ^, Bjr^2^are p e r s p e c t iv e ;  C, 7^2? C^7^2^are p e r s p e c t iv e .  

T h erefore  s in c e  l i n e s  7, Y^and 2^2^meet on A A^, on B^B^end G,Cathey must 

meet a t  P . C onsider th s  t r ia n g le s  X,B, 0̂  and X^B^C  ̂ The correspon d ing  s id e s  

o f  th e s e  t r ia n g le s  meet in  th r ee  o o l l in e a r  p o in ts  end th e r e fo r e  th e  t r ia n g le s  

are p e r s p e c t iv e  hy th e  con verse  o f  Deaargue theorem . T h erefore l in e  

p a s s e s  th rou gh  P, which p roves th e  theorem . See F ig u res /-f ' and /<r' . m  

c a se  M c o in c id e s  w ith  iCJB, or L th e  t r ia n g le s  7 , 7 , 2 , end dégénéra t e  in 

to  th r e e  o o l l i n e a e  p o in t s  each  and one p o in t i s  common to  both  s e t s ,  in  

w hich c a s e  th e  theorem  h o ld s  but i s  t r i v i a l  , fo r  two o f  th e  p o in ts  are th e  

v e r t i c e s  o f  th e  g iv e n  p e r s p e c t iv e  t r ia n g le s  and th e  commonepoints i s  the  

f ix e d  p o in t  on th e  a x i s  o f  p e r s p e o t iv i ty .
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The n eep eoe s e c t io n  o f  an m -polnt (m=n-8) in  an (n41) s p fe e  can be  

co n sid ered  in  th e  n -sp a ce  a s  fm-k) k -p o in ts -p o in t s  ( i n ^ w a y s )  p e r s p e c t iv e  

in  pa±*s from th e  v e r t i c e s  o f  the n *speoe s e c t io n  o f  one (m -k )p o in t; th e  

r - s p e c e s  o f  th e k -p o ln t  f ig u r e s  meet in  r - 1  sp a ces ( r — 1 , 8 , 3 . . . .  , n - l )  

which form th e  n -sp a ce  s e c t io n  o f  th e  k -p o in t .

P roof: For ev ery  k p o in ts  in  th e  m -point in  th e  (n41) sp ace th e r e  a re  

l e f t  m-k p o in t s .  Let us c o n s id er  a p a r t ic u la r  s e t  th e se  k p o in ts  end th e

correspon d ing  s e t  o f  m-k pem aining p o in t s .  Any two o f  th e  m-k p o in ts  de

term ine a l i n e ,  such a s ,  p o in ts  f  & g  determ ine th e  l in e  f  g.Jfow l i n e s  

jo in in g  th e  p o in ts  f  & g to  each  o f  th e  k p o in ts  in  th e  ( n f l )  sp ace w i l l  

in t e r s e c t  th e  n -sp a o e  s e c t io n  in  p o in ts  end th e re  w i l l  be formed in  th is  

manner, two s e t s  o f  k -p o in ts ,  p e r s p e c t iv e  from th e  p o in t  o f  in t e r s e c t io n  

o f th e  l in e  f g  w ith  th e  n -sp a ce  s e c t io n .  L ikew ise  we may ta k e  th e  o th er  

p o in ts  o f th e  m-k p o in ts  in  th e  (n 4 l)  space by p a ir s  u sin g  each  p o in t  but

o n ce, end we g e t  m-k o f  th e  p a ir s  o f  k -p o in ts  in  th e  n -sp a ce  s e c t io n
8

making in  a l  (m-k) k -p o in ts .  I f  we take p o in t  f  w ith  each one o f th e  o th er

m-k p o in ts  in  turn  we w i l l  g e t  one k -p o in t  in  th e  n -sp a ce  s e c t io n  p ersp ec

t i v e  w ith  each  o f  th e  o th e r s . L ikew ise  ta k in g  th e  p o in t  g and th en  each  o f  

th e  o th e r s  in  tu r n , we g e t  each  k -p o in t  p erspedtivw  w ith  each  o f  th e  

o th e r s . These p o in ts  o f  p e r s p e c t iv i ty  o f  th e k -p o in ts  are th e  in t e r s e c t io n  

p o in ts  o f  l i n e s  jo in in g  th e  m-k p o in ts jh th e  ( n i l )  sp a c e , w ith  th e  n -sp a o e  

s e c t io n ,  th e r e fo r  th ey  are th e  v e r t i c e s  o f  th e  n -sp a ce  s e c t io n  o f  th e  

(m -k)p oint in  th e  ( n i l )  sp a ce . S in ce  th e  m-k p o in ts  may be s e le c t e d  in  

a l l  com binations o f  m-k in  m, we have (m-k) k p o in ts  in  th e  n -sp a ce  in  

^C^vmys, p e r s p e c t iv e  in  p a t t s .  The m p o in t  in  th e  n ÿ l  sp ace i s  assumed 

t o  be such th a t  no th r ee  p o in ts  are on a l i n e ,  no fo u r  p o in ts  on a p la n e ,  

no 5 p o in ts  on a 3 -sp a c e , end no 6 p o in ts  on a 4 -sp p o e , no p p o in ts  one 

(p-A ) sp ace e t c .  F ig u res in  th e  n -sp a c e  can be shown to  p o s s e s s  t h i s  p ro p erty
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I t  rem ains t o  prove th a t  th e  r -a p a o es  o f  any k -p o in t meet in  r -1  sp a ce s .

S in c e  any th r e e  p o in ts  o f  a k -p o in t  determ ine a plane» 4 p o in ts  determ ine  

4 p la n e s  in t e r s e c t in g  by p a ir s .  S in ce  each  p a ir  o f  th e se  p la n es have two 

p o in ts  common th e y  in t e r s e c t  in  a l i n e .  L ikew ise  5 p o in ts  determ ine  

3 -s p a o e s . S in c e  th e se  2 -s p a c e s  have 3 common p o in ts  th ey  meet in  a p la n e . 

L ik ew ise  6 p o in ts  determ ine ,0 ,4 - s p a c e s .  S ince th e  4 -sp a c e s  have 4 p o in ts  

common th e y  meet in  th r e e  sp a c e s . In  s h o r t , r42  p o in ts  determine^C^^,r- 

p o in ts#  S in c e  th e s e  r -p o in ta  have r  p o in ts  common th e y  meet ina  r -1  space  

As we s h a l l  prove in  fo llo w in g  theorem , s in c e  any two k p o in ts  

are p e r s p e c t iv e ,  t h e ir  r - s p a c e s  meet in  r -1  sp a ce s . In th e  r -1  sp aces  

th ere  w i l l  be 3 p o in ts  on a l i n e .  There w i l l  be^C^of th e se  p o in ts  o f  in t e r 

s e c t io n  o f  th e  corresp on d in g  s id e s  o f  th e  2 p e r s p e c t iv e  k -p o in ts  in  th e  n -  

apaoe s e c t io n .  There w i l l  be ^ C ,lin es  in  th e n -sp a o e  s e c t io n  formed by th e  

in t e r s e c t io n  o f  corresp on d in g  p la n e s . There w i l l  be p la n es in  th e  n -sp a ce  

s e c t io n  formed by th e  in t e r s e c t io n  o f  correspond ing  3 -sp a c e s  o f  th e  p ersp ec

t i v e  k - p o in t s .  l ik e w is e  th e r e  w i l l  b e ,0^3 - s p a c e s , 4 - s p a c e s ,  5 -sp a c e s  

e t c .  In  th e  n -sp a ce  s e c t io n ,  formed by th e  in t e r s e c t io n  o f  th e correspond

in g  4 - sp a c e s , 6 - s p a c e s ,6 - s p a c e s  e t c .  o f  th e two p e r s p e c t iv e  k -p o in ts .  We 

n o tiw e  a l s o  th a t  th e r e  are 3 p o in ts  on th e  l in e  and k -2  l i n e s  on th e p o in t;

4 l i n e s  on th e  p la n e  and k -3  p la n e s  on th e  l in e ;  6 p la n e s  on th e  3 -sp a c e  

and k -4  3 p ep eces  on the p la n e s ;  6 3 -sp a c e s  on th e  4 -sp a c e  and k -6  4 - s p s c e s  

on th e  3 - s p a o e ;e t c .  in  th e  n -sp a c e  s e c t io n .  T herefore th e  correspon d ing  r -  

sp e c e s  o f  th e  k -p o in ts  meet in  th e  r - 1  sp a ces w hich form th e  n -sp a ce  s e c t io n  

o f  a k -p o in t .
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I f  2 (n+lV-points in  an n-apaoa e r e  p e r s p e c t iv e  from a p o in t ,  t h e ir  

o o rresp o n d in g -r -sp a o es  meet in  r - l - s p a o e e  which l i e  in  th e seme n -1  sp ace

(r e  1 , 2 .......... , n - l )  and form % com plete c o n f ig u r a tio n  o f  (n 4 l) (N -2 ) - s p a c e s

in  th e  n -1  sp a ce .

P roof; I t  fo llo w s  a s  a c o r a lla r y  to  D esargues theorem th a t  2 t r ia n g le s

n ot in  th e  seme p la n e , p e r s p e c t iv e  from a p o in t ,  have t h e ir  corresp on d in g  

s id e s  meet in  p o in ts  o f  a l i n e .  S in ce  3 corresp on d in g  p o in ts  o f  th e  2 p er

s p e c t iv e  (n -1 )  p o in ts  form p e r s p e c t iv e  t r ia n g le s  t h e ir  correw ponding t id e s  

and co n seq u en tly  t h e ir  y ia n e s , meet in  a l i n e .  T herefor th e  corresp on d in g  

l i n e s  meet in  p o in ts  and th e  correspon d ing  p la n e s  m eet in  l i n e s ,  l ik e w is e  

ev ery  4 correspon d ing  p o in ts  determ ined corresp on d in g  3 -s p a c e s . The p la n e s  

o f  th e s e  3 -sp a o es  meet in  l i n e s ,  and s in c e  th e p la n e s  have 2 p o in ts  in  

common, th e  l i n e s  o f  in  t e r s e c t io n  o f  th e correspon d ing  p la n e s  in t e r s e c t  hy  

p a ir s .  L et A, be twe correspon d ing  3 -sp a c e s  and l e t  t h e ir

oorresp on ging  p la n e s  meet a s  fo llo w s :

A meet A,*A* a t  P., A ,A ,m eet AJA' At P,,
in  p la n e s  A A meet A;A4 a t  P  ̂ in  p la n e s  A, A.A.

A A ,m ert A^AJ e t  P ., '

A A^meet A/Aj a i  I^A ,m eet A^Aj a t
In  p la n e s  In  p la n e s

A A^meet A/A; a t  P,. A,A^^& A/A/A/ A ,m eet A/a;  a t  P,^ 

A^j^ meet A^Aj a t  A,A^ m eet AJA/ a t  ^ K K K  & AaJa; V

S in ce  any tww o f  th e se  l i n e s  o f  p e r s p e c t iv i t y  o f  2 corresp on d in g  p a ir s  o f  

t r ia n g le s  have a p o in t  in  common th e y  in t e r s e c t .  Let th e  l i n e s  P̂ P̂̂ P̂̂ and 

P,jjP,^P^determine a p la n e . S in c e  each o f  th e  o th er  jt  l i n e s  P,J^^%,and ^ p ^ ^  

have two p o in ts  each on t h i s  p la n e , th ey  l i e  w h o lly  w ith in  th e  p la n e . 

T h erefore the tww correspon d ing  3 sp a ces  meet in  p la n e s .
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In  a l i k e  manner we may co n sid er  a n y  5 corresponding p o in ts  o f  the p er -  

s p e c t ir e  (n  «♦ 11 p o in ts  w hich determ ine two corresponding 4 -sp a c e s . These 

5 corresp on d in g  p o in ts  determ ine 6 correspond ing 3 -sp a o es which meet in  

p la n e# . L e tth e  3 -sp a o e s  meet a s  fo llo w s :

4 ,A ,A ,m e .t A jA ,'/; » t  A ,A^A,m «.t A,’a; a;  mt

A,A^A,meat A'AJA^ a t  P .„  A,A^A^in».t A^'A'A^ a t

A A ,A ^ n ..t  A;AJA; a t  P ,„  A ;M ^ m a .t a ; a; a^ a t  P ,,,

A, 1 ,1 ^ meet AjAjAj a t

Jk, JlifulOVla

A,A,A,m eet A/A^Aj a t

-c&iar------

P . ,
A /,A ,e m e e t  a ;a;A^ a t  P„, A, Â  A-meet A'A^AJ. at

A, A , meet a ; â >AJ a t  P,^^ A,A,A^meet A,*A^* at P „ f

A^A^Asî-meet AlAlÂj- a t  P^^f A ,i.A ^m eet AÜUfAV a t P^3<

AJL^A^meet A*A]a;  a t P^,^

A A ^ ^ e e t  A A A *  a t

A/^A^meet A^^A^ a t P,^^

A % A „ A fm e e t AJLAjAj- a t_ P a $ A f ------

Therefore th e  fo llo w in g  l i n e s  are cop lanar:

S ince any t ^ o f  th e se  p la n e s  have a l i n e  common, th e  two p lan es determ ine a

3 -space (tw o in t e r s e c t in g  p la n es determ ine a g -s p a c e ) . Bach o f  the other  

p la n es have a l in e  common w ith  each o f  th e se  two and th ere fo re  l i e  in  th e  

same 3 - sp a ce . T herefore th e  correspond ing 4 -sp a o es  meet in  a 3 -sp a o e .

In  a l i k e  manner we may co n sid er  any 6 corresponding p o in ts  o f  th e  

p e r sp e c t iv e  (n+1) p o in ts  which determ ine 2 corresponding 6 sp a ces . These 

6 corresp on d in g  p o in ts  determ ine 6 corresponding 4 -sp a c e s  w hich meet in  3 -  

sp a ces . L et th e  corresponding 4 -sp a c e s  meet in  the fo llo w in g  th r e e -sp a c e s ;
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In  P

A A ^ A ^ m e e t  A|A:A»A<-in P,%ss 

l,A^A^Apieet A'AjA^Aj In  P,. 

A,A,A^A^meet i ; A ; A > '  in  2 ,^  

AjA.A^Afmeet AIA^AJA^ in  P.s^f

41»

A,A^A^A î&0 e t  .â 'Â 'Â *Â  in  P.̂ Â 

A ,A ^,A^m «ot A » J A *  in  P,*s4 

A,A^A^A^meet i^A^A^A^ in  

A A,A,A,m@et A ^ ’i^A^ in  P .,,c  

A.A*A«Af.meet AM'AIA* in  P , ,^ t

AA^AjA  ̂ meet A,'A*A>^ in  P ,^ ,f  

A,A^A,A^meet A/A^J/Ag in  P , . , .  

A^A^A^^meet A,’A * i^ *  in  P,,^^ 

A .A ,A ^i^eet A |a ;a ;a * in  P,,^^

A, A-»A ̂ A, meet A !A U lAI in  P > ,^  

/ » ^ A ^ m e e t  A 'AjAy'A* in  P ,,^ , 

A^A^A^Atmeet A;AjA^AJ in  P,,^c 

A A^A^A^meet AJA*A/A*in P, 

^ / . / i A m e e t  A/A^AJA* in  P,^^  

A.A^AfA&meet A1A1A1A2 in  Pj^^c

A  A^A^meet A 'Aj^A/A? in  P ,.^ r  

A ^_,A^cm#Bt AjklAlAl in  P,,^c 

A^A^A^,meet A/A^AJAI in  P , ^  

A ^A^Aj-Atj^eet AJÂ Â A& in  P,^r*x 

A^A-rA^meet AlAlAlkl in  P.<,^  

A^A^A^A^meet A '̂AjA^AJLAin 

A^A3A^A^meet AJAJA^AÎ in  P « ,o  

A^A,A^A,meet A%A,'A;Al in  

AAA^^^m eet A*AjA^AJ in  

_Aj^g(A^A^gÇMet_A^AJ[gA^A^in_P2^r4

T h erefore th e  fo llo w in g  p len ea  ere  on th e  aarae 6 -ap eoe:

P/»»  ̂ P/Ĵ r-T » rC
P/g»f P/»*cP/,rt P P-*>f*- P P fjlft Pftft P P;,#ft.

P, »V*" P/3<ft P/$f& P 'Vft P*ff& P»##f P*1l¥t. P*)#C ^ P$*fL

Let th e  f i r a t  a e t determ ine th e  3-ape ce  and P ,„^  5 ,,2 f  the

aeoond a e t  determ ine a 3 -ap aoe . S in ce  th e  2  3 -ap eoea  have a common p la n e  

th e two 3-ap acea  determ ine a 4 - apace. Or p o in ta  P,,P„P,^„P^;P,^ a l l  a re  on 

th e  f i r a t  3 -a p a ce . Theae p o in ta  to g e th e r  w ith  th e  p o in t  Predetermine e 4*  

sp a c e . The second 3 -sp a ce  i s  in  t h i s  4 -sp a o e . P o in t 1̂ -̂ g^are a ls o  on t h i s

4 -a p e o e . S in ce  th r e e  n o n -c o ll in e a r  p o in ts  o f  th e  p in e s  ^t

(w hich are th e  p la n e s  o f  in t e r s e c t io n  o f  th e  correapoA ding 3 -apaoea  w hich make 

up th e  5 -ap ace are in  t h i s  4 - space , and s in c e  th r e e  n o n -c o l l in e a r  p o in ts
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eterm lne a p lana thaaa  p la n e s  are a l l  in  th e  4-spaoe* T herefore two o o r r e s -  

onAing 6 -sp a o e s  meet in  a 4 -sp aoe*  In  th e  same manner i t  may be proved  

bet any tw o corresp on d in g  r -sp a o e s  meet in  an ( r -1 )  spaoe end th a t th e  two 

e rep a c t iv e  ( n f l ) - p o i n t s  in  th e  n -sp a o e  meet in  an (n -1 )  space* T herefore  

11 th e  r - 1  sp a c e s  a re  in  an n -1 -sp a ce*  There ere^^^C^oorresponding n -1  sp aces  

bioh m eet in  th e  n -2  spaced* T his makes (n 4 l) (B -2 )  sp aces in  th e  (n -1 )  space* 

bw ev e r y  corresp on d in g  n p o in ts  o f  th e n » l  p e r s p e c t iv e  p o in ts  in  th e  n -sp a ce  

!orm Z corresp on d in g  n - l - s p a c e s  which meet in  an n -2  space* Let us co n sid er  

second p a ir  o f  corresp on d in g  n - l - s p a c e s .  n -1  eorrespon d ing  p o in ts  o f  th e  

Ir st O A d second s e t s  w i l l  be common* These correspon d ing  n -1  p o in ts  form  

,wo co rresp o n d in g  n -2  sp a ce s  w liich w i l l  meet in  an n -3  sp a ce , in  th e  n -1  sp a ce , 

b erefore th e ( n f l ) ( n - 2 )  sp a ces  meet by p a ir s  in  n -3  sp ace in  tbs n -1  sp a ce , 

here f o r e  th e  ( n - l ) ( n - 2 t  sp a ce s  meet by p a f f s  in  th e  (n -3 )  sp aces o f  th e  n -1  

Ipaoe end we have a com plete c o n f ig u r a tio n  o f  th e  (n t l) (n -^  )sp a ces in  an (n -1  

^ace and th e  theorem  i s  proved* In  th e  same manner the^^(^_^ or responding N -2  

ipaces w i l l  m eet in  n -3  spaces* But th e se  correspon d ing  n -2 -sp a c e s  w i l l  have 

m n -2  p o in t s  common to  th r e e  corresp on d in g  n -2 -sp a c e s  end th ere  form n -3  

ipaoes common to  th r e e  correspondng d -d  sp a ces end th e r e fo r e  th e  correspon d -  

ûg n -3  sp a ce s  m eet, by t r i p l e s  in  n -4  sp a ces  o f  the n -1  space, end so on*
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The coa f  igiiration. o f  Pa^ims. This imi^crtant conflgtira-bion wa^

d isco v e re d  bj Pa^^ îis o f  . \ le ::andr ia , who l i v e d  about 340 21o-te 12 ,

I f  are any three  di . t i n c t  j o i n t s  o f  a l i n e  1 ,  ,nd ,3* ,C* any

th r ee  d i s t i n c t  ^.oints o f  another l i n e  1  ̂ u e e t in g  1 ,  th e  th_ : c ^:oint s o f  

i n t e r s e c t i o n  o f  the x^airs of l i n e s  .,nd h ’3 ,  30' .̂ncl 3 'C , C..' -.«nd 0 '.i 

are c o l l i n e a r .

Proof:  Let the  three  ^.oi.its c f  i n t e r s e c t i c n  f e f e r r e d  to in  the thcorn  be

denoted by 3 ’ ’ r e s p e c t i v e l y ,  l e t  the l i n e  3' ' O' ' ;..eet the l i n e

3 '0  i n  a p o in t  3; a l s o  l e t  3' ' 0 "  no e t  1' in  , the l i n e  h ' 3  meet ..O'

i n  3 t , the  l i n e  -.3* ne e t  .^'0 i n  3! . .,e then l.avc t'.e f o l l o w in g  p e rs p -
A ^ 3 *

e c t i v i t i e s :  _ ' 0 ' ' 3 i 3  - - - ' 3 *  3 "  C ? . . . ,0 "  3 " D .
A  A  1  J .

3y th e  p r i n c i p l e  o f  p r o j e c t i v i t y  then ,  s in c e  in  the p r o j e o t i v i t y  thus  

e s t a b l ih e d  C ' i s  s e l f - c o r r e s p o n d in g ,  wo conclude th a t  the th r e e  l i n e s  

, 3 ' 'B ^ ,  33 noet  in  the p o in t  O', Hence 3 i s  i d e n t i c a l  w ith  A ' ' ,  and 

' , 3 ' ' ? 0 ' ' are c o l l i n e a r .

The COnfi;guration c f  the f ig u r e  as g iv e n  i s :

I 9 3'

! 3 9

This c o n f ig u r a t io n  way be considered  .cs a s i c g l c   ̂lar.c hewagon in s c r ib e d  

in  two i n '  r s c c t i n g  l i n e s ,  I f  the s i d e s  o f  s lo h u. hewagon be denoted i n  

ô r i e r  1 , 2 , 3 , 4 , 5 , 6  , and i f  we c a l l  the s i d e s  1 ,,nd 4 o p p o s i t e ,  l i h e w i s e  

the s i d e s  2 _n d 5 ,  „-nd the s i d e s  3 a cd 6, she l a s t  h'corer.i way he s t a t e d  

in  '.'.e fo l io - . , lag  form: I f  a simple hewagon be i  s c r ib e d  in  two i n t e r 

s e c t i n g  l i n e s ,  the threce  p a ir s  of o p ^ o-f te  s i d e s  w i l l  i'Ct or s e c t  in  c o l 

l i  near ',oinc s .
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