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PART I
INTRQOUCTICH

In any problem involving preclse measurement of ac-
celeration on the earxth it is necessary to keep in mind that
the only scceleration we can measure directly is the accelera~
tion reletive to the earth., Thus, in applying Newton's setond
low of motion exactly t0 boiles moving with respect to the
sarth, we must determins not only the acceleratlion relative
to the ecarth but also the acceleration produced by the rota-
tion of the earth and add these vectorally to the relative
acceleration,

This paper will show that the true acceleratlon, that
is the acceleratlion relative to & fixed Linertlial system, is
composed of a number of accelerations as measured in a moving
system. These are the acceleratlon of the origin of any
moviné sat of axes, the acceleration due to the angular motion
of the moving axes, the acceleration relative to the moving
bxee, and an acceleration due to the chaige in the magnitude
and direction of the velocity of a point relative to the
moving axes because of the rotation of these axes. This last
mentioned acceleration Ls known as complimentary ascceleratlon,
compound centriplital acceleration, central acceleration, or
the acceleration of Coriolis, 8o named to honor its discoverer,
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Gaspard Coriolis,

This paper is primarily concerned with giving a
modern treatment of the acceleration of Corlolls, Modern
physics owes a great cdebt to Corlolls for his important formu-
lation of Newton's second law of motion when applied to pre~-
cise measurements of accelerations here on sarth.

The following 1s a short biography of thiszs man, taken

from Larousse's Crand Dictlonpalre Unlversels

Coriolis (Caspard-Gustave dez distinguished
mathematician, born in Faris in 1792, died in
1843, 1In 1808 he entered the Polytechnic School,
from which he went on to the Clvil Engineering
School, but soon gave up an engineering carcer
to become an instructor in mathematical analysis
and mechanlcs in the Polytechnic Schoel, where in
1838 he succeeded Dulong 4in the important posi-
tion of Director of Studies. Two years previously
he had been made a member of the Academy of
Sciences. His principal works ares Tha Calcula-~
tien of Mechaplcal Acidan ( do JIEffok das
itachines, Paris, 1829, quarto), reprinted undex
the titletof Ifnaziaa,nn.igg Mechanics af Sollid
844&: and &ath?matisal.lhﬁﬂ:x;ni

athe~-
patigue des Effels du Bil&nxd 1835%, octavo
He also published numarous articles in the )
axy of Industry (Dictlionnaizxe de l'industrie
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PART 11

ANALYTICAL TREATHMENT OF THE ACCELERATION
OF CORIOLIS

To begin the study of the acceleratlon of Corlolls
anslytically, let us set up two sets of coorcinate axes, one
of oxyz coordinates compzrlsing a fixed inertial system to be
chosen s0 that at the particular instant under tonsideration
these axes are parallel to the moving axes; and the other
OXYZ, a moving set of xigid c¢cordinate axes. Now let us turn
our attention to the beshavior of a peint P that is in motion
with respect to the XYZ system, the moving coordinate sxes.
In this dlscussion both the xyz and XYZ systems chall be
right handed systems. To c¢larify the rélationships between
these two sets or coordinates, the following table may be

used:

X Y Z
x 31 32 2 &3
y by by by
* ﬁl ca ¢3

In this table a; is the direction cosine of the angle
between x and X axes. 8, is the direction cosine of the
sngle botween the x and Y sxes. 83 is the direction cosine
bf the angle botwoen the x and Z axes. bj 1s the cosine of
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FIGURE
x i

POSITION OF THE TwO COORDINATE SYSTEMS AT THE INSTANT
UNDER CONSIDERATION

the angle between y and X axes, by is the direction cosine of
the angle between y and Y axes, bs is the direction cosine of
the angle between y and Z axes. ¢; 1s the direction cosine
of the angie between z and X axes, €s is the direction cosine
of the angle between z and Y axes, ¢3 1s the direction cosine
of‘tho angle between z and Z axes,

From this table the following equations may be set up:

X=x0 21X ax¥ ajZ

Y=y biX bo¥Y baZand zszg <¢1X €Y caZ
In these equations xpgyg and zg represent the position
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of "0* the origin of the moving ordinates with respect to the
fixed system. Now let us differentiate these equations with
respect to time. In these equations the derivative of x with
respect to time shall be denoted by

x, etc. % = Ng+ 8;X ""“2{' + 852 + 31X + a5z
7 = Yo+ byX *b¥ +bE +B X +b Y+ bz

Differentiating again with respect to time we get the x, vy,
and z componéntt of the acceleration of P. These components
are seen to ba:
x = xg + 83_5(.'*'32.\; -l-ag.Z. + 25&1}:’. + 252\7 + 2532 +-.a:1X —P.a.g*f—l-.égz

Similar equations follow for y and ¥, The terms éli,
ézf and éai, represent the iincar acceleration of "p,* rala-

tive to the moving axes, The terms 2)X, éﬁY and a3Z, etc., «a
the terms giving the angular acceleration of "P¥ due to the
angular acceleration of the moving axes. Ths terms zéiﬁ. 255?.
2052, 2b;X, 255?, 2baz, 2¢,X%, 2&2?. 2¢5Z comprise the accelera-
tion of Corlolls, alse known as compound centripital or

central acceleratlion. To arrive at an understanding of this
acceleration most easlly, let us choose the Z axis as the

axis of rotation for the moving set of coordinates and let us
choose the Y axis so that YZ plane 4s parallel to the plane

of the instantancous veloclty of "F* and as indicated pre-
viously, our fixed axes at this particular instant are paral-
lel to the moving set of axes. We may choose our axes in

this manner without destroying the generality of this dis-
cussion since the laws of physics hold in any coordinate
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system. Now observe that ;'1 -qﬁals minus the sincof the
angle between x and X times the derivative with respect to
time of the angle between x and X. 52 equals minus the sine
of the angle between x and Y times the derivative with respect
to time of the angle between x and ¥ while &, equals minus the
sincof the angle between x and Z times the derivative with
regpect to time of the angle between x and Z. Similar ecua-
tions hald for by by, by and ¢j, €3 and ¢3. Mow, observe that
with the above choice of axes the only term in our Corlolis
acceleration that is not equal to zero is the a Y term. There
will be no change in the angles between the = and Z axss so
that éle éz\f' and 4532”. are equal to zero, and aj and 2;3 are
equal to zero. Since the sincof the angle between x and X
will equal zero and the sincof the angle between y and Y equal
zero, a; and 52 equal zero., Further, since there is no
velocity of our point in the X directian; 151:'( equals zero. Be
cause the angle between x and Y 1s 90° the sincof this angle
will be unity, thus our acceleration of Corxriolis reduces to a
minus 2 omega times Y, where (O is the angular volécity of the
moving set of axes also the derivative with respect to time

of the angle between Y and x. Now if ©4is the angle between

a line parallel‘to the Z axes in the plane of the vcolocity of
P, and the direction of v, then the change in Y with respect
to time of P will be v s4n & , since v sin © will equal the
projection of v on the XY plane, and since we have chosen the
Y axis parallel to this projection v sin© will equal Y,
hence our Coriolis acceleration equals 200V sin © where as
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noted, © is the angle between the direction of the axis of
rotation and the directlon of velocity of P,

Because of the orlentation of axes, the only com~
ponent of Corlolds acceleration remalnling 1s the x compondnt,
Solving equatlion {L) for an acceleration relative to the XYVZ
axes, this accelexation basing squal to i‘lx. ve find that B'lx
equals % = &)X = ayY - 5,2 - 2wy sin e, Consequently, since
Instantaneously x and X are in the samoe direction, ocur Coxi~
olls accelerstion will lie in the X directlon, pmv&ééd that
w is positive., w will be positive 1f the moving axes are
rotating in a counterclockwise direction, since the angle
wvhose cosine £8 a8, will be increasing. If the axes rotate
clockwise W will be negative and our Coriolls acceleration
as obgerved from the moving axes will lie in the negative X
dlrection.

To gain a clearer understanding of the terms 'é;x. aY,
etc., note that

8) =-weln (1) where 1 is the angle between x and X

87 =-@ sin (m) where m $s the angle betweon x and ¥

and
a; ‘= w?-cos (1) ~uin (1)
85 sw? cos (m) ~wsin (m)
i3 =0

due to our cholce of axes cos (1) = 1

sin (1) = O
cos (m) = O
sin () = 1
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o T
consequently X = ~ WX - WY - 2 Wv sineda X +aY +aZ *Xg
or we can rewrite this squation
X % W - WY - 20V Bin6G + f;-4 X,
where £, © 8X + 8,Y + 842 and 18 the linear acceleration of
P with zespect to the moving origin.

¢~§3.xeyraaentn the x component of acceleratlion of p
due to the snguler acceleration of the moving system,

Thus we gee that the trus acceleration of p is com~
posed of flve accelerations. Similarly §'and % have these
components.

VECTOR TREATHMENT OF THE ACCELERATION
OF CORIOLISw :

As before, let a set of rectangular axes X,Y,Z, with
origin O, be fixed in an lnertlal eystem. A second set of
sxes X Y Z with origin at O are free to move in the fnertiasl
system. Defining the unit vectors 1,, J,. and ky and the unR
vectors 4, 4, and k in the usual manner, the position of a
point, P, free to move with respect to elther sot of axes,
will be given by the equation

o = L+x (1)
wheret: Xy = L%, +4,Ys + KoZp
Xgr Yoo Zg bedng Xhb coordinates of pdint, P, in the
Pixed coordinate system.'and |

#This treatment by vector methods follows the standard
type of development as exomplified b¥hth@ presentation in
Pagae's *Introduction to Thesoretical Physica.®
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I =4x+ Jy +kz
where x, y and z are the coordinates of the point, P, in the
moving system andpthe positlon vector of O with respect to O,

Denoting the time derivative or 1, as ¥

Xzfoml + & (2)
wheres T m dx+ Ay + kt « Ax + iy + k= (3)
let us say that the first three terms of equation {3) xrepre~-
sent the apparent velocity, ¥ of P relative to the moving
sxes. The remaining three terms of equation (3) represent
the angular velocity of P due to the rotation of the XYZ

axes, or equation (3) may be written

=Y+ dx+ iy + ke (3')
differentiating Y with respect to tima we get
V=ix+ iy Kz + 4% + 4¥ + kE (4a)

differentiating the remaining three terms of (3') with
respect to time we get
d(h+i¥+kz)=kx iy + Rz + ix v iy + k2 (4b)
we noto that in T there are two sets of terms ix, dy, and kz.
¥e can say that the first set of these terms arlses from the
change 4in direction of Y with respect to the moving exes,
while the second set is due to the change in magnitude of the
velocity due to the rotation of the moving axes,
Thus we see that
Fo el 8% +37 + k¥ +2(dx + 4y + kz) + ix + iy + Ez (4)
Since ), 1, and k are defined as unit vectors, they
can only change in directlion an::'. hence the time derivative of
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each must be perpendicular to the vector itself.
Or

s el -~ d4 (=)
however: |

LEzdxd
and 1t fonam that:
j.x E+ix k
- k xd ~kx L
=1x 1+axl (&)
Combining equations (%) and equations (6) we find that
cuwf, b=cand a w .,
It then follows that:
ieci bk
j‘, e ak ~cl
k=b1-~a1 (7)
To examina the physical significance of the cocfiicients, a,
b, ¢, considoer the coefficlent a which appears as the z

h’l!-i.

componant of i. it represents the projectlon of 3 on Xhh YZ
plane. Thaerefore ait 19 the projection on this plane of the
vector increment in J which has been proJduced by a rotation
of the axes 1n a time dt.

Let Jyy be the projaection of 1 on the YZ plane at
the end of & time dt. Then tangent <@ = adt = adt = (@
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Further, <@ is the angle about l
the X axis through which the Y and
Z axes have turned in & time dt,

Therefore, & is the angular veloc- .y
ity of the moving system about N ,..-I
th” x &ﬁs. . ’/‘ d@ -

e 5 ’

Similerly, b and ¢ are the anpular velocitliecs of the
systen respectively about the Y and Z axes.

Defining the vector &/ as the angular velocity of the
system; Wy = a, L‘Jf w b, & =qC, : (2)

Returning to eguation (4) end considering those terms
having the cozflcient tvw we find that these terms,

2(ix +Jy +kz), become
2% {ci = gk) + 2y (ak = ¢i) -+ 2% (t.L = 8]1) or upon substi~

tution of equations (8)

(431 = “hk) + 2y (whk = «4i) + 22 (2 ~ «)) upon
collecting we get

24 i ~W57)+ & Wk -GE)+ & Wy - WA (9)

MNow from ecquations {32) &nd (37) wo sce that the linsar

velocity ¥ relative ¢o the moving exes is given by
V= dx+ 3y + k2

and letting the vectord) 3% - 1&{. - kU we observe that
exprestion {9) A¢ twics vector product ofWxy or 24Xy

As a final equation we have: T e '.‘( -

../" (ix + iy + Xkz) 4+ 2(ix + 4y + kz)'f (ix +3,y + kx)
comider the quantity (4% + 377+5£). this is tho linear ace
celezation of the polnt, P, relative to the moving axes.
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As has been shown before, the quantity 2( ix + dy + kz)
may be reduced to the vector product 2{(wWx ¥) which £s the
Corlolls acceleration.

- w

The quantity .2 is simply the scceleration of the
moving origin with respect to the fixed origin.,
Consider the relationship (.ix + ,17 - 'kz)
‘j:af..:j,-l- Ci*t'}k*bk,.
1=-8k +ak -¢L - cj.
K=DLebl-as-al
This relstionship becomes
(ix + 4y +kz) = &bz ~ &y) + 4(cx = az) + k{ay~ Bx)+
ilba = cy) + ilcx = az) + klay - bx)
~the lest throe texms, those Inwslving ‘i, j » and i. may be sat
equal to
(ci ~bk) {bz = cy) + (ak ~ ci) (cx ~ 8z) Wbl - al) {ay ~ bx)
collecting thego texms on i, 4 and k woe geot
A]blay ~ bx) - clex - az)] + dlc(bz - cy) - aley - bz)]
+ k[a(cx ~ ax ) ~ b (bz - cy)]
Now expanding w x {wx g) we get
Ox T o 4 (bz = cy) + Alex - az) +klay ~ bx) and
wxwx r = &) blay ~ bx) ~ clex - az) + §lelbz - cy)
-’;a(ay - bx)z + klalcx - az) - (bz - cy))
These three terms, those involving .;.. .‘L and 1:;. in
the expansion of(:i. xt-:{y rl.’.z]aru the expansion of W x W x z.
Lot us now expand tho vector product W x x
P owia+ 15 +ke +da+ b+ ke
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Comparing the last three terms of £J, those involving i.‘i
and k with the expansion of &x r which may be reduced to
ix + Iy + k2

by analogy the three terms will be the expansion of & x W
which is identically zero.

_Q « la +3ib +kc and _Q xr = i(bz = cy)+ 1(cx ~ az)+

k(ay - bx)

This expansion of gé,x‘g is the same as the three terms in
the expansion of 1 xf-i.y +£z which involve 1, 1 and k.

.. we can conclude that (ix + iy +kz) =< x ¢ + .2 x (& x 1)
Nows (d x (&Wx x) 4s the quantity defined as centripetal ac~
celeration, .!:..0 X & 1s defined as the acceleration of a point
in the moving coordinate system due to the angular accelera-
tion of the moving axes.

We may now write I s ﬂ-&_g.a? x £+ &x (¢k )+ 2(% x)+£
where £ = linear acceleration of P relative to the moving
origin. Now £ is the observed acceleration. Its relation~
ship to the true acceleration in an inertial system is

£ =xo- 2 - xz ~ Wx(¥x ) ~ 204 x ¥).
It is apparent that in any problem in mechanics in which the
quantity 2(&Wx y) must be applied and in which £ is measured,
the quantity will have a negative sign.  Thus the accelera~
tion will have a direction opposite to the vector 20« x y).

- EXAMPLE OF A PROSBLEM IN CORIOLIS ACCELERATION
Part I: Solutlion by elementary means
Let us suppose that a projectile is fired from a
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position of 60° N latitude. Its average velocity, v, par-
allel to the earth's surface is chjloa f plus 1 sce, The
target 1s 10° feet due south at the time of firing.

It is apparent that the linear velocity, due to the
rotation of the earth, of a point 10° feet south of a point
at 60° N latituda will be greater than that of the point at
600 N latitude since the radius of the e¢arth's small circle
parallel to the equatorial plane farther south will be
greater than will be the redius of a simllar small circle at
60° N latitude,

The radius of the small circle at 60° is given by

T = rycos 609 where ro = 3,950 nmiles app
The radius of the southern small circle 1s given Ly
r w»rg cos (60 =)

Where “N is the angle at.the center of thb earth subtended by
the line connecting the firing and target points,

= 10° 57.3 degrees = 2.74 x 1010
3.9% x %.28 x 106 radius

The difference in the velocity between a point at 60°

and a point at (60 ~)° will be

ANy = [:-ecos (60 =) - x. cos 60[&),
It may be seen that this velocity multiplled by the time re~-
quired for the flight of the. projectile will g¢give the pro-
Jectile a displacement to the westward of the target given by
the equation

AS = [rtcos (60 ~A) « r_cos 69:‘&) t

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-]%-
However, this displacement to the west will be only a part of
the error due to the effect of Coriolis acceleration, We
will also have an acceleration dﬁe to the change in the direc~-
tion of the velocity of the projectile. If we form a vector
disgram giving the difference between vas the actual velocity
and v,, the original velocity of the projectile with respect
to the earth, we note that the tangent of the angle between

va and v, 1s glven by the equation

tan § = __L.“;'t

where 43 is the angle between Vo = Vg and R 1s the range
f10° ft). But R = vt where v = v, = 3 x 103 ft/sec therefore

tandb =Avit = 4V
vot vo

Now from the vector difference dlagram it is seen that the
vector difference between V, and V, ls:

{5) AV = V,tan$ (since ¢ 1s a very small angle)
Hence from equations (4) and (3) we see:

(6) AV = AV
or the apparent change in the veloclity of the projectile due
to the change in direction of its velocity relative to the
earth is equal to the difference in velocity that arises due
to the difference in linear velocity of the earth's surface
at the points of departure and return of the projectile to
the eaxth,

The total change in velocity of the projectile rela~
tive 10 the earth duiing the time of flight t is thexcfore
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24 VL' The average acceleration being equal to the change
in velocity divided by the time we then must have for the
Corlolis acceleration in this case

2= ZAVI
t

Numerical evaluation:
From equation 1
AV = [r cos (60 = ) =« r cos 69]4‘)
= [cos (60 -~ ,274) - cos w]rw
= (.50414 - .3) 3950 x 3280 x 7.292 x 10°
= 4.14 x 10”3 x 3,950 x 10° x 5,28 x 10% x 7.292 x 107

8324V =6.28 x 2 w 6,28 x 2 x.3:x 10° = .377 ft/sec

t 305 105
3 x 10

E = é ltz ‘Hé «377 % (33« )2 = 209 £¢.

Part 1IX: Evaluation of vector product
246 x ¥
A. Direction: rotation of & into
% gives & x y & direction into paper which
would corxrrespond t¢ an eastward direction
. « 2 4 xy is th the west.
B. Magnitude
-2 & x x| = 2 Wflv] $1n© where © = 1200
from dlagram
sin 120° =« sin 60° = 56603
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l"2 G, x x| = 2x7.292x 10" x 3 x 103 x .£¢6 = 379 ft/sec®
a z 379 ft/sec?
5= % 242 = % 379 x (33.3)2 5 210.% ft,

Fart IIl: Conclugion

In the elemcntary approasch certain approximations
were madce, These were:

1. In £inding the angle

2. In treating the problem as a plans
3. Valueef ry

From this we conclude that our results from the two msthods
agree within reasonable exactness.
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PART 11X
SWSIARY AND COUNCLUSIONS

To sutmarize this work: Thare aro five components
of acceleration conmprising the true scceleration of a point
located in a moving coordinate system. They sre: the
centripetal acceleration, the acceleration due to the angular
acceleration of the moving system, the linear acceleration of
the polnt rslative to the moving axls, the accaleration of the
moving origin, and the acceleration of Coriolis.

To restate, the acceleration of Coriolls equals &n
magnitude twice the product of the angular velocity of the
moving system and thellinear velocity of the point relative
to the moving system multiplied by the sine of the angle
between thz axis of rotation and the diraction of tho velocity.
The direction of the Coriolls Acceleration is perpendiculax
to both the axie of rotation and the dirsction of the velocity
of the moving point in such a manner that & we rotate the
vector reprosenting the axis of
rotation towards tho vector xepre«
senting the velocity (seo diagran)
the acceleration will have a direc~
tion opposite to the dlrection of
advance of a right handed screw
thus rotated,
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Speclal attentlon has been gliven to the Cozliolls
accelerastion becsuse 1t is not as immedistely spparent 2s the
other components of acceleration. Furthermore, it is an
lmportant factor in determining the direction of winds and
because &f Its relatlion to the problem of the Foucault
pendulum we are able to derwonstrate boyond a question that
the ¢axth does rotate,
For the reador vho wishes detaile on the last items,
’ a detalled discussion of the problem of the Foucault pendulum
way be found in jege's Iniroduction Lo Iheoreflcal Fhysics,
Article 5O, A dlscussion of the relationship of Corlolis
Acceloration to weather may be found in Humphrey's Physlics
of Alx, undexr the chapter title, "Possible Thzory of Origin
and Maintenance of the Extra Troplical Cyclone,”
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