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I1TR01XIGTI0B

We i n v e s t i g a t e  the  c o n d i t i o n s  o n 'a^anfl. ]> u n d e r  w h ic h  t h e r e  

e x i s t s  i n t e g r a l  s o l u t i o n s  g r e a t e r  th a n  -K  o f  th e  p a i r  o f  e q u a t io n s

(X ) a -  2 > i x i  i b “ i ° i x i  »
1 = 1  1  1 = 1

w here  K i s  an  i n t e g e r ,  w h i le  each c^ i s  a g iv e n  p o s it iv e  in te g e r .

S in c e  each  s o l u t i o n  i s  g r e a t e r  th a n  -K ,  each x ^  ■ - K  t  1« For

s o lu tio n s  *  0 we take  K *  1. Denote th e  sum o f  th e  "by t .

l e e e s s a r y  c o n d i t io n s  f o r  s o lu t io n s  a re *

{.8 } a , b i n t e g e r s ,  b *  11 { 1 -  K ) ,  a » b (rood E) •

A . 1 .  Cauchy i n v e s t i g a t e d  th e  c o n d i t i o n s  on and b when each 

Cj, *  1 .  I n  h i s  p a p e r ,  “‘fw o - F o ld  G e n e r a l iz a t io n s  o f  C auchy ’ s
r- i  &Lem m .” , 1 .  F . l ic k s  on i l ]  t r e a te d  a l l  cases i n  which 

4
2 3  t t  *  8 . H. Chat land  [ E ]  I n v e s t ig a t e d  the  eases in  w h ic h  
1*1 

4
23 , t  *  9 .  iZxama B ra vo  [ 3 ]  i n v e s t i g a t e d  th e  oases in  w h ic h  
1*1

4 4
23  , i  » 1 0 * In  t h i s  p a p e r  cages i n  w h ic h  2 3  * ^ 8 8  a re  
i * l  1*1

con s i dered .

Theorem: L e t  ( c /  • . c / , } be one o f  th e  e le v e n  s e ts  b e lo w .
n-*- <afe . i  ma.itii e s M ta M iM . m m .u i. o o M n w a a *  tw ew m  ««Wui>n*m»niuDui ( M tO M M tta n  «wwpi*w»m<ii»< » iiini>MW

L e t  ( E) h o ld  and

(3 )  ta  = b * , ( t  -  l ) a < b *  ♦ SbZ + tK » .

Then t h e r e  e x i s t  i n t e g r a l  s o lu t i o n s  g r e a t e r  th a n  -K  o f  ( 1 ) w i t h  

b *  4 ,  i f  t h e  fo l lo w in g  fo rm s  a re  r e g u la r ” , where r e g u la r  i s

s. lu m b e rs  in  b r a c k e t s  r e f e r  to th e  r e fe r e n c e s  c i t e d  a t  th e  e mi 
o f  th e  p a p e r .



d e f in e d  as f o l l o w s ;

D e f i n i t i o n  i 1s t  f  d e n o te  a c e r t a i n  fo rm *  I f  a i l  t h e  p o s i t i v e  

in t e g e r s  n o t  re p re s e n te d  by f  c o in c id e  w i t h  a l l  t h e  p o s i t i v e  

i n t e g e r s  c o n ta in e d  i n  c e r t a i n  a r i t h m e t i c a l  p ro g re s s  io n s  9 th e  fo rm  

f  i s  c a l l e d  r e g u la r *

The g e n e ra l  f  *  ax® ♦ b y *  ♦  0 2 ® d e n o te d  by ( a 9b #c ) was 

t r e a t e d  by  3 . W0  Jones  [ 4 ] *

When th e  g r e a t e s t  common d i v i s o r  o f  a 9 b 9e i s  1 , he found  t h a t  

e x a c t l y  1 0 2  fo rm s  a re  r e g u la r *

The same g e n e ra l  method may be a p p l ie d  i n  a l l  e a s e s .

The p ro b le m  o f  f i n d i n g  th e  c o n d i t i o n s  on and Jb M s  been 

re d u ce d  by L# S. D ic k s o n  [ 1 ]  to on© o f  f i n d i n g  th e  r e p r e s e n t a t i o n s  

o f  a t e r n a r y  q u a d r a t i c  fo r m .  He a r r i v e s  a t  t h e  i d e n t i t y :

(4 ) (03*04) (t&-b* } « 2vd+gd *) ♦ ê ĉ tw*

*  ■ Qa *  ° 3  + ° 4

t  ^ ° 1  ♦ c£ ♦ °3  ♦ °4

W *  X -  ~ X .3 4

d "  X 1  •  * 2

v  -  U 3  ♦ o 4 } * 2  -  0 3 ^ 3  -  o 4 * 4

By t r a n s f o r m in g  t h i s  i d e n t i t y  i n t o  one i n v o l v i n g  o n ly  s q u a re s , we 

g e t  o u r  t e r n a r y  q u a d r a t i c  f o r m s .

We s h a l l  th e n  show th e  to  be in t e g e r s .  I t  th e n  happens

t h a t  t h e  e le v e n  t e r n a r y  q u a d r a t i c s  fo rm s  o f  t h i s  p a p e r  a re  a l l  

shown to  be i r r e g u l a r  b y  c o m p a r is o n  w i t h  th e  t a b l e  o f  B. W. Jones 

L 5 3  •
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Case Is

s *  4 , t  *  1 1 , « 1 , Cg « X, Og *  1 , *  8 .

vVe have by (4 )

9 (11a -  ft* 5 » 2vs ♦ IBvd + 90dE 4 88w*

18(11 a -  b * } « 4v* *  36 vd 4- 180d* 4- 176w*

« (2v  ♦ 9 d ) *  ♦ 99d® + 176w*

S e t ? *  ( £v *&■ 9 d ) S e t 6  « 11a -  b*

Then f  *  188 « £“* ♦ 99&* ♦ 176wa*

W© have b ® x ,  ♦ x«  ♦ x ^  4 - 8 x -1 2  3 4
v ■ 9 x 0 *  x -  -  8x>gt O TB
d *  x ^  -  Xg

w ■ -  X ,3 4

S o lv in g  th e s e  we f i n d  t h a t

11 x x *= b *  v 4- lOd

l l x £ « b 4* v  -  d

99x„ » 9b -  9d -  2 v  ♦ 8 8 w3
99x^ *  9b 9d. -  2v -  l lw  

Our problem  here i s  to  show th a t  th e  x *s  a re  in te g e rs  •

P r o o f :  By h y p o th e s is  as b (mod £ ) •  Then ♦ 9 9 d fe ® 0 (mod 2 }

and + d* •  0 (mod Z)  and Js  d (mod Z ) * T h e r e fo re  v i s  an 

in te g e r®  Prom 78 we have 5 * s 78 (mod. 11} and s -7 b *  (mod 1 1 ) 

and m 4b® (mod -11)® J *  ££o (mod 11)® By c h o ic e  o f  s ig n s

s -2 b  (mod 111® Then 3v ♦ 2b ♦ 9d * 0 ( mod 11) and

Bv 4  2 b *► BOd ® 0 (mod 11) f and 2 (v  «* b -f lO d } « 0 (mod 11) ;

a l s o 9 v ♦ b + 10d g 0 (mod 1 1 } ,  and v ♦ b -  d s 0 (mod 11)

end x ^  and Xg a re  in te g e rs ®

-  3 -



l e i  b ♦ v -  d « n , and 9b -  9d -  Bv *  m* Then 9n § m (mod 1 1 } #

a ls o  “ 9n 4 * m ♦ 88w *  11 { 8w -  v ) *  By 9 8 ,  68?*?® «$> Bv* i  0 (mod 9 } *

T h e r e fo r e  9w -  v  *  0 (mod 9 ) ,  o r  Sw 4- v  g 0 (mod 9)® Choose

th e  s ig n  o f  v  so t h a t  8 w -  ¥ ® 0 (mod 9 } 0 Then l l ( 8 w - v )  » 0(mod 99

a lso  9n ** a  ♦ 44w *  11 {4m *  v ) *  S i nee 8w -  v *  0 (mod 9 ) ,

¥ -  8w *  ¥ ♦ w *  0 (mod 9}® T h e r e fo re  11 ( v  + w) g 0 (mod 99) and

th e  a re  in teg ers®
1

T h e re  a re  e le v e n  p o s s ib le  c o m b in a t io n s  o f  t h e  sum o f  f o u r  

i n t e g e r s  t „  t  *  11 , as fo l lo w s :

( 1 , 1 , 1 , 8 ) ,  ( 1 , 1 , a , 7 ) ,  ( 1 , 1 , 3 , 6 ) ,  ( 1 , 1 , 4 , 5 ) ,  ( 1 , 2 , 2 , 6 5 ,  ( 1 , 2 , 3 , 5 5 ,  

( 1 , 2 , 4 , 4 5 ,  ( 1 , 3 , 3 , 4 5 ,  ( 2 , 2 , 2 , 5 5 ,  ( 2 , 2 , 3 , 4 ) ,  ( 2 , 3 , 3 , 3 ) .

U sing the Id e n t i t y  ( 4 )  we get th e  fo l lo w in g  te rn a ry  q u a d ra tic  fo rm s

1 1 1 , •  1 » C 3  *  c 4  *  8 «

9 ( 11a -  b * ) » 8 v® ♦ 18vd ♦ 90d® ♦ 8 8 w®

1 8 (11a -  b®) » 4v® 4 - 36vd 4 - 180d* ♦ 176?/®

« (£ v  4- 9d ) * 4 - 99&®' 4- 176w*

4* 9 d ) •

1 8 (11a  -  b®) « ?® 4* 99d* *  176w*

Case. 2 :  t  ® 1 1 ,  o*» » 1„ 0o *  1* « 2 ,  c

By (4 )

j  * 3 9 ^ 4  *

B y  ( 4 )  9 ( 1 1 a  -  b a )  «  2 v *  ♦  1 8 v d  *  9 0 d ®  4*  1 5 4 w *

1 8 ( 1 1 a  -  b * )  ■  4 v ®  4*  3 6 v d  4 -  1 8 0 d ®  4 -  3 0 8 w *

•  ( B v  4» 9 d ) *  4 ” 9 9  d ®  4» 3 0 8 w *

S e t  *  ( 2 v  4*  9 d ) a

1 8 ( 1 1 a  -  b ® )  *  4 *  9 9 d *  ♦  3 0 8 w »

4 -



By (4 )  t h e  r e m a in in g  t e r n a r y  c u a d r a t io  fo rm s  a r e :

Gas© 3: t  * 11 ,  c- * 1 ,  c« * 1 ,  c “ 3 ,  e 4 * 6*

1 8 {11a -  b a ) *  £ ♦ 99d“ ♦ 39 6w*

18(11a -  b * }  » -a- 99d» -a- 44 Ow

Case 5 ; t  *  1 1 , c ,  m X, Cg « 2 ,  e., » 2 ,  ©^ *  6

24(11a -  b * ) *  £ * ♦ 176d* ♦ 396w*

Case 6  s t 1 1 ,  c x  -  I ,  ©£ *  2 ,  c g - 3 ,  e4 ■ 5 . 

24111a -  b*>  •  f *  + 176a® + 49 Sw*

Case 7 s t  * 1 1 ,  » 1 ,  e E * 2 ,  e^ « 4 ,  04  ® 4 9

2 4 { 1 1 a  -  b * ) * ♦ 176d* * 528w®

Case 8 : t  *  11 , « 1 ,  Cg «* 3 ,  « 3 ,  04 *  4 .

28111a -  b * )  •  S* ♦ 231d* ♦ 528w*

Case 9 ; t  ■ 1 1 ,  0 ^ ® 2 ,  Cg *  2 ,  *  2 ,  e ^  ■ 5®

7 ( 11a -  b * )  ■ J s ♦ 77d* *  11 Ow®

C ase 1 0 : t  *  11 , *  2 ,  eg « 2 , c^  « 3 ,  ©^ « 4 *

7 (11a -  b®} * j *  * 7?d* ♦ 132w»

Gas© 1 1 : t  *  1 1 , « 2 , °£  8 8 3* c g ® 3 , *  3*

3 0 (11a -  b«) * j* 4. 396d* + 49 5w*

By aompar i n g ^ t h e  e le v e n  t e r n a r y  q u a d r a t i c  fo rm s  above w i t h  

th e  t a b le  o f  3* W. Jones [ 5 ]  we f i n d  a l l  o f  th e s e  fo rm s  to  be 

i r r e g u l a r *

r e f  I n i  t  I o n : C iven  a fo rm  f *  I f  t h e r e  does n o t  e x i s t  an a r i t h ­

m e tic a l p r o g r e s s io n  c o n t a in in g  th e  p o s i t i v e  i n t e g e r  K , n o t

-  5



r e p re s e n te d  by f , a l l  o f  whose p o s i t i v e  te rm s are n o t  re p re s e n te d  

by f ,  f  i s  c a l l e d  i r r e g u l a r *

S ix  Lemmas u s e f u l  i n  o b t a in in g  i n t e g r a l  s o lu t i o n s  f o r  i r r e g u l a r  

foribs [ S j *

Lemma 1 : I f  p i s  an  odd p r im e  d iv id in g  n e i t h e r  a n o r  b and i f  K

i s  any i n t e g e r ,  a x a 4- b y *  2  K { mod p } i s  s o lv a b le *

P r o o f :  x *  ta k a s  1 ♦ * “̂ (p  ~ 1) v a lu e s  incongruent modulo p* The

same is  th e r e fo r e  t ru e  o f ax* -  K arid o f -b y 8* One o f  th e  v a lu es

o f  the  fo rm er is  congruent t o  one o f the v a lu e s  o f  th e  l a t t e r ,

s in c e  o th e rw is e  th e re  would be p + 1 in t e g e r s  in c o n g ru e n t  modulo p f 

w h io h  is  a b s u rd ,  

t r i t e  f  « ax*  + b y*  4- css*

Lemma a : I f  abo i s  n o t  d iv is ib le  by th e  odd prim e p ,  and i f  1 is

any i n t e g e r ,  f  a K (mod p) has s o lu tio n s  w i t h  x and y n e t  b o th

d i v i s i b l e  by p .

P r o o f ;  According as K i s  n o t  o r  i s  d i v i s i b l e  by p ,  ta k e  2 5  0 , o r  

z * l  (mod p ) • Then / »  K -  c z *  i s  n o t  d i v i s i b l e  by p .  By Lemma l f 

ax* ❖ b y *  2  / (m o d  p )  has i n t e g r a l  s o lu t i o n s  x ,y ,  w h ic h  a re  

e v id e n t l y  not b o th  d i v i s i b l e  by p .

Lemma 3 : I f  abo i s  n o t  d i v i s i b l e  by the  odd p r im e  p 9  and i f  K and

n a re  a r b i t r a r y  i n t e g e r s ,  n » 1 , f  2  K {mod pn ) has s o lu t i o n s  w i t h

x  m i l  y  n o t  b o th  d i v i s i b l e  b y  p .

P r o o f ;  P h is  i s  tru e  when n ® 1 by  Lemma g* To p roceed  by i n d u c t i o n  

f ro m  n « m « 1 t o  n « m + 1 , l e t  f  5 X (mod pffi) have s o lu t  io n s  

7% such th a t  £ and f j  a re  n o t  b o th  d i v i s i b l e  b y  p* Then
m *r.

a ^ 8  ♦ b /j*  ♦ o r*  •  K 4* p q t w here  q i s  an i n t e g e r *  "alee x  « f  4 - p ‘TCt 

ft ♦ p^Y , and 2 « cT «*■ p®Z.



'Then t  m K + paq 2pml  (mod 

L  *  a fX  4 b^Y  *$• ©J2=«

We can choose X , Y t Z as f o l l o w s  s© t h a t  q ♦ S I  « 0 (mod p5®

I f  % l a  n o t  d iv is ib le  fey p , ta k e  Y •  Z *  ©t Ea^X *  -q  { mod p ) .

I f  ^  i s  n o t  d i v i s i b l e  by p e ta k e  X « Z •  0# In  e i t h e r  ca se ,
!SMk1

t  m K (mod p ) and x  and. y  a re  not b o th  d i v i s i b l e  b y  p® The 

i n d u c t i o n  i s  c o m p le te .

Lem am 4 s I f  an odd p r im e  p d i v i d e s  c ,  b u t  n o t  a b £ , f  s  X (mod pn ) 

has s o lu t i o n s  w i t h  x  and y  n o t  b o th  d i v i s i b l e  by p®

P ro o fs  Th is  i s  t r u e  when n *  1 by lemma 1® I t  f o l l o w s  f o r  any n

b y  I n d u c t io n  as in  th e  p r o o f  o f  lemma 3®

Lemma 5 s I f  an odd prim e p d iv id e s  o and K # tout n o t a h ,  and i f  -a h

i s  a q u a d r a t i c  r e s id u e  o f  p ,  f  « K (mod has s o l u t i o n s  w i t h  x  

and y  tooth p r im e  t o  p®

P ro o fs  There  e x i s t  in t e g e r s  P and Bs p r im e  to p 8 su ch  th a t  »ao g ? £ s 

P g aR, whence aR* *  to ■ 0 (mod p ) • Hence f  « K (mod p )  has th e  

s o lu t i o n s  x  8 8 R, y  « 1 9 z  a r b i t r a r y ®  The p r o o f  f o r  any n fey i n ­

d u c t io n  i s  l i k e  t h s t  o f  Lemma 3 w i t h  Y « Z *  0 ®

Lemma 6 ; I f  IT is  odd and i f  f  s K (mod 8 ) is  s o lv a b le  f then

f  « K (mod Zn ) i s  s o lv a b le  when n i s  a r b i t r a r y ®

P ro o f;  To proceed toy in d u c t io n , l e t  f  g K (mod Bu ) have s o lu tio n s

^ e q 9 T  9 f o r  m «* 3® Then a?® ♦ *  o r*  ® K ♦
ir.~ 1  rn -1 ?n» i

Take x *   ̂ *  2** X , y  « ^  + Z '  i ,  and z ** J~ + 2*" 3®

Then f  •  X ♦ Emq ♦ 8 mL (mod E15* ^ ) ,

L « a fX   ̂ b^Y ♦ crZ®

S in c e  K is  odd, a $ 9  toqe s / ,  a re  n o t a l l  even® Hence t h e r e  e x i s t

-  7  -



I n t e g r a l  s o lu t io n s  X, X, Z 9 o f  q ♦ i  t  0  (mod 2}* Henoe 

f  m K (mod and th e  in d u c tio n  is  co m p le te .
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