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THE LEVELOZHFED GF TRETS FOH TUR CHIVERSEICT
OF IssiSile SERIES,
Y., Introcuetion.

t is tro purpose cf thiv nupers first, to {rece
brietly the development of nttention to infinits series
and to tre subject of cornvergercey gecornd, to list the
verliouve tests for converzarce, with tre nycef of €enchy
eré, Tinglly, $¢ 2i4vs brief wceount of reocent develoorents
in conrection itk irnfirite gerinrs, |

vefirstiore,

are 10 arringed @29 o correeperd Lo B2 et f positive
integor: i, £, Sy ~r=rwh,~== o, itk Cot dis wefince &r an

ifirlie Pt & e e mar Lodiokt e et menno tok

every sorn Iv e segue e I Sollewfd o, rather (orTe
It 33 oftcn corvernia: b o wrt o Lo £20rcse.n the

N
gercralr Lozm 08 e ToLuenlCe e rule definTor W

[

ae,venct oy be wiproiscd il Lo rols Toooola piviey
o sL LE expileit fenctior ¢f pr, 1 by €cie sheliruint
vhich ipdlentes hoo euoh (oo G b doborndire . el ther
direcidy ¢ Tie. e [rocroiye torm,

Irhe mopt ‘nocrtarl gegrencer o the wp, ilvetiorg ¢

enclynie gre thove b 1 tepo oo _iodt,
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The limit of a sequence(uN)m said to be 1L, 1f an
index m o¢&n be found to correspond to every positive
number € o however smull, such that

|v - qw{ < €
provided only thet n ) m,

This property may be expresced by the following

notation

L = 1lim u,,
n -yeoc

“hen the sequence has a finite 1imit L, 1t is ssid

to be converzent, Otherwice it 18 divercent,

If an Irnfirite sequence of numbers

Ues U, o Uy ¢===i, === is given, tren trer expression

(A)en, + u + wt == tuyte-ee-

is celled en infinite gggies.

Serios (A) 18 Bsic to be cconvergent 1f the sequence
of the succrssive soums
8209y, 8z ughu ymeeee-- S 2+ u4  =-- 'I'"u,;---
is convergent, let S be tre 1liuit of the lutter seguerce,
l.es the 1imit whick the sum %v approaches g3 n
increases indefinitel;:
S= 11m S, = 1lim Ea w,

N o' W rew
Then 8 42 called tre sur of tre rregeding series, &and

tris reletion is indicated by writing tre symbolic eguation

S=_ uv+ u‘ i L 1-u,}--- - 2 “M'
A peries which is not convercent is gsid to diverpert,
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Absclutely converzent series asre Infinite series in
which the peries formed by tre mbsolute value of tre terrs
is also convergzent, Absolute vezlue mesns tre value of tre

term witront recard to its sien, In tris paper sbsolute

value be indliceted in this way --; nnﬁ .
Conditicrally corverrent gerles nre infirite series

In vhict tre series are tremselves converrent, but thre

series formed by modull (or gbeoiute value of terms) is

divercent.
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11, EIsS? RY

The Eleatic Schools, eatzblished by Xenophanes in
8ieclly and centerrsd at Elea in Italy, were fomous for tre
difficulties they ralsed in conrection vith questions which
required tre use of infinite seriess The most famous of
trese wsg tre vell krown parsdox of Achilles and tre tortolse.
Ttie paradox wes emunciated by Zeno, one of their most
protinent membersg,

Achilles runs & race witr a tortoise, Fe runs ten times
as fast 8 the tortoise, Tre tortoise ras 100 yards etért.
Kow, says Zeno, Acrilles rune tria 100 yerds and reachres the
place vhere treo tortolise staerteas lLeantime tre tortoise hres
gone a ternth as fur o3 Achilles anu is, thrrefore, 10 yards
shezd of Achlilless, Achilles runa this ten Fires. Mesntire
the tortolice hga epone one=tenth as far ara is, trorefore,
onewtertrk of o yord stezd of Achillies, and 80 on,

S0, argued Zeno, Achilles 18 al¥reys gettiny riearer the
tortoise, but cun never gulte catch hinm,

Tre difficulty rere .cs, of course, that the Greck
matrenmatieclors rad no delinite voy cf expregssire g 21-4t,

To us witr our corvenient frsoti>rel notat on

10 +1 + AL L feme,
jo jod

Jooo
or tre even more convenient vecl ul rnotutior

lo+{ +o. + 00l +o.00[+"-- -~
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tte probiem preserts no difficuly. For 1t is clecr that the
distzrce tre tortoise con wove until there Is ro di ‘tance
between himself ard Achillea, or the total of all tre rards
tte tcrtolse moves, 18 1141111111111 wemvcew

or ll‘%' yards, ens no mworo,.

These paradoxes led tre Greeks t- 300k with susoicior
upon tre uase of infirite eries, and ulti ately led to tro
"Hethod of exhgustion"” of Eudoxus (408=355 BC )1.

"If from tre grestest of two unequel macnitudes tﬁere be
teken more than 3ts helf, and so on, there at lenoth remaing
a marnitaie less than thre ie&st of tre prononed macnitudes”
Ty tre use of this treorer tve snelent reo~etera were zhlo
to sveld tre vase of Infiritesivsls,

Abont 222=-1282, Yichole "regsre, a bishror in Tormany,

‘ 2
irn en urplubliiskec manuagcrt -t found tre pur cf the infinite

Such recurrert infirife verleo “ere forterly surporea to rove
mude trelr firat appecrarce In tre 18 Contury, e use
ot ipfirite corliea 18 expiainea glgo v tve liber de [fripltel

Notu, b tre Porturucee matter:ticicn Alvarus Thozas in 1509,

l, Ball, «e« #o"A Short Eilstory of 'atreunatica”
Vgallillan Co. 14193,

£« Cnlorl, F."A Biotor; of “otrenctico™
MYackililan Co, 1924,
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Be gave tre divisdior ofa.lire segment int»s rarts representine
the terms of a cornvervent geometric series, that 1s, a
segment AB i divided into parts ench trat

AB : BB X P B: BBa--------:PB: P B.

Such g divieion of a line segment ocours ir Hzpilers
kinematical dliscussion of logarithms,

Infinite ceries, whiclr spranz into prorirence at tre
time of the invention of tre d3ffrrontial end integral
czlculus, were used by = few writers before tr t ti-e,
Pietro Moengole (1626-1€¢86) ir Bologne, treata trem in ¢ book,
Novae Quadraturas Arithmeticas, of 1650, Ke proves tre
éivergence of the hernoric serics by dividine ite termo into
en infipnite number of grouns, such that the sum of trte terms
in each group is greztcr than onee Mengoll also showed the
convergence 0f the reciprocals of the trisncular numbers,
and reacked creditsble reaulta on the summatior of infirite
seriea.3

However, in spite of tre isct that mathematicisns met
ip!inita seriesa ir wvarious conﬁecticrs. very little ir u
definite way was acoom:lished until tre berinning of tre
17 Century, Ihe interest in tre infiritesimal as an elamnent
in enalysis carried with 1t tre notatiorn of en inf'nite

number of elements, it thia tilize the Btudy of series with

an infinite rumber of ferms was sumpgested,

3 F: CBJ‘OTL OP' Q;t
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James Gregory (1€28-1667) shewed ir his "Vers Circull
et Hyperbtolece QJuadrature” that tre areas of the cirole and
tte hyperboia could be obtaired 1in tre form of g@onversent
infirite series. [Hers for tre firat time, = Simtinetion
in made betracr oorvarzant and diversart reriea, 3] thonrh
Gramorv dosa not use the tarm "Aiverzent”, It was
R1c¢oleus Bereronllii who 1In 1v1§ Tiret nsed "divearrang"

#nd " divermentie series”™.

In 1671 , GreRory estrnhliisked the thaesrem that

8 = tanb- —_-?L t::-z,n‘ge “" "'|5'-' taﬂr@- -
the reeult belnz trve oniy it G liesr between =T ,
and 4 fr'o

dhia 18 the theorem on which most of tre suh-
sequent caleulutionsa 0r the apvroximations of tne

5
numerical velue oif w have been uigzed.

4 vajori, #. "The Mane '2ivoraept Usiirg' ™
Bulilietin o1 thr jmarican Yatremsticsl Soeciety
Yolume 29. page 5O

5 Ball, ¢ ®e "A Short History of Notramztica®
MacMilian Co, New ¥York. 1493,
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ihere are three genersl reriods in the later development
of infinite series:
l. tre period of Newton and Leibnits -- the introduction.
2. the period of Buler-~ the formal stage.
3 the modern period starting with Gauss and Cauchy--
==e-e= the solentific investigation of tre validity of
infinite series, °

1. The Introduction.

Newton and lelibnitz felt the neéessity for enquiring
into the convergence of infinite series. Newton in the
first part of De Quadratura vurvarum-~-the second appendix
to the Opticg~=deals with effectinrg the gquadrature and
rectification of curves by means of infinite series. The
mailn object is tc give rules for developing a function of
x, 80 as to effect the quadrature of any ourve whose
ordinate can be expressed as the sum of zn infinite number

of such terms, In this way he effects the quadrature

of the curves : ,y’@f
) 4, " 11 gx~ |’4
J-=- (a“+x )7, vy (x=-=x")", b + bxa /,

6 heiff, K. " Geschichte der Undichen Richen”
Tiibinger 1889,

. h. BP.E. History of smathematica, Iopical Survey
7. Smith, Ginn vo, 1925

8. P;a,\\,\u\w. P cit
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but tre results are as infiniterseriee. HEe then proceeds
te curves vhoee ordlnant is given &g implicit funotion of
the absclssa, end hs gives ar method by whick ¥ can de
expreasged a8 en infirite eeries in descending powers of x,
but tre applicati>r demands suchk eomplicated celeculus as to
be of little value, Newton points ocut tre importance of
determinine whether tre infinite series are convergant
~=wgr. Obgervation far in advance of his tire, bat he
epparently knev of no general test for this purpose,

Leidnits (1673) also pointed out the irnortance of
determirniing whether a cnries was convergent or divercent,
He proposed a test to distinzulsh series shosme termsm cro
alternately positive end neopative,

Colin Yaclaurin (1698-1746) gave proof of thre theorem

2(x) = £(0) 4 x1'(0) + ﬁi»;‘l £10(0) § e=--=
in his “"Treatise of rluxlon® published in 1747, but be did
not investigate tke convergenoe »f ttn perion, he also
enuserated the important treorem that, if ¢;(x) be poaitive
end deorenae froe X -« a %0 X+ oo, then the seriles
q (a) {—ciy(a-t» 1H—c‘) (8 +2) f ~wwwe=-

13 converpent or dlverszent ans
o2
fcp (x) dx 1s finite or infinite.

[
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10.

Jacques Bernoulll (1654-1705), the first of tre
Bernculll famlly cf nmathematicians, wrote one of thre
earliesat treatises on probabllity-®fhe ars Conjectasndii”,
This was publisghed pcst-humcusly in 1712, 4t the close of
e sectlior entitled “Tractatus de Seriebus Infiritis
Berumque Svmme Finita et Uss in Quesdraturis Spaticrum et
Reetificatitribus Curvarium " following Pars duantis
the following six verses agppear. They represent ore of the
olearest of the early statements releting to the limit of

an irfinite cgeries.

x

"Ut non-finitam eeriem finita coercet
Summula, et in nullo limite limes adest.,
Sic modico immensi vestigis numminis haerent
Corpore, et aungusto limite limes abest,
Cernere in fmmenso parvum, dic, quants voluptasi

In parvo immensum cernere, quants, Douel®™

"Even as the firite encloses an infinite series
And in the unlimited lirits appeser,
So the gsouvl of immensity dwelle in minitia.
Ard in narrowest limits no limits inhere,
What joy to discern the minute in infinity!l
The vast to perceive in the small,

]
what divinity!

9 Smitr, U, E, Source Book of Mathematics page 271
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i1,

£e o ¥second Period.

In the second pericd (1740-1830) the lecding
methematiciens were Euler, isgrange, la Place, and lsgerndre,

Euler exterded, sumed up, &#nd completed tre work of
his predecessors, Ee created ansclyeis, and revigsed alnost
ell of tre brancrkes of pure mathematics, He paild
perticular attentiorn to tre expasnsion of various functiors
in gerles, and pcintad out explicitly that cn Infinite
geries cannot be gafely emnloyed unless it iz cornverrent,
He d14 not, however, develop any reneral tests to determire
whether or pot a piven series s convarsent,

Mathematicians at tre time of Euler, d'Alerbert, ernd
Bernoulll hsd difficulty in regerd to tre generality of e
funcetion repregented by a trigonoeretric neries in cennection
with thre problem cf vivriting strings, They fzlled to Gee
that tre veveral curves mizht be repregerntsc by cne
trigonometrio series, Fourier in hisg Memoir on the Theory
of Beat (1807) 1laid down t*e proposition that :n arbitrary
function giver grarhicelly by means of s ocurve, whict may
be broken or discontinuocus, is capable of represerntation
by means of « single trigonometrie serieg, 1Ihlas theory
vwag received with estornisrrent gnd incredulity,

Fourier set for hirself & problem to expard g given:
funetior of x 1in terme cf tre gines und ccalnes of

multiples of x , & rrobiem whichr Fa emboile’ irn ¥Fis "Thenrile

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12,

snalytique de la vhalear™ (1£822), Althoush Fourier

attalneld the correvt views as to the nature c¢f the

convergence of the infinite series he employed, Le 4id not
give any conrlete general proof that the ceries in the renoral

case actuxlly converges Lo the value of tre function,

e e ™mird Pericd,

fhe third or critical peried beran with the pvbllcation
of Gauzg' Memcir in correction withk e hyperrecmetric
seriecs In 1€12, Thie rerticular gerics i1s not so i~portant
es 1g the atandard of critciem which Geuas (1777-10EF) seot

up, embsdying tre sirrlér critoria of converrence, Essentinlly

tis rule is
If it 1s possible to express the quotient %v/ %MH in
the form %a ~ 1 4 A LO il ) { where l

the serieaz\ e.N is dlverrart if/u_Z l, oonvergent li)u.) 1,

Owirg to the otrenperezs of treztment and rigor of
proof, tris nemelr cecsed very 1little intercat emong
me themrticiens, pore fortureate In reachine the -ublic wua
Ccuochy vhose xnalyee flrehrejue of 1991 eortuirg o -izore
ous treatirert of serien, In thle beok £l geries whick
do not gprnroceh g fixed 1imit e23 tre number of terms incresce

witbont 1imit are called diver~ert, Thus egtablishing for
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13,

the firat tita effectiva criteris for divsrrort esries,
gltheurh tre trrr vee peed bafore,

70 Cauvchy and G-ver we owe the polentific trentment of
gerler vhich Yerve orn Infinite pmomber of torma, One of the
chief merita of CpucHy's work woe that he rleced the treatment
¢? reries grt the fopdamentsl eercenticre of the eplevdug
op 2 lorlesl forrdaticn, Jike Gaves, ke inatitnted
comrerisons with geometric serisa, and found thet eeries
vith poajtive terms nre ennvercept or not gecordirely es the
n? raot 02 the n® term, or the ratie of the (p+ 1)™ 2nd
nt tern, 1# ultimately less or grester then upity., %o
rerch paome c¢f the cgses vhen these expressiona become unity
uitimstely gnd the tests fall, deuchy epteblished two otler
tecte, He srowed theat serier with negative terme converge
vhen tre abeolote valunea of the terms oomverge, end he also
deduced Leibnitza! teat for alternating serina,

‘the moat outenckar eritic of the mathods in series
wag Abel (1802-1829), He ssteblished the faoct that ir any
gonvoraent seriens it 18 necessary for tha general term u
to mpprosch sero, Be'also aroved the ratin teat for convergent
and divargcent positive teym series, Ho estzdlished tha
theorem thet 1f twoe meriesm znti the prodvct seriea gre sll
convergent, tren tre prodvct sericas will converge toward tre
product of the suma cf the giver serirs, ke was emphstic
sgalnet the reckleoas uce of cerles, anc ghowed tre necocsity

of considerirg the subject of continuity irn guecations of
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l4.

Firast in order of tivwe ir the evolution ¢f more dalicate
criteria of corverzerce znd rdiverzence oore trs researctres
of fezbe (1€01-1P69%, trer theoa of Lo Worz-n (1R06-1871)

In tis Celeulus 1o Morpap estublished the logsrlthrie
criterie vhich wuans lster digcovered ir part inderercartly
by Bertrard {( 1242), The form umed by Beftrand ari glso

by Bonret (1€42) is more convenient tran thet ueed hy

s Rorgene sdscuvesion of thece tests will be given in the
ectuel tests, Althovgr Bonnet belleved thsat the logarithmlo
criterle rever fsiled, vu Bolg Reymnord (18Z1-1889) and
Prirgsheinm in TléPQ) have dimcovered eeries which egre known
to be corverzernt but in vrich thre loearitrmic coriteris
féils to deterrire treir converpercy. Hnwaver, since thege
sories converge very slowly, trer occovr very paldom In
prectical problenc,

Among tre first to surgest gener.l criteris grd te
congider tre subject from a wiier point of view culminating
in a regular matheme ticsl theory wes E, F, xummer(w14.1r73).
Fe eptablished g teat 'n two perte, the £1 -0t part of =high
wag gfterwr-ds proved by u»ini (184F«1918) to be mnrerfinocus,
This test is a ratic test, Kummor gave the test In the form:

1t 15.:::45 (n) a’.'.; O, in a seri~s of nositive terms tre
condi tion for converrence 1s

11m{ {n) -+ (n rl)f_lﬂ_ > 0

) .
The form given by w»ini, whick nill €¥ given in tre tests,
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15.

iz the moat ¢ nvenient to use in rraotice,

iu Boie~kReymond( 1821-1889) dividen criteria into
olesses: criteria of the firat kind, und eriterie of thre
seccnd kind, escordinely er tre gerersl nﬁ tern, cr thre
retio of the (nJ-lfkterm und tre ﬁ*terw i8 nabe the besis,
Prirngsreim goes furtlrer &rd makes vae of "generasliged
ceriterisa of tre second kind" in which Ye ngkes uce of tre
ratio of tvo teruis which do not lave fo be consecutive,

AL the closc of the 19H“Cantury. lntereat was revived
in divergent geries, 1In 1886 T.J. Stieltles and B, Poirocare
showad the importance of tre agympiotic gerles, ot that time
employed in antroromy cnly. In more recant work, other
writers nave daveiopnd othar usns for tre dilverpent rerloga,

Difflcult queatiors srnse in tre atrdy of Poartler
poriec 1in connection with its converiencs, anary (18206)
was the firaet to lrzquire inte 1ts converrence, Dirlchlet
(1829) mete the most thorouph researches on this subject.

Ee decided that whansver tha funotion does rot Ruve infinlts
nozbar of discontinuites, «nd d993 not possess arn infinite
nunbher cf mexinzz and ninina, then Jourler's serlso

corver>a:s toward th: value 5L that fanction st s5ll ;lazces
excep, b pointas c-f disconiiruity and then it convarges to

tre mean c¢f the two beuvnélrg walucs, 1Inese conditionz of
Dirichlst's are sufficlient but not rececsery. fRudolf

Lipschitz (1832-1902) of Bonn, proved that Fourler's serics
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BLI1Y repreverts bie auncsice Llon e petdey ul dise
Suatinulties 13 infivite, end he esi:blishes u ccrulition

on whick Lt represents a iunciiz Lhavin on intirite

nuaebey va avalns gos w105 L, 10 2L00, W Lu Valiic ousae

geve a procf requirire mevely trat Lhe funciion .nu ils 3gucre

be integrubie, SCevergl cive - a hove voiic. Piih Yourler's

*

aerlea more reacanily,

Uniforn o0 ve 18036 wad LLirsd irveatligaten in 1947 by
Stokes of Caubridge, "Milor T ConVerve. 3~ 3pumned Areat
importarce 1In d¥clevatreds tiear:, of fanctions. [ was
nocasssr; o rrove tra® & triecnometric revire rerresantirs
& eonti=aon: Tuneiio .l Gopieegoa ynd furmiyve Donb e on aome of
trae eoneinzlcry ahsat Fourlier's a3orilcs Verce mede hy the
cbdervalliorn umde Ly weleveelrers Liut the irtecerel of an
Infinite serice Q- ¢ ¥ ivn Lo be Lymal Lo e oun oY re

o ovtan tte ceriee

e

Litograid 0o e bugprrna- bicie O
COnvVerres vaifurn..y Tttt r tre re-dicr irv gquegticor,
Fourisrr Jovrd the seriee _ )h %t”
Py oo N d.e”f
to re ¢ tre nean Lemnerutorn ob T Riade1 M2 0 oiray
¢ reprecert tre nean lewperulure g ¢ tia&™ ¢t "¢l & 8ptrere
originciay heater o tempexatu:n& entc ceolliro 214 1t
esurface keplt =zt zero torpesature, Fere . 6 o ¢erialn
peaitive cornvtirce deracoing or ithe slze; sEasy, £ trermul
Projertiee o1 trc epkers, cier . rpge'’ tost Bhova at once
trat the egarlesx ccrverges unlforely it t. C§ erd so

- i, Hf);@

£ >0
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“The corregpondirg formula fcr the tempersture at any

point 1o '
!(I):}Eane'“ayt
where a is of tre form (élfp‘(zeein nw) / (nw), and
“7%'13 equal to the quotiont of the distsnoe from the center
by the gadius of the circle of the aphereﬁlo
A3 a conclusion of this historicsl aoccount, tre
Lollowing quotation from Emile Picard will be 1llurinsting,
'ﬂnder the impulge of tre problems enggested by

geone try, mechanics, and chysica, we see almost zall the
great divieions of analyels develop or origlnetes In the
firet prlece, we met equctions itk & eingle inderendent
Variable“ Soon equetiocras wity partisl derivetives were to
aﬁpear in connection with vibrating strings, mechanics of
fluida..and the infiritesimal gecmetry of suriaces, But of
ell tre epplications of erelysis, nc one wug more brilliant
than thet pugpeeted by knowlecge of the lawe of gravitetion,
with which 2re agsociated the names of tre grestest
mathematiciers, In sll this period, especially in the seccni
half of thre leicentury. vhat strikes us with admiration, and
at the seme tire introducing sore confusion, is the extreme
10 Bromwich _?heory of Infintte 8artag, faconrd Edition, pagelae

MacMillan &nd o, Limited
3%, Martinla 8t. Loandon, Fnelend 1986,
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importance of the applicution realised, vwhile the pure
theory appoars #till so irsecurs,

One of the mes?t important exarmples «f the influcnce of
physics or tre €ovelorrert of anslrsis 1o Fourier's theory
of heet, Fourier degins by forming ths perticl 4iffarential
equstions which govern temperature, He npplie? his theory of
tre eacling of 2 pphere to tre terrestrisl glodbe, =znd
i1nvesztigeted ths law governing tle variatiors of temperature
in the sun, endeavorirg to cbtaln rurerical spplicstions,

In the face of s8¢ many besutiful reanlta, ve czarn understand
Fourier's enthruciaesm whern he ssys, epeakir> ¢f rathematiocal
anelyels, "There cannet be o langanze more vriversal and
more éiwple, rors develild cf errora gnd of obecurities, that
i to Bsy, mors sultedble for tre ~xpressior of the irvzrichle
relagtions of nalurél oblects, Conetdered fror this point of
view, it le cg wide aa pature 1tself; 1t defires all
percentidle relatiors, measures $ite and spaee, forces, and
temperatuores; this difficult meience is formed slowly, dut
it meintzirs 1) tre principles thaot 1t has once acguired,
It increasere and strengthtens without cezsing in tre midst
of 80 many errora of the human intellect.®

000060008085 ¢0000 0000000000080 00 sa0s00s00000sssasstscatss

Ls for smeries, they occor, to berir withk in trte verr
existrrnce proof of tre interrale; for iratarce, uauckry's

first netrhcd gives corver ent developments ca lonp ss the
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integrals ant tholr 412fsrerpt?ul corfPlelr tn are aontinuouse
nhen aLy Clrousuicrce 21lere ur te rredint trat trie i

11
slwegye Yo o33, wc obileln Sovalo-menty alwayn convercent®

Eerce 2t 1v clear Y.t ac neced for ¥revlcdre 292 the
reiure of tl.e gorvergerco cf Infi-1t~ merien hecams
recosgaur, thaocugh rhyelical nrobleme of wave mecternicor, and
celestial wechanien, erd similar provlieome, methemartiosl
anclyele has rept aten, =n? Yva nrovidsd tre neceseary
logloil fouandatio. for theory aa mell =23 for aoctual

1Z.

pract.aal apgilealiona,

11, iadle FPleerd (Irensletod by M. Le Hoskell),
"On tre ievelopment of Mathemratical Anzlysine,
anag It Relaetlcrn to Certodr Otver Sclences,.t
Buvlletirn of Tre Americsn Vattemuzticel Soclety
Vol. 13, 17Ce,

12, Bistorical rcferero~st

S8ll, W ~e "A Srort Eletory of Yatheratics”
Moc'tillen Co., New York, 1893,

Cujors, ¥« "A Eletory of Yothemuties." tevised,
¥eclMillen Co. 1924, New York,

Smith, D¢ F¢ "Elstory of Modern ['ethematics",
Ginn and Co, New York,
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111, TESTS POR CONVERGENCE OF INFINITR SERIFS.

1, Frnismepntes]l Testa For Positive Term Seriss,

Introduction,
The expreesionr
‘A m v . [3] - v ot on o an u - = -
)e L+ O "f’ ~+ ’
where n, v, 1 ,~=~-u,~~ 18 an umlimited =equence ¢f
- § . &

numbere 1s eclled an infinite peries.

Let ﬁv denote the sum of tre first n terms of the series:

W > l - K
If s n incremses withount 1imit, § approaches a limit S,

this 1imit is eulled the sum o1 the meriesy. snd tie soerics (4)

is 2aic to be converpent,

The infinite scried”is exia to be diversent, 17, &8s n

inoresses without limit, 8 «oes not ayprowch o Jimit,

fv

A necessery but ot sulficient conditicn for converzeney
13
of the secries (&) s ilm w - C,
n%:}ch

1%, For exaorrle, it wiii be shown luter in thin pecer thet
the harmonic series

ly T+ pomme=- —-f-%, o=
is divergent, althoush the generzl tefm, u , does so~rorch
zero as n ircrezses without iimit, N
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The noocesgary ani aufficisnt conditiye for tre
guonvergence of .ng seriles 1z tr.t It may be cszible to find
an index u , a= wi€ ) , corrovgeniirg o any positive
wumbor & , howove.s umall, suc- thot

i%w - u“\é <: ¢ /
for all vaduss of a greater then n,

It 18 evidert that tre problem of aetermirire rrether o
serieg 1s convercent cor divergent or divsrrert iz e}uivalént
to the ~roblem of determirira vhether tre seanence of tre
term= 18 corvercent cor dixvorpent,

The test for the corvevgerce of ary irfirite pecncrce,
errlied to a periea, glves Cavelrr'e fercral test for
convergerce, rie tert fo abzolntely 7erersl Yot irn rractice
iz often 81fficrlt to crplye.

Ir crinr trot o gerier ba comvaviernt 1t {5 recmcecrsw

grnd gufficient tret correz=crdire to 2ry rre-asfirnnd . yoltieve

rumper & |, gn irtezer r gheorld exist, suer tret the g
ef eryr rurher of teroe whetever, stevytiys witv o . 13

Jecg t¥sr & 1r ebecliute velue, Feo-

1 5] - 8 =N v o - 1]

) e «/ mt e s ip

In revtienlinor, the rearoral form o B - 2 ru g
Wy R K*l Nﬂ N L

approsck gero _ss N bec~mad frfiriia,

Iin a reries of onsitive taymns %v Aircreagnos wlth'g.

Hence in order thsat the sBeries converge it iz sufficlent
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that tre sun 8y remaln less than some fixed number for =1l
values of n, The most gerersl test for convergence in such
geries is based upon comparison of the given series with

other series known to be diverzent or oonvekgent.

A, C"MPARISON TESTS

1.
In a seried of positive terms i1f eccr of the terms ig

less than or at most eyusl to tre correspondirs term of a
kEnowin converrent series of positive terma, the given serirs
18 convergent nlso,.

Proofs v
For tre sum 8, of thre firat n terms of the given

gerles 1s evidently lesa thorn tre sum 8' of the geconu
series, Hence 8,, eapprroscres a limit 8 which 1s less than

8¢, Therefore tte given series musat converge,

2
’ If each of tre terms of m given series of positive

terms is grezter than or equsl to tre correspondine term of
a krown dlvergent series, tre riven serlrs must diverce,

Proof:
, For tre sum of tte first n terme of t'e given serles

18 not less thon tre sur of the flirst r teorms of t'a seoond
series, Eence it increasec witr n irdefirnitely vrnd thre

geries is diverrent,
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Se
We may eompuare two serles elsc by mears of tre following

lemmas let

{ ) - U0, Fu bemet -

Uy
( V) - V4V TV, te=mt Y t-
(1)e If series (U) conversmes, eni if ufter a certcin term

we aglwsys have Um—/ L U,

‘/M - u’ﬂ
serles (V) converses also.

Proof: y
L VA
Suppose N “?/  wrenever n.> p.
Up W, B

Since thre convergence of g serles 18 not sffeated br
multiplyins each terrm by tre mame constant, and rince thre
ratio of two corsecutive terms alsdo remairs uncrarced, we

mey suppose thrat v, < ue , ond 1t is evident trat e

2 A
should have :ﬂ g 1;”:

BEence series (V) muast corverce,

f- 2} . - .-

re

(2) If scries (U) diverres, zni 1f after a certair term

we clwuys heve U,,,ﬂ > Uty

\JN = LLN
tre series (V) diverces aleo.

14,
Proocf: A similar proof hoids for tle secord part,

14, Goursat-BRedrick "Mathematlcal Analysis” Vol, 1,
Ginn Co. New York 1904,
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iherec wre tirec tasie gg-les v ich v 9r nert ecrvens
fentiy ussu L. Lo cenprricor 'cetc,

{s)

The simpliest of trese i8 the peomatric progression
‘a tar tar  wdeeea ~far';?~, where tre ratio is r,.
This series is convergert if r <1 , r J-1;

and 1s divergent i1f r —1 , or r ‘=1,

FProof: o S, -

@& tir "al eewmal op : L;M’ox»é-—-;Tf from elccebra).

A -

. ” 5 L

I1f -1 r <§ iim = 0 ni henec lir %~ = O
N A J R
Therefore lin ( & +ar tar =y ) . __ie— . and
v § = e

tre series c¢crnverses.

For r -1 ané r -« 1 , the geries hecnmn
a halaidy === , tnie 8 ~ o *a =g ! ===  rognectively.,
Both serics are diverzernt obviongly.

For r grecter than 1 tte seriec 12 diverzenrt since
the tenns incerease irndefiniiciy in vslue 88 n inarezo-s
indefinltel;

(b)
A secord vseful gcris: iz tre bharmoric series
1+ Lrldeeeeaq & 4ee,
This serice 1¢ diverzent, 2irocs the tot:zl surn 2°n be made
to exceed any fixed numbar,

(ec)

The third series of valar in the comrnurison tests is

"peperies”
P 1++ 4w - -+ L

ar  3e nt
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It p)l tra serles 1s convergent.

Proof: Loyt 2. 1« L __.<-L+—L-l—
ZIF 4’3:'( Tir TRt aP-l 4 HP t5 5P éP HP 4P 4P ¥P

Similzrly the sum of the next 8 terms is < &P-1 , tre sum of
tre rext 16 terms 13(]5?“/ y womome=e=, That iz tre sum
of tre gliven serles 18 less thor tre sum of t'e series

L | .
KPP + P=i +E—L~+'

whichr is = conversent gecowetric series tten r»71. Ferce

by eom arisor the reriez given 18 corverrent aleo,

If p2 tte series is tre some g tre kormonic srrien |,
ard is trerefore dlverrent,
1% p<1 tre scries 1s diver~ent clse, sirce 31 1irishira p

tends to ircrease tre respective torms of tre serics,

(4) Caunchy's Eadicul Test,

If the series Sa,\, is corpared withr tre geometric
geries we ozn irfer Cm:fchy'a important radicus teet,.

IL tre n‘-‘-hroot }/ Up of tre 2ereral term wu, of ¢
seriesz of positive terms, after & certuir term, 18 c.onstantly
leze thcn a flxed rutnber lesa than uvunity, trr seriss converges,
If u, ,after a certelir term , 18 constantly greater tren

vnity, tre series diverres,

Proof: ‘ 4
In tre first case, v, <1 or uK<1—. Hercg,

erch term of e errice cfter & coertrin cre 1a lergs th-nrn thre
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ocorreepondirg term of u certain pecovetric rroereagsion whose
ratio is less tkun unity. Trerefore thre 2eries 18 convereent
by comparison,

In tre szecond cuse, u, 1 ecor u, 1l or u, 1,

Eere the general term does not enprozch zero, th-refore

the geries diverges,

B. E:TIO TR T..

Since in practice it is often di1fficult to cpply tre
comperisor testa, asnother tyre of test mcking use of tre n
and the ((n 1 ) terms has been develorodi, This tyre thas

been called "Teats of the Second ¥ind", or ratio tests,
a

Tre ratic tezts depernd on tre Quotient Nt
obtaired by tre divieion of two conseocutive tn:::'of tre
series,

(1)

If in tre series Z‘a,’. . 11':1_‘_‘%%.!;:? s ther tre series
n pec

is convergent 1f p<’1, snd ia diverzent 1if 4€> 1. T1f p=t1,

tre gerice may be either corvergent c¢r divercept,

Proof:
itp 1, after & certzir term Ey £ll tormes Lre

positive eni are numerically less trun Iet r be any

é"k'
nuzber greater than p but less trsr 1 . Conglder the series
- an e & l -
§egta ST g F AT T
Sirce after & trhia 12 o georetric cerlesa, it 1a ccnvergent,

Xoreover, after tre term ﬁk tre trrms ¢f tre scconil geries
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are greater than tre corresponding terrs of tre glven series,
the given series must corverese by weans of tre comparison teat,

iWren p.>1 « tre series is divergent sirce tre gelneral
term does not aprroach zero. 88 R inereasecs withovt limit.

when p=1 , furtrer $nvestigation 18 necessary.

(2) Furnmer Ratio Teet.

Thias test due to ¥ummer was arrenred in tris forr by Dini,

-t

It /4,0y 1is a diverzent series cnd if

™ L fﬁ' = Dviy

.M.g

then N
(C) 2, a, is converpert if li;n T.,0,
| s B
G .
(D) 2, a,is diversert if 1im T.< O,
N ot

In perticular, 1f T tends to a2 defirite 1imit L, tren

(C) }.,. a, is cocnvergent if .'L.> o,
(D) :1\ g, 1s diverpent if L 0.
Proof:
If tre mininmum 114t & 18 positive, arnd §f h 19

any pceitive number less than g , &n intefer m oOan be
found suck ttrat

P.D = - L \h, ifn.> m
'V ™~ e ‘[" / q‘.
L X X) y
™ue a U = a Dl \ha, ifn-m
W . -, i ! IS *

or =ddire, wa reve _
g Degab N\ W o _ a, == )
- w . '

ny .
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Hernce 8.t ‘41-- %<% Im/n, ani t}wll 28t sxarewsioﬂ o the

right dnea =0 involvs n b :E remaingd always less

than a fixed pnumber, ana therc!oreZa‘, 13 oqonvergent,
Cn the oth:ir nanl, 17 the =-.x!.un 1i~1t s nepative, g1l
the exprecsicrs I, wust he mocative alter a cortsin stiage,

asd thus we fird n , 3¢ that

L‘, ot . D O tn? iy
xf\ al ’
>
or (d‘”. if n{n, Eence g b 2 D, if nym,

end su the te;msiofzg 8, &re, after tre ﬁ“, grester than trose

L

of tre Glvergent serjes (a, y) Z .u. Thos 2 e iz &l90
15
divergert by cears ¢f tre ccipurison test,

(Z) Specisl Katio Tests_cf Impcrtance

(a). _4 'Alembert's Ieat,

This teet is essentislly ths same @3 tre first rstio

test given irn this psaper,

Let gg 1, tren tra ccndlitions sre
(C) Oonvergent if iim (a,/ L) 1;
. n»e “n
{p) Divergent 1f lim (u / 8, )<1.
ﬁ;"' s

15 Bromwich, T Jo I. "IMe Theory of Infinite Series”
Maalillen Cn, ordon, facond Edition,
nage 237,
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(b) Feebets Test

Trie test chouid he trisd whren 1ix (g, / g, J=1
e

Let I;J:.ﬂ e btrer tre gornditicrs _re

(C) Convergent 1f 1im[n (r:;‘r/ra_wt *1)}7’ 1;
(D) Dilverzsnt if 15.3:[1: (:;‘,/ 8., -1)§< 1. "_16

n cars the limite uned In Ranbe's tect zre both eyual

to 1, 4t 48 ~2cessary to oppil mere Gellieste tasts.

Ce _LOGARITEAIC IEUTS

1. Suuchy's Logerithmic Criteria.

faking the general harmonic series
- Voo A e -
1~ T ‘?A jM /'/M

us & comparison serles, Cauchy deduced another test for

convergenceas: |
If after o certuin term the expression log A~ is
L8 G §
elnways greater than a fixed number greater thaen unity, the
series converges, 1f after a certaln term ttre expression
' R
108 ‘4 iB alvays 1ess th:n unity the series diverges,
log n

4
I{ 2o Wy apprentins o lindt L es n increases
log n

indefinitely, the series oonverges i L g1, and diverges
it I.<l. The omse in which L¥i remains in doubt,

16 Brorwvrich, op. cit, paie

o

e
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Froofs Suppose opl’% ‘\,»- } 3 wtrere k\;‘ 1.

%og n d
This maey be written lag } k log n; or this 1s equiv:lent
to .M%m }, s or ’\ !A

Argd
Therefore since k> 1 tre series must converge,.

r.EV" ,‘d“’ “i:_ -
lilkewise, Buppose loo "« ¢ 1, or :u:‘g-.ﬁ_;ﬂr “, 108 n.

Iog "
Here "‘“""‘ / B, ot , s 1:»
"o MY
Hence tre series must diverge,.
17
Gourssat has this to sey of tre logearithmic teats in

generals "This test enables us to determire whether a series
osonverges Oor diverces whereveyr trhe terms of the serles, ofter
g cortaln one, ere each respectively less thun tre corresponding

term of tte series

. ) iH
SRS SR IRAT
b, “,M.

£ ks
wkere A 18 & comstant factor eni , 1. For, 1f wu -« e
o

»
\ .
[ Jy 4

we shell huave log u 4 ,, lof n {"\ leg A, eor
oo F

L :
log - N, g4 = lo= 4 ani tre right-bani
i0Z n e 4l 108 n

side grproachres tre 1imit L as n increzases irdofinitely,

If K denotez a nurr.ber between urity =ro J{, we sbzll

17 Goursat=~Hedrick "Mathemraticeszl Anslysis " Vol, 1
Gipn ana Co, Feow York, page 3Z90,
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rave, efter a certain term

\>‘ 1 . 1
S8iwilarly, $aking the series /o {dog n?*gfn log ni{ior nj—

‘.-..,J Srvapsay
a8 comparison series, we obtair an infinite number of teots
for converzence which may be obtalneud mechanically frow the

pregedlir~ by replaeirg tre expresalon log (1/n¢) / log n

by 1oz {1/ nu,)/log-'“n; and then by 1log,/ 1 \
i ( n ua, iog qj
iog o ’

and su oOn,

Thege toats srply In more Or les? menersnl casmca,
Indeed, it 18 eanmy to show thnt 1f tre oconverrcence or
divergence of a seriez can be estsblished by mecrn2 of any
one of them tre save will be true of any thich follow,

It may rappen tret no matter row for we preoceed withr
these trial teats, no ore of trem will enablie uvs to
detertire wvhether {(rnr perieca cornverges or diverges, This
result 1s of grect treoretical importance, but corvareent
series of tris tyre evidently converre very slowvly, and
1t scarsaly seems possible trat trey should ever rave

eny practical a;plicat]l n whatevelg!r oroblems which
involve numeriosl calcuvlatiors,”

2+ _Ragbe's or iuhavel's Test,

Tekirag tre geries

m-ﬂq‘ww ”‘r R "j o "“ '“M"i‘.” - ) ‘ = .L- ?
e, ""{r ~n ,.‘L-'uv a r&"‘“jt
';' Ay 2 s j 4

pzcoursat~aedrick Ope Cit., p3gelZf~Z40,
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&8 & corparison serles ard covrarinz tre ratio of two
consecutive terma instead of tre ter:s themsolves, gizga the
test 4iscovered firat by Raabolg. and then by Duhameldo.
Consider the series
u,+ ujtu,+ogfred u e
in whick tYe ratio unﬂ/hw- apprcaches unity, remsining

conatantly lese then unitys Then we may write

VR = 1 e Y¥heredl spprosches Zero 85 n
aw ~ ! A
becomes infinite, The comparison of this ratio with[’n )
n

gives the Ragbe rulet
If ofter s certain term the nroduct no is alwcys

grester than a fixed rumber which ig prester thun unity, the

geriea cornverces, I1f after g cartein term tre same rroduct

g plwein lesg t'an onity, the serlen dlverces,

Proof:

The secornd part'of ttre thecrem followe immediantely, For

gince ndSQ(i eftor s certein term, 1t follovws thot
1 ;} n « Bnd the ratio Wyes| is greuter
4 Ay

nt+ l . Yy

then tre ratio of tvo ccroecutive terma of tre haorneornic serlesge.

Eence by comrparison the serleg diverges,

19, Ragbe, "Zeitschrift fur Matrtemetlk und Prysik", 1832,.
£0 Dutremel, "Journal d8e Ilouvills™, 1028,
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In ordar to prove the first part, suppose that after a
certein term we always have n.>k;>1. Let be a nurber vhich
lies botwren 1 end Xk, 1<}&<k; Then tre seriea surely
convergce if after a certain term tre ratio wu,/ u, 18 less
tran the ratlo {Tn /fn+11j of two consecutive terms of tte
geries whose genaral term i3 57: The neceasary concition thet

this £rould be true fa thst

< 1
i, < Triege
or by ¢evelcpire ( 1 + 1/n)”' by Taylor's theorem linitzd to

tre term 1/p%*,

1 1"4%" + __2'_{’1’_ ' e, whesre%valwaya remsiro
legs tran a fixed number am n beoomes Infinite, Simpllifying
tris 1requslity we may write 4t in Lthe form

A ,

Mot AN
Tre left-rand side of this inequelity a-proachkep M gnag its
1irit ag_g bescomrs fnflnitc. Hence, aftrr a sufficlently

lerge wvolue of n, tre left-tard eide will be leas tran nd%,

vhich proves the inequzlity . <( ——l——

It follows trat tre ecriecs 1s convergent, If the product n
approackes a 1limit L &8s n becores infirite, we mey arcrly
the precediny rule, The serier ia corverzent 1if L‘;>1.

ard divergent 1f II<§1 A doudt exista 1f L=1, excert when
n ¢$‘appr0ucheﬂ onity remeinire coratzrtly leac thrr unity,

ir thut case tre series divergea,
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In the tegot ghove, t1f tre rroGuect n - epcrosches unit:
as 1ts 1liczit, we may compare the ratio v / v, with the rstio

0% two aoreecutive terrn ~f the serles

1 4 - - h—nu—& 1 L L 2 T X 3
[a) w‘.‘:‘?\,‘. ¥ )
WhA O3 2y ,"f.;'}h-_" LEUN
vhich ¢orvargse if.;}l, srd diver-n. 12 le' The r-ti0o 01

o eor3ceutive teoms 17 T 2iTen nerleg may he writter Irn thre

-

Lo 2 2. » Yrere,.  arnroactor zero o
u"r o : » ;} v ..", KA
n beccuen infisftle, s o
T citer o errtein *oen fVa comdnop . Jom o

-

>

orecber han e fined pomber =V3 oY 10 gractoey then npftu, the

Eeeted cipverpes, IE oftoe ¢ opapt fe bey o 4re acna produved
¢ ol T Yopp $#rem ur by, 1 sErine slTeaypar,
‘rocf:
I7 srder to nrova tra firct nart of the treqrem,
3 SofeXe R o tbntﬁmvloﬁn\>k*>1. Tet i. he 2 nurhar batween 1

end ke Trer tra weryies muor-~l- vv111 ceorver-~e I &fter ¢

cartzin term we toveo

s A | ]
MU e T
. e g } PR N
sy F. a5 -
~N
shioh moy be written Ln the form Lo,
. SN ; R :‘: 1 f,} ¢
{ v+ B a st g ks e ’
iy A 7 . LY ‘}im P ¥ ~ -
or enplying Paylor's {heoren to ihe rlght-ngnld elae,
§ *-i.‘ 't‘ ’:" s A . 3 3: x * ;i i" "' . | + ’; ‘;: ;‘
, *“ F'd - s )\" i ;{ / k] .‘.,..—thm-‘-- -t ’.\.N'E ) e! ,%
vreres alweys rexzlia ie=¢ trin a rixoa homber aa n -
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.

bocomoe infirdte, Simplifying this inequslity, 1t beac-es .
. [y} ,f'

5 log m At (n* 1) log (1 3/n) 4+ A (pt1)l0e(1" 1/n)
’ oz n

Fi )
The product (n+ 1) leg (17 1/n) spproeches unity ce

becomes infinite, for it may be written, b Tzylor's treorew
(nr 1) dox (1+1/pn) = 1+ (3/2n} (1% =),

vwhere ¢~ u;rnrooches Zero, Ire right-hsnd side of tYe gbove
Incquallity therefcre upproaches 4 o 1te 11-4t, and the
truth of tre irequalit; 18 eStublisted for sufficiently leorge
values of n , since the lefi-hand anide 1s grester tran Kk,
vhich 18 1itsell greater thandy .

Ite second part of the theoreom magy be proved by comparing
the ratio U&N/'uh with thre raﬁlo 0of two cvonsegutlive terms

of the cerirs vhose gereral term 18 1 fin losn, For tro

ineguall ty N
..\ hn oz n
), ﬂf Nri 167 (nea)

wkich is to be proveid, maey bz written in tr» form

14,03 . 5.0 o (1,10 . mes {11 )Y
(R I -l ».,fn"‘é I+ 2yl '
P Tz |

orJ&%{log n . (z;1) log ( 11P1/§).
Tre rightehand =zide epproacrer unity throuzt values whicr cre
greater than unity, &8 is seen fro~ tre sjuntion

( nyd) dog (2 4 2/n) - 12 %llﬁn (1+.)

Tre truth of tre lne.uuclity Is trerefore ogtcbliche for
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sufficlently lsrze valuc: of n, for the left-hand side
cannot exceed nnity, “de
4. In bhazwse's LKablo Iost”
"Lot Liin (
voavergenv 11 ;‘{( w/‘," —1?,1.
Livergent 11 ir'z(n w / ‘-.LI\ 1"
¥ the alwits ars potl. egquad Lo 3, e way use wmore Jelicate
tosin, found Ly writling
Dx2n log n, nlog n icg(leg nj), =—===-
Trese functions are of e forr <(n), woecre {{x) i3 continuous

anté £''{x) btends to zerc as X tends to indinity. Then the

toat is @
Convergert 1f lirn >0'

Liverpent iF 1l N"O n
flc

whers a,'/a =l f £%(x) / f c#/ £*{n).

Proci: -
f{nri) - £{a) -£'(n)a Lf’(.afx ) - £0(u) ; dx.

- f u; £rv{o ¢ L) db,

v'l\ 7

Fow we cun Lind ¥ 60 thai [fl'u.)j , & m,v. anu 20

tor

the last integral is eaeildy e u Lo be ses2s then v &, if n)v.
Trus f(ntl) <« 2{n) = £'(n) =¥ 0, as n 7

Writing f(n+1) and £(n) vor ;D ::-nd D, in Kunaes's test,
Lo

gives the form sbove,

21, Soursat=Jedrick Ofe Cite page 242-3403,
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e 80 _orgar's ora Bertrrrd's Kiret Test,

In the test {4) ebove, 1f £(x) x log x , we get tre
teat of dc Morgan ard Bertrards

Convergcert 1f 1im pi' 13

Civergert 4f 1im p 1,
~here aN/ 8, 3 t 1/n + p/(rlozn), .

Thery further teste are of lesp irrortarce,

6. Ermeloff's Testa~~logurittmic Scmle Testa,

The serlest(n). in which f{n) is subjoct t: tre

condition that fl(x) is defirite for vslues of x whick are not

integers, and that f(x) rever increcees with x, 18 3

Convergent if 1im e*f(e*) < 1
i P o

nree

Diverrent 1if lin e f{e ) /7 le
Nl ~3 v iy i

Proof:
In tre first plsce, in the first case, 1f p 15 any

number helween tre meximum liewit end onlty, we can find %

aé tl ilat

e#(a‘)(p f{x), %_12 x>E
Thus | e*2(e”) ¢x<pf£(x) éx , 1£ X >E,

or, granging tra irdepenient variadle to e in tre left-kand

e h < X X G:o
integral, we heve LH%) Jr(?[fbﬂ C‘JC/W"\QTt YR, e

8, Bromwich, op, ¢it, prere 39,40

E
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% //}i f#; {
That 23, (1 - p))f!:) dx’f\p;.“}f(x) dx - (f({x)} dx
n g {7 % #}
/ (,--. :' [ -v-: »
or \p. )ﬂx) dx = ‘.xﬂx) dx;’.
Or, agaln, siree the 1zat torm 1n the brackret la positive

o~

(beccuce Zze'

is greater th.n X), we hav: (1 = pfr{x)dx\pff{x);
As thie irequality 1s trus for any value of X gre&taf tren E.

1t 18 clear trut the infinite integrsl ia{x) dx must converce;
ent, therefore, 50 dvey tre aeriesjﬁf(gé: {As will be shown

in the Cauchy Intoarc.i Teat Following,)

£2, Bromrich, Ops Cite pagedl-4d,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



396

D. INTTGTAL TPSTS,

ls Caunovy's Integral Teat,
£4,.
Thin 18 n test of tre firet kird,

et ‘?jx) be 8 furgtlon ~hickr 4r poglitive for velvre of =x

grezter tran e cerfnin number n , and vhick corstirtly decresaes

g x incroases ongt Xia 4, arcroschire gero e x 4ncrenses

withopt 1init, Then, the r-ex*e s sn aawEtote to the curve

Yy = fJ ]x). ard the definite inteprsl j’ﬁ {x) éx moy or

msy not ppproack g 13-4t ss 1 incresses without ii~it,

The series =} + ;gf"(a rd ) 5 wead }‘ {atn )t=-
convyergea 1f the precedine intesrnl sporoscrea e 1limit, ond

diverces 1f 1t does not,

Proofs
Consiver tte so: of recturgiee wrose bales are nud}

unity end wrcge ultituldes sro ;?(zx), fF(a*l).----;;j}(a*n).--
regrectivelye Slree rzekr of thers rectangles oxtencs beyong
t>» ourve y - '? {(x}), tre mum cof tholr areas 1s evidertly
prostanr tror the aren Latwees o xesxlsn, e enrve 37 i".:’%(x).
and tre twe oro'vante x*a, x >a *tn, Thet .le

%‘ (a) b 1(‘ (2 + 1) dewacart «!"‘5 n)) ?(?) dx.

-&-w

~4. In teatirne & verices . f tre form

u, P teenin dena

duloig=Reyuond oalled tronr tegte whicer ~ale uw e oF tio retin
of two o©¢C 'beOutivG ter~a ‘tnoat: 0f tre cegn s ulra®, 1o
trose t‘ut&! whic mete use ¢f te gereraod termr G Lsre
crllea testa cf t‘” "firot Linu”, fre sc e notutlor 12 nued
rere to desigrate tre two kirds of irtecrus tevrta,
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On tre othar rerd, if w2 co-pider t¥es recctangles
irside tYc curve, with a cormon base ec¢usl to vnity =nd

w7ith 21ttt todes

r}.‘ (et 1), @} (st 2) === q (2 +r),
regrectively, tre gevrm of tv¥r are-s of thesn roectanales

is evidently Jlesp thar the area vnder tre curve Y- 1}(:),

era we wey writs LS i

dtar F G arur—epd (et offer o jhee e
)¢

a

S———
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/ﬂi
Hence, 1f tro ::tegral\)’? (x) dx < nrogoreg o 114t ‘f!
€8 L isgreases irﬁefirlt:Iy, the soum
¢>(a)l-'--’d+¢(af*n) eiways re~alns leas,t*an‘# {a)4+ L',

It £ollows thut the sun in gueetior aroPeaches a2 limits “encs
tre soriea ’]b (a) ”f”"? (ot} ;L---#a?a:ﬁ;} n) 1s ocorvarrent,
On tre otrer hand, if tre intesrud 33 (x)}) dx 1inecrunsas
beyord =11 1izit ar n irereaces wlt&out itmit, tre save i
trus cof tvre zum {f (e)f"; (af-2} ~-4-¢ {a4n)=-=, za in seor
in tre firef of tre nbove ireqnzlitisgsy herce thre serios
diverpen, &e

Broywier calle this test the "Mpelwuvrir logsaritvreice
Eesle Test”, mrnd tells ue tret altrecur? tris tewt ism
comrnorly attributed to Czucty it ocecurs in Raclnurlr's
"Fluxiors™ 1742, erticle Z70. Es sintes ur’ eutablishres tr:

tteorem in e different mornrer, ge folilcws:

o "Tre serisstz g Coryverger or diveroes wityt t'e inteer-l

J £(x) dx; 1f convergert tre gur_of tre seriey oulffero
)

diverreni tre Ji- 1t

of ( S = T) revertbeless ecxipte -rd ifee betwesr O ani &,

2roof:

-y

fros tre interrel by less tYor 3 1

If we write fix) - it maey ha:;en that tre

25 Goursat=-Hedrick, op. cite. pagellii=3l%,
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furetiss f£{x) 13 slao daflulte for veluves of X whier ere
net integers, and trat I(r¥) never incrcuses itk x, Tren,

it X 1iss betweern (n - 1) end n, 1t 18 rlaip that

S S
imy o f(x) T &gy > Qe

Prus frg tto defj_gzitio:" cf zn Jntecral, v havag

"4-’-!?' "& T . .

J atx T )} f{x) dx ,} ) g, 3%,

[afad 'y “,’ ‘1. ) . AT

ie Y

or, 8 " gﬂ xX) ix 7 e
write now -

1, = } 2lx) ax
and =8 find on addition for nil,L,~-=e=-

"“' -":“ [ X K L N K ]
a\ b 3» 4 - a.'-';‘- - I." T &h'f:l} Qe

- ar :’
or, SN a@, w In * Sia’ - B,
> - > )
Eence a o 8, I - &,)0. ;
: i &
Furttrer, fSN - IN() - (3},__5 - I.w’-{) L&, ‘{ 'f‘X} dx z O,
L1) )

end trerefcre tle sequence whote n - term iIs . 0= I

never irc:ezer; anid 8lvce itg Loy ore contalred petweon

QO ani a s tre Boguasice mast have © 100t ana

. R 2€
a .2 lim (SN - I ) 7 T
! - [P e ]

3
[N

r&, £Prernvict, cr. clit, ras2e ‘.
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2e¢ Irteprgl Tests cof t'e Scecrd Xind,

integral tests of tre secord Lind apply to geries for
which a function ie known thect for ruceesaive vsiues of tlre
ratio of ore term to the precedins tern, Such & gorles cen
be written in tre followirg narral forw:
©+0oe 8 e +ce 83 | oa s agy-----‘---

vrere & _ e(n), 8 (x) beir2 & knowr funetlon,

Brirk gives ceveral !ntlosrel teate for tegting tre
conversance or divcréenca of infinite ~rriec, Bls flrat tecst
i1s & fundemertel test of e recond kinds itren he mives
three other tests which are merely varletiocre of tris tent,
Eis fifth teast i & pererully useful interral trzt of tre
second kird ir s 8imple form, Kere the Jundpreantal test
und fta proot zre gucoctec in detall, tle tenté crly ore
quoted for tre gecorda, trird, ci:. fourtn, tegls, &wnd thre
f1Lth teat with ite roof ic quotes 1n full,

ae Fundarnratul intearuy Tesr of 9o Deocoi Tind

_Tredrem 1,

" Givern tte weries . v
upfuﬁ—u'_,‘-\"---— (uﬂ>0, ”?/u-

- u u 0@ auppoue that fro- a cortul:. polnt
Letl !,'(« ,m/ Ly &n UL po that {ro i

r(x) 18 &« continuova funtioa suck tlat rin)-— T

guppoe bral a ccnatunt @, exiuti, positive or szera, cuch

srd

that r(x')% rix) vhen x'é x + m,
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" Then & recereary ard pufficlert anrnditicn for tre
convareevice of tre 2iven parien 18 the convergerce of tte
integrasl C o

Jlog rix)dx
5 a - dx,

Proo? ' :
Under the condition, from a eert in point or, eithrer

r(xi>‘1. or r(x}ig 1. Surposs thut rl{x) .« 1,

i¢ ,:\x.
we take ¢ to b8 on iInteger, Then
(1) el ,
log r = ilog rl{x) 4r ~ 1oz r,
wenn T J -
we Prite " ——
Nt R i N¥ )*' - f :
{r) flog r{x)d= * i *.~-*/« logri{x) éx
e adx - oLy M o ix
{tho bar 1rdiee'~“ that troe 15@ cgrele under !t have tre samo
irterro: -o)
{(3) Therefora by {1)
/'m'f . {,,_,M-H :
: 103 J’(Y.) :}x P 10!‘1 r :.‘:'.ﬂ' r . - - lep r
/{ e o dxé‘ s o e At ATPA ,N@?.
ki
M o
2 s Do
| o o I » ssesessnusse a Mf‘[fw\.
pa AR ) 'mf’ TR
Likewise,
, 1
(2) nt
log rix) dx
e AR r e T asvacee™ h | o N »
- adye TR, W ey oA
* N Al e,

similer inequclities hold 1f r(x> bince ttre

sty r X o
M
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integral . N
. dug 4{x) dx sehhel  caclilunie, ire
e i - ' dx
"'.,g,

Cheorow doliacw ab voee o a comparlos: of (bt Lo serlcn

PN 7‘_..;.;- e
foaed v . . a O A+ dx' .
2 KA. :
by means of (Z) ana (49"

Le dhecrerm Jdle

Telven e wCiics W, G U, v { uooGy flon)

w W s

Lot r{x) bo ¢ furction w1t o contirucus verivative ri(x)

:1.;,- PR gach et z{n) o r . 'jf,:/ uw‘ *

-
A

wrnern o necessary onu suifloieny ¢uonditior “eor Lye cunversence

of tve gliven gerice i8 the converrence of Vte fntenre .

;b leg rlx) dx "
: S N UxX,

- es e v

£,

"

( Theuvrer 11 iz ‘roeiunced In bvoe followl-om thenren).

¢, Thavrea 1il,.

"Cive ~ the goxles

o, Umeem—-- , (u_‘»_ 0, n» ,A,J'
- N ¢ ’
Let r{x) be & cortinuvous functlon enecn thelr , for X .
(li !“ﬂ) " X _u / a
{2) 0 4a._r{x). B,
(2) j r{x*) ~ r(x); , £(x}, wrerever 0. (x' = x):1
i ! s - 2
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Ths cerise . f{n) bveire n converzent series,

Then a necagrary srd gsuificlient cordlition for tre

convergence of tre plven series 49 the convergence of the
integrsal e A
f lepg rl{rx) dx
e dx.

¢

L3 X 2 X 3 2 2 5 X 3 T X 3

d. frearen 1V,

"Give the geries

L"< :) H
u.ni n"’"u;x P ‘ ‘;{fo' n ‘».).

-
“

Let r, = u, / u, =2nd suppose that r(x) 1s & functior

gatisfying the prelinmirsary ocnditior in =ny one of the

theorems 1, 11 , or 111, and thet r(x);} i,

then tre paries oconvergea 11

r{x) N~ . 8,
T T Xe
end diverces 1f
. X
7 . e \ .
g { e*) _.' A B ;'l » m - X, "
ri{x) - Vi o -
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@, Theorem V == an Intesrnl Pect Involvire r(x) =1,

"Civer tre cecries . .
n«i ‘Fn} 91 - ‘ q/ o' nf,bi )
Let r- q / g » 8nd Fuppose trat r{x) 13 & positive
integrsl funetion smatisfyiny the rrelimirnary conditions ir
ons nt the theorems 1,31, or 111, and tre further cordition
th " r - 1 | x
at x(x) 1[ (et .

Then e saffleiant conditis- for thay eonverzence 22 tre

sarlies 1a he aoanvarrence of the lntesrul

[ r{x) - ﬁ dx

GXe

fhis cornditior 13 also nsceszery for tt%“conreraencn of tre
r‘x) - g z. '
\ =
Froof: -

' - : v o R ' '.J.
(1) oy rf{x)l; vfx) =3 =% »r(x) -1, c{x) -1 =
7 e

¥ .
5 * - Fwmee §
-

geries 1f <fror a cortalin point on

e,

whers ¥ I2 » oonctzet,

et A et i

iMen Jng r{))iwg;rfx) -1, @2 that
S N ) 3 \ .
¢ 1 lo2 ri{x) éx s §rfx) =3 dx
j e ! az =i e . = dx,
- M’#

Me'roPora sires tre rreliniFers corditicra of ore nf tho

trecrens 1,11, or 111, gve ~-tieflad, so thet tho plven

series and the integral .. ¢ ©
; } r{x) éx
N 0{_ d?: 'Y
©e L)
converge or déiverge togo k* r, tra armwerperes of Lo inlezps
,.n. .
or{x) - 1 A
J .
e ax

-

is auf’}eient for tre corverpernce of tre ziver ueries,
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Tre expanﬂic"z (1) ccrverzes uniformly for

! r(x)- <e o thet 1s' ¢, é e We can therefore

< <

integrate 1t term by term over any mterVal/U - X= A,

{
flog ri(x) dx.ftr(x) - 1_1 ax = %ffr(x) - 176x --

/U. (15 \X o and

Then

. - o 3
flog r(x) dx f‘ J Tr(x) - y dx - %/[}r(x) - gdxd
X, X

dr =

LR . (x‘ gx. We “Trave
(= [exy =21,
l rix) - 1 X , €0 tret !_r(x) -1'“)-

. i
..[r(x) - lj;*-k", {r(x) - 1')- k3 ———— - x?ﬂé .

x2
Trerefore
-_‘
X 4 L,
Jloé‘ r(x) dx / (Lr(x) - JJ dxe- e;_l_t:; .'l&x'fd
° % /:/ ax jig
‘t n ) - ‘(J ’ ,('(
- j rix) = 1'dx - 2" Yax=l j}‘ dx-=s=---
> e % ) }x‘ 3 _ -
¢ X, dx -
X5
LS 4 2 2
1ir (x) - fldx - Kk x™ X we-=] édx
e {\[; - ('é'i T 553 + 4,8 x¢ F ax.
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Jf = ia ®apan gre=ter +v. o ¥ tra popis- g

- -

prrenttrest> oorverars tc o valur C, Consejguently

. A . ,
(o | -t ;
s log r(x) ax \\ { _}if‘x) - 1lax

’ '8
€ 5. CE 7 N ‘{&

hY

W .
f\f‘ (%
frerefors vhen X iperecs: i.cetinitoly, it tra Zecond of

thege tro Iptesrsic dverper, the Firet cre aleo divercegn,
27
and trs given =erjer civergen,

Brink also 2ives two ¢ wer testg vhich zre extensions
of the firat oree tn dnpble ard goralerx neries, VFis teat
for gcomnlex Beriesa 18 olvepn Inter 1n this raner, T™r cther
ore ig not {rolnded wa 3¢ fa e 91 ~1e ponllegticn o7 o

gtheyr tmois,

It g <vidsnt th-t trtooer 1 Lecte AT fhe goceovd Nl

gre Qlonrls raleted - % o w1 0 v b s b,

7 Helnk, ©, V. "A Fow IniterroY ot For Convarjsree
Hd - =
ardA Divar~erpoe of Infint i Fert-~,
Transactions of ths American 'athzcatical
Sealety, Vol, 10, 101n,
pain 1Bo=204.
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2, ALITREATING SRRIRS,

If the terma cf a serles are alternately positive and
negative the series is called an alternatin- geries,
(a)

An important test for the convergence of an slternatirg

series is
If in en alterratire verieg the terrs arnroach

gero o8 n ~7o4 end 1f after a certeir term cocl term 1r

graller tron the ore rrecedine it, tren tre ceriece corverces,

Proof:
;et a be a term after vhick tre terms grow smaller

nuterieally, and let S, be the ru:- 0f the first n terma,
Tten it ie obvious tr=t e¢ll avrs cfter §,,11e between 8§, -
e.nd Sﬁﬂ. Sirce by tckinr n sufficlentiy 1rree t¥o
d1ffererce betve n 8, ans £, may be ra.ie g3 smcll e2 ve

p.euse 1t follows ot once that thte cerle= 18 corver-ent,

(b)
inctrter test elnilar to Rasbe's ratio te:t 1e:
12 v, 4 V. Car _be expresseu 1r thre for

Yoo = 3 & A {-0(}_) p>1.

Ve . nf

W '
Ire serles («1) v, 38 corvercert 1f ,u_>0,ami 1S

divercenrt 1f/»§0.

Proof:
For 1f,. .0, after = cert:in trrm ve grell have

“ 01l
n > ('51'3 s BO thet w v 3§ furtrer, trst 1im v-0,
Fig N4 A
N ~—» 00
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Therefore the ceries converges, 5ut on tre otrer beﬁd

¥ Zui O, 1t 1s clesr trat 11~ v 15 not O a8 n ircreazses
without 1imit, therefore tre ceries must be divergent; end
1240\ 0, we have E‘(XH ., 80 thrat lim v cannot be gzero

a8 n increase without limit, therefore, ezein, tre gorieas

must diverpge,

Ry

e _ABSOLUTTLY CONV RIVY]D BREIV O,

A Beries 18 soild to be &bsolutely converrent if thre
peries formed of tre sbaolute vzlues of its terma (or its
modunli )} <form a converrsent serles slso, The sories fprmed
of tre absolute values of tre terms of a serles is celled
the gdjoint series, also,

(a)

Ary series vwvhatever is conver-ent if tre ceries
formed of tre absolute values of tre terms of tre glven
peries corverges,

Proofs
let
(1) ur u4 ui~===~u be a serirs of positive
ana pesutive termg, and Jet
(2) U+ Uy U4 o== U. e= bhe tre serlen
¥ o :

A

of tte modull of tre piver serice, vwrerr U.| u

1f series (2) eonversres, series (1) must 1ikewisr e nverre,
we rave Uy ==e u:: Uy U, U, e==$U

For 53:7*-7/‘; "N ﬂ+p: ~ V\f’ "ff; N> ' ,r;-?

tnd tre ri~Ftebrard aide ~ay bhe made leus trer cny preassioncd

pumber by choosine n sufficlently large, for any gubgeuent
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cheice of p, hence tro sa~e 13 true of the left=hand slde,
and tte series (1) must surely converge,
{v)
An agbsolutely convergenrt series remsire converzent if
~each term a is mulitirlied by a factor v, vhose numerical

value Goes not exceed a constent X ,

Proof: “
for, ainoé}-%w is absolutely converrent, the index
i o :
m ozn be chosen @o that ™\ a * « , however small- may be,
. Foensd 4] l‘x Y
But . v_‘w , ‘:; . £l
Py oA W e e Ve ord] & Vi 8.Vl & ky
AR I - A A
Thus ¢ 1T o~
ety . '..‘.:n.v ——
;N> a v{,,kz & . ¢.80n5 therefore tro seriea - a v
Y P N i

ey

" ’ § P
Is'ﬁdnvergent.

Any sbsolutely convergent serleg may be reparded av
the difference of two convergent series cf positive terms,
In numerical cslculatiors such geriepg may be treates ag 1f

it woere a sum of & finlte nunber of terma,

(o)

™o sur of an absolutely converpgert serira 18 the samo

no matter in what order 1ts termes sre arranred,

Proof: ,
(1))Jet ' @, be an sbsolntely conversent series witr
R )
8 um Sl . ] "

be tre Beries forme&”fréw tre toaitive =zr. recative terms

resrectively of (1), Trer (2) ans (Z) are botr convercert
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elrce (1) 1e absolutely convergert, lot the sums of (2)
snd (2) bve S, 8'' reapectively, S' belrg vositive, and
3'' beirz nepative, Tren S'4 S''. S,

If tre sum of tre firat n ternc of (2) differ fro- 8
by less than d, and tre sum of the first n terus of (Z)
dlffer fror: S'' by less than &, wluo, tren tre sum of tre
oollection of k terms from (2) ard {3) which contsin tre
first n terms of both series, and other terms, must differ
from S'*_ S'* - B by lesa than g4, But @ mey be
mede as small 29 we nleass and hence tre sun £ tre first
k¥ terms of the rearrunged serlee can be made to differ from
8 by es little a8 ve plesse, That is the sum of thae

regrranzed series is S,

(28) Comrarison thecrem for ebsclutel: conver-ent series,

A series
$8 abaclutel: corvergent provided thret [ou o 18 alwezys
ooy

lesg tren c! v ? where C 18 sore rumber indepenxent of
o~

n, end v 18 trte nl term of arnther zerles kr-wn to be

L%
gbsolutely conversernt,
Proofs

&y ? 1

whrere h 'and p are ar; iﬂtegers. but since the aeries s:v

v f"f} u ¢|v A }:ﬁ{r“f{ }

is absalutely ‘convers -ent, the acries\ﬁlv is convergent, cnd

so, glven & o we ozn find n such thrat

S I NI

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



64.

for all walues of p, If follows therefore trat we can
fina n euch trat

u lria |+ eeee @ ﬁ{ﬁ. for =ll
TEO4 T Loy

values of p,

That 18 tre eeries 2n,¢ is sbsolutely convergent,

(e) Corollary.
A Beries 18 absolutely oconversent if the ratio

e “h,
of tre n’?term to thre nr?tarm of a series known to be

sbsolutely convergent i1s less than some rumbnr independent

of n.

4o CUUITIONZ LY € TVTIOTIT INPINITE STRIFS

If a series 1e¢ convergent, but the cerles formed of the
modull of its termas ie not convergent, trhe series is said
to be conditiocnally conversent
For example, tre ssries
i g

— ‘J‘_'“L-a‘-nw.ﬂ'- !
log 2 =1 <73 aff f(l)%

is cornvergent, but the eseries fermed by §ta modull

144 »4 L . .. 41,

]

oA ") . n

or tre rarmoric is cbvioualy divergert,

b, UNIFOEY1Y COUVTROERT 8¥1ITS,

A serlesa of tre form
U ..‘x) 3 U’ (x) ye oc-----.*uﬂ‘-(x) _,."--n-n
each of whose terns 18 g funotior ¢f x which 18 definite

in en interval (e, b) 42 said to be uniformly convergent
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in that interval if 1t converges for every value of x
between a and b, and i1f, corresponding to any arbitrarily
rresesigned positive pumber € , a positive integer W,
independent of x o¢an de found such trat tre absclute value
of tre remainder R of tre given series
B.U (x) + U (x)p . . . . 40 (x)4 enee
ey A4 N

ie lees than for every valve of n > N, ard for every
value 0f x whioch lieg ir tre 1ntef;al (e , d),

The latter conditiorn 18 essentiel in this definition,
For eny presssignoed value of x for which tre series
converges 1t 18 epparent from tre very defirnition of
convergence that, correspording to any posltive nunWer = ,
o pumber N can be found which w11l satisfy the condition
ir question. But, in order that the series should converse
uniformly, 1t is necessary further that the same number XN
phould satisfy tris conditior, no matter what value of x

be selected in that interval (&, ® ).

(a)
The importance of uniformly convergsent series rests upon

tre followirs propertys

The anm of o gerieas vhoee terms cre continuvons funetions

of p verisble x in en intarvzl (a,b) gnd vhick corverees

uni formly 1r tret irterval, 42 itself a contirnous functio-
of x in trat intorval,

let x_ be & vaslue of x between a ard b, sni let ’éih

-
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be & value in tre neighborhood of =x. which also lies in

the interval (&, b)e let n be chosen so large that thre

iemainﬁer :
Bx)= gz  u (x)* 7

i8 less ther ©/ B 4n ebsolute velue for all vslues of x
in the interval (e, b), where € is an arbitrarily prezselgned
positive numwber, let <f£(x) be the sum of the given
oconvergent seriece, Then we way write
2(x)z f (x) + &, (x),
Where ‘4 (x) denotes the sum of the first n+1 terms of tte

seriesn
$ (x)z uy(x) +u (x)Te=e==u (x),

Bubgrasoting the two equalities
2(x) ~:"§=(x¢)fnﬁ,,,hg). and  f£(x+th) = {(xth) v R (x+h)
we find . ’ |
r, L v mj‘. .
2{x +h) - ﬂx);L{ (x+h) “‘ij‘x,‘,’.f + B (x+n) =-&(x),
The number n wes 80 crosen that we have
SO= iR {x+h) | o &
On the other hand, since eech of tre terms of tre series is
2,885 tinugee fpnotion of x, j (x) 48 itself g contirmous
Eence a positive number : may be found such that
[ & (xem) = [ ()| 7 3
¢ (xr ) .
| 7 { SN
. [ -
whenever ‘ h| 1 lese tran - o It follows itrat we ghell

-

£{ x4h) = fx) /3 ‘E » Wrenever ~h 1is less then .
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This shows that £(x) 1e continuwous for =x- x ,
(b)

The followirg theorem ensbles vs {0 show ir many
cases that a given weries converrzea uniformly,

Let
u (x) 4 a (x) 4= === 4 np 2, (x )=

be a series each of vhose terms is a contiruous funoction of
X in gn interval (a, b) ani let

J 2 ~f
be a convergent serice whose terms are positive ccnstants,
Then if [ u s £ M for all values of x 1in the intarval
{(a, b) and for all velues of n , the first series converges
uniformly in the interval considered,

Proof;
it is evidornt that we phalld have

g u#_ o wow /% M.,‘, Mé woew
ey ey = P, HE-
for all values of x between a ond b, ILf N 48 chosen so
large that the remalnder R# of the second series 18 lessn _
than for ell values of n greater than K, we shall have,also,
)+ 2 tl,""""‘ }\ =., »

ru"f
whenever n ie greater t%an B. for £ll valurg 0of x 1in tre

intervzl (a, d).
For example, tre serien
H $.B sinx , ¥ sin 214» meee, B 8in DX . ==
' a T e

where H * m y==== have tre mame meanire as cbove, converges

in any 1nterva1 whatever,
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The test just civan is nsually called wWelerstrass!
J=Test for Uniform Convergeroce, Sories whrich satiefy the

H-tezt have been called normally ocnvergent® gseries by

Bailre, since it can be epplied to nearly all eeries in
ordinery everday use.ga
(o) Abel's Test for Uniform Convergernce,

The series Eam(x) vﬂhl is_uniformly corvercert in en
intervsl (a, b) providea that >a (x) 1s ondformly

gonvarcent in tre peme intervelg trat for eny psrticular

valve of x Iir tre interval vwi(x) 4i& positive srd never
A

irgregcea with n; and thet v (x) remairs leass than s fiyed

norher X for gll valoen 0of x in tre interval,

Proof: -
Por 1in virtue of tre uniform convergence of e (x),

we can find @ 80 that, whatever posiiive integer p may GLe,

a , & _t_ &a g Tomenw & -r a+~--¢- 4_8_ .
L M3 My
are all numericelly le:ss the.n L. fhen by Abol's Lemme,
n 1f the mequence (v) of positive terwa never inocresse,
the sum 8 v lies between Ev ard hvy, where H and h

are the upped eny lower limite of tre suns £8
[:% a - o & 4+ Qo D _Sww- g
R ar SR LT S ?

we gee that

C&x\*’
I & (x) vix) kev'{x) { € K , since by hypothesie,
“~ | L
N évv (x) m&‘omerﬂﬂ*’ uni formly ir the intervals Val & vi(x) LK
L

N

28, Brirk, ©op, cit. pege 124, £7,128,
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The moat 4mrertant ppecial casca are when 3

(1) e, 18 irdependent of (x); ana

(2) v, is indapendent of (x).

Tris 18 a more deligsste teat for uniform convergence,

{d) lirichlet's éeet for Uniform Converrence,

The ggrigg,‘zujx) v, {x) 28 unlfsrmlx'convergnnt in
an interval (a, b), provifed that (1) the eerien > u (x)
oscillates go trat tre shnolute wnlues of Jts 1irits of
opeillation remain leaes than g fixed rnowber K3
(2) Zfor_anr pertionlar welve of x Iin tre intervsl v, .(x)
ig positive and never incresses with n § and (3) a3 n

tend to ", v (x) tends uniformly to sero for £11 velues of

x ip_the_interval,

Proofs
for then throughout the intervel, tre exprecsiors

/ " i . i T M, eeeseee ., U+ Ut =-u

B & il e A Aob " or g

are lesc thar £K3 and we can find ex $ndex m &ucn that
v (x) = for el) values of x 1in the intervsl,

Thus, u2ing Abel's lemma &g before, we sse that
L. wixl oyix) p 2ek o
3 o~y -

peints in the interval,

L o Ao

>

for al

29, brink, op. eit, pege 125-176,
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Thie is enother test more Gelicate thun tre M-Test,
(o) |

The copditior of uniform convergence nalep :03sitle the
use of the operatiors essociated with the caloulus,
@ifferentiation and integration, itese are of especial
value in ecnneotion with the convergence of power series,

Fourier's ceriss, and with nultiple sirlzre,

(1) Any series of continuous function which converzes
uniformly in a«n fnterval (e, b) mey be integrated term

by term, provided that the limits of intezgration are finite,
and l1ie in the interval (a, b).

Proofs .
let x and x be any two velues of x which lle

between s and b, and Jelt ¥ be a positive integer such
. 5 - !
that l R, (x)] { & for all velues of x 1in tre intervel

{a, b} wherever n(}-n. let f{x)} be tre Bum of tre serico,

f‘X)‘:: Il,_: ‘x) "f" u, (x)*‘" - "‘f‘"qi(x’a.-‘“ ‘

: 4
P W

i s )
and let we set D,> ; f{x) dx =; v, dx =, u dx-==u dx. K dxe
# ; . o

[
w! . .

The sbsoclute velue of L, eprroaches zerc as n increases

indafinitely, erd we have tre egustion

i f(x) dx» v (x) dx *ig(:) dx --#fu (x) dx ¢ m~==e
“u ‘. ..‘ ":\
Considerina x a3 fized ard x, a2 verlable, Wwe cbtaln

oh S

a series
‘u (x) 4% $e==i  ov(x) dx; ==e=-==, which convergesn

f‘“\; ‘. .
apiformly in tte irtervol za.b) and represcnts a cortinuovs
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funotion whose derivative iz fix).

(?)

Conversely, any convergsnt series may be differentinted
term by term §f thre resultine series converces uniformly,
Proof: for let . .

flx) >~ u (x)~ u, (X))} b g (x)? «===
be a sories which corverges in the 1nterval (a, b)e 1ot
ug suppose that the g&rles rhese term: &rs~ tr- derivatives
of trhe fterms 0f tre ziven series, reapectively, corverze
uniformly in tre same interval, and let %T(x) derote thre

sum of the new zceries

4 (x) = da» du. 4 ——eed duv
| . s
Integrating tris series term by term between the two limulte

x_ &nd x , each of which llas in the lnterval (z, b),

we fLind A y ’ N
¢ i ; |
(x) dx={ uwlx) = w(x) + w» (X}~ g (x) {e==-
J e T .
or “ 5,
; i. - - : .
‘/?(x) &x = fi{x) f(xf). 2.

This shows that } (x) is the derivetive of f£(x),

i

20, Goursat-Hedrick, op. cit, parel64«%66.
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6s COU-LTX IBFIHIT?;‘ 3FERIES,

An infinite series of gomplex guantities
z 4 g ¥ & = zj ' womeme 2.7 ees |
18 cslled convergent asnd the ocomplex quantity 8 is eeplled
the sum of tre series when |
m (2.4 3 + eeces 27 aee )
n-» o
exists and 18 ejuzl to 8,

A necegsary and puffliolent ocnditior for trs convergence
0f an infiniteo saries of complex quantitiee 318 trat tre eeries
0f real perts eand tre seriez of imagirnary parts reaspectively
ocnverge. |

A serles of complrx gquantities i3 callied abasoclutely
corvergent when the series formed by thre sbdsolute vazluss of
1t: terms cornverge,

If a series 0f corrlex quantities converge absclutely
trhen the series iérmea fror. 1ta rezl parta, anac from its
imaginary psrts vorverga sbecintely.

If a seriea of ¢omplex quaritities is sbesoliutely
corvergent its aum iz independent of tre arrangemant of the
terma;

Let LUCEURS SR Lt
bo & series whose terma ore ireginary guentitiest

B8 ¢ b.1, R.a+bl, «w=~ uza + b1, «m=-=

(1) &8 4 & + 8 y=== & &' , (B) b« b‘f bAm=~ b = g
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8' ¢cnd 8'' gre tte auuo éf seriens (1) and (2)
rag ectively, Ihen the quantity 3 8' B'' 18 called
tho sum ¢f the complex wsavies, It 18 svident trat 8, 18 ,
&g befors, the limzt of tre gus 8. of the first n terms
of the series ae n beoomea infinite. It i3 evident that
e comrplex seriez is essentially only a oomhination of two
seriss of real terms, whea tre periea ¢f nbeoluts velues
cf the terms of tre series of oo plex terﬁga

(8) YETbr b aEr e memee e b res

converged , eech of the series (1) and (2) evidently

oo L1k
N P My -t VAT p

ccrverge sbsolutely, for {j aﬂ! .'_:.}

In this ence the oorplex series 18 sald to be ebesclutely

2, b erd ibugéa{vbﬂ.
I . ia: 3 ¥ A

corvergent, ite sum 0f such a serles is not ultered by e

change in the order of tte terms, nor by grouping tre terms

toge trter in any Wal » |
vonversciy, 1f each of tre meries (1) and () oorverge

gebsolutely, tre series (3) oconverges abuoluteli. for

L
L4

B N L Y

ety

-~

...,jav:fg + !b‘;“’
- sa Pt

It 18 e=ny to Bee that the necessary &nd sufficient
tcet for convergence is thot, corresponding to sny real

positive number = we oun f£ird m svch thrat ; 8 + 8 7T== 8 .7

provsy L ™ 1 %o " E Y l.,\
no matter how larze » is., Binco thre series to bo temted
1%;2%?! which corsiste of positive ter~s only, we can erply
at once any of thto cownon tests for rositive term series,

31 Goursat- Hedrick op, eit peceZ2flw?f],
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" Cuncoty's integrsl test may be extenrndad to teat

series of poritive and negative, or complee terrme,

GCiven e series
I e T

Let u(x) be an integrzl functicn of tre real vericbde x

~suck trat ,
(1) wln} = uv
() 1ltmui{x) = ©
- ST
{(2)
‘u(z) »uﬁl%vﬂ. oéx-n‘gl.
tre serles & .
;2 7Y beirg & oorvergent series, A

N T A
afficlent conditior for the convergence cf

neceseary £nd g
tro serles ’ "uy 18 the convergerce of the integral /| u{x)dx
HZ O 4
Prooft oo ,
IT we write | - T T S
¥ E - ’
Lt v e : . , SR FEE e $ 4 . - - -
we have f, - A ! f Ak w i T
a7 ”. .
: N ¥
+ ‘: i P 3 ,"i e w"'“‘; i 5 3 "i.t:
": 7 # P 4 o . f Lt
- o e P f; ?;M oy
LA g - . - .
gince 1l4m ul(x) =0 , 1iim /) ulx) éx*0, ifn_.x  n~1
. 4 gt - *, =k - .
Trerefore b ,
£ T .
g, 5 ¥, 4 vhere n°x n 13

1im EJ'u(x) dx =
This irequality eatadlishes tre thecrew, a8l e by inecrecaing

& we_can make iﬁhv“/as emsll a8 ve wish, Yoreover {he
iroequalsity provides iiaity cr trhe raluc of (re werics i the
geric¢s convergea, or on itas divergerce, if 1t diverges.,” 32

"A Vew Sequerce of Intoara: Tesgta"™

20, Brink, F. &,
Annals of Matremstics 119,
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iV, LEC-HE LCVFLOLD W2,

in tre atudy of infinite teriens, it is parnhaps
ratural trat studies were made firet of converpent serlec
and trat little vse dore sbout diverpent series until the
closre of tre nineteent: century. 2ince tr+t tire Intersat
in diverzent serios,tte cirale of convor»énoa, tre difforent
tiree of surmabllity of & finite xeries, ocnvoreanc~ In
meen, and Ieﬁeaguo‘inhcgratlcn o has devslosed repidly,.
«hile most of trhease toploes are Deyond the scopde of this
parer, a brief discuselion »iil bé of irterest,

The difficuat problexs in connectioﬁ with kﬁe theory
of convergence of Fourier's series cover meny pages in
mathematicel bocke sna magasines. The appurent hopeless=
nean of obtalnir nimpla recessary and sufficient conultliors
on fl(x) for f{x) ., f(x) 4§a implled in t e foilowir~
theorem attrtb;tbd'to Bardy: .

" A necessary and suffliciernt conidltion that
f(x) fix) 18 that f£(x) o f{x)e™e
" TR, P Agnew of Cornellvvgiinrsity Yas an interestine
article "Convercence in "earn mnu Ieberzue Intezrstion”
ir wkick he explsins trease two terma, tellr <L treir rorita,
and explains thelr applicatior to Fourier onalpsls,
quntirg briefly from thie article: "let

‘..4{ R * vAh,. , i’ ' — b o - - e L
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be & seriece o voratante or furctiona{ real or 8am-lex)
of a real verlable x, It hz: boen recosrized for meny
Jeara thet 1105 le too shert to udd up 11 the wv'a, ani
that eore other metros of evaluntiry tre gsoriez wuat be
used, 7The oleszelc method c¢f converrence irnvolves the
sequerce of pertial suame defired by

£, % v,t0 fameeenna gy,

If there 18 sn £ such trut

then the perles u *u -==-~, and the se(norce {'gﬁ{‘ zre
eajd to gorverce to £ , and we write uim f, =71 .,
If there 18 no £ s8uch that the 1im £ =2 £ , the serlies 1a
called diverront: this does not mean that the geries haa
no valuve, but means ratrer that the nethcd of convercenos
Is1is to asuign = value t3 the serien,

tetrods of evalnatior of series and of seguerces

( of zhioh the method of corvergence 18 one exsmols) have

come to be ¢alled metrcde cof sumedllity; =eew~e--

Another mathoid of evulunting merfes und sejnerces of
functiora, differira from tre wethodn 0f summability
eorgidare . 1y these expreltor: .sperg, Is ore krovm se the

mathod of corvereence 1:- meoan Or mIEn CONVOroeron, 50

flluatrate this wwuthod oy un ezumple.

let
x" Iﬂ.' 3
genote ir order the' cliosece suhintlaryaslis of tho interval

( o, 1) (0,%), (%, 1), (0,+), ooy (,1), (0,3),mmem=ns

-
I‘ '--‘ -
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For sack rp=1, 2, 3,~=-~ let troe funotian ;[x) be defined

hr the formuis

1(1)“. if x lles 1~ ¢t irtervel I,
=0 otrerwise. f

Thie sequence {!x)i 18 the seayuence of partial aums of

the seriecs Qa4+ U U=,
]

hen =x $s fixed Ir the intervel C% xgl. there i8 an

Wh‘erﬂ ui:’ f‘. u’.“", a -f!. e Y

Infinite sat of U's for whioh: x .led in tre interval 9
and 1!x)~:1: thie implies that £ (x)21 as 0 beoomes
infinitﬁ over & et contalning some but not all positive
integers, On t¥e other rand treres {a an Infinite set 0f n's
for whick x does not lle in tre interval I, and f£(x) = 0
thiz implies trsat fﬁz)-? O @s n ~~ -.2over a set containire
sore tut not 1l positive integers, hus, for every x 1In
the intervel O -x <1, 1lim fﬁx) fells to exist; the perics
and pequecrice sre therefere diverrent, tre mottcd of
convergeonce beirg insdequate to evclute the serlee, .

ve chgerve, even thongl ‘ff€x)£ divargma, that when n
ie iarge, f(x) is rear © most of tre time, tkut is,

%1 x exoapt trhoss belorzinz to the smell interval I3
at a8 n increasses tre lergt» of 1 tende to O

and tre grarh of f (x) tendc 1p a sence to ernroximate
more snd wmore closely t%e grapk of f(x): Oe Accordingly
we dofine f£{x} to ve tre function vanishire 1dentically
end investigate 3"{"’ - f(x) |, this belrs tre

. i
gbeclots valve of thre d1ffarence between f{x) and whot
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soewg to pley tre role of a 1init of the sequence ( in a
senge vhioh we have yet to make precise), ue observe that

j 2(x) - f(x)éf“l vhen x belongs %2 I,

~ 0 otherwire,
The questior now arieser how wo can make procise tre vagzue
1dea that when r 2 large £(x) = f(xlg is rot veary
mugh 41 fferent from C very mach of the tivey 1in other
words, Fhrw eg” we z38irn g single pumher which tells ir s
nQnse how muck tre functiors f(x) and f£{x} Aiffer over
ths intervel O ?x'%l. The anawer with ¥hich trhis lsoture
concerns fleel? liee ir inteeration, It followd <fron
;{;:) - f(x) i:l whan X belongs to I, equal to O other=
wige, that
dglfﬁx) - f(x)| dax = §I~i . Whers we use j I, f
to denote tia lonpth of the irterval % Since trhe integrond
Iin tris irtegral is ziways 0 or i, its value 13Junchanged
1f we square it, Hence, if we dafine f[ r, - f }!by
the formula . AL
2, ~¢iiz: lfx) < 2m) ax:
we haove [if” - f ﬂ > ;I;‘ﬂ. -
end 1t follows trat
1! ? -2/ es n -+ o

we now introdvce termirology which is amsociated with

tre computetion of tre precedin~ exam:le,

If “f{x) 1m tre sequerce of partial sume of a serles

-
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of functiors
u (x) + ulx})s eee

defired over an intervel{or more genersl zet) A, and

If f£(xz) 1418 suoh thret

; v,

- - Lo . 1° s ’wq R
/i :N 4 (/ s }11"‘(:) ””f dx:, > Oms n-=»-"
(tho intecral helrp takor over thoe maet A}, ‘then

the soguerce and the esrirs aro ceid to corvavee in rean

{over the et A ) to fix), =nd we write

m
1. 4, m, f“ - 7 enc f’( -‘—--} L.

A8 18 the case icr ihe wejaernia L (x}.1 12 x lles
in the intervul IN. equsl tc O otherwlee, it can

ha>ren thet 5
£f .» £
iy

wher thers is o x for which ﬁ&x)-¢ £(=x)y ™™Mir glows

that tre method oconvergence {n méan anp serve (0 avalu~te .

geries anu seiverces when t-e matho. of corverrelice failﬂ".bs
¥r, Agnew tren procecds te¢ fr¥ine rovrier's ccefflcients,

and rourfer's eories cf fi{x)., be @howa olesrly th:ot in

many case3 corvergerce in wesn of icarier'a eeriea is mueh

more oomplets srd sasler tC spply tler conveargerce, In fact

Lk |

. Asrew, R, P, "Courvergerce in ¥ear. and latessue Initcopration
The American Mathematicsl Montrly
w.Ne ADI7 Vol,448, nuve 4,

3

.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



70

ha shows Lot convergencs in nmean dustifios eslcaleticrs
w6 procssees vhiah convergerce ccanot fustify,
unhee Jackecn, unlve ‘wity of wivnsrota, hags on
article on "The Convergence of iFourler's seriea®™ In whickh
he outlines his plun tor presentire wn introductory course
on rourler's parisg to students who have hel no further
ma thonaticn teyond tre Firet conree 1:n calculus., Eis
roason for tepch’ng the ocourse 13 the mtudent frntareat in
certair epplications of Fourlor'e serise us woll asg in
1ts wothematlicel content, #e glvas tra class " jenuine
aprreciatlior of 30:e of tihe proepertles ¢f corveriavrca, aven
thte most sienentar; o0f which are 8o chsracteristio of tro
type cf series 1in questiorn, anc have had so profound anr
infiuence on tre aonrrse of modern muthernintlicoal detelopment,™
In this artiole tve treoramn of cowvergence ar~ elearly
exnlained &nd cpnlieu to merisy of tte Fourier cor trizcnometric
tyre, Ho coralderg serian whie» are continnove fanastiorn,
or whicr mre gontirnona exceni for g finite narber of finite
fumps in a period, The theoram on uniform convercenns
in this artiocle 1s of narticunlar irterset, Quotins briefly:
“Let f(t) be continuous evorywhere, arus let it be
euppoaéd thet eny period interval cian be d'riled In% &
finite number of subinterwnls thronghout cnor of whichk
£(t) tas continuous fLirst ano socond darivatives, but thal

trat tre cerivatives may not be continuous in yrassins {ro-
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Ve suuintervul §o¢ the rext., ™Me grech o7 T(t) ovar
period isg then maede un 0f a f'nite Arnbay of plecea, each
having cortinvous carvaturs, but $rors =u7 bn cornare {or,
a8 an admnisalible alternative, wbru-t chupzea of ourvsture
without chanze of dirsctior) =t the polnts where two pleces
cors tosethuer, Lal the puceszsive -0intc af divislon maskirne
the subintervelds of the gperlod fros <5 to 7 be
X o T, e=v==x , and for uniforuity of notatlios iet

- -17. anid im;_ﬂ'. ihe Jderivatives aney reve difforent
valu n from the Jigh? and fro> tre left at theer points,
bt t¥e function f(t) 1tsslf Fes a Geaterminate volne al

each 2F tram, Fkor ezceh value of 1 from O to n - 1,

')5,_;. - ".y’ 'Vnu
. Z{t) eos kt A% _ 0 1 £{E) sin WP < 1 Cfr(t) ain kt G-
; Tk )
N - BT tT;

anhen e&uatiora of tris form cre ¥ritten for =211
gubirtervals srd cdded, tre terze (1/k f£(x) sin ¥r.

cencel, eceoh ceceurins once with & pivs alegn end oree with ¢

miﬂ’aﬂ ai;"n. &flf - y‘:’y
Tit) ooe xt At _ -3 2 £1(t) eir kt it
Anutf;r 1ntegruption bg y&rts‘%ivaé
R S . ,yfﬂ; Viea
. f£'(t) min kt at_ - %.f‘(t) coa &, , J £ (t) oces Ftly
; R - ) o

[ -

L Mix'- -
ntev theee expreceiory are afled frr tve variond 1nt Ml N -
the torre ctutuile tre eigre of drtezyolier o rnet cencel,

since T'(x) et tre loft-rsnd end of omne irterval does rot
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LY SR T

ir gerersl :san the same tulr: sz £'(x) 2% t.» f1ar t-
Lund enld of tre psrecelinz int:.rvele Iut nnder (ha Yypotheses
£UUt) anud £9904) yewaln firdte sveryvhers, tn epite of
thelr dlscontinuitiee; crd £ ¥ a4 M. are nurbers such

by i e :
that ; Tt K, £(t) . X. for &ll vzlves of t,

thoa
i X rooL
i £ {x] eom dx = Pf{x ) qus En ! . o,
? * '—”! A T B .
in ezcl. case, enc !
f"‘:f;
g tE*%(L) oou kt 4% &£ K (x - x ),
£ o = w9 -
EBenco’ b

1

v x ;:fs;ﬂ“ ccs kb dr.if« M [k 4 2R/

- -t

¥ a:mil«.r seluudatlicen gppliegs to b
I8

Thiu resall uy be Bluted g2 followr

Mooram 1.
Iz $({x) 18 z furectlicn vrich has & ocortinpous

seccnd dertvetive excert for » firmite nurber of cornors in

& pericd, and (f & L, b are the ecceffloyapts Ir 1le
&

&
Fourier'a ceries, there ia a rocber €, Yndependefit of k,
suek tral & & G/, ;?‘g. ¢/ W, 25,
. v - ! z

The oconverzerce of tre series ia 1 iuwnmedicsts coredlary.

28, Xote Fourier sering for u siver function Yea tre form
a /2, G 008 1§ w BOB [l e--
. ¢ ‘b sin x b ofin Ox mee-
ir ';'ric?' Lo tacedlictents oy siver Ve forr 01
0 3/.F2(%) cos Xt dt; ba 1/ ~T2(%) uu- L dte
‘::;“ ir } 5‘ :{! ]
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letf(x) be s function for whioh the corditions of
Toeorem 1 gre sat;aticd; 3y the oonoiueior of that
theorem. torct’er with the fuct thot tre sum of tre geries

18 2lx)

f £ (x) - 8 (x)%—g & @08 kx 1 b 8in kx

Q.

£ zef k™,

Ll Y T

it in olear that Frmean
i/k = /ey .tu/u.« a2 ui
throuarhout the intarior of tae ;}”ﬂ”Vul of intesratlion una
rengs
= - -
2T
e /x> é chx/u‘m wu/u% /e .
So" thHt K S
) e
} 2{x) = 3 (x)t ~ 20 /n for 211 valnes of x,
‘ b -y B

The fact thrt tre romairder dces nct exceed g Juuntity

which a8 jrderercert of x &and whicr spproacreas € ssn

vecoror irfirnite iu expresced by sayvine (hat tre serieca is

unifcrmly corvercent ,» This conclusion may be recorded asm

Theorem 1V,
Tf £(¥x) 1r & furetiow wrier krn o eentlnuons

end derivotivo excert for s finite number of cornore 4n

3
LR g

noeriod, 1tn Fourier's s~ries acnverses uniformliy to tre
o 20

o

o

glur _f{x) for g1l walues of x,"

[

zhl.Jdackeon, iLarhum "Convargerce of fourier Series”
' Lone fMgeriows watnonatisol Yoot .l
Feb, 1924 pa2e €7-84,
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