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INTRODUCTION

For certain classes of rings, the entire structure
of the ring is determined by the prime ideal structure and
that of the quotient rings by the prime ideals. However,
for many rings this information is not valuable. In fields,
for example, the only prime ideals are the trivial ones,
and the quotient rings are just {0} and the field itself.
In fact, for most rings the quotient rings will be no
simpler in structure than the original ring.

To investigate the structure of such rings more
closely, Harrison [1] has used the notion of primes in
rings with identity. An advantage gained is shown by
fields, which have a much less trivial structure of primes
than of prime ideals. The theory there is closely related
to the valuation theory for fields [2]. Moreover, a
finite prime P in a ring determines a subring AP of which
it is a prime ideal, and the quotient rings AP/P, being
locally finite fields, are, in a sense, completely known.

For commutative nil semi~simple rings with identity
(see the definitions), Manis [3] has shown to what extent
a ring is determined by its prime structure. More
precisely, a topeclogical space Arith R is defined in terms
of the primes of R. This space debtermines a new ring R

consisting of a certain class of continuous functions
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within Arith R. It is seen that R is an integral exten-
sion of R with Arith R homeomorphic to Arith R. Thus

R = R, and the rings R are ones determined by their primes
in this way. Last, necessary and sufficient conditions
are found that a ring R is isomorphic with R, so it is
known just what rings are determined by their primes in
this way.

The object of this paper is to show that it is pre-
cisely the same rings which are determined by their prime
ideals in an analogous way. Here also are discussed only
commutative nil semi-simple rings with an identity 1 % O.
Throughout this paper "ring'" will mean a ring of this type
unless otherwise specified. First a topological space
V(R) analogous to Arith R will be defined in terms of the
prime ideals of a ring R. Then o-functions, from a sub-
space of V(R) into V(R), will be defined and will be shown
to constitute a ring ﬁ. This ring is likewise an integral
extension of R with V(ﬁ) homeomorphic to V(R); in fact,
each element of R is a root of a monic polynomial in R[x]
which splits completely in R[x]. Finally, conditions will
be given that R %'ﬁ. These conditions are precisely the
same conditions that R = R, Thus it is the same rings
that are determined by their prime ideals as are determined
by their primes in this way. In fact, we will see that
R = ¥ for each ring R, and the procedure here leads to the

same ring as the procedure in [3].
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Of the three chapters in this paper, the first one
is concerned with characterizing o-functions, the elements
oflﬁ. The second concerns the properties of ﬁ as a ring
and its relation to R and R. Last, we discuss some ex-
amples of rings and ask whether or not they are rings with
R = ﬁ. The only knowledge assumed is elementary prin-

ciples in ring theory and topology.

Definitions and Notation. ILet R be a ring. If A

is an ideal of R, the radical of A, denoted /A, is the set
of all elements x of R such that x* € A for some n> 1,
The radical of an jideal is an ideal, The nil radical of R

is /T0J. R is nil semi-simple when /10J = {0}. A pre

prime of R is a non-empty subset P which is closed under
subtraction and multiplication and does not contain 1. A
prime of R in the sense of [3] is a maximal pre prime.
(This is a finite prime in the sense of [1].) For P a
prime of R, A, = {x ¢ Rl xP @ P}. Notice that AP is a
subring of R and P is an ideal of AP” By an ideal of R we
always mean a proper ideal,

If R is a ring, then V(R) is given by

V(R) = {a + P| P is a prime ideal of R, a € R}.
We consider the Stone topology on V(R). This is the topo-
ogy with a basis for the open sets consisting of the col-
lection of all sets of the form N(E) = {X e V(R)| X n E
= @}, where E is a finite subset of R. It is clear that

this collection does form a basis for the open sets of a
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topology, since it is closed under finite intersections,
We will also be concerned with the subset V_(R) =
{Pl| P is a prime ideal of R} = {O + P| P is a prime ideal
of R}, with the relative topology induced by that on V(R),.
The assumption that we have 1 % O in our rings guarantees

that Vo(R) is non-empty.
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CHAPTER I
o-FUNCTIONS ON THE SPACE V(R)

Before we define the set R of o-functions from
VO(R) into V(R) for a ring R, we need to know more about
the topology on VO(R). Notice that a basic open set in
Vv (R) is of the form N(E) n V (R) = {P e V (R)| P n E = #}.
That is, the relative topology on VO(R) is just the Stone
topology which is given directly for VO(R), We will also
be concerned with sets of the following form:

Definition 1. Let a € R. Then P(a) = {X e V(R)]

a € X} is called the path through V(R) determined by a.
Notice that for a € R, P(a) = {a + P| P € Vo(R)}°

Let R be a ring and let E and F be two finite sub-
sets of R. Notice that N(E) n N(F) = N(EUF). 1In par-
ticular, if E = {e;, €5, ..., e } is a finite subset of R,
then N(E) = N(iﬁlfei}) = iElN({ei]), Thus the basis of
sets N(E) is generated by the subbasis of sets N({a}) with
a € R. We will always denote N({a}) by N(a)., Notice that
N(a) = {X € V(R)| a &£ X} = V(R)\ P(a) so that the paths

form a subbasis for the closed subsets of V(R). In par-

ticular, since a + P

]

O + P if and only if O € a + P for
any P € VOCR) and a € R, it follows that
Vo(R) = {0 + Pl P is a prime ideal of R}

H

{a + Pl a € R, P is a prime ideal of R,
and O € a + P}
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= {X e V(R)] 0 e X} = ®(0),
and so V_(R) is closed in V(R).

For purposes of computation we will need the follow-
ing well-known result due to Krull (see [4, p. 73]), which
we state without proof. This result holds for more general
rings than we are considering. In particular, it holds
for commutative rings.

Lemma 1.1. Let R be a ring and A be an ideal of R,

If M is a multiplicative system in R with A N M = @, then
there is a prime ideal P of R with A= P and P N M = &,

We will also use another result that is an easy
consegquence of the first. It also holds for any commuta-
tive ring.

Lemma 1.2, Let A be an ideal of a ring R. If E =

n
{el, €55 eens en] is a finite subset of R with ;T e, £ /&

then there is a prime ideal P of R with A < P such that

ENP=4g..
n s
Proof. Let M = {.m.e. 7| k, is a non-negative
—— i=1"1 i K
n o
integer for i = 1, 2, ..., n}. Suppose that ;T.e, >

A (;Tie. )™ e A

M N A, Then (;m,e;)” € A whenever m > max{k,, kp, ..., k }
n

since R is commutative and A is an ideal. But then ;T84

e VA, contradicting the hypothesis. Thus M N A = g, But

M is a multiplicative system in R, since R is commutative.

Hence by lemma 1.1 there is a prime ideal P of R with

AcPand PN M =@g. But since Ec« M we also get that

EnP=4g.
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Another consequence of lemma 1.1 which we have for

all commutative rings is

Lemma 1.3. Let R be a ring. If A is any ideal of

R, then VE = n{P € VO(R)I A = P}, In particular, the nil
radical of R is the intersection of all prime ideals of R.

n

Proof, ILet a € YAE. Then a € A for some integer

n>1l. Let P be any prime ideal of R with A < P. Then
a € P so a € P, Thus a € N{P ¢ V. (R)| A= P}, and /K <
n{p e v (R)| A = P}.

Conversely, let a € N{P ¢ Vo(R)l A = P}, Suppose
a £ /YE. Then {a”| n is a positive integer } = M is a
multiplicative system in R, and M N A = @. Thus there is
a prime ideal P o A of R with M N P = g, Further, a € M so
that a ¢ P, a contradiction. : Hence a € /K so that /& =
n{p € V_(R)| A = P}.

In what follows, we will want to distinguish ele-
ments of R by their paths in V(R). If R were not nil
semi-simple, this would not be possible. But in a ring
of the type we are considering we have

Theorem 1.4, ILet a e R, b € R, and a + b. Then

there is a prime ideal P of R such that a + P £ b + P.
Proof. If a + b, thena -b £ 0, and a - b & /TOT;
So there is a prime ideal P of R with a - b £ P, Hence
a+P Db+ P, and we are done.
Now we are ready to define o-functions. For the

remainder of the first two chapters let R be a fixed ring,
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let V = V(R), and let v, o= VO(R)°

Definition 2, A function f: V0 —>V is called a

o-function if it satisfies:

1) £(P) € R/P for all P & V_.

2) f is continuous and closed.
Thus a o-function f is a homeomorphism of Vo and f(VO); it
is one-to-one because (R/P) n (R/Q) = B if P + Q. The set
of all o-functions is called §,

The most obvious candidate for a o=-function is a
map P —>a + P for some fixed a € R, We will first check

that such maps are indeed o-functions.

Definition 3. For each a € R define fa: Vo —V by
fa(P) = a + P for each P € V. f_, is called a path
function.,

Theorem 1.5, Let a €¢ R. Then fa is a o=function.

Proof. <Clearly i satisfies condition 1). For
condition 2), let N(b) be a subbasic open set in V, Then
(£07HW(B)) = (Pe vV, | a+PeNb))={PeV]|Dbta+ P
= {P ¢ Vol b - a £ P} = N(b-a) n V_ is open in V_, so f,
is continuous. Let P(b) n Vo be a subbasic closed set in
V. Then £, (P(v) n Vo) = {a + P[P is a prime ideal of R,

b e P} = {a+ P| P is a prime ideal of R and a + b € a + P}
= (P(a) n P(a+b) is closed in V. Thus f,_ is closed. 1In
fact, f, is clearly a homeomorphism of (P(0) and P(a).

”~~
To make R into a ring which contains R isomor-

phically as a subring, addition and multiplication will be
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defined pointwise in terms of the operations on the quo-
tient rings R/P. We first check that this is possible for
path functions.

Theorem 1.6. ILet a €¢ R and b € R. Then

1) f, = £ if and only if a = b,

2) The path function f_ , = f has the property

b
that £(P) = fa(P) + fb(P) for all P & V_.

3) The path function g = f_, has the property that

ab
g(P) = fa(P)fb(P) for all P & V.
Proof. If a = b, then clearly fa = fbo Conversely,
if a £ b, then by theorem 1.4 there is some P € vV, such
that a + P # b + P. Thus £ (P) + £,(P) and f_ ¢ £, . To

prove 2) note that f_,.(P) =a +b +P = (a + P) + (b + P)

a+b
= £,(P) + £,(P) for each P € V_. Similar considerations
hold for 3).

Thus we can define addition of path functions
pointwise by saying (f, + fb)(P) = £,(P) + £,(P) for each
P € V,, and by theorem 1.6 the result is another path

function (f_,,). The same holds for multiplication, and

a+b
it is clear that with these operations the subset of path
functions of ﬁ constitutes a ring isomorphic with R via
the correspondence a <%$>fa, It will be shown in chapter
II that these pointwise definitions yield a o-function
if one starts with arbitrary o-functions. To prove this,

it will first be useful to characterize arbitrary

o-functions in such a way as to associate a finite subset
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10

of R with each o-function f in a generalization of the way
an element a € R is associated with fa’ This procedure
requires the notion of irreducible subsets of Vou

Definition 4. Let X be any topological space. A

non—-empty subset T <« X is said to be irreducible if whenever

G, and G, are open subsets of X with T N G, + @ and
T NG, #0, then TN G, N G, # B. An equivalent formula-
tion is to say that the above holds for any two sets in some
basis for the open sets of X,

An example of an irreducible subset of Vois {P},
for any P € Vo' We now show some elementary properties
of irreducible sets and characterize a special type of
irreducible subset of Vo.

Lemma 1.7. Let X and Y be topological spaces, and

let T be irreducible in X, Then

1) T is also irreducible,

2) If T < irgllFi, and each F; is closed in X, then

T <= Fi for some i.

3) If f: X —> Y is continuous, then £(T) is

irreducible in Y.

4) 1If A is dense in T, then A is also irreducible,

Proof. Let G; and G, be open in X with T 0 G, + &
and TN G, $ 8. I£TAN G, = @ then T = \G, which is
closed in X. But then T <= \G, so that T N G, = 8, contra-
dicting the above. Hence TN G, ¢ &, T N G, + &, and

TnGlnG24=25., Thus also'T‘nGlnG24=¢, and T is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

irreducible.

To prove 2), suppose that T < iﬁlFi with each F
closed, but for each i, T ¢ F,., Then T N (\F;) # & for
each i, and by induction T N (i N \F, ) + @4, since T is
irreducible and each \F; is open, Hence T ¢'\( ﬁ NFy ) =
inFi’ a contradiction. Therefore, 2) must be true.

3) and 4) likewise follow readily from the defini-

tion.

Theorem 1.8. For each « € V_ set T = {P € Vol

o = P}. Then a set T Vo is closed and irreducible if
and only if T = Ta for some «a € Voa In this case, a = NT.
More generally, if T is any irreducible subset of VO, then
o = NT is a prime ideal of R and T = T,

Proof. Iet T be an irreducible subset of VO, and
let @ = NT = N{P € Vol P € T}, We claim that a is a prime
ideal of R. The intersection of any non-empty collection
of ideals of R is again an ideal of R, so a is clearly an
ideal. Suppose a £ o« and b £ «. Then there are prime
ideals P and Q of R with P € T and Q £ T such that a & P
and b £ Q. Hence P € N(a) and Q € N{(b). But T is irre-~
ducible, T N (N(a) n V) & &, and T n (W) n V)  &;
so T n N(a) n N(b) + . Let P' € T n N(a) n N(b). Then
a ¢ P' and b £ P', so ab £ P'., Hence ab £ a, since P' £ T,
Therefore, a is a prime ideal of R,

Let P e T. If ad¢ P, then let a € a\P. Then
atPsoPeN@a, But PeT, soTnN(a) £ 4. ILet Q ¢
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12

T n N(a), Then a ¢ Q and Q € T. Hence a £ a« = NT, a
contradiction. Thus a <« P and P € Tan Conversely, letbt
P e Ta’ Suppose that P € N(E) for some set E = {el, ers
ooy ©,}. Then PN E =@ soaNE=galso. IfT N NE
= @, then T = iﬁi@%ei), so by lemma 1.7 T =®e,) for some
i. Hence e; € a so that a N E £ B, a contradiction. So
T n (N(E) n vo) =T n N(E) £ #, and every basic neighbor-
hood of P intersects T, Hence P € T, and T, = T,

For the first part, suppose T <= VO is closed and
irreducible. Then a = NT is a prime ideal of R and T = T

= P Notice that the closure of T in Vo is the same as

a.
the closure of T in V, since V_ = P(0) is closed in V.
Conversely, let a € Vo° We need to show that Ta
is closed and irreducible in V_. ILet G, = N(E) n V_ and
G, = N(F)n V, be basic open subsets of V_ with T, 0 G,
g and T, N G + 4. Then T, N N(E) ¢ @ and T, N N(F) & g,
and there is some Pl E VO and P2 € Vo with a < Pl, a < P2,

ENP, =%, and F N P, = . Consequently, o & N(E) n N(F)

1
and T, N Gy N Gy £ §. Thus T, is irreducible. Further,

1
suppose that P € V. \T . Then a ¢ P, so let a € a\P. Now
a £ P, so P € N(a)., Furthermore, N(a) n T, = #, for if
Q £ N(a), then a £ Q, a ¢ Q, and Q ¢ T,. Hence P £ T&U
Thus Ta < Ta and Ta is closed.
Fipally, if T is irreducible and T = I, for some

o € Vo’ then a = ﬂTa = AT, This completes the proof of

the theorem.
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Theorem 1.9. The maximal irreducible subsets of

Vo are the sets Ta’ where a is a minimal prime ideal of R.
The map « —4>Ta is a one-to-one correspondence between the
minimal prime ideals of R and the maximal irreducible sub-
sets of VO.

Proof. Let T be a maximal irreducible subset of
V,. Then T is irreducible and T« T; so T =T and T is
closed., Thus T = Ta for some a € VOo Suppose there is
some P € Vo with B = ¢, Then Ta = TB’ S0 Ta = TB and
PeT,. Hence a = B and « = B, Therefore, a is a minimal
prime ideal of R.

Conversely, let a« be a minimal prime ideal of R,
Let T be an irreducible subset of Vo with Ta = T. Then
Ty < T = TB’ where B = NT. Hence a € TB and B = «. But
o is minimal so that ¢ = B, Thus T = Tg = T, and T = T,
whence Ta is maximal,

Let A denote the collection of minimal prime ideals
of R. For each a € A, Ta is a maximal irreducible subset
of Vo; Moreover, if T = Tg then a < B and B = a so that
« = B, Thus the map « —> T, is injective. But if T is any
maximal irreducible subset of Vo’ then T = Ta for some
a £ A; so the map is also surjective. Hence it is a one-to-
one correspondence between A and the collection of maximal
irreducible subsets of Vo’ and the theorem is proved.

Notice that the collections above are non—-empty;

each P ¢ VO is seen to contain some minimal prime ideal
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14
by use of Zorn's lemma, With the aid of maximal irreduci-
ble subsets of Vo and minimal prime ideals of R we will be-
gin to characterize arbitrary o-functions.

Let £ be any fixed o-function, and let S = range f
= £(V)). IfPeV_, then 1 £ P so 1l + P % P, Therefore,
{P, 1 + P} ¢ S, since £f(Q) € R/P only if Q = P; so we have
that S £ V. Pick an arbitrary element X € V\S. Since S
is closed, there is a finite subset E = {al, 853 coos gn}
of R such that X € N(E) and N(E) n S = g. Assume that E
is a minimal set with these properties, Since N(g) n S
=S ¢ g, clearly E $ g.and n > 1. If Y € S, then Y ¢ N(E)
so that EN Y + g. Thus a; € Y for some i, But Y = £(P)
for some P € Vo so Y = a; + P for some P ¢ Vo’ and so
Y € P(a;). In other words, S < iﬁlP(aiD% Notice that
S n®a;) + g for each i, since we could otherwise eliminate

each a, from E that gives S N GKai) = @, and E would still

i
have all of the properties above, contradicting the mini-
mality of E.

Let a € A. Then Ta is a maximal irreducible subset

of V,. But £(T ) <=8 < iﬁl@<ai>, and £(T_) is irreducible
in V by lemma 1.7. Therefore, f(Ta) = ?(ai) for some i by
the same lemma. Hence f£(P) = a; + P whenever a © P. Since
each P € Vo contains a minimal prime ideal, we have that for
each P € V, £(P) = ay

i
In fact, there is a finite set {Al, Asy ooy An] of

+ P for some ai e k.,

ideals of R with f(P) = ai + P whenever P o Ai and such
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15

that each P ¢ Vo contains some Ai° To see this, for each
i € [1, n), where [1, n) denotes {1, 2, ..., n}, let a; =
{a e al £(T) = P(a,)}, D, = £71(P(a;)), and &; = Na; =
Nfa € Al o € A;}. Notice that for each a € 4, f(Ta) = P(ai)
for some i as mentioned above; 80 A = iﬁlAi and each o € A
is in some se?® By o

Furthermore, each Ai is a proper ideal of R. For
this it is sufficient that each collection by be non-
empty. Suppose that for some i, f(Ta) < ?(ai) for no a € A,
Let E' = E\{a;}. Then N(E) = N(E') so X & N(E'). Also
N(E') n 8 = g, for if £f(P) € N(E') n S, then let a € A
with o« @ P, This gives that E' 0 f(P) = 4 so £f(P) = as +
P only for §j = i. But £(T ) = @Taj) for some j and then
£(P) = ay + P for this j. Hence j = i and £(r,) = Play),
a contradiction. So in fact N(E') n 8 = @, contradicting
the minimality of E. Thus for each i € [1, nJ], f(Ta) =
P(a;) for some a € 4, and so each &; + &, whence A; is a
proper ideal of R for each i. We now find some additional
D

information about the sets A and Aio

i’ Ti?
Theorem 1.10. For any i € [1, n]), {P € vol A, = P}

= A
T.b,_ € i}

0, e, )|
=n{, U,P(p, )]l m > 1, b€ R for each k, and ,T,b,

c Di'

Proof. Since f is continuous, D; = f_l(@(ai)) is
closed in both Vo and V., Thus Di is the intersection of
all basic closed sets which contain it; i.e., D. =

i
n{kﬁl@(bk)l D; = kﬁlﬁ’(bk)},
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Let F = {bl, boy ..y bm} be a finite subset of R
m >
such that b = , 7. b, & A;. Then there is some @ € A; with
b ¢ a. Thus by € a for all k, and a N F = @ so that
a e N(F). But a € A; so that f(Ta) = @(ai); hence T <
£71(e(r,)) = £7HP(a,)) = D, and @ € D, N N(F) + 4.
m m

Therefore, D, F\N(F) = kgl@(bk), and so Dy = kglp(bk)

. » m
implies that kglbk £ Ai. We get then that

m m m m
{kgl@(bk)l Di (= kng(bk)] < {kgl?(bk)l kglbk £ Ai]a Hence

m m m m
n{, P Il ;T € 4,3 =n{, U, P(b Il D, = U P I} =Dy
To get the stated equality, let P € Vo with Ai < P,

m .
Let F = {bl, boy cees bm} < R such that ,m,b, € A,. Then

m
n.b, € P, so b, € P for some k., This gives that

k=1"k Xk
m
PNF+Qand Pt NF). Hence P e \N(F) = U, P(Dp, ),

m
and so P € n{kgfp(bk)l kglbk e A;}. Conversely, let

U @b )l .m
P e n{kgl by wE1Py E Ai}, Thean e D; so P g V,. For
any b = by € A; we have that P g U ,P(b,) = P(b;), and b & P.
Therefore, Ai cPand P e {P ¢ VOI A, = Pl.

n
Theorem 1,11. A. = {a € Al Ai = a}, and 4T

A, =
i i

1

{o}.

Proof. ILet o € & with Ai < o, Then o € Di by the
last theorem. In fact, Ai < P for all P € Ta’ and so Ta
< D,. Thus £(T ) = £(,) = £(r7H(Xa,))) = Pa,), and
x e 4. Conversely, let a € b Then Ai = nAi < o,
Therefore, A. = {a € Al A, = al as asserted.

i
: n
For the second part, suppose ;T A, £ {0}. Then 1let
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b, € A, for each i € [1, n] such that ,nlb $ 0. By lemma

1.3 there is some P & V_ such that iglbi € P. Thus we get
PN {bl, Dos eues bn} = @B, since P is an ideal. But P £
T, for some a € A, and £(T ) = P(a,) for some i; so a & &;
for some i. It follows that Ai — oo by the first part of
this theorem, and so Ai = P. Hence bi € P, a contradic-

n
tion. Therefore, iglAi = {0}.

Theorem 1.12. For each (i,j) € [1, nlx[1, n]l,

Proof. If this were not so, then by lemma 1.2
there would be a prime ideal P with {Ii + Kj = P and

i
P € D;. Likewise P ¢ Dj’ Hence we would have f(P) = a; + P

a; = ay ¢ P for some pair (i,j). But then A; = P so that

and £(P) = a5 + P also, giving a; - a; € P. PRut this is a
contradiction.

With the o-function f has thus been associated a
finite set of elements {ail i € [1, n]} and a correspond-
ing set {A.I i € [1, nl} of proper ideals of R such that
14 = {0} and a; - ay € Mﬂz”i"ﬂg for each pair (i,J).
Notice that this set of ideals has the property that was
promised, If P is arbitrary in Vo’ then a = P for some o
€ Ay, and A = lUlAl so that a € Ai for some i. Hence by
theorem 1.11, Ai < o < P and Ai < P for some i. Moreover,
for any i such that Ai < P we get that P € Di by theorem
1.10; hence f(P) = a; + P. It will now be shown that these

properties characterize o-functions completely.
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Theorem 1.13. For each o-function f, there are

finite sequences {Ail i e [1, n]} and &%J i € [1, nl} of

ideals and elements of R such that

n

1) 4w A = {0].

2) 8; - a5 € /KE“I"IE for each (i,j).
3) f(p) = a; + P whenever P £ V_ and 4, = P.

Conversely, whenever sequences {Ail ie[1l, n]} and {ai|

i € [1, nl} of ideals and elements of R satisfy conditions

1) and 2) above, then 3) defines a o-function f.

Proof. As remarked above, the last three theorems

yield the first part of this theorem.
Conversely, suppose sequences {Ail i e [1l, nl]} and
[Qili e [1, nl} satisfy 1) and 2) above. Then:

f given by 3) is a well-defined function. To see

this, suppose A; = P and Aj — P for some pair (i,j). We

must show that ai + P = aj + P, But Ai + Aj < P and P is
a prime ideal, so VKi + Ij < /P = P and a, - aj e P,

Therefore, ai + P = a:j + P and £ is well-defined.

Domain f = V_. Let P e V_, If A, ¢+ P for each i,

n n
then let b, € Ai\‘P for each i, Then 1T1b; & iElAi = {0},

n
80 iglbi = 0 € P, Hence bi € P for some i, a contradic-
tion. Thus Ai = P for some i € [1, n] so that f is defined
at P. We have then that f: Vo _ V,

f{P) € R/P for each P & Vo“ This is clear from 3).

f is continuous., For this, it is sufficient to

show that £ 2(P(b)) is closed in V_ for every subbasic
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closed set P(b) in V. ILet P(b) be an arbitrary subbasic
closed set in V. TLet P € £ 1(P(b)); i.e., £(P) = b + P.
Let A; = P. Then £(p) = a; + P also, so b - a;, € P. Let
a € A;. Then a € P so that P ¢ P(a), Thus P £ P(a) for
each 2 ¢ A,, and P e®Plo~a.)n (n (P(a)) =8S.. So P ¢

n 1 4L ach. 1
19154 -
n
Conversely, let P € S = iglsi, Then for some i we

have P € S If a € &,, then P ¢ P(a) so that a € P; thus

g
A, =P and £f(P) = a; + P, But P ¢ P(b-a,) also, so a; + P
=b+Pand £f(P) = b + P, Hence P £ £ 1(P(b)). Therefore,
£ H(P()) = s. Clearly, S is closed in V and S5 = V_; thus
S is closed in V_, whence £71(®P(p)) is closed in V_. Hence

f is continuous.

f is closed, ©Since f is injective, to show f is

closed it is sufficient to show that £(V_ 0 P(b)) is
closed in V for every subbasic closed subset V_ N P(b) of
Voo Let vV n P(b) be any such set. For each i € [1, n],

o
n

let 8, = P(ai) n ( QAP(ai+b+a)) and let S = .U.S.. S is

i

ag i=1"1
clearly closed in V.
We claim that S = f(vo n P(b)). For let X € S;

then X € S; for some i, so X € @(ai) and X = a, + P for

some P € V,. Iet a € A;. Then X ¢ P(ai+b+a) so a; + b+

a+ P = ai + P = X for all a € Aic Hence b + a € P for

all a € A In particular, O € Ai so that b € P. Hence

i'
X = as + a+ P = a; + P for all a € Ai, and so Ai < P.

Thus f£(P) = a; + P =X, and X = f(P) € f(vO n P(b)), since
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Conversely, let X = £(P) & f(Vo n P(u)), where

ft

eV, n P(o)., ILet A, =P, Then X = £{P) a, + P and

£ P(ai). Further, let a € A;,. Then a = P and b = P, so

=a, +P=a +b+a+Pand Xce P(ai+b+a)o Hence

a f
e S, and X £ 4U;8;, = 8. Thus £(v_n P(p)) = S ani

ST < B o B ¥
I

f(Vo n P(b)) is closed in V. Hence f is closed. Therefore,
f is a o-function as asserted. This completes the proof
of the theorem.

Remark. Notice that in shcowing that an arbitrary
o-function f has the form given in the last thecrem, no
use was made of the fact that f was closed other than to
get the set E with X & N(E) and range £ n N(E) = g, But
this can be done if we only assume that range f is not
dense in V., Therefore, any continuous function f: VO —_ V
which has non-dense range and satisfies condition 1) of
definition 2 satisfies also the conditions of theorem 1.13;
by the second part of the theorem it must te a o-function.
In particular, if range f is closed, then it is non-dense
and the above goes through. Conversely, if f is any
o-function, then f closed implies range f is closed and
thus also non-dense, We thus have two equivalent formula-

tions for o=functions.

Theorem 1,14, TLet f: Vo 3>V, Then f is a o=
function if and only if it satisfies conditicns 1) and 2°'J

below, and also if and only if it satisfies conditions 17
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1) £(P) e R/P for all P & V.
2') f is continuous and has a non-dense range.

2") f is continuous and has a closed range.
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CHAPTER TI
THE RING R

To make ﬁ into a ring, it must first be shown that
the pointwise addition and multiplication of two functions
yield functions which are also in'ﬁc This is done by
using the characterization of o-functions which was devel-
oped in the preceding chapter.

Theorem 2.1. ILet f €¢ R and g € R. Define f + g

Vv, —V by (f+g)(P) = £(P) + g(P) for each P € V,» where
the addition on the right is that of R/P. Similarly,
define fg: V_ —>V by (£g)(P) = £(P)g(P). Then f + g and
fg are also o~functions,

Proof. Let {Ail ie[1, nl} and,{aili e [1, nl}
define f according to theorem 1.13. ILet {le j e [1, ml}
and {bjl j € [1, m]} similarly define g. Set C,. = A, +

J 1

Bj and cjy = 33 * bj for each (i,3) € [1, nIx [1, m].

We first claim that nCij = {0}, where the product
is taken over all (i,j) € [1, n)lx[1l, m]. To see this,
let P € V_ and choose (i,j) so that A, = P and Bj = P.

Then Cij = P, But P is an ideal so ncij < P, Therefore,

nC,. < n{pPl P ¢ v,} = {0},

id
Second, notice that €53 = Cxp = (ai + bj) - (ak +
br) = (ai - ak) + (bj - br) E VIi + Kk + /Bj + Br c

/Ai + Ak + Bj + Br = /C;j

+ C&r for each (i,j) and (k,r)
in [1, nlx[1, m].
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If some ideal Cij = R, then it can be deleted from
the collection ﬁﬁjl (i, j) € [1, nlx [1, m]}, and we will
still have mcij = {0}, where the product is now taken over
the ideals which are not so deleted., Certainly not all
of the ideals will be removed; for if P € Vo then Cij = P
for some (i, j) so that Cy 5 { R for this (i, j). Hence we
may assume that {Cijl (i, 3) € [1, n)%x[1, m]} is a non-
empty collection of proper ideals of R, and by theorem
1.13 a o-function h is defined by setting h(P) = cy 3 * P
whenever Cij < P. It is readily verified that h(P) = £(P)
+ g(P) for each P € VO. Therefore f + g = h, and f + g is
a o-function.

For the product fg, set Ci“ = Ai + Bj as before,

dJ

but this time set c¢;y = e;b; for each (i, j). Then mCy 4 =

{0} as before. We alsoc have that a; - a € /Ki + I; and

by - b, € /33“1_3; for each (i, j) and (k, r) in [1, nlX

(1, m]J. Hence (ai - ak)bj = a;b; - abs e VE, + &, and
ak(bj - br) = akbj - ab. € /Ej + B_. Therefore,

Cij = Ckp = aibj - ab = (aibj - akbj) + (akbj - akbr) £

/Ki + I} + /Bj + Br == /Ai + Bj + Ik + Br = Mcij + Ckr for
each (i, j) and (kx, r). BSo as above these sequences also

define a o-function h'. It is also easily verified that
h'(P) = £(P)g(P) for each P ¢ V_ . Therefore, h' = fg is
a o-function also.

Now we can show that ﬁ'actually constitutes a ring

(in our original sense),
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PaN
Theorem 2.2. The collection R of all o-functions,

with the operations that have been Qefined above, is a
ring.

Proof. The commutative and associative laws for
addition and multiplication and the distributive law hold
in R because they hold in each ring R/P for each P € Ve
It is easily seen that the path functions fO and fl are
respectively additive and multiplicative identities.

For additive inverses, let f be a o-function and
let f be defined by sequences {A.| i € [1, nl} and
{ail i € [1, nl} according to theorem 1.13. For each
i e [1, n] set B, = Ai and b; = -a;. These new sequences
clearly satisfy the conditions of theorem 1.13 also, sSo a
new o-function -f is defined by setting (-£)(P) = bi + P =
-a; + P = -(ai + P) = =(£(P)) whenever Bi = Ai < P, Now
-f is clearly an additive inverse for £, Hence ﬁ is at
least a commutative ring with identity.

It remains to show thatdﬁhis nil semi-simple. Sup-
pose that P = {f € Rl £(P) = P} is a prime ideal of R for
each P ¢ Vo‘ Actually, we will prove a much more compre-
hensive result below in theorem 2.4. Thus if some f € R
is in every prime ideal of ﬁ, then f € ﬁhfor each P € V0
in particular, But this says that f(P) = P for all P ¢ v, .
It follows that f = fo and N{Ql Q is a prime ideal of ﬁ} =

{fo}, the zero ideal of'ﬁ, whence R is nil semi-simple by

lemma 1.3,
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a
Closure properties of R. We will turn now to an

PN
investigation of ﬁ. It will be shown that R is a '"closure”

of R in the sense that ﬁ 3‘§. Using this result, and the
characterization of o-functions developed in the first
chapter, we will find conditions that R is itself M"closed®;
i.e.y, that R = ﬁ. We begin with

Theorem 2.3, The map ¥: R —> R given by ¥(a) = f

a
P
is an isomorphism of R into R, and for each f ¢ ﬁ there is
n
a finite set {a;| i e [1, n]} such that ,m,(f-f_ ) = ¢
i
Hence defining R' = ¥(R) = R, we have that § is an inte-

Oo

gral extension of R'.
Proof. The first statement is simply a reformula-
,~
tion of theorem 1.6. Let f € R and let {A;] i € [1, nl}

and {a;| i € [1, n]} be defining for f. Let P ¢ vV, and

n
A = P. Then [igl(f-fai)J(P) = (f-faj)(P)[igj(f-fai)(P)l
= [(a'j + P) + (—aj + P)][iij (f-fai)(P)]
= (0+P)[ 1t (£-f£_)(P)]) =0+ P = £,(P). Hence
it ay 0

n
o = igl(f-fai).

Theorem 2.4. There is a one-to-one correspondence

between V_(R) and V_(R). Specifically, P = {f e Rl £(p) -
P} is a prime ideal of R for each P ¢ Vo(R), Q' = {a € RI
f, € Q) is a prime ideal of R for each Q € Vo(ﬁ), and 6> =
Q and P' = P for each Q € Vo(ﬁ) and each P € VOCR), Pair-
ing the prime ideals in this way, we have R/P = R/ P for

each P € VO(R).
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N PN
Proof. ILet P € VO(R) and let f ¢ P, g € P, and
Fal

h € R. Suppose that h(P) = a + P, Then (f-g)(P) =
£(P) - g(P) =P ~P =P, so f -ge P, Also (£n)(P) =
£f(P)n(P) = (0 + P)(a + P) = 0 + P = P, and so fh & P,
Hence P is an ideal of4§. On the other hand, suppose that
ftPand g ¢ P. Tet £(P) = a + P and g(P) = b + P. Then
a € P and b £ P so that ab & P. Hence (fg)(P) = £(P)g(P) =
(a + P)(b +P) = ab + P £ P. Therefore fg £ P and P is a
prime ideal of R. (This is enough to complete the proof
of theorem 2.2.)

Now let Q £ V (R), and let & € Q', b £ Q' and
ceR. Then f, , = f, - fL, €Q-Q =Q so a-D>beQ,

a

Also, fao = fof, € Q so ac e Q'., Hence Q' is an ideal of
R. But if a ¢ Q' and b £ Q', then £, £ Q and £ € Q so
that fab = fafb ¢ Q and ab £ Q', Therefore, Q' is a prime
ideal of R, It is clear that the operations ' and ™ yield
proper ideals from proper ideals; for if a & P then
£,(P) + P, and if £, £ Q then 1 £ Q',

If P ¢ V_(R), then first notice that f, € P if and

only if £, (P) = a + P = P, and this is so if and only if

a € P. So we get P' = {a e Rl £ s'ﬁ} {a € Rl a € P}

a
= P,

N P
Let Q € VO(R), To show that Q°

Q is somewhat
more difficult. First we pick f arbitrary in Q and let
{4,1 1 e [1, n]} and {a;| i € [1, n)} define f. For each
i such that A, ¢ Q', pick some element t; € A;,NQ"'. Then
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for each i € [1, n] we set:

o
]

T = f [
5 a; if Ai = Q' or ay £ Q°.

v . ' ?
a;' = a; +t; if Ai + Q' and a; € Q.
It is clear that the sequences {Ail i e [1, n] and
{a;'l i € [1, n] also satisfy conditions 1) and 2) of
theorem 1.13 because t; is always chosen in A,. Hence
these sequences define a o-function f'., But let P ¢ VO(R)
and choose A, = P. If A, =Q' or a, £ Q', then £'(P) =
ai' + P = a; + P = £f(P). Otherwise Aift Q' and a; € Ql,

. . ' _ ' _ = -
and in this case f'(P) = a;' +P=a +t +P=2a +P-=
£(P) also, since t; € A; = P. Therefore, f = f' and f is
defined also by the sequences {Ail i e [1, n]} and
{ai'l i e [1, nl}.

Now 1T f~fai, = fo e @, and Q is a prime ideal,

so £ - fa + € Q@ for some i. But f £ @ also, So fa ¢ € Q.

i i

% ' '] t - LI
Hence a,' e Q'. If Ai ¢ Q' and a, € Q', then t, = ay
a; € Q', a contradiction. Thus Ai < Q' or a; £ Q'. But
if a, £ Q', then ai' = a; £ Q', a contradiction. So A, =

Q' and £(Q') = ai' + Q' = Q', whence f s‘aﬁ, So Q cfaﬁo
Conversely, let f be arbitrary in‘a}, and let
sequences {Ail i e [1, nl} and [aili e [1, nl} define f.
Choose a sequence &%}| i € [1, nl)} with respect to Q' as
above. T@gn the new sequences also define f as before,

FaN
.o) = fo € Q, and Q is a prime ideal of R, so

5 N P
f - fa" € Q@ for some i. Thus f - f_ , e Q" and £ , € Q°.
i 25 a4
So we see that ai“ + Q' = £, :(Q") = Q', and ai° e Q'.

i
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A
Hence f_ + e Qand £ = (£ - £, ) + £, « € Q. S0 Q' =Q,
~ i i i
and Q,' = Q,,
To show that the quotient rings are isomorphic, let
NN
P e VO(R) and map ¥Y: R/P —» R/ P, where ¥ is given by

FaN
¥(a + P) = f_ + P for each a + P € R/P.

a

Suppose a + P = b + P. Then (a - b) + P = P so fa_b(P) =
N\ P 7\

P, and fa—b = fa - fb € P. Thus fa + P = fb + P whenever

a+P=>b+ P, and we see that ¥ as given above is a gen-

uine mapping.

N ~
If ¥(a + P) = ¥(b + P), then fo + P = £, +P; so

P (P) = (a - b)
f = fa - fb e P. Hence fa-b P) = (a-Db) + P =P so

a-b
that a - b € P. Consequently, a + P = b + P, and Y is

7\
injective., On the other hand, if £ + P is arbitrary in
FaXN
R/ P, then let {Aili e [1, n]} and {ail i € [1, n]} define
f. Then Ai « P for some i, so f(P) = a; + P. We claim

N\ P

that £ + P = fa + P. To see this notice that (f - fa Y(P)
i i

= f(p) - fa.(P) = (ai + P) - (ai + P) = P so that £ - £

A + ~ 1

”\
£ P. Hence Y(ai + P) = f, + P =f + P. Therefore, ¥ is
i

a one-to-one correspondence of R/P and ﬁy‘ﬁl
Last, let a + P and b + P be arbitrary in R/P.
Then ¥(a + P) + ¥(b + B) = (£, + B) + (g, + B) = (£, + £)

>\

+ P =f +P=¥(a+b+P)=1¥(a+P) + (b+P)), and

a+db

P oS N\ P4
¥(a + P)Y(b + P) = (fa + P)(fb + P) = £,8, + P = £y

Y(ab + P) = ¥((a + P)(b + P)). Therefore, ¥ is an iso-~

Fal
+ P =

LA IS
morphism of R/P and R/ P as asserted. The theorem has

thus been proved,
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A &
Now we introduce a map from V(R) to V(R), which
Al
turns out to be the same as Q@ —>Q' restricted to VO(R)
and the inverse of the map Y of the last theorem when
restricted to B/ B. The map is shown to be a homeomor-

N\ P
phism, and it induces an isomorphism of R and R.

Theorem 2.5. V(R) and V(R) are homeomorphic via

the mapping o: V(R) —> V(R) given by ©(X) = {a € Rl £_ & X}

”~ Aa
for each X ¢ V(R). 8ince (Q) = Q' for each Q € V_(R), it

follows that ®|y (f) iS a homeomorphism of V_(R) anda v (R).
O

Proof. ©Surely o is a well-defined function of some
sort, but we are not yet assured that its range is in V(R).
To do this we will first find a more convenient formula
for computing o(X). By theorem 2.4 an arbitrary X ¢ v(R)
has the form X = £ + P, where f ¢ B and P & V_(R). Let
f(P) = ¢ + P and we obtain

@(X)

o(f + P) = {a € RI f, e £+ P}

{a € Rl (f - fa) e P}

n

faeRl aegc+P} =c+P = r(pP).

N\

Clearly o(X) & V(R) as we wish; moreover, o(f + P) = £(P)
is the natural way to compute @. Even easier, for f + Q

~ P
arbitrary in V(R) we find that o(f + Q) = o(f + Q') =

Fa¥
£(Q'). ©Notice that ¢(Q) = Q' for all Q € VO(R)O
To show @ is a bijection, suppose o(f + Q) =
plg + H); i.e., £(Q') = g(H'). We must have Q' = H',
~

Q = H, and (f - g)(Q') = Q'. This gives that f - g € Q',

whence £ + @ = g + Q = g + H, and o is injective.
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Moreover, if a + P is arbitrary in V(R) we see that
(£ +P) = £,(P) = a + P so that ¢ is a surjection,
Since o is a bijection we need only consider sub-
basic closed sets to verify that ¢ is a homeomorphism.

But

p(P(£)) = {p(f + Q) Q is a prime ideal of R)

i}

{£(Q*')] Q' is a prime ideal of R}
£(v,)

is closed in V(R) for every subbasic closed set P(f) of
V(ﬁ), since each corresponding f is a closed map. Simi-
larly, it is easily seen that o T(@(a)) = P(f,) for every
subbasic closed set P(a) of V(R). Thus ¢ is a homeomor-
phism as claimed, and we are done,

Since the spaces V(R) and V(R) are essentially the
same, it is not surprising that the ring‘ﬁ determined by
V(ﬁ) is the same as the ring'ﬁ determined by V(R). We now

demonstrate this.

~ AN

Theorem 2.6, The rings R and R are isomorphic,

R
Proof. We use the mapping ¢ above. If g e R (i.e.,
Pa Pal
g is a o-function for R), then g: V_(R) —V(R). So for
— - -
any P & V (R), o " (P) e V_(R), glo™(®)) & V(R), and

EN

o(gleo™1(P))) € V(R). The natural mapping from R to R
would seem to be obtained then by setting gT = T(g) =
Pogop T for each g € R. Certainly gT: VO(R) —>V(R) for

A

any g € R.

Moreover, it is easily verified that for any
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P eV (R), gi(P) = £(P) for any £ ¢ R such that g(B) =
f + ?, whence condition 1) of o-functions for gl follows
from the fact that the function f has this property. Fur-
1

ther, since g is continuous and closed and ¢ and ¢ —~ are

homeomorphisms, gT must be continuous and closed for each

2 2

g € R. Therefore, T: R -->’§
~
Suppose that £f € R and P is a prime ideal of R,
This implies that (o™ % feq)(B) = (™1 £)(P) = ¢~ 1(£(P)) -
Pal A ”~
£+ P =g(P), since o(f + P) = £(P). BSo if f is fixed
while P varies, we see that w-lofnm = Bpj consequently ng
-1 A A A
= QoBeo® = f for each £ € R, and T maps R onto R,
-~
Recall that the natural injection £ —>g¢ of R into
A A
R must be an isomorphism. But if g is arbitrary in R and
_ A _ -1 -1 _ =1 _
g = £ € R, then g = ¢ *(pegeg Jep = 9 ~=fep = g so
that the only functions in R are the path functions Epe
We conclude that this natural injection must be an iso-
A
morphism of R and all of ﬁ; thus T is also an isomorphism,
since it is clearly the inverse of the injection f —> B
~ LA
So R =R as stated.
Notice that the proofs of theorems 2.5 to 2.6, with
o~
minor changes, remain valid when R is replaced by any sub-
~
ring S of R such that 8 ® R' = {f_| a ¢ R}. Thus we actu-
P N\
ally have the stronger closure property that R = S for any
ring S with R' « 8§ = ﬁ,

”\
We pause here to ask in what sense R is the ring

determined by the prime ideal structure of R. This is
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true of course in the sense that it is determined from the
space V(R), which in turn is determined (partially) by the
prime ideal structure of R, Moreover, by theorem 2.4 it
has the same prime ideal structure as R in such a compre-
hensive sense that it yields the same space as R and thus
gives us back an identical third-order ring in theorems
2.5 and 2.6, The hitch, however, is that the space V(R)
seems also to depend partially on the elements of R. This
gives us the natural correspondences (i.e., a —> f_) which
have greatly aided us so far., We would like to get some
results in a more general setting.

Consider, for example, the

Conjecture. Let R and S be two rings. Then there

is an order-preserving bijection ¥: Vo(R) —4>V0(S) such
that R/P = S/¥(P) for each P € V_(R) if and only if R = §.
Notice first that we have already shown the "if"
part of this; for if ﬁ =3 then there is such a bijection
for ﬁ and §, and there are also such correspondences for R
and ﬁ and for S and 3 by theorem 2.4. It is easily shown
that the correspondence of 2.4 is order-preserving. ©So by
composition we can get such a correspondence for R and S.
Secondly, notice that we cannot put R = S in this
conjecture. It will be shown in the third chapter that
there is a ring R not isomorphic with ﬁo But these two
rings do have the same prime ideal structure as formulated

~ A
in the conjecture. However, since R = R, such rings do
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not offer a counterexample to the above.

Notice, thirdly, that the "only if" part is true
for integral domains, since {0} is a prime ideal in this
case, Thus by the order-preserving condition we are asum-
ing that R = R/{0} = s8/{0} = S, In fact, in this case we
can substitute the conclusion R = 5. Now it would seem
that we constructed the ring'ﬁ precisely to take care of
the case that the rings are not integral domains; i.e.,
that we have found the ring'ﬁ to generalize what is a
theorem for integral domains to a wider theorem, replacing
rings with their“"-closures", which holds for the wider
class of commutative nil semi-simple rings with identity.

However, it is not known whether this conjecture is
true. The major difficulty is in showing that the spaces
V(R) and V(S) are homeomorphic., For the case of R and R®
we have that the isomorphisms R/P —9f§/ P are "compatible!
as we range over P € V(R) in the sense that if a + P —> £
+‘§ for some prime ideal P, then a + —4>fé‘+ a for every
prime ideal Q. We certainly would not want to assume such
a strong compatibility as this for R and S above since we
would then have, to begin with, a map from R to S or vice
versa analogous to a —+>fé, and this is getting away from
the prime ideal structure.

However, a more likely conjecture would include

some sort of compatibility condition. Merle Manis has

suggested adding the condition that there is some given
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set {YP: R/P —S/¥(P)| P ¢ VO(R)} of isomorphisms such

that whenever P = Q, then the diagram
b4

R/P P, s/v(p)
l nat. lnato
R/Q Q. S/¥(Q)

commutes. The truth of this conjecture is likewise un-
known. He has also pointed ocut that this modified conjec-
ture is not true in the case of primes. The prime struc-
ture of the integers and rationals is the same with respect
to all of these conditions, but Z = Z2 # Q = 4, This clear-
ly does not offer a counterexample to our conjecture, how-
ever, since these systems are both integral domains. What
happens is that {0} is a prime ideal but not a prime.
Failing in the preceding problem, we can yet go
back and find more information about ﬁ for some fixed ring
R. Conditions will now be found that R = ﬁo We start
with

Fal
Theorem 2.7. Let £ be a o-function in R. Then

f & {f_]l a € R} if and only if f is defined by sequences
{Ail i g [1, nl} and {ail i e [1, n]} of ideals and elements

of R satisfying

n

1) T4, = {0].

2) a; = 8y € MKi ¥ Ij for all (i, j!.
3) a; - a5 ¢ vE] + JKE for some (i, ).

Proof. OSuppose that f is defined by some sequences

satisfying the above conditions. We want to show that f
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is not a path function. Suppose, to the contrary, that

f = f_ for some @ € R. We have then that f(P) = a + P =

a

ai + P and ai - a & P whenever Ai = P, It follows that

a; —aen{Pe VO(R)l A; = P} for each i € [1, n]. But if
a; - a & /K; for some i, lemma 1.2 tells us that there is

a prime ideal P of R with A, < P and a, - a £ P, Conse-
quently, a, - ace JI; for each i € [1, nl. Thus a, - al;j =
(ai - a) - (aj - a) € /EL + JKE for each (i, j), contra-
dicting condition 3) above. Therefore, f cannot be a path
function.

Conversely, suppose that f is not a path functicn.
Theorem 1.13 guarantees that f is defined by sequences
satisfying at least the first two conditions. Choose se-
quences {Ail i € [1, nl]} and {ail i € [1, nl} which define
f such that n is mirnimal. It is clear that n > 2, since
n = 1 obviously imples that f is a path function; namely,
f = fal,

Now notice that we may assume that the ideals Ai

n
are radical ideals, For if not, then iglAi = {0} if and

only if igl/I; = {0}, /K;-¢_Ig“= /?ﬁ?v:T7f§ for each
(i, §), and A, = P if and only if vE] = P for any prime
ideal P of R and any i € [1, n]l. That is, the sequence of
radicals defines the same o-function as the original ce=-
quence.

We claim that condition 3) must hold for such a

minimal sequence defining f. In particular, suppose that
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ay = a5 € JII + /KE = Al + A2o Let a; = 8y = bl + b2,

L -— =
where b, € A, and b2 £ A2° Then let b’ = al bl

1 1
ay + b2. Consider the sequence B' = AlAe, Bi = A, for i =

i
5, 43 o...s n of ideals of R and the sequence Db', bi = a;

for i = 3, 4, ..., n of elements of R, Using the defining

property of prime ideals, it is clear that A1A2 < P if and

only if Al < P or A2 = P for any P ¢ VO(R)O

We show that these new sequences must define a
n

- - o ? = =
o-function. Certainly B <i§3Bi) izlAi {0} at least.
Moreover, bi - bj = a, - aj € /Ki + Ej = /Bi + Bj at least

for i > 3 and j > 3, Since b’ - b' = 0 € ¥/B" ¥ B', and

b' - by e /B + B; for i > 3 if and only if b, - b' £
/Bzﬁi—ﬁr, we need only show that bi - b' € /BZ—?—B* for
each 1 > 3. So suppose that b; - b’ £ /K] + E|K; for some

i > 3. Then by lemma 1.2 there is some P & V_(R) with

/A, + L A5 < P and b, - b' £ P. Now A, = P, and without
loss of generality we can conclude from the remark above

that A, = P. Hence £f(p) = a; + P =2a, +P, and a; - a; ¢

- * — - - - ' e
P. But b, - b' = a, (al b. ) (ai al) + b, and

1

1 1 < P. Consequently, bi - b' € P, a contradiction.

Note that we could similarly have used a, and b, if we had

b, £ A
assumed that A2 < P,

Theorem 1.13 now tells us that a o-function f' is
defined by these new sequences, Further, let P € VO(RFU
If A; = P for some 1 > 3, then £'(P) = b, + P = a; + P =

£f(P). Otherwise A, =P or A, = P so that B' = AA, = P,
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Without loss of generality we may suppose that Al c P,

i

whence it follows that f(P) = a; + P and £'(P) = b" + P

a, — b, + P, However, b, € A, ©« P so that a, + P = a, - b

1 1 1 1 1 1 1
+ P and f(P) = £'(P) in this case also., Therefore f = f'
and f is defined by sequences of n - 1 ideals and elements,

but this contradicts the minimality of n. Thus a; = ap ¢

vE] + /E; after all so that condition 3) holds in particu-
lar for i = 1 and j = 2 with any minimal sequences using
radical ideals which define f., This completes the proof.
Notice that when a minimal choice is made for any
o-function and the radical ideals are substituted as above,
then we will have a; - aj E A+ Ay for all (i, 3) =
[1, nI]x [1, n) with i £ j by repeating the above argument
for an arbitrary such pair (i, j). (For a path function
minimality obtains when n = 1, and we never have i + ju)
Thus we have actually proved the stronger result:

P
Theorem 2.8. R # {f_ | a £ R} if and only if there

is a sequence of radical ideals of R and a sequence of

elements of R with length n > 2 such that

n
l) iElAi = {O}o
2) a; - 84 € /E ¥ Kj \(Ai + Aj) for a1l (i, j' =

[1, nl]x[1, n] such that i ¢ jJ.
Moreover, in this case each o-function which is not a path
function is defined by such a sequence, but no path func-
tion is so defined.

Notice further that we can now state precisely what
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rings have R 2'3} They are just those for which the above
does not happen. We demonstrate this fact now as the final
theorem involving only the rings R and ﬁo

-\ ”~
Theorem 2.9, R = R if and only if R = {fal a € R};

i.e., if and only if the natural injection a —> fa maps
R onto/ﬁ°

Proof. The "if" part here is just theorem 2.3. For
the converse, notice that any isomorphism of two rings will
preserve conditions 1) and 2) of the last theorem, Suppose
then that R = R. If R & {fal a £ R}, then R has sequences
as in 2.8, Hence ﬁ also has such sequences., Applying the

A P
theorem again we conclude that R ¢ {gfl f € R}. However,

it was shown in theorem 2.6 that the injection f —> g, Was

~ N AN ~
an isomorphism of R and R so that R = {g.| £ € R}, a con~
PaS Fa
tradiction. Thus R = {fal a € R} whenever R = R, and the

theorem is proved.

A Comparison of R and R. We consider finally the

relation between R and the ring R constructed from R in
[3]. There, an analogous space Arith R was defined in
terms of the primes instead of the prime ideals.
T—-functions were defined much as our o=functions, and the

ring R consists of these, with similar operations. The

nm-functions of R are characterized [3] by

Theorem 2.10, f is a m=function if and only if

there are ideals 4., A5, ..., & of R and elements a,, ay,

coos By of R satisfying
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1) 74, = (o0}

2) a; = &y & /K;’TfK} for all (i, j).

3) 1(p) = a; + P whenever P is a prime of R with

A; = P and a; € Ap,

The characterization of rings R for which R =2 R
corresponds with what we have done here even more closely
than the characterization of nm=functions does. OSpecifi-
cally, our theorems 2,7 and 2,9 are valid for R [{3] if‘ﬁ
is replaced by R and o-functions and path functions are
replaced by m-functions and corresponding path functions
for Arith R, This leads us to suspect that the rings‘ﬁ and
R are the same. To show this is so, we introduce some new
notation to facilitate setting up a correspondence between
R and R.

Definition 5. Let S be the collection of all pairs

of sequences ({Ail ie [1, ni}, {ail i e [1, nl}), n>1,
of ideals of R and elements of R satisfying conditions 1
and 2) of theorems 1.13 and 2.10. For each X € S, let
£,(X) be the o-function defined by X and let £ _(XJ be the
m-function defined by X according to theorem 2.,10. Since
more than one sequence may define a single o=function, we
put them into equivalence classes, If X € S and Y € &, we
say X ~; Y when £ (X) = £ (Y) and X~ Y when £ (X) =

T

£.(¥). Clearly ~ and —~ are equivalence relations, and
we denote the respective equivalence classes by [ch and

[XJn for each X & 3.
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Now the correspondence [X] ~4>f6(X) is a one-to-

one correspondence between the equivalence classes of S
under ~~_ and the ring'ﬁo Thus a ring structure is induced

o
on the set of equivalence classes which makes it a ring

isomorphic with'ﬁ. Note that in showing ﬁ is a ring, we
showed that the addition or multiplication of two o-func-
tions f and g can be defined in terms of certain operations
on their respective defining sequences which yield other
sequences defining their sum and product as previously de-
fined pointwise., If we start with sequences in S for f
and g, then the resultant sequences are in S, as is seen in
the proof of theorem 2.1. Thus the equivalence classes of
S under ~y are actually a ring under these operations de=-
finable purely in terms of the sequences, since these oper-
ations are clearly the same as those induced by the corres-
pondence mentioned above., It did not matter which speci-
fic sequences we had used to define f and g to get that
the resultant ones were defining for f + g and fg.

Hence the operation

CCLa33 3295 fa33329035 + DC(B T, (D

[({a; + le (i, §) £ [1, nlx [1, ml},

{ay + bjl (i, 3J = [1, n)xT[1, ml}}];

3 =
JJl]

is well-defined, and similarly for multiplication. For
convenience, then, we may identifylﬁ with the collection
A

of equivalence classes and perform operations on R in accor -

dance with the formulas in theorem 2.1 as restated for the
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equivalence classes,

Analogous considerations hold for R (see [31);
identical formulae may be used for combining two equiva-
lence classes [X]  and [Y], . Consequently, we will regard
both R = {[Xlal X € S} and R = {[X] | X € 8}. We want to
show that these two rings are isomorphic. This is clearly
so if the correspondence [X]  «—> [X]  is one-to-one be-
tween ﬁ and.ﬁ} since the computation formulae are identi-
cal., Assuming familiarity with [3], we will demonstrate
that this indeed happens.

Theorem 2.11., F: R = R, where F is given by

F([X],) = [X], for each X € S.

Proof. We first verify that F is well-defined.
Suppose that [X], = [Y], for some X and Y in S, specifi-
cally, for

X = ({Ail ie [1, nll, {ail ie [1, nl}),

Y = ({le j e [1, ml}, {bjl je[1, ml}).

Then X ~ Y, £ (X) = £ (Y}, and theorem 1.13 tells us tha*

o
a; + P = bj + P, i.e., a, = bj € P, whenever we find
A; = P and By = P for sny given P v (R).

Turning to R, suppose that P is any prime in the
domain of fn(X)° This means that for some i we have becth
A, = P and a; € A,. (See theorem 2.10.) Then consider
any Bj such that Bj < P, as must happen for some j. We
get that A, + Bj < P so that A; + Bj £ R, whence there is

a proper prime ideal P' of R such that A, + Bj < P'., Now
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suppose that P' <« P, By the first paragraph it follows

i
< P with bj € Ap and P is also in the domain of fn(Y)D Fur-

that a, - bj e PP cPc AP; hence also bj £ APO So some Bj

thermore, the P' above may always be chosen so that P' = P;
for primes share with prime ideals the property that their
complements are multiplicative systems in R (see [1, Propo-
sition 2,1]), whence we may obtain such a P' by use of
lemma 1.1. It follows that domain(f (X)) <= domain(f (Y32,
and by reversing the argument we get that domain(f (X)) =
domain(f _(Y)).

Now consider any prime P in this common domain.
Then choose any (i, j) such that A, = P, a; € 4, By = P,
and bj e Ap. Again, there is a prime ideal P' of R with
A, + Bj < P' = P. Thus A, = P’ and Bvj = P' so that a; - bj
€ P' and a; - by £ P. Hence (£ (X))(P) = a; +P =D, + P
= (fn(Y))(P)o We have shcwn then that fn(X) = £ (Y), since

was arbitrary in their common domains. Therefore,

P
X ~ Y and [X]TE = [ano So F is in fact well-defined.

P

By the definition, F certainly maps R onto ﬁ} so by
the remarks preceding the theorem we know that it is at
least an epimorphism of the two rings. Thus to show that
F is one-to-one and an isomorphism of the rings we need
only show that the kermnel of the mapping is {fo} =
(c{{{ol}, {0})1,}.

Suppose, then, that F([X] ) = [X]_ is the zero ele-

ment of R (which is the corresponding path function
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£q = [({{0}}, {0})]  in R) for some X € S. If [X] is not
a path function, then it may be defined by ideals and ele-
ments as in theorem 2.7 so that f_(X) = £ (X'), with X'
satisfying the conditions of theorem 2.7. But then, by
the corresponding result in [3], £ (X) = £ (X') is also
not a path function in R, a contradiction since it is fo.
[({{0}}, [2})],, and

fa = fo in R. How-

So for some a € R we have that [X]d
so F([ch) = [X]1, = [({{0}}, {a})JTE

)
ever, Jjust as in R, the nil semi-simple condition implies

that fa = fb if and only if a = b for any path functions
f, and £, of R. We conclude that a = O and [Xl, = £
hence ker(F) = {fo} and F is an isomorphism of R and R.
This completes the proof.

Summary. We have seen in this chapter, then, that
the object ﬁ is a ring with the ''same prime ideal struc-
ture as R"; that it is a ring from which our construction
process yields the same ring back; that, conversely, any
ring which yields an isomorphic ring by this process is of
the form ﬁ'for some ring R (in the sense of the natural
injection); and that our process yields the same ring as
that in [3]. Further, we have found necessary and suffic-
jent conditions that a ring R be of the " -type.

Also, the operations ™ and T are closure operations
in the sense that R = % for each ring R. Regarding R = R'
= {fal a € R} as a subring of ﬁ, we also have the closure

~

~, ~
property that R = S for any ring S such that R= S = R,
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To conclude, we might consider a possible general-
ization of these ideas., We have seen that the spaces both
of primes and of prime ideals in a ring R determine the same
ring. Merle Manis has suggested that some other classes of
structures in R might likewise give spaces which also lead
to the same ring. In particular, in characterizing both m-
functions and o-functions much use was made of irreducible
subsets and of minimal prime ideals of R. Notice that a
g-function f is determined by its values for minimal prime
ideals; each prime ideal contains a minimal prime ideal,
and if a is any minimal prime ideal then f is "constant"
on the maximal irreducible set T_. For if {Ail ie 1, nl}
and {ail i € [1, nl} define f, choose A, = a; then A, = P
for all P € T,. So £f(P) = a; + P for all P € T,. Thus it
seems that the space of cosets of minimal prime ideals
alone might very well determine the same ring as V(R) and

Arith R,
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CHAPTER IITI
EXAMPLES

For convenience of expression we introduce some new
notation. Tet R be a ring, commutative and nil semi-simple
with identity as usual. We say that R is an H-ring if
R Elﬁ} One set of conditions has already been found that a
ring R is an H-ring. It might be asked whether there are
other, more natural conditions. At least we would like to
know whether all, some, or no rings are H-rings and whether
some well-known classes of rings are H-rings. This chapter
gives a partial answer to such questions,

First, notice that the analysis of the first two
chapters is somewhat trivial for integral domains; {0} is
the unique minimal prime ideal in any integral domain, and
all domains (with identity) are H-rings. For by our ear-
lier remarks, any o-function must be constant on all prime
ideals in Tyn4y = VO(R) for an integral domain R, which is
to say that each o-function must be a path function.

However, it is not true that all rings are H-rings,
as we see by an example due to Merle Manis [3]. ILet F be a
field, and consider the polynomial ring in two indetermi-

nates F[x, y] = R A well-known result is that R[Xl, Xo9

lo
-ees X,] is a unique factorization domain for any unique

factorization domain R [5, p. 126]. Thus Rl is a u.f.d.
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and, consequently, an H-ring. But the ideal K = (x° + y)le
is not a prime ideal of Ry, so Rl/K is not an integral do-
main., It is certainly a commutative ring with identity,
however.

We will verify that R = Rl/K is a ring in our sense;
i.e., that it is nil semi-simple. ILet a € R with a = 0
for some n > 1, Then a has the form a = p(x, y) + K for
some p(x, y) £ F[x, y), and we are saying that a® =
(plx, y) + ) = p(x, yD) + K = 0 + K = K. In other words,
plx, )2 € K = (x° + y)le and (x° + y)y divides p(x, y)2.
But y is irreducible, or a prime, in Rl So y divides
p(x, y), since R, is a u.f.d. Similarly % + v must divide
o(x, y), but x> + y and y are relatively prime so that
(x° + y)y must divide p(x, v). Hence p(x, y) € K and
a =0+ K, Thus /I0f = {0} in R, and R is nil semi-simple.

Now look at the principal ideals Al =
((x2 + y) + KJR and A2 = (y + KDR. ILet a; =
(" + 3) + D)(py(x, 3) + K) = (x° + 3)p (%, 3) + K & A
and a, = (y + K)(po(x, y) + K) = ypo(x, y) + K € A,. Then
ajas = (x° - y)yp,(x, ¥)po(x, y) + K = 0 + K, Thus A4, =
{0} (where O here is O + K, the zero of R).

Consider also the element z = x + K € R. Then z2
(x+ K2 =(x+K) = ((x+3) +K - (7 +K eh +A4
so that z e /A + &5,

Now recall that in any quotient ring S/A, where A

]

is any ideal of a ring S, there is a one-to-one
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correspondence between the ideals of S/A and the ideals of
S which contain A, and that this correspondence preserves
prime ideals. In our case the ideal Al derives from the
ideal 4;' = (x° + y)R, of R, which contains K, and the
ideal A, comes from the ideal A2‘ = le of Rl which also
contains K, But these two ideals are prime ideals of Rl’
since they are the principal ideals generated by the two

irreducible elements x2 + y and y of R Therefore, Al

1°
and A2 are prime ideals of R; in particular they are radi-
cal ideals, '

Suppose, then, that z € Al + A2° This means that
there is some p'(x, y) and some q'(x, y) in Fl[x, y] such
that x + K = ((x° + y)p'(x, y) + K) + (yq'(x, y) + K) =
((x° + y)p'(x, y) + ya'(x, y)) + K € A, + Ay, But then
(x° + yp'(x, y) + y'(x, y) - x € K = (x° + y)le. Con-
sequently, y divides xgp'(x, y) - x = x(xp'(x, y) - 1),
and y divides xp'(x, y) - 1. But xp'(x, y) has no con-
stant term so that xp'(x, y) - 1 has the constant term -1,
whereas y cannot divide any polynomial with a non-zero
constant term. This contradiction shows that x + K = z ¢
Al + Ay = /II + /IE after all.

Now we can let 8, = 2, ay = O and obtain a; - aj £
m for all (i, §) e {1, 2}x {1, 2}, but a; - 2 ¢
/IE'+ JIE for i =1 and j = 2. Therefore, using theorem
2.7 we get that the o-function determined by Al’ Aoy B9,

and a, is not a path function, and theorem 2.9 says then
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that R is not an H-ring.

We are at least assured, then, that some but not
all rings are H-rings. It turns out that rings other than
integral domains may be H-rings. ZFailing to put them all
in some commonly recognized class, we might at least in-
vestigate whether some commonly considered rings are H-
rings. A complete investigation, however, would be too
lengthy to include here, and this paper will now be con-—
cluded with an examination of product rings. If A is an
index set and for each o« € A we have a ring Ra’ recall
that R = agARa
o € A}, called the complete direct product of the rings Ra,

= {a: A —+>agaRu| ala) = a, € R, for each

is a ring (see [6, pp. 172-178]1) under the coordinatewise

addition and multiplication. The weak direct product R' =

{a € avsrARal a, = Oy, the zero of R, for all but finitely

many o € A} is a subring of R which we will also consider.
For the rest of the paper we will use the term "ring'" in
the ordinary sense, not assuming any of the special prop-
erties that were previously assumed unless an H-ring is
specified. ILikewise, an ideal may not be proper.

We recall without proof some properties of such pro-
ducts. The weak direct product is actually an ideal of
the complete direct product, and every ideal of R' is an
ideal of R. R and R' are each commutative if and only if
each Ra is commutative. The same is true of the nil semi-

simple property. TFor multiplicative identities, R has one
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if and only if each R, does, but R' cannot have one unless
A is finite.

For each a € A we have the projection epimorphism
P,: R —>R given by pa(a) = a for each a € R and the

o
(ia(b))a = b for each b € R,. If A is any ideal of R,

monomorphism i : R, —>R given by (ia(b))é = Oy if & % a,

then A = {aal a e A} = pa(A) is an ideal of R, for each

oa e A, and A agAAa° If each ring Ra has identity la’

then 7nw'A < A< 7m A, where ' denotes the weak direct
oaeA A aeh «

product, and Aa is & prime ideal of Ra for each ¢ € A if A

is a prime ideal. If, in addition, A is finite, then the

three ideals above are equal., Conversely, if A(a) is an

ideal of R, for each a« € A, then A = aEAA(a> is an ideal

of R and A = A(a) for each a. Notice that if A and B are

any subsets of R, then (A + B), = A + B, for all a € A.
Last, if A is an ideal of R, then (JK)G = /K; for

each @ € A, and /yE = /T K. = oA /K, = ok (vE)_ . Now

e O EA o
for a discussion of H-rings an identity is required, so

only the complete direct product is considered in the

theorem we now prove with the aid of the ideas above,

Theorem 3.1. Let R = agARa be any complete direct
product of rings. R can be an H-ring only if R, is an H-
ring for each a € A; if each Ra is an H-ring and A is fin-
ite, then R is an H-ring.

Proof. Since R is commutative and nil semi-simple

with identity if and only if each ring Ra is, we may assume
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that they all are such and concern ourselves with the con-
ditions of theorems 2.7 to 2.9 in the last chapter.

Suppose that R is not an H-ring. Then we choose
ideals {Ail i € [1, n]} and elements {ail i e [1, n]} of R
according to theorem 2.8. Clearly, we have that igl(Ai)a
= {0, )} for each o & 4, and if (i, j) e [1, nlX[1, n],
o € (/KE—T_KE)G =
/(a; + Aj)a = /(ay) + (Aj)a for each « € A. Thus by de-

then (ai)a - (aj)a = (ai - a.)

leting those indices i for which (Ai>a = Ra’ and not all
will be such for any given a, we may assume that the se-
quences {(Ai)al i e [1, nl} and {(ai)al i € [1, nl} are non-
empty sequences with proper ideals which define a
o=-function in Ra for each «a.

We claim that one of these o-functions is not a
path function if A is finite, For if (ai)a - (aj)a €
(Ai)a + (Aj)a for all @ € A and all (i, j) € [1, nlX
[1, n], the finiteness condition gives Ai + Aj =

gA(Ai + Aj)a = aEA[(Ai)a + (Aj)a] so that since (ai - aj)a

a
= (ai)a - (aj)a £ (Ai)a + (Aj)a for all « € A, thus

(ai - aj) € agA[(Ai)a + (Aj)a] = A, + Aj for all (i, J) =
(1, nlx [1, n]. This, however, contradicts our original
choice. Hence for some & € A we have that (ai>6 - (aj)6 £

/(hy)g + (Aj)5 \ [(Ai)é + (Aj)éj for some (i, j). In this

case (Ai)é and (Aj)b are not Ry, and these ideals were not
deleted to get defining sequences for this particular o,

Further, note that (Ai)6 = /(szg and (A3>5 = /EA356 by
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the original choice of ideals. Hence theorem 2.7 applies,
and the o-function for R& is not a path function; thus R6
is not an H-ring. Therefore, if each Ra is an H-ring and
A is finite, then R is an H-ring.

Conversely, suppose that R6 is not an H-ring for
some & € A, Choose ideals {le j e [1, n]l]} and elements
{b.l 5 € [1, nl} according to theorem 2.8. For j £ [1, n]

J
let Aj = {ié(b)[ b e Bj}° Then Aj is an ideal of R for

each Jj because Aj

a £ & and (cj)(a)

aEA(Cj)(a)’ where (Cj)(a) = {0} for

0

B,. It is clear that ,m.A, = {0}, and
3 N g=17g T v =
each Aj is proper. Similarly let aj = ié(bj) for each J.
It is easily checked that for (j, k) € [1, nlx [1l, n], a
- 3 € 16((/Kj + K})s)a But since (Aj + Ak)a B {Oa} for
each o + & and R, is nil semi-simple for each o, we get

that (/IE“T'KE)G = {O,} for each a + &, and it follows

that i&((n/xj + %)5) = VIJ- + E and aj - ak € VKJ. 4 Kk

for all (j, k). By the same reasoning, we see that /KE =

J

ié(/BE) = 16(33) = Aj for each j € [1, nl.
Now n > 2 by the original choice, so choose some

(i, ) e [1, nlx [1, n] with i + j. If a; - as € vE; +

/IE, then b; - b = (ai)5 - (aj)b = (ai - a)g € (&, + Aj)é

3
= (Ai)é + (Aj)é = By + Bj’ a contradiction. Thus a; - aj
¢ JI; + /IE for some i £ j. By theorem 2.7 we conclude
that R has a o-function other than a path function; thus R
cannot be an H-ring. Therefore, R can be an H-ring only

if each ring Ra is an H-ring, and the theorem is proved.
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