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ABSTRACT

The row-column confounded 2™X4" factorial designs and its different fractions can be
constructed and analyzed using pseudo factors in the 4" portion. (Examples are shown)

INTRODUCTION

Rao (1946), Kempthorne (1947), McLean and Anderson (1984) and John (1971) have discussed
the latin square / quasi-latin square forms of factorial designs. Bailey (1977) and Patterson and
Bailey (1978) have discussed the row-column form of the same designs with one treatment per
cell. John and Lewis (1983) considered n-cyclic designs in row-column factorial experiments.
Aggarwal and Shamsuddin (1987) and Shamsuddin (1994) constructed row-column confounded
symmetrical factorial designs with single / multiple treatment per cell. John (1970) and Anderson
and McLean (1974) used pseudo factors for constructing some factorials. Nath (1993) used
pseudo factors in constructing factorial designs. Shamsuddin (1994) used pseudo factors for
indirect construction and analysis of block and row-column factorial designs of prime power of
levels. Haque (1996) and Shamsuddin and Haque (1997) has used pseudo factors for obtaining
different fractions of 2™x4" designs. But none has used pseudo factors in constructing the row-
column confounded 2™x4" factorial designs and its different fractions like square ring patterned
and cross-diagonal fractions.

CONSTRUCTION.
The 2™x4" factorial can be constructed by use of pseudo factors partially i.e. by use of pseudo
factors in the part of 4" factorial of 2™x4" design. The 4" factorial of n real factors can be

obtained by the method of rotation conversion of 2n pseudo factors (Shamsuddin 1994).

The Row-column confounded 2"x4" Design.
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The row-column confounded 2™x4" design is made by 2™™" design with 2" rows and 2* columns
with 2™2" ™ treatments per cell. The 2™ design (say, 2™2" = 2° design, where s > r +k)
confounding 2'-1 factorial effects belonging to 2'-1 d.f. with its 2 rows and 2"-1 factorial effects
belonging to 2*-1 d.f. with its 2¥ columns is obtained by the following sets of equations
(Aggarwal and Shamsuddin 1987)

PX =Uy, h=0,1,2,.. 21, A where P=(pjj)ixs,Q=[qijlixs. X =[Xi]1xs,Uo =(Uo,..Uo)”
QX =V @ Uy =(u0,..u0)',U1=(u1,..uo)',. vy Uzk_lz(ul,..ul)',
representing the first row with 2" cells,

PX=Uy h=0,1,2,.. ,2k-1 _ where V| = (v1, Vo,..Vo) , all pyj, qij, X;, u;,vi € GF(2),
Qx=v, @

representing the second row with 2* cells, so on the others in which the equation sets
PX = Uy, h=0,1,2,.. 251

QX = Vzr_l """ (i) where Vzr_l = (V],. . .,V])',

representing the last row with 2% cells.

Writing all the rows, each of 2% cells, we shall get 2° design into 2x2k setup of row-column
design with 2°™* treatment per cell (Table la or 2a). That is, we are to construct first the 2™"
factorial of two-leveled m real factors and 2n pseudo factors into the structure of 2" rows and 2k
columns confounding 2"-1 pseudo factorial effects of 2" d.f. with rows and other 2*-1 pseudo
factorial effects of 2-1 d.f. with columns and then to correspond the levels of a real factors with
the level combinations of 2 pseudo factors (Shamsuddin 1994) within the portion of 2°" or 4"
factorial only for getting the row- column confounded 2"x4" factorial design (Table 1b or 2b) in
full.

Table la: The row-column 2° factorial design confounding A;B,, A;B;B; and A;A;B; with 4
columns and YZ with 2 rows

000000 001000 000100 000001
000110 001110 000010 000111
001011 000011 001111 001010
001101 000101 001001 001100
110000 111000 110100 110001
110110 111110 110010 110111
111011 110011 111111 111010
111101 110101 111001 111100
100000 101000 100100 100001
100110 101110 100010 100111
101011 100011 101111 101010
101101 100101 101001 101100
010000 011000 010100 010001
010110 011110 010010 010111
011011 010011 011111 011010
011101 010101 011001 011100
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Table 1b: The row-column 2°x4? factorial design confounding AB“:
with 4 columns and YZ with 2 rows

OOuouo
001,12111
00111113
00113112
1 luouo
1 1112111
1 1111113
1 11,13112

10uouo
1 0112111
10111113
1 0113112
0 luouo
01 Uuq
0 1111113
01 uszun

00u1u0
001131,11
0011()113
001121,12
1 1u1u0
1 11131,11
1 111()113
1 11121,12

10111110
101131,11
1011()113
101121,12
01 Uilp
011131,11
01 UoU3s
011121,12

0011211()
OOU()U1
00113113
OOu1u2
1 111211()
1 1110111
1 1113113
1 1111112

1011211()
10110111
10113113
10111112
0111211()
Olu0u1
01113113
Olu1u2

OOuouz
00112111
00111111
00113110
1 luouz
1 1112111
1 1u1u1
1 1113110

10uou2
10112111
10111111
10113110
Oluouz
01112111
01111111
01113110
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Table 2a: The row-column 2*x4° factorial design confounding AB,, A;BB; andA;A;B,;

000000
100000
010000
110000

000110
100110
010110
110110

001101
101101
011101
111101

001011
101011
011011
111011
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with 4 columns and A1BB,, A,B; andA1A,B, with 4 rows

001110
101110
011110
111110

001000
101000
011000
111000

000011
100011
010011
110011

000101
100101
010101
110101

001001
101001
011001
111001

001111
101111
011111
111111

000100
100100
010100
110100

000010
100010
010010
110010
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100111
010111
110111

000001
100001
010001
110001

001010
101010
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001100
101100
011100
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Table 2b: The row-column 2°x4? factorial design confounding AB"> with 4 columns and
ABY with 4 rows

001,1011() 00113111 00111112 00112113
1 Ououo 1 0u3u1 10u 11Uz 1 0u2u3
011,1011() 01113111 01111112 01112113
lluouo 11u3u1 lluluz 11112113
00112111 00111 Uo 00113113 00110111
1 0112111 1 0u1u0 1 0113113 1 011()111
01u2u1 0111111() 01113113 01110111
111,12111 lluluo 11113113 1111()111
00113112 0011()113 001,1211() 00u1u1
1 0113112 1 0u0u3 1 Ouzuo 1 0u1 U
01113112 0111()113 011,1211() 01u1u1
11u3u2 11u0u3 lluzuo 11111111
00u 1us 00u2u2 00110111 00113110
1 0111113 1 0112112 1 0110111 1 01131,10
01111113 Oluzuz 01uou1 01113110
11111113 11112112 1111()111 1111311()

Fractional Factorial Designs:

There are different types fractional factorial designs, such as fraction containing one row or
column, fraction having more than one row or column, square ring patterned fraction, cross-
diagonal fraction and triangular fraction. We shall discuss here only two types of fractions.

The square ring patterned fraction:

This square ring pattern contains the first row, last row, first column, and last column of 2%x4
factorial design. These rows and columns are represented (Shamsuddin and Aggarwal 1987,
1988) by the following sets of equations respectively

QX = Vg, g: 09 1 ’2," ,21'_ 1 s . Where P:(pij)kXS,Q:[qij]rxs,X’:[Xi] 1XS7U0 :(uo,- -uo) ’
Px=v ) Vo :(VO,..VO),,V1:(V1,..VO)’,. cey Vzr_lz(Vh..Vl)’,
representing the first column with 2" cells,

QX = V%(, g=0,1,2,.. ,2"-1

PX = U2 a0 V)

representing the last column with 2" cells.

The first row and last row are given by the equation sets (i) and (iii)

Solving these equation sets respectively, we get the first row, first column, last row and last
column connected each other to have the square ring patterned fractional factorial (Table 3a)
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Table 3a: The 4x4 square ring patterned irregular fraction defined by the column defining
contrast 1 =A;B, =A;B;B, =AA;B; and row defining contrast 1 =A;B;B,, =A;B; =AA;B;
derived from 2° design of 2 real factors Y,Z and 4 pseudo factors Aj, A, B;,B>

000000 001110 001001 000111
100000 101110 101001 100111
010000 011110 011001 010111
110000 111110 111001 110111
000110 000001
100110 100001
010110 010001
110110 110001
001101 001010
101101 101010
011101 011010
111101 111010
001011 000101 000010 001100
101011 100101 100010 101100
011011 010101 010010 011100
111011 110101 110010 111100

Table 3b: The 4x4 square ring patterned irregular fraction defined by the column defining

contrast 1= AB"2 and the row defining contrast 1= AB" indirectly derived from 2°x4* design.

0011011() 00113111 00111112 00112113
10ugug 10u3u4 10uuy 10uu3
0111011() 01113111 01111112 01112113
11ugug 11uzyy 11uwy 11upus
00uyu, 00ugu;
10u,u; 10ugu;
0lupuy 0lugu;
1 1112111 1 111()111
00usu, 00u;u;
10113112 1 0111111
0lusu, O0luju;
11uzuy 1Tuju
00111113 00112112 001,10111 001131,10
10u 1us 1 Ouzuz 1 0110111 1 0113110
01111113 01112112 011,10111 011131,10
11u1u3 lluzuz lluou1 11113110
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Cross-Diagonal Fractions:

The cross-diagonal fraction is the combination of two diagonal intersecting each other at their
center cell. The first diagonal is given by

PX = Uy, h=0,1,2,.. 21, whereP=(pij)icxs, Q=[ijlrxs. X "=[Xil 1x5: Uo=(thos--Uo) JU1=(u1,.. o).,
QX=Vgg=0,1,2,.. 21, ™ UX 1=(uy,.u1)",Vo =(Vo,..Vo) s Vi=(V1,..Vo) .. V2=(v1,.v1)’

and the second diagonal is represented by
PX=Uyh= 0, 1,.,2",
QX= Vg, g=2"1,22,...,0, ¥

These two equation sets (vi) and (vii) intersect each other at the center.
Solving the equation sets (vi) and (vii) we get the cross-diagonal fractional factorial (Table 4a)

Table 4a: The cross-diagonal 2% fractional factorial of 2 real factor Y,Z and 4 pseudo

factors Ay, Ay, By, B,.
000000 000111
100000 100111
010000 010111
110000 110111

001000 001111

101000 101111

011000 011111

111000 111111

000011 000100

100011 100100

010011 010100

110011 110100
001011 001100
101011 101100
011011 011100
111011 111100
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Table 4b: The cross diagonal fraction showing the half-replicate of 2°x4* design

00uguy 00uzus
10uguy 10uzu;3
01uguy 0luyus
1 1uguy 1Tuzu;

0011111() 001131,13

10u 1Uo 1 0113113

Olu 1Uo 01 uszus

11u 1Uo 1 1113113

00110113 00112110

1 011()113 1 01121,10

0lugu;z 01uyug

1 111()113 1 11121,10
00111113 001131,10
10uus 10usuy
0lujusz 0Tusug
11uus 11uzug

ESTIMATION and ANALYSIS

We can estimate all factorial effects in all two-leveled full factorials of pseudo factors by direct
method or Yates method and in the fractions of pseudo factorials by direct method.

Then these estimated values are converted to real factorial effects by conversion procedure
(Shamsuddin 1994).

In the fractional factorial the same procedure of conversion is followed as that for a 4" design.
After estimating the pseudo factorial effects (main effect or interaction effect) group-wise,
followed by the conversion procedure, we get the estimates of real main effects and interaction
effects by conversion for the 4" factorial design. The same conversion procedure of pseudo
factors into the real factors is followed in the case of 2"x4" design and its different fractions by
applying the conversion in the portion of 4n only without changing the level shapes of 2™
portion.

Estimation in full factorial of 2"x4" design:

Using the conversion method all effects of this full factorial design are easily estimated by 2™"
design of m real factor and 2n pseudo factors except the confounded effects with rows and those
with columns. Here in the 2°x4” design confounding effect with column we get the estimate of
Y, Z, A, B, AB, AB*":, AB“ applying the rotation-conversion procedure (Shamsuddin 1994) of
pseudo factors Aj,A;,B;,B; in the portion 4? factorial.
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Estimation technique in square ring patterned fractional factorials:

In the Table 3a showing the square ring patterned in the 2° factorial design of 2 real factor Y,Z
and 4 pseudo actors Aj,A2,B1,B, the first row is represented by the first row defining contrast
defined by 1 = -A;B1B,=+A;B; =-A;A;B; ....(viiil) and the last row defining contrast defined
by 1 =+A;BBy=-A;B; =-A1A;B, ...(ix). Adding these two row contrasts we get the half
replicate defined by 1 = A;A;B, from where we can estimate A, Az, AjA,, Y, Z, YZ,
YA],YAQ,YA]AZ , ZA], ZAz, ZA]AZ , YZA],YZAz, YZA]AZ . Slmllarly the first column is
represented by the first column defining contrast defined by 1 = +A;B; = -A;B1B; = -A1A;B;
....... (x) and the last column contrast is defined by 1 = -A;B, = +A;B1B,=-A1A;B; .......
(xi). Adding also these two column contrasts we get another half replicate defined by 1 =
AjA,B; from where we can obtain another set of estimates By, B,, BiB,, Y, Z, YZ,
YB,,YB,,YB B, , ZB,, ZB,, ZBB, , YZB,,YZB,, YZB|B,. On average we get the estimate in
all from both half replicates Y, Z, YZ, A], Az, A]Az, Bl, Bz, B]Bz, YAl, YAz, YA1A2 , ZA], ZAz,
7ZA1A; ,YB1,YB,,YB|B>,7ZBy, ZB,, ZB B, , YZA|,.YZA,, YZA Ay, YZB,,YZB,, YZBB,.from
the square-ring patterned fraction of 2° design of 2 real factors Y,Z and 4 pseudo factors
A1,A2,B1,B2. Now using the conversion method we get indirectly the estimates of all real
factorial effects A, B, YA, ZA, YB, ZB, YZA, YZB of 2°x4* factorial design.

Estimation in cross-diagonal fraction:

In the 2° design (Table 1a) the first row is defined by the first row defining contrast

1=-A;B|B, =+ A;B; =-AA;B; and the first column by the first column defining contrast 1 =
+AB; = -A;B 1B, = -AA;B; and multiplying directly (in the same direction) we get the first
diagonal defining contrast defined by = -B;= -B, = +BB; .....(xii), again multiplying first row
defining contrast 1= -A;B B, =+ A;B; =-A;A;B; with the last column defining contrast defined
by 1=-A;B,=+A;B;B,=-AA;B; we the second diagonal defining contrast 1 =+B; =+B, =
+BiB; ...... (xiii) . Now adding these two diagonal contrasts we get the half replicate defined by
1= BB, from we can estimate Aj, Ay, A1A2 Y, Z, YZ, YALLYA,L,YA Ay , ZA,, ZA,, ZA A,
YZA1,YZA;, YZA A, . With help of conversion method we get the estimate of Y, Z,YZ, A, YA,
ZA,YZA, etc

Analysis:

The sum of square of a pseudo factorial effect in these two leveled full or fractional factorials is
estimated as usual procedure by [ square of total factorial effect / total d.f.]

In analysis the real factor ss or the real factorial effect ss is obtained as the total of the ss’s of all
pseudo factors or pseudo factorial effects used for conversion of the real factor or real factorial
effect. Thus, as for example in calculating the sum of squares of 4° factorials, we see ss(A) is
sS(A)+ss(Az) +ss(AjA; ) and ss( AB™ ) is the total of ss(AiB;), ss(A;BB,,) and ss(AjA;B; ) as
shown in the conversion procedure.
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As an example we show here the ANOVA table of 4* factorial design of 2 real factors A and B

confounding AB“ with 4 columns and AB“ with 4 rows using the 2* design of 4 pseudo factors
Aj, Ay, By, B, through the conversion rule.

Table 5. The Analysis of Variance Table of 4* Design

2* factorial design 4? factorial design

S.V. DFE. S8 SV. DF. SS

A 1 S(A))

As 1 S(A») A 3 S(A)

AlA, 1 S(A1A»)

B, 1 S(B»))

B, 1 S(B») B 3 S(B)

B:B» 1 S(B1B,)

A B 1 S(A1B))

A>B, 1 S(A2B») AB 3 S(AB)

AIABIB, 1 S(A1A;B1B))

Row effect 3 S; Row effect 3 S;

Col. effect 3 Se Col. Effect 3 Se

Error r2*-1-other d.f Se Error 14%-1-other d.f. Se

Summary

The construction, estimates and analysis of row-column 2™ x 4" factorial designs and its two
types of fractions were shown is detail. This row-column confounded mixed factorial design
helps to estimate different main effects and interactions for both 2 level and 4 level-series are
shown here separately as well as jointly.
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