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tion. Our results are then used to address the following ques-
tions:

(a) 	What is the difference in the gravitational force between 
two adjoining cubes and two adjoining spheres of the 
same mass and density as the cubes?

(b) What is the dependence of the gravitational force between 
the cubes on the separation between their centers?

(c) 	For a given separation, what is the offset between the 
center of a cube and the center of a sphere of the same 
mass and density that provides the same gravitational ef-
fect? When this offset becomes negligibly small, the cube 
“evolves” into a sphere since it may now be replaced by 
a point mass at its center for calculations of the gravita-
tional force.

Analysis
For simplicity, we will use G = 1 in our calculations of the 

gravitational force F = GM m/r2. The values of force in our 
calculations are therefore normalized by 6.67310-11.  Mass, 
length, and force are all assumed to be in SI units. In order to 
calculate the force between the two unit cubes at various dis-
tances, place the first cube with x, y, and z all from 0 to 1. The 
second cube will have d ≤ x ≤ d + 1, with y and z from 0 to 1, 
as shown  in Fig. 1. So d is the distance between the centers of 
the two cubes.

Each cube is assumed to have uniform density and a mass 
of 1. Let (x1, y1, z1) be a point in the first cube and (x2, y2, z2) 
be a point in the second. For these two points the contribu-
tion to the total force would be

in the direction of the line connecting the two points.
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An important concept that is presented in the discus-
sion of Newton’s law of universal gravitation is that 
the gravitational effect external to a spherically sym-

metric mass distribution is the same as if all of the mass of the 
distribution were concentrated at the center.1,2 By integrating 
over ring elements of a spherical shell, we show that the gravi-
tational force on a point mass outside the shell is the same as 
that of a particle with the same mass as the shell at its center. 
This derivation works for objects with spherical symmetry 
while depending on the fact that the gravitational force be-
tween two point masses varies inversely as the square of their 
separation.3 If these conditions are not met, then the problem 
becomes more difficult. In this paper, we remove the condi-
tion of spherical symmetry and examine the gravitational 
force between two uniform cubes.

There have been a number of notable studies on the gravity 
of a cube. For example, I. R. Mufti developed approximation 
formulas for rapid evaluation of a cube’s gravitational field4  
and, in a subsequent work, calculated the gravitational field 
of a body of arbitrary shape by using cubes as building blocks 
within the body.5 In their works on the stability of orbits 
around irregular-shaped celestial bodies, Liu et al. first investi-
gated the dynamics of a particle orbiting a fixed homogeneous 
cube,6 and then orbiting a rotating homogeneous cube.7  
Finally, Chappell et al. calculated the Newtonian gravitational 
potential and field of a cubic homogeneous asteroid and ap-
plied it to the orbit of possible satellites.8 The methods used in 
these studies have a somewhat higher degree of mathematical 
sophistication than our approach, which is more suitable for 
discussion in an intermediate-level course on mechanics. We 
introduce the student to the use of basic computational phys-
ics in the study of universal gravitation. In addition, our re-
sults can be used in a discussion comparing orbital dynamics 
of a satellite around a spherical body and a nonspherical body.

Basic calculations of orbital parameters can easily be made 
to an excellent approximation by modeling essentially spheri-
cal celestial objects as point masses at their centers. In situa-
tions involving objects with irregular shapes where a high de-
gree of precision is required, more advanced techniques must 
be used, similar to those discussed in this paper. In 2001 the 
NEAR Shoemaker spacecraft made a historic landing on Eros, 
an asteroid about the size of Manhattan, slowing to less than  
2 m/s before coming to rest on the surface.9 In order to achieve 
a soft landing, it was necessary to develop a complex model of 
the gravitation of the asteroid based on its irregular shape and 
mass.

We will begin by determining numerically the gravitational 
force between unit cubes that are in contact on one face. This 
calculation is then repeated for cubes with increasing separa-

Fig. 1. Positions of the two unit cubes for which the gravita-
tional force is calculated.
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square force between the equivalent point masses at their 
centers for 1.0 ≤ d ≤ 1.5. The calculated force is smaller than 
the inverse-square force, with the difference ranging from 
−7.40% when the cubes are in contact to −2.32% at d = 1.5.

We now consider another way to look at how well these 
cubes can be approximated by spheres from a gravitational 
standpoint. This is done by examining the offset between 
the center of the cube and the center of a sphere with the 
same mass and uniform density. When d = 1, the force would 
be the same if we replaced the cubes with centers at x = 0.5 
and x = 1.5 by two spheres of mass 1 whose centers were 

 units apart. Centering the spheres 
would put their centers (1.0392−1)/2 = 0.0196 offset from the 
respective cube centers. These offsets will tend to zero as d 
increases.

Computing a few offsets for d near 1 gives (1.0, 0.019600), 
(1.1, 0.016999), (1.2, 0.014478), (1.3, 0.012272), (1.4, 0.010401), 
(1.5, 0.008836). Even for cubes with zero separation (d = 1), the 
offset is less than 2% of the side length, decreasing to less than 
1% at a separation of half a side length (d = 1.5). Next, we can 
try to estimate the rate at which the offsets go to zero as d →∞. 
Examining larger values of d can make the pattern easier to see. 
To do so, we compute the forces and offsets as the distance 
between centers of the cubes successively doubles. Along with 
the offset values, the ratio of one offset divided by the next 
offset gives information about the rate at which the offsets are 
approaching zero.

Table I shows that in the limit as d increases, the offset is 

From symmetry, the overall force in the y and z directions 
will be zero, so we only need to determine the x-component 
of the force. That will be (x2  − x1)/r 31/r2. Integrating over 
all the possible values for the six x-y-z variables gives the total 
force between the cubes:8

                                                        
.
 

This is messy enough that we will use an approximate in-
tegration method from numerical analysis. For a classroom 
exercise, a standard method like Mathematica’s NIntegrate 
function can be used. It is a hard problem to do numerically 
when d = 1 and the two cubes are in contact on one face, 
since the function we are integrating has singularities.10 The 
integral is still finite when d = 1, but the numerical methods 
have much slower convergence. To check that Mathematica’s 
NIntegrate function would give at least the three or four sig-
nificant digit accuracy needed here, we compared the results 
to those obtained from a Fortran program using composite 
Gauss quadrature.

More realistic examples of computing gravitational forces 
due to bodies with shapes that are not close to spherical come 
from space missions to asteroids and comets. For example, 
the asteroid Eros has an irregular shape and is roughly 33313 
313 km.

The NEAR Shoemaker spacecraft was first put into a 
3213366 km elliptical orbit, where the gravitational field 
could be approximated by replacing the asteroid by a point 
mass. Later, when the spacecraft was moved closer and finally 
landed on the asteroid, more accurate gravitational forces 
were needed. From the initial mapping of the shape of the 
asteroid, the force could be done as a three-dimensional inte-
gral similar to the one above, except the spacecraft could be 
considered as a point mass. Ultimately, the asteroid’s gravity 
field was modeled  as a spherical or ellipsoidal harmonic ex-
pansion,11 which is beyond the scope of this project.

 When d = 1, the cubes are in contact and the force be-
tween them is found to be 0.92568. For comparison, we con-
sider the force between two touching spheres each of mass 1 
and the same density as the cubes. The volume of each sphere 
is the same as that of the cube, so the diameter of the sphere 
is (6/π)1/3, which is also the separation of their centers. Ap-
plying Newton’s law of universal gravitation to the two point 
masses at the centers of the spheres, we find that the force be-
tween the spheres is 0.64963. As expected this is smaller than 
the force between the cubes, where the number of points in 
close proximity is greater.

We wish to compute the gravitational force between the 
cubes for various values of d ≥ 1 to see how it differs from 
the force between spheres with mass 1. We expect that as the 
cubes get farther apart, the force between them will approach 
1/d 2, so the cubes, like spheres, can be replaced by point 
masses at their centers when calculating the gravitational 
force. Figure 2 shows a comparison of the calculated gravi-
tational force between our two unit cubes with the inverse-

Fig. 2. Comparison of the calculated gravitational force 
between two unit cubes and the inverse-square force 
between their centers.

d offset ratio

1 1.9600e-2 4.6888

2 4.1801e-3 7.4306

4 5.6256e-4 7.9197

8 7.1032e-5 7.9849

16 8.8959e-6 7.9965

32 1.1125e-6 7.9996

64 1.3907e-7

Table I. Rate of decrease of the offset.
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tational  effect. Even for cubes with zero separation, the offset 
was found to be less than 2% of the side length, decreasing to 
less than 1% at a separation of half a side length. In addition, 
we modeled the dependence of the offset as a function of the 
separation between the centers of the cubes. By the time the 
centers of the cubes are 4 units apart, the offsets of the equiva-
lent point masses (or sphere centers) from the cube centers 
are less than 0.0006 units away, so the cubes are essentially 
spherical from the standpoint of gravity.

References
1. 	 Raymond A. Serway and John W. Jewett Jr., University Physics, 

8th ed. (Brooks/Cole, 2010).
2.  	 Randall D. Knight, Brian Jones, and Stuart Field, College Phys-

ics, 2nd ed. (Addison-Wesley, 2010).
3.  	 Grant R. Fowles and George L. Cassiday, Analytical Mechanics, 

7th ed. (Brooks/Cole, 2005), Sect. 6-2.
4.  	 I. R. Mufti, “Rapid determination of cube’s gravity field,” Geo-

phys. Prospect. 21, 724–735 (1973).
5.  	 I. R. Mufti, “Iterative gravity modeling by using cubical blocks,” 

Geophys. Prospect. 23, 163–198 (1975).
6.  	 X. Liu, H. Baoyin, and X. Ma, “Periodic orbits in the gravity 

field of a fixed homogeneous cube,” Astrophys. Space Sci. 334 
(2), 357-364 (2011).

7.  	 X. Liu, H. Baoyin and X. Ma, “Equilibria,  periodic orbits 
around equilibria, and heteroclinic connections in the gravity  
field of a rotating  homogeneous cube,” Astrophys. Space Sci. 
333 (2), 409–418 (2011).

8.  	 J. M. Chappell, M. J. Chappell, A. Iqbal, and D. Abbott, “The 
gravity field of a cube,” Phys. Int. 3 (2), 50–57 (2012).

9.  	 A. F. Cheng, A. G. Santo, K. J. Heeres, J. A. Landshof, R. W. Far-
quhar, R. E. Gold, and S. C. Lee,  “Near-Earth Asteroid Rendez-
vous: Mission overview,”  J. Geophys. Res.: Planets 102 (E10), 
23695–23708 (1997).

10.   	 L. N. Trefethen, “Ten digit problems,” in Invitation  to Math-
ematics: From Competitions to Research, edited by D. Schleicher 
and M. Lackmann  (Springer, 2011).

11.   	 R. Garmier, J. P. Barriot, A. S. Konopliv, and D. K. Yeomans, 
“Modeling of the Eros gravity field as an ellipsoidal harmonic 
expansion from the NEAR Doppler tracking data,” Geophys. 
Res. Lett. 29 (8), 72-1–72-3 (2002).

Jeff Sanny is a professor of physics at Loyola Marymount University, 
where he has taught since 1980. His background is in condensed mat-
ter physics and space physics.  He has written a three-volume university 
physics textbook and works actively with students in an undergraduate 
space physics research program.
jsanny@lmu.edu

David Smith is emeritus professor of mathematics at Loyola Marymount 
University, where he taught from 1978 to 2012. His background is in 
numerical analysis and his research involves designing algorithms and 
writing software for high-precision computation.
dsmith@lmu.edu

divided by 8 when d is doubled. This suggests using f (d) =  
a/d3 as the dominant term of a function to model the offsets, 
since then f (2d) = a/(2d)3  = f (d)/8.

The ratio between 1 and 2 is not close to 8 because of the 
influence of the singularity when d = 1. We can add a second 
term to the model function to try to improve the agreement 
with the offsets near d = 1. It should go to zero faster than  
1/d3, so that the asymptotic behavior  as d →∞ is still 1/d3.

Doing some curve fitting and trying different powers of d 
for the second term gives b/d 6  as a likely second term. Fitting  
f1(d) = a/d3 + b/d 6 using the offset data from d = 1.0, 1.1, . . . , 
1.5 gives

 
Then a similar fit using the offset data from d = 1, 2, . . . , 64 
gives 5

The fact that the coefficients agree to within a few thou-
sandths for the two very different ranges of d gives us some 
confidence that we can model the offsets fairly well. Our re-
sults are shown in Fig. 3.

By the time the centers of the cubes are 4 units apart, the 
offsets of the equivalent point masses (or sphere centers) 
from the centers are less than 0.0006 units away, so the cubes 
are essentially spherical from the standpoint of gravity.

Conclusion

In this paper, we investigated the gravitational force be-
tween two identical uniform cubes of unit side length.  To 
see  how well cubes can be approximated by spheres from a 
gravitational standpoint, we examined the offset between the 
center of the cube and the center of a sphere with the same 
mass and uniform density that would provide the same gravi-

Fig. 3. Fitted curve to the decrease in the offset of the 
equivalent point mass from the cube center with increasing 
separation.  
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