ADDITIVE TWISTS AND A CONJECTURE BY MAZUR, RUBIN AND
STEIN
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ABSTRACT. In this paper, a conjecture of Mazur, Rubin and Stein concerning certain averages
of modular symbols is proved. To cover levels that are important for elliptic curves, namely
those that are not square-free, we establish results about L-functions with additive twists that
are of independent interest.
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1. INTRODUCTION

Motivated by a question regarding ranks of elliptic curves defined over cyclic extensions of
Q, B. Mazur and K. Rubin [10] studied the statistical behaviour of modular symbols associated
to a weight 2 cusp form corresponding to an elliptic curve. Based on both theoretical and
computational arguments (the latter jointly with W. Stein) they formulated a number of
precise conjectures. We state one of them in its formulation given in [12].

For a positive ¢, let I'y(¢) denote the group of matrices (¢ 5) of determinant 1 with a, b, ¢,d €

Z and q | c. Let

(11) f(Z) — Za(n)€2ﬂ’inz _ ZA(n)nl/Ze%rinz

=1

3

be a newform of weight 2 for T'y(q).
For each r € Q, we set

(r\" =2n /T R(if(z)dz) and (ry” =2mi /T R(f(2)dz).
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For each x € [0,1] and M € N, set

- S (8
0<a<Mz

Mazur, Rubin and Stein, in [10] stated the following conjecture:

Conjecture 1.1. For each x € [0, 1], we have

(1.2) lim Gt (z) = 2171 Z a(n) Si;lé%nm)Q

The heuristic for this conjecture can be seen by the computation

Gj\%(:c):% > () _M%(/ > i(5 +zy)zdy>

0< <Mz

The inner sum is a Riemann sum for the horizontal integral fo . As a heuristic let us replace
the sum with the integral, even though the error is not controlled for small y. Upon doing
this, computing the integral using the Fourier expansion of f gives us the right hand side of
2.

An average version of this conjecture in the case of square-free levels was proved in [12].
The same paper contains the proofs of other conjectures from the original set listed in [10] (see
[T1] for a recent presentation of the conjectures in the form of an article). More recently, one
of the original conjectures of [10], namely the one dealing with the variance of the modular
symbols, was proved in [4]. The authors also established a form of Conjecture in the
special case that x = 1 and M goes to infinity over a sequence of primes.

In this paper, we prove Conjecture for an arbitrary level ¢, each = € [0,1] and as M
goes to infinity over any sequence of integers. Our main theorem is as follows.

Theorem 1.2. For each x € [0,1], as M goes to infinity, we have

GL(I):%Za(n)sin(Qﬂnx)_i_oe(( 14 H p)

-

N2
n>1 pl(g,M)
P*lq
_ 1 a(n)(cos(2mnz) — 1) 11 1
G (z) = — O, (Mg) Mg 2 ),
n> pl(g,

for any e > 0.

Very recently, H.-S. Sun [I3] announced a similar statement in the special case of ¢ square-
free, with a slightly weaker exponent in ¢. The main reason for the difference in our results
is that we develop an approximate functional equation for the additive twists of L-functions
applicable to all levels and additive conductors and that we are then able to solve the difficult
problem of bounding the Fourier coefficients of the “dual” function (Proposition

The starting point of our method was the use of Fisenstein series with modular symbols in
[12] combined with the computation of its Fourier coefficients in terms of shifted convolution
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series in [6]. In this paper we succeed in avoiding its use and this simplifies our argument. In
an earlier version of the paper, the shifted convolution series itself remained a key tool, but
we are now able to circumvent those too. (In this respect, our method parallels that of [13]).
However, the part we no longer require for the proof of our main theorem contains several
methods and results of independent interest and novelty, including double shifted convolution
series. It is one of the themes of work in progress.

As noted above, previous progress towards the Mazur, Rubin and Stein conjecture concerned
only the case of square-free level (or prime M). Extending to non-square-free levels proved
much less routine than we expected and it led to results of independent interest. For example,
in Proposition we prove a general bound for antiderivatives of weight 2 newforms

/OO " e de

that holds for all rational values a/d and levels q. The proof of this bound is based on another
result of independent importance, namely Proposition . As mentioned in [8, Section 14.9],
the Ramanujan-Petersson bound for Fourier coefficients of a Dirichlet twist of f holds even
when the twist is not a newform, but there is an implied constant which may depend on the
level badly. In Proposition [3.6| we make that dependence entirely explicit.

The twisted cusp form that is the subject of Proposition [3.6| appears as the “dual” func-
tion in a functional equation for additive twists of L-functions for general levels and weights
(Theorem [3.1)). Theorem is another result of independent interest and can be viewed as
a Voronoi type formula. This is a very well-studied formula in analytic number theory but,
whereas there are various instances of it proved for combinations of the twist and the level
of the newform satisfying certain conditions (e.g. [9]), Theorem [3.1| seems, to our knowledge,
to be the first general result that applies to all twists and levels in this explicit form. A
referee of this work has brought to our attention a Voronoi type formula [I] that appeared
after we announced our results and which is closely related to our Theorem [3.1] Specifically,
the formula of [I] relates additively twisted Fourier coefficients of a Hecke eigenform to a
dual sum of its Fourier coefficients at another cusp, related with the original additive twists.
In our Theorem [3.1, we relate the additively twisted L-function of a Hecke eigenform to a
linear combination of multiplicatively twisted L-functions. This approach, together with the
Atkin-Lehner—Li theory [2], leads to an explicit functional equation, where the “dual” func-
tions are expressed in terms of a linear combination of the original Hecke eigenvalues which
are multiplicatively twisted and also additively twisted. This explicit form turns out to be
precisely the formulation required, because we need bounds for the coefficients of the “dual”
cusp forms (see the proof of Proposition |3.6)).

1.1. Outline of the proof of Theorem The technical aspects of the proof of Theo-
rem are quite complex, and for that reason we supply here a high level roadmap that we
hope will make our proof a bit easier to understand.

The first step in the proof is to express Gﬁ(m) as a sum of modular symbols weighted by
a family of smooth functions hs that approximates the characteristic function of [0, z]. This
is done in Section [2| where an explicit family {hs} is constructed. In Lemma it is shown
that for any fixed 6 = d); < 1 we have

G (7) = % Z <%>i hs (%) -+ error, uniform in ¢ and M.

0<a<M
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In view of this expression, in the following sections we focus on sums of the form
1 a \* a
T )
v 2 o) MG
0<a<M

for an arbitrary smooth period function A on R. We have

+
(1.3) % Z <%> h <%> = an explicit series involving L(1, f,a/M)
0<a<M
(see (2.15) and (2.14)). Here L(1,f,a/M) is the central value of the additive twist of L-
function.

To study the asymptotics of L(1, f,a/M), which is required for the completion of the proof
of Theorem , we need a functional equation for L(s, f,a/M) applying to all levels ¢ and
integers M. The functional equation and the explicit Ramanujan-type bound for the Fourier
coefficients of the twisted cusp forms in the case we need them is the content of Corollary

Two important implications of the functional equation (also of independent interest) are
the bound for modular symbols and the approximate functional equation , both
of which apply to arbitrary levels.

In Section [4] we substitute L(1, f, a/M) in the right hand side of (L.3)), using the approximate
functional equation , and this leads us to an expression nsisting of two parts.

The first part is shown (in Lemma to contribute the main term. The second part is
complicated, but can be bounded using Weil’s bound for Kloosterman sums and the explicit
Ramanujan-type bound for the Fourier coefficients of twisted cusp forms proved in Corol-
lary 3.7 Combining these two pieces together, we deduce

10 4 5, G i) = H S (o i) 2

+ explicit error term depending on ¢ and M,

where hs(n) stands for the n-th Fourier coefficient of the periodic function h;.

As the functions hs approach the characteristic function of [0, z] as § — 0, hs (n) approaches
(1 — e=2mm) /(2min). Applying this to (1.4) and using the explicit form of the error term, we
prove Theorem [I.2] The details of this final computation are shown in Section [5
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2. AN EXPRESSION OF G7,(z)

For a fixed € [0,1], consider the characteristic function 1y, of [0,z] extended to R
periodically with period 1. We will construct a family of complex valued smooth functions on
R/Z approximating 1 ..
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Let ¢ : R — R be a smooth, non-negative function, compactly supported in (—1/4,1/4)

with fj{% o(t)dt =1 and ¢(0) = 1. Foreach 6 < 1 and t € (—1/2,1/2), set

(2.1) $s(t) = 07" o(t/9)

and extend this to R periodically, with period 1. The approximating functions are hs defined

by
4

z+6 t+
ba(t) 1= Lswrs = 0nt) = [ este—v)do= [ exto) i

-6
where x denotes the convolution. This function is smooth, periodic and satisfies 0 < hs(t) < 1.
Further,

(2.2) hs(t)=0  for (56/4 + x,1 —50/4) and its translates.

Indeed, for 56/4 + x <t < —=56/4+ 1, we have 6/4 <t—x—0 <t+9J < 1—4/4. Since
the support of ¢s(v) is contained in (—d/4,d/4) and its translations, implies that ¢s(t)
vanishes in that range.

We further have

(2.3) hs(t) =1, for t € [0, z]
and
N 1/2 . _— ~
(2.4) hs(n) = / hs(2)e ™™™ dx = 1515 (n) - d5(n),
~1/2
for the corresponding nth Fourier coefficients. This implies that, for n # 0,
(2.5)
N 2ming __ ,—2min(z+8) p1/2 ‘ 2miné _ ,—2min(a+8) [os ‘
h(g(n) — € 6. ¢5(t>€_2mm dt = € 6. ¢(t)€—2mn6t dt
2min —1/2 2min -1
20
p2mind _ p—2min(a+d) 3 ‘
— t —2mindt dt.
2min d(t)e

3

The last equality follows because ¢ is supported in (—1/4,1/4). With the smoothness of hs
we deduce that, for each K > 0 and n # 0,

(2.6) [hs(n)] < (Inf + 1)~ (6(1 + |nl)) =%

This inequality combines a bound that is uniform in ¢ with a stronger one that, however, is
not uniform in §. Let

Ltk S (5)'0(8)

With these notations, we have the following

Lemma 2.1. For M > 1, consider any fixred 6 = 6y < 1. Then,

1 11 . 1
GE,(z) = §Af6(M)+O(5MM2q4(qM) H p4>.
p|M
ord, (M)<ordy(q)

Note that the product over primes p | M equals 1 if q is square-free or (q, M) = 1.
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Proof. If a < Mz, then & < z and thus hs(t) = 1 by (2.3). These terms give us G3;(z).
The error term is obtained by studying the case xM < a < M + %M Op. Then z <
& < x+ 20y, By definition, %>i is a linear combination of f;/ M f(2) dz and its complex
conjugate (see (2.11])). In (3.27)), we prove a bound for this modular symbol that implies
a\*t a 11 1
Y hs () < Mgt (Mg) i
<M> s\ q7) < M2 (Mq) I »
p|M
ord, (M)<ordp(q)

and thus
(28) - > <a>ih(a><<1M% Y (gM) M n
. i i s\ 37 Vi q*\q M p
Mac<a§Mx+%M5M p|M
ord, (M)<ordy(q)
= Migi(gM)sy [ ot
p|M
ordp(M)<ordp(q)

Similarly,

1 a \* a 11 . 1
7 2 () helgp) < mid@nay I wh
M—3Mdy<a<M p|M
ord, (M)<ordp(q)

If oM + %MéM <a< M- %M(SM, then x + %(5M < 5 <1- §5M and thus, by ([2.2)),
hs(a/M) vanishes. Therefore

S ) ()
1 (DRSS SRR v ID o (A )

0<as<Mz  gM<a<Ma+2Méy  Ma+3Moy<a<M—5Mby  M—3Msy<a<M
1 < a >:|3 11 1
== — 140 6uMzqi(gM) 11 pi
0<a<Mz p|M

ord, (M) <ordy(q)

as required. ]

In view of this lemma, we will initially study this average for an arbitrary smooth periodic
h. For each smooth h : R/Z — C and each positive integer M, we have

(2.9) %Af(M):Zﬁ(n)% 3 <%>i62“i"3:2ﬁ(n)%z 3 <%>i62m‘n3.

nez 0<a<M

We will express the right-hand side of (2.9)) in terms of additive twists of the L-function of
f, whose definition we now recall. Let f be a cusp form of weight k for I'y(¢). For a positive
integer d and a € Z, let

L(s, f,a/d) = Z a(n):;#
n=1

be the additive twist of the L-function for f, and
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a

(2.10) A(s, f,a/d) = /Ooof <d —I—iy) y° % = (27) " T (s) L(s, f,a/d).

The series defining L(s, f,a/d) is sometimes called a Voronoi series. It converges absolutely
for R(s) > 1+ (k — 1)/2. For consistency with the formulation of the Mazur-Rubin-Tate
conjecture, we normalise the series so that the central point is at k/2.

Both L(s, f,a/d) and A(s, f,a/c) have analytic continuation to s € C. Further properties
are studied in Section [3l

With the notations above, we have

0
en) (9 = [ (Grm G i) d
a a 1
:W<A(17f78)iA(17fa_a)) = 5
Here we used f(4§ +ix) = f(—% +ix). This implies

(2.12) D <%>i i =1y (A(l, f, %) +A(L f, —g)) e2ming

amodd amodd
(a,d)=1 (a,d)=1

Applying (2.12) to (2.9),
(2.13) AE(M) = ZW%Z > (L(l,f,%) iL(l’f’_%)> (2ming

ne”Z d|M a mod d

(205 20.0-5)

(a,d)=1
Let
1 . a 1 a
214)  an®) =5 D eTTHLES ) =Y Y ¢TI L),
a mod M d|lM aan;lciif
Then we get
(2.15) AE(M) = " h(n) (—n (1) £ (1)),

neL

We will study the properties of L(t, f,a/d), the additive twist of an L-function twists in the
next section. As mentioned in the introduction, we prove our results for general levels and
weights. We summarize the results for the special case of interest of weight 2 in Section

3. PROPERTIES OF THE ADDITIVE TWIST OF AN L-FUNCTION

In this section we bound Fourier coefficients of certain twisted newforms that will appear
in an application of the approximate functional equation (Proposition . Our bounds are
uniform in terms of the level and they will be crucial for the proof of the main theorem. Those
twisted newforms arise in the context of a general functional equation for the additive twist
of an L-function. Our functional equation is of independent interest because all references we
are aware of give the functional equation only for special combinations of the level and the
denominator of the additive twist [9]. As mentioned in the introduction, a very recent paper
by Assing and Corbett [I] also contains the proof of a Voronoi type summation formula which
is based on a functional equation for L-series with additive twists. Their functional equation



8 NIKOLAOS DIAMANTIS, JEFFREY HOFFSTEIN, EREN MEHMET KIRAL, AND MIN LEE

relates the additively twisted coefficients of the given L-function with Fourier coefficients
at another cusp, related with the additive twists. Our proof makes use of the fact that
additive twists can be represented as a linear combination of multiplicative twists by Dirichlet
characters, by the orthogonality of characters. The explicit form in our theorem is precisely
what we need to prove Proposition [3.6)and Corollary [3.7, which are crucial for our main result.

3.1. Notations. We closely follow [2]. Let k be an integer. For any function h : H — C and
any matrix v = (24) € GL3 (R), define
b
(cz4d)~*h <az i > :

cz+d

MES

(h | 7)(2) = det(y)

For a positive integer ¢ and a Dirichlet character £ mod g, let My (q,&) (resp. Sk(g,€)) be
the space of holomorphic modular forms (resp. cusp forms) of level ¢, weight k£ and central
character £. Then f € Sk(q,&) has the following Fourier expansion

f(z)= Z a(n)e*™".

n=1

The Hecke operators T, for (n,q) = 1, Uy and By for d | g are given by:

Pt Y S e | (6 7)

ac=n b=0

3 d—1 1 b
flUs=d*" > f| (o d)
b=0

flBi=d3f| (g ?)

For a primitive Dirichlet character x mod r, we define

— rou
FIR = 3 X0 (6 )
Let Ni(q, &) denote the set of Hecke-normalized (i.e. the first Fourier coefficient is 1) cuspidal
newforms of weight k& and level ¢ and central character {. If f € Ni(q, &) then f € Si(q,§) is
an eigenform of all Hecke operators T, for (n,q) =1 and Uy for d | ¢ ([2, p. 222]).
For a primitive Dirichlet character xy modr, we define the multiplicative twist of f €

Nk(q7§>7

Xz:ooan neQm’m:L z
(3.1) fX(2) ; (n)x(n) T(y)(f\Rx)( ).

where 7(Y) = Y., oq, X(@)e?™ 7 is the Gauss sum for y. From [2, Proposition 3.1], we can

deduce that fX € Si([g, cond(&)r,r?],&x?). (Here [a,b] stands for the leact common multiple
of a,b.) We will further be using [5, Lemma 1.4], where tight bounds for the level of a twist
of a newform are shown.

It should be stressed that the twist fX need not be a newform even if f is a newform and
X is primitive. The main aim of this section is to address this problem in the case of interest,
by decomposing the relevant twist (acted upon by an involution) in terms of newforms.
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3.2. The Atkin—-Lehner—Li-operator and additive twists. Assume that R | ¢and (R,¢q/R) =
1. Then a Dirichlet character £ modulo g can be written as a product of Dirichlet characters
£r modulo R and &,/ modulo ¢/R, i.e., { = réy/n-

Put

_ (Rxy
(32) WR - (C].T?, R.’L’4) 3
where 21, 29, 23,24 € Z, x1 = 1mod ¢/ R, x5 = 1mod R and det(Wg) = R(Rx174 — {2073) =

R. We call the operator induced by Wg, the Atkin—Lehner—Li-operator associated to R|q. By
[2l Proposition 1.1], for f € My(q,&) (resp. Sk(q,§)), we have f | Wgr € M(q,&rEq/R) (xesp.

Si(q,ErEy/r)) and

fIWR | Wr=E&r(=1)&r(R) .
For f € Sk(q,§), let

(3.3) fr=Ff|Wg € Si(q,ErEy/R)-

The aim of this section is to prove the following theorem.

Theorem 3.1. For q, M; € N let

M = H pordp(Ml)

p|My
ordy (Mi)>ordy(q)

— H pordp(Ml)

p| My
ordy (M7)<ordp(q)

R fr— H pordp(q) H pordP(q)_
pl(g:r) plg
ptMy

For each n|r, we set
n=T1I »
plr, pin

For any amod My, set a« = ar + uM mod M; for amod M and umodr. For a Hecke-
normalized newform f € Ni(q,§), we have

(8] ’Lk r ~ . T r
(3.4) A(f, Sy ]\/[7») - o(r) nzw . ; X%n X(ué)T(X)u <?) © (;>
X (fR/X2)(—M)(M2R/)§*S£Q/R (?La;sa (%) A(};RH ks _R;\if%)-

Here R' = [R, cond(Eg)r, 2], R'al is the inverse of R'a-~- modulo M and /fVXR, = fX|Wg .
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3.2.1. Proof of Theorem[3.1. We first note the following elementary facts we will be using in
the sequel. We have My = rM and r | ¢, with (r, M) =1. Also R | ¢, r | R and (R,q/R) = 1.
Moreover, & | M and r < R, except for when r = R = 1 in which case ¢ | M.

We next have the following lemma.

Lemma 3.2. For q € N, assume that R | q and (R,q/R) = 1. Take M € N such that & | M
and (R, M) = 1. For amod M with (a, M) =1, set

M,a Rm 1_1};%
(3.5) Vq,R - <_q% Ra

be an integral matriz with det(V “Y = R. Here RaRa = 1mod M.
When f € Sk(q,§), we have

(3.6) f(%

Proof. Applying [2] Proposition 1.1],
RV R * = Ep(M)&yr(Ra)ér(—1)Eyr(R) f = Er(—M )&y r(a) f.

+10) = al =M@l (MR:) *Fal = 37 + im0

Note that L
Ra . 1

yM.a
o (M 2y> v M?Ry
So we get

F(55 + i) = én(=M)E/n(a) (Fr | V&) (17 + )

Ra 1

= En(=M)Eym(@) RE (<M By) ™ fr( = 37 +i3pp)- -

For r € N and a Dirichlet character x mod r, define the generalized Gauss sum

eun) = 3 x(u)erint,

wmod r
Then by orthogonality, for a € Z with (a,r) = 1, we have

erriny — ﬁ Z X(a)ey(n).

x mod r

Lemma 3.3. Assume that q, My, M,r, r, and R are as in the statement of Theorem [3.1].
For any o € Z with (a, My) = 1, let amod M and wmodr be suh that (a, M) =1, (u,r) =1
such that o = aq + uM mod Mr. Then,

(3.7)
T a,L r
— _— _n Y =\ £X ne -
I+ = o 2, 22 () 1 () 2 (T) 20 wontwanr G +i50)
" grimitive
Proof. Since 13- = ;7 = 77 + ¥ mod 1, we get
S 1 > i
(3.8) f —+Zy Za e2miImy 2mim 1Y o Z y(u)Za(m)cx(m)ezmm(ﬁﬂy),
o(r
m=1 x mod r m=1
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For a Dirichlet Character x modr, assume that y is induced from a primitive character
X« modn. Let ro = . By [3, Lemma 4.11|, we have ¢, (m) = 0 if 75 { m and for any m € N,

(3.9) Cx(mﬁ) = 1o)X (1) T (X )X (M) (7, m) ) ((rm, 10 )
Applying this to , we have

[e.9]

- ; 1 = 2mimrs ( &4y
(3.10) f(m +iy) = o0 szodr X(u) 2 a(mra)cy(mrsy)e (s7+)
- ﬁ 3 xWraxa(r)r(x)alrs) > alm)xa(m)u((ra, m))((ra, m))e? (=),

x modr m=1

The last equality holds because f € Ni(q,§), so f | U, = a(p)f for any prime p | ¢, so
a(mry) = a(r)a(m). Note that ro | 7 and r | ¢ so 75 | ¢. By definition, r, is square-free, so
we have

3 11 Z alm (Tn’ m))@((rn, 271’2m7’2z _ Z ,U 6) Z a(em)ﬁ(em)e%iemm
m=1 —

e|rn

= ule)e (¢) Y alm) T (m)e™ ™= = 37 pfe)pe)ale)a(e) S (erz2).

elrn m=1 elro

By applying (3.11)) to (3.10)) and taking z = % + iy, we get

0= sy 5 Tty st (2) 17 o ()

x mod r elrn
}%zm;gng@kgﬂwwwﬁm@-
primitive
]

Now we are ready to prove Theorem . Let n | r and let x be a primitive Dirichlet
character mod n. By [2, Proposition 3.1], fX € S,(R'q/R,&x?) and thus by (3.6)),

(3.12) fX(%a n z‘éy)
) — )1 ke R’aé . 1
= Zk(fR’X2)(_M)§q/R (%a) (MR : %y) kfXR’( M + ZMQR’Ly)'

Recall that jf\iR/ = fX| Wg € Sp(R'q/R,r X*6q/R)-
Applying Lemma we get
(0% - & (0% . s d_y
A(S»fam)—/o f(m‘Hy)y y
1 T T r o0 ~a . r dy
_ n n 2 X(nel 4 ;7 2 eS 22
e o xweron (1) e () e () [ r G i

nlr elrn xmodn
primitive
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By (3.12),

oo N E L s @
/0 f (M +Zney)y y
. — /T © rr ke RT% ' 1 . dy
:@k(fR’X2)<_M)€Q/R (EG/)/O\ (MR/QEy) fXR’(_ M _i_ZMQR,éy)y ?
Er (Za)’ — I T
= " (Ep ) (= M) (MPR) 2™ q/lzgn)ea) Ak — s, fo/,—RAC}m

This implies ((3.4)).

3.3. Decomposition of fx, and its Fourier coefficients. In this section, we restrict to
the case of trivial central character &, which is the case we need for the proof of our main
theorem. We do so to avoid further complicating the presentation. The results, appropriately
adjusted, hold for general central characters too.

The aims of this section are to decompose fXp in terms of newforms and to bound its
Fourier coefficients. The former aim will be achieved by Lemma [3.4] and Proposition [3.5
whereas the latter is the subject of Proposition [3.6]

We first fix some notation we will be using throughout the section:
q€N;

r | ¢ and for any prime p | r, ord,(r) < ord,(q). (Thus, if ¢ is square-free then r = 1);
R | g such that r | R and (R, q/R) = 1;

X is a primitive Dirichlet character modulo 7, | r. (When 7, = 1 then y = 1);

o R =[R,r;

e R, is the r.-primary factor of ¢, i.e., R, = ler* porde(a),

With these notations we have the following lemma.

Lemma 3.4. Let [ be a Hecke-normalized newform f € Ni(q). Then there exist ¢’ | [q,7?]
with - | ¢' and F\, € N (¢',x?), such that

FX(2) =Y uO)(Fy | Ur | Bo)(2).
Lr
We set

(3.13) Fz) = 3 ay(m)e™™,

n=1

and define a multiplicative function Br, : for each prime p | v, satisfying F\ | U, # 0

1 ifj=0

3.14 )= 0w A

(3.14) Br, (P) —pFIN2(p)  ifj=2andptq,
0 otherwise.

Let

T'vo = H p2 H p.

plrs, pfd’  pl(re,q')
Fy|Up#0  Fx|Up#0
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Then
(315) fX - ZﬁFX(g)FX | BE € Sk([qﬂg]?Xz)‘

LTy

Proof. The proof of the first assertion is based on a repeated use of [2 Theorem 3.2]. For each
p | 7, let x, be the primitive Dirichlet character of conductor porde(m) 50 that ¥ = Hp\r* Xp-

By [2, Theorem 3.2], there exists a newform F,, € Ni(q,, X;), for some level ¢, such that

(q/pordp(q)) | q]/?
fv=rK,-F, U, B,

2 ordp (7« )]

Further, by [3, Lemma 1.4], we know that g, | [g,p . If ¢ # p is a prime divisor of r,,

then, recalling the notations introduced in Section [3.1),

1
frxe — F;(;’ — ﬁFXp | Up | Bp | Rxe.

It is easy to see that F\ |Up|By| Ry, = x¢(p)Fy,|Up|Ry,|B,- Also, by [2, Proposition 3.3],
By, [Up | By, = xe(p)F,, | By, | Up = xe(p)T(X0) ER | U

So we finally get

e =Fx — F | U, | By.
In the same way, we apply [2, Theorem 3.2] to F,, to deduce that there exists a F, ,, €
N (e, (xpxe)?), for some q;,g|[qpbpQOTdP(T*)p%rdf(’"*)] with (q/p°rde(@ gerde(@) | ¢, such that

Féf :Fxpxz _FXPXZ | Us | By.
This implies

X = Fx | Iz =Up | Be)(Iz = Up | By).
where F' | I, = F. Continuing in the same way, we obtain
X =F | (H [[2 —Up | BpD = ZM(@(FX | Ue | Be).
p‘T* Z‘T’*

for some F, € Ny (¢, x*) and some ¢ | [¢,7?].
To prove (3.15)) we first observe that

=R [ [=-U,1B]).

plrs
Fy |Up#0

Now, if p | 7, and p 1 ¢/, then, by the definition of U, and by F\|T, = a,(p)F, we have
Ey | Up = ax(p)Fy — pk_1X2(p)Fx | By.
If, on the other hand, p | r, and p | ¢/, then x(p) =0 and F, | U, = a,(p)F,. Thus

(3.16) fX= Fy | ( H [12 - ax<p)Bp - pkflx2(p)sz} H [12 - ax(p>Bp])

plrs, ptd’ p|(r4,q")
Fy|Up#0 Fy |Up70

=> Br(OF, | By

£)740

g
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We can use this lemma to prove the following proposition.

Proposition 3.5. With the notation fized in the beginning of the section, let f be a Hecke—
normalized newform f € Ni(q) and let F, be the newform in Ny (¢, x?) (for some ¢ | [q,7?])
as in Lemma . Let R, be the (r., q')-primary factor of ¢ and set Q. = I R]f .

Then R'/R.r., Q« € Z and

BIT) Tl = 1 W) = Y 0n 00 (@.70) e (2.722)

£)Tx0

where F;ﬂ = F\ | Wga, . Further there exists Arr, (F\) € C of absolute value one such that
Ry Ry R«

)\LR; (FX)FXRR, € Nk (R/ Q/R*,X )
Ry Ry
(The constant A gr, (Fy) ts an Atkin-Lehner-Li pseudo eigenvalue.)
Ry

Proof. We first easily see using the definitions of the invariants involved that
4q /
3.18 R, — =
We next prove that R.r. | R'. Since R, | R’ , we only need to check that ord,(R.r.) <
ord,(R') for each prime p | r,o. Take a prime p | r,o. By definition this implies that £, | U, # 0,
which, by [2, Corollary 3.1], is equivalent to either
e ptR., or
o p|| R, or
e p? | R, and ord,(cond(x?)) = ord,(R.).
Recall that p | r.o implies that p | . so p | 7. Since R’ = [R, r?], we have p? | R/
Now we consider each case with the prime p | r,. When p { R, then ord,(r.) =
ord,(R,r) = 2 < ord,(R'). When ord,(R,) = 1 then ord,(r.) = 1, so ord (R’ Tw) =
ord,(R"). When ord,(R,) > 2 and ord,(cond(x?)) = ord (R ), we ﬁrst note that

ord,(R.) = ord,(cond(x?)) < ord,(r,) < ord,(r).
Moreover ord,(r.) = 1. So we get
ord,(R.r.«) < ordy,(r) + ord,(r.) = ord,(r) + 1 < 2ord,(r) < ord,(R').

Therefore, we conclude that R.r. | R

We can use this to verify the integrality of Q.. We have R% € Z and R% | R'. Moreover
(R/R., Rirw) = 1. 80 Qu = g5 = 7 € L.
Finally, we derive a formula for

fx ’ Wr = ZﬁFx(g)FX ’ By ’ Whg.

LTy

2 so
2 <

Since, as shown above, R.r, | R, we have ¢ | R’ for each ¢ | r,o. Then, by [2, Proposition 1.5],
_k
F| By | Wr =("2F, | WRT/
Note that the Wg-operator on the left-hand side is an operator for level R'% and the Wg -
[

operator on the right-hand side is an operator for level £ TE
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Rl
T Xz
Wa = €1 )2
= 9 R R
‘ RT3 Trt4

where 1, 22, ¥3, 24 € Z, det(Wg o) = R'/{, 1 = 1mod ¢/R and x5 = 1 mod R'/Y.
Since, by (3.18)), F\ € N¢(R.q/R., x*), we lower the level of WRT/ to R, 7

o Q* 7’20 %Riiﬂl i)

* R* S EZ!

Set

Here W g, is an operator for level R q/R, and we get
Rx

* -0 T« g ~ Tx
(B Wi () = (B Wae | (D7) )= (Q.22) P (@.222).
¢ R 1 12 I 14
This implies (3.17). Finally, by [2], there exists a constant Aggr, (F)) of absolute value one,

Rx
such that

None (F)Fynn. € N(R.q/Ro, X, K).
Ry

R

g

__The above lemma and proposition allow us to prove good bounds the Fourier coefficients of
fXp(2):
Proposition 3.6. With the notations in Proposition set

(3]_9) fXR’ Z bX R’ 27rimz.
Then by g/ (m) =0 when Q. 1m, and otherwise, for m € N,

(3.20) )(Q*m)f% by R/ (Q*m)‘ <, <

for any e > 0.

) (Q« 7“*0)% 0_142¢(140),

Tx0

In the above proposition oy(n) = 3_,,, d* is the sum of divisors function.

Proof. Applying Proposition , we normalize the Fourier expansion of ﬁ; RE, aS

Ry
(3.21) FXRTR’*(Z) = A (Fy) Z &X,R;R%(n)e%mz.

By [2, (1.1)], we get

(3.22) i (9) =
We then apply (3.21)) to (3.17) to get
K 00
ny T's0 2 ~ TinQy 20 2
(3.23) fXR/( ) R’ R ZBFX ( *7> Zaij/i(n)QQ Qx5 .

E‘T*O n=1
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Comparing both sides, b, r(m) = 0 when Q. { m. For m € N,

k
2

(324) bx,R’ (Q*m) - )\R;RA;(FX) Z BFX(€)€_§ (Q*%) dXvR;RA; (T*T()n/£>

LT
,
=0|m

=g (B D0 B (rao/D(ra/0) Q0 aym s (7).

* Ry

£|(r+0,m)

Recalling (3.14)), we deduce that b, r (Q.m) equals

S | I oo TT oem)| @ofan, (5).

€l(r«0,m) “pllreo/t p?llr«o/t

For any m € N, since F) and F rr, (2) are newforms, we have
on

~ k-1,

lay(m)| <. m* 7+ and aX7R;R£(m)‘<<Em2 ,

for any € > 0. Thus we finally get

k-1 _ k=1 E k-1 E »o/m %—&-6
* b / * * 2 T2pz e -1 367 (—)
Q) b (@] < @) Y | [Tt s T o |@bet (]
£l(ro,m) = p|| =52 2| =50
=t 0 | TLwiv IT v
€|(rv0,m) = p|| 20 p2|| 20
1 1
< €,.2 2 +e 77+e T £ 1+42¢
<mirl oS [Tt Hp] s (2 @ty
lrso ~ plle P2 o

(ST

U—1+2e(7‘*0)-

(2 @ra)

3.4. Additive twists in the special case applying to Theorem [1.2 We now further
specialize to the case of weight 2. This is the setting of our main theorem, where we consider
Hecke-normalized newforms of weight 2 and level q. By Theorem and Proposition
we have Corollary - As applications of this corollary, we then obtain an upper bound for
| [ f(a/d +iy) dy| (3:27) and the approximate functional equation (3:35)) for L(1, f,a/d).
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Corollary 3.7. Let f be a Hecke-normalized newform of weight 2 for level q. Let a,d be
coprime integers and set

Md _ H pordp(d)’
pld

ordp(d)>ordp(q)

ry = H pordp(d)’
pld

ordy (d)<ordy(g)
Rd _ H pordp(q) H pordp(‘Z)7

pl(g,ra) plg, ptd
Ry = [Rq,73].

Further, consider a; mod My and as mod ry such that a = a1rq+asMgmodd. Then we have

a

(325) (MgR:i)S_lA(Sa f7 E)
—1 - Td 2 Ra;
= o(ra) > > (Ox (“2<5)> X (Ma)A2 = s, Xy ——77)
nlrq, x mod n
%d square-free primitive
(n,rq/m)=1

Here R)ay is the inverse of Rja, modulo M.
We also repeat the following notations for the reader’s convenience. For a primitive Dirichlet

character x for cond(x) = 74 | 74, define the invariants

Ry, = H pordp(q)’

p‘rd*

Zl* — H pordp(q’)’

pl(raxq’)

Tdx0 = H p2 H b,

plras, vt Pl(ras,q’)
Fy|Up#0  Fx|Up#0

/
— S d
R, Raraso

and by g (m) as given in Proposition and Proposition . Then by g, (m) = 0 when
Qax t m and for n € N, we get

Qd*

N

U—1+2e(7‘*0)7

n ) (Qd*rd*o)

T'dx0

(3.26) (Qd*n>_%bx,R; (Qd*n)’ <e (

for any e > 0.

Proof. This is just a specialization of Theorem and Proposition to the case k = 2 and

trivial central character £&. The functional equation simplifies in this case to (3.25)).
Indeed, suppose that, for some n [ rgand e | [T, ., p, we have rq # ne. Then a(ry/ne) = 0.

This is because, if p | 4 | rq, then r* | ¢ (by the definition of r4) and thus a(pm) = 0, for all
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m € N, since f is a newform. Therefore, e = ry/n. Since [[ . .. p |7 and e | [[,,, .1, P, we

n
have e =[] = "4 and hence, (n,74/n) =1 and ™ is square-free.

p|rd7r+np

As an application of this corollary we prove the following proposition which we need for the
proof of our main theorem, but which is also of independent interest.

Proposition 3.8. Let f be a Hecke-normalized newform of weight 2 for level q. Then, for

each € > 0,
[ 1@ a

Note that the product over p equals 1 if q is square-free.

ale

(3.27)

/ f(E + iy) dy‘ < d2q(qd)" [] pi.
0
pld
ordy (d)<ordy(q)

Proof. We first observe that

d*Ry
3.28 M?R, = —%_ = [q,d%.
( ) d*ld ( Rd; 7}2[) [ ]
The second equality holds because

q
(qv d2) = (RdQ/Rdv Md2rc2l) = (q/Rd7 Mf) (Rda Tcgl) = R_d (Rd7 TZ)’

since 7-[My. Thus we have (Rq,73) = (g, d2)%.
It follows from this that on the line R(¢) = 1 + ¢,

t 1
(3.29) (MiRQ)A(E+ 3, f, g) < [g, ]V

because of the Stirling bound for the Gamma function.
Similarly, using Corollary we will deduce the following bound for ¢ with (¢) = —e:

t 1 ,a e, 1 1

(3.30) (MIR):A(t+ 5, f o) < (da)dg® ][ »2
|d

ordp(d$0<ordp(q)

This analysis is more involved, and we present most of the details. For ®(t) = —e¢, by (3.25))
and (3.19)), we get

(3.31) (M2RL)zZA(t + % f, g)

s ’mfébx,Rg(m)‘

e 1
<. (M3R)= o) > > \/ﬁz:l mite

Tdx|Td, x mod 74,
e brimitive

T
Zd_ square-fre
Td*

(ra,ra/ras)=1

Note that by g/ (m) = 0 unless Qg. 1t m. Applying the bound (3.26)), for any 0 < € < €, we get

1
< Im~2b, g (m) ¢
X7Rd 7%76 %76/ n
§ : mite Le Qy’ 01420 (rao)T dug E : nite
m=1 n=1

1 "

1 1
< 0-142¢ (Td*O)TdQ*o6 (L+e—¢€) <eer T
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since Qg € N. Also we have

rao=|] » [ p< ][0

plrs, ptg’  pl(r,q’) D7 dx
Fx|Up#0  Fx|Up#0

Applying this to (3.31), we get
t 1 1+e 1 "
(332) (MERAA(+ 5.0 9) oo (MERDS 5 30 v [[027 30 1

o(rq

Tax|ra 7 dx X mod 7.
:—d square-free primitive

(rdw,ra/ras)=1

(MZRI ) 1+e Z ,_rd* H p1+2€//,
Tdx|Tq PITdx

»
—d_ square-free
Tdx

(ras,ra/Tas)=1

since g | rq and 3y modrs. 1 < (rax) < ¢(rq). Upon setting & = ¢, the right-hand side

primitive
becomes
(MdR’)HE Z \/F H p1+26" (M2R,) 1te r Hp1+2e” Z 52"
Lrg plra/l pl|rg Lrq
square-free square-free
(ra/t,0)=1 (ra/t,6)=1
<. 6// MQR/ 2 rd H 1+e///
plra
Thus
1 a 1
3.33 M2R)IA(E+ =, f, =) <e 3
( ) ( d d)2 ( +27f7d)<< [Q7 2 Hpa
piTa

as M2R!, = [q, d?]. More explicitly,

Lord,(d
Hp|d,0rdp(d)<ordp(q) bz Pl

(q,d2)2
and by examining the exponent of each p in the right-hand side, we see that the right-hand
side is

g, d*)2r3 [[p = q2d

plra

< q%d H p—% ordp(d)+1 H p—%(ordp(q)—ordp(d))-l-l‘
pld pld
ordp(d)<% ordy(q) % ordy (g)<ordp,(d)<ordy(q)

When p | d and ord,(d) < ord,(g), both ord,(d) > 1 and ord,(q) — ord,(d) > 1. So we get

H |d,ordy (d)<ordp(q )p2 7 ordp(d)+1 1
(3.34) P ( dg) < H p2.
q7 p‘d

ordp(d)<ordp(q)
Combining (3.34]) with (3.33] -, we get - ) for R(t

Recall that at 9?( ) =1+e¢,

1 a .
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Similarly, by (3.30)), for R(t) = —e,
1 a 1
At + =, f, =) <. (dg)°dq> .
(t+5.f. ) < (dg)ydgz  []  »

pld
ordy (d)<ordy(q)

D=

By the Phragmén-Lindel6f convexity principle and (2.10) we deduce the proposition.
U

Finally, the functional equation of Corollary [3.7/implies the approximate functional equation
(see e.g. [8, Theorem 5.3], even though the theorem is stated for an L-function with an Euler
product, it applies to the case of additive twists, since the proof does not use the Euler
product). This states

B )

nz

- Y Y rx el (M)

o(ra)

Tdx|Td X mod 7y,
Ld gquare-free Primitive
Tdx

(Td*:Td/Td*)zl
0 —27iQ n% 1
y Z bx,R’ (Qd*n> e axT v MdR:iz
— Qaxn 21Qan X

for all X > 0, with
1

(3.36) V(y) := 5 (2)(27ry)”G(u)F(u)du.

Here G(u) is any even function which is entire and bounded in vertical strips, of arbitrary
polynomial decay as | Imu| — oo and such that G(0) = 1.

4. THE ASYMPTOTICS OF Af(M) As M — oo.

Recall the description for a;, ar(t) given in ([2.14])

(1 Z Z e 27””dL d)

d|M amodd

(a,d)=1
Our aim is to analyze the asymptotics of
= h(n) (1) £ anu(1)),
nez

as M — oc.

We first prove the formula for ay, ar(1). To accomplish this, we first apply the
approximate functional equation given in . Then we estimate error terms by applying
Weil’s bound for Kloosterman sums and making use of our explicitly described terms.

For d | M, we recall the notations My, r4 and R, given in Corollary

d= Mgrq, (Mg,rg)=1, rq|Rs, Ralgq and (q/Rg4 Rg)=1.
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Moreover rq < Rq unless ry = Ry = 1. Also R, = Ry, 73], M2R!, = [q,d?]. For any divisor r,
of rg4, we have R/, | [Rax«, 72,] and 74,9 as described in Corollary|3.7, Recall that Qg. = %

and it is proved in Lemma [3.4] that Q4 € N. Finally, a; mod M, and as mod r, are such that
a=airy+ azMyzmodd.

We apply (3.35)) to each L(t, f, $), with X = Xy, and substitute into ([2.14) with ¢ = 1:

1 —2ming a(£)€2m'€% MdR/d%Xd
(4.1) an,Mu):MZ > ey —V o

d|M a mod d >1
(a,d)=1
1 -
SOOI EU D S M N R N
d\M a mod d 80 d Tdx|Td x mod 7q,
(a,d)= d_ gquare-free primitive
d*
(Pdxsrd/Tax)=1
o0 —27TiQd*ZE / 1
y bx,R’ (Qd*f) e Mg v Mde2 '
— Qaxl 21 Qal X
Here Rdaleal = 1 mod M,. Set X, = —1 with X independent of d. Since

MyR.?

2mi 2 (—n+0) M, ifn=/modM
E E e
0, otherwise

d|M amodd
(a,d)=1

and
7r'Ln T N\ —2mi *Z%
(12) 3 e mix(aglrafra))e T
a mod d
(a,d)=1
—omin~L  —27miQg. L TM _omin®2
= Z e Mg e ]ﬂd Z X(QQ(Td/Td*))G rq
a1 mod My az mod g
(a1,Mq)=1 (a2,rqg)=1
= S (n,0Qqu Rlj; My) X(—7a/rar)cx,, (1),
we get
a(?) X
(43) anu(l) l (m)
" el
1
MZ > > T (=(rafra) My)es,, (n)
M Tdx|Td X mod 7y,

de square-free Primitive
X

(Tax;rd/Tax)=1
xR’ Qd* MQR/
Z Qasl S, (Que R Ma)V <27er*€X
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Here ¥,, is a Dirichlet character modulo 74, which is induced from the primitive character
x mod 7g,.

For the last sum of we use Weil’s bound for Kloosterman sums, which implies, as
(R&,Md) =1 and (Qd*, Md) = 1,

(4.4) |S(n, 0QuRly; Ma)| < (n, €, My)2 M2 oo(M,)

By applying (4.4)) and (| - we get

Z bor Qul) g 1, T, MdW(

MR, )
Qd*

QWQd*gX

1 1, i
<L M UO(Md)Tj*o 0_1+2¢(Tdx0) Z
=1

(n, 0, M)z M3R),
(3¢ 21 Qusl X

for any € > 0. Since (n, ¢, My) | (n, My), we get

Mi Ry
< M O'()(Md)rd*o 0_1+2¢ Td*O Z Z 7—5 27er égX .

g9l(n,Mq)  £=1

If y < M~¢, one easily checks, by moving the line of integration in (3.36)) to the right, that
V(y) < M%< for arbitrarily large K. Consequently,

M2R 1
a0 Y #> ée (27TQZ*€;X)<< PO D D

gl(n,My)  £=1 gl(n,My) M3R/,

<M gl
M2R, \** . ( MR,

Me < € € d*vd
< Z g (QWQd*gX> - Z g (QWgX)

gl(n,Mgq)

since Qq. > 1 (See Proposition [3.6). Applying this to (4.5)), we get

- 2 D/
XR Qd* (n,de*R&,Md)V( Mde >|

QWQd*gX

1
: 1 ,( M2R,\ 2"
L M2 og(Ma)r2y o 110c(Taso) § g Me (ﬂ)

2mg X
ol M) "
, 3io 1.
< X3 MOM; oo (MR [ p
p‘rd*
By definition of R),, we have
Ry = [Rg, 73] = RdeLQ = Rqrqg-——F—— < Ragra.
(Ra,73) (Ra/7a,7a)
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The third equality holds since r4 | Ry. Also recall that d = Myry. Therefore, referring to
(4.7), we have

XR’ Qd* o7 MC%R&
(Qu Ry, My)V | ——4=td_
Z Qut 2\ QB Ma) (%Qd*ex
1 /! 1 €
e XTE MYd oy (My)ry R ] »-

p""d*

Note (see (3.9)) that cy, (n) = 0 if < i ¢t n. Here rap = [, pra. P = 7+ since rq/ra. is
square-free and (ra.,7q/ra) = 1. So - =1 and we get

Cry (1) = TOOX() 1 ((ra/Tar; ) @ ((ra/Tax, m)) -

Thus
(4.9) e, ()| < Vrae((n,rafr40)) <

By applying (4.8) and (4.9)) to the second summation in (4.3]), we get

(4.10) MZ Td) > Y rx(—(rafra)M7)ey,, (n)

d\M rax|Td X mod 7 g
Td gquare-free Primitive
Tdx

(T s Td/rd*)_l

o 2 n/
Z b (Que) 510, 49, T M)V (M)

Td

T dx

Qaxl 2mQ gl X
)(_5_6]\4€ 319¢ _¢ L.
€ g 2 ooMad R Y [
d|M lrq,  plra/t
square-free
(ra/t.0)=1
X2 M¢ 59 _e e
< TZUO(Md)dz“ ra R -
d|M plra

Since d | M, we see that the right-hand side is

1 42ete
< M2 : UO(M) Z Hp(%Jre) ordp(q) Hp1+<%+6) ordp(q)'
> i+

M plg, plra
pid
For each d | M,
4 11 Hp 2+6 ordy(gq le—i— +e ordy(gq q%—&—e H p—(%—i—e) ordp(q)le—&-(%—i-e) ordy(g)
Z;Jr?i plra pl(d.q) plra
1. 1.
<" IT »r<e™ I »

pld pl(q,M)
ordy(d)<ordp(q) P2lq
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The condition of the last product implies that the term is 1 when g is square-free or (¢, M) =
1. We thus have

a(l X 5+2e+€ —s—€_ z+€
(412)  auu() = > %v (TM) + <9(1\4%+2 R et e | | p>.
{=n mod M p|(g,M)
P?lg
This allows us to prove the following lemma.
Lemma 4.1. Let M > 1. For each X > 0, we have
(4.13)
. B . a(m) X C1earlie 1ac
D h(n)asn (1) =Y h(n) i > LV <%> +o(x Mgt IT v,
nez nez m=+nmod M p|(g,M)
P?la
for any e > 0.
Proof. Replacing ¢ by m in (4.12), we get
. a(m) X
(418 S hman@) =Y b)Y v (5)
neZ nez m=+n mod M m 2mm
+O<M§+QG+G’UO(M)2X5€q5“ 1T p(Z@(ﬂ)\))-
pl(gM) *n€eZ
P’lg

Now, for h = hs with 6 = 0y > M~ for some 0 < n < 1, (2.6)) implies that

> [hs(n)] <x 3 (1+ )~ (3(|n| + 1)),

neZ nez
S(|n|+1D)>(|n|+1) -1 M 17 §(|n|+1)>(|n|+1) L~ M 17

for arbitrary K. Choosing K = K'/(1 —n), with K’ > 1, we see that this portion of the sum
is < MK for arbitrary K'.
Taking the remaining portion of the sum,

DR OIS SRS
neZ neL
S(In+1)<(In|+ 1)t =M= [n|< M2/n=2
as for n # 0, |hg(n)| < 1/|n|. Thus the error term of (4.14) is
OE <X_é_€M§+Eq;+e H p) ,

pl(g,M)
p?lq

with a new € > 0. O
The next proposition gives us an estimate for the first term of the right-hand side of (4.13]).
Lemma 4.2. For h = hs with § = 6y > M1, for some fized n > 0, we have,

S 3 S (505) - Dbt 0 (x0i) wo (st

neZ m==£n mod M
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Proof. Referring to (4.13)), we consider
- a(m) X
Z hln) Z m v (27Tm>
ne”Z m=+xn mod M
B - a(n) X a(m) X
= Zh(in)—n 1% (%) +> ) Vi)

n>1 n€Z m=+n mod M
m#+n

We first consider the diagonal terms with m = #£n in the sum. Upon moving the line of
integration of the integral

Viy) = = /(2)<2wy>uc<u>r<u>du,

= o

(see (3.36)) we get

Zh(in)@v (%)

" e+ S b (l)uwwdﬂ'

- n = 2m™n
n
- (—3+9

v

n

Since the second sum is < 37 -, |h(£n)|n~¢ X~1/2¢ inequality (2.6) implies that the sum
converges and we have

(4.15) > B(in)@ + O, (X1

n>1

Now we are left with the off-diagonal, namely the terms n # £m. Note that the length of
the sum over m is O.(X'*) by the rapid decay of V. We separate into two cases: |n| < M/2
and |n| > M/2.

For the latter, (2.6 implies

A a(m X S (1L + In))~ K 1
2 M v (o) < X e 2.

S m=+n mod M neL m=+n mod M
[n|>M/2 m#£+tn [n|>M/2 O<m<X1te m=£+n
1
-K —K-1 —K yy—K y1/2+€
<& Y (1+n)) > e e O MTEXTE
nez O<m< X 1te
|n|>M/2

Since, dy; > 1/M'" that is, 6,y M > M", by assuming X will be less than some fixed power
of Mgq, we get O ((¢M)~*) with K > 1 arbitrarily large.

For the former case we note that as m # +n, the congruence relation modulo M forces
m > M/2. We then calculate using K = 0 in (2.6)), and recalling that the contribution from
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m > X' is smaller than (Mq)~¥ for arbitrary K > 1, we get

- a(m X 1 a(Etn + M/
mo Y ke S SR« ¥ ooty Y

| T’LGJ\Z;/ mE:I:r;iodM |n|<M/2 O<|f|« X1 +e /M
n|< 2 m n
M71/2+e
D D S T
In|<M/2 Y ocpéxiee (o1
(+n+M0)>0
Combining (4.15)) with (4.16)) yields the proposition. O

We can combine Lemma {4.2] with Lemma 4.1 to get the asymptotics of 3 h(n)onar(1).
To this end, we will compare the error terms produced in Lemmas [4.1| and |4.2] - to determine
a value of X that gives the optimal bound. Setting the error terms from and -
equal, we get

XiMig: J[ p=X:M
pl(q,M)
P’lg
This gives us

w\w
l\.’)\»—A

o 1 »

pl(q,M
p2

Thus the error from these two contributions is

0. (X%M—l(Mq)ﬁ) - OE(( M~ ig ip(](l p? >

The remaining error (from (4.17])) is dominated by these terms since X ~1/2t¢ < X ~1/2t<pf,
From this, together with Lemmeas 4.1 and [£.2] we deduce the following

Proposition 4.3. Let M > 1. For h = hs with § = dy;y > M~ for some fized 0 < n < 1,
we have,

S hs()acnar(1) = 3 ()2 +o(( Mgy Mgt I pé).

neL n>1

Therefore we obtain

A0 = S Tl 2+ 0, (argrariar T o).

n>1

In the next section we study the sum

S () & o)) A2,

n>1

choose 0y, for the final error term and conclude the proof of Theorem [I.2]
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5. PROOF OF THEOREM [L.2]
For fixed x we consider h = hs. Combining ([2.7)) and Proposition we deduce

(61) gAn) =1 S () ()

_Z h5 :|:h5 ))a(n)—FO((Mq)EM}lqi H pé>

n>1

Lemma 5.1. For h = hs with d = 0y, we have

—2minx

D hs w@ =2 1 _erm agj) + O (5?) '

n>1 n>1

Proof. We have

1 — 6—27rina: a

S -

n>1 n>1

S P

n>8,) n>6,}

Because of (2.6)), we have

I B
1 n 1n§ ¢
n>d,, n>d,,

—2minx

Since 1 is likewise < n~1, the same bound holds for the second sum in the right-hand

side of (5.2).

For the last sum of ([5.2]), we observe that, because of (2.5)), we have

1— 6—27rznac 1 % ) ) )
5.3 h ¢ 2midyn(l—t) 1) — —2minx ( ,—2mindpr (14t) 1 dt
53) haln) = o — g | 000 (C ) — e e )
1 — 6727rinm 1
= O (né
2min + 2min (o)
because e?0un1=t) = 1 + O (ndy) (since ndy; < 1). Thus
o o EYal
R 1 — e 2™ q(n) e
h - : ) Y e =03 .
; s(n) 2min n M ; ns M M
U
Similarly, we can prove that
" a(n) 1 — e?™n q(n) 1
hs(—n)——= = 0% ).
Z o(=n) n Z —2mn  n + O3 )

n>1 n>1

Entering this and Lemma [5.1] into (5.1)), we derive the main terms of Theorem [1.2]



To determine the error term we note that the error terms we have obtained from our analysis
1
are O, (6%, 6) from the above,

ouMigi@M)y [ pi<o. (5MM5 igMr I pi)
p|M pl(q,M)
ordy, (M)<ordy(q) p?lq
from Lemma and
Og((MQYM‘iq}* pé)
pl(q, M)
Pl
from Proposition 4.3|
Setting
1 1 1 1 1 1
duMz2qt(gM)* p1 = (Mq)*M 1q1 p?
pl(q,M) pl(q,M)
P?lg P*lg
gives us

pl(q,M),
P2lg

1
So certainly d7, is smaller than other error terms in (5.1)):

62 < M™igt H 2.

pl(q,M)
P?lq
Thus the final error is
OE((MQ)gM‘iqi 11 pé)-
pl(q,M)
P?lq
This completes the proof of Theorem
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