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Abstract

In the first part of this thesis we consider the skew-normal class of distributions on
the line and its limiting general half-normal distribution. Inferential procedures
based on the methods of moments and maximum likelihood are developed and their
performance assessed using simulation. Data on the strength of glass fibre and the
body fat of elite athletes are used to illustrate some of the inferential issues raised.

The second part of the thesis is devoted to a consideration of the analysis of skew
circular data. First, we derive the large-sample distribution of certain key circular
statistics and show how this result provides a basis for inference for the
corresponding population measures.

Next, tests for circular reflective symmetry about an unknown central direction
are investigated. A large-sample test and computer intensive variants of it are
developed, and their operating characteristics explored both theoretically and
empirically. Subsequently, we consider tests for circular reflective symmetry about
a known or specified median axis. Two new procedures are developed for testing for
symmetry about a known median axis against skew alternatives, and their
operating characteristics compared in a simulation experiment with those of the
circular analogues of three linear tests. On the basis of the results obtained from
the latter, a simple testing strategy is identified. The performance of the tests
against rotation alternatives is also investigated. Throughout, the use of the
various tests of symmetry is illustrated using a wide range of circular data sets.

Finally, we propose the wrapped skew-normal distribution on the circle as a
potential model for circular data. The distribution’s fundamental properties are
presented and inference based on the methods of moments and maximum
likelihood is explored. Tests for limiting cases of the class are proposed, and a
potential use of the distribution is illustrated in the mixture based modelling of

data on bird migration.
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Introduction

Introduction

1 Overview

The content of this thesis has been divided into two parts; one of which considers
inference for the general skew-normal class of distributions and its limiting general
half-normal distribution, the other consisting of contributions to the analysis of
skew data on the circle. However, whilst the types of data to which the two parts
refer are different, it is important to stress that there are certain key ideas common
to both. One such key concept is that of symmetry, or, perhaps more correctly, a
lack of it. For many, symmetry is an aesthetical necessity. Indeed, this role of
symmetry manifests itself strongly in the surviving cultural heritage dating back
at least to the times of the ancient Greeks. From a mathematical perspective, an
assumption of symmetry generally results in greater tractability. Of course, the
best known and most frequently applied model in Statistics, the normal
distribution, is a symmetric one. Whilst the theoretical importance of the normal
distribution is beyond question, the following observation quoted from Pearson
(1900) raises considerable doubt as to the role of the normal distribution as a model

for real linear data.

“We can only conclude from the investigations here considered that
the normal curve possesses no special fitness for describing errors
or deviations such as arise either in observing practice or in

nature.”

For the analysis of circular data, the best known and most frequently applied
model is the von Mises distribution, again, a symmetrical one. However, the
following remark quoted from Mardia (1972, p. 10) raises questions as to what the

true role of the von Mises distribution should be.

“As on the line, symmetrical distributions on the circle are

comparatively rare.”
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In the analysis of skew linear data, a frequently applied technique is that of
Box-Cox transformation. For data considered initially to be non-normal, a
transformation is sought which, amongst producing other desirable outcomes,
results in a transformed data set for which the normal distribution is a reasonable
model. Inference is then performed for the transformed data, with results for the
original scale usually being obtained by applying the appropriate inverse
transformation. Despite the potential problems associated with the application of
such an approach being well documented (see, for example, Chatfield (1995, p. 69)
and Aitkin et al. (1989, Section 3.1)), the (mis)use of this technique is commonplace.
Of course, those freed from the shackles of normality have, at least in theory, a vast
array of alternative models for linear data at their disposal. The skew-normal class
and its limiting general half-normal distribution considered in Part I of this thesis
form part of that bank of models.

For circular data distributed over anything other than a reduced arc of the unit
circle, the application of any transformation of the data which changes the relative
positions of the data can result in wildly different inferential results. Due to the
compactness on the circle, the only types of transformation which leave the relative
positions of the data unaffected are those of rotation and reflection. Consequently,
the only viable general approach to modelling circular data is to fit appropriate
models to the original data values or those obtained after applying a rotation or
reflection to them. And if, as has been commented, symmetrically distributed
circular data are rare, then models capable of describing the forms of asymmetry
manifested by real circular data are required. How strange, then, to find that, in
the sum total of over 1400 pages making up the five principal texts which address
the analysis of circular data, i.e. Mardia (1972), Batschelet (1981), Fisher (1993),
Mardia & Jupp (1999) and Jammalamadaka & Sengupta (2001), less than ten are
specifically devoted to asymmetric models. In an initial attempt to address this
disjuncture between established practice in the statistical analysis of circular data |
and the implicit statistical demands raised by real circular data, in Chapter 6 we
propose the wrapped skew-normal distribution on the circle as a potential model for
circular data.

As is also evident from a consideration of the literature, methods are required
which can be used in the analysis of circular data to detect symmetry or the lack of
it. In Chapters 4 and 5 we propose procedures for testing for two types of symmetry
associated with circular data. The remaining chapter of Part II, Chapter 3, provides

the theoretical results underpinning much of Chapters 4, 5 and 6.

2
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2 Computing

In order to implement the methodology developed within this thesis, and to explore
the sampling properties of estimators, the operating characteristics of tests and the
coverage of confidence sets, etc., it was necessary to develop a substantial library of
computer programs. Those programs are available from the author upon request.
All programming was conducted in FORTRAN following the advice regarding style
and readability promoted by Ellis (1990).

Many of those programs make use of two highly efficient sorting routines; one
written for sorting a single array by James J. Filliben, the other for sorting two
arrays written by Rondall E. Jones and John A. Wisniewski. Both of these routines
are freely available over the internet from the GAMS (Guide to Available
Mathematical Software) archives.

The pseudo-random number generator routine used was a double precision
version of that proposed by Wichmann & Hill (1982), incorporating the amendment
of McLeod (1985). The numerical optimization of log-likelihood functions was
performed using a routine for the Nelder-Mead simplex (Nelder & Mead, 1965)\
coded by O’Neill (1971). Values of the standard normal distribution function were
evaluated using a routine written by Alan J. Miller. All three routines are available
over the internet from the StatLib archives.

Finally, all graphical work was produced using the facilities of the Minitab

statistical software package.

3 Notation
Generally, the notation employed in Part I of this thesis follows established

convention. That used to denote the different parametrizations of the skew-normal
distribution differs from the notation commonly used in the associated literature.
We believe the notation used here is less prone to misinterpretation.

In Part II, we follow, as far as is possible, the notation established in Mardia &
Jupp (1999). The specific notation used for the three parametrizations of the
wrapped skew-normal distribution on the circle is an extension of that used by us

for its linear analogue.
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Chapter 1 Problems of Inference for the Skew-normal

Distribution

1.1 Introduction

In this chapter we consider the general skew-normal distribution and certain
problems of inference associated with it. The distribution’s genesis is reviewed in
Section 1.2, and in Section 1.3 we briefly discuss the extended general skew-normal
distribution.

The main original work preéented in the chapter appears in Section 1.4, in
which we address problems of inference for the so-called direct and centred
parametrizations of the general skew-normal distribution. We discuss these
problems from the perspectives of moment and likelihood based inference. Certain
irregular features of the sampling distributions of the moment estimators, and
others of the log-likelihood surface, are traced by us to the parameter redundancy
of the direct parametrization.

In Section 1.4.2 we illustrate the improvements brought about by the centred
parametrization. What we beli@ve to be a new general asymptotic result for the
joint sampling distribution of the sample mean, standard deviation and coefficient
of skewness is given in Theorem 1.1 of Section 1.4.2.1.

In Section 1.4.2.2 we propose a numerical approach to finding the maximum
likelihood estimates employing a constrained version of the log-likelihood and a
grid based search incorporating the Nelder-Mead simplex. We also detail
shortcomings of two S-PLUS routines for likelihood based estimation developed by
Azzalini & Capitanio (1999).

The results from a simulation study designed to explore and compare the small-
sample characteristics of the method of moments and maximum likelihood
estimators for the centred parameters are given in Section 1.4.2.3.

Tests for limiting cases of the distribution are discussed in Section 1.4.3. We
propose two new procedures for testing the null hypothesis of an underlying half-
normal distribution against the‘alternative of some less positively skewed member

of the skew-normal class. The first is based on an asymptotic result for the
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sampling distribution of the coefficient of skewness, whilst the second is a Monte
Carlo variant of it founded upon the same statistic.

In Section 1.4.4 we illustrate the developed methodology in the analysis of two
real data sets.

For the most part, the content of Section 1.4 follows closely that of Pewsey
(2000a). However, the level of detail given within it is generally greater than that
in the cited paper. Also, Theorem 1.1 is a generalization of a result given in the
same paper for the sampling distribution of the moment estimators of the centred
parameters.

The chapter closes with a summary of its content and a description of potential

avenues for related future research.

1.2 Definition, Genesis and Properties of the Skew-normal Class
1.2.1 The Standard Skew-normal Distribution

The (standard) skew-normal distribution, popularly referred to as “Azzalini’s skew-
normal distribution”, see Johnson et al. (1994, p. 61), was developed formally by
Azzalini (1985) as a particular case arising from a variant of the following lemma.
Rather than repeat the rather opaque proof of the lemma given by Azzalini (1985),

we present what we consider to be a more transparent alternative.

Lemma 1.1 Consider two arbitrary absolutely continuous distributions with

densities [ and g and distribution functions F and G, respectively, which are

symmetric about 0. Then, for any A€ (— o°,oo),

26(y)f(y), (Fee<y<e) (1.2.1)

is a probability density function.

Proof Given the assumed symmetry about 0, it follows that

0

_Tzc(/ly)f (y)dy = 2{ j G(y) f(y)dy + TG(/ly) f(y)dy}

=z[_}cw)f(y)dy+j{1—c<zy>}f<y>dy}
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With the aim of defining a class of distributions which includes the standard
normal, is mathematically tractable and includes distributions with wide-ranging
coefficients of skewness and kurtosis, Azzalini (1985) considered the model arising
from (1.2.1) with f(-)=¢(-) and G(-)=®(-), where ¢(-) and ®(-) represent the
probability density function (pdf) and distribution function, respectively, of the
standard normal distribution. These choices lead to the following definition of a

standard skew-normal random variable.

If a random variable X has pdf |
f5A)=20(x)®(x) , —co < x<oo,—0< A <00, (1.2.2)

then X is said to be distributed according to the standard skew-normal distribution

with parameter A, denoted X ~SN(4).

The parameter A regulates the skewness of the distribution. Azzalini (1985)

showed that the distribution function of X can be represented as
F(xA)=®(x)-27T(x, 1),

where T(h,a), a function studied by Owen (1956), gives the integral of the bivariate

standard normal density over the region bounded by the lines x=h and y=ax in

the (x, y) plane.
Henze (1986) gave a probabilistic representation of the standard skew-normal

distribution which reveals the structure of the skew-normal class. He showed that

if Z, and Z, are independent standard normal random variables then

X=—2t 7|+

1
(1+22)" 72, =0z, |+(1-8" ) z,~sNw), 23

(1+22)
where = /1/ (1 + A )/2 € (~1,1). Thus, a SN() random variable can be viewed as a

normalized linear combination of independent half-normal and standard normal
random variables. Corollary 2 of Henze (1986), which is based on (1.2.3) and an
adaptation of the Box-Miiller method, provides an efficient means of generating
random variables from the SN(A) distribution. This representation serves as a
means of relating the skew-normal distribution to the distributions of other sums of
random variables studied prior to the publication of Azzalini (1985). The

distribution of the sum of a normal random variable and a truncated normal
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random variable was considered in Weinstein (1964) and Nelson (1964). In the
econometrics literature, Aigner et al. (1977) derived the distribution of the sum of a
normal random variable and a half-normal random variable.

Two other constructions which lead to the standard skew-normal distribution

are also worthy of note. Both are associated with the following bivariate set-up.

Consider the joint distribution of (Z1 ,Z2) where Z, and Z, are two standard

normal random variables with corr (Zl 2, )= p. Let Z) denote the minimum of

Z, and Z,, and Z,) the maximum.

The first construction predates the work of Azzalini (1985) and follows from a

more general result quoted by David (1981, pp. 117-118) as being a private

communication due to Nagaraja (1979). For q,, a, =-pa, i{af( 0° —1)+1 v

and a, +a, all non-zero, the linear combination Y =a,Z+a,Z, is a standard
skew-normal random variable with A =+{(1-p)/(1+ ,0)}1/ 2 {( a, —a, )/ (a1 +a, )},

the sign depending on the sign of a; '+a;'. In passing, we note that Loperfido

(2002) considered the distributions of Z;y and Z,) in this context, showing them to
be SN (—f) and SN(/l* ), respectively, where A" ={(1-p)/(1+ p)}*. In fact, the

result for the distribution of Zy had been derived much earlier by Roberts (1966).

The second construction follows from a more general one given by Arnold et al.

(1993). If Z, is truncated below at 0 then the marginal distribution of Z, is

standard skew-normal with A = ,0/ (1 -p° )/2 .

We also note that Andel et al. (1984) identified the standard skew-normal
distribution as the stationary distribution of a certain first-order threshold

autoregressive process: see, also, Azzalini (1986).

1.2.2 Fundamental Properties of the Standard Skew-normal Distribution
The basic properties of the standard skew-normal distribution were investigated by
Azzalini (1985, 1986) and Henze (1986). The most important five can be
summarized as follows:

a) When A =0, the distribution corresponds to the standard normal

diétribution.
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b) As A the distribution tends to the positive standard half-normal
distribution. Conversely, as /I == , the distribution tends to the negative

standard half-normal distribution.

¢) If X is distributed according to the standard skew-normal distribution with
parameter 4, i.e. X ~ SN(/i), then - A ~ SN(-/i).
d) The density (1.2.2) is strongly unimodal.
e) If A- SN(A), then A"-
Densities for various choices of positive 4, ranging between N(0,1) = SN(0) and
the limiting standard half-normal = SN(°0), are given in Figure 1.1. From this plot
we see that, for 4 =2 the density is moderately asymmetric, whilst for 4 =20 the

density differs little from that ofthe limiting standard half-normal distribution.

, SN(0) A N(0,1);——m-, SN@); — - — , SN(5);-rmrmmemmmree RG] ——— :
SN(oo) = standard half-normal.

Azzalini (1985) obtained the moment generating function of A - SN(A) as
M(r) =2exp(r™/2)o(&). Given property e) above, the even moments of A are

equal to the even moments of a standard normal random variable. Henze (1986)

used the representation (1.2.3) to obtain the following expression for the odd

moments of A.

E(X H=w(l+ (1.2.4)
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where b= (2/7)".

1.2.3 The General Skew-normal Class

The obvious extension of the standard skew-normal class results from the inclusion

of location and scale parameters. Thus, if X ~ SN(A) then Y, =&+7X
(— o< <o n> O) is said to have a (general) skew-normal distribution with what
Azzalini & Capitanio (1999) refer to as “direct” parameters (£,77,4). We denote the

fact as Y,~SN_(&,7,4), the subindex D referring to the use of the direct

parametrization. From (1.2.2), the density of Y}, is given by

n n n

-
-

06— 7

Coefficient of Skewness / Kurtosis

-1.0 —

1
I
08—+
]
[}
T

Delta

) as functions of

Figure 1.2 Coefficients of skewness (- - - - - ) and kurtosis (
the parameter &.

Using (1.2.4), the first four moments and variance of Y, are:
E(Y,)=¢+bns, E(¥2)=£> +2béns +n?,
E(Y2)= & +3b&*18 +3&n* +3b0°6 —bn’S?,
E(Y2)=£* +4bEnS +6£n* + 4bEns(3 -5 )+ 3n°,
Var(YD)= 772(1—11252 )

(1.2.6)

10
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The coefficients of skewness and kurtosis for Y}, are the same as those for X,

namely,
¥ bs°(21° 1) (~0.99527,0.99527)
1 —3/26 — U. s UL N
(1-5%6?)
2(m-3)b*5*
Y2 =-'(1bT2)2—€ [O, 086918)

In Figure 1.2 we represent these two measures as functions of J. For reference

purposes, we note that A-values of 2, 5 and 20 correspond to &values of 0.8944,
0.9806 and 0.9988, respectively.

1.3 The Extended General Skew-normal Class
In an attempt to widen the ranges of skewness and kurtosis of the class, Azzalini
(1985) proposed a further extension of it, introducing a shape parameter,

¢ € (~o0,0) The random variable W, is said to have an extended general skew-

normal distribution if its pdfis given by

fwéna.8)= a{w 5) {(W;(’E};}/nq>{§(1+/12)"’2}, (1.3.1)

where — oo < w < oo, We denote the fact by W, ~SNE, (&,7,1,{).

Henze (1986) provided a representation of an extended skew-normal random
variable in terms of a normalized linear combination of a standard normal random
variable and a truncated standard normal random variable, and derived
expressions for the distribution’s moments. Arnold & Beaver (2000) give the
following construction which leads to a model described by (1.3.1). Suppose W and

U are independent and identically distributed standard normal random variables.

Then the standardized version of (1.3.1), i.e. with £=0 and 7=1, is the

conditional density of W given that { + AW >U.

Although the extended skew-normal distribution was developed independently
by Azzalini (1985), its first appearance can be traced to Birnbaum (1950). The
distribution had also been proposed previously by O’Hagan & Leonard (1976) as a
potential skew prior when there is uncertainty about an inequality constraint in
the bayesian estimation of a normal location parameter. Given these precedences,

and those referred to in Section 1.2.1, there is clearly an issue as to the intellectual

11
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“ownership” of the skew-normal distribution. On the one hand, the common
reference to it as “Azzalini’s skew-normal distribution” is a popularism which fails
to convey the distribution’s deeper historical roots. Nevertheless, the term does
highlight the fundamental contribution of Azzalini and his co-authors towards the
characterization, extension and dissemination of the distribution. Implicitly, it also
suggests the potential existence of other skew-normal distributions (see Section

1.5.2).

Azzalini (1985) obtained the moment generating function of W, and quoted the

ranges of ¥, and y, as being approximately (-1.2, 1.2) and (0, 2), respectively.

Arnold & Beaver (2002) discuss multivariate extensions of the class.

1.4 Inference for the General Skew-normal Distribution

Classical moment and likelihood based inference for problems concerning the
general skew-normal distribution have been addressed in the literature by:
Azzalini (1985), Salvan (1986), Arnold et al. (1993), Chiogna (1997), Azzalini &
Capitanio (1999) and Pewsey (2000a). Liseo (1990) and Mukhopadhyay &
Vidakovic (1995) consider inference from a bayesian perspective. In this section we
discuss moment and likelihood based inference, the treatment given folloWing

closely that published in Pewsey (2000a).

1.4.1 Inference for the Direct Parametrization
1.4.1.1 Moment Based Inference
Inference based on the method of moments for the direct parametrization of the

general skew-normal distribution has been considered in Arnold et al. (1993) and

Pewsey (2000a). Proceeding as in Pewsey (2000a), let y=(y,....,y,) denote a
random sample of n observations from a SN (&,7,4) distribution, with sample
moments m, =0,m, =s°,... about the mean. We denote the moment estimates of ¢,
nand & by f , 17, 5 , respectively. For simplicity, consider the studentized
sample y = (ysl,...,ym) where y; = (y,. - y) §, i=1,...,n; this is a sample from a

SND(fs 1, ,ﬂ) distribution with &, =(£-75)/s and 7, =7/s. Equating the first
three sample moments of the studentized data to their population counterparts

from (1.2.6), the method of moments (MM) estimates of £, , 77, and S are

12
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E =-cmlfs, # =(1+&)" and § =-Z /b, (14.1)
where ¢ = {2/(4—72)}1/3 . Then, 1 = g/(l— 5? y/z , provided ‘5| <1. Otherwise, & is
out of range as an estimate of  and we refer to it as being ‘inadmissible’. For such

estimates, A is undefined. The MM estimates of £ and 7 can be recovered using

E=5+s& and 7 =57, (1.4.2)
This approach is equivalent to, although arguably simpler than, that given in
Arnold et al. (1993).

a) d)
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Figure 1.3 Empirical sampling distributions of the method of moments
estimates of £ 7 and & obtained from 5000 simulated samples of size 20 from the

SNp(0,1,4) distribution: a), b), ¢) A=0; d), e), ) A =20.
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As mentioned above, a major deficiency of MM estimation is that the estimate of
0 can be inadmissible, i.e. greater than, or equal to, 1 in absolute value. Such
estimates occur with greater frequency as the skewness parameter of the
underlying skew-normal distribution tends to teo. Faced with an inadmissible
estimate, we interpret it as indicating that the underlying distribution is half-
normal or negative half-normal, depending on its sign. Inference for the general
half-normal distribution is considered in Chapter 2.

In terms of subsequent inference concerning the parameters, a further
problematic feature of MM estimation for the direct parametrization is that the
sampling distributions of the estimates of the location and skewness parameters
are often bimodal, the problem being particularly acute when the underlying

distribution is normal. For this particular case, y and s are the MM and

maximum likelihood (ML) estimates of the location and scale parameters. However,
if we use (1.4.1) and (1.4.2) to estimate the parameters of an assumed skew-normal

distribution, when the data come from a normal population, we will tend to over-
estimate 77 and over- or under-estimate £ and , depending on the sign of £, .
Figures 1.3 and 1.4 provide representations of the empirical sampling
distributions of the method of moments estimates for simulated samples from the
symmetrical standard normal distribution and the highly skewed SN, (0, 1, 20)
distribution. We have chosen to repi"esent the skewness of the distribution using 0

rather than A so as to avoid the complications of infinite or undefined estimates of
the latter. In these two figures, values of Ig I in excess of 1 are inadmissible. As

can be appreciated, as the sample size and magnitude of the skewness parameter
increase the sampling distributions of all three estimates tend to unimodal
distributions. However, these sampling distributions cannot realistically be

considered as being normal, even for sample sizes as large as 500. For the samples
of size 20, the sampling distribution of 5 is still bimodal even for data drawn from
a highly skewed distribution. We also note that, for the samples from the SN (0, 1,
20) distribution, the proportion of inadmissible J-estimates increases spectacularly

with increasing sample size. Increasing sample size does nothing to alleviate the
problems associated with the form of the sampling distributions of the estimates for

data drawn from the standard normal distribution.
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Figure 1.4 Empirical sampling distributions of the method of moments
estimates of £ 7 and & obtained from 5000 simulated samples of size 500 from the
SNp(0,1,4) distribution: a), b), ¢) A= 0; d), e), f) A= 20.

Whilst some of the problems referred to above regarding the sampling properties
of the MM estimators were also mentioned in Arnold et al. (1993), these authors
failed to identify the problems we have referred to when the underlying
distribution is normal. We consider this oversight to be due to the limited scope of
their reported simulation study which only included pseudo-random variates
generated from a SN (10, 5, 2) distribution. Given that MM estimation can be

carried out using studentization in conjunction with (1.4.1) and (1.4.2), the choices

of £ = 10 and 7 = 5 in their simulations are somewhat irrelevant. As we have

commented in Section 1.2.2, a A-value of 2 corresponds to a density which is

moderately asymmetric.
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1.4.1.2 Likelihood Based Inference
Properties of the likelihood function, and inference based upon it, for the direct

parametrization of the skew-normal distribution have been considered by Azzalini
(1985), Liseo (1990), Arnold et al. (1993), Azzalini & Dalla Valle (1996), Chiogna
(1997), Azzalini & Capitanio (1999) and Pewsey (2000a). Three equations satisfied

by the ML estimates corresponding to a random sample, Y from the SN (5,7],/1)

distribution are given in Arnold et al. (1993). For our purposes, the most relevant of

the three is
A2 1Y )2
7’ =— (y,- —5) , (1.4.3)
(=
a constraint on the ML estimates f and 7] which had previously been identified in
Azzalini (1985). In the same paper, Azzalini gives the Fisher information matrix for

(£,m,A4) and notes that it is singular for A = 0. Arnold et al. (1993) highlight the

— 1 -\2 . . -
fact that A=0, £=F and 7* = —Z ( y; — y)2 is always a solution to the likelihood
i=1
equations, although, in general, this solution does not give the ML estimates.
Azzalini (1985) gives an algorithm for finding the ML estimates based on the
profile log-likelihood of A. However, as pointed out by Arnold et al. (1993), the
quoted algorithm is incorrect as the constraint (1.4.3) does not apply to the profile

log-likelihood. Azzalini (1985) observes that the profile log-likelihood of A always

has a stationary point at A = 0. Arnold ef al. (1993) also consider profile likelihood

methods and quote numerical results which indicate that this stationary point in

the profile log-likelihood corresponds to a saddlepoint on the likelihood surface.
Chiogna (1997) proves that A = 0 is a point of inflexion for the profile log-likelihood

of A.

To illustrate some of the problems associated with the likelihood for the direct
parametrization we use a form of the full log-likelihood function incorporating the

constraint (1.4.3) and studentization of the original data as described in Section
2 2
1.4.1.1. For the studentized data the constraint (1.4.3) becomes 7, = (1+§52 )1/ , an

analogous relation to that given by the middle constraint of (1.4.1) for the
equivalent MM estimates. Using this constraint for the studentized data along with

the density (1.2.5), maximum likelihood estimation reduces to finding, using
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numerical optimization, those values of &, and A which maximize the constrained

log-likelihood

vy )= ' N ﬂ(ysi —gs)
l(gs ,)L,Xs)— —-%loge(l+§: )+ tz:l:loge (6)) W . (144:)

In theory, the ML estimates of the location and scale parameters for the original,

non-studentized, data can be obtained by substituting the ML estimates fs and

7, , the latter calculated using (1.4.3), in place of their MM counterparts in (1.4.2).

Table 1.1 The frontier data of Azzalini & Capitanio (1999).

0.1169 1.7311 0.0144 0.4881 2.3877 -0.0853 0.0522 0.7226 0.8718 3.0415
0.6363 1.3590 1.5958 0.4567 0.9885 1.7001 1.0380 1.0195 0.3528 1.4249
0.3170 1.3276 -0.1032 1.1568 0.0699 1.6802 0.2470 0.4147 1.6882 0.7256
1.3568 1.1091 0.0500 2.2886 1.4985 2.7261 1.8443 -0.0687 0.9441 0.6872
0.5258 0.4743 0.4240 0.7349 0.4428 0.1880 0.4642 0.2786 0.2742 0.5678

Log-likelihood functions defined by (1.4.4) generally contain a long narrow ridge
which is often curved. Arnold et al. (1993) refer to similar features in the two
dimensional profile log-likelihood functions associated with the direct
parametrization. This type of feature can cause problems for many optimization
methods, as such techniques generally perform well for surfaces with contours
which are close to symmetrical ellipsoids; see e.g. Lindsey (1996, p. 109). For
surfaces containing narrow ridges, certain iterative methods may fail to converge,
let alone converge to the required global maximum. This is a known feature, for
instance, of gradient-based iterative techniques. Given the generally non-elliptical
form of the likelihood surface under the direct parametrization, convergence, when
it occurs, can be slow. The constrained log-likelihood surface defined by (1.4.4) for
the so-called “frontier data” of Azzalini & Capitanio (1999) exhibits such a curved
ridge feature, as can be appreciated from Figure 1.5. In this figure we have

represented (1.4.4) in terms of & rather than A, so as to avoid the complications

associated with the range of the latter. The frontier data, reproduced in Table 1.1,
consist of 50 pseudo-random variates simulated from the SNp(0, 1, 5) distribution.
Unlike its method of moments counterpart, a maximum likelihood estimate of a
parameter is, by definition, always within range, i.e. ‘admissible’. However,
particularly for small sized samples, and generally for samples drawn from skew-
normal distributions with moderate to large values of A, the global maximum of the
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log-likelihood can occur on the boundary of the parameter space. In such cases, the
maximum likelihood estimate of the skewness parameter A is infinite. The frontier

data provide a case in point. Indeed, the word “frontier” used in their description
presumably refers to the fact that the maximum likelihood estimate of the
skewness parameter occurs on the boundary, or “frontier”, of the parameter space.
As we can see from Figure 1.5, the prominent narrow ridge winds its way out to the

global maximum corresponding to a value on the J = 1 (or, equivalently, A = +o0)

boundary. As an isolated case, this behaviour is somewhat surprising as the sample
distribution of the frontier data displays no obviously pathological features. For
instance, the sample coefficient of skewness is 0.9022, well below the theoretical
maximum for a skew-normal random variable of 0.9953. The corresponding value
for the population coefficient of skewness for the underlying SNp(0, 1, 5)
distribution is 0.8510. As Cox (1992) and Lindsey (1996, p. 81) note, boundary
estimates of parameters have a clear interpretation. Formally, a boundary
maximum likelihood estimate indicates that the set of plausible models lies to only

one side of the most likely one. Thus, here, we interpret a boundary estimate of 4

as indicating that a half-normal distribution is the most likely generating
mechanism for the data. Again, see Chapter 2 for a treatment of inference for the

general half-normal distribution.

Figure 1.5 Constrained log-likelihood surface under the direct parametrization,
truncated at z = —50, for the studentized values of the frontier data: x=&,y=4, z
= value of (1.4.4).

If operating with infinite values of a parameter estimate is thought messy then
we can always reparametrize. For instance, here we could choose to work with &

€ (~1,1) rather than A€ (- o0,c0). Whilst working with, for instance, & rather than
18



Chapter 1 - Problems of Inference for the Skew-normal Distribution

A circumvents the problem of infinite point estimates, boundary estimates on the 4

scale are still nevertheless transformed to boundary estimates on the J scale. And

boundary values for point estimates, under whatever parametrization, are
problematic in that the regularity conditions underpinning standard, asymptotic
theory based, likelihood methods of inference do not apply on the boundary of the

parameter space.

Figure 1.6 Constrained log-likelihood surface under the direct parametrization,
truncated at z = —500, for the studentized values of a simulated sample of size 500
from the N(0,1) = SNp(0,1,0) distribution: x= &, y= &, z = value of (1.4.4).

Pewsey (2000a) traces the singularity of the Fisher information matrix for A =0
to the parameter redundancy of the parametrization for the normal case, a fact
easily identified using the results of Catchpole & Morgan (1997). In the latter, an
exponential-family model is identified as being parameter redundant if the mean

can be expressed using a reduced number of parameters. From (1.2.6), E (YD) is a

function of all three parameters, whereas for the normal case it is just & The

singularity of the information matrix then follows from Remark 4 of Catchpole &
Morgan (1997). According to Theorem 2 of the same paper, the likelihood surface
for the normal case must contain a completely flat ridge. Thus, if we were to
attempt to maximize the log-likelihood for this parametrization using numerical
techniques, the results obtained could be highly misleading as for this case no
unique solution exists. In Figure 1.6 we plot (1.4.4) for a simulated sample of size

500 from the N(0, 1) = SNp(0, 1, 0) distribution. As in Figure 1.5, we plot (1.4.4) as
a function of §, and truncate the surface so as to highlight its main features. We see

that even for such a large sample size, the surface is completely flat across a
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relatively wide range of J-values, indicating that the data provide little or no

information about the parameters. We also note that the dominant ridge in Figure
1.6 is not orthogonal to either parameter axis and so neither the skewness nor the
location parameter have unique maximum likelihood estimates. These
consequences, and our findings for MM estimation, rule the direct parametrization

out as a general basis from which to conduct estimation.

1.4.2 Inference for the Centred Parametrization
Having identified the singularity problem associated with ML estimation for the

direct parametrization, Azzalini (1985) introduced the “centred” parametrization,
( M, 0,V ) He defined a skew-normal random variable Y. with E(YC )= M and
valr(YC )= o’ by

{x -}
{Var(X)}l/2 ’

Y.=u+o —co < YU <o, 0 >0,

where X is a SN(4) random variable. In this notation, we use the subindex C to
highlight the role of the centred parametrization. The parameter y, is the
coefficient of skewness of X, and hence also that of Y.. We denote the distribution

of Y. under this parametrization by SNC(,LL,O',j/l ) As E(YC )= M, this

parametrization is clearly not parameter redundant for the normal case.

Expressions for the direct parameters in terms of the centred ones are:

5 =u- CJ/11/3O-,
n= o’(l+c2}/l2/3)1/2, (1.4.5)
1e e

e )T

where, as before, b=(2/7)" and ¢={2/(4—7)}". The density of ¥, under this

parametrization is given by
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. _ 2 1 —u
fme)- o(1+cy)" ¢(1+027/12/3)1/2{(y0' ]Hym}

e y—u (1.4.6)
{b2+c( ) 2/3}/( o 2/3) {[ pu )+CJ/11/3}

(Foo<y<oo—co< <oy 0> 0;-0.99527 <y, <0.99527).

1.4.2.1 Moment Based Inference
Moment based inference for the centred parametrization has only been considered
in Pewsey (2000a). As,

E(Y, )=, E(¥2)= pi* +0° and E(¥2 )= i* +3u0® +0%,, (14T
the MM estimates of the centred parameters are the usual ones, namely
fi=y &=s7 =g =m]s’.
Prior to giving a general result for the asymptotic distribution of (y, S, 8 ) in
Theorem 1.1, we provide the details of a lemma quoted by Mardia (1972, p. 111)

which summarizes a standard means of deriving large-sample approximations to

sampling distributions based on Taylor expansion.

Lemma 1.2 Let the p-dimensional statistic (T1 seees Ty )T have joint distribution

which is asymptotically N(Q,;) with _0_=(91 ,...,HP)T and X= (o-ij ), where
E(T. )= 0,, and Var(Ti )= o, and cov(Ti T )= o, are of order n”'. Further, let

i

h, ,...,hq be differentiable functions of T, ,...,Tp. Then

P P . .
var(h) = 3 Y 100, + 0(n¥?), (1.4.8)

where k, | = 1,..,q and h{) =0h, /30, , h® =3’h, /36,90, and h, =h,(0). The
Joint distribution of (h1 ,...,hq) is asymptotically normal if the leading terms of the

E (hk ) are finite and those for the var(h,) are of the form c, / n with ¢, >0.
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Theorem 1.1 Let Y, ,...,Y, be nindependently and identically distributed random

variables from a distribution for which the first six central moments are finite. Let
U, o* and y, denote the mean, variance and coefficient of skewness of the

52

distribution, respectively. Let 8, = u, /2, B, = us Ju* and B, = g [ul, where
U, denotes the r" central moment about the mean. Then the asymptotic joint

distribution of (i, S, 8 ) is trivariate normal with

E(y)=n,
E(s)=o{1-(3+ 8, Jen}+o(n?), (1.4.9)
E(81 )= " +3{V1 (7 +55, )_ 44, }/Sn + 0(”_3/2 )’

var( ¥)= o'z/n,
var(s)=07 (B, =1)/4n+0(n"?), (1.4.10)
var(g, )={9-68, =3, B, + B, +72(35+98, Y4} /n+0(n?),

cor(3.5)=0%n, fan+O(n "),
cov(3.2, )=, -3-311/2)n+ 0(n?), (1.4.11)
cov(s,gl )= 0{2,33 -7 (5+3,B2 )}/4,14.0(,1—3/2), .

if the terms of O(n) in the variances of s and g, are positive.

’ 7’ ’ ’ 1 < —_
Proof Let T, =m; , T, =m, and T, =m; where m;, =—2Yik . Then, y =T,
nin

_ 3
and g, = L ( 3T2T‘2)+3/3Tl , differentiable functions of 7} ,7, and
L, -1

12

s=(1, -17)

T; . The non-central moments can be expressed as,

E(Y)=p,

E(y*)=p* +07,

E(Y3)=ﬂ3 +3uc® +o’y,,

E(Y4)= w+6u’o’ +4uc’y, +o'p,, (1.4.12)
E(YS):.US +104’0? +10p*c’y, +Suctp, +o° B,

E(Y®)=u® +154°0 +201°0°y, +154°6* B, +6u0° B; +0°B,.
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Appealing to the central limit theorem, the asymptotic distribution of (T1 1, T, )T

is N(8,2) where 8=(6,.,6,,6,) ={E(Y),E(v?),E(¥*)} and £=(o, ), with

0_2
o, = Var(Tl )=—,
n

2

O =0y = COV(TI T )= (2ﬂ+07/1 )’

=|q~=|q

O3 =03 = COV(TI Ty )= (3,u2 +3uoy, +o’p, )’

0, = var(T, )= 072{4;12 +4uoy, +o*(B, -1}, (1.4.13)
Oy = 0y = cov(T, . T, )

=%2{6u3 +ou*oy, +uc*(5B, -3)+ (B, -7, )b
o =var(1, )= T fou* (i -0 6o (s -2y, -7}

+15u%0? B, +6uc’B, +o'p, }

_ 3
Now apply Lemma 1.2 with h =6,, h, = ( 6, -6 )1/2 and h, = o, (6391 %2;3/301
2~ Y

The non-zero first- and second-order partial derivatives of these functions,

expressed in terms of u, o? and y,, are:

hO =1,
W =4 e L
o 20

k4

2 2
h§11)=_(“ +‘7) pi2) - _H h(22)=__1

o’ P2 2037 7 403’
k(1)=3(,u2+ﬂ071 —0'2) h(2)=—3(2/l+071) h(3)=—1—
3 0_3 * 773 203 > "3 3°?
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h(n) _ 3{2/‘(3/‘2 _62)+ oy, (5/‘5 +02)}
=

’
0.5

2
R0 3{_ ou® -Suoy, +o'2} 1,03) =3_,U
: 20° B S

g 1204507, ) oy _ =3
3 - 3 -

?

40° 20°

Substituting these partial derivatives, and the variances and covariances given by
(1.4.13), in (1.4.8) we obtain, after lengthy but basic algebraic simplification, the

expectations, variances and covariances given in (1.4.9)-(1.4.11). Asymptotic
normality follows from Lemma 1.2 due to the asymptotic normality of (T1 I, T, )T ,
the forms of the leading terms for the expectations in (1.4.9) and the assumption

that the terms of O(n) in the variances of s and g, in (1.4.10) are positive.

We suspect that Taylor expansion may well have been used previously in the

literature to derive equivalent results to those given in Theorem 1.1 for the joint
distribution of (y, S, 8, ) Nevertheless, we have been unable to track down any
such previous work. We note that Gupta (1967) used Taylor expansion to derive an
asymptotic result for the marginal distribution of g, .

In order to apply Theorem 1.1 in the case of an underlying general skew-normal

distribution, we note that if Y, ~SN ( U, 0.7, ),

B, =y, +3=3+2t*(x-3),
B, =10y, +7° (37° 407 +96)/4,
B, =15{1+7* (27 - 6)}-7° (977 -807 +160)/2,

where 7= C}’ll/ %

For the special case of an underlying normal distribution, the relevant sampling
properties of all three individual estimators are well known. Nevertheless, in
Figures 1.7 and 1.8 we represent the sampling distributions of the method of
moments estimates for the same simulated samples used to generate Figures 1.3
and 1.4. We do this so as to provide a comparison with the sampling distributions of
the maximum likelihood estimates presented later in Figures 1.13 and 1.14.

Simulation confirms that all of the results in (1.4.9)-(1.4.11), apart from that for

var(g1 ), provide very good approximations to the sampling properties of the
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estimators for data drawn from skew-normal distributions, even when the sample

size is as small as 20. Sample sizes of 50 or more are required before the expression
for var(gl) gives a reasonable approximation. Moreover, it is known that the
sampling distribution of g, tends to normality very slowly even for data from

normal populations; see e.g. Pearson (1963) and D’Agostino (1970).
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Figure 1.7 Empirical sampling distributions of the method of moments
estimates of i, oand ¥, obtained from the same 5000 simulated samples of size 20

used to produce Figure 1.3: a), b), ¢) SNp(0,1,0) = SN(0,1,0); d), e), ) SNp(0,1,20) =
SNc(0.7969, 0.6041, 0.9851).

For data from highly skewed cases of the skew-normal class the sampling
distribution of g, is skewed, even for very large n, as can be appreciated from

Figures 1.7 and 1.8. Should asymptotic theory be thought not to apply, inference for
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7, can be based upon computer intensive methods such as Monte Carlo

significance testing and the bootstrap.
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Figure 1.8 Empirical sampling distributions of the method of moments
estimates of 4, o and ¥ obtained from the same 5000 simulated samples of size
500 used to produce Figure 1.4: a), b), ¢) SNp(0,1,0) = SN¢(0,1,0); d), e), f) SNp(0,1,20)
= SN(0.7969, 0.6041, 0.9851).

As for the direct parametrization, a major problem associated with method of
moments estimation for the centred parametrization is the occurrence of

inadmissible estimates of the skewness parameter. Under the centred

parametrization, inadmissible values of 7, = g, are those with absolute values in

excess of 0.99527. Again, we interpret inadmissible estimates of ¥, as indicating
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that a half-normal distribution is the underlying generating mechanism.
Approximately 3.7% of the estimates in Figure 1.7c, and none of the estimates in
Figure 1.8c, are inadmissible. The corresponding percentages for the histograms in
Figures 1.7f and 1.8f are 29 and 42, respectively.

We close this section by giving the following results for the frontier data. The

‘theoretical values of the three parameters for a SNp(0, 1, 5) distribution are y =

0.7824, 0= 0.6228 and ¥, = 0.8510. The MM estimates of these parameters are [
= 0.8849, 6 = 0.7488 and ¥, = 0.9022. These estimates are contrasted with the

corresponding ML estimates in the following section.

1.4.2.2 Likelihood Based Inference
Work on issues associated with likelihood based inference for the centred
parametrization of the skew-normal distribution has been published by Azzalini
(1985), Azzalini & Dalla Valle (1996), Chiogna (1997), Azzalini & Capitanio (1999)
and Pewsey (2000a). Considering theoretical results first, Azzalini (1985) gave the
information matrix for the centred parameters. As proven by Chiogna (1997), the
information matrix converges to diag(n/ 0'2,2n/ 0'2,n/ 6) as ¥, =0, not to its
inverse as stated incorrectly in Azzalini (1985). The inverse of this diagonal matrix
also corresponds to the asymptotic form of the covariance matrix for the method of
moments estimators of the centred parameters as ¥, — 0, as can be established
from (1.4.10) and (1.4.11). Chiogna (1997) shows that the derivative of the profile
log-likelihood for ¥, is finite and different from zero as ¥, — 0.

In the remainder of this section, we consider competing numerical approaches
for identifying the maximum likelihood estimates of the centred parameters.
Particular attention is given to the approach proposed in Pewsey (2000a) based on

a constrained version of the full log-likelihood function analogous to that in (1.4.4).
Consider a random sample y from the SNC( U, 0.7, ) distribution and its

studentized counterpart y from the SN (,Lts OV ) distribution. The constraint

(1.4.3) on the ML estimates for the direct parametrization leads to the constraint

513

6, ={p’ (1+’Z’2 )+1}V2 - A, , where 7 =c7,”. The ML estimates, 2, and 7, , are

those values which maximize the constrained log-likelihood
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1253, J= g [ (i (142) 111 - ] - Zrog, (1)

(1.4.14)
+210ge (ysl /uS) +72 [{b2+T2(b2—1) 1+T2)]1/2 ,

{2 e) ) - pr

—co < U <0,—0.99527 <y, <0.99527. The ML estimates of # and o are then

givenby f =y +si, and 6 =s6,.

Although (1.4.14) is algebraically more complicated than (1.4.4), the surface
defined by it is generally far better behaved. In Figure 1.9 we represent the surface
obtained using (1.4.14) for the frontier data. Rather than having the winding ridge
displayed in Figure 1.5, the main ridge in Figure 1.9 is close to beihg orthogonal to

the u, axis. Nevertheless, the ridge still leads to a boundary estimate of the
skewness parameter and thus the contours of the surface are clearly not elliptical.
We also note that the reparametrization has removed the plateau feature of the

ridge in the vicinityof A=3d =y, =0.

Figure 1.9 Constrained log-likelihood surface under the centred
parametrization, truncated at z = -50, for the studentized values of the frontier
data: x = y;, y = ¥, z = value of (1.4.14).

The boundary estimate of ¥, is inevitable given the form of the
reparametrization and the previously identified boundary estimate for 6. The ML

estimates of the other two parameters are 4 = 0.8860 and & = 0.7474.
Contrasting these results with the MM estimates @ = 0.8849, & = 0.7488 and ¥,

= 0.9022, we see that there is little difference between the estimates of the location

28



Chapter 1 - Problems of Inference for the Skew-normal Distribution

and scale parameters obtained via the two methods. However, the method of

moments estimate 7, = 0.9022 is numerically much closer to the true underlying

value of ¥, = 0.8510. This estimate for ¥, corresponds to an estimate for A of
approximately 6.4, whilst the boundary maximum likelihood estimate results in an
infinite estimate for A. On the one hand, these wildly disparate numerical values
are somewhat misleading, aé a consideration of Figure 1.1 attests. In fact, the
differences between the probability density functions corresponding to the three A-

values concerned are not that great. Nevertheless, the ML solution implies the

existence of a hard lower threshold, whereas that for MM estimation does not.

Generally, in situations where a boundary estimate arises for %, then,

depending on whether ¥, is of interest, we might carry out ML based inference for

a general half-normal distribution or apply computer intensive methods as in
Section 1.4.1.2. We see the re-estimation approach to dealing with boundary
estimates of Azzalini & Capitanio (1999) as one based on an interpretation of the

likelihood which is difficult to defend on objective grounds.

Figure 1.10 Constrained log-likelihood surface wunder the centred
parametrization, truncated at ; = —500, for the studentized values of the same
simulated sample of size 500 from the N(0,1) = SNp(0,1,0) = SN(0,1,0) distribution
used in Figure 1.6: x = i, y = 5, z = value of (1.4.14).

In Figure 1.10 we plot the surface defined by (1.4.14) for the simulated data from
the standard normal distribution used previously to produce Figure 1.6. It can be
seen that the reparametrization has removed the problematic plateau feature
evident in Figure 1.6, attributed to the parameter redundancy of the direct

parametrization. The surface has a unique global maximum and its contours
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roughly approximate tight ellipses in shape. In both Figures 1.9 and 1.10 the ridges

lie closely around the x, =0 axis. This value of 1, corresponds to a valueof u=y
for the non-studentized data, which is the same as the MM estimate of . We might
therefore expect the MM estimate of u , fi, =0, to provide a good initial estimate

for the optimization of (1.4.14).

The main observations drawn from Figures 1.9 and 1.10 partly confirm points
made by Azzalini (1985), Azzalini & Dalla Valle (1996) and Azzalini & Capitanio
(1999). In the latter, a summary is given of the improvements brought about by the
centred reparametrization, expressed mainly in terms of profile log-likelihoods.
These improvements apply equally well to the constrained likelihood (1.4.14), and
can be summarized as folloWs. As there is no parameter redundancy under the
centred parametrization, its parameters are estimable. The reparametrization
leads to improved shape characteristics of the log-likelihood surface, which in turn
means that convergence of appropriately chosen optimization methods to the global

maximum is, in general, relatively swift.

s s o o
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ML estimate
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1

ML estimate

0.94+
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Figure 1.11 Scatterplots of the ML versus the MM estimate of % for 5000
simulated samples of size: a) 20 from the N(0,1) = SN¢(0,1,0) distribution; b) 500
from the SNp(0,1,20) = SN(0.7969, 0.6041, 0.9851) distribution.

Azzalini & Capitanio (1999) gave a World Wide Web address from which two S-
PLUS routines for fitting the skew-normal distribution using maximum likelihood
estimation can be obtained. The routine sn.em uses the EM algorithm to maximize
the log-likelihood whilst sn.mle employs gradient based methods. Both routines use

the MM estimates as default starting values. As we have noted previously, i

usually provides a good initial estimate of [ . However, in general, 7, and 7, are
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not strongly related, particularly if n is small or lyll is large. Another starting

value needs to be used if ¥, is inadmissible. Figure 1.11 illustrates the lack of any

clear relation between 7, and ¥, wusing estimates obtained from simulated
samples of size 20 from the N(0, 1) distribution and of size 500 from the SNp(0, 1,
20) = SN¢(0.7969, 0.6041, 0.9851) distribution. The plotting symbols forming the

horizontal lines in both scatterplots correspond to boundary ML estimates.

Experience shows that if the MM estimates are used as starting values then
both routines can converge to a local, rather than the global, maximum of the log-
likelihood. It has long been known that log-likelihood surfaces can contain multiple
maxima, the problem being most acute for small samples. Schemes for identifying
the global maximum in such circumstances date back to the early computational
work of Barnett (1966). A standard approach is to use a grid of starting values in
an attempt to ensure that the true global maximum is identified. An optional
argument of the routine sn.mle allows the user to specify their own starting values
and so can be used to carry out a grid search. The routine sn.em does not have this
argument and so its use is strictly lifnited. Moreover, it can be very slow to execute
and, more problematically, is based wupon optimization for the direct
parametrization which we identified in Section 1.4.1.2 as being parameter
redundant for the normal case. |

Our approach to finding ML estimates is based upon the optimization of (1.4.14)
using the simplex algorithm of Nelder & Mead (1965). We use the starting value

H, =0 and a grid of starting values for ¥, spanning its full range. So as to ensure
that the true global maximum has been identified, the maximum value found
during optimization is contrasted with the values of (1.4.14) on the ¥, boundary,
namely —%nloge(1+ ysz(l)) and —%nloge(1+ yf(n)), where y,,, and y ,, denote the
minimum and maximum values of the studentized data, respectively.

A pilot simulation study incorporating the above approach showed that
multiple maxima can occur on the constrained log-likelihood surface. Moreover,

multiple maxima are most frequent for small samples from normal populations.

The simulated sample in Table 1.2 provides a case in point. The log-likelihood

associated with this sample has a local maximum 0.01, at (#=0.01, o=1.31, ¥,

= 0.10) and a global maximum at (¢ =-0.03, 0=1.36, ¥, =0.73). Using the default

starting values, both sn.mle and sn.em converge to the local, rather than the global,
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maximum. Figure 1.12 represents the shape of the constrained log-likelihood
surface in the neighbourhood of these two maxima. Considering the problem in
greater generality, approximately 5% of samples of size 20 from normal populations
have log-likelihood surfaces which contain multiple maxima within the parameter

space, whilst for samples from skew-normal populations with 4 =20 the frequency

is close to 2%. For sample sizes as large as 500, multiple maxima are generally rare
for all but those samples from close to normal populations. Even for this limiting

case, their frequency of occurrence is only around 0.4%.

Table 1.2 Simulated sample of size 20 from the SND(0,1,0) = N(0,1) distribution.

2.583 1.343 -1.107 -1.203 -0.984 1.359 -0.799 1.580 -0.540 -0.918
1.121 0.412 -0.763 1.333 -1.928 0.873 -1.076 1.139 0.050 -2.258

-13.7

-13.8 '

Figure 1.12  Constrained log-likelihood surface under the centred
parametrization, truncated af z =-14, for the studentized values of the simulated
sample of size 20 from the SND(0,1,0) = N(0,1) distribution given in Table 1.2: %=//,,
y=/hZ =value of (1.4.14).

In Figures 1.13 and 1.14 we present the sampling distributions for the
maximum likelihood estimates of the centred parameters for the same simulated
data sets of size 20 and 500 used in the production of Figures 1.3, 1.4, 1.7 and 1.8.
Comparisons of Figure 1.13 with Figure 1.7, and Figure 1.14 with Figure 1.8, prove
most revealing. Firstly, there is very little appreciable difference between the

sampling distributions of the method of moments and maximum likelihood
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estimates of # and o. For small-sized samples and ¥, close to 0, #, performs very

poorly indeed. Figure 1.13c is dominated by spikes corresponding to boundary

estimates. In comparison, the sampling distribution of ¥, in Figure 1.7c is much

more regular. Comparing Figure 1.14¢c with Figure 1.8c we see that the

performance of §, approaches that of ¥, as the sample size increases.

a)
PES
>
b=
8 17
Q
a
0
T T T T T T T 1 T T
0.8 06 -04 -02 0 02 04 06 08 10
Estimate of the location parameter, mu
b)
2.5
2.0~
2154
w
=4
QL
n 1.0+
0.5
0
04 06 08 10 12 14 16
Estimate of the scale parameter, sigma
c)
6_
5_
B 4
Z
E
§ 37
(=]
2-
i mﬂfkﬁmﬂTrl-l'rmrnﬂﬁrn_
04
T

-1 0
Estimate of the skewness parameter

04 0.6 08 10 12 14
Estimate of the location parameter, mu

e)

0 ]
02 03 04 05 06 07 08 09 10
Estimate of the scale parameter, sigma

9]

20

0=

T T T

-1 . 0 1
Estimate of the skewness parameter

Figure 1.13 Empirical sampling distributions of the maximum likelihood
estimates of i, 0 and ¥ obtained from the same 5000 simulated samples of size 20

used to produce Figures 1.3 and 1.7: a), b), ¢) SNp(0,1,0) = SNc(0,1,0); d), e), D)

SNp(0,1,20) = SN¢(0.7969, 0.6041, 0.9851).

As can be seen from Figure 1.14f, the sampling distribution of ¥, , like that of

7, , is not normal for samples drawn from highly skewed populations, even for n as
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large as 500. In passing, we note the spikes around 0 in the sampling distributions

of 7, displayed in Figures 1.13c and 1.14c. We attribute these to a compressing
effect associated with the y, scale, as on the A scale they disappear. Whilst for
large values of A the sampling distribution of 7, is more regular (unimodal but,
nevertheless, skewed), 7, is superior in performance, even for small samples.
Despite approximately 95% of the values of #, in Figure 1.13f being boundary
estimates, the proportion of #, values in the neighbourhood of the true value of

¥, = 0.9851 is far in excess of the corresponding proportion for 7, .
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Figure 1.14 Empirical sampling distributions of the maximum likelihood
estimates of 4 o and 7 obtained from the same 5000 simulated samples of size
500 used to produce Figures 1.4 and 1.8: a), b), ¢) SNp(0,1,0) = SN(0,1,0); d), e), )
SNp(0,1,20) = SN¢(0.7969, 0.6041, 0.9851).
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1.4.2.3 A Comparative Simulation Study
So as to compare the small-sample characteristics of the MM and ML estimators in

greater detail, we conducted an in-depth simulation study. Samples of size n = 20,
50, 100, 200 and 500 were simulated from the SNp(0, 1, A) distribution for A =0, 2,
5 and 20. For each (n, A) combination, 5000 samples were simulated using the
method of Henze (1986). As performance measures we used the mean value and
mean squared error. For comparative purposes, the measures for 7, were
calculated using truncation of inadmissible values to £0.99527. Clearly, the quoted

mean squared errors for 7, are, in general, smaller than they would have been

without such truncation. For the estimation of y, we also recorded: the percentage

of inadmissible MM estimates; the percentage of boundary ML estimates, and the
percentage of samples for which the MM estimate was inadmissible and the ML
estimate was a boundary estimate. The results obtained are presented in Tables

1.3-1.5, with each table representing the results for an individual parameter.

Table 1.3 Performance measures for the MM and ML estimates of x from 5000
simulated samples of size n from the SNp(0,1,4) distribution: mean; (mean squared
error).

Sample A=0;u=0 A=2;u=0.7136 A=5; u=0.7824 A=20; u=10.7969
size, n MM ML MM ML MM ML MM ML

20 0.0022 0.0014 0.7157 0.7095 0.7826 0.7811 0.7984 0.8111
(0.0480) (0.0512) (0.0248) (0.0259) (0.0201) (0.0205) (0.0185) (0.0182)

50 0.0026 0.0029 0.7126 0.7077 0.7850 0.7780 0.7964 0.7967
(0.0205) (0.0210) (0.0101) (0.0104) (0.0077) (0.0077) (0.0074) (0.0070)

100 -0.0015 -0.0014 0.7146 0.7136 0.7818 0.7790 0.7971 0.7951
(0.0099) (0.0099) (0.0049) (0.0050) (0.0039) (0.0038) (0.0038) (0.0035)

200 0.0007 0.0007 0.7126 0.7123 0.7823 0.7818 0.7964 0.7943
(0.0052) (0.0052) (0.0025) (0.0025) (0.0019) (0.0019) (0.0019) (0.0017)

500 0.0000 0.0000 0.7146 0.7146 0.7819 0.7818 0.7963 0.7960
(0.0020) (0.0020) (0.0010) (0.0010) (0.0007) (0.0007) (0.0007) (0.0007)

From Table 1.3 we see there is little or no difference between the mean values

and mean squared errors obtained for the method of moments and maximum

likelihood estimates of u.
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Table 1.4 Performance measures for the MM and ML estimates of ¢ from 5000
simulated samples of size n from the SNp(0,1,4) distribution: mean; (mean squared
error).

Sample A=0;0=1 A=2;0=0.7005 A=5; c=0.6228 1=20; o= 0.6041
size, n MM ML MM ML MM ML MM ML

20 0.9622 1.0058 0.6732 0.7009 0.5984 0.6083 0.5806 0.5691
(0.0257) (0.0307) (0.0139) (0.0160) (0.0128) (0.0120) (0.0128) (0.0107)

50 0.9871 0.9965 0.6887 0.6971 0.6142 0.6248 0.5929 0.5940
(0.0101) (0.0112) (0.0057) (0.0064) (0.0052) (0.0055) (0.0054) (0.0043)

100 0.9911 0.9922 0.6958 0.6973 0.6165 0.6206 0.5992 0.6027
(0.0052) (0.0052) (0.0029) (0.0030) (0.0026) (0.0027) (0.0027) (0.0022)

200 0.9965 0.9968 0.6970 0.6973 0.6204 0.6211 0.6008 0.6039
(0.0025) (0.0025) (0.0014) (0.0014) (0.0013) (0.0012) (0.0013) (0.0011)

500 0.9982 0.9982 0.6990 0.6991 0.6215 0.6217 0.6029 0.6035
(0.0010) (0.0010) (0.0005) (0.0005) (0.0005) (0.0005) (0.0005) (0.0004)

We know, of course, that & is a negatively biased estimator of o. This fact is
reflected in the results presented in Table 1.4. We note that the bias of & is
generally smaller than that of &. For data from close to symmetric distributions,
the mean squared error of & is generally smaller than that of &, while for highly
skewed cases 6 marginally outperforms & according to this criterion. Again, any

differences between the mean values and mean squared errors of & and & are

very small.

From Table 1.5, #, generally outperforms ¥, , although the performance of 7, is
inferior for close to symmetric populations, particularly for small samples. The
large mean squared error for these cases is consistent with the content of Figure
1.13c. In general, the frequencies of inadmissible and boundary estimates of ¥,
diminish with increasing n and as A — 0. However, boundary ML estimates are
still possible for n as large as 500, albeit for samples from highly asymmetric
populations. For such distributions the percentage of inadmissible method of

moments estimates increases with sample size. The percentages appearing in the

square brackets imply that there is little relation between the occurrence of

inadmissible MM and boundary ML estimates of 7, .
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Table 1.5 Performance measures for the MM and ML estimates of  from 5000
simulated samples of size n from the SN(0,1,1) distribution: mean; (mean squared
error); {percentage of inadmissible or boundary estimates, respectively};
[percentage of samples for which MM estimate was inadmissible and ML estimate
was a boundary estimate].

Sample A=0;%1=0 A=2;9=0.4538 A=5;y=0.8510 A=20; y,=0.9851
size, n MM ML MM ML MM ML MM ML

20 -0.0015 0.0035 0.3171 0.4615 0.5806 0.7837 0.6769 0.9338
(0.2064) (0.5819) (0.2081) (0.4726) (0.2045) (0.2363) (0.1947) (0.0905)
{3.74} {49.16} {8.86} {54.74} ({21.70} {77.24} {29.40} {95.08}

[2.40] [6.34] [19.02] [28.82]

50 0.0014 -0.0003 0.3895 0.4464 0.7085 0.8448 0.7951 0.9811
(0.1045) (0.1812) (0.1078) (0.1351) (0.0850) (0.0405) (0.0826) (0.0049)
{0.32) {4.86} {5.12} {9.42} {22.72} {34.72} ({33.82} (86.86}

[0.12] [1.14] [10.02] [30.26]

100 -0.0002 -0.0012 0.4258 0.4467 0.7674 0.8474 0.8583 0.9851
(0.0560) (0.0731) (0.0643) (0.0576) (0.0461) (0.0138) (0.0406) (0.0007)
{0.02} {0.06} {2.34} {0.78} {22.58} {8.80} {37.74} {65.70}

(0] [0.02] [2.42] [25.34]
200 -0.0013 -0.0015 0.4391 0.4473 0.8072 0.8499 0.8954 0.9857
(0.0297) (0.0839) (0.0344) (0.0266) (0.0246) (0.0054) (0.0219) (0.0002)
{0} {0} {0.40} {0} {18.10} {0.54} {38.92} ({32.78}
[0] [0] [0.22] [13.08]
500 -0.0002 -0.0004 0.4460 0.4505 0.8365 0.8494 0.9347 0.9852

(0.0118) (0.0122) (0.0144) (0.0104) (0.0120) (0.0019) (0.0083) (0.0000)
{0} {0} {0.02} {0} {11.28} {0} {41.68} {3.30}
(0] (0] [0]1 [1.26]

In many practical situations, interest will focus on ¢ and o, with 7, being a

nuisance parameter. Our results indicate that for these situations there is little or

no benefit in using ML estimation, and the extreme simplicity of MM estimation

strongly favours its adoption. Should a complete specification of the underlying

distribution be required then ML estimation is generally preferable. However, MM

estimation performs better for small samples from close to symmetric populations.

1.4.3 Tests for Limiting Cases

The normal, half-normal and negative half-normal distributions warrant special

attention as they can be specified in terms of two parameters rather than the three

of the skew-normal class. Parsimony dictates that, for data displaying a high

degree of asymmetry, or symmetry, we should investigate the appropriateness of

the relevant limiting case. Salvan (1986), has shown that g, is the locally most
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powerful location and scale invariant statistic for testing for normality within the
skew-normal class. Here we consider significance tests for departures from an
underlying half-normal distribution. Those for its negative analogue are then
obvious.

In principal, one could define a generalized likelihood ratio based procedure to

test for an underlying half-normal distribution against the alternative of some

other member of the skew-normal class. In terms of the parameter y,, a test of

these two hypotheses is equivalent to testing H,:y, = 0.99527 against

H, 1y, < 0.99527. However, as the value of ¥, under the null hypothesis is a

boundary point of the parameter space, the asymptotic distribution of the deviance
for such a test is not ;(12 as given by standard likelihood theory. One could seek an

empirical approximation to the sampling distribution of the deviation using
simulation, as in Brooks et al. (1997), but we do not pursue that option here.

Instead, we consider a simple test based on the sample coefficient of skewness
g, =¥, - From Theorem 1.1, the asymptotic distribution of g, for data from a half-
normal distribution is normal wifh mean 0.99527 and variance 8.03572n". A
large-sample test follows immediately. However, this large-sample test should be
used with caution because, as we have noted in Section 1.4.2.1, the sampling
distribution of g, is not well approximated by the normal distribution, even for
very large samples. In the absence of a better approximation to the sampling
distribution of g, , we propose a computer intensive alternative. As Barnard (1963)

explains, a Monte Carlo based approach to significance testing is always available

so long as data from the null model can be simulated. Here, such a test can be

based on the rank of g, for the original data when ordered amongst the values of

g, for samples of the same size simulated from the standard half-normal

distribution.

Considering once more the percentages in square brackets in Table 1.5, and the
content of Figure 1.11b, we note the following. If we use g, for testing for

departures from a half-normal distribution, and base subsequent estimation upon

the ML criterion, it is possible that the test might reject the null hypothesis and yet
ML estimation could lead to the contradictory result of a boundary estimate for ¥, .

Faced with this situation, the data analyst is advised to estimate the parameters
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using both methods and compare the resultant densities graphically and for
goodness-of-fit in order to check both for gross disparities between the two and for
any lack of fit. On purely physical grounds, should we have reason to think that
there is a threshold value associated with the variable of interest then this would
tend to favour the adoption of the ML estimates. If the contrary were true, the MM

solution would appear the more appropriate.

1.4.4 Two Illustrative Examples
In this section, we consider a number of issues associated with fitting the skew-

normal distribution using two real data sets drawn from the statistical literature.

1.4.4.1 Glass Fibre Strength Data

In our first illustrative example we analyze a sample of experimental data
introduced by Smith & Naylor (1987) and reproduced in Table 1.6. The data consist
of 63 measurements on the strength of 1.5 cm lengths of glass fibre made at the
National Physical Laboratory in England. Smith & Naylor consider the three-

parameter Weibull distribution as a potential model for these data.

Table 1.6 The glass fibre strength data of Smith & Naylor (1987) ordered from
smallest to largest.

0.55 0.74 0.77 0.81 0.84 0.93 1.04 1.11 1.13 1.24 1.25 1.27 1.28 1.29
1.30 1.36 1.39 1.42 1.48 148 149 1.49 1.50 1.50 1.51 1.52 1.53 1.54
1.55 1.65 1.58 1.569 1.60 1.61 1.61 1.61 1.61 1.62 1.62 1.63 1.64 1.66
166 1.66 1.67 1.68 1.68 1.69 1.70 1.70 1.73 1.76 1.76 1.77 1.78 1.81
1.82 1.84 1.84 1.89 2.00 2.01 2.24

The method of moments and maximum likelihood estimates for the two

parametrizations are:
£ =192 £=1857 =052,/ =047; 1 =-6.30, 1 =-2.68,
and
H =151, i =150; 6 =0.32, 6 =0.31; , =-0.90, 7, =-0.62,
respectively, the estimates of the direct parameters having been calculated from
those of the centred ones using (1.4.5). Although the estimates of the location and
scale parameters do not differ greatly under either parametrization, the differences

between the estimates of the skewness parameters are relatively large. This

reflects our earlier findings in Section 1.4.2.2 where the lack of any clear
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relationship between the method of moments and maximum likelihood estimates of
these parameters was discussed. In Figure 1.15 the densities corresponding to the
method of moments and maximum likelihood estimates are superimposed on a
histogram of the data. Whilst there is little difference between the lower tails of the
two densities, the density fitted via maximum likelihood estimation appears to
provide a more reasonable estimate of the mode and follow more closely the sample
distribution in its upper tail. The visual impression that both densities under-
represent the degree of kurtosis evident in the sample distribution, is partly
confirmed by the chi-squared goodness-of-fit test. The chi-squared statistics for the
MM and ML solutions, based on 10 class intervals with expected frequencies in
excess of 5, corresponded to p-values of 0.07 and 0.11, respectively. Thus, using this
criterion the ML solution is marginally superior. For both solutions, the major
contributions to the chi-squared statistic were associated with the disparity
between the fitted densities and the observed frequencies in the neighbourhood of

the mode.
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0.5 10 15 2.0 25

Glass fibre strength

Figure 1.15 Histogram of the glass fibre strength data with superimposed
skew-nomal densities fitted using the method of moments (- - -) and the method
of maximum likelihood (----*).

1.4.4.2 Body Fat Measurements of Elite Athletes

Often, the skewness of a sample distribution is a consequence of mixing data from
two or more distinct sub-populations. If this is the case, then a generally more
informative analysis results from modelling the variable of interest within the
various sub-samples rather than treating the data as a sample drawn from a single
population. Our second data set, taken from Cook & Weisberg (1994), provides a

case in point. The analysis we present also illustrates an issue raised towards the
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end of Section 1.4.3. The dafa, reproduced in Table 1.7, consist of percentage body
fat measurements made on 102 male and 100 female elite athletes representing ten
different sports with highly disparate physiological demands. The athletes

concerned trained at the Australian Institute of Sport.

Table 1.7 The percentage body fat measurements of 202 Australian Institute of

Sport athletes, ordered from smallest to largest. The underlined values are those
for the 102 male athletes.

563 5.80 590 5.93 6.00 6.00 6.03 6.06 6.06 6.10 6.16 6.20 6.26
6.33 6.33 643 6.46 6.53 6.56 6.56 6.59 6.76 6.82 6.86 6.92 6.96
6.99 7.06 7.16 7.19 7.19 722 729 735 7.35 742 7.49 752 7.68
7.72 7.82 7.88 8.07 8.18 844 845 8.47 8.51 8.51 8.51 8.54 8.56
8.61 8.64 8.77 884 8.84 887 887 8.94 8.97 8.97 9.00 9.02 9.03
9.10 9.17 9.20 9.20 9.36 9.40 9.40 9.50 9.563 9.56 9.56 9.56 9.79
9.86 9.89 9.91 10.05 10.05 10.12 10.15 10.16 10.25 10.48 10.53 10.64 10.74
10.81 11.05 11.07 11.07 11.22 11.29 11.47 11.50 11.63 11.64 11.66 11.72 11.77
11.79 11.85 11.95 12.16 12,20 -12.39 12.55 12.61 12.78 12.92 13.06 13.35 13.46
13.49 13.61 13.91 13.93 13.97 14.26 14.52 14.53 14.69 14.98 15.01 15.07 15.31
15.58 15.59 15.95 16.20 16.25 16.38 16.58 16.86 17.07 17.22 17.24 17.41 17.51
17.64 17.71 17.71 17.89 17.93 17.95 18.04 18.08 18.08 18.14 18.48 18.72 18.77
19.17 19.20 19.26 19.35 19.39 19.51 19.61 19.63 19.64 19.75 19.83 19.88 19.94
19.99 20.10 20.12 20.43 20.86 21.30 21.30 21.32 21.47 21.79 22.25 22.39 22.43
22.62 23.01 23.01 23.11 23.30 23.66 23.70 23.70 24.69 24.88 24.97 25.16 25.26
26.50 26.57 26.65 26.78 28.83 30.10 35.52
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Figure 1.16 Histogram of the percentage body fat data with superimposed skew-
normal densities fitted using the method of moments (- — -) and the method of
maximum likelihood (- - - -« ). Shaded rectangles represent the density for male
athletes; non-shaded rectangles, the density for females.

Figure 1.16 is a histogram of the data in which shading has been used to
represent the density of male athletes in each class interval. The superimposed

densities are those obtained from fitting the skew-normal distribution to the data
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treated as a single sample using MM and ML estimation. The corresponding

estimates of the direct and centred parameters are:
E =6.04, £ =5.63; 77 =9.69, /# =10.00; X =8.78, A = +oo,
and |

[ =1351, 4 =13.62; & =6.17, 6 =6.03; ¥, =0.76, 7, = 0.99527.

We note the vast difference, both numerically and interpretationally, between A
and A. The value for 1 of 3.73 would not lead us to suspect that a half-normal

distribution was the parent population, whereas the message from A is clearly that
it is. When we applied the Monte Carlo significance test of Section 1.4.3 with 4999
simulated samples we found that the value 0.76 corresponded to the 13th

percentile of the sampling distribution of #, . Thus, according to the observed value

of 7, , a half-normal distribution is a possible, though unlikely, model for the data.
Whilst the forms taken by the two fitted densities in Figure 1.16 are very similar

across approximately 85% of the range of the data, the differences between their
lower tails are important. It is known from the sports physiology literature that
elite athletes seldom have less than 5% body fat. Generally, a minimum of between
3 and 4% body fat is necessary in order merely to survive. As can be seen from
Table 1.7, the minimum percentage body fat measurement within the sample is
5.63, which is the threshold value fitted under ML estimation. Thus, the MM
solution ascribes non-zero probability to physically unattainable measurements
whilst the ML solution appears to over-estimate the threshold. Of course, we could
have included the background information in the estimation process and fitted a

half-normal distribution to the data with the value of £ constrained to be some

hard threshold value of, say, 3%.

" On purely objective statistical grounds, neither solution, in fact, provides an
adequate fit to the data. In addition to the observations made above, we note from
Figure 1.16 that the sample distribution appears to have more than one mode. The
chi-squared goodness-of-fit statistic for the MM solution, based on 13 class
intervals with expected frequencies in excess of 5, corresponded to a p-value of zero
to four decimal places. The major contributions to the lack-of-fit were found to be
associated with the disparity between the fitted density and the observed
frequencies in the lower tail area and in the neighbourhood of the smaller mode

formed by body fat measurements of around 20%. The p-value for the equivalent
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test for the ML solution was 0.01, again highly significant. For this solution, the
major contributions to the test statistic corresponded to the disparities between the
observed and expected frequencies in the neighbourhoods of the major mode and
the two minor modes formed by body fat measurements of around 20% and 25%,
respectively. ,

Whilst we have treated the data of this example as a single sample from a
unimodal population, a primary reason for the poor fit of the skew-normal
distribution is that the data do not actually arise from such a population. For
instance, the values for the malne and female athletes are markedly different, as can
be appreciated from Figure 1.16. The generally higher percentage body fat
measurements for the female athletes are in keeping with results from research in
sports physiology; see, for example, Wilmore & Costill (1994, Chapter 16). Clearly,
a major part of the skewness within the data results from mixing the
measurements for the two sexes.

If the skew-normal distribution is fitted to the data for just the males we obtain
the following MM and ML estimates for the two parametrizations:

O =925 4 =947, ¢ =3.17, 6 =2.90; ¥, =1.52786, 7, =0.99527.
and
£ =506, 5=56317 =52610=481;1 = +o0, 1 = 4o,
where, in the calculation of the estimates of the direct parameters, the

inadmissible MM estimate for ¥, has been set equal to the maximum value of ¥, ,

namely 0.99527. Thus, both fits correspond to parent populations which are half-
normal. The fit of the half-normal distribution to the data for the male athletes is
considered in greater detail in Section 2.7 of Chapter 2.

When the skew-normal distribution is fitted to the measurements for the

females, we obtain the following estimates:

I =1785, i =17.82; & =5.43, 6 =6.74; ¥, =0.35, 7, = 0.41.
and

£ =12.78, £ =11.18; 7 =7.42, § =9.46; 1 = 1.65, A = 1.85.

In Figure 1.17, the densities corresponding to these estimates are superimposed

upon a histogram of the measurements for the female athletes.
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Figure 1.17 Histogram of the percentage body fat measurements of the 100 elite
female athletes with superimposed skew-normal densities fitted using the method
of moments (- — -) and the method of maximum likelihood (:--- ).

From a visual inspection of Figure 1.17 it would appear that the ML solution is
far too heavy-tailed. The overall fit of the MM solution appears to be better,
although the differences between it and the histogram perhaps indicate that the
parent population is one with more than a single mode. These observations are
supported by the results obtained from chi-squared goodness-of-fit analyses. The p-
value of the chi-squared test for the MM solution, calculated using 10 class
intervals with expected frequencies in excess of 5, formed from those used in the
histogram, was 0.07. For this fit, the major contributions to the test statistic were
those associated with disparities between the observed and expected frequencies
around the first mode, and in the trough between modes, evident in the histogram.
For an equivalent analysis based on the ML solution, the p-value of the test was
0.01, the major contributions to the goodness-of-fit statistic resulting from the
disparities between the observed and expected frequencies in the tails and in the
class intervals associated with the first and last mode of the histogram. We could
proceed by splitting the data for the females further by sport type in an attempt to
obtain a better fit and yet more insight into the factors influencing the body fat
measurements of the athletes. However, we do not pursue that approach further
here.

We conclude with the observation that, should we wish to fit a single density to
all 202 measurements, we might contemplate an alternative approach based on

finite mixture modelling. As the sample is clearly skew, the skew-normal
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distribution suggests itself as a useful candidate model for the components used in

such a mixture.

1.5 Summary and Directions for Future Research

In this last section of the chapter we summarize the main issues which have so far

been addressed within in it, and indicate potential avenues for future research.

1.5.1 Summary
In Sections 1.2-1.3 the genesis, properties and univariate extensions of the general
skew-normal distribution were reviewed.

The main section of the chapter, Section 1.4, dealt with some basic problems of
inference associated with the general skew-normal distribution. Specifically, in
Section 1.4.1, issues associated with estimating the distribution’s direct parameters
were addressed. In Section 1.4.1.1 we gave a simplified approach to calculating the
MM estimates based on studentization of the original data, and highlighted
unattractive features of the sampling distributions of the MM estimators. In this
and subsequent sections, simulated data were used to illustrate the main issues
raised. In Section 1.4.1.2 we explored problems associated with the shape of the log-
likelihood function and traced a major shortcoming of the direct parametrization to
its parameter redundancy for the important normal case.

Section 1.4.2 dealt with MM and ML based inference for the centred
parametrization of the distribution. In Section 1.4.2.1 we derived the asymptotic
distribution for the MM estimators and illustrated the improvement in the forms of
their sampling distributions when compared with those of their direct parameter
counterparts.

Competing numerical approaches for identifying the ML estimates were
compared in Section 1.4.2.2, with particular attention being given to one employing
a constrained version of the log-likelihood function and a grid based search
utilizing the Nelder-Mead simplex. Some important deficiencies of two routines of

Azzalini & Capitanio (1999) were discussed, these being related to the lack of any
strong relation between the MM and ML estimates of y,, and the potential

existence of multiple maxima on the log-likelihood surface. The proposed grid based
search was found to resolve both of these shortcomings. We also illustrated
improvements in the shape of the log-likelihood brought about by the

reparametrization, some being consequences of its lack of parameter redundancy.
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In Section 1.4.2.3 we presented the results of a simulation study designed to

compare the small-sample characteristics of the MM and ML estimators of the
centred parameters. We concluded that if ¥, is a nuisance parameter, and we are

interested in inference concerning u# and o only, then MM estimation should be

employed. If ¥, is also of interest then ML estimation is, in general, preferable.

However, MM estimation performs better for small samples from close to
symmetric populations.

Procedures for testing for an underlying half-normal distribution were discussed
in Section 1.4.3. We considered a large-sample test based on a normal
approximation to the sampling distribution of the coefficient of skewness, and its
Monte Carlo analogue.

Finally, in Section 1.4.6, two data sets were used to illustrate a number of issues
associated with fitting the skew-normal distribution; the first example involving

the strength of glass fibre, the second the body fat of elite athletes.

1.5.2 Directions for Future Research

In the foregoing sections of this chapter we have focused mainly on point
estimation and tests for limiting cases of the general skew-normal distribution.
Other forms of inference such as confidence set construction and hypothesis testing
for pairs, or all three, of the distribution’s parameters can be based on the
distributional results for MM estimation presented in Theorem 1.1 and their ML
counterparts given in Azzalini (1985). Standard asymptotic likelihood theory can be
used to carry out inference for points within the parameter space. However, given

the forms of the sampling distributions of the ML estimates, particularly that of
7,, one might envisage problems with the reliability of the results obtained.

Clearly, standard asymptotic likelihood theory does not apply on the boundary of
the parameter space. The generalized likelihood ratio procedure for testing for a
half-normal parent population, referred to in Section 1.4.3, is another potential
inferential tool which requires investigation. Taking a wider perspective, a
comparison of the results obtained from MM and ML estimation with those arising
from other methods of estimation would be of great interest.

As our examples in Section 1.4.4 show, the skew-normal class is somewhat
limited in terms of its capacity to model kurtosis. In view of this shortcoming, the
extended skew-normal class suggests itself as potentially being more relevant to

the modelling of real data. From a consideration of the literature, the development
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of inferential methods for this class of distributions appears to be a completely open
field. The class’s direct parametrization will suffer from the same problem of

parameter redundancy as that identified for the general skew-normal distribution.
Reparametrization in terms of ( UH, 0.7, ,}/2) would appear to be an obvious

potential remedy, but algorithms for actually locating the ML estimates of these
parameters need to be developed. MM estimation is again trivial, and the results of
Theorem 1.1 can be extended in the obvious way so as to cater for the additional
parameter. Boundary problems will possibly be accentuated for this extended

version of the skew-normal class, given that, in theory, boundary estimates can
occur for both A and {'(or ¥, and ¥,).

A further extension of the skew-normal class is to its multivariate counterpart
studied by Azzalini & Dalla Valle (1996) and Azzalini & Capitanio (1999). The
latter two authors have developed routines for fitting this multivariate skew-
normal distribution which are available from the World Wide Web address
http://www.stat.unipd.it/dip/homes/azzalini/sN. However, the parametrization
used is an extension of the direct parametrization of the scalar class and it would
appear that this parameterization could well suffer from parameter redundancy
when the parent population is multivariate normal. Again, this potential problem
needs to be investigated and an alternative parametrization identified should it be
found to occur.

Returning to the univariate setting once more, the skew-normal class is just one
of the potential skew classes that follow on applying Lemma 1.1. Mukhopadhyay &
Vidakovic (1995) consider other classes with heavier tails, generated using the
densities and distribution functions of the Laplace and ¢ distributions. The
(general) exponential and half-¢ distributions are the respective limiting
distributions of these two classes when location and scale parameters are
introduced. As will become clear, the treatment of the general half-normal
distribution given in Chapter 2 is relevant to the development of inferential
procedures for the parameters of these two limiting distributions. One could
obviously define other classes of skew distributions using Lemma 1.1 in
combination with the density and distribution function of any other symmetric
distribution which might appeal, or by mixing the density of some chosen
symmetric distribution with the distribution function of another. Thus, the further
derivation of the wider class of possible distributions arising from Lemma 1.1 is a

vast potential field for future research.
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Lemma 1.1 is one means of generating skew distributions, but there are others.
Jones & Faddy (2002) consider another general approach based on piecing together
suitably scaled halves of symmetric component distributions, tracing the version of
it involving normal distributions to Gibbons & Mylroie (1973). Another, less easily
generalizable, option is to skew the density of a symmetric distribution directly by
introducing appropriate additional parameters. This is the approach used by Jones
(2001) to derive a skew extension of the ¢-distribution. As a general approach for
producing skew multivariate distributions from spherically symmetric
distributions, Jones (2002) proposes marginal replacement.

Together, these various techniques might be employed to derive a vast array of
skew distributions in one or more dimensions. However, for the resulting
distributions to be truly useful to the data analyst, sound inferential procedures

need to be developed for the estimation and testing of their associated parameters.
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Chapter 2 Large-sample Inference for the General Half-

normal Distribution

2.1 Introduction

As we saw in Chapter 1, the general half-normal distribution is a limiting case of
the general skew-normal class. Moreover, as we also saw, for highly skew data,
both the MM and ML estimates of a fitted skew-normal distribution often
correspond to a general half-normal parent population. We therefore consider the
derivation of inferential results for the general half-normal distribution as being of
genuine relevance to the modelling of skew data. Surprisingly, nothing had been
published regarding inference for the general half-normal distribution prior to the
appearance of Pewsey (2002a). In the sequel, the presented material draws heavily
on the content of that paper. However, we note that the important results
presented here concerning bias-correction, and those for MM estimation, were not
included in that publication.

The subsequent sections of the chapter are organized as follows. In Section 2.2
we consider the origins of the half-normal distribution and its extension to the
general half-normal distribution. The numerous distributions for which the half-
normal distribution is a special case are also identified. Section 2.3 addresses point
estimation of the distribution’s parameters. Specifically, we provide details of the
estimates arising from the method of moments and the method of maximum
likelihood. Large-sample estimation based on the resulting estimators is the theme
of Section 2.4. Using the asymptotic results given in Theorem 1.1 of Chapter 1, in
Section 2.4.1 we derive the asymptotic distribution of the MM estimators for the
parameters of the general half-normal distribution. These results lead us to the
definition of bias-corrected estimates and large-sample confidence sets for the
distribution’s parameters. Section 2.4.2 follows along similar lines, but deals with
corresponding results for the ML based estimators. We first use extreme value
theory to derive an asymptotic distributional result involving the ML estimator of
the location parameter of the distribution. Subsequently, an asymptotic result for

the distribution of the ML estimator of the distribution’s scale parameter is
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obtained. Bias-corrected estimators follow directly from these two results, as do
constructions for large-sample conﬁdence sets.

In Section 2.5 we present the details of a Monte Carlo experiment designed to
investigate the sampling properties of the point estimators, and the coverages of
the confidence sets, identified in Sections 2.3 and 2.4. The use of the confidence sets
as a basis upon which to perform hypothesis testing is discussed briefly in Section
2.6. In Section 2.7 we illustrate the application of the developed methodology with
an analysis of the body fat measurements of the male elite athletes introduced in
Section 1.4.4.2 of Chapter 1.

The last section of the chapter, Section 2.8, provides a summary of the
preceeding sections and the main conclusions drawn from them. The chapter ends

with an indication of related potential lines for future research.

2.2 Daniel’s Half-normal Distribution and its Extension

If Z is a standard normal random variable, Z~N(0,1), then X =|Z| follows a

(standard) half-normal distribution, and — X =—|Z| a (standard) negative half-

normal distribution. The standard half-normal distribution is a special case of the
folded normal and truncated normal distributions (Johnson et al., 1994, pp. 156,
170). It also arises as the central chi distribution with one degree of freedom
(Johnson et al., 1994, p. 417).

Extending the distribution via the inclusion of location and scale parameters,

Y =& +nX is a general half-normal random variable with density

=255

n

where, as in Chapter 1, b = (2/7[)1/ ? and ¢(-) denotes the standard normal density.
We write ¥ ~ HN(&,77) to denote the fact. The variable Y =& —-nX follows a

negative general half-normal distribution. Inference for random samples from such

a distribution follows in an obvious way from that for random samples from a
general half-normal distribution, as —Y " ~HN(=¢,7).
The HN(0,7) distribution first appeared in Cuthbert Daniel’s classic paper of

1959 introducing half-normal plots. Other relevant early work includes that of
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Elandt (1961) who, considering the HN(0,7) distribution as a special case of the

folded normal class, gave the distribution’s first four moments. The
HN(0,7) distribution has become a popular distributional model in two main
contexts. In addition to providing a parent population from which to generate skew
data sets in simulation studies, the distribution is also employed to describe the
form of skew-distributed errors in stochastic frontier modelling; see, for example,
Aigner et al. (1977). This particular case of the general half-normal distribution
also arises as a special case of the generalized Rayleigh distribution (Johnson et al.,
1994, p. 453).

Finally, we note that, as well as being a limiting distribution of the skew-normal

class, the HN(&,7) distribution is also a special case of both the generalized

gamma distribution and the two parameter chi distribution (Johnson et al., 1994,
pp. 385, 454).

2.3 Point Estimation
In this section we consider the point estimation of the parameters of the general
half-normal distribution using the method of moments and the method of

maximum likelihood.

2.3.1 Method of Moments Estimation
The first two moments of Y =&+ 79X are:

EY)=&+bny  and E(Y?) =& +2bén+n’. (2.3.1)
Equating these two moments to their sample analogues for a random sample

y=(Y,) of n observations from the HN(&,7n) distribution, one obtains the

moment estimates

__bs and ﬁ=——s
(1-57)" (1-52)""

where y and s denote the mean and standard deviation of y, respectively. From

E=y- (2.3.2)

(2.3.1), should the threshold parameter £ be known then the moment estimate of 7
becomes 7, = (3~&)/b. If, on the other hand, the scale parameter, 77, is known
then the estimate of £ becomes E,I =y —bn. Of these two possibilities, the former
is the more likely to occur in practice. Inadmissible estimates are likely to occur
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using either estimator of the location parameter & an inadmissible estimate in this

context being one which is greater than y, , the smallest value in the sample y.

2.3.2 Maximum Likelihood Estimation

From (2.2.1) the likelihood function for (£,7), given y,is

L(f,n;x):(%} exp{—L " (yi_—é‘)z}hv(y(l)—f), (2.3.3)

2772 i=1

where hv(') is the unit Heaviside function. In order to maximize (2.3.3) we need to

minimize 2 (y,. - 5)2 subject to the constraint £ < y,. This obviously occurs when
i=1 )

A

¢ =Yq)- For this choice of & the log-likelihood function is maximized when

n

12
ﬁ:{lZ(yi —y(l))z} . Should & be known, then the ML estimate of 7 is
nig

12
A 1g o, B . : 2
Mg = {_2 (yi -¢ )2} , whilst £ =y, is also the ML estimate ¢, of & for the case

i=1

where 7 is known.

2.4 Asymptotic Distributions, Bias-correction and Large-sample

Confidence Sets
In this section we obtain asymptotic distributional results for the MM and ML
based estimators identified in Section 2.3. These results are then used to derive
bias-corrected estimators and large-sample confidence sets for the parameters of

the general half-normal distribution.

2.4.1 Moment Based Inference

From the distributional results given in Theorem 1.1 of Chapter 1, we have:

2(1-5)

BG)=¢+bn, var(f)="-—,

SR MO I

n

P01, o)

var(s)= 2
n
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2(1_ 12
Cov(y,s)zﬂz_;i

where 7, = 0.9952717 and f,= 3.8691773. Using these results together with

+ 0(11'3/2 ),

(2.3.2), it follows that:

E(8)=£+5240(), var(Z)= Z s o),

E(ﬁ)=n{1-c—3]+0(n'”), var(#7)= 2+ 0(n ), (2.4.1)
n n

2
- c
cov(«f,ﬁ)= s +O(n'3/2),
n
where ¢, = 0.6851013, c, = 0.3413251, ¢, = 0.8586472, ¢, = 0.7172943 and ¢, =

—-0.2723381. Appealing to Lemma 1.2, the joint distribution of (f ,77) s
asymptotically bivariate normal.
The results for £ ( 7l ) and E (E ) in (2.4.1) suggest we might contemplate the use

of the following bias-corrected point estimates for 7 and &

_ s d E =3- s b ol
) T T

n

(2.4.2)

Using the results for f, and without including any bias-correction in the

estimation of 7, the limits of a conventional approximate 100(1—&)% confidence

773
Z_ {% + zm(%] },7 (2.4.3)

where z,,, denotes the upper /2 quantile of the standard normal distribution.

interval for £ are given by

Allowing for bias-correction in the estimation of 7, the limits of the equivalent

12
= c C -
¢ - {7;" * Za/z(f) } Msc - (2.4.4)

From the results for 7, the limits of a conventional approximate 100(1-a)%

interval for & are

confidence interval for 7 are given by
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U . 2.4.5)

12
c, Cs
l-—1= ZaIZ[_]
n n

Making use of the results for the asymptotic joint distribution of (5 ,7), a large-

sample approximate 100(1—0()% simultaneous confidence region for (&,7) is

given by {(f,n):U <Xaia } where

il e
-]
n

ce = 4.2029975, ¢, = 15957691 and x7,_, is the (I~«) quantile of the chi-

(2.4.6)

squared distribution with two degrees of freedom.

The asymptotic distributions of 5,7 and 7], , obtained on applying the central

(L) )

limit theorem, are

n

respectively. The construction of individual large-sample confidence intervals for &

(when 77 is known) and 77 (when £is known) is then trivial.

2.4.2 Likelihood Based Inference

Likelihood based inference fdr the general half-normal distribution is problematic
in that the standard regularity conditions underlying it cannot be appealed to.
Specifically, as is evident from (2.2.1), the support of the density depends on the

location parameter £ General issues of likelihood based inference for irregular

problems are reviewed by Smith (1985, 1989) and Cheng & Traylor (1995). A
standard approach often used in an attempt to circumvent the difficulties
associated with the type of irregularity experienced here, is to reparametrize the
distribution. For instance, in the present case one might contemplate employing a
parametrization equivalent to that of the centred parametrization for the skew-

normal distribution, that is,
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X -E(X)

————= |, —eo<U<o, g>0,
frar(x )}'/2} g

Y=y+a{

leading to the definition of a general half-normal distribution with mean ¢ and

variance o°. However, as Smith & Naylor (1987) observe, such a

reparametrization is of no practical benefit if the original parameters are of

paramount interest. This is indeed the case for the general half-normal

distribution, as the problematic threshold value, & will usually be of particular

practical interest.
Given that standard likelihood theory cannot be used, we consider an alternative
approach to obtaining distributional results for the ML estimators. First we use

extreme value theory to derive an asymptotic result involving the ML estimator of

& For Y ~HN(E, 1),

2®(y—*§J—1 E<y<oo
F, ()= 7 ,

0 y<¢&

and thus the distribution function of f =Y, is given by

F,»=1-{1-F, )

1—2"{1—@(y—_§)}" E<y<oo
_ 7

0 y<é

which has a degenerate limiting distribution at y=¢& as n — . Using standard

2

extreme value theory (see, for example, Arnold et al. (1992)), as Y} is limited on

the left, its extreme value distribution is of the Weibull type. Given F, (y), the 1/n

quantile, or so-called smallest characteristic value of Y, s,, is obtained as

n?

s, =no (% + %)+ & . Hence, we consider the limiting distribution of

W = é\_é: — 5—6 )
" {netleg)ret-¢ e G+4)

Now,
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the last expression obtained using I’Hépital’s rule. Thus the extreme value

distribution of W, is Weibull with parameter y =1, i.e. it is exponential with

parameter A =1. Summarizing,

E-¢&
— _ ~ EXP(1). 2.4.7
n® (L +4) @ @47

Table 2.1 Values of & (% + %) and 1/(bn) for a range of sample sizes.

Sample size, n (% + %) o1 (% + %) 1/ (bn)
20 0.5250 0.0627068 0.0626657
30 0.5167 0.0417893 0.0417771
40 0.5125 0.0313380 0.0313329
50 0.5100 0.0250689 0.0250663
100 0.5050 0.0125335 0.0125331

We can obtain an approximation to z=®" (—;-+5‘;) as follows. Using a series

expansion of ¢(x) about 0,

1 1

—2—r—l = W}[exp(— x2/2)dx

1 % x2 x*
=—(27z)1/2.([ 1—7'}'—&—'—... dx

1 2 X )
= x——+——..],
@z)*|” 6 40
0
the right hand side of which is approximately equal to z/ (27[)1/ > for z in the

neighbourhood of 0. Thus, z = (7/2) / n=1/(pn). This approximation is accurate to
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2 decimal places for n = 10, and to 5 decimal places for n = 50. In Table 2.1 we give

more precise values of @ (%+2—1n), as well as the values of 1/(bn) to the same

accuracy, for a pertinent range of sample sizes.

Turning to consider the distribution of 7, we have nf’ = Z(K —Y(l))2 where

i=1

and Z; ~ N(0,1). Hence, n772/772 = i(X,. ‘X(1))2 , where

i=1

Y, =§+77Xia X, =

Zi

X, is the minimum value of a random sample of size n, X,,..,X,, from the

. P
standard half-normal distribution. As n — e, X ;) —0, and thus, asymptotically,
nf? [n* ~ 2. (2.4.8)
. . A2Y_ (n_l) 2 . .
For finite sample sizes, E\7° )= ~——*n", which suggests the use of the bias-
n

corrected estimate,

" 12 1 & ) 12
ﬁgc{ ﬁZJ ={mz(yi_y(l))} : (2.4.9)

n—1 pary
Similarly, from (2.4.7) we have, for finite n, E (f )= E+nd! (% +4-), which leads us
to the bias-corrected estimator
Eoe =E Ty DA +L). (2.4.10)
Using (2.4.7) without any bias-correction in the estimation of 77, an approximate
100(1~ )% confidence interval for &is given by
Yo +log, ()07 G+ E)<E <y, +Alog, (-£)D7G+4). 241D
Allowing for bias-correction in the estimation of 7, the interval becomes
Yoy +Mge 10g, (E)D G+ L)< E< yy, +pe log, (—2)D 7 (L +55). (24.12)
If 7 is known then a large-sampie confidence interval for £ with the same nominal
confidence level is obtained by substituting 7 for 7 in (2.4.11).

From (2.4.8), an approximate 100(1 - 0!)% confidence interval for 7 is given by

) 12
A i—— } e , (2.4.13)
zn—l,l—a/2 Zn—l,a/z
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where Z:—l,a/z denotes the /2 quantile of the chi-squared distribution with n—1
degrees of freedom. When £is known, nﬁg = 2 (Y, - é‘)z =7n° 2 X7 . Hence,
i=1 i=1

~2
n
:f ~ 22, (2.4.14)

and the construction of confidence intervals for 7 in this case follows in an obvious

way.

From the derivation of the asymptotic distributional results summarized in
(2.4.7) and (2.4.8), it follows that the distributions of the ML estimators f and 7
are asymptotically independent. In the construction of a large-sample confidence
region for (f, 77) we therefore assume the two pivotal statistics in (2.4.7) and (2.4.8)

to be independent and proceed as in the classic construction of a Mood exact region

for the parameters of a univariate normal distribution; see Mood (1950, p. 227) and

Arnold & Shavelle (1998). Thus, for a conventional 100(1-%)% simultaneous

confidence region we assume,

(1-y)=(1-af

o (£-¢) . nf)
=P _IOge(1_7)< FE (L < —log, (%), 7(3—1,0:/2 <——< Z:—l,l—a/2 :
77 2 + 2n 77

As a function of y we can express o as a:l—(l—y)l/ . An approximate

100(1 - }/)% confidence region for (f, 77) is then given by the set

173 12
. n N n
(6’ 77) n - <n<n 2 ’
xn-l,l—a/Z Zn—l,a/Z

E+nlog, (@)D (L +4)<E<E+nlog, (1-2)D7 (L +4)

(2.4.15)

To illustrate the forms taken by the confidence regions specified in (2.4.6) and

(2.4.15), in Figure 2.1 we present the respective approximate 90% confidence

regions for (5,77) corresponding to sample sizes of 20 and 100, calculated using

E=f=0and=nH=1.
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Scale parameter (Eta)

1 1 ) 1 U ; i I
-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2

Location parameter (Xi)

Figure 2.1 Approximate 90% confidence regions for (£,7) for sample sizes of 20

(large regions) and 100 (small regions) with & = %= 0 and 7 =#=1. The ellipses

are MM based regions calculated using (2.4.6); the rectilinear regions delimited by
the heavy dashed lines are those from ML theory obtained using (2.4.15).

2.5 Monte Carlo Results
In order to investigate the small-sample characteristics of the point estimates and
confidence sets identified in Sections 2.3 and 2.4, we conducted a simulation
experiment. For a given sample size, n, ranging between 20 and 100, we generated
one million pseudo-random samples from the standard half-normal distribution
using a variation on the Box-Miiller method proposed by Henze (1986) for the
simulation of skew-normal variates. With these simulated samples we investigated
the bias and mean squared error (MSE) of the MM and ML estimators of £ and 7
identified in Section 2.3, and their bias-corrected counterparts given in Equations
(2.4.2), (2.4.9) and (2.4.10). Throughout the study it was assumed that both
parameters were unknown. For the estimators arising from the method of moments
we also recorded the percentage of the estimates which were inadmissible. In
addition to these summaries for the point estimates, we also quantified the actual
coverages of the nominal 90%, 95% and 99%, MM based, confidence sets given by
Equations (2.4.3)-(2.4.6) and their ML based analogues specified in Equations
(2.4.11)-(2.4.13) and (2.4.15).

Tables 2.2 and 2.3 summarize the results obtained for the biases and MSEs of

the various estimators of £ and '77, respectively. Also included in Table 2.2 are the
observed percentages of inadmissible estimates of £ for those estimators associated

with the method of moments. From an inspection of Table 2.2 we conclude that
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bias-correction leads to improved sampling properties of the point estimators of 4
with both the bias and MSE being smaller than for the original estimators. Whilst

EBC has the smallest bias of the four estimators considered, the bias-corrected ML
based estimator, fBC, is to be préferred given its consistently smaller MSE. In
addition, the fact that a high proportion of the values of EBC are inadmissible rules

it out as a realistic competitor. We note that EBC is marginally negatively biased.

Table 2.2 Empirical bias and MSE of MM and ML based estimators of £
calculated from one million simulated samples of size n. The non-bias-corrected
estimators, Zf and Z:, are denoted as MM(NBC) and ML(NBC), and their bias-

corrected counterparts, EBC and 2‘ sc » as MM(BC) and ML(BC).

Sample size,n  Estimator Bias MSE % inadmissible

20 MM(NBC) 0.03420 0.01754 41.68
MM(BC) -0.00005 0.01730 30.97
ML(NBC) 0.05989 0.00688
ML(BC) -0.00052 0.00355

30 MMNNBC) 0.02280 0.01156 43.28
MM(BC) -0.00004 0.01146 34.62
ML(NBC) 0.04042 0.00318
ML@BC) -0.00035 0.00162

40 MM(NBC) 0.01715 0.00861 44.15
MM(BC) 0.00002 0.00855 36.65
ML(NBC) 0.03064 0.00183
ML(BC) -0.00012 0.00093

50 MM(NBC) 0.01378 0.00690 4487
MM(BC) 0.00007 0.00686 38.17
ML(NBC) 0.02459 0.00119
ML(BC) -0.00011 0.00060

100 MM(NBC) 0.00690 0.00342 46.37
MM(BC) 0.00005 0.00341 41.67
ML(NBC) 0.01242 0.00031
MI(BC) -0.00002 0.00015

As is evident from Table 2.3, bias-correction reduces both the bias and MSE of
the ML based estimator of 7. From the equivalent results for the MM based

estimators we see that whilst the bias is reduced, the MSE is increased by bias-

correction. Although the bias of the bias-corrected MM based estimator is the
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smallest, its ML counterpart, 7,., wins out as its MSE is consistently the smallest.

The latter estimator is marginally negatively biased.

Table 2.3 Empirical bias and MSE of MM and ML based estimators of 7
calculated from one million simulated samples of size n. The non-bias-corrected
estimators, 7 and 7, are denoted as MM(NBC) and ML(NBC), and their bias-

corrected counterparts, 7z, and 77, , as MM(BC) and ML(BC).

Sample size, n Estimator Bias MSE
20 MMO@NBC) -0.04311 0.03574
MM(BC) -0.00018 0.03699
ML(NBC) -0.06091 0.02818
MIL(BC) -0.03652 0.02709
30 MM(NBC) -0.02867 0.02383
MM(BC) -0.00005 0.02438
ML(NBC) -0.04084 0.01813
ML(BC) -0.02444 0.01763
40 MM(NBC) -0.02138 0.01787
MM(BC) 0.00008 0.01819
ML(NBC) -0.03070 0.01334
MI(BC) -0.01835 0.01305
50 MM(NBC) -0.01712 0.01433
MM(BC) 0.00005 0.01453
ML(NBC) -0.02457 0.01053
ML(BC) -0.01467 0.01034
100 MM(NBC) -0.00865 0.00717
MM(BC) -0.00006 0.00722
ML(NBC) -0.01245 0.00515
ML(BC) -0.00747 0.00510

Summarizing our findings from Tables 2.2 and 2.3, we identify the ML based
bias-corrected pair fac and 7,. as having the best sampling properties of the

various estimators considered.

In Table 2.4 we present the empirical coverages of the nominal 90%, 95% and
99% confidence intervals for £ given by Equations (2.4.3), (2.4.4), (2.4.11) and

(2.4.12). The standard error of any entry in this and the subsequent two tables is,
at most, 0.03%. From these empirical coverage levels we see that, for a nominal
level of 90%, the coverage of the MM based bias-corrected confidence interval
specified by (2.4.4) is marginally closest to the nominal level. For the other two
levels, the coverage of the ML based bias-corrected confidence interval given by

(2.4.12) is closest. We note that whilst the coverages of all four intervals fall
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marginally below the nominal level, they are nevertheless excellent. Indeed, the
largest difference between the nominal and empirical levels is less than 1.9%, this

for a sample size of only 20.

Table 2.4 Empirical coverage levels for nominal 90%, 95% and 99% MM and ML
based, non-bias-corrected (NBC) and bias-corrected (BC), confidence intervals for
£. The standard error of any entry is, at most, 0.03%.

Sample Nominal level
size, n Method 90% 95% 99%
20 MM (NBC) 88.17 93.10 97.41
MM(BC) 89.61 9410 97.85
ML (NBC) 88.90 9420 98.66
ML(BC) - 89.19 9441 98.74
30 MM (NBC) 88.81 93.76 97.97
MM(BC) 89.76 9442 98.24
ML (NBC) 89.31 9447 98.79
ML(BC) 89.50 94.61 98.83
40 MM (NBC) 89.19 9410 98.25
MM(BC) 89.92 9459 98.44
ML (NBC) 89.48 9465 98.86
ML(BC) 89.62 9474 98.90
50 MM (NBC) 89.26 9424 98.38
MM(BC) 89.84 9463 98.53
ML (NBC) 89.57 9472  98.90
ML(BC) 89.68 9479 98.93
100 MM (NBC) 89.71 94.67 98.71
MM(BC) 90.00 9487 98.78
ML (NBC) 89.82 9486 98.96
ML(BC) 89.87 9489 98.97

Table 2.5 provides a similar summary for the empirical coverages of the
confidence intervals for 7 given by Equations (2.4.5) and (2.4.13). From a
consideration of its content we see that the coverage of the MM based interval
consistently exceeds the nominal level, whilst that of its ML counterpart falls
consistently short of it. For nominal levels of 90% and 95%, the ML based interval
tends generally to hold the level best, whereas for one of 99% the two intervals hold
the level equally well. Again, the empirical coverages of both intervals are
excellent, even for samples of only 20 observations, with the largest disparity

between the empirical and nominal levels being less than 1.2%.
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Table 2.5 Empirical coverage levels for nominal 90%, 95% and 99% MM and ML
based confidence intervals for 7. The standard error of any entry is, at most,
0.03%.

Sample Nominal level
size, n Method 90% 95% 99%
20 MM 91.19 9577 99.10
ML 89.53 94.67 98.88
30 MM 90.84 95.50  99.07
ML 89.61 9473 98.92
40 MM 90.64 9543 99.08
ML 89.73 9478 98.93
50 MM 90.44 95.32 99.04
ML 89.75 94.86 98.95
100 ‘MM 90.22 9512 99.02
ML 89.78 94.88 98.96

Table 2.6 Empirical coverage levels for nominal 90%, 95% and 99% MM and ML
based confidence regions for (5, 77). The standard error of any entry is, at most,

0.03%.

Sample Nominal level
size, n Method 90% 95% 99%
20 MM 90.87 9532 98.86
ML 9048 95.32  99.09
30 MM 90.62 95.24  98.88
ML 90.29 95.19 99.07
40 MM 9048 95.20 98.92
ML 90.22 95.17 99.05
50 MM 90.38 95.15 98.92
ML 90.21 95.16 99.04
100 MM 90.17 95.07 98.96
ML : 90.05 95.04 99.02

The final table in this section, Table 2.6, provides a summary of the empirical
coverage levels of the confidence regions for (&,7) associated with Equations

(2.4.6) and (2.4.15). We note that, whilst the empirical coverages of both regions
marginally exceed the nominal levels, the largest difference between the two,

corresponding to a sample size of 20, is less than 0.9%. The ML based region
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consistently outperforms its MM based analogue, although the differences between

the observed coverages are very small indeed

2.6 Hypothesis Testing

Given the well-established equivalence between hypothesis testing and confidence
set construction (Neyman, 1937; Lehmann, 1959, pp. 78-83; Aitchison, 1964, 1965),
hypotheses concerning the parameters of the general half-normal distribution can
be tested via the appropriate use of the large-sample confidence sets derived in
Sections 2.4.1 and 2.4.2. The coverage results in Section 2.5 indicate that tests
incorporating the likelihood theory based sets are generally to be preferred to their

MM based counterparts. Those same empirical coverages also indicate that the use

of the likelihood based confidence set associated with the pair (£,7) will result in a

test that is marginally conservative. On the other hand, the analogous tests for &

and 7 will have type I errors marginally in excess of their nominal levels.

2.7 An Illustrative Example: The Body Fat Data Revisited
In order to illustrate the methodology developed in the preceding sections, we
present an analysis of the body fat measurements of the 102 male athletes
considered previously in Section 1.4.4.2. The data values for this subsample are the
ones underlined in Table 1.7 of Chapter 1. A histogram of the data is given in
Figure 2.3.

As we saw in Section 1.4.4.2, if the general skew-normal distribution is fitted to
these data then the resulting MM and ML solutions correspond to general half-
normal distributions. Fitting the general half-normal distribution directly to these

data, the bias-corrected ML based point estimates of the location and scale
parameters are fBC =5.57 and 7j,. =4.84, respectively. Separate nominally 95%

confidence intervals for £ and 7, calculated using (2.4.12) and (2.4.13) are (5.41,
5.63) and (4.25, 5.61), respectively. As we commented in Section 1.4.4.2, a

percentage body fat measurement of 5% is generally considered in the sports
physiology literature as being the lower threshold value for a healthy elite athlete.

We note that the interval for the threshold parameter £ does not include this value.
Should we wish to force the threshold value of £ to be some prespecified value then

of course we could do so. We would then estimate 7 using 7., and obtain

approximate confidence intervals for it using the distributional result (2.4.14).
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Figure 2.2 Approximate 95% confidence region for (£,7) for the percentage body

fat measurements of the 102 elite male athletes. The cross represents ( %BC,ﬁBC).

The dashed vertical line has £ co-ordinate %= Yoy = 5.68.

An approximate 95% confidence region for (£,7) obtained using (2.4.15) is given
in Figure 2.2. Also represented in this figure is the position of the bias-corrected
ML solution (fBC,ﬁBC). The (£,7) co-ordinates of the extreme points defining the

displayed confidence region are: (5.63, 5.73), (5.63, 4.18), (5.32, 5.73) and (5.41,

4.18). Given these values, any hypothesis concerning the two parameters £ and 7
which specified a value as low as 5 for the threshold parameter £ would be rejected

by a two-sided test with a nominal significance level of 5%. For illustrative
purposes, in Figure 2.3 the densities corresponding to the two extreme points (5.63,
4.18) and (5.32, 5.73) have been superimposed upon the histogram of the data
together with the density of the bias-corrected ML solution (5.57, 4.84). The
densities corresponding to the other two extreme points, (5.63, 5.73) and (5.41,
4.18), are very similar to those for (5.32, 5.73) and (5.63, 4.18), respectively, and
have been omitted so as not to obscure the content of the plot. Visually the density
of the bias-corrected ML solution provides a reasonable fit, an impression
confirmed by the chi-squared goodness-of-fit test. The value of the chi-squared
statistic, based on eight class intervals with expected frequencies in excess of 5 and
formed from those used in the histogram of Figure 2.3, corresponded to a p-value of
around 0.15. Nevertheless, the disparities between the fitted densities and the

observed frequencies evident in Figure 2.3 suggest that perhaps a heavier-tailed
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distribution, such as the location and scale extension of a half-¢ distribution, might

provide an even better fit to the data.

0.20 —
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5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
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Figure 2.3 Histogram of the percentage body fat measurements of the 102 elite
male athletes with superimposed half-normal densities: —— bias-corrected
maximum likelihood solution (5.57, 4.84); ———, (5.63, 4.18); ----- , (6.32,5.73).

2.8 Summary and Directions for Future Research
In this, the last, section of the present chapter, we summarize the content and
conclusions of the previous sections, and identify related issues for potential future

research.

2.8.1 Summary
In Section 2.2 we extended the standard half-normal distribution via the inclusion
of location and scale parameters, by so doing producing the general half-normal
distribution. In passing, we noted the connections between the derived distribution
and other well known distributions. Point estimates of the distribution’s
parameters arising from the method of moments and the method of maximum
likelihood were identified in Section 2.3. Asymptotic distributional results for both
types of estimator were derived in Section 2.4. Using these results, we established
alternative bias-corrected estimators and derived constructions for large-sample
confidence sets.

In Section 2.5 we presented the results of a Monte Carlo simulation study
conducted in order to explore the sampling properties of the estimators and the

coverages of the confidence sets derived in Sections 2.3 and 2.4. From this study we
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concluded that the bias-corrected ML based point estimators had superior sampling
properties, their MSEs being consistently the smallest. Regarding the coverages of
the various confidence sets, bias-correction was found to improve the empirical

coverage levels. The bias-corrected ML based interval for £ given by (2.4.12) was

found to have superior coverage for the nominal levels of 95% and 99%, whilst its
MM based counterpart given by (2.4.4) held the 90% nominal level best. For all
three nominal levels considered, the empirical coverage of the interval with best

coverage fell marginally short of the nominal level.

Regarding the confidence intervals for 7, and confidence regions for (£,7), the

ML based confidence sets given by (2.4.13) and (2.4.15) were identified as having
superior coverages to their MM based analogues specified in (2.4.5) and (2.4.6). The

empirical coverage of the interval for 7 specified in (2.4.13) was found to fall
marginally below the nominal level, whilst that for the confidence region for

(£,nm) given by (2.4.13) fell marginally above the nominal level. For the confidence
sets for £ n7and (£,77) with best coverages, the single largest disparity between the

empirical and nominal coverage levels was found to be just 0.48%, this difference

corresponding to the confidence region for (£,7) and a sample size of just 20.

Overall, the coverages of the confidence sets with best coverages were classified as
being excellent.

In Section 2.6 we briefly discussed the use of the derived large-sample
confidence sets as a basis upon which to carry out hypothesis testing. In Section 2.7
we illustrated the methodology developed in the preceeding sections, obtaining
point estimates and confidence sets for the parameters of an assumed half-normal

parent population fitted to the body fat measurements of elite male athletes.

2.8.2 Directions for Future Research

As we explained in the introductory section of this chapter, our primary motivation
for developing methods of inference for the general half-normal distribution was
the distribution’s importance as a limiting distribution of the skew-normal class.
Another, perhaps more important, reason for considering such methods is the
potential relevance of the distribution in the modelling of real skew data. However,
the general half-normal distribution is not the only one obtained by folding a
symmetric parent population about its centre which might prove useful to

modellers of skew data. As we commented at the end of our illustrative analysis of
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Section 2.7, for highly skew data exhibiting a sharp cut-off to one side of the mode,
and a heavy tail to the other, the generalization of the half-¢ distribution obtained
on introducing location and scale parameters to its definition, could well provide a
better model than the general half-normal distribution considered here. To our
knowledge, this extension of the half-# distribution has not previously been
proposed in the literature. We note that the basic distributional properties of the
half-¢t distribution were studied by Psarakis & Panaretos (1990), who incorrectly
refer to it as the “folded” ¢ distribution.

Our treatment regarding inference for the parameters of the general half-normal
distribution was founded upon two of the most commonly utilized methods of
estimation; namely, the method of moments and the method of maximum
likelihood. It would be of interest to compare the results we have obtained here
with those arising from other methods of estimation. As the results of our
simulation experiment showed, the coverages of the (bias-corrected) ML based
confidence sets arising from asymptotic theory are excellent, even for sample sizes
as small as 20. It would be interesting to compare their coverages for even smaller
samples with those of confidence sets obtained, say, on applying the non-
parametric and parametric versions of the bootstrap. General bootstrap approaches
to confidence region construction are discussed in Davison & Hinkley (1997,
Chapters 3 & 5). An alternative approach to constructing bootstrap confidence
regions, based on Tukey’s depth criterion, is considered by Yeh & Singh (1997). A
related issue of interest is that of the minimization of the area of any given
confidence region for a spéciﬁed confidence level. The paper by Arnold & Shavelle
(1998) provides a useful introductory reference on this point.

In this chapter we have considered inference for the most basic of set-ups, that
arising from random sampling. Amongst other scenarios which could be addressed,

we mention those of regression and time series modelling. The regression problem

involving half-normal errors with £ =0 is one which has been considered in the

stochastic frontier modelling literature by Aigner & Chu (1968), Schmidt (1976)
and Aigner et al. (1977).

Clearly, multivariate extensions of the general half-normal distribution are
possible. For any such model, the threshold parameters included in its definition
will play a crucial role in terms of the distribution’s potential relevance to the

modelling of skew multivariate data.
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Chapter 3 The Large-sample Distribution of Key Circular

Statistics

3.1 Introduction

In this chapter we consider the joint distribution of four fundamental statistics
used in the analysis of circular data: the mean direction, the mean resultant
length, the second central sine moment and the second central cosine moment.
Between them, these statistics provide summaries of location, concentration,
skewness and kurtosis of a sample of circular data.

The definitions of the four statistics, and their analogous population measures,
are reviewed in Section 3.2. In Section 3.3, we use Taylor expansion to derive the
asymptotic joint distribution of the statistics, in so doing simplifying and extending
the results of Mardia (1972, Section 4.9.2). Our motivation for presenting these
results is their importance in the modelling of skew distributed circular data, an
area largely ignored in a literature dominated by a tacit, although often unrealistic,
assumption of underlying symmetry. On the basis of the results in Section 3.3, in
Section 3.4 we define bias-corrected estimators for the population measures.

Large-sample inference for the population measures is addressed in Section 3.5.
We give new constructions for confidence intervals for the individual measures as
well as those for confidence sets for pairs, etc. of the measures. The various
constructions proposed allow for bias-correction as well as for an assumption of
underlying symmetry.

In Section 3.6 we discuss the problems which can arise when applying the
various inferential tools. In order to illustrate the use of the developed methodology
and some of the problems associated with its application, in Section 3.7 we present
analyses of three data sets recorded during animal orientation experiments.

The chapter closes with Section 3.8, in which we provide a summary of the

Chapter’s content and an indication of related lines of potential future research.
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3.2 Fundamental Statistics for Circular Data

Let 6 denote a random angle and 4, ,...,6, a random sample of n observations from
a circular distribution with characteristic function {l// p P= O,il,...}. Then
y,=a,+iff, where a,= E(cos pf) and B, = E(sin p@) denote the
trigonometric moments of ¢ about the =zero direction. For p=1,
w, =a, +ify, = pe*, where u is the mean direction and p the mean resultant
length. The trigonometric moments about the mean direction are given by

a@, = E{cos pO0-u)}, B, = E{sin p0-p)}.

The method of moments estimator of p is R = (012 +b12 )Vz, where

13 1< ) )
a,=— E cospf, and b,=— E sin p @, are the sample trigonometric moments
L=

i=1

about the zero direction. If R =0, the method of moments estimator of J7A 7] , 18

undefined. If R >0,

7 tan"(b1 /al) if a, 20
z+tan™ (b, /a,) ifa, <0

where tan™(x)e [-7/2,7/2], for x a real.

Mardia (1972, Section 3.7) introduced standardized versions of Ez and &, as

circular measures of population skewness and kurtosis, respectively. Denoting

these measures by s and %,

_ _ 7 —(1-vY @ -
= ﬂ372 = ﬂz /2 and k = a2 (2 V) = az pz R
v (1-p) 4 (1-p)

v =1-p denoting the circular variance of 6. The standardizations used in the

4

A

definitions of s and k were motivated by considerations of the properties of the two
measures for concentrated distributions on the circle. For a symmetric distribution,
both 32 and s equal zero. The standardization used in the definition of £ ensures
that k=0 for the wrapped normal distribution. See Mardia (1972, pp. 74-76) and
Mardia & Jupp (1999, pp. 21-22). However, s and k are not in general scale
invariant, a consequence of there existing no standardization transform for circular
data equivalent to that routinely used for data on the line. For the same reason, ,BZ

and @, are not generally scale invariant either, but general expressions for the
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Chapter 3 - The Large-sample Distribution of Key Circular Statistics

large-sample properties of their sample analogues, _2 Zsm 2(49 0) and

i=1

- 1 = . . =
=—Zcos 2(0,. —-9), are relatively easy to derive. We note that B, was first

proposed as a measure of circular skewness by Batschelet (1965), and the option of
using the fundamental measures B, and @, , rather than s and k, was referred to

by Mardia (1972, p. 76).

3.3 The Asymptotic Distribution of (5 ,R,b, ,a, )
Mardia (1972, Section 4.9) derived asymptotic results for the general form of the

joint distribution of (0_ ,R ) He also gave the joint distribution of the sample

analogues of s and &, § and k , for a parent population which is symmetric about
the zero direction. In this section, we simplify and extend Mardia’s results,

providing concise general results for the full asymptotic joint distribution of
(0_ ,R,b, .7, ) The main result of the chapter is summarized in the following

theorem.

Theorem 3.1 Let 6, ,...,0, be a random sample of n observations from a circular
distribution with pe (0, 1). Then the asymptotic joint distribution of (é R.b,.a,)

is multivariate normal with

B(8)= Lo 0(u), B(R)=p+ o) o)

2np 4np
B(5,)-7 +i—[-%-%+%]+o(n—w ) 6.

var(ﬁ_) (1—52 )+0( 3/2), var(ﬁ): (1_2'02 t% )+O(n'3/2),

2np? 2n
var(b, )=;11- : 2“4 —2a, - B2 + . { & (1/0—52 )H+0(n'3/2), (3.3.2)
Var(Ziz )=% 1+2Z¥-4 IBZ {ﬁz ‘—“‘—‘-‘—'52 (lp—ﬁz )}j|+0(n_3/2 )
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2np
cov(3.5, )%{_12__;!_;_&‘2 (;% )}w( )
cov(8.3, ) Hf—;+ P, (/1);52)} (n2),
cor(R.3; )= i—[—pﬁz +%_z%")+0("~3/2)’ (3.3.3)
G e

COV(1;2,21'2) 1{(1 az) , +,3_4_5¥"2—ﬂ—3 ;,3253 _2ﬁ2,[—3-2p(21—&'2 )}

+0(n?),

if the terms of O(n) for the variances of b, and @, in (3.3.2) are positive.

Proof Proceeding as in Mardia (1972, Section 4.9.2), since p # 0 we can assume

that after a suitable rotation ¢, >0, so that, with probability 1, 6 =tan™" (b1 / a, )

2 2
- — —b" )b, —2a, b, a
In addition, the other three statistics, R = (af +b] )I/z , b, = (a‘ . )2 2112
a; +b
2 2
— -b +2a,b, b ) . .
and @, = (al 1 )a2 %0 % , are also differentiable functions of a, , b, , a,, b, .

al2 +b12
Appealing to the central limit theorem, the asymptotic distribution of
(a1 by ’az’bzy is N(é@) where é: (51 ,$5&;5 ’54)1- = (051 . B, ’azsﬁzy and
z=(o,), with
o, = var(a1 )= (1+0.’2 —20(12)/2n, Oy = Var(bl )= (l—cx2 -28} )/Zn,
(1+a -2a} )/2n Oy = var(bz) (l—a'4 —2,822)/211,
=(B, -2a, B, ))2n,
=(a, +a, —20,, )21,
(,3 +133 2alﬂ2 )/2’1,
= (,33 - B _2:51 & )/2’1,
(
=(

Oy = Var( a, )=

N

(3.3.4)

=\, -3 -25 :52) 2n,
B, -2, P, )/2n
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Now apply Lemma 1.2 of Chapter 1. For the functions A = tan‘l( B / o, ),

(alz "1312) 2 _2“1 ﬂl &, (a12 "ﬂ12)a2 +2a1 ﬂl 132

o + B o+ By

hy=(a?+B2)°, by = and h, =

we obtain the following non-zero partial derivatives, those for 4, and h, having

been simplified using the identities in (3.3.5):
W =-p /0" W =a [p?,
W =20, /0", W) ==2a, B, [*, 1 ==(o = T ) .
W=a/p, =8 /p,
0= B0 W =0 WP = 0
W =2pa,[p*, W) =-20,a, | p,
WO ==20, B, [p*, 1 = (a? - B2 ) 7.
i = {451 (,31 B, +a,a, )— 8at, B, @, }/:04 ’
1) ={8a, B, B, +2a,(a? -357)-8B%a, }/ p*
1928, (at B) ' 1= 10
1™ ={4e, (B, o, -, B, }+ 80, B, @, }/ p*,
W =20, (o - B2 ) p*, WP =-4aiB, [ .

O ==28,B, [0, P =20, B, [p*,

hf) = (alz _1812)/:02 ) hf) =20, By /pz’

h‘sll) = 4ﬂ1 (al Bz _ﬂl 52 )/p4 ’ hfz) = {4&'1 :Bl a2 _z(al2 _ﬂlz )32 }/p4 ’

W =da, B2 [p*, W9 =-2p, (a? - B2 ) p*,

hin) - _4g, (0(1 Z, + ,31 Ez )/,04 , h§23) _ —40512ﬂ1 /,04, h§24) =2, (af —ﬂlz )/p4.

In these expressions, h) = oh, [JE, and h,fij) =dh, / d¢, J&, . Using these partial

derivatives together with the variances and covariances given in (3.3.4), and the
identities

@, p* = (0:12 —,312)0!2 +20, B, B,

B, 0’ =(0{12 —,6’12) =20, B,

@0’ =a, (a7 -347)or, + B, (33 - B )B,.

B0’ =« (05—3,312) s =By (30‘12_ﬂ12)a3’

a, p’ =(af —6a; B} +,314)054 +4e, f, (“12 ‘:512) 4>
Bo* = (ot 6027 + B2 )8, —4es B, (02 - 7 )exs,

(3.3.5)
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we obtain, after lengthy but basic algebraic simplification, the expectations,

variances and covariances given in (3.3.1)-(3.3.3). Asymptotic normality follows

from Lemma 1.2 due to the asymptotic normality of (al b, ,a,,b, )T , the fact that

the leading terms of the expectations in (3.3.1) are finite (as p#0) and the

assumption that the terms of order O(n) for the variances of b, and @, in (3.3.2)

are positive.

The bias terms in the expectations of & and R given in (3.3.1) are new to the

literature. The formulae for the variances of & and R , and their covariance, are

equivalent but more concise than the expressions of Mardia (1972, p.110) given in

terms of trigonometric moments about the zero direction. They also highlight the

importance of the assumption that o #1. The other expressions in (3.3.1)-(3.3.3)

are also new to the literature.

Theorem 3.1 specifically excludes two important cases. The case for which

P =0 includes the uniform distribution as well as distributions which are

multimodal and reflectively symmetric, or cyclically symmetric, or both. The
analysis of data from multimodal distributions of these types is discussed in

Section 3.6 and illustrated in Section 3.7.3. Also relevant in this context is the work

of Mardia (1972, Section 4.9.2) in which the joint distribution of (5 ,R ) for a parent
population with =0 is considered. The case for which p =1 is pathological,

corresponding to a point distribution.

3.4 Bias-corrected Estimators

Given the expectations in (3.3.1), we can define estimators of y, p, Ez , and @,
corrected for bias to O(n‘1 ) Replacing the population measures in the bias terms of

(3.3.1) by their sample analogues, we obtain:
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. = b
Hae 2nR*’
ppe = R -2
Fre = 4nR '
Boop Y b b 28D (3.4.1)
2,BC 2 " E E2 I?‘t A
a all-z 72
CAZzac—az 1 1—:3—a2(1 f_l22)+bz ’
, " = =

where b, =;11—isin p(@i —5) and @, =i—icos p(&i —6_').
i=1 i=1

If the parent population is assumed to be symmetric then, as the central sine

moments are all zero, we would use the original estimator & in place of /..

Clearly, if we assume the underlying distribution to be symmetric then there is no

need to estimate f3,. Also, under the assumption of symmetry, we would set b,

equal to zero in the expression for @, ;..

3.5 Large-sample Inference
In this section, we use the asymptotic distributional results presented in Section

3.3 to derive large-sample confidence sets for the population measures y, o, Bz ,

and @, . Hypothesis tests involving these measures can be based on the derived

confidence sets as discussed in Section 2.6.

3.5.1 Confidence Intervals for u

Using the results for E (5 ) and Var(e_ ) given in Theorem 3.1, and replacing p, &,
and BZ by their sample analogues, R, a, and 52 , as appropriate, then, including
only those variance terms of O(n'l), an approximate 100(1—&')%, bias-corrected

confidence interval for u is given by
b, i-a, )
— -a
0 +—2_—2i Za,z[—'n—_z—J . (35.1)

If the underlying distribution is assumed to be symmetric or, equivalently, we drop

the bias term in (3.5.1), then the interval reduces to
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-7 12
— -a
Btz —==| . (3.5.2)
’{ 2nR* ]
This compares with the corresponding interval from Fisher & Lewis (1983) of
- 12
6 tsiniz,,, —_ii- . (3.5.3)
2nR

As sin™'(x)= x for small x, then, for moderate sized samples from all but the most

disperse of unimodal populations, we would expect to find little difference between |

the results obtained using (3.5.2) and (3.5.3).

3.5.2 Confidence Intervals for p

Similarly, an approximate 100(1 - 0{)%, bias-corrected, confidence interval for p is

given by

‘ — V2
— (1-a 1-2R*+@,
R _(1-z) + za/z[—z-] . (3.5.4)

4nR 2n

Omitting the bias term we obtain the interval

v N
74 1-2R* +a, 355
2oy | (3.5.5)

which is effectively that which follows from the results of Mardia (1972, Section
4.9).

3.5.3 Confidence Regions for (1, p)
An approximate 100(1—&)%, bias-corrected, confidence region for élz = ( U, ,o)T is

given by those élz for which

( 512 _éxz)rzg( 512 - én) < 7522,1-0: ) (3.5.6)

where ¥;,_, is the (1-a) quantile of the chi-squared distribution with two

degrees of freedom,

+—2,
2nR 4nR

_ ’ T
g {é bz —ﬁl_;ﬁ)] (3.5.7)

77



Chapter 3 - The Large-sample Distribution of Key Circular Statistics

1-a,
2nR*>

and 212=(5,.}.) with 5’11=v5r([9-)=(

j, 5'12=c'6v(§,§)=[ 52_] and

. (= [1-2R*+q, _ _
0,, = var(R)= ————— | An analogous, non-bias-corrected, confidence region
2n

follows similarly on omitting the two bias terms from (3.5.7). For a parent
population which is assumed to be symmetric, the bias associated with 6 should

be dropped from (3.5.7) and &, set equal to zero.

3.5.4 Confidence Sets for §, and @,

Proceeding as in Sections 3.5.1 and 3.5.2, an approximate 100(1—0()%, bias-

corrected confidence interval for EZ is given by

b, —biéis(l;2 )i za(/z{v?air(lj2 )}1/2, (3.5.8)
where biﬁs(l;2 )=l[—%—%+%] and
n
Vir(b— )=l 1-a, -2z —b_2+2672 a +52(1_52)
| 2 2R\ R '

The non-bias-corrected counterpart of this confidence interval follows on omitting

the estimate of the bias from (3.5.8). Of course, for an underlying distribution

which is assumed to be symmetric, ﬁz is identically zero.

Similarly, an approximate 100(1—&')%, bias-corrected confidence interval for

o, is given by

a, —bids(a, )t 7, var(a, )}, (3.5.9)
where biES(az )2 —1-{1 —%3_ & (1 _I_?zz )+ b } and
n
Vﬁr(a2 ): %{1+—2@‘——522 +2—%—{53 + b, 11!;62 H

The non-bias-corrected version of this confidence interval follows on omitting the

estimate of the bias from (8.5.9). If the parent population is assumed to be
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symmetric then the terms involving 172 should be set equal to zero in the
expressions for biﬁ's(a_z) and V'&Tr(c_z2 )

By analogy with the content of Section 3.5.3, an approximate 100(1 - a)%, bias-

corrected, confidence region for £ o= ( B,.a, )T is given by those §34 for which

(.5:34 - 534 )TZ;‘: (534 - _5_34) < 122,1—05 ’ (3.5.10)

where

R n

=

T
- — _ - — = (1_= 72
SO S ES

and &, = (5, ) with &, =vir(B, ), &, =var(a, ) and

1 54 _a_253 +Ezaa _2‘7252 (1_52)}
n

&, =covlb, ,a )J=={(1-a, )b, + = 2
(5, )2 (1-3 5 + 55 {
An analogous, non-bias-corrected, confidence region follows similarly on omitting

the two bias terms from (3.5.11). For a parent population which is assumed to be
symmetric, BZ is identically zero and then a separate confidence interval for «, ,

calculated as described above, might be considered of interest.

3.5.5 Other Joint Confidence Sets

Confidence regions for the other four possible pairs of measures can be obtained
using the analogous results to those employed in the constructions described in
Sections 3.5.3 and 3.5.4. Those for triples and the full set of the four measures
follow by the usual extension to the results summarized in (3.5.6) and (3.5.10). As
in the constructions given above, we can either include, or omit, bias-correction.
Also, again as in those same constructions, the assumption of symmetry can be

allowed for by equating the relevant central sine moments to zero.

3.6 A Cautionary Note

As in any situation involving the unrestricted estimation of measures defined on
some finite interval, experience shows that the use of the bias-corrected estimators
of Section 3.4 and the confidence set constructions described in Section 3.5 can

result in inadmissible estimates. Moreover, the constructions for the confidence

sets can even fail to provide a set at all. For instance, the estimate of the bias of 52
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given in Section 3.5.4 can ‘explode’, leading to point estimates and confidence

bounds beyond the interval [— 1, l]; the argument of the inverse sine function in

(3.5.3) need not necessarily be contained in [— 1, 1]; the bounds obtained using
(3.5.4) or (3.5.5) can lie outside [O, l] Such problems typically arise when 52 and p

are small, conditions which apply to underlying distributions which are multimodal
and cyclically symmetric. Whilst, for multimodal data, we can employ the statistics
considered here as global measures, their use in the analysis of the data forming
the individual modes has the potential of being yet more informative. An

illustrative analysis of this type is given in Section 3.7.3.

3.7 Three IMlustrative Examples

In this section we apply the inferential techniques developed in Sections 3.4 and 3.5
in the analysis of three sets of circular data recorded during animal orientation
experiments. The first two involve the initial directions taken by chinese painted
quail on exiting two differently structured corridors. The third concerns the

orientations of dragonflies with respect to the sun’s azimuth.

3.7.1 Initial Headings of Chinese Painted Quail: Experiment A
The data given in Table 3.1 were collected during an orientation experiment
involving chinese painted quail (Excalfactoria chinensis) reported in Merkel and

Fischer-Klein (1973). A total of 100 birds were forced to pass, one by one, through a

corridor with a change in orientation of 15° at a distance of 0.5m from its exit. On
leaving the corridor the birds generally compensated for this change in orientation,
their initial headings being distributed about an angle of approximately -15° from

the zero direction defined by the last 0.5m of the corridor. However, as can be seen
from Figure 3.1, the distribution of these angles of compensation does not appear to
be symmetric.

The value of b, for these data is —0.0216, and the bias-corrected estimate of B s
calculated using (3.4.1), is —0.0211. An approximate 95% confidence interval for
BZ , calculated using (3.5.8), is (—0.0388,-—0.0055). If the estimate of the bias is
dropped from (8.5.8) the equivalent interval becomes (—0.0383,—0.0049). Given that

neither interval contains zero, it would appear reasonable to conclude that the

parent population is asymmetric.
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Table 3.1 The ordered initial headings (in degrees) of 100 chinese painted quail
on exit from a dog-leg corridor.

-43-41-41-37-37-36-35-35-33 -33-30-30-30-30-28-28-28 -28 -27 -26 -26
-26 -25-25-25-25-25-25-25-25 -23 -23 -23 -22-22 -22 -22 -20-20 -20-20-20
-20-20-18-18-17-17-17-16-15-15-15-15-15-15-15-15-15-15-15-14-14
-14-13-13-13-13-13-12-12-10-10-10-10-10-9 -7 -6 -5 -5 -5 -4 -3
-3 0 0 5 6 11 12 12 13 17 17 18 18 20 40 44

Figure 3.1 Raw circular plot of the initial headings of the 100 chinese painted
quail on exit from a dog-leg corridor. The zero direction corresponds to the
orientation of the last 0.5m section of the corridor.

Table 3.2 provides a summary of the point estimates and approximate 95%
confidence intervals for the other three measures, calculated assuming the
underlying distribution to be asymmetric. As the results obtained either using, or
not using, bias-correction are identical to (at least) the quoted accuracy of two

decimal places, we have only included the one set of results.

We note that the interval for 4 contains the angle —15°, corresponding to an

angle of compensation equal to minus that of the change in orientation of the last
stretch of the corridor. Thus, a null hypothesis stating that the population mean

angle of compensation was # = —15° would not be rejected in a two-sided test of size

5%.
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Table 3.2 Point estimates and individual approximate 95% confidence intervals
for u, p and @,, quoted to two decimal places. The results are those obtained
when the parent population is assumed to be asymmetric.

Measure Point estimate Approx. 95% CI
U -0.26 (-14.9°) (-0.31,-0.21) (-18.0°,-11.9°)
p : 0.96 (0.95, 0.98)
Ty 0.86 (0.81, 0.91)

As has been established previously, it is unreasonable to assume the parent

population to be symmetric, and hence there is little to recommend the comparison
of the point estimate and confidence interval for &, with the value of the same

measure for an assumed underlying wrapped normal distribution.

a) » b)

0.98 w

0.90—

0.97

=]
= 0.96

R
Alpha2-bar

o

3

1

0.954

0.80
0.94~ T T T T T T

T T T T T T T
-19 -18 -17 -16 -15 -14 -13 -12 11 -0.04 -0.03 -0.02 -0.01 0
Mu (degrees) Beta2-bar

Figure 3.2 Approximate 95% confidence regions for the chinese painted quail
data of Table 3.1: a) regions for (,u,' p); b) regions for (Bz ,E2>. In a), the inclined

ellipse delimits the bias-corrected region; the other, the region without bias-
correction and assuming the parent population to be symmetric. The dot

represents (E,I_B). In b), the solid ellipse delimits the bias-corrected region; the

other, the region without bias-correction. The dot represents (52 0y )

Approximate 95% confidence regions for (4, ) and (,_3-2 ,Q, ) are portrayed in

Figure 3.2. In Figure 3.2a we present the bias-corrected region calculated using
(8.5.6). The region obtained by dropping the bias terms from (3.5.7) is very similar
and has been omitted so as not to obscure the plot. For comparative purposes we
have also included the confidence region which results when the bias terms in

(8.5.7) are dropped and the underlying distribution is assumed to be symmetric.

Given our previous findings regarding Bz , the use of this latter confidence region
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would appear inappropriate. The bias-corrected and non-bias-corrected confidence
regions for ( ﬁz 0, ), calculated using (3.5.10), are represented in Figure 3.2b. We

observe that the two regions are almost identical.

3.7.2 Initial Headings of Chinese Painted Quail: Experiment B

The data in Table 3.2 were recorded by Merkel and Fischer-Klein (1973) during a
similar orientation experiment to that described in Section 3.7.1. In this second
version of the experiment, 230 chinese painted quail were forced to pass through a

completely straight, 1m long, corridor. The data correspond to the initial headings

of the birds on exiting the corridor.

Table 3.3 The ordered initial headings (in degrees) of 230 chinese painted quail
on exit from a straight corridor.

-44-40-39-39-37-36-34-33-31-29-27-25-23-23-22-22-20-20-20-20-18
-18-16-15-15-15-14-14-14-13-13-12-12-12-12-10-10-10-10-9 -9 -9
9 9%99-8-8-8-7-7-7-7T7-7T6 -6 -6 -6 -6-5-5-5-5-5
5 5-5H5-H5-H5-444-4-4-3-3-3-3-3-3-2-2-2-2-2
2 -2-22-1-1-1-1-1-1-1020 0 0000000

0 0001111111111 12 22 2 2 2
2 2 3 38 3 3 3 3 3 4 4 4 4 4 4 4 4 5 5 5
55 5 6 6 6 6 6 7 7 77777771778 8 8
8 9 9 9 9 9 9 10 10 10 10 10 10 10 11 11 11 11 11 12 13
13 13 13 13 14 14 14 14 15 15 15 15 16 16 17 17 17 17 18 18 19
21 21 21 22 25 26 27 30 30 31 32 33 33 33 35 35 36 44 44 51

As can be seen from the réW circular plot of the data in Figure 3.3, the

distribution of the initial headings of the quail appears to be symmetric about the
zero direction defined by the orientation of the corridor. The values of 52 and Bz, BC

for these data are identical to four decimal places, both equalling 0.0005. The limits
of the approximate 95% confidence intervals for Ez , calculated using (3.5.8) with
and without bias-correction, respectively, are identical to four decimal places,
corresponding to an interval of (—0.0063, +0.0073). Given that this interval
contains the value zero, in this case it would appear reasonable to assume the

parent population to be symmetric.
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Figure 8.8 Raw circular plot of the initial headings of the 230 chinese painted
quail on exit from a straight, 1m long, corridor. The zero direction corresponds to
the orientation of the corridor.

In Table 3.4 we present the point estimates and approximate 95% confidence |

intervals for the other three measures, calculated assuming underlying symmetry.

As for Table 3.2, the results obtained either using, or not using, bias-correction are

identical to (at least) two decimal places, and so we have only included the one set

of results.

Table 8.4 Point estimates and individual approximate 95% confidence intervals
for u, p and @,, quoted to two decimal places. The results are those obtained
when the parent population is assumed to be symmetric.

Measure Point estimate Approx. 95% CI
u 0.02 (1.3°) (-0.01, 0.06) (-0.6°,3.3°)
P 0.97 (0.96, 0.97)
a, 0.87 (0.85, 0.90)

Considering the confidence interval for 4, we note that it contains the angle 0°.

Hence, a null hypothesis which stated that the population mean direction

corresponded to the zero direction defined by the orientation of the corridor, would

not be rejected in a two-sided test of size 5%.

respectively. For a wrapped normal parent population we know that &, = p°.

To three decimal places the values of @, and R are 0.874 and 0.966,

4
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Estimating o by R, we obtain 6412 =R*= 0.871 for an assumed underlying

wrapped normal distribution. As the difference between a, and &2 is only very
slight, and the value 0.871 is contained in the approximate 95% confidence interval
for @, , one might expect the wrapped normal distribution to provide a reasonable
model for these data.

In Figure 3.4 we present the approximate 95% confidence region for (,u, p)

obtained using (8.5.6) without applying bias-correction and assuming the
underlying distribution to be symmetric. If the parent population is not assumed to
be symmetric the resulting bias-corrected and non-bias-corrected regions are

almost identical to the region portrayed.

0.975 —

é 0.965 —|

0.955 —

T T T
-1 0 1 2

o~
-

Mu (degrees)

Figure 3.4 Approximate 95% confidence region for (u,p) for the chinese painted
quail data of Table 3.3. The ellipse delimits the non-bias-corrected region obtained
assuming the parent population to be symmetric. The dot represents (5,}_2 ) .

Although we have analyzed the data in this and the preceding example as
circular data, given that in both cases the data span just a reduced arc of the unit
circle, we could have chosen to analyze them as linear data after applying a
suitable rotation and unwrapping them to the line. In analyses analogous to the
ones presented, the estimation of linear measures such as the mean, standard
deviation and coefficient of skewness would then be of interest. If inference for such
measures was to be based on the method of moments then the results presented in
Theorem 1.1 of Chapter 1 would be relevant. The following example, however, is
one which is not amenable to linear analysis, at least if the data set in its entirety

is to be analyzed as a single sample.
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3.7.3 Orientations of Dragonflies

As well as providing an example of a truly circular data set, i.e. one for which the
data are distributed over a sizeable arc of the unit circle, our last example of this
section also illustrates the importance of the cautionary note made in Section 3.6.
The data set upon which our analysis is based is taken from a study reported by
Hisada (1972) into the orientation of dragonflies (Sympetrum) with respect to the

sun’s azimuth. The data are reproduced in Table 3.5.

Table 3.5 The ordered orientations relative to the sun’s azimuth (in degrees) of
214 dragonflies.

-127 -123 -123 -120 -116 -114 -112 -112 -112 -112 -110 -108 -108 -108
-106 -106 -106 -106 -106 -104 -104 -104 -102 -100 -100 -98 -98 -96
96 -96 -96 -96 -94 -94 -94 -94 -94 -92 -92 92 -92 -92
-92 -90 -90 -90 -88 -88 -88 -88 -88 -86 -86 -86 -84 -84
-84 -84 -84 -84 -82 -82 -82 -8 -82 -80 -80 -80 -80 -78
-78 -78 -78 -78 -76 -76 -76 -76 -74 -74 -74 -72 -72 -72
-70 -70 -70 -70 -67 -67 -67 -67 -63 -60 -51 -51 -47 45
-40 -27 27 9 -9 -6 3 22 39 44 50 50 52 52
52 54 54 b4 bH4 54 b6 66 56 56 58 58 58 60
60 62 62 62 64 64 66 66 66 66 66 66 70 70
7272 72 72 74 74 74 U6 76 76 76 76 T8 U8
78 78 80 80 80 80 82 82 84 B84 B84 86 86 86
86 83 88 88 88 88 90 980 90 90 90 90 92 92
92 92 94 94 94 96 96 96 96 96 96 98 98 98
98 98 98 100 100 100 105 108 111 114 117 120 128 131

134 138 142 165

Figure 3.5 Raw circular plot of the orientations of the 214 dragonflies relative to
the sun’s azimuth.
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From the raw circular plot in Figure 3.5 we see that the distribution of the 214

angles is clearly bimodal, with the dragonflies preferring to orientate themselves at

an angle of around 90° to the left or right of the zero direction defined by the

azimuth. If we were to assume the underlying distribution to be cyclically
symmetric then it would be appropriate to treat the data as being axial. Here we
make no such assumption and conduct inference for the basic measures of location,

concentration, skewness and kurtosis corresponding to the angles as given.

Table 3.6 Non-bias-corrected (NBC) and bias-corrected (BC) point estimates for
M, O, :Bz’ and @, quoted to two decimal places. The two bias-corrected estimates

for @, are those which result from assuming asymmetry (left) and symmetry

(right).
Measure Point estimate
NBC BC
U 0.15 0.20
P 0.12 0.10
B 0.30 10.04
a, -0.66 -1.00 -1.03

Table 3.7 Approximate 95%, non-bias-corrected (NBC) and bias-corrected (BC),
confidence intervals for ¢ (radians), p, ,Ez, and @, quoted to two decimal places.

For both cases, the two intervals for &, are those which result from assuming
asymmetry (left) and symmetry (right).

Measure Approximate 95% confidence interval
NBC BC
yzi (-0.88, 1.19) (-0.83,1.24)
o (0.06, 0.17) (0.05, 0.15)
B (-1.08, 1.68) (8.66, 11.42)
a, (-1.29, -0.02) (-0.71,-0.60)  (-1.64, -0.36) (-1.09, -0.97)

In Tables 3.6 and 3.7 we present point estimates and approximate 95%

confidence intervals for u, p, Bz , and &, , calculated with (without) bias-correction

and assuming (not assuming) symmetry. From Table 3.6 it can be seen that, whilst

the estimates of u and p are reasonably consistent, bias-correction has led to

inadmissible estimates for B, and @,. Moreover, from Table 3.7 we observe that,
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apart from those for p, the confidence intervals provide very imprecise information

concerning the various measures. Despitevthe fact that the sample consists of 214

observations, the non-bias-corrected confidence interval for x# has a vast range,
being equivalent to that of the interval (-50.42°, 6818°). In addition, the Fisher-

Lewis interval specified in (3.5.3) could not be calculated as the argument of the

inverse sine function used in its construction lay outside [-1, 1]. We note that the

limits of both intervals for B, are inadmissible. Also, the non-bias-corrected

interval spans the complete admissible range [—1, 1], whereas its bias-corrected

counterpart contains no admissible values at all. The confidence intervals for @,

suffer from similar problems, with all but the non-bias-corrected interval based on
the assumption of symmetry having inadmissible limits. Clearly the estimation
process has broken down for these data, a consequence of the data being almost
antipodally symmetric.

If instead of considering the data set in its entirety we split it in two then the
problems of estimation detailed above disappear. Tables 3.8 and 3.9 contain point

estimates and approximate 95% confidence intervals for the two subsamples

formed from the angles falling in the two intervals [0,7[) and [— T, 0), i.e. the 110

angles to the “left” (Sample L) and the 104 to the “right” (Sample R) of the azimuth.
As the results obtained using, or not using bias-correction, and assuming
symmetry, or asymmetry, differed by at most 0.01, we present just the results
arising from assuming asymmetry and not applying bias correction. To two decimal

places, the limits of the Fisher-Lewis interval for x# were also identical to those

quoted in Table 3.9.

Table 3.8 Point estimates of u, p, 7)’2, and @,, quoted to two decimal places, for

the two subsamples formed from the angles in Table 3.5 falling to the “left”
(Sample L) and “right” (Sample R) of the sun’s azimuth.

Measure Point estimate
Sample L Sample R
U 1.41 (80.8°) -1.48 (-85.0°)
0 0.92 0.92
B -0.02 -0.05
2 0.73 0.75
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Table 3.9 Approximate 95% confidence intervals for 4, p, Bz, and @, , quoted to

two decimal places, for the two subsamples formed from the angles in Table 3.5
falling to the “left” (Sample L) and “right” (Sample R) of the sun’s azimuth.

Measure Approximate 95% confidence interval
Sample L . Sample R
H (1.33,1.48) (76.2°,84.8°) (-1.55,-1.41) (-89.0°, -81.0°)
P (0.89, 0.94) (0.90, 0.95)
B (-0.05, 0.02) (-0.09, -0.01)
o, (0.65, 0.80) (0.67,0.83)

From a consideration of the confidence intervals for 3, given in Table 3.9, it
would appear that the parent population for Sample R is asymmetric, whereas that
underlying Sample L can reasonably be assumed to be symmetric. Interestingly,

the two intervals for ¢ do not contain the angles 90° and -90°, respectively.

Indeed, given the angles they do contain, these two intervals provide evidence of a
slight preference of the dragonflies to orientate themselves “towards” rather than

“away” from the sun’s azimuth. We conclude our analysis by noting that, given our

observations regarding the estimates of Bz and y, treating the data as though they

were axial would seem to be unjustified.

3.8 Summary and Directions for Future Research
We conclude the present chapter with a brief summary of the major issues
addressed within it, and an outline of some potential lines of related future

research.

3.8.1 Summary

In this chapter we have considered the joint distribution of four fundamental

statistics employed in the analysis of circular data: @, R, b,, and a,. The

asymptotic joint distribution of these statistics was derived using Taylor expansion

in Section 3.3. Bias-corrected estimators for the analogous population measures, 4,
P, ﬁz, and «@,, follow directly from the results for the asymptotic joint

distribution, and were given in Section 3.4. In Section 3.5 we used those same
results to derive new constructions for large-sample confidence sets for the different

possible combinations of the population measures.
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Problems which might be encountered when applying the derived inferential
tools were identified in Section 3.6. The use of those tools, and some of the potential
problems associated with their application, were illustrated in Section 3.7 using

three data sets taken from the animal orientation experimentation literature.

3.8.2 Directions for Future Research

The asymptotic results derived in this chapter for the joint distribution of 8, R,

b,, and a, are of wide relevance as they are nonparametric. In obtaining them,

the only assumption we made regarding the underlying distribution was that pe

(0, 1). In Section 6.4.3.2 of Chapter 6 we explore the validity of the theoretical
asymptotic bias and variance results given in Theorem 3.1 when the parent
population is wrapped skew-normal.

The bias-corrected estimates of the population analogues of the four statistics,
and the large-sample confidence set constructions given in Sections 3.4 and 3.5,
also followed directly from our asymptotic results. For the illustrative examples of
Section 3.7 we found that, except when the estimation process failed completely,
the results obtained with or without bias-correction, and assuming or not assuming
symmetry, seldom differed greatly. However, the sizes of the samples used in those
examples were fairly large. It would be interesting to compare the efficiencies of the
different estimators for data sets of varying size sampled from different forms of
circular distributions. This idea is pursued in Section 6.4.3.3 of Chapter 6 for the
case of a parent population assumed to be wrapped skew-normal. Similarly, a
comparison of the actual coverages of the proposed large-sample confidence set
constructions also suggests itself as being most valuable. Related to this last point,

in Section 4.4 of Chapter 4 we present results for the operating characteristics of a
test for reflective symmetry based on the statistic b, .

Regarding theoretical results associated with the above ideas, we note that
Mardia (1972, Sections 4.5.3 and 4.9.3) considers the joint distribution of & and R
for an assumed von Mises parent population. For the same underlying distribution,
Fisher & Lewis (1983) compare the form of the confidence interval for u# obtained

using their construction with that of the corresponding exact interval given by
Mardia (1972, pp. 145-6). Extending these ideas, it might be possible to obtain
theoretical results for the joint distributions of other combinations of the four

statistics for the von Mises distribution, or, indeed, any other appealing form of
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parent population. Those joint distributions might then be used to obtain

distribution-specific estimators and confidence set constructions for the population
measures f, 0, 32 , and @, . However, on the face of it, obtaining theoretical
results of this type would appear to be somewhat of a tall order, at least for the full
joint distribution of all four statistics. Moreover, for a specific parent population,

the measures 4, o, Bz , and &, may not be of primary interest. For instance, for an
underlying wrapped normal distribution, the parameter o rather than the measure
p would be of interest, and B, and @, would be of no real interest at all.

Nevertheless, for skew distributions we might envisage all four measures to be
relevant, and theoretical résults such as those described above would be most
valuable.

Our results are based on asymptotic theory and therefore should not be applied
in the analysis of small sized samples. For situations in which our asymptotic
results are thought not to apply we can always use computer intensive methods of
inference. Fisher & Hall (1989, 1990) and Fisher (1993, Chapter 8) consider
bootstrap procedures for obtaining confidence intervals for 4. The ideas underlying

those procedures could be adapted to obtain computer intensive methods of

inference for the other three measures p, ,, and &, . For the construction of

bootstrap confidence sets for pairs, triples and the full set of the four measures, the
approach of Yeh & Singh (1997) referred to in Section 2.8.2 of Chapter 2 suggests

itself as being potentially useful.
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Chapter 4 Testing for Circular Reflective Symmetry

About an Unknown Central Direction

4.1 Introduction

Symmetry is one of the most basic of dividing hypotheses, the acceptance of which
leads to the subsequent exploration of models which, when compared with their
skew competitors, generally have relatively concise parametric specifications. On
the other hand, the rejection of symmetry raises important issues as to precisely
which of a distribution’s characteristics are of real statistical interest. In this
chapter we consider in detail the testing of circular data for a particular form of
symmetry, namely, reflective symmetry about an unknown central direction,
against asymmetry.

In Section 4.2 we provide a brief review of the enormous wealth of procedures
which have been proposed for testing linear data for reflective symmetry about an
unknown centre. In addition, we describe the various forms of symmetry associated
with circular data which might be tested for, and cite the only published work that
we are aware of regarding the tésting of circular data for reflective symmetry about
an unknown central direction.

In Section 4.3 we introduce a new large-sample omnibus procedure for testing
circular data for reflective symmetry about an unknown central direction, the test
and its asymptotic sampling properties following directly from the results given in
Theorem 3.1 of Chapter 3. The operating characteristics of the test are explored in
Section 4.4, the asymptotic power of the test being given in Section 4.4.1. In Section
4.4.2 we describe a Monte Carlo experiment designed to investigate the small-
sample operating characteristics of the test. In this study we simulate data from a
variety of unimodal distributions, three of which are new to the literature. The
basic properties of these three distributions are given in Sections 4.4.2.1.1, 4.4.2.1.2
and 4.4.2.2.1. Results for the test’s ability to maintain the nominal significance
level for underlying symmetric distributions, and its power against skew

alternatives, are presented in Section 4.4.2.4.
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Computer intensive versions of the new test are outlined in Section 4.5. We
describe bootstrap and randomization variants of the test based on the use of the
symmetrization device of Efron (1979). The results from a small scale simulation
study conducted in order to compare the operating characteristics of the large-
sample, bootstrap and randomization versions of the test are presented in Section
4.6.

In Section 4.7 we illustrate the application of the developed testing methodology
with analyses of seven data sets taken from the circular statistics literature. The
chapter closes, in Section 4.8, with a summary of its content and an indication of
potential future lines of research related to the testing of circular data for reflective
symmetry about an unknown central direction.

In the main, the content of Sections 4.1-4.7 draws heavily on that of Pewsey
(2002b). However, large parts of Sections 4.4 and 4.7 are new, and the detail given
in Section 4.6 is greater than that presented in the cited paper.

4.2 Background to Testing for Symmetry on the Line and Circle

Numerous procedures have been proposed in the literature for testing univariate
data on the line for reflective symmetry. These tests divide into two main groups,
the division resulting from whether the centre of symmetry is specified (or assumed
known) or not. The former group of tests is considered in detail in Chapter 5. The
second group of procedures, designed for testing the non-parametric hypothesis of
reflective symmetry about an unknown centre, against asymmetry, is that which is
of direct relevance to our deliberations in the present chapter. Amongst the
multifarious tests in this group we cite those of: Gupta (1967), based on the
coefficient of skewness; Gupta (1967), Antille et al. (1982) and Bhattacharya et al.
(1982), involving modifications of the one-sample Wilcoxon test centred on the
sample median; Gastwirth (1971) and Cabilio & Masaro (1996), founded upon the
difference between the sample mean and median; Finch (1977) and Antille et al.
(1982), involving the size of the gaps between observations; Davis & Quade (1978)
and Randles et al. (1980), based on the skewness evident in triples of observations;
Boos (1982) and Koziol (1983), incorporating Cramér-von Mises statistics; Csorgo &
Heathcote (1987), based on the empirical characteristic symmetry function;
Schuster & Barker (1987), involving bootstrapping samples from the symmetric

distribution closest to the empirical distribution function.
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The development of methods for testing circular data for symmetry has been
nowhere near as extensive. In addition, the situation on the circle is somewhat
more involved as, due to its compactness and the isometries of rotation and
reflection, “symmetry” is not uniquely defined. Consequently, there are three,
rather than two, types of procedure associated with symmetry. The first, that for
testing for [-fold, or cyclic, symmetry, has no equivalent on the line. Jupp & Spurr
(1983) introduced rank based procedures which can be used to test for this form of
symmetry. The second type of procedure is designed for testing for reflective
symmetry about a specified or known centre. An in-depth treatment of procedures
of this type is reserved until Chapter 5.

It is the third and arguably most important type of procedure, designed to test
the null hypothesis of reflective symmetry about an unknown central direction,
henceforth H, against the alternative hypothesis of an asymmetric parent
population, which we consider at length in the present chapter. Despite the fact
that, as Mardia (1972, p. 10) states, “symmetrical distributions on the circle are
comparatively rare”’, the investigation of this pair of hypotheses has received
virtually no attention in the literature. This oversight can perhaps best be
explained by the dominating theoretical role of the von Mises distribution in the
analysis of circular data and the tacit assumption of symmetry associated with its
use.

Fisher (1993, Section 4.2) introduces an exploratory graphical technique for
assessing whether a unimodal distribution is symmetric. He also suggests, p. 80,
that a formal test of H, can be based on a standard test for linear data, such as the
Wilcoxon signed-rank test, with the unknown centre of symmetry estimated by the
sample median. However, it is inappropriate to apply such tests in this way as they
are no longer non-parametric when the centre of symmetry has been estimated, the
significance level and power generally being considerably lower than their nominal
levels; see, for example, Gastwirth (1971).

Of course, if the data being analyzed are distributed over a reduced arc of the
circle then H, can be tested using any one of the linear tests referred to previously,
after first applying a suitable rotation to the data and unwrapping them to the line.
However, if the data cover a sizeable arc of the circle then these tests cannot be
employed as the statistical summaries and distribution theory upon which they are

based no longer apply. Thus there is a genuine need for procedures which can be
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employed to test truly circular data, covering a substantial arc of the circle, for

reflective symmetry about an unknown central direction.

4.3 A Large-sample Omn_ibus Test for Circular Reflective

Symmetry About an Unknown Central Direction

Our omnibus test of H, is based on the asymptotic results for the sample second

sine moment about the mean direction, 172 , given in Theorem 3.1 of Chapter 3. We

note that the statistic l;?_ had previously been proposed by Cox (1975) as the basis
of a test for skew departures from the von Mises distribution.

For a distribution which is reflectively symmetric about a central direction ¢ we
have f(@)= f(2¢—-0) and, clearly, f(8) is also symmetric about ¢+7. If, in
addition, p#0 then ¢ =¢ and E(I;2 )= 0. An estimate of the variance of b, in

this context can be obtained using the expression for var( 52 ) in (3.3.2) with Bz =0
— . . - _ 13 —
and p and @, replaced by their plug-in estimates, R and a, = —Zcos p@ -0),
n o

respectively. Thus an asymptotically distribution-free test of H, can be based on the

studentized statistic
b, [var(s,)}", 4.3.1)

where

. - 1l1-a, .. 2a (. aqa-a)
var(b, ) n[ 2 “2TR {% R H

which is implicitly assumed to be positive. Large absolute values of (4.3.1)
compared with the quantiles of the standard normal distribution lead to the

rejection of symmetry in favour of some skewed alternative.

Given the assumption of Theorem 3.1 that o€ (0, 1), our test can be used with
data from most, but not all, underlying distributions. The condition that
p #0 excludes the uniform distribution and certain multimodal distributions. The
latter include all multimodal distributions which are either cyclically symmetric, or
have more than one axis of reflective symmetry, or both. However, if it is thought

possible that © =0 for some underlying multimodal distribution, and the number

of modes, m, of the distribution can be established beforehand, then the test can be
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applied after first employing the device of m-fold wrapping of the circle onto itself
(see Mardia & Jupp 1999, p. 53). This device consists of multiplying each data
value by m, by so doing producing a sample from a distribution with a uniquely

defined central direction. In fact this procedure can be used with data from any

form of multimodal distribution, and so if there is any doubt as to whether p #0 it

would be advisable to apply the test to both the original data and to the wrapped
data and compare results. Turning our attention to the uniform distribution, it is
the unique distribution which is invariant under both isometries of reflection and
rotation. Isotropy plays such a central role in the analysis of circular data that
numerous methods are available for testing for it (see Mardia & Jupp 1999,

Chapter 6). The other extreme, when p =1, corresponds to the pathological case of

a point distribution.

4.4 The Operating Characteristics of the Test

When assessing the performance of a test of symmetry there are two general
requirements which it should meet. Firstly, it should be able to maintain the
nominal significance level over a wide range of symmetrical distributions. Secondly,
it should be powerful against asymmetric alternatives. In Section 4.4.1 we consider
the asymptotic power of the test. Results for the small-sample operating

characteristics of the test are presented in Section 4.4.2.

4.4.1 The Asymptotic Power of the Test
Using the results of Theorem 3.1, under H, the asymptotic distribution of I_); is

normal with E (172 )= 0 and

Varo(l_y_2 )= ll:l—a“ - 2@, + 2% {c—xs +J__)a2 I-a, H ,
n P

2 p

assuming var, (52 ) to be positive. If the parent population is asymmetric then the

asymptotic distribution of 1;2 is again normal but with

E, (52 )= Bz +l(—ﬁ—3—£22+—2(72432 J
nfp p p

and
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A |
nl 2 p 0

assuming var, (52 )to be positive. It therefore follows that for a significance level of

100 ¢ % the asymptotic power of the test is

anan (B, ) £ (5)] [-apfon @)W -£G)]

fan " | far, (5, )

The form taken by (4.4.1) as a function of p is exhibited in Section 4.4.2.4.1 for a

1-9

range of skew parent populations.

4.4.2 Monte Carlo Investigation of the Small-sample Operating
Characteristics of the Test

In order to assess the test’s ability to maintain the nominal significance level for

symmetric parent populations, and its power against asymmetric alternatives, we

conducted a simulation study using a range of underlying unimodal distributions

with mean direction the origin.

4.4.2.1 Symmetric Models

Four symmetric distributions were used in the study, the first three being the
wrapped normal, wrapped Laplace and wrapped Cauchy distributions. On the line,
the unwrapped versions of these distributions are classified as being symmetric
short, medium and heavy-tailed, respectively. The fourth was a mixture
distribution having wrapped normal and uniform components, the former with
standard deviation set equal to 0.4590. The properties of the wrapped normal and
wrapped Cauchy distributions are well known; see, for example, Mardia & Jupp
(1999, pp. 50-52). As the other two distributions are new to the literature, we
briefly review those of their basic properties most relevant to this and the next

chapter.

4.4.2.1.1 Fundamental Properties of the Wrapped Laplace Distribution
Consider the (linear) double exponential random variable X, centred at the origin,

with probability density function
f(x;ﬂ)=%exp(—/1|x|) A>0,—0< x<oo,

and characteristic function
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12
A+

l//x(t)z

Then the probability density function of 8 = X (mod 2ﬂ') is

f(t9;ﬁ)= % iexp(— ZIH + 27Zkl),

k=-co

and its characteristic function {1//9, ,iP= O,il,...} is given by

12
l//&p - JE +p2 :

As the distribution is symmetric about 0, it follows that u =/ =0, where f
denotes the median direction. Also, f,=0, a,=w,,, and thus

12

p=a, =X / (1 + A ) Inverting this last expression, we obtain A ={p/(1- p)}"".

4.4.2.1.2 Fundamental Properties of the Wrapped Normal and Uniform Mixture
Distribution

Let @be a circular random variable with probability density function
1
f(g;%pmv)z q fWN(H;pWN)+ (1_ Q)E ’

where fWN(G;pWN) denotes the density of the wrapped normal distribution with

mean direction 0 and mean resultant length p,, =e *° . Then @ has a mixture

distribution with wrapped normal and uniform components and mixing proportions
ge [O, 1] and (l—q). Thus, its distribution is a special case of the symmetric
wrapped stable — circular uniform mixture family considered by Sengupta & Pal

(2001). When g =1 the density reduces to that of the wrapped normal component,

and when ¢ =0 @is a circular uniform random variable. We can write,

f(g;qapwzv)z'\/%'kz exp{_(g;' 227[]() }+ (lz;q).

(o)
Once again, as the distribution of 8 is symmetric about 0, £ =7 =0 and S , =0

Also, &, =V, with ¥, , =1 and, for p =£1,12,...,
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a, = E(cos pf)= q_[cosp@ fWN(G pWN)dl9+( Jcosp@ do

= quzv-
Hence, the mean resultant length for § p, equals o, =qp,, = qe-%az. For the

specified value wused in our simulation study of o= 0.4590, and

pE [0, e_%az] = [0, 0.9], ¢ = p/ e'%oz. Thus, as p ranges between 0 and e_%az, the

distribution of @ varies between being that of a uniform random variable and that

of a wrapped normal random variable, the latter with mean direction 0 and mean

resultant length e_az/ >~ 0.9. Consequently, the heavy-tailedness of the

distribution depends on p.
Linear plots of the densities of the four symmetric distributions considered in
the simulation study are given in Figure 4.1. The densities shown correspond to the

respective distributions for a mean resultant length of 0.45.
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Figure 4.1 Linear plots of the symmetric densities used in the simulation study,
with 4 = 0 and p = 0.45: a) wrapped normal, b) wrapped Laplace, ¢) wrapped
Cauchy, d) wrapped normal and uniform mixture. The dashed vertical lines
delimit the bounds -7 and 7.
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4.4.2.2 Asymmetric Models
As asymmetric models we used the wrapped exponential distribution and three

cases of the wrapped skew-normal distribution on the circle (WSNC) of Pewsey

(2000Db), the latter with values of the associated skewness parameter, A, of 2, 5 and
oo, The wrapped exponential distribution is new to the literature and so in Section

4.4.2.2.1 we provide a brief summary of its basic properties. Also, in Section
4.4.2.2.2, we outline those properties of the WSNC distribution most relevant to
this and the next chapter, a full treatment of the distribution being given in

Chapter 6.

4.4.2.2.1 Fundamental Properties of the Wrapped Exponential Distribution

Consider the (linear) exponential random variable X, with probability density

function
f(x2)=Aexp(- Ax) A>0,x>0,
and characteristic function
A A+ik
vy (1)= A—it R+

The circular random variable 8 = X (mod 2n’) has probability density function

f(6;4)= ﬂgexp{— A0 +27k)}

and characteristic function {1//6, p D= O,il,...} given by

A +ilp

lllevp = A‘Z_I_pz )

Thus, o, = /12/(/12 + pz) and f,=4 p/()tz +p° ) The mean direction is given by
U= tan”( B/, )= tan(1/4), and the mean resultant length is

o= {af + 3} }l/ ? = A/ ( 1+ A4 )]/2. For a specified value of p the corresponding value

of Aisthus A=p / (1 -p° )1/2. The median direction, j, is such that

fi+rm
1

if(e;l) dg=>.

As
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[£(6:4)d6 = J.i/lexp{— (0 +27k)} 6

8

Zjﬂexp{ A6 +27k)} d6

oo

—; expf-A(0+27k)} + C,

then
g+ oo oo
If(@;xl) dé = 2 expf- A + 7 + 27k )} 2 exp{- A( fi + 27k )}
i k=0 k=0
— e—/l,u {(1 e—;rl )ie—zﬂk}
k=0
It follows that

4.4.2.2.2 Fundamental Properties of the Wrapped Skew-normal Distribution on the

Circle
We show in Section 6.4 of Chapter 6 that if the SND(f,n,/l) distribution is

wrapped onto the circle then the mean direction and mean resultant length of the

resulting wrapped skew-normal distribution on the circle are given by

= tan' [ {sin& + 3(5n)cosé } /{cos & — 3(5n)siné }H (4.4.2)

and

p=0{1+3*@En)"”, (4.4.3)
where 0 = ﬂ/(l + /12)1/2, w=e" andforx>0, 3(x)= J.beéuzdu , 3(-x)=-3(x) and
0

b= (2/7[)1/ 2. For given values of A and p, one can use (4.4.3) to solve numerically for
n. From (4.4.2), when ¢=0, the mean direction, g,, is given by
U, =tan"{3(6n)}. Thus, fof a general value of & u =&+ p, (mod27). It follows
that £ =—u, when y=0.

For specified values of A and 7, and & =0, the median direction, #,, can be

obtained using numerical methods as the solution to
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%J 20 [6+27sz {/{mﬂznk]}de:%

For a general value of & the median direction, /I, is then given by

g=E+ 1, (mod 27). Tt follows that when =0, &=-

Linear plots of the densities of the wrapped exponential distribution and the
wrapped skew-normal distribution with A = 2, 5 and « are given in Figure 4.2. The
four densities correspond to the respective distributions with p = 0.45 and mean
direction 0. As can be seen from this figure, the distribution with A = 2 is only

moderately skew, while A =eo corresponds to the highly skew wrapped half-normal

distribution. The wrapped exponential distribution is even more skew.

fix)
f(x)

x (radians)

f(x)
flx)

T
-3 -2 -1 1} 1 2 3
x (radians) x (radians)

Figure 4.2 Linear plots of the asymmetric densities used in the simulation study,
with 4 = 0 and p = 0.45: a) wrapped exponential, b) wrapped half-normal, c)
WSNC (A=5), d) WSNC (1=2). The dashed vertical lines delimit the bounds -7 and

7.
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4.4.2,3 Further Design Features of the Simulation Experiment

The two operating characteristics of the test were explored for sample sizes of 20,
30, 50, 100, 200 and 500, and, except for the mixture distribution, p-values of
0.1(0.05)0.95. For the wrapped normal and uniform mixture distribution the
maximum p-value was set at 0.9, close to its maximum possible value (see Section
44.2.1.2). The empirical size and power values were calculated using 3000
simulated samples for each distribution, sample size and p combination. The

nominal significance levels investigated were 10%, 5% and 1%.

4.4.2.4 Results

In the following two subsections we present results for the two operating
characteristics of the test separately. Only the results for a nominal significance
level of 5% are given, the general conclusions arising from them also being
representative of those for the other two significance levels investigated in the

simulation study.
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Figure 4.3 Estimated size of the test for the: a) wrapped normal, b) wrapped
Laplace, ¢) wrapped Cauchy, d) wrapped normal and uniform mixture
distributions. Sample sizes represented are: — —— —— (n=20);— — —(n=50);, —
+ — (n = 100); ——— (n = 500). The dotted horizontal line delimits the nominal

significance level of o= 0.05.
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4.4.2.4.1 Ability to Maintain the Nominal Significance Level

Figure 4.3 displays the results for this operating characteristic of the test. We have
omitted the results for sample sizes of 30 and 200 from the four plots making up
this figure so as not to obscure their content. As each empirical result represented
in these plots was obtained from 3000 simulated samples, the standard error of any
such result is approximately 0.004. From a consideration of the plots we observe
that the test is generally conservative for small sized samples. As might be
expected, the test’s ability to hold the nominal significance level improves with
increasing sample size and concentration of the parent population. The results for
the mixture distribution portrayed in Figure 4.3d are somewhat discordant with
those in the other three plots,_ as they indicate that the test is non-conservative for

certain sample size and p combinations. For this parent population, the test’s non-

conservatism appears to increase with sample size and diminishing concentration.

Power
Power
o
(5.

1

0.3
0.2
01 ST

0 T T T T T T T T T 0_1 T T T T T T T 1
01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09
' Rho Rho
b) d)
1.0 q 1.0
0.9+ / 0.9
0.8+ 0.8
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) : 1)
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Figure 4.4 Theoretical asymptotic power (- - - - ) and empirical power ( ) of

the test for the: a) wrapped exponential, b) wrapped half-normal, ¢) WSNC (4=5),
d) WSNC (4=2) distributions. The six curves of each type correspond to sample
sizes of 20, 30, 50, 100, 200 and 500, the power increasing with sample size. The
dashed horizontal line delimits the nominal significance level of a = 0.05.
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4.4.2.4.2 Power Against Skew Alternatives

The empirical power results for the test are displayed in Figure 4.4. For this figure,
the standard error of any result represented is, at most, 0.009. Also included in the
four plots making up this figure are the corresponding theoretical asymptotic power
functions calculated using (4.4.1). It can be seen that there is reasonable agreement
between the two sets of power curves for moderate to large sized samples from
moderately skew parent populations which are not highly dispersed or highly
concentrated. The disparities between the theoretical and empirical power curves
are greatest for the more skew parent populations and the extremes of the
concentration scale. Regarding this last point, we note that the theoretical results
upon which the new test is based do not apply for the extreme values of p of 0 and
1. As is to be expected, the true (empirical) power of the test increases with
increasing sample size. The vpower also increases with o before reaching a
maximum and subsequently decreasing as p increases further. This deterioration

in power is particularly abrupt for moderately sized samples from highly skew

parent populations. Of course, p =1 corresponds to a point distribution and for

such a distribution b—2 is identically zero.

4.5 Randomization and Bootstrap Versions of the Test
The device of symmetrizing a sample introduced by Efron (1979) can be used to
define randomization and bootstrap versions of the test based on the pivotal

statistic (4.8.1). This device produces a symmetric sample of size 2n by augmenting

the original sample with the values 2(5 -6, , where 45 is an estimate of the central

~

direction. Two obvious estimates of ¢ are & and the sample median direction, 6,

the latter obtained by minimizing the sample circular mean deviation,

1 n
d(q))zﬂ_zzlﬂ_‘e" —qo”. The former is an appropriate estimate so long as
i=1

p #0, it is relatively easy to compute and is the choice favoured by Fisher (1993,

p- 205). Use of ] requires the assumption that the median direction is unique and

equal to ¢. Whilst this will be the case for a symmetric unimodal distribution, it

may not be for a multimodal distribution. The precise conditions required to ensure

uniqueness of the median direction are specified by Purkayastha (1995). The

105



Chapter 4 - Testing for Circular Reflective Symmetry About an Unknown Central Direction

robustness of & and 8 has been studied by Lenth (1981), Ko and Guttorp (1988),

and He & Simpson (1992). This work shows that @ is the more robust, although

Fisher (1993, p. 72) contends that the conditions under which there is likely to be
any great improvement in performance are unlikely to be encountered with real
data.

Once a symmetrized sample has been produced, randomization and bootstrap
samples can be generated from it and fed into their respective testing frameworks.

Here a randomization sample is formed by sampling an element at random from
each of the n pairs (6, ,2¢3——6’i ), whereas a bootstrap sample is generated by

sampling n elements at random and with replacement from the symmetrized
sample. For small samples “exact” tests can be carried out using complete
enumeration of the resampling distribution. For larger samples, the variance
reduction technique of balanced resampling can be employed if the storage of large
arrays is not a problem. The hypothesis H, is rejected if the value of (4.3.1) for the
original sample is judged to be extreme when compared to its resampling

distribution.

4.6 A Comparative Monte Carlo Experiment

In order to compare the small-sample properties of the large-sample version of the
test with those of its randomization and bootstrap counterparts, we carried out a
small scale simulation experiment. The experiment was based on the same
unimodal distributions as employed in the Monte Carlo study of Section 4.4.2.
However, given the vast increase in computer time required to implement the
randomization and bootstrap versions of the test, only three p-values were
considered: 0.2, 0.45 and 0.7. The sample sizes explored were 10, 20, 30, 50 and
100. For each distribution, p and sample size combination, we simulated 3000
samples. In turn, for each one of these samples, 2000 basic bootstrap and 2000

randomization samples of the same size were generated from the associated
symmetrized sample, with either 8 or 7] being used as an estimate of ¢. The
nominal significance levels investigated were 10%, 5% and 1%.

The results obtained from the study are summarized in Tables 4.1 and 4.2.

Again, we present only those results for a nominal significance level of 5%, these

being representative of the results for all three significance levels considered. From
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Chapter 4 - Testing for Circular Reflective Symmetry About an Unknown Central Direction

Table 4.1 it can be seen that the randomization versions of the test tend to be non-
conservative, particularly for small p. We also observe that the ability of the test to
maintain the nominal significance level is improved by bootstrapping, particularly

for small p. Overall, the bootstrap version of the test with 6 used to symmetrize

samples is identified as maintaining fhe nominal significance level best. However,
there would appear to be little advantage gained from using computer intensive
methods for samples in excess of 30 if p is moderately large.

From Table 4.2 we observe that the randomization versions of the test are
consistently the most powerful. Nevertheless, their use is not to be recommended
due to the fact that, as has been established previously, these versions of the test

are generally non-conservative. Of the remaining three variants, the bootstrap

version with 6 used to symmetrize samples is once more identified as having best

overall performance. If the results for this bootstrap version of the test are
compared with those for its large-sample counterpart, it can be seen that the
largest gain in power resulting from bootstrapping is 7%, corresponding to a
sample size of n = 20. As is to be expected, the gain in power resulting from using

the bootstrap is generally greatest for small sized samples.

4.7 Examples
In this section we apply the large-sample and bootstrap versions of the test in the

analysis of seven data sets taken from the circular statistics literature.

4.7.1 Azimuths of Palaeocurrents in the Belford Anticline

Fisher (1993, pp. 80-81) tests for the reflective symmetry of 30 cross-bed azimuths
of palaeocurrents measured in the Belford Anticline in New South Wales, taken
from Fisher & Powell (1989). The data are reproduced in Table 4.3 and represented

in the form of a raw circular plot in Figure 4.5.

Table 4.3 Ordered cross-bed azimuths, measured in a clockwise direction from
north (in degrees), of 30 palaeocurrents in the Belford Anticline, New South
Wales, Australia.

166 177 177 186 214 215 224 224 229 229 232 239 241 242 245 245
260 254 257 257 267 272 277 281 287 290 294 301 315 329
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The analysis of these data given by Fisher is flawed on two counts. Firstly, it
makes use of the Wilcoxon signed-rank test after the median direction has been
estimated, and secondly, the value of the test statistic, its associated significance
probability and the conclusion are awry. The correct p-value for the Wilcoxon test is

in fact 0.704, corresponding to a value of the test statistic of 0.38.

Figure 4.5 Raw circular plot of the cross-bed azimuths of Table 4.3.

For these data the values of R and the bias-corrected estimate of o calculated
using (3.4.1) both equal 0.78 to two decimal places. Using (3.5.4) and (3.5.5), 95%
confidence intervals for p are, to the same accuracy, (0.68, 0.87) and (0.69, 0.88),

respectively. Whilst these estimates correspond to the region of concentration for
which the test is relatively powerful, given the small size of the sample, we would
not expect the absolute power of the test to be high. In fact, the p-valﬁe for the
large-sample version of the test was found to be 0.603, and that for the bootstrap
version, 0.668. Thus, neither version of the test provides evidence to reject the
hypothesis of underlying reflective symmetry. In this and all subsequent references
to the bootstrap version of the test, the number of replications used was 2000. Also,

in keeping with our findings from the simulaton study of Section 4.6, the sample

mean direction, 8, was used throughout to symmetrize samples.

4.7.2 Vanishing Angles of Mallard Ducks
Table 1.1 of Mardia (1972, p. 3) reproduces grouped data on the vanishing angles of
714 non-migratory British mallards, taken from Matthews (1961). Over a period of

a year, the ducks were taken under sunny conditions from Slimbridge in
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Gloucestershire to various sites at distances of between 30 km and 250 km away.
When released, the bearing corresponding to the direction at which each bird
disappeared from view, the so-called “vanishing angle”, was recorded. The bearings
were measured clockwise from north. The data as given by Mardia are summarized

in Table 4.4. A linear histogram of the data is given in Figure 4.6.

Table 4.4 Vanishing angles (in degrees) of 714 non-migratory British mallards.

Direction Number of Direction Number of
ducks ducks
[0-20) 40 [180-200) 3
[20-40) 22 [200-220) 11
[40-60) 20 [220-240) 22
[60-80) 9 [240-260) 24
[80-100) 6 [260-280) 58
{100-120) 3 [280-300) 136
[120-140) 3 [300-320) 138
[140-160) 1 [320-340) 143
{160-180) 6 [340-360) 69
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Figure 4.6 Linear histogram of the mallard data of Table 4.4.

Mardia (1972, p. 10) describes the distribution of the data as being “somewhat
symmetrical”’, whilst Mardia & Jupp (1999, p. 5) classify it as being “fairly
symmetrical”. Without allowing for grouping in any way, and simply centering the

observed frequencies in the middle of their respective class intervals, both the

value of R and the bias-corrected estimate of p calculated using (3.4.1) equal 0.72
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to two decimal places. The 95% confidence intervals for p, calculated using (3.5.4)
and (3.5.5), are also the same to two decimal places, corresponding to the interval
(0.68, 0.75). Given these estimates of p and the large size of the sample, we would
not expect the bootstrap version of the test to be any more powerful than the large-
sample version. However, as the sample size is so large, we would expect the test to
have considerable power. For these data the p-value for the large-sample version of
the test is actually 0.124. Thus there exists, in fact, weak to no evidence that the

underlying distribution is not reflectively symmetric.

4.7.3 Thunder at Kew

Table 1.3 of Mardia (1972, p. 8) presents grouped data on the frequencies of
thunder recorded at Kew during the summers of 1910-1935 for twelve two hour
periods of the day. The data were adapted from Bishop (1947). In Table 4.5 we
reproduce the data as presented by Mardia. Figure 4.7 provides a graphical

representation of the equivalent angular data in the form of a linear histogram.

Table 4.5 Frequencies of occurrence for the 725 occasions on which thunder was
recorded at Kew during the summers of 1910-1935.

Time Equivalent Frequency Time Equivalent Frequency
(G.M.T.) Angle (G.M.T.) Angle
{Degrees) (Degrees)
[00-02) [0-30) 26 [12-14) [180-210) 133
[02-04) [30-60) 24 [14-16) [210-240) 149
[04-06) [60-90) 14 [16-18) [240-270) 122
[06-08) [90-120) 15 [18-20) [270-300) 80
[08-10) [120-150) 14 [20-22) [300-330) 61
[10-12) [150-180) 65 [22-24)  [330-360) 22

Mardia (1972, p. 10) describes the distribution of these data as being “slightly
asymmetrical”’. Again, without allowing for grouping, and employing the same

device of centering the observed frequencies referred to in the previous example,
the value of R and the bias-corrected estimate of p both equal 0.52 to two decimal
places. The bias-corrected and non-bias-corrected 95% confidence intervals for p are
also the same to two decimal places, the common interval being (0.48, 0.57). Whilst

these estimates of p correspond to an underlying distribution which is quite
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_dispersed, the sample size of 725 is very large, and hence we would expect the
ability of the test to detect asymmetry to be high. We would also expect little
benefit to accrue from applying the bootstrap version of the test. In fact, when the
large-sample version of the test is applied to these data the p-value obtained is zero

to four places of decimal. Thus, our test emphatically rejects underlying reflective

symmetry.
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Figure 4.7 Linear histogram of the frequencies of thunder at Kew of Table 4.5.

4.7.4 Excessive Rainfall in the USA

Mardia (1972, p. 8) presents, in his Table 1.4, grouped data on the monthly
frequencies of rainfall in excess of 1” or more per hour in the USA for 1908-1937,
taken from Dyck & Mattice (1941). The frequencies we consider here are those
adjusted for length of month. A summary of these adjusted frequencies is given in

Table 4.6, and in Figure 4.8 we represent their distribution in the form of a linear

histogram.
Again, Mardia (1972, p. 10) describes these data sets as being “slightly
asymmetrical”. As the data are grouped, we proceed as in the previous two

examples and base our analysis on the centred observed frequencies. For these
centred data, the value of R and the bias-corrected estimate of p both equal 0.55 to
two decimal places. The bias-corrected and non-bias-corrected 95% confidence
intervals for p are also identical to two decimal places, giving the interval (0.54,
0.57). As in the previous example, these estimates correspond to relatively small
values of p. However, the sample size of 7235 is enormous and consequently we

would expect, firstly, the power of the test to be very high and, secondly, the power

of the large-sample and bootstrap versions of the test to be similar. In fact, for
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these data, the p-value for the large-sample version of the test is, to four decimal

places, 0.0004, and so once again we emphatically reject underlying reflective

symmetry.

Table 4.6 Adjusted monthly frequencies for the 7235 occasions on which
precipitation of 1” or more per hour occurred in the USA between 1908 and 1937.

Month Equivalent Frequency
Angle (Adjusted)
(Degrees)
January [0-30) 101
February [30-60) 104
March [60-90) 231
April [90-120) 406
May [120-150) 683
June [150-180) 1225
July [180-210) 1475
August [210-240) 1381
September [240-270) 907
October [270-300) 382
November [300-330) 195
December [330-360) 145
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Figure 4.8 Linear histogram of the rainfall data of Table 4.6.

4.7.5 Upper Kamthi River Cross-bed Azimuths

As a last example of a large data set, we consider a sample of grouped data

introduced to the literature by Sengupta & Rao (1966). The data consist of the

azimuths of 580 cross-beds in the upper Kamthi river in India. The grouped
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frequencies for this set of data are reproduced in Table 4.7 and represented

graphically in the form of a linear histogram in Figure 4.9.

Table 4.7 Azimuths (in degrees) of 580 cross-beds in the upper Kamthi river,

India.
Azimuth Frequency Azimuth Frequency
(degrees) (degrees)
[0-20) 75 [180-200) 0
[20-40) 75 [200-220) 21
[40-60) 15 [220-240) 8
[60-80) 25 [240-260) 24
[80-100) 7 [260-280) 16
[100-120) 3 [280-300) 36
[120-140) 3 [300-320) 75
[140-160) 0 [320-340) 90
[160-180) 0 [340-360) 107
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Figure 4.9 Linear histogram of the cross-bed azimuths of Table 4.7.

Mardia (1972, p. 10) describes the distribution of these data as being
“asymmetrical”. Once more, as the data are grouped, we base our analysis on the

observed frequencies centred in the middle of their respective class intervals. For
the resulting sample, the value of R and the bias-corrected estimate of p both
equal 0.66 to two decimal places. The 95% confidence intervals for p, obtained

using (3.5.4) and (3.5.5), are also identical to two decimal places, the common
interval being (0.62, 0.70). Again, these estimates correspond to relatively small

values of 0, but as the sample size is 580 we would expect the test to be powerful.
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For such a large sample size one would also expect the power of the large-sample
and bootstrap versions of the test to be similar. It transpires that for these data the
p-value for the large-sample version of the test is, to four decimal places, 0.0014,
and so once more we have overwhelming evidence that the parent population is
asymmetric. This result partly explains why Sengupta & Rao (1966) found a

significant lack of fit when they modelled these data using a von Mises distribution.

4.7.6 Directions of Creek Flow

Fisher (1993, p. 252) presents data on the direction of creek flow at the nearest
point to the nests of 50 noisy scrub birds. We reproduce the data values in Table 4.8
and represent their distribution using a raw circular plot in Figure 4.10. The plot
gives the impression of a bimodal underlying distribution which is potentially

reflectively, but not cyclically, symmetric.

Table 4.8 Ordered directions of creek flow (in degrees) at the nearest point to the
nests of 50 noisy scrub birds.

30 90 105 105 105 110 110 125 125 125 125 125 130 130 130 135 135 140
140 140 140 140 145 160 160 160 160 200 200 200 205 215 215 215 225 230
230 240 240 240 240 240 240 250 250 250 250 250 295 295

Figure 4.10 Raw circular plot of the creek flow data of Table 4.8.

The mean resultant length and bias-corrected estimate of o for these data are

0.55 and 0.54, respectively. In addition, the bias-corrected and non-bias-corrected

95% confidence intervals for p are (0.43, 0.64) and (0.44, 0.65), respectively. Whilst
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in our Monte Carlo studies we did not investigate the power of the different

versions of the test for bimodal distributions, given the results for the unimodal
distributions and for sample sizes and p-values closest to those for this data set, we

would not expect either the large-sample or bootstrap versions of the test to be
particularly powerful. In fact, for this sample, the p-values for these two variants of
the test were found to be 0.483 and 0.471, respectively. Thus, both versions of the
test tend to confirm our earlier impression of an underlying distribution which is

reflectively symmetric.

4.7.7 Orientations of Turtles After Egg Laying

In this, our last, example we consider Gould’s oft studied turtle data, originally
cited in the statistical literature by Stephens (1969). The angles making up the
sample correspond to the directions taken by 76 turtles after egg laying. These
orientations are given in Table 4.9 and represented in the form of a raw circular

plot in Figure 4.11.

Table 4.9 Ordered orientations, measured in a clockwise direction from north (in
degrees), of 76 turtles after egg laying.

8§ 9 13 13 14 18 22 27 30 34 38 38 40 44 45 47 48 48
48 48 50 53 56 57 58 58 61 63 64 64 64 65 65 68 70 73
78 78 78 83 83 88 88 88 90 92 92 93 95 96 98 100 103 106

113 118 138 153 153 155 204 215 223 226 237 238 243 244 250 251 257 268
285 319 343 350

Figure 4.11 Raw circular plot of the turtle data of Table 4.9.
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From the circular plot we see that the distribution of the data is bimodal with
what appear to be two diametrically opposed modes. Hence, whilst the majority of
the turtles move in directions about the primary modal direction, a minority move
in directions roughly opposite to those making up the primary mode. It would
appear that the underlying distribution could well be reflectively symmetric, but is
certainly not 2-fold, that is antipodally, symmetric. The value of R and the bias-
corrected estimate of p for these data are 0.50 and 0.49, respectively. The 95%

confidence intervals for p, obtained using (3.5.4) and (3.5.5), are identical to two

decimal places, the common interval being (0.34, 0.65). Given these estimates of p

and the moderate size of the sample, we would not expect the test to be particularly
powerful. Nor would we expect there to be any great difference between the powers
of the large-sample and bootstrap variants of the test. Applying these two versions
of the test, we found their corresponding p-values to be 0.744 and 0.758,
respectively. Hence, according to both versions of the test, these data provide no
evidence against underlying reflective symmetry. If, unnecessarily in this case, the
device of m-fold wrapping of the circle is applied, i.e. under the assumption of
antipodal symmetry we double each data value, then the p-values for the same two

versions of the test are found to be 0.655 and 0.671, respectively.

4.8 Summary and Directions for Future Research
In this last section of the chapter we summarize the main issues which have been
addressed within it so far, and outline some potential avenues for future related

research.

4.8.1 Summary

In this chapter we have addressed the testing of circular data for reflective
symmetry about an unknown central direction, against asymmetry. We reviewed
the background to the problem in Section 4.2 and proposed a new large-sample
omnibus test in Section 4.3.

The operating characteristics of the test were explored in Section 4.4. In Section
4.4.1 we gave the theoretical asymptotic power of the test, whilst in Section 4.4.2
we presented results from a Monte Carlo experiment designed to explore the test’s
ability to maintain the nominal significance level and its power. In the latter

section we also compared the theoretical and empirical power of the test for four
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parent populations of varying skewness. The new test was found, in general, to be
conservative, its ability to maintain the nominal significance level improving with
increasing sample size and concentration of the underlying distribution. For a

finite fixed sample size, the power of the test as a function of o tends to improve

with increasing concentration before reaching a maximum and subsequently

diminishing as p approaches its limiting value of 1. For p=1, of course, b, is

identically zero. .

When describing the backgrdund to the Monte Carlo study of Section 4.4.2 we
also presented results for the fundamental properties of three models which are
new to the literature: the wrapped Laplace distribution, a wrapped normal and
uniform mixture distribution and the wrapped exponential distribution.

Randomization and bootstrap versions of the test were introduced in Section 4.5.
In Section 4.6 we presented results obtained from a further simulation study
conducted in order to compare the operating characteristics of these new versions of
the test with those of the original large-sample version. On the basis of the

admittedly limited results.from this study, the bootstrap variant of the test, with

0 used in the symmetrization of the data, was identified as the version of the test

with best overall >performance. However, for samples of size 30 or more, drawn from
parent populations which are not highly dispersed, the improvement in
performance of the bootstrap version of the test over its large-sample counterpart is
only very marginal.

Finally, in Section 4.7, we illustrated the use of the large-sample and bootstrap
versions of the new omnibus test, presenting analyses of seven data sets taken from

the circular statistics literature.

4.8.2 Directions for Future Research
The test procedures developed in this chapter follow naturally from the use of 172

as a fundamental measure of circular skewness. Our derivation of the large-sample
version of the omnibus test therefore parallels closely that used by Gupta (1967) in
deriving an analogous test for linear data based on the coefficient of skewness

g, =m, / mg/ 2. However, l_7_2 is only one amongst a range of measures which might

be used as the basis of a test for symmetry about an unknown central direction. In
this regard, a set of tests which suggests itself for future investigation is that

formed by the circular analogues of procedures which have been found to be

119



Chapter 4 - Testing for Circular Reflective Symmetry About an Unknown Central Direction

powerful tests of symmetry for linear data. The findings of Cabilio & Masaro (1996)
are highly relevant in terms of the identification of the members of this set. These
two authors used Monte Carlo methods to compare the small-sample operating
characteristics of numerous tests of symmetry about an unknown centre. Of the
3tests considered by them, the three tests which performed best were: a test
proposed by them based on the difference between the sample mean and median;
the test of Boos (1982) based on a minimum Cramér-von Mises distance
characterization of a variant of thé Hodges-Lehmann location estimator; the test of
Finch (1977) based on the relative magnitude of the gaps between successive
ordered observations. However, the development of circular equivalents of the last
two of these tests would appear to be no easy task. The test of Boos (1982) uses a
location estimator based on the median of Walsh averages and this immediately
raises problems in terms of deriving an analogous circular test. The test of Finch
(1977) requires an ordering of the observations, for which, at least for circular data
distributed over the complete range of the unit circle, there is no unique circular

equivalent. The development of a test for circular data analogous to that of Cabilio

& Masaro (1996), based on the statistic & —8, perhaps suggests itself as being

potentially more tractable. Nevertheless, the use of @ raises certain practical

difficulties because, as Fisher (1993, p.35) points out, for real data the median
direction need not be uniquely defined, particularly if the data are multimodal or

isotropic. In addition, to our knowledge, nothing appears to have been published

regarding the joint distribution of 6 and . Should the distribution theory of a

test based on some pivotal statistic involving 8 -6 prove too daunting, one could
always define a computer intensive version of it in which the double bootstrap was
used to approximate the variance of 6 — g.

As we explained in Section 4.2, when the data in a sample are distributed over a
reduced arc of the circle, one can analyze them as if they were linear after applying
a suitable rotation and unwrapping them to the line. The three tests of symmetry
referred to in the previous paragraph are powerful tests whose use should be
contemplated in such a context. We note, however, that the recommendations
regarding the application of the three tests are based on their performance for data

from unimodal populations only.
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Related to this last issue, our empirical investigations of the operating
characteristics of the various versions of our test based on b, were also rather

limited. It would be of interest to explore their performance for other unimodal
distributions, as well as for multimodal distributions, and for a more complete

range of p-values. Given the experience gained from our small scale Monte Carlo

experiment, the computing resources required to conduct such an in-depth
investigation would be considerable. It would also be interesting to compare the
operating characteristics of our test with those of linear tests of symmetry, for
situations in which both can be applied. From such an investigation one could
potentially draw up recommendations for the use of the two forms of test based on
the mean resultant length of a sample. We note that an investigation along similar
lines is presented in the following chapter.

Testing linear data for symmetry about an unknown centre is well known to be a
thorny problem, the null and alternative hypotheses embracing all possible forms
of underlying distribution. It is therefore not surprising that many of the tests of
symmetry proposed in the literature have low power. The compactness of the circle
does nothing to improve matters, as most importantly it leads to the loss of the
notion of “scale”’. Consequently, as we have seen, any assessment of the
performance of a test of reflective symmetry for circular data must take account of
the concentration of the parent population. One potential means of wresting power
from where perhaps it should not be wrested is to employ an approach similar to
that advocated by Kappenman (1988), i.e. convert the problem of testing the non-
parametric hypothesis of symmetry into a parametric one, with the likelihood ratio
criterion being used to choose between a member of a rich symmetric class of
distributions and a member of a rich asymmetric class. Whilst considering that
such an approach has its merits, we have shied away from pursuing it as we view
the definition of sufficiently rich classes of circular distributions, capable of
adequately modelling the wide range of possible empirical distributions of circular
data, as being an insurmountable task. Should one be prepared to restrict one’s

attention to unimodal distributions only, such a task might appear less ambitious.
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Chapter 5 Testing for Circular Reflective Symmetry
About a Known or Specified Median Axis

5.1 Introduction

In Chapter 4 we considered procedures for testing circular data for the null
hypothesis of an underlying distribution which is reflectively symmetric about an
unspecified central direction against the alternative hypothesis of a parent
population which is asymmetric. For the most part, the present chapter is devoted
to the consideration of procedures designed for testing the null hypothesis of an
underlying circular distribution which is reflectively symmetric about a known
median axis against the alternative hypothesis that the underlying distribution is
skew. To our knowledge, nothing has previously been published regérding the
testing of this pair of hypotheses.

In Section 5.2 we review the background to testing symmetry about a known or
specified centre, in the case of data on the line, and median axis for data on the
circle. In Section 5.3 we introduce two new omnibus procedures for testing for
circular reflective symmetry about a known median axis against skew alternatives.
In addition, in Section 5.4 we describe the circular analogues of three linear tests
which can also be employed in this testing set-up.

Theoretical results for the asymptotic power of the two new test procedures are
derived in Section 5.5, and in Section 5.6 we present the details of a Monte Carlo
experiment designed to explore and compare the operating characteristics of the
two new tests and those of the circular analogues of the three linear tests. The
empirical results from this simulation study are used to establish, in Section 5.6.3,
a simple strategy for testing circular data from unimodal populations for reflective
symmetry about a known median axis against skew alternatives.

In Section 5.7 we change tack and consider the use of the two new procedures as
tests of symmetry about a specified median axis against rotation alternatives. We
derive results for the asymptotic power of the two tests against rotation

alternatives in Section 5.7.1. In Section 5.7.2 we present the details of a simulation
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study designed to compare the small-sample power characteristics of the two new
tests with those of the circular analogues of four linear tests.

In Section 5.8 we discuss the use and limitations of the various test procedures
considered in the previous sections. So as to illustrate the application of the testing
strategy developed in Section 5.6.3, in Section 5.9 we present analyses of four data
sets collected during animal orientation experiments.

The chapter closes, in Section 5.10, with a summary of its content and a brief

indication of potential lines of related future research.

5.2 Background to the Two Types of Testing Problem for Data on

the Line and Circle
In the statistical literature there exists a vast array of procedures designed for
testing linear data for symmetry when the median of the underlying distribution is
assumed to be “known” or when the centre of the distribution is “specified”. Some of
these procedures can be applied in both testing contexts, while others are designed
specifically for testing one or other of them. '

For the set-up in which the median of the underlying distribution is assumed to
be known, the relevant procedures are used to explore the hypothesis that the
parent population is symmetric about the known median against the alternative
that the underlying distribution is skew. Henceforth we refer to these procedures
as tests of symmetry about a known median against skew alternatives.

In the testing scenario in which the centre of the distribution is specified, the
underlying distribution is assumed to be symmetric and interest focuses on
whether the centre of the distribution is correctly specified or not. These latter tests
are generally referred to as tests of symmetry against location shift alternatives.
The best known tests of this type are the sign test, the one-sample Wilcoxon test
and the normal-scores test of Fraser (1957). The sign test is known to be the locally
most powerful linear rank test against location shift alternatives, as well as being
asymptotically optimum, when the underlying distribution is Laplace. Similarly,
the Wilcoxon and normal-scores tests are the locally most powerful linear rank
tests, as well as being asymptotically optimum, when the parent population is
logistic or normal, respectively. See, for example, Hijek & Siddk (1967, Section
5.1,

However, there are numerous other procedures which can be used as omnibus

tests of symmetry against location shift alternatives. Amongst these figure the test
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of Smirnov (1947) and Butler (1969) based on the Kolmogorov-Smirnov statistic,
and the tests of Orlov (1972), Rothman & Woodroofe (1972), Srinivasan & Godio
(1974) and Hill & Rao (1977) which employ various Cramér-von Mises statistics.
These empirical distribution function based procedures can also be used as tests of
symmetry about a known median against skew alternatives. So can the Wilcoxon
test, but clearly the sign test cannot usefully be applied in this testing scenario. In
recent times, a class of procedures has been developed exclusively for testing for
symmetry about a known median against skew alternatives. Cohen & Menjoge
(1988) and McWilliams (1990) independently developed a test based on the number
of runs about the known median. A modification of this test, which incorporated the
percentile modified test scores of Gastwirth (1965), was considered by Modarres &
Gastwirth (1996). Tajuddin (1994) proposed a conditional test based on the
Wilcoxon two-sample test, and Modarres & Gastwirth (1998) introduced a hybrid
test involving a combination of the sign test and a percentile modified two-sample
Wilcoxon test.

The development of equivalent procedures for testing circular data for reflective
symmetry about a known or specified median axis has received considerably less
attention in the literature. Schach (1969) considered the equivalent of tests of
symmetry about a specified median and obtained results for locally most powerful
rank procedures for testing circular data for reflective symmetry about a specified
median axis against rotation alternatives. In practice, suitably adapted versions of
the sign and one-sample Wilcoxon tests are usually employed as omnibus
procedures in this testing context; see, for example, Mardia & Jupp (1999, Section
8.2.1). These versions of the Wilcoxon and sign tests are described in Sections 5.4.1
and 5.7, respectively.

As far as we are aware, nothing has previously been published regarding
procedures for testing circular data for reflective symmetry about a known median
axis against the alternative of an underlying distribution which is skew. This is
somewhat surprising, as in the modelling of circular data interest will often focus
on whether the underlying distribution from which the data arise is symmetric
about an axis associated with the experimental set-up under consideration. For
instance, in many animal orientation experiments the variable of interest is a
circular one, namely the direction in which an animal moves in response to a
stimulus, such as a source of light, heat or sound. A basic question of scientific
interest in such contexts is whether the animals move in directions described by a

circular distribution which is symmetric about a particular axis associated with the
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orientation of the stimulus, or whether the distribution about the same axis is
skew.

Notwithstanding the above, if the data under consideration are concentrated on
a reduced arc of the unit circle then they can effectively be treated as being linear.
For the analysis of data of this type, the results from simulation experiments
reported by McWilliams (1990) and Modarres & Gastwirth (1996, 1998) are of
particular relevance. These results show that, for linear data from a wide range of
unimodal asymmetric distributions from the generalized lambda family of Ramberg
& Schmeiser (1974), the modified runs and hybrid tests of Modarres & Gastwirth
(1996, 1998) can be the most powerful, nominal 5% sized, procedures known for
testing for symmetry against skew alternatives. Thus, for data distributed over a
reduced arc of the unit circle, one would expect the circular analogues of these
procedures to be powerful tests of circular reflective symmetry about a known
median axis against skew alternatives. However, for angular data which are
distributed over a considerable arc of the unit circle, which we will call truly
circular data, one might envisage the power of such tests to be considerably lower.

In the following section we introduce two simple omnibus procedures designed to
test truly circular data for reflective symmetry about a known median axis against
skew alternatives. In Section 5.4 we describe the circular analogues of the one-
sample Wilcoxon, runs and modified runs tests which might be employed in the

same testing context. The simulation results reported in Modarres & Gastwirth
(1998) indicate that, for appropriate combinations of its parameters, ¢, , @, and p,

their hybrid test can sometimes be even more powerful than their modified runs
test. Nevertheless, we do not consider its circular analogue due to what we view as
a major shortcoming in the original specification of the test. Although Modarres &

Gastwirth (1998) offer advice on the choice of p, they only present simulation

results for the combination &= 0.05, ¢ = 0.01 and &, = 0.0404, and offer only

very imprecise advice as to how ¢, and «, should be chosen for general values of

¢. Given this lack of specification, we fear that the use of their hybrid procedure

has great potential for converting the original problem into one irrevocably

confounded by multiple testing.
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5.3 Two Asymptotically Distribution-free Procedures for Testing for

Circular Reflective Symmetry About a Known Median Axis
In this section we introduce two new omnibus procedures for testing for circular

reflective symmetry about a known median axis against skew alternatives. The
first is based on a statistic similar to b, which we used in Chapter 4 as the basis of

a test of reflective symmetry about an unknown central direction against
asymmetry. The second uses the difference between the sample mean direction and
the known median direction as a measure of skewness. As we show, both tests are

asymptotically distribution-free.

5.3.1 An Omnibus Test Based Upon the Second Sine Moment About a
Known Median Direction

In what follows we suppose that /i is a known median direction, so that a median

axis is known to pass through # and f + 7. The first of our proposed tests is based

« 1 H . ~ .
upon the statistic b, = —Zsm 2(6, - H), the sample second sine moment about the
n

i=1

median direction [. This statistic is closely related to the sample second sine

- 1 _
moment about the mean direction, b, = —Zsin 2(8, —0), used as the basis of the

i=1
test procedure considered in Chapter 4. The following theorem gives the asymptotic

distribution of b, under quite general conditions.

Theorem 5.1 Let 6,,..,0, be n independently and identically distributed
random variables from an angular distribution for which p#1 and [ is known to

be a median direction. Then, as n — o,

= EO
2
where E(b;)= B,

var(b;)=51;{1—a;‘ ~2p ¥} (5.3.2)

and a; = E{cos p(0 - i)} and ,B: = E{sin p(8 - Ji)} are the pth cosine and sine

moments of the random angle 6 about [, respectively.
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Proof Given the definition of b,, and denoting (Q. - [j) by 6, ,
E(b; )= E{sin 2(6, - 1)} = E(sin 26; )= B
and
var(b; )= —’ll—var(sin 29,.*)

= % | £(sin*20") ~{£(sin 207 )]

4 2= B(eosa }- (5

-1 0-a)- (8

- L{i-ar-2(p) )
The asymptotic normality of b, follows from the central limit theorem, and hence

we obtain (5.3.1) under the assumption that the underlying distribution of 8is not

a point distribution, i.e. p #1.

For a distribution which is symmetric about /&, f(0)= f(2i—-6) for all
fe [O, 27[) and S, =0. Of course, f(@) is also symmetric about the antipodal
direction fi +7. An estimate of the variance of b, under these conditions can be

obtained using (5.3.2) with B, =0 and o, replaced by the consistent plug-in

estimate a, = 12 cos 40, — Q).
n

i=1
Given the above, we define the following omnibus test for circular reflective

symmetry about .

The b2-star Test

Calculate the studentized statistic

by far(; )", (5.3.3)

af+)_ 1 . . . ~ .
where var(b2 )=2—-(1—a4 ) Circular reflective symmetry about # is rejected in
n

favour of an underlying distribution which is skew, at the 100¢% level, if the
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absolute value of (5.3.3) is greater than z,,, the upper a/2 quantile of the

standard normal distribution. In the sequel we refer to this procedure as the b2-

star test.

As has already been noted, for an underlying distribution which is symmetric

about i, E (b; )= ,52* = 0. However, here we make the additional observation that

for an underlying distribution which is asymmetric the expectation of b, is also 0

when f; =f,cos2fi—a, sin2fi=0, ie. when tan2fi=p,/c,. In order to
illustrate when this occurs for a highly asymmetric unimodal distribution, consider

the wrapped exponential distribution. Using the results from Section 4.4.2.2.1 of
Chapter 4, 3, =0 for the wrapped exponential distribution when

2
-—lo
2 g,

Solving numerically for A, one obtains A= 1.44337 which corresponds to

p = 0.82199. Hence, if the underlying distribution is wrapped exponential we

would expect the power of the b2-star test to be low for p-values in the

neighbourhood of 0.82199.

5.3.2 An Omnibus Test Based Upon the Difference Between the Sample
Mean Direction and the Known Median Direction

For our second test we make an additional assumption regarding the underlying

distribution, namely that the known median direction, fi, is the unique median
direction of the distribution. If this is the case then o #0 and the underlying

distribution also has a unique mean direction, . If, in addition, the parent

population is symmetric then [ =y, and, estimating u using 8, the difference

0" =0 - [i, measured as an angle in the interval [— 7[,7Z), suggests itself as a

potential measure of skewness. From Theorem 3.1 of Chapter 3 we have

E(§)=y—%+0(n‘3/2),
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Var(§)= £l_ﬂ)+ O(n‘s/2 ),

2np*

and that the asymptotic distribution of @ is normal. For a symmetric parent

population, B, =B, =0 and @&, =a,. Estimating p using R, and @, using

P - . . ey s
a, = -—z cos 2(6, — fi), then, for a symmetric underlying distribution, as n — o

i=1

2N, (5.3.4)

(@)}

5*
7
where vﬁr(§)=—172(1—a;).
2nR
Given the distributional result in (5.3.4), we define the second of our

asymptotically distribution-free tests of circular reflective symmetry about i

against skew alternatives as follows.

The Theta-bar Test
Calculate the studentized statistic

ey

o
Ww@r

Circular reflective symmetry about i is rejected in favour of an underlying

(5.3.5)

distribution which is skew, at the 100 % level, if the absolute value of (5.3.5) is

greater than z,,. In what follows we refer to this procedure as the theta-bar test.

5.4 Circular Analogues of Three Linear Tests
Circular analogues of the standard and most powerful procedures for testing linear
data for symmetry against skew alternatives can also be used to test for circular

reflective symmetry about a known median axis against skew alternatives. For a

known median direction, [, one first calculates the differences 6, =0, —fi as

angles in the interval [—- 7Z',7Z'), a transformation of the data equivalent to that

described in Mardia & Jupp (1999, Section 8.2.1). In the descriptions which follow

we assume the underlying distribution to be continuous.
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5.4.1 The One-sample Wilcoxon Test

For the circular version of the one-sample Wilcoxon test, let 95),...,9(2) denote the
@ values ordered from smallest to largest according to absolute value. Encode the

signs of the 05) using the indicator variables §,,...,S, where

i

¢ 1 if 6, 20
0 otherwise
After assigning the ranks 1,...,n to the 0&), the test statistic is simply W = EiS .
i=1
Circular symmetry is rejected if W is judged to be extremely large or small when

compared with the usual critical values of the test.

5.4.2 The Runs Test

In order to conduct the circular version of the runs test of Cohen & Menjoge (1988)

and McWilliams (1990), calculate R = 2 I, , where

i=2

i

[ = 0 ifS, =5,
1 otherwise

Circular symmetry is rejected if R is judged to be extremely small in comparison

with the critical values of the binomial distribution with parameters n—1 and 1/2.

5.4.3 The Modified Runs Test
For the circular version of the modified runs test of Modarres & Gastwirth (1996),

calculate M , = zn:;b(i)l ; » where

i=np+2

: i-np ifi>np
0()= -
0  otherwise

p is a trimming proportion and, for simplicity of notation, np is assumed to be an
integer. The @(i) are the percentile modified test scores of Gastwirth (1965). The

large-sample version of the test rejects circular symmetry if the value of

{M , —,u(M P)}/O'(M p) is judged to be extremely large and negative when

compared with the quantiles of the standard normal distribution, where

u(m,)={n(t- p)-1{n@- p)+2}/4, and
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o*(M,)=1n(t- p) ~1}{2n*(- p} +5n(1- p)+6}/24.
The results presented in Modarres & Gastwirth (1998) indicate that the choice p =

0.6 leads to a powerful nominal 5% sized test of symmetry for linear data when the

underlying distribution is unimodal and skew.

5.5 The Asymptotic Power of the Two New Tests Against Skew

Alternatives
5.5.1 Power of the b2-star Test
Using the results for the distribution of b; given in the proof of Theorem 5.1, under

the null hypothesis of an underlying distribution which is symmetric about fi, the

asymptotic distribution of 4, is normal with mean 0 and variance

. 1 .
var, \b, J=—\1-a, ).
0 ( 2 ) 2 ( 4 )
Under the alternative hypothesis of an underlying distribution which is skew the

asymptotic distribution of b, is normal with mean E, (b; )= B, and variance

var, (03)= o-1-a; -2( ;) |

" 2n
Thus, for a significance level of 100 2%, the asymptotic power of the b2-star test

against skew alternatives is given by

_® Zap {Varo (b; )}1/2 -5, + P ~ Zop2 {varo (b; )}1/2 -p, .

{Varl (b; )}1/2 {Varl (b; )} "

The form taken by (5.5.1) as a function of p is exhibited in Figure 5.3 for the same

(6.5.1)

four skew distributions used in Chapter 4.

5.5.2 Power of the Theta-bar Test

From the results for the asymptotic distribution of 8 given in Section 5.3.2, under

the null hypothesis of an underlying distribution which is symmetric about the

median direction i, the asymptotic distribution of 8 is normal with mean f and

variance

var, <§)= (;;’:22 )
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Under the alternative hypothesis of an underlying distribution which is skew the

asymptotic distribution of @ is normal with mean

E, ([9—): H- 2”[3;2
and variance
_ -
var, (9)= 2npa§

It follows that, for a significance level of 100 %, the asymptotic power of the test

against skew alternatives is given by

Zopn {Var0 (5)}1/2 ~-E, (6_*) A za/z{varo (9_)}1/2 ~E, (5*)

{rar, (@) foar, (O)F" ’

where E, (6_? ) )= E, (9— )— fi measured as an angle in the interval [-7,7). The form

(5.5.2)

1-0

taken by (5.5.2) as a function of pis illustrated in Figure 5.4.

5.6 Monte Carlo Investigation of the Operating Characteristics of
the Tests Against Skew Alternatives

5.6.1 Design of the Simulation Experiment

In order to make recommendations regarding the potential uses of our two new

tests and the circular analogous of the three linear tests considered in Section 5.4,

an assessment is required of their ability to maintain the nominal significance level

for symmetric parent populations, and their power against asymmetric

alternatives. So as to investigate these two operating characteristics of the various

tests for samples drawn from unimodal populations, we conducted a simulation

study.

The unimodal distributions used in the study were the same ones as employed in
Chapter 4, namely the wrapped normal, wrapped Laplace, wrapped Cauchy,
wrapped normal and uniform mixture, wrapped exponential and wrapped skew-
normal distributions, the latter with values of the skewness parameter, 4, equal to
2, 5, and oo, Plots of the densities of these various distributions were given in

Figures 4.1 and 4.2 of Chapter 4. In addition, the same sample sizes, p-values and

nominal significance levels as described in Section 4.4.2.3 were used. However, in
the study presently under consideration, the asymmetric distributions were centred

so as to have the zero direction as their median direction, and the number of
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samples simulated for each distribution, sample size and o combination was 5000.
In keeping with the findings of Modarres & Gastwirth (1998), we limited our
attention to the asymptotic version of the modified runs test with p=0.6. The

Wilcoxon and runs tests were randomized so as to have sizes as exactly specified.

5.6.2 Results

The results obtained for the two operating characteristics of the various tests are
presented separately in the following two subsections. Once again, only the results
for a nominal significance level of 5% are given, the conclusions drawn from them
also being representative of those for the other two significance levels considered in

the study.

5.6.2.1 Ability to Maintain the Nominal Significance Level

In Figures 5.1 and 5.2 we display the results for the estimated size of the b2-star
and theta-bar tests, respectively, for the four symmetric distributions used in the
study. As in Chapter 4, the results for sample sizes 30 and 200 have been omitted
from these figures so as not to obscure their content. Given that 5000 simulated
samples were used to obtain each of the empirical results represented in these
plots, the standard error of any such result is approximately 0.003.

It can be seen from Figure 5.1 that the b2-star test’s ability to maintain the
nominal significance level is very good for all the various distribution, sample size
and 0 combinations considered. The deviations about the nominal significance level
are what might be expected of the empirical significance level of a truly 5% sized

test under random variation.

Turning to Figure 5.2, we see that the theta-bar test’s ability to hold the nominal
level is not nearly as good. For small p-values the test is non-conservative,
particularly for small-sized samples. This behaviour is perhaps to be expected given

that as p— 0 all four distributions tend to the uniform distribution and the
variabilty of 8" increases greatly, particularly for small-sized samples. As one

might also have envisaged, the test’s non-conservatism for small p-values

diminishes with increasing sample size.

The circular analogues of the three linear tests all maintained the nominal

significance well across the complete range of distribution, sample size and o

combinations considered.
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Figure 5.1 Estimated size of the b2-star test for the distributions: a) wrapped
normal, b) wrapped Laplace, ¢) wrapped Cauchy, d) wrapped normal and uniform
mixture. Sample sizes represented are: - — - - - (n=20);— — —(n=>50);— —
(n = 100); ——— (n = 500). The dotted horizontal line delimits the nominal

significance level of a =0.05.
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Figure 5.2 Estimated size of the theta-bar test for the distributions: a) wrapped
normal, b) wrapped Laplace, c¢) wrapped Cauchy, d) wrapped normal and uniform
mixture. Sample sizes represented are: — — — — — (n=20);— — —(nm=50);— —
(n = 100); ——— (n = 500). The dotted horizontal line delimits the nominal
significance level of a =0.05.
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5.6.2.2 Power Against Skew Alternatives

Displayed in Figures 5.3 and 5.4 are the empirical power results for the b2-star and

theta-bar tests, respectively. The standard error of any empirical result
represented in these two figures is, at most, 0.007.
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Figure 5.3 Theoretical asymptotic power (----- - ) and empirical power ( ) of

the b2-star test for the distributions: a) wrapped exponential, b) wrapped half-
normal, ¢) WSNC (A=5), d) WSNC (1=2). The six curves of each type correspond to
sample sizes of 20, 30, 50, 100, 200 and 500, the power increasing with sample
size. The dashed horizontal line delimits the nominal significance level of

a =0.05.

We have also included in the plots making up these two figures the theoretical

asymptotic power functions calculated using (5.5.1) and (5.5.2), respectively. The

agreement between the empirical results and their theoretical counterparts for the

b2-star test is excellent, even for sample sizes as small as 20. In general, the

disparities between the two sets of results for the theta-bar test are more

pronounced, the lack of agreement being greatest for small-sized samples drawn

from close to isotropic parent populations. The overzealous inclination of the theta-

bar test to reject symmetry under these conditions is in keeping with its non-

conservatism established in Section 5.6.2.1.

Returning to the results portrayed in Figure 5.3, we see that the power of the b2-

star test is greatest for middling values of p. The pronounced power deficiency of
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the test for p-values of around 0.85 is consistent with the observations made in
Section 5.3.1 regarding the expected value of b, in this region of concentration.

Notwithstanding the poor performance of the test for such p-values, as a

comparison of the results in Figures 5.3 and 5.4 attests, for data distributed around
a considerable arc of the unit circle the b2-star test is considerably more powerful
than the theta-bar test. Moreover, the b2-star test does not suffer from the
problems of non-conservatism displayed by the theta-bar test for data from close to
uniform populations. However, for data drawn from more concentrated

distributions one might feel inclined to employ the theta-bar test.
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Figure 5.4 Theoretical asymptotic power (- -+ -- - ) and empirical power ( ) of

the theta-bar test for the distributions: a) wrapped exponential, b) wrapped half-
normal, ¢) WSNC (4=5), d) WSNC (1=2). The six curves of each type correspond to
sample sizes of 20, 30, 50, 100, 200 and 500. The dashed horizontal line delimits
the nominal significance level of a = 0.05.

In fact, the theta-bar test is not the only test which outperforms the b2-star test
when the parent population is more concentrated. As we might have expected, the
circular analogues of the linear tests perform well under these conditions. In
Figures 5.5-5.8 we portray some of the empirical results obtained for the b2-star
test and the circular versions of the runs and modified runs tests. The latter two
tests were found to consistently outperform the theta-bar and Wilcoxon tests. Each

of the figures represents the results for a specific parent population. The low power
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of all three tests exhibited in Figure 5.8 reflects the fact that the WSNC (4=2)
distribution is close to being symmetric, as can be appreciated from Figure 4.2d of
Chapter 4. Also delimited in each plot is the p-value for which the empirical power

of the b2-star test equals that of the circular analogue of the modified runs test.

From a consideration of these four figures we see that the b2-star test consistently

outperforms the other two tests for p-values less than, approximately, 0.45.
Similarly, for values of p in excess of around 0.7, the modified runs test consistently

outperforms, or is as powerful as, the other two tests.
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Figure 5.5 Empirical power against the wrapped exponential distribution for
sample sizes of: a) 20, b) 50, c) 100, d) 500. The results represented are for the: b2-
star ( ), runs (- — ~) and modified runs (— —) tests. The dotted horizontal line
delimits the nominal significance level of & =0.05. The dotted vertical line
indicates the point at which the empirical power of the b2-star test equals that of
the modified runs test.
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Figure 5.6 Empirical power against the wrapped half-normal distribution for
sample sizes of: a) 20, b) 50, ¢) 100, d) 500. The results represented are for the: b2-
star ( ), runs (- — ~) and modified runs (——) tests. The dotted horizontal line
delimits the nominal significance level of a =0.05. The dotted vertical line
indicates the point at which the empirical power of the b2-star test equals that of
the modified runs test.
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Figure 5.7 Empirical power against the WSNC (A=5) distribution for sample
sizes of: a) 20, b) 50, ¢) 100, d) 500. The results represented are for the: b2-star
( ), runs (— — —) and modified runs (— —) tests. The dotted horizontal line
delimits the nominal significance level of & =0.05. The dotted vertical line
indicates the point at which the empirical power of the b2-star test equals that of
the modified runs test.
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Figure 5.8 Empirical power against the WSNC (1=2) distribution for sample
sizes of: a) 20, b) 50, ¢) 100, d) 500. The results represented are for the: b2-star
( ), runs (- — ~) and modified runs (— —) tests. The dotted horizontal line
delimits the nominal significance level of o =0.05. The dotted vertical line
indicates the point at which the empirical power of the b2-star test equals that of
the modified runs test.

5.6.3 A Simple Testing Strategy for Circular Data Drawn From Continuous

Unimodal Populations
A more in-depth consideration of the full range of our results, including those for
nominal significance levels of 10% and 1%, suggested the following testing strategy

when the underlying distribution can be assumed to be continuous and unimodal.

If the sample size is less than 100, apply the b2-star test if the sample
mean resultant length, R, is less than 0.45, and the circular analogue

of the modified runs test if R > 0.65. For a sample of 100 or more

observations, apply the b2-star test if R is less than 0.5, and the

circular analogue of the modified runs test if R > 0.7. If in either case

the value of R lies between the specified limits, it would be advisable to
compare the results obtained from both tests to check for any glaring

disparities.
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Given the rather limited scope of the skew distributions used in our simulation

study, the limits for R referred to in the above testing strategy should be
interpreted as guidelir;es, not hard and fast restrictions. From a practical point of
view, for instance, the quoted upper bounds on R for the optimality of the b2-star
test may well be too low as they were established on the basis of the empirical
power results for the wrapped exponential and wrapped half-normal distributions,
two extremely skew models perhaps of limited relevance to the modelling of real

circular data.

5.7 The Use of the New Procedures as Tests of Symmetry Against

Rotation Alternatives

Having considered the power of our new procedures as tests of circular reflective
symmetry about a known median axis against skew alternatives, in this section we
explore their power as omnibus tests of circular reflective symmetry about a
specified median axis against rotation alternatives. This is the testing scenario
studied by Schach (1969) for which, as has already been mentioned, the circular
analogues of the Wilcoxon and sign tests are usually employed as omnibus test
procedures. |

The circular analogue of the sign test rejects symmetry about the specified

median axis in favour of symmetry about a displaced median axis if the number of
the differences {(9: = 1,...,n} in [0,72') is either extremely large or extremely

small when compared with the critical values of the binomial distribution with
parameters n and 1/2.

Given the poor performance of the runs and modified runs tests for the
equivalent testing context for linear data, one would not expect the circular
analogues of these tests to have high power as tests of symmetry against rotation
alternatives. Nevertheless, at this juncture we do not exclude them from our
deliberations. On the other hand, given the measures upon which our two new
procedures are based, one might expect them to provide powerful competitors to the
circular analogues of the sign and Wilcoxon tests.

In Section 5.7.1 we derive the asymptotic power of our new procedures as tests of
circular reflective symmetry about a specified median axis against rotation
alternatives. The details of a simulation study designed to compare the small-
sample power properties of the two new tests with those of the sign, Wilcoxon, runs

and modified runs tests are given in Section 5.7.2.
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5.7.1 The Asymptotic Power of the Two New Tests Against Rotation

Alternatives

5.7.1.1 Power of the b2-star Test

Suppose under the null hypothesis, H,, the underlying distribution is symmetric
about a specified median direction, /[, whilst under the alternative hypothesis,
H,, the underlying‘distribution is symmetric about a displaced median direction,
Li + . Substituting these two hypotheses for those used in the original definition of

the b2-star test given in Section 5.3.1, the implementation of the test is as
described there.

Under H,, let ,,,...,6,, be n independently and identically distributed random
variables from an angular distribution which is symmetric about Z# and for which
© # 1. Then, given the results in Section 5.3.1 and the fact that the distribution is

symmetric about [I, the asymptotic distribution of b, under H, is normal with
* * N * 1 *
mean E, (b2 )= Bo and  variance var, (b2 ): o (l -0, ), where
n

a:‘o = E{cos (6, —,ZZ)} and ,3;,0 = E{sin (6, —ﬁ)}= 0.
Under H,, let 6,,,...,0,, be n independently and identically distributed random
variables from an angular distribution which is symmetric about i+ and for

which p #1. The asymptotic distribution of b; under H; is normal with mean

E, (b;) and variance var; (b; ) We obtain,

E (b})= E{%ﬁ:sin 26, - ﬁ)}
i=1

= E{sin2(6, +5- 2)}

= E[sin2{(g, - 1)+ 5}

= E{sin 2(0(” - ﬁ)cos 26 +cos 2(490,. - ﬁ)sin 26}
= f,,C0828 + 1 , sin 28

=a,,sin 26 = f, 5, say.

Also,
var, (b,) = %{1 — 5= 2(13;.5 )2}’

where
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o, s = E{cos 46, — i)}
= E[ cos 4{( 6y, - 1)+ 5}]
= E{cos 4(60,. —[2)00545 —sin 4(00,. - /7) cos 46}
=0, ,cos48 — f3,, sin 46

=@, ,cos485.

Thus,

var, (b;) = %{1 —, ,c0s48 ~25in’26 (a;,o )2}

- 1 [1 - ( 05;,0 )2 +cos4d {( 0!;,0 )2 - 0’:,0 }]

2n

Given these results, it follows that, for a significance level of 100 %, the

asymptotic power of the b2-star test against rotation alternatives is

oz {var, (5; )" - E, (5]) oo 2 {var, (2 )} - E, ()
far, (&)1 frar, (&5 ) |

The form taken by (5.7.1) as a function of p is exhibited in Figure 5.9 for the four

(6.7.1)

symmetric distributions referred to previously in Section 5.6.1.

5.7.1.2 Power of the Theta-bar Test
When implementing the theta-bar test in this testing scenario, we assume the

underlying distribution to be symmetric and to have a unique central direction.

Under the null hypothesis, H,, the underlying distribution is assumed to be
symmetric about [ =g, whilst under the alternative hypothesis, H,, the

underlying distribution is symmetric about the displaced central direction,

I +0 =pu+0. Substituting these two hypotheses in place of their counterparts

used in the original definition of the theta-bar test given in Section 5.3.2, one

carries out the test as described there.

Given the results referred to in Section 5.3.2 and the fact that the distribution is

assumed to be symmetric about 7 = u, the asymptotic distribution of & under H,

_) (l—a';‘o).

is normal with mean E, (9_ )= [ and variance var, (0 =5
np

Under H,, the asymptotic distribution of 6 is normal with mean

E, (5 )= f+0 and variance var (9_ )= var, (f9_ ) It therefore follows that, for a
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significance level of 100 %, the asymptotic power of the theta-bar test against

rotation alternatives is

a2 _—6— +@ g _—6‘_
{Varo (5)} " {Varo (5 )}1/2

We illustrate the form taken by (5.7.2) as a function of p in Figure 5.10.

1-9f z (5.7.2)

5.7.2 Monte Carlo Investigation of the Small-sample Power of the Tests
Against Rotation Alternatives

In Section 5.6.2.1 we presented the details of a simulation experiment designed to
explore the ability of the two new procedures to maintain the nominal significance
level under the null hypothesis of an underlying distribution which is symmetric
about a known median axis. Those results clearly hold equally well for the present
testing set-up in which the median axis is specified rather than known. In order to
investigate the small-sample power of the new procedures as tests of symmetry
against rotation alternatives, and to compare their power characteristics with those
of the circular analogues of the sign, Wilcoxon, runs and modified runs tests, we
conducted another simulation experiment.

Our study used data simulated from the same four symmetric unimodal
distributions employed in the Monte Carlo experiment reported in Section 5.6. We

explored the power of the various tests for the same sample sizes, p-values and
nominal significance levels as used in that earlier study. For 6, the parameter
representing the displacement in location, we used values of 2°, 4°, 6° and 8°

from the zero direction. For each distribution, sample size, p and 6 combination,

5000 samples were simulated. The sign, Wilcoxon and runs tests were randomized

so as to have sizes as exactly specified.
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Figure 5.9 Theoretical asymptotic power (- --- - ) and empirical power ( ) of

the b2-star test against rotation alternatives for § =6° and the distributions: a)

wrapped normal, b) wrapped Laplace, ¢) wrapped Cauchy, d) wrapped normal and
uniform mixture. The six curves of each type correspond to sample sizes of 20, 30,
50, 100, 200 and 500, the power increasing with sample size. The dashed
horizontal line delimits the nominal significance level of a =0.05.

For illustrative purposes, in Figures 5.9 and 5.10 we present the empirical

results obtained for the b2-star and theta-bar tests, respectively, corresponding to a

nominal significance level of 5% and a value of ¢ of 6°. The standard error of any

empirical result represented in these two figures is, at most, 0.007. Also included in
these plots are the corresponding theoretical asymptotic power functions of the two
tests calculated from (5.7.1) and (5.7.2), respectively. We note the generally close
agreement between the two sets of curves, even for sample sizes as small as 20.
Again, the major disparities between the theoretical and empirical results are those
for the theta-bar test when used with data sampled from close to isotropic
populations. The artificially high power of the theta-bar test under these conditions

is consistent with our earlier findings portrayed in Figures 5.2 and 5.4.
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Figure 5.10 Theoretical asymptotic power (-« -+ - - ) and empirical power (———) of
the theta-bar test against rotation alternatives for § =6° and the distributions: a)
wrapped normal, b) wrapped Laplace, ¢) wrapped Cauchy, d) wrapped normal and
uniform mixture. The six curves of each type correspond to sample sizes of 20, 30,

50, 100, 200 and 500. The dashed horizontal line delimits the nominal significance
level of & =0.05.
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Figure 5.11 Empirical power against rotation alternatives for the wrapped
normal distribution, §=6° and sample sizes of: a) 20, b) 30, ¢) 50, d) 100. The

results represented are for the: theta-bar (———), b2-star (— - —), sign (———-)
and Wilcoxon (— — —) tests. The dotted horizontal line delimits the nominal
significance level of a =0.05.
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As expected, the power of the circular analogues of the runs and modified runs
tests was found to be consistently lower than that of the other four tests. In Figures
5.11-5.14 we present representative results so as to aid a comparison of the power
characteristics of those four tests. The empirical results portrayed correspond to

sample sizes of 20, 30, 50 and 100, and a displacement in location under the
alternative hypothesis of §=6°.

From Figure 5.11 it can be seen that the theta-bar and Wilcoxon tests have
almost identical power characteristics when the underlying distribution is wrapped
normal, apart from when p is small. Both tests are more powerful than the sign

and b2-star tests, but one would be ill-advised to use the theta-bar test for data
drawn from highly dispersed cases of the distribution due to its pronounced non-

conservatism under such conditions.
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Figure 5.12 Empirical power against rotation alternatives for the wrapped
Laplace distribution, §=6° and sample sizes of: a) 20, b) 30, c¢) 50, d) 100. The

results represented are for the: theta-bar ( ), b2-star (— - —), sign (————)
and Wilcoxon (— — —) tests. The dotted horizontal line delimits the nominal
significance level of a =0.05.

Considering Figures 5.12 and 5.13, it can be observed that the sign test
outperforms the other tests when the underlying population is wrapped Laplace or

wrapped Cauchy. Interestingly, from Figure 5.14 we see that, for large n, the b2-
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Figure 5.13 Empirical power against rotation alternatives for the wrapped
Cauchy distribution, § =6° and sample sizes of: a) 20, b) 30, ¢) 50, d) 100. The

results represented are for the: theta-bar (———), b2-star (— + —), sign (———-)
and Wilcoxon (— — —) tests. The dotted horizontal line delimits the nominal
significance level of a =0.05.
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Figure 5.14 Empirical power against rotation alternatives for the wrapped
normal and uniform mixture distribution, § =6° and sample sizes of: a) 20, b) 30,

¢) 50, d) 100. The results represented are for the: theta-bar (———), b2-star (— -
—), sign (————) and Wilcoxon (———) tests. The dotted horizontal line delimits
the nominal significance level of a =0.05.
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star test generally has the best power characteristics of the four tests considered
when the parent population is the wrapped normal and uniform mixture
distribution. However, as o approaches its maximum possible value for this

distribution (= 0.9), with the distribution tending to a limiting normal distribution,

the theta-bar and Wilcoxon tests dominate.

5.8 Use and Limitations of the Various Test Procedures

The strategy introduced in Section 5.6.3 for testing underlying unimodal
distributions for symmetry about a known median axis against skew alternatives is
based upon the use of the b2-star and the circular analogue of the modified runs

tests. The assumptions underlying the b2-star test are minimal. Indeed, the only

assumption made in addition to i being a known median direction is that the

underlying distribution is not a point distribution. In contrast, the use of the
circular analogue of the modified runs test is more restricted as, strictly, the test
requires the underlying distribution to be continuous. We also note that the b2-star

test is a ‘true’ test of symmetry about a known median axis. By this we mean that

’

the conclusions drawn from the test are unaffected if we replace @i by i + 7. This,

however, is not the case for the circular analogue of the modified runs test. Indeed,
the modified runs test was specifically designed to be powerful against asymmetry
in the tails of a linear distribution and therefore its circular analogue will not

perform well for underlying distributions whose asymmetry manifests itself in

regions close to the known median direction /.

Clearly, our developed strategy does not apply when the testing of circular
reflective symmetry against rotation alternatives is of interest. In this context, the
results presented in Section 5.7.2 highlight the difficulties inherent in identifying a
consistently powerful omnibus test. Whilst the theta-bar test is competitive when
the parent population is the wrapped normal, wrapped Laplace or wrapped mixture

distribution, apart, of course, from when p is small, it does not perform well for an

underlying wrapped Cauchy distribution. In a similar vein, the b2-star test
performs best for the mixture distribution, moderately well for the wrapped Cauchy
distribution, and not particularly well when the parent population is wrapped
normal or wrapped Laplace. In addition to their power characteristics, the extreme

simplicity of the sign test and the availability of software capable of performing the
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Wilcoxon test certainly count greatly in favour of their usage. However, as our
results attest, the blanket application of these two procedures can result in
appreciable power loss. Moreover, the circular analogue of the Wilcoxon test is not
a true test of symmetry about a specified median axis against rotation alternatives,

in the sense that the conclusions reached upon using it will depend on whether
[ or U+ is used as the reference direction. Given our earlier comments, there is

equally little to recommend the blanket usage of either the b2-star or the theta-bar

tests in this testing scenario.

5.9 IlNlustrative Examples
In this section we apply the testing strategy developed in Section 5.6.3 to four data

sets collected during animal orientation experiments.

5.9.1 Orientations of Red Ants
We first consider two data sets recorded during an orientation experiment with red
wood ants (Formica rufa L.) described in Jandar (1957). Ants were placed singly in

the centre of an arena and the initial direction in which they moved in relation to

visual stimuli was recorded to the nearest 10°. In a first version of the experiment
(A) a black target was placed at an angle of 180° from the zero direction, while in a
second (B), two black targets were used; one positioned at 90° from the zero

direction, and the other at 180°. The ants tended to move towards these targets. A
basic question of interest in this context is whether the directions followed by the
ants are distributed symmetrically about the central directions of 180° and 135°,

respectively, associated with the positions of the targets used in the two versions of
the experiment.

The frequency distribution of the directions in which the 730 ants used in
version A of the experiment moved is reproduced in Table 5.1 and represented

graphically in the form of a raw circular plot in Figure 5.15. The sample median

direction for these data is 180°, identical to the direction associated with the

position of the single black target. Hence it would indeed appear reasonable to

assume the underlying median direction to be known and equal to 180°. The

sample mean resultant length is 0.620 and thus according to our developed testing
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strategy we should compare the results obtained from applying both the b2-star

and modified runs tests.

Table 5.1 Frequency distribution of the directions (in degrees) followed by the
730 ants in version A of an orientation experiment in which a single black target

was positioned at 180° from the zero direction.

Angle Frequency Angle Frequency Angle Frequency Angle Frequency

0 10 90 10 180 110 270 5
10 5 100 10 190 95 280 5
20 5 110 5 200 70 290 5
30 5 120 5 210 35 300 5
40 5 130 15 220 30 310 5
50 10 140 20 230 20 320 5
60 10 150 40 240 5 330 5
70 10 160 50 250 5 340 5
80 10 170 75 260 10 350 10

Figure 5.15 Raw circular plot of the ant orientation data of Table 5.1. Each dot

represents the direction followed by five ants.

However, the data under consideration are discrete and so before being able to
apply the modified runs test one first needs to employ some device in order to
resolve the related problems of ties and the enumeration of runs. The device we

used in order to achieve this was to add a random angle from the uniform

distribution on (-1x107%, 1x107®) to each original angle measured in radians.

Although this continuity inducing device resolves the problems arising from ties, it
does so at the expense of introducing a p-value which is stochastic. Whilst we would

not expect the conclusions reached from different randomizations of the original
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data to differ greatly, such disparities are possible nonetheless. For moderate to
large samples they are, however, unlikely.

The p-values obtained from applying the b2-star and modified runs tests with
U = 180° were 0.011 and 0.084, respectively. These two p-values thus provide

evidence that the underlying distribution is, in fact, not symmetric about Z =

180°. Given that the population median direction under the null hypothesis is

identical to the sample median direction for these data, it would appear reasonable

to interpret the rejection of underlying circular reflective symmetry as indicating

that the parent population is asymmetric about Z = 180°. It is therefore rather

unfortunate that Batschelet (1981, pp. 48,49) chose to fit a von Mises distribution,
and Sengupta & Pal (2001) a mixture distribution with symmetric wrapped stable
and circular uniform components, to these data.

The frequency distribution presented in Table 5.2 summarizes the directions
taken by the 1260 ants used in version B of the experiment. Figure 5.16 provides a
graphical representation of the same data in the form of a raw circular plot. We
note that the form taken by the sample distribution is perhaps what one might

expect for an underlying mixture distribution with two equally weighted, and

potentially symmetric, unimodal component distributions, one centred upon 90°
and the other upon 180°.

Table 5.2 Frequency distribution of the directions (in degrees) followed by the
1260 ants in version B of an orientation experiment in which two black targets

were positioned at 90° and 180° from the zero direction.

Angle Frequency Angle Frequency Angle Frequency Angle Frequency

0 15 90 70 180 75 270 10
10 10 100 75 190 60 280 15
20 10 110 70 200 40 290 20
30 15 120 55 210 20 300 15
40 20 130 65 220 25 310 10
50 25 140 65 230 20 320 15
60 40 150 70 240 15 330 15
70 50 160 65 250 15 340 15
80 55 170 75 260 10 350 15
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The sample median direction for these data is equal to the central direction

defined by the experimental layout, i.e. 135°. The sample mean resultant length is

0.445, and so according to our testing strategy we should apply the b2-star test.
The p-value for the b2-star test used with i = 135° was found to be 0.818, and so

we have no reason to reject the null hypothesis of circular reflective symmetry
about # = 135°. For purely comparative purposes, the corresponding p-value for
the circular analogue of the modified runs test, obtained after applying the
continuity inducing device described in the analysis of the previous data set, was
found to be 0.648. Again, this result provides us with no evidence to reject the null

hypothesis.

Figure 5.16 Raw circular plot of the ant orientation data of Table 5.2. Each dot

represents the direction followed by five ants.

5.9.2 The Chinese Painted Quail Data Revisited

In Section 3.7.1 of Chapter 3 we presented data from an orientation experiment
involving chinese painted quail reported by Merkel & Fischer-Klein (1973). The
data were reproduced in Table 3.1 and represented graphically in Figure 3.1 of the

same chapter. The question we address here is whether the underlying distribution

is symmetric about [ = -15°, the angle associated with the orientation of the last

0.5m stretch of the dog-leg corridor used in the design of the experiment. A visual
inspection of Figure 3.1 would suggest that the underlying distribution is not

symmetric. The sample median direction is —15.5°, and thus the assumption of a

known median direction of # =-15° would appear reasonable.
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The sample mean resultant length for these data is 0.962 and so according to our
testing strategy we should apply the circular analogue of the modified runs test.
After applying the continuity inducing device referred to previously, the p-value for
this test was found to be 0.089. Thus, the findings from the modified runs test

- partially support the initial visual impression of an underlying asymmetric

distribution about 7 = -15°. Purely as a comparison, the p-values for the runs and

b2-star tests were found to be 0.014 and 0.672, respectively. Thus, according to the

runs test, the evidence agairist symrhetry about [ = -15° is stronger than that

implied by the result from the modified runs test. The p-value for the b2-star is
consistent with the low power expected of this test for such a large mean resultant

length and a sample size of 100.

5.9.3 Hisada’s Dragonfly Data Revisited

In this last illustrative example we analyze once more the dragonfly data reported
by Hisada (1972) which we presented in Section 3.7.3 of Chapter 3. Here we test
the hypothesis that the underlying bimodal distribution is reflectively symmetric
about a median axis assumed to be known and equal to the zero direction defined

by the sun’s azimuth. A visual inspection of Figure 3.5 suggests that symmetry

about this direction is unlikely. The sample median direction is 50°, but we note

that the density of observations around the zero direction is extremely low.
Although our testing strategy was developed on the basis of findings for data
drawn from unimodal distributions only, the sample mean resultant length for
these data is 0.118 and such a low value of R would certainly favour the
application of the b2-star test. In fact, the p-value for the b2-star test was found to
be 0.020, providing strong evidence that the underlying distribution is not
symmetric about the zero direction. Purely for comparative purposes, the p-values
for the runs and modified runs tests, obtained after épplying the continuity
inducing device described earlier, were 0.050 and 0.142, respectively. We note that
the results for the b2-star and runs tests tend to confirm our earlier findings in
Section 3.7.3 regarding the asymmetry of the parent population from which these

data were drawn.
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5.10 Summary and Directions for Future Research
In this last section of the chapter we provide a summary of the content of the

preceding sections and discuss potential lines of related future research.

5.10.1 Summary

The main focus of the present chapter has been the testing of circular reflective
symmetry about a known median axis against skew alternatives. In Section 5.2 we
provided a review of the background to this testing problem, relating it to the
testing of linear data for symmetry about a known or specified median.

In Section 5.3 we introduced two new asymptotically distribution-free
procedures, the b2-star and theta-bar tests, which can be used as omnibus tests of
symmetry about a known median axis against skew alternatives. Circular
analogues of three linear tests were described in Section 5.4, these tests being
proposed as competitors to the b2-star and theta-bar tests.

In Section 5.5 we derived theoretical results for the asymptotic power of the b2-
star and theta-bar tests as procedures for testing for circular reflective symmetry
about a known median axis against skew alternatives. The details of a simulation
study designed to explore and compare the operating characteristics of the various
procedures were presented in Section 5.6. From a consideration of the results from
this study, summarized in Section 5.6.2, we found that the b2-star, Wilcoxon, runs
and modified runs tests maintained the nominal significance level well. However,
the theta-bar test proved to be non-conservative for data sampled from highly
dispersed parent populations, particularly when the sample size was small.

In Section 5.6.2.2 we considered the results for the power characteristics of the
various procedures against skew alternatives. The b2-star test was identified as
being a powerful test for data distributed over a considerable arc of the unit circle,
but to be power deficient for data sampled from more concentrated parent
populations. Given the theta-bar test’s previously established non-conservatism, we
concluded that its use as a test of symmetry about a known median axis against
skew alternatives could not be recommended for data drawn from highly dispersed
populations. Nevertheless, the power characteristics of this test for data distributed
over a reduced arc of the unit circle were identified as being superior to those of the
b2-star test. Our results also showed that the modified runs test had even befter
power properties than the theta-bar test for data drawn from continuous unimodal

distributions with levels of concentration which are moderate to high. On the basis
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of a comparison of the empirical power properties of the b2-star and modified runs
tests, in Section 5.6.3 we proposed a simple testing strategy for circular data drawn
from continuous unimodal populations.

Although the b2-star and theta-bar tests were originally conceived as tests of
circular reflective symmetry about a known median axis against skew alternatives,
in Section 5.7 we considered their use as tests of symmetry about a specified
median axis against rotation alternatives. In Section 5.7.1 we derived the
asymptotic power of the tests, and in Section 5.7.2 presented results from a
simulation study conducted in order to explore and compare the small-sample
power properties of the b2-star, theta-bar, sign, Wilcoxon, runs and modified runs
tests in this testing set-up. The runs and modified runs tests were identified as
having poor power properties, whilst the b2-star and theta-bar tests proved to be
competitive with the sign and Wilcoxon tests for certain parent population and
concentration combinations.

In Section 5.8 we discussed the usage and limitations of the various test
procedures. The b2-star test was identified as relying on minimal assumptions and
being a true test of circular reflective symmetry about a given median axis. The
sign and runs tests are also true tests of circular reflective symmetry about a given
median axis, but the Wilcoxon and modified runs tests are not. In addition, the use

of the latter tests is more restricted as both tests require the parent population to

be continuous. Use of the theta-bar test requires the assumption that p#0, a

constraint which excludes the uniform distribution and, at first sight, all
multimodal distributions which are either cyclically symmetric, or have more than

one axis of symmetry, or both. However, if the underlying distribution is thought to

be multimodal with 0 =0, and the number of modes, m, of the distribution can be

established beforehand, one can always administer the theta-bar test after first
applying the device of m-fold wrapping of the circle onto itself, as described in
Section 4.3 of Chapter 4.

In Section 5.9 we illustrated the application of our testing strategy in the
analysis of four datav sets collected during animal orientation experiments. Our
illustrative examples highlighted the problems inherent in the application of the
modified runs test to real circular data, some form of continuity inducing device

having to be applied prior to carrying out the test.
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5.10.2 Directions for Future Research

In this chapter we introduced two new test procedures specifically designed for

testing truly circular data for symmetry about a known median axis, ji, against

skew alternatives. Both tests are based on natural measures of skewness about .
As has been pointed out in Section 5.3.1, the b2-star test is an adaptation of the
test based on I;Z considered in Chapter 4. This pair of tests can be considered as

the circular equivalent of a pair of tests for linear data considered by Gupta (1967);

one based on the coefficient of skewness g, =m, /mg/2 and the other on an

adaptation of g, in which the sample mean in its definition is replaced by the
population median. The second of our tests, based on the difference between the

sample mean direction and [, effectively combines ideas for linear measures of

skewness proposed early in the literature by Yule (1911) and Hotelling and
Solomon (referred to by Kendall & Stuart (1963, p. 93)) and adapts them to the
equivalent testing scenario for circular data. Also considered in our investigations
were the circular analogues of some of the most powerful procedures known for
testing linear data for symmetry against skew alternatives. Indeed, the testing
strategy outlined in Section 5.6.3 reflects the strengths of a test designed
specifically for truly circular data (the b2-star test) as well as those of the circular
analogue of a powerful linear test (the modified runs test). For reasons given in
Section 5.2, we did not consider the circular analogue of the hybrid test of Modarres
& Gastwirth (1998) in our investigations. If the problems with the specification of
the linear test can be resolved, it would be interesting to compare the operating
characteristics of its circular analogue with those of the b2-star test and the
circular analogue of the modified runs test. However, we note that, like the circular
analogue of the modified runs test, the circular analogue of the hybrid test of
Modarres & Gastwirth (1998), being based on a percentile modified two-sample
Wilcoxon test, would not be a true test of circular reflective symmetry about a
median axis in the sense described in Section 5.8. As with the circular analogue of
the modified runs test, in theory its use would also be restricted to data drawn from
continuous populations only.

Our testing strategy was developed on the basis of empirical results from a
rather limited range of unimodal circular distributions. It would clearly be of
interest to know just how robust this testing strategy is to the form of the

underlying distribution, not only for other unimodal distributions but also for
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multimodal distributions. Regarding this issue, we note that the published
recommendations concerning the use of the runs test of Cohen & Menjoge (1988)
and McWilliams (1990), the modified runs test of Modarres & Gastwirth (1996), the
conditional test of Tajuddin (1994) and the hybrid test of Modarres & Gastwirth
(1998), were established solely on the basis of empirical results obtained from

Monte Carlo experiments involving data simulated from unimodal populations

only.
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Chapter 6 The Wrapped Skew-normal Distribution on
the Circle

6.1 Introduction

In the preceding two chapters we considered test procedures which can be
employed in the analysis of circular data in order to establish whether the
assumption of underlying circular reflective symmetry is reasonable or not. But
what if symmetry is rejected? What options are available to us in terms of
modelling circular data which are skew? In Section 6.2 we provide a necessarily
brief review of the asymmetric models for circular data which have been proposed
in the literature. The remainder of the chapter is devoted almost exclusively to the
wrapped skew-normal distribution on the circle, henceforth the WSNC distribution,
a new model motivated by the need for distributional forms capable of modelling
the asymmetry often manifested by real circular data.

In Section 6.3 we define the distribution and obtain its fundamental properties.
We note that the derivation of the characteristic function which appears in Section
6.3.2 is due to Professor Toby Lewis. »

The following four sections address issues of inference for the WSNC
distribution. Sections 6.4, 6.5 and 6.6 discuss the estimation of the distribution’s
parameters. A viable approach to method of moments estimation is presented in
Section 6.4, and maximum likelihood estimation is discussed in Section 6.5. A
detailed evaluation of these competing approaches to estimation is given in Section
6.6. In Section 6.7 we consider procedures for testing for three limiting cases of the
WSNC class.

The application of the developed methodology is illustrated in Section 6.8 using
a large data set consisting of the headings of migrating birds. The chapter closes, in
Section 6.9, with a summary of its content and a discussion of potential lines of
related future research.

In the main, the treatment of the WSNC distribution giveﬁ here follows that
published in Pewsey (2000b). However, much of the content of Sections 6.2, 6.3, 6.4
and 6.7, and all of that of Sections 6.5 and 6.6, is new. In addition, the analysis of
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the illustrative example presented in Section 6.7 differs in important ways from
that given in Pewsey (2000b), and is effectively that presented at the 19th Leeds
Annual Statistics Research Workshop which took place at the University of Leeds
in July 2000, and at the 25th National Conference of Statistics and Operational
Research held at the University of Jaén, Ubeda, Spain in November 2001.

6.2 Asymmetric Models for Circular Data
Of the continuous models for circular data, the best known and most frequently
applied are unimodal and symmetric. Amongst this class of models figure the
cardioid, wrapped Cauchy, wrapped normal and von Mises distributions. As was
previously pointed out in Section 4.2 of Chapter 4, historically the von Mises
distribution has played a dominating role in the analysis of circular data.

In contrast to the situation for linear data, relatively few asymmetric models
have been proposed in the literature for circular data. Mardia (1972, pp. 51-53)
considered a family of skew triangular distributions and the class of projected

normal distributions. The latter class can be used to model bimodality as well as

asymmetry.

Batschelet (1981, Section 15.6) refers to two distributional families capable of
modelling skewness. The first is due to Papakonstantinou (1979) who proposed the
class defined by the density

1 K
=—+— si i 2.1
7(8) 27Z+27Z sin (8 +vsin 8), (6.2.1)

where € [O, 272'), [v| <1 and IKI <1. The shape of the distribution depends on the

values taken by both k and v, the latter of the two parameters determining the
skewness of the distribution. The special case of v = 0 corresponds to the symmetric
cosine distribution (see, for example, Batschelet (1981, p. 283)), whilst the uniform
distribution results if k¥ =0.

The second class is a particular extension of the von Mises distribution, defined
by the density
f(8)=cexp{xcos(8+vcosh)}, (6.2.2)

where, once more, Ivl <1, and c is a normalizing constant which must be calculated

numerically. Again, v plays the role of a skewness parameter, the von Mises

distribution with concentration parameter x resulting when v=0.
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Figure 6.1 Linear plots of Equations: a) (6.2.1), b) (6.2.2). Both pairs of curves
correspond to the choices x = 0.8 and v = 0.2 (dashed curve) and v = 0.98 (solid

curve). In b) the normalizing constant ¢ has been set equal to 1.

Papakonstantinou (1979, pp. 28-29) derived the trigonometric moments of the
density given in (6.2.1) and hence the second central sine moment of the
distribution. Otherwise, we are unaware of any other published work extending the
results of these two authors. Here we briefly mention two rather undesirable
features of both families. Firstly, as defined, neither model contains a location

parameter. Secondly, whilst the densities described by (6.2.1) and (6.2.2) are

monotone decreasing about a main mode when Ivl <1, as lvl — 1 they take on rather

unappealing shapes. To illustrate this common behaviour, in Figure 6.1 we graph

(6.2.1) and (6.2.2), the latter with ¢=1, for k¥ = 0.8 and v equal to 0.2 and 0.98.
These changes in shape are a consequence of the fact that the parameter v not only
controls the skewness of the two distributions but, if allowed to freely vary, also

determines the number of modes manifested by them. The constraint that |V|

should be less than 1 ensures that the derivatives of (6.2.1) and (6.2.2) do not
vanish, but is not sufficient to avoid the changes in shape of both densities evident
in Figure 6.1.

A simple yet highly useful means of generating skew models for circular data is
to wrap a suitably chosen skew linear class onto the unit circle. This idea is by no
means new, indeed its first use dates back at least to the work of Schmidt (1917).
Mardia (1971) referred briefly to the possibility of wrapping the flexible Pearson
family of distributions onto the circle, but to our knowledge this option has not
subsequently been pursued in the literature. Another family of distributions of this
type which has great potential in the modelling of skew circular data is the

wrapped stable class. This family includes the symmetric wrapped normal and
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wrapped Cauchy distributions as special cases. Relevant published work regarding
this class is that of Winter (1947) and Sengupta & Pal (2001). The wrapped
exponential distribution introduced in Section 4.4.2.2.1 of Chapter 4 provides
another example of the application of this general approach to obtaining circular
distributions from linear ones.

One of the most striking features of the treatment given in the literature to
asymmetric models is its almost universal statistical superficiality. Whilst the
basic properties of the various distributions are, in the main, well documented, it is
hard, if not impossible, to find anything published regarding inference for such
distributions. It is not, therefore, surprising to find that, as Fisher (1994, p. 56)
comments, models capable of modelling asymmetry have rarely been applied in the
analysis of circular data. In an attempt to redress this situation, we dedicate the
greater part of this chapter to a consideration of the wrapped skew-normal

distribution on the circle as a potential model for skew circular data.

6.3 Definition and Fundamental Properties of the WSNC

Distribution

6.3.1 Definition and Limiting Cases

Following the notation of Chapter 1, suppose ¥, ~ SN, (&,7,4) with —eo <& <o,
1n>0 and —oo <A <oo. Wrapping the random variable Y, onto the unit circle, we

denote the resulting circular random variable as 6, =¥, (mod27). Then 6, has

density

£(0:61.)=23 0+2m_§)<b{/1[9+2m_§}}, (6.3.1)
n 4= n n

for 0<6<2x. We will say that 6, has a WSNC distribution with direct
parameters (f,n,ﬂ,), and denote this distributional relation as
6, ~WSNC, (£,7,1).

There are five limiting cases of the WSNC distribution. As 77— 0, the

distribution tends to a point distribution, whereas, as 7 —> <o, the limiting

distribution is the circular uniform. When A =0 the density (6.3.1) reduces to that
of the wrapped normal distribution. Considering the two extremes of the A scale,

the distribution tends to the wrapped half-normal distribution and the wrapped
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negative half-normal distribution as 4 tends to +<* and - , respectively. Circular
plots of four WSNCp(0,,A) densities with pertinent positive values of A are

presented in Figure 6.2.

a) 9
90°
-180°

270° 270°

90°

270°

Figure 6.2 Circular plots of WSNCpCO, 1, 4) densities with: @) 4=0 (wrapped
standard normal distribution); b) 4=2; ¢ d =5;d) 4 =20.

6.3.2 Characteristic Function and Trigonometric Moments

In Section 4.4.2.2.1 we gave results for the median direction of the WSNC
distribution. Here, we derive the characteristic function of the distribution and
identify its trigonometric moments.

Consider the linear standard skew-normal random variable X ~ SN(/I). The
characteristic function of % is given by

(r)= )=E(cos )yh sin )

=2"costx(p{x)t"{Ax)dx +i2jsin tx(l){x)"{Ax)dx

which, using an obvious notation, we will represent as

Now,
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ac(t,A) _

£ 2I°cos 1 ¢( x)x ¢( Ax)dx =0,

the integrand being an odd function. Thus,

C(t,A)=C(1,0)= Tcostx ¢(x)dx = e

Also,
M= Z]:xcostx o(x)D(Ax)dx
o e
=—2Tcostx ®(Ax)do( x)
= ZT ¢(x){-t sintx ®(Ax)+ Acostx p( Ax)fdx
e 022 o4 )
So,
8S(t,l)+ts(t,ﬂ)= (z/ﬂ)l/zaﬁ)mexp{_%ﬂ/(nf)}
=b5exp{—%t2/(l+/12)}.
Thus,
8{S(t,/1)€%'2} _ps A0
> =
and hence

St
S(.A)e" =c+ [be dv.
0

Now, as S (O,ﬂ)= 0,c¢ =0, and therefore,

Thus, the characteristic function of X is
142 & [,2
w,(t)=¢e" (1+ i J.beﬂ dv}
0
It follows that the characteristic function of the general skew-normal random

variable Y, =£+7X ~ SN, (&,m,4), v, (1), is given by
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v, (6)=¢%w, (m)

i&—Ln%? . o 12
=e" ? 1+ J be* dv
0

= 14 3(5m)}

where, for positive x,
3(x)= jbe%"zdu ,
0

and 3(-x)=-3(x). As we shall see, the function 3(-) is highly important in
terms of inference for the WSNC distribution. We used numerical methods of
integration to calculate values of S(x), although other approaches are possible as
S(x) is closely related to Dawson’s integral (see, for example, Spanier & Oldham
(1987, Chapter 42)). Table 6.1 provides some representative values of the function
3( x) for a range of x-values. These, along with all other required values of S(x),

were calculated using 15-point Gauss-Legendre quadrature (see, for example,

Carnahan et al. (1969, Chapter 2)).

Table 6.1 Values of S(x) for a range of values of x.

x S(x) x S(x)

0.0 0.00000 6.0 8.99783x10°
0.5 0.41621 8.0 8.00475x10"*
1.0 0.95344 10.0 4.17947x10%
2.0 3.77312 15.0 3.85416x10"
3.0 28.2385 20.0 2.89001x10%
4.0 643.127 25.0 1.66619x10™
5.0 44800.0 32.0 5.70151x10%*

Having derived the characteristic function of Y,, that of 6, =Y, (mod27z‘),

{l//oD,p :p=0, il,...}, is given by (see, for example, Mardia & Jupp (1999, Section

3.5.7)),
v, =¥, (p)="*" {1+i3(np)}. (6.3.2)
From (6.3.2), one obtains the cosine moments
o, = E(cos P99)= o (cos p& —3(Snp) sin pé), (6.3.3)
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and the sine moments,
B,= E(sin p@D)= o’ (sin p&+3(Snp) cos p&), (6.3.4)
where @ = e_%'7 . Given these trigonometric moments, an alternative representation

for the density of g, is,

0:62)= | 1+2 50 cosp(0-2)+ 5 om)in p0-8)

6.4 Method of Moments Estimation
6.4.1 Introduction
Having outlined the fundamental properties of the WSNC distribution, in this and
the following two sections we consider the issue of estimating the distribution’s
parameters. As in previous chapters, we start with a discussion of method of
moments estimation before moving on to a consideration of likelihood based
inference.

Using the trigonometric moments in (6.3.3) and (6.3.4), one can, in principle,

obtain method of moments (MM) estimates for the direct parameters of the WSNC

distribution by equating the expressions for ¢, f, and f,, say, with their sample
counterparts @,, b and b,, and solving for the direct parameters £ 77 and A.

Nevertheless, in addition to the problem as to exactly which of the trigonometric
moments should be used in this exercise, there are many potential ways of solving
the resulting systems of equations. We explored numerous variants of this
approach but found in each case that the systems of equations generated by them
sometimes had no solution. After trying in vain to identify a version of this
approach which always led to a soluble system of equations, we were led to

conclude that the problem was a consequence of the inherent instability of the

estimates obtained when attempting to solve directly for &, 77 and A.

6.4.2 Estimation Based on a Circular Parametrization

In the search for a set of parameters more amenable to moment based estimation,
we pursued the logic of Azzalini’s centred parametrization discussed in Section
1.4.2 of Chapter 1. Clearly, the centred parameters of the linear skew-normal
distribution will not generally represent useful properties of a circular distribution.

However, as we saw in Chapter 3, analogous measures which represent the central
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location, dispersion and skewness of a circular distribution are at our disposal.

Given the results derived in Chapter 3, we chose to work with the parametrization
( HUe, P, B, ); Uc € [0, 27[) being the mean direction, pe [O, 1] the mean resultant
length and ﬁz € [—1, 1] the second central sine moment. Here and in the
remainder of the chapter we use u with the subindex C to indicate that the

parameter concerned is a circular one. To avoid potential confusion, later we use

MU, to denote the mean associated with Azzalini’s centred parametrization for a
skew-normal distribution on the line. Henceforth we refer to ( HUes P, Bz) as the

circular parametrization of the WSNC distribution. Apart from the fact that in the
modelling of circular data the circular parameters may well be of interest in their

own right, a major advantage of this parametrization is that the moment estimates
of ., pand Bz ,ie. 6, R and 52 , always provide estimates which lie within the

admissible ranges specified for their population counterparts.
Using (6.3.3) and (6.3.4) together with the identity

,B_z ,02 = (0(12 _1312 )132 —20, p oy, (6.4.1)
it follows that the circular parameters can be expressed in terms of the direct

parameters as

U =tan"'[{sin& +3(Sn)cosé }/{cos & —3(6n)siné}, (6.4.2)
p=ow{1+3*(sn)}", (6.4.3)
B, = *[3(20n){1-3*(6n)}-23(5n)] / {1+3%(8n)}, (6.4.4)

where, as previously, § = ,1/ ( 1+ 22 )1/2 and w=e3"

If estimation is to be based on the initial estimation of the circular parameters
but the direct parameters are of principal interest, a means of calculating the direct
parameters from the circular ones is obviously required. The values of the direct

parameters can be obtained from the circular ones, firstly by solving numerically

for on in
B, _3(26m\1-3*(sn)}-23(sn) 645
p’ {1+8%(on)f

The value of 7 can then be obtained using
n=[-2log, p+log,{1+3*(sn)}]"”, (6.4.6)
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and thence that of &. The value of £ (mod27) is that solution to

tan( &)= {tan U —S(577)}/{1+S( o7) tan ,uc},
which satisfies (6.3.3) or, equivalently, (6.3.4). Given the role of the location
parameter £, one might expect the performance of this sequential approach to
estimating the direct parameters to be reasonable for close to symmetric parent

populations. However, as A tends to e we might equally expect its performance

to deteriorate.

Results for the moment based estimation of the mean direction, mean resultant
length and second central sine moment were presented in Chapter 3. For the
WSNC distribution we have (6.4.3) and (6.4.4). Using these results and those for
the trigonometric moments of the WSNC distribution given in (6.3.3) and (6.3.4),
together with the identities in (3.3.1) of Chapter 3, we obtain

&, =o' {1-3*(5n)+23(8n)S(28n)} /{1 +3*(8n)}

7, =’ [1-38%(5n)+S(on)3(30n){3-8*(sm)H] {1+ 32(sm)}”,

B, = [S(sm){s*(om)-3}+ 3(3om){1-382(on)}] {1+ S2(om)f", ©47)

__ o [1+5°(5n){5* (8n)- 6}+ 43(om)3(45m){1-5* (sm)}]
{1+3°(em)f

Thus, in order to apply the large-sample inferential procedures of Chapter 3 for an

underlying distribution assumed to be WSNC, one first requires estimates for 7
and J. These can be obtained using the proéedure for transforming from the

circular parameters to the direct ones based on (6.4.5) and (6.4.6), with 32 and p

replaced by [;z and R , respectively.

6.4.3 Sampling Properties of the Circular Parameter Estimates
In order to investigate the adequacy of the theoretical results of Chapter 3 when

applied to the WSNC distribution, we designed a Monte Carlo experiment in which
simulation was conducted for a wide range of (1, 0,4) combinations. For each such
combination considered we simulated large numbers of samples of size n from a
WSNC distribution with skewness parameter A and mean resultant length p. In

the following three subsections we summarize the findings obtained from this

simulation study regarding: i) the shapes of the sampling distributions of the
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estimates, ii) the validity of the theoretical asymptotic results for the bias and

variance of the estimates, and iii) the efficacy of bias-correction.

6.4.3.1 Sampling Distributions of the Individual Parameter Estimates
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Figure 6.3 Empirical sampling distributions of the method of moments

estimates 6, R and 1;2 obtained from 3000 simulated samples of size 100 from
the WSNC distribution with £=0, 4 =0 and: a), b),c) p=0.3;d), e), ) o= 0.9.

In Figures 6.3 and 6.4 we illustrate the forms assumed by the sampling

distributions of 8, R and 52 . Each set of three histograms in these figures is

based on the estimates obtained from 3000 samples of size n = 100 simulated from

a WSNC distributions with £= 0 and, for those on the left-hand side of each figure,

o = 0.3, and, for those on the right-hand side, p = 0.9. The samples used to produce

Figure 6.3 were simulated from the symmetric wrapped normal distribution, whilst
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those on which Figure 6.4 is based were simulated from the highly skew case of the
WSNC distribution corresponding to a value of the skewness parameter of A = 20.

As can be appreciated from Figure 6.2, this latter distribution is very similar in
form to a wrapped half-normal distribution. Even for such a highly skew parent
population, as we can see from Figure 6.4, for a sample size of 100 the normal

distribution provides a reasonable approximation to the sampling distributions of
all three estimators. The most skew of the sampling distributions is that of 1;2
corresponding to the highly skew and highly concentrated case of the distribution
with A =20 and p=0.9.
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Figure 6.4 Empirical sampling distributions of the method of moments
estimates 8, R and b, obtained from 3000 simulated samples of size 100 from
the WSNC distribution with £=0, 4 =20 and: a), b), ¢) p=0.3;d), e), f) p=0.9.
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In Figures 6.5 and 6.6 we present sampling distributions analogous to those
presented in Figures 6.3 and 6.4, obtained using simulated samples of size 20
instead of 100. Although for such small sized samples the sampling distributions
are not generally so well approximated by normal distributions, the sampling

distributions of all three estimates are still, nevertheless, unimodal. However, we
note that, as p tends further towards 0, the sampling distribution of & tends to the
uniform  distribution on (0,27). Comparing the sampling distributions
corresponding to © = 0.3 and p = 0.9. in both figures, we see that the degree of

skewness of the sampling distributions of R and b_2 depends heavily on the

concentration of the parent population.
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Figure 6.5 Empirical sampling distributions of the method of moments

estimates 4, R and 172 obtained from 3000 simulated samples of size 20 from
the WSNC distribution with =0, 4 =0 and: a), b), ¢) p=0.3; d), e), ) p=0.9.

170



Chapter 6 - The Wrapped Skew-normal Distribution on the Circle

T T T T T T

1 2 3 4
Theta-bar

03 04
R-bar

T
0.2

=
i=J
[

0~

]
b2-bar

d)
5_
4 -
3~
24
1 =
0 Ll 1 311 DXry
T T T T T T T T
03 04 05 06 07 08 09 10
Theta-bar
e)
14
12
104
8 —
6 -
4 -
2
0 Ll L
T T T T T
0.75 0.80 0.85 0.90 0.95
R-bar
10+
5 -
0 !
T T T T
-0.3 0.2 -0.1 0
b2-bar

Figure 6.6 Empirical sampling distributions of the method of moments
estimates 4, R and I;z obtained from 3000 simulated samples of size 20 from
the WSNC distribution with =0, 4A=20 and: a), b),c) p=0.8;d),e), D) p=0.9.

6.4.3.2 Validity of the Theoretical Asymptotic Bias and Variance Results

In Tables 6.2-6.7 we present empirical results for the biases and variances of &,

R and I;z . Also given are the equivalent theoretical asymptotic values calculated

using (3.3.1) and (3.3.2) of Chapter 3 in conjunction with the central trigonometric

moments for the WSNC distribution given in (6.4.7).
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Table 6.2 Empirical and, in brackets, theoretical asymptotic bias of 6 quoted to
four decimal places. Each empirical bias estimate is based on 5000 simulated
samples of size n from the WSNC distribution with mean direction 0, mean
resultant length p and skewness parameter A.

0
An 0.1 0.3 0.5 0.7 0.9

0 20 -0.0270(0.0000) 0.0046(0.0000) 0.0083(0.0000)~0.0029(0.0000) 0.0007(0.0000)
30  0.0095(0.0000) 0.0049(0.0000)—0.0008(0.0000) 0.0003(0.0000) —0.0001(0.0000)
50  0.0052(0.0000) —0.0010(0.0000) —0.0006(0.0000) —0.0009(0.0000) —0.0004(0.0000)
100 -0.0089(0.0000) - 0.0067(0.0000) 0.0010(0.0000) 0.0014(0.0000) 0.0001(0.0000)
200 -0.0100(0.0000) 0.0012(0.0000) 0.0025(0.0000)-0.0010(0.0000) 0.0003(0.0000)
500 0.0022(0.0000) 0.0013(0.0000) 0.0001(0.0000) —0.0002(0.0000) —0.0002(0.0000)

2 20 0.0040(0.0036) 0.0068(0.0061) 0.0114(0.0056) 0.0004(0.0036) 0.0026(0.0009)
30  0.0049(0.0024) 0.0052(0.0041) —0.0055(0.0038) —0.0027(0.0024) -0.0006(0.0006)
50  0.0025(0.0014) -0.0001(0.0025) 0.0037(0.0023) 0.0018(0.0014) 0.0011(0.0004)
100 —0.0034(0.0007) -0.0007(0.0012) 0.0015(0.0011) ~0.0015(0.0007) —-0.0005(0.0002)
200 -0.0035(0.0004) —0.0009(0.0006) 0.0004(0.0006) 0.0005(0.0004) 0.0004(0.0001)
500 -0.0025(0.0001) —0.0004(0.0002) 0.0004(0.0002) —0.0003(0.0001) —0.0002(0.0000)

5 20 -0.0194(0.0265) 0.0130(0.0222) 0.0085(0.0139) 0.0046(0.0074) 0.0014(0.0017)
30 0.0106(0.0176) 0.0154(0.0148) 0.0108(0.0093) 0.0057(0.0049) 0.0011(0.0011)
50  0.0218(0.0106) 0.0048(0.0089) 0.0059(0.0056) 0.0047(0.0030) 0.0007(0.0007)
100 —0.0047(0.0053) 0.0012(0.0044) 0.0003(0.0028) 0.0022(0.0015) 0.0000(0.0003)
200 —0.0017(0.0026) 0.0080(0.0022) —-0.0001(0.0014) —0.0004(0.0007) 0.0000(0.0002)
500 -0.0012(0.0011) —0.0013(0.0009) 0.0012(0.0006) 0.0002(0.0003) —0.0004(0.0000)

20 20 -0.0244(0.0995) 0.0376(0.0353) 0.0211(0.0180) 0.0098(0.0089) 0.0015(0.0020)
30 -0.0042(0.0663) 0.0150(0.0235) 0.0118(0.0120) 0.0066(0.0059) 0.0027(0.0013)
50  0.0011(0.0398) 0.0131(0.0141) 0.0117(0.0072) 0.0042(0.0036) 0.0010(0.0008)
100 -0.0012(0.0199) 0.0045(0.0071) 0.0030(0.0036) 0.0020(0.0018) 0.0002(0.0004)
200 0.0027(0.0099) 0.0068(0.0035) 0.0017(0.0018) 0.0017(0.0009) 0.0002(0.0002)
500 0.0051(0.0040) 0.0010(0.0014)-0.0010(0.0007) 0.0000(0.0004) —0.0002(0.0001)

From a consideration of the results presented in these six tables, it can be
appreciated that the agreement between the empirical and theoretical results is

generally excellent. The largest differences between the two types of result are

those for the variance of @ and, for an underlying distribution which is highly

skew, the bias of 272 . As is to be expected, the disparities are largest for small sized

samples drawn from highly dispersed cases of the distribution. The differences

between the empirical and theoretical results under these conditions should be no
surprise to us, firstly because as p—0 the WSNC distribution tends to the

uniform distribution, the mean direction of which is undefined, and, secondly,

because the theoretical results under consideration are asymptotic ones.
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Table 6.3 Empirical and, in brackets, theoretical asymptotic variance of &
quoted to four decimal places. Each empirical variance estimate is based on 5000
simulated samples of size n from the WSNC distribution with mean direction 0,
mean resultant length p and skewness parameter A.

0.1

0.3

p
0.5

0.7

0.9

30
50
100
200
500

30
50
100
200
500

30
50
100
200
500
20 20
30
50
100
200
500

1.8420(2.4998)
1.5790(1.6665)
1.2869(0.9999)
0.8183(0.5000)
0.3691(0.2500)
0.1136(0.1000)

1.8511(2.4998)
1.6189(1.6665)
1.2106(0.9999)
0.7615(0.5000)
0.3574(0.2500)
0.1136(0.1000)

1.7854(2.5000)
1.6012(1.6667)
1.2351(1.0000)
0.7482(0.5000)
0.3660(0.2500)
0.1147(0.1000)

1.7955(2.5000)
1.5767(1.6667)
1.3161(1.0000)
0.7224(0.5000)
0.3652(0.2500)
0.1168(0.1000)

0.3807(0.2755)
0.2398(0.1837)
0.1233(0.1102)
0.0577(0.0551)
0.0280(0.0280)
0.0112(0.0110)

0.3634(0.2747)
0.2375(0.1831)
0.1231(0.1099)
0.0567(0.0549)
0.0277(0.0275)
0.0107(0.0110)

0.3783(0.2750)
0.2269(0.1834)
0.1222(0.1100)
0.0563(0.0550)
0.0278(0.0275)
0.0111(0.0110)

0.3625(0.2757)
0.2332(0.1838)
0.1195(0.1103)
0.0592(0.0551)
0.0280(0.0276)
0.0110(0.0110)

0.0967(0.0938)
0.0652(0.0625)
0.0368(0.0375)
0.0192(0.0188)
0.0093(0.0094)
0.0039(0.0038)

0.0980(0.0925)
0.0628(0.0617)
0.0388(0.0370)
0.0186(0.0185)
0.0091(0.0093)
0.0037(0.0037)

0.0997(0.0915)
0.0652(0.0610)
0.0367(0.0366)
0.0176(0.0183)
0.0093(0.0092)
0.0037(0.0037)

0.0985(0.0913)
0.0631(0.0609)
0.0379(0.0365)
0.0181(0.0183)
0.0093(0.0091)
0.0035(0.0037)

0.0384(0.0388)
0.0256(0.0258)
0.0152(0.0155)
0.0078(0.0078)
0.0038(0.0039)
0.0015(0.0016)

0.0387(0.0380)
0.0258(0.0253)
0.0151(0.0152)
0.0078(0.0076)
0.0038(0.0038)
0.0015(0.0015)

0.0368(0.0371)
0.0253(0.0247)
0.0154(0.0148)
0.0077(0.0074)
0.0037(0.0037)
0.0015(0.0015)

0.0360(0.0368)
0.0254(0.0245)
0.0149(0.0147)
0.0073(0.0074)
0.0037(0.0037)
0.0015(0.0015)

0.0104(0.0106)
0.0070(0.0071)
0.0042(0.0042)
0.0022(0.0021)
0.0010(0.0011)
0.0004(0.0004)

0.0105(0.0105)
0.0071(0.0070)
0.0040(0.0042)
0.0022(0.0021)
0.0010(0.0010)
0.0004(0.0004)

0.0102(0.0103)
0.0068(0.0069)
0.0040(0.0041)
0.0021(0.0021)
0.0010(0.0010)
0.0004(0.0004)

0.0104(0.0103)
0.0069(0.0068)
0.0043(0.0041)
0.0020(0.0021)
0.0010(0.0010)
0.0004(0.0004)

6.4.3.3 The Use of Bias-correction

In Section 3.4 of Chapter 3 we proposed general expressions for bias-corrected

estimators which are relevant to our current deliberations. Although it would be
possible to derive other bias-corrected estimators for 4., p and EZ designed

specifically for use with an assumed underlying WSNC distribution, we decided to

use simulation to compare the performance of the non-bias-corrected method of
moments estimators &, R and 172 with that of the relevant bias-corrected

estimators as originally specified in Equation (3.4.1) of Section 3.4.
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Table 6.4 Empirical and, in brackets, theoretical asymptotic bias of R quoted to
four decimal places. Each empirical bias estimate is based on 5000 simulated
samples of size n from the WSNC distribution with mean direction 0, mean
resultant length p and skewness parameter 4.

0.1

0.3

0
0.5

0.7

0.9

30
50
100
200
500

30
50
100
200
500

30
50
100
200
500
20 20
30
50
100
200
500

0.1197(0.1250)
0.0844(0.0833)
0.0559(0.0500)
0.0280(0.0250)
0.0133(0.0125)
0.0049(0.0050)

0.1184(0.1250)
0.0851(0.0833)
0.0560(0.0500)
0.0273(0.0250)
0.0137(0.0125)
0.0049(0.0050)

0.1173(0.1250)
0.0872(0.0833)
0.0570(0.0500)
0.0298(0.0250)
0.0139(0.0125)
0.0048(0.0050)

0.1200(0.1250)
0.0845(0.0833)
0.0537(0.0500)
0.0291(0.0250)
0.0132(0.0125)
0.0062(0.0050)

0.0423(0.0413)
0.0300(0.0276)
0.0178(0.0165)
0.0089(0.0083)
0.0050(0.0041)
0.0019(0.0017)

0.0469(0.0412)
0.0286(0.0275)
0.0162(0.0165)
0.0088(0.0082)
0.0041(0.0041)
0.0014(0.0016)

0.0457(0.0413)
0.0319(0.0275)
0.0185(0.0165)
0.0079(0.0083)
0.0038(0.0041)
0.0023(0.0017)

0.0429(0.0414)
0.0256(0.0276)
0.0177(0.0165)
0.0099(0.0083)
0.0045(0.0041)
0.0014(0.0017)

0.0174(0.0234)
0.0145(0.0156)
0.0101(0.0094)
0.0047(0.0047)
0.0029(0.0023)
0.0009(0.0009)

0.0256(0.0231)
0.0154(0.0154)
0.0094(0.0093)
0.0046(0.0046)
0.0020(0.0023)
0.0010(0.0009)

0.0254(0.0229)
0.0136(0.0153)
0.0102(0.0092)
0.0040(0.0046)
0.0021(0.0023)
0.0006(0.0009)

0.0211(0.0228)
0.0143(0.0152)
0.0061(0.0091)
0.0044(0.0046)
0.0026(0.0023)
0.0010(0.0009)

0.0138(0.0136)
0.0091(0.0090)
0.0058(0.0054)
0.0030(0.0027)
0.0015(0.0014)
0.0006(0.0005)

0.0126(0.0133)
0.0083(0.0089)
0.0053(0.0053)
0.0023(0.0027)
0.0020(0.0013)
0.0006(0.0005)

0.0142(0.0130)
0.0070(0.0087)
0.0040(0.0052)
0.0023(0.0026)
0.0015(0.0013)
0.0005(0.0005)

0.0122(0.0129)
0.0075(0.0086)
0.0045(0.0052)
0.0034(0.0026)
0.0003(0.0013)
0.0008(0.0005)

0.0049(0.0048)
0.0033(0.0032)
0.0018(0.0019)
0.0009(0.0010)
0.0004(0.0005)
0.0002(0.0002)

0.0049(0.0047)
0.0035(0.0031)
0.0015(0.0019)
0.0008(0.0009)
0.0003(0.0005)
0.0002(0.0002)

0.0049(0.0046)
0.0025(0.0031)
0.0017(0.0019)
0.0009(0.0009)
0.0004(0.0005)
0.0003(0.0002)

0.0050(0.0046)
0.0026(0.0031)
0.0015(0.0018)
0.0008(0.0009)
0.0004(0.0005)
0.0002(0.0002)

For each of a wide range of (n, p,ﬂ) combinations, we simulated 3000 samples
of size n from the WSNC distribution with skewness parameter A, mean resultant
length p, and mean direction y. =0. Our comparison in performance was based on

the empirical bias and MSE of the individual bias-corrected and non-bias-corrected
estimates obtained for the simulated samples. Also, in an attempt to explore the

types of phenomena referred to in Section 3.6 of Chapter 3, we recorded the
percentage of the bias-corrected estimates of p and B, which lay outside the
admissible ranges of [0, 1] and [— 1, 1], respectively. Rather than present the

detailed results obtained, instead we summarize our general findings.
Overall, the results for bias-correction were disappointing. Although it was

found generally to reduce the bias in the estimation of p, it did not lead to a
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universal reduction in bias for the estimation of the other two parameters. More

damningly, it always led to an increase in mean squared error. Consequently, the

use of the bias-corrected estimators for 4., p and Bz cannot be recommended

when the parent population is WSNC.

Table 6.5 Empirical and, in brackets, theoretical asymptotic variance of R
quoted to four decimal places. Each empirical variance estimate is based on 5000
simulated samples of size n from the WSNC distribution with mean direction O,
mean resultant length p and skewness parameter A.

0.1

0.3

0
0.5

0.7

0.9

30
50
100
200
500

30
50
100
200
500

30
50
100
200
500
20 20
30
50
100
200
500

0.0122(0.0245)
0.0088(0.0163)
0.0060(0.0098)
0.0035(0.0049)
0.0020(0.0025)
0.0010(0.0010)

0.0123(0.0245)
0.0087(0.0163)
0.0060(0.0098)
0.0035(0.0049)
0.0021(0.0025)
0.0009(0.0010)

0.0117(0.0245)
0.0091(0.0163)
0.0059(0.0098)
0.0036(0.0049)
0.0020(0.0025)
0.0009(0.0010)

0.0121(0.0245)
0.0086(0.0163)
0.0058(0.0098)
0.0035(0.0049)
0.0021(0.0025)
0.0009(0.0010)

0.0167(0.0207)
0.0119(0.0138)
0.0076(0.0083)
0.0040(0.0041)
0.0020(0.0021)
0.0008(0.0008)

0.0174(0.0208)
0.0122(0.0139)
0.0078(0.0083)
0.0041(0.0042)
0.0020(0.0021)
0.0009(0.0008)

0.0174(0.0207)
0.0120(0.0138)
0.0076(0.0083)
0.0042(0.0041)
0.0020(0.0021)
0.0009(0.0008)

0.0172(0.0207)
0.0122(0.0138)
0.0076(0.0083)
0.0040(0.0041)
0.0020(0.0021)
0.0008(0.0008)

0.0130(0.0141)
0.0089(0.0094)
0.0054(0.0056)
0.0028(0.0028)
0.0014(0.0014)
0.0005(0.0006)

0.0135(0.0144)
0.0089(0.0096)
0.0058(0.0057)
0.0029(0.0029)
0.0015(0.0014)
0.0006(0.0006)

0.0142(0.0146)
0.0098(0.0097)
0.0057(0.0058)
0.0030(0.0029)
0.0015(0.0015)
0.0006(0.0006)

0.0141(0.0147)
0.0093(0.0098)
0.0057(0.0059)
0.0028(0.0029)
0.0014(0.0015)
0.0006(0.0006)

0.0062(0.0065)
0.0042(0.0043)
0.0026(0.0026)
0.0013(0.0013)
0.0006(0.0007)
0.0003(0.0003)

0.0069(0.0069)
0.0046(0.0046)
0.0027(0.0028)
0.0014(0.0014)
0.0007(0.0007)
0.0003(0.0003)

0.0069(0.0073)
0.0047(0.0049)
0.0030(0.0029)
0.0015(0.0015)
0.0007(0.0007)
0.0003(0.0003)

0.0073(0.0075)
0.0048(0.0050)
0.0029(0.0030)
0.0015(0.0015)
0.0007(0.0007)
0.0003(0.0003)

0.0009(0.0009)
0.0006(0.0006)
0.0004(0.0004)
0.0002(0.0002)
0.0001(0.0001)
0.0000(0.0000)

0.0010(0.0010)
0.0007(0.0007)
0.0004(0.0004)
0.0002(0.0002)
0.0001(0.0001)
0.0000(0.0000)

0.0010(0.0011)
0.0007(0.0008)
0.0004(0.0005)
0.0002(0.0002)
0.0001(0.0001)
0.0000(0.0000)

0.0011(0.0012)
0.0008(0.0008)
0.0005(0.0005)
0.0002(0.0002)
0.0001(0.0001)
0.0000(0.0000)

We conclude our observations regarding bias-correction by noting that the
frequencies of inadmissible bias-corrected estimates for p and S, were greatest for
small-sized samples drawn from highly dispersed cases of the WSNC distribution.
The frequencies of inadnﬁssible bias-corrected estimates for B, were consistently
higher than their counterparts for p. Whilst the latter frequencies decreased
rapidly with increasing sample size and concentration of the parent population, the

frequencies of inadmissible bias-corrected estimates of f5, decreased much more
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slowly, with an increase in concentration of the parent population leading to a more
pronounced decrease in such frequencies than an increase in sample size. The
skewness of the parent population was found to have only a marginal effect on both

sets of frequencies.

Table 6.6 Empirical and, in brackets, theoretical asymptotic bias of 1;2 quoted to

four decimal places. Each empirical bias estimate is based on 5000 simulated
samples of size n from the WSNC distribution with mean direction 0, mean

resultant length p and skewness parameter A.

. p

An 0.1 0.3 0.5 0.7 0.9
0 20 -0.0022(0.0000) 0.0013(0.0000)-0.0011(0.0000) —0.0008(0.0000) —0.0001(0.0000)
30  0.0008(0.0000) -0.0014(0.0000) 0.0004(0.0000) 0.0015(0.0000) —0.0005(0.0000)
50 -0.0004(0.0000) 0.0001(0.0000)-0.0002(0.0000) 0.0016(0.0000) 0.0002(0.0000)

100 —0.0004(0.0000) 0.0008(0.0000) 0.0001(0.0000) 0.0010(0.0000) -0.0003(0.0000)
0.0002(0.0000) 0.0010(0.0000) 0.0002(0.0000) —0.0002(0.0000)
0.0003(0.0000) 0.0001(0.0000) 0.0007(0.0000) 0.0003(0.0000) 0.0000(0.0000)

200
500

2 20
30
50
100
200
500

5 20
30
50
100
200
500

20 20
30
50
100
200

500

0.0068(0.0071) 0.0164(0.0093) 0.0113(0.0058)
0.0021(0.0047) 0.0082(0.0062) 0.0060(0.0039)
0.0018(0.0028) 0.0072(0.0037) 0.0061(0.0023)
0.0012(0.0014) 0.0041(0.0019) 0.0023(0.0012)
0.0012(0.0007) 0.0020(0.0009) 0.0005(0.0006)
0.0004(0.0003) —0.0002(0.0004) 0.0007(0.0002)

0.0076(0.0529) 0.0419(0.0355) 0.0281(0.0141)
0.0092(0.0353) 0.0295(0.0236) 0.0198(0.0094)
0.0086(0.0212) 0.0166(0.0142) 0.0116(0.0056)
0.0073(0.0106) 0.0079(0.0071) 0.0049(0.0028)
0.0044(0.0053) 0.0049(0.0035) 0.0025(0.0014)
0.0025(0.0021) 0.0016(0.0014) 0.0011(0.0006)

0.0393(0.1989) 0.0567(0.0601) 0.0342(0.0187)
0.0353(0.1326) 0.0429(0.0401) 0.0247(0.0125)
0.0322(0.0796) 0.0280(0.0240) 0.0142(0.0075)
0.0259(0.0398) 0.0152(0.0120) 0.0081(0.0037)
0.0182(0.0198) 0.0069(0.0060) 0.0040(0.0019)
0.0081(0.0080) 0.0032(0.0024) 0.0016(0.0007)

0.0044(0.0039)
0.0028(0.0026)
0.0025(0.0015)
0.0010(0.0008)
0.0006(0.0004)
0.0002(0.0002)

0.0147(0.0089)
0.0115(0.0060)
0.0070(0.0036)
0.0040(0.0018)
0.0018(0.0009)
0.0009(0.0004)

0.0198(0.0113)
0.0127(0.0075)
0.0090(0.0045)
0.0041(0.0023)
0.0015(0.0011)
0.0008(0.0005)

0.0000(0.0000)

0.0032(0.0028)
0.0026(0.0019)
0.0012(0.0011)
0.0007(0.0006)
0.0004(0.0003)
0.0000(0.0001)

0.0074(0.0055)
0.0036(0.0036)
0.0019(0.0022)
0.0011(0.0011)
0.0005(0.0005)
0.0004(0.0002)

0.0079(0.0064)
0.0047(0.0043)
0.0028(0.0026)
0.0016(0.0013)
0.0007(0.0006)
0.0004(0.0003)

6.4.4 Sampling Distributions of the Corresponding Direct and Centred
Parameter Estimates

As mentioned in Section 6.4.2, the circular parameters of the WSNC will often be of
interest in their own right. However, if, for instance, we are interested in properties
related to the density of the distribution then, as the density of the WSNC cannot
be expressed analytically in terms of the circular parameters, it is necessary to
work with the corresponding direct or centred parameters. Here and in the

remainder of the chapter we will denote the centred parameters of the general
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skew-normal distribution defined on the real line as 4, , oand ¥,, the subindex L
of 4, being used to differentiate the parameter considered from the mean

direction, k., of the WSNC distribution.

Table 6.7 Empirical and, in brackets, theoretical asymptotic variance of 52

quoted to four decimal places. Each empirical variance estimate is based on 5000
simulated samples of size n from the WSNC distribution with mean direction 0,

mean resultant length p and skewness parameter A.

0.1

0.3

0
0.5

0.7

0.9

30
50
100
200
500

30
50
100
200
500

30
50
100
200
500
20 20
30
50
100
200
500

0.0237(0.0250)
0.0153(0.0167)
0.0099(0.0100)
0.0050(0.0050)
0.0025(0.0025)
0.0010(0.0010)

0.0237(0.0250)
0.0158(0.0167)
0.0099(0.0100)
0.0049(0.0050)
0.0025(0.0025)
0.0010(0.0010)

0.0237(0.0250)
0.0159(0.0167)
0.0099(0.0100)
0.0050(0.0050)
0.0025(0.0025)
0.0010(0.0010)

0.0242(0.0249)
0.0166(0.0166)
0.0104(0.0100)
0.0053(0.0050)
0.0029(0.0025)
0.0011(0.0010)

0.0232(0.0243)
0.0153(0.0162)
0.0097(0.0097)
0.0047(0.0049)
0.0024(0.0024)
0.0010(0.0010)

0.0221(0.0240)
0.0155(0.0160)
0.0094(0.0096)
0.0048(0.0048)
0.0024(0.0024)
0.0009(0.0010)

0.0236(0.0238)
0.0161(0.0158)
0.0096(0.0095)
0.0049(0.0048)
0.0024(0.0024)
0.0010(0.0010}

0.0263(0.0235)
0.0179(0.0156)
0.0103(0.0094)
0.0049(0.0047)
0.0024(0.0023)
0.0010(0.0009)

0.0195(0.0202)
0.0130(0.0135)
0.0079(0.0081)
0.0041(0.0040)
0.0020(0.0020)
0.0008(0.0008)

0.0185(0.0194)
0.0125(0.0130)
0.0072(0.0078)
0.0038(0.0039)
0.0020(0.0019)
0.0008(0.0008)

0.0184(0.0181)
0.0121(0.0120)
0.0071(0.0072)
0.0036(0.0036)
0.0018(0.0018)
0.0007(0.0007)

0.0187(0.0175)
0.0119(0.0117)
0.0070(0.0070)
0.0035(0.0035)
0.0018(0.0017)
0.0007(0.0007)

0.0106(0.0112)
0.0072(0.0075)
0.0043(0.0045)
0.0021(0.0022)
0.0011(0.0011)
0.0005(0.0004)

0.0108(0.0108)
0.0069(0.0072)
0.0043(0.0043)
0.0022(0.0022)
0.0011(0.0011)
0.0004(0.0004)

0.0101(0.0102)
0.0067(0.0068)
0.0040(0.0041)
0.0020(0.0020)
0.0010(0.0010)
0.0004(0.0004)

0.0099(0.0101)
0.0064(0.0067)
0.0041(0.0040)
0.0021(0.0020)
0.0011(0.0010)
0.0004(0.0004)

0.0012(0.0013)
0.0008(0.0009)
0.0005(0.0005)
0.0003(0.0003)
0.0001(0.0001)
0.0001(0.0001)

0.0014(0.0016)
0.0010(0.0010)
0.0006(0.0006)
0.0003(0.0003)
0.0002(0.0002)
0.0001(0.0001)

0.0017(0.0020)
0.0012(0.0013)
0.0008(0.0008)
0.0004(0.0004)
0.0002(0.0002)
0.0001(0.0001)

0.0019(0.0021)
0.0014(0.0014)
0.0008(0.0009)
0.0004(0.0004)
0.0002(0.0002)
0.0001(0.0001)

If Y. ~ SNC( U, 0, 7’1) then, using (1.4.6) of Chapter 1, the circular random

variable 8, =Y, (mod27) has the density, expressed as a function of the centred

parameters, given by
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2 - 1 0+ 2mr -
f(9§,u1,,0', 4 )= ( 2}/2/3 )1/2 2 ¢ ( 2}/2/3 )1/2( i 7:; as
e 1

+cylP
(6.4.8)

13

cy, (9+27zr—,uL+

/
@ {b2+c2( ) 2/3}/ (1+ 2},2/3) L o y’HJ ’

where 0<6 <27, —co< gy <o, 0>0,-0.99527 <y, <0.99527, b=(/x)"

c={2/(4-7) }1/3. We will say that 6. is distributed according to the WSNC

distribution with centred parameters (ﬂL,a,yl ), and denote the fact using the
notation 6, ~ WSNCC( U, 0.7, )
Having obtained method of moments estimates of ., 0 and fB,, one can

transform them to obtain estimates of the direct parameters &£ (mod 27[), nand 4

as described in Section 6.4.2. Using the results in Section 1.2.3 of Chapter 1,
estimates for the centred parameters can be calculated from those for the direct
parameters using the relations
1, (mod 277)=¢ (mod 27 )+ bné,
o=n(1-v262)", (6.4.9)
b8 (202 -1)

In order to illustrate the forms taken by the sampling distributions obtained
using this approach, in Figures 6.7 we provide histograms of the estimates of the
direct and centred parameters obtained by transforming the estimates of the
circular parameters whose sampling distributions were portrayed in the three
histograms appearing in the left-hand side of Figure 6.3. Despite the perfectly
regular nature of those original three histograms, the corresponding sampling
distributions of the direct and centred parameters are, in general, not nearly as
appealing. Specifically, those for £ dand ¥, are bimodal, while those for 7 and ¢
are highly skew. Although such sampling behaviour does not necessarily
inconvenience the point estimation of the relevant parameters, it clearly has
important implications for other forms of inference such as confidence interval
construction and hypothesis testing, at least if classical approaches to inference are

to be employed. Of course, such irregular sampling behaviour is immaterial for
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computer intensive methods of inference such as the bootstrap and Monte Carlo

significance tests.
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Figure 6.7 Empirical sampling distributions of the method of moments
estimates of the direct parameters: a) £ (mod 27), b) 7 and ¢) &, and the centred
parameters: d) g (mod 27), e) o and f) ¥, obtained using transformation of the
estimates of the circular parameters displayed in Figure 6.3a, b and c.

6.5 Maximum Likelihood Estimation

From our work on moment based inference in the previous section, there are three

parametrizations which one might contemplate using within the general

framework of maximum likelihood (ML) estimation. The circular parametrization

rules itself out as the likelihood function cannot be expressed analytically as a

function of the circular parameters. In addition, it is not generally advisable to use
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the direct parametrization for the reasons related to its parameter redundancy for
the normal distribution discussed in Section 1.4.1.2 of Chapter 1. Thus, as on the

line, we advocate the use of the centred parametrization.
Using (6.4.8), it follows that, for a random sample of size n, . = (Gc sees Oy ),

from the WSNC distribution with centred parameters y4, o and y,, the log-

likelihood is given by

/ (#L,J,Yl ;Qc)=nln2—nlna—121_1n(1+cz l2/3)

\ - 6. + 27—
+len 241) (1+0217/2/3)1/2( c, T ;ZT ,u[__l_c},ll/sj 65.1)
i= r=—oo ;
C}’m 6 2w -
B o poy ey e 3/3)‘/2[ e ﬂ

Numerical methods of optimization must be employed in order to maximize (6.5.1)
and hence identify the maximum likelihood estimates. In practice, the infinite
summation in (6.5.1) can be reduced to include just a small number of its central
terms. The central three terms suffice for most applications, whilst the first seven
central terms are more than adequate for data sampled from even the most
dispersed of parent populations. '

Our approach to maximizing (6.5.1) was similar to that described in Section
1.4.2.2 of Chapter 1 for the general skew-normal distribution on the line. We used
the Nelder-Mead simplex combined with a grid of starting values. The use of a grid
of initial values rather than, say, the estimates obtained from method of moments
estimation as the sole starting values, is advisable as, firstly, the method of
moments estimates of the centred parameters do not necessarily provide good
initial values for the optimization process, and, secondly, because multiple maxima
can occur on the log-likelihood surface. In Figure 6.8 we illustrate the general lack
of any strong relation between the MM estimates of the centred parameters and
their ML counterparts when the parent population is highly dispersed. The
estimates displayed in the three scatterplots making up this figure are those
obtained from the same 3000 simulated samples of size 100 used to derive the
sampling distributions of the MM estimates portrayed in the three histograms
making up the left-hand side of Figure 6.3, and those of Figure 6.7. We note,

however, that as the concentration of the parent WSNC distribution increases, so
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does the strength of the relationships between the MM and ML estimates of the

centred parameters.

-2-1012 2 5

3 4
MM estimate of mu-L MM estimate of sigma

MM estimate of gamma-1

Flgure 6.8 Scatterplots of the ML versus the MM estim ates of the centred

param eters: a) (mod 2;M), b) cr an d c) H—> obtained from the same 3000

sim ulated sam ples of size 100 used in the production of the left-hand side of

Figure 6.3, and Figure 6.7. The values of the centred param eters for the parent

W SN C distribution are =0, cr= 1.5518 and - 0.

During the process of optimization it is also necessary to check that the
maximum of the log-likelihood function does not correspond to a wrapped half-
normal distribution. For reasons of simplicity, and as parameter redundancy is not
an issue on the relevant boundaries of the parameter space, this check can be

carried out using numerical optimization ofthe log-likelihood function expressed in

terms of the direct parameters with X set equal to ... This representation of the

log-likelihood function is easily derived from (6.3.1). Once more, only a small
number of the central terms making up the infinite summation appearing in the

resulting log-likelihood need to be used in the optimization process. Again, we

recommend the use of a range of starting values, in this case, for * and 7.
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Figure 6.9 Empirical sampling distributions of the maximum likelihood
estimates of the direct parameters: a) £ (mod 27z), b) 77 and ¢) J, and the centred
parameters: d) y_ (mod 27), e) o and f) ¥, for the same 3000 samples of size 100
used in the production of Figure 6.7.

Clearly, once ML estimation has been employed to obtain estimates of the
centred parameters, these estimates can be transformed to obtain estimates of the
direct or circular parameters, as and when required. The direct parameters can be
calculated from fhe centred ones using the relations

& (mod 277)= 4, (mod 27 )~ cy’o,
n=o(1+c%)",

3

A= 2 :
{p? + (0> -1)y? )"
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The estimates of the circular parameters can then be calculated from those for the
direct parameters using Equations (6.4.2)-(6.4.4) of Section 6.4.2. We note however
that the sampling distributions of the estimators for all three parametrizations are
not, in general, particularly appealing. To illustrate this fact, in Figure 6.9 we
display the sampling distributions of the individual ML estimates of the direct and
centred parameters obtained for the same 3000 simulated samples of size 100 used
previously in the production of Figures 6.3, 6.7 and 6.8. In Figure 6.10 we portray
the sampling distributions of the corresponding estimates of the circular
parameters. A comparison of the histograms represented in these two figures with
their counterparts in Figures 6.7 and 6.3, respectively, provides an indication of the
similarities, as well as the differences, that exist between the sampling

distributions of the MM and ML estimates of the various parameters.
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Figure 6.10 Empirical sampling distributions of the maximum likelihood
estimates of the circular parameters: a) us, b) p and c) ,732, for the same 3000

samples of size 100 used to produce the histograms making up the left-hand side
of Figure 6.3.
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6.6 Detailed Empirical Comparison of MM and ML Estimation

As an extension of the Monte Carlo experiment described in Section 6.4.3, we used
simulation to compare the performance of method of moments and maximum
likelihood estimation in greater detail. In order to be consistent with the
parametrization used in Section 1.4.2.3 of Chapter 1, in Tables 6.8-6.10 we present,
individually, the results obtaihed for the estimates of the centred parameters.
Given that this parametrization is the one advocated for use with ML estimation,
whereas our approach to MM estimation is based on the circular parametrization,
one might perhaps expect our decision to represent the results for the centred

parameters to be favourable towards ML estimation.

Table 6.8 Bias and, in brackets, MSE for the MM and ML estimates of ;. For

each (n, p, A) combination the bias and MSE values were calculated using 3000
simulated samples of size n from the WSNC distribution with £=0 and p and 4 as
specified.

0 0.3 0.5 0.7 0.9
An MM ML MM ML MM ML MM ML

0 20 0.0308 0.0101 -0.0070 0.0091 0.0049 0.0037 0.0013 0.0001
(1.2455) (1.1744) (0.1975) (0.2437) (0.0421) (0.0474) (0.0123) (0.0112)

50 -0.0031 0.0223 -0.0046 ~0.0045 0.0057 0.0037 -0.0024 -0.0006
(0.9240) (1.3168) (0.0659) (0.1083) (0.0170) (0.0161) (0.0057) (0.0042)

100  -0.0247-0.0144 0.0003 0.0041 0.0017 0.0014 0.0005 0.0001
(0.4941) (1.1192) (0.0328) (0.0192) (0.0095) (0.0077) (0.0036) (0.0021)

2 20 -0.2183 -0.2494 -0.0313 -0.0473 0.0162 -0.0089 0.0198 -0.0052
(1.3544) (1.2750) (0.2108) (0.2697) (0.0417) (0.0490) (0.0120) (0.0109)

50 -0.1793 -0.1302 -0.0124 -0.0136 0.0212 -0.0062 0.0297 -0.0033
(0.9335) (1.3401) (0.0707) (0.1216) (0.0162) (0.0156) (0.0058) (0.0043)

100 -0.1490-0.0941 0.0043 -0.0006 0.0265 -0.0017 0.0365 —0.0021
(0.5334) (1.1550) (0.0322) (0.0392) (0.0091) (0.0076) (0.0037) (0.0022)

5 20 -0.4773 -0.4867 -0.0342 -0.0746 0.0233 -0.0139 0.0337 0.0003
(1.4813) (1.3278) (0.2463) (0.2157) (0.0472) (0.0495) (0.0122) (0.0114)

50 -0.2527 -0.1576 0.0004 0.0057 0.0248 -0.0082 0.0375 -0.0061
(0.9444) (1.1149) (0.0733) (0.0793) (0.0170) (0.0154) (0.0055) (0.0042)

100  -0.1440-0.0294 0.0099 0.0045 0.0245 -0.0039 0.0378 -0.0030
(0.4677) (0.6819) (0.0329) (0.0276) (0.0091) (0.0075) (0.0035) (0.0020)

20 20 -0.5567 -0.56185 -0.0354 -0.0403 0.0353 0.0202 0.0364 0.0093
(1.4776) (1.1467) (0.2364) (0.1312) (0.0493) (0.0378) (0.0121) (0.0105)

50 -0.2670 -0.1585 -0.0085-0.0165 0.0213 0.0027 0.0387 0.00056
(0.9471) (0.6153) (0.0784) (0.0428) (0.0195) (0.0151) (0.0057) (0.0040)

100  -0.0947 -0.0338 -0.0064 -0.0001 0.0211 -0.0039 0.0375 -0.0031
(0.4578) (0.2536) (0.0378) (0.0199) (0.0094) (0.0070) (0.0035) (0.0020)
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Table 6.9 Bias and, in brackets, MSE for the MM and ML estimates of o. For
each (n, p, A) combination the bias and MSE values were calculated using 3000
simulated samples of size n from the WSNC distribution with £=0 and pand A as
specified.

o 0.3 0.5 0.7 0.9
A n MM ML MM ML MM ML MM ML

0 20 0.3271 0.1015 0.0239 0.0661 0.0472-0.0105 -0.0531 0.0032
(1.1693) (0.1464) (0.1269) (0.0730) (0.0282) (0.0256) (0.0081) (0.0062)

50 0.2621 0.3540 0.0015 0.0689 -0.0361-0.0008 —-0.0389 —0.0021
(0.5498) (0.3055) (0.0257) (0.0448) (0.0096) (0.0092) (0.0038) (0.0042)

100  0.1346 0.3450 0.0085 0.0241 -0.0334 -0.0063 -0.0322 -0.0027
(0.1127) (0.2836) (0.0112) (0.0162) (0.0051) (0.0038) (0.0022) (0.0011)

2 20 0.3313 0.0646 -0.0030 0.0401 -0.0511 0.0075 -0.0601 —0.0019
(1.2978) (0.1472) (0.1160) (0.0672) (0.0278) (0.0266) (0.0093) (0.0067)

50 0.1791 0.2819 -0.0210 0.0562 -0.0393 0.0021 -0.0469 -0.0021
(0.4463) (0.2574) (0.0262) (0.0427) (0.0111) (0.0109) (0.0045) (0.0027)

100  0.0810 0.2948 -0.0211 0.0165 -0.0412 -0.0070 —0.0438 -0.0022
(0.1260) (0.2593) (0.0133) (0.0180) (0.0064) (0.0044) (0.0031) (0.0013)

5 20 0.2261 0.1018 -0.0248 —0.0243 -0.0617 -0.0291 ~-0.0644 -0.0111
(1.4629) (0.1440) (0.1371) (0.0600) (0.0336) (0.0259) (0.0105) (0.0066)

50 0.0953 0.1294 -0.0320 0.0158 -0.0457 -0.0009 -0.0573 -0.0009
(0.5013) (0.1971) (0.0355) (0.0337) (0.0135) (0.0108) (0.0058) (0.0029)

100 -0.0100 0.1177 -0.0309 0.0071 -0.0398 —-0.0016 -0.0564 —-0.0016
(0.1505) (0.1449) (0.0175) (0.0172) (0.0078) (0.0054) (0.0045) (0.0015)

20 20 0.0366 —0.2473 -0.0337 -0.0846 -0.0517 -0.0490 -0.0694 —-0.0288
(1.1878) (0.1816) (0.1468) (0.0548) (0.0341) (0.0223) (0.0118) (0.0065)

50  -0.0765 -0.0384 -0.0447 -0.0306 -0.0472 -0.0146 —0.0629 -0.0080
(0.6889) (0.1250) (0.0784) (0.0223) (0.0151) (0.0092) (0.0067) (0.0024)

100 -0.0135 -0.0050 —0.0380 -0.0066 —0.0381 -0.0024 -0.0609 —-0.0027
(0.1942) (0.0739) (0.0207) (0.0119) (0.0094) (0.0044) (0.0051) (0.0013)

The results in the three tables are heavily conditioned by the fact that, as both n
and p decrease, the fitted distributions obtained from MM and ML estimation are,

or effectively are, wrapped half-normal, whatever the degree of asymmetry of the

parent population. This fact is most clearly reflected in the content of Table 6.10.
As can be appreciated from that table, for small p-values the problem of boundary

ML estimates of 7, is more acute than that of inadmissible MM estimates of 7, ,
particularly when n is small. As both » and p increase, the frequency of
inadmissible MM estimates for ¥, outstrips the corresponding frequency of
boundary ML estimates. Clearly, if the ML estimate of ¥, is a boundary estimate it
follows that those for x4, and o correspond to the best fitting wrapped half-normal

distribution. It would appear reasonable to interpret an inadmissible MM estimate
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Table 6.10 Performance measures for the MM and ML estimates of y;. The
measures given are: mean; (mean squared error); {percentage of inadmissible or
boundary estimates, respectively}; [percentage of samples for which MM estimate
was inadmissible and ML estimate was a boundary estimate]. For each (n, o, 4)
combination the measures were calculated using 3000 simulated samples of size n
from the WSNC distribution with £= 0 and p and A as specified.

Y 0.3 0.5 0.7 0.9
A n MM ML MM ML MM ML MM ML

0 20 -0.0036 -0.0016 0.0028 0.0083 -0.0008-0.0087 -0.0083 -0.0028
(0.6786) (0.9463) (0.5425) (0.8320) (0.4442) (0.6143) (0.4327) (0.5763)
{42.57) {94.23} {27.67} (78.90} {19.67} {52.63} {22.87} {48.10}

[41.77] [24.27] [13.63] [14.40]

50 -0.0054 0.0162 0.0046 -0.0025 0.0032 -0.0028 -0.0267 -0.0143
(0.6130) (0.8759) (0.3661) (0.4877) (0.2404) (0.2147) (0.2514) (0.1854)
{28.20) {81.57} {8.83} {30.87}  {2.47} {7.40} {6.63} {5.07)

[25.63] [3.93] [0.53] [0.93]

100 -0.0181 -0.0143 -0.0099 -0.0101 0.0021 0.0034 0.0045 0.0038
(0.4967) (0.7015) (0.2289) (0.2308) (0.1368) (0.0865) (0.1412) (0.0727)
{13.10} {52.60} {1.40} (6.00} {0.40} {0.23} {0.90} {0.20}

[8.90] [0.20] [0] (0]

2 20 -0.4022 -0.4165 -0.2106 —0.2054 -0.0716 -0.0716 -0.0231 -0.0323
(0.6194) (0.6200) (0.4652) (0.4971) (0.3284) (0.3679) (0.3133) (0.3423)
{45.37} {95.60} {29.03} ({79.47} (26.47} {59.23} {35.27} {55.27}

[44.57] [25.83] [19.10] [23.17]

50 -0.3219 -0.3312 -0.1204 -0.1100 0.0192 -0.0167 0.1003 -0.0101
(0.5886) (0.5820) (0.3057) (0.3423) (0.1783) (0.1568) (0.1906) (0.1328)
{27.33} {80.93} ({11.73} (36.87} {11.73} {12.50] {25.40} {9.27}

[24.27] [6.13] [2.93] [4.40]

100 -0.2771 -0.2940 -0.0575 -0.0695 0.0561 -0.0177 0.1833 -0.0010
(0.5206) (0.5255) (0.1905) (0.1792) (0.0991) (0.0659) (0.1336) (0.0546)
{13.60} (55.33} {4.97} {8.33} (4.67} {0.87} {21.47} {0.73}

[9.87] [0.93] [0.17] [0.43]

5 20 -0.6541 -0.6801 -0.3201 -0.3016 -0.1354 -0.0397 -0.0948 -0.0688
(0.7047) (0.4377) (0.3979) (0.2541) (0.1929) (0.1496) (0.1704) (0.1240)
{48.43} {95.77} {41.07} {85.27} {48.50} {66.27} {59.77} {77.53}

[47.37] [37.00] [36.40] [49.17]

50 -0.4131 -0.4196 -0.1351 -0.0751 -0.0154 ~0.0122 0.0569 -0.0007
(0.5190) (0.3736) (0.1601) (0.1585) (0.0599) (0.0427) (0.0419) (0.0385)
(37.73) {81.53} ({36.07} {44.77} {45.90) {35.77} (73.23} {36.17}

[33.03] [19.73] [19.60] [28.53]

100 -0.2546 -0.2429 -0.0486 -0.0300 0.0426 -0.0042 0.1067 0.0055
(0.3400) (0.2574) (0.0640) (0.0415) (0.0248) (0.0159) (0.0231) (0.0140)
{29.93} {56.07} ({34.83} {20.20] {46.63} {9.97}  {81.20} (8.03}

[19.70] [9.10] [6.27] [7.07]

(continued overleaf)
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Table 6.10 (Continued)

yo 0.3 0.5 0.7 0.9
A n MM ML MM ML MM ML MM ML

20 20 -0.6463 -0.5991 -0.3379 -0.2041 -0.1698 —0.0411 -0.1570 -0.0631
(0.6539) (0.3186) (0.3458) (0.1284) (0.1384) (0.0500) (0.1265) (0.0492)
{562.60} (96.77} {48.97) {93.60} {61.00} {92.07} {67.73} {94.40}

[61.83] [47.40] [67.80] [65.47]

50 -0.3609 -0.2571 -0.1563 -0.0377 —-0.0703 —0.0050 -0.0279 -0.0034
(0.4119) (0.1940) (0.1093) (0.0472) (0.0344) (0.0065) (0.0163) (0.0052)
{49.50} {90.30} {52.30} ({80.97} ({65.63} (87.50} {85.83} {87.73}

[46.03] [44.83] [58.03] [75.53]

100 -0.1741 -0.0790 -0.0825 -0.0106 -0.0260 0.0001 -0.0009 -0.0003
(0.1666) (0.0557) (0.0356) (0.0063) (0.0074) (0.0007) (0.0025) (0.0007)
{63.17} {82.20} ({56.23} (63.13} {72.83} {65.53} {93.77} {64.13}

[45.80] [36.83] [47.67] [60.00]

of 7, as indicating that the parent population is half-normal. However, the
associated MM estimates of g and o will not generally be equal to the MM

estimates obtained from fitting a wrapped half-normal distribution directly.

The tendencies of the two types of estimation to lead to solutions corresponding
to wrapped half-normal distributions are reflected strongly in the MSEs of the
individual estimates. When the underlying distribution is close to symmetric and
highly dispersed, the MM estimates are competitive with, if not superior to, their
ML counterparts. However, when the parent population is highly skew, or

moderately skew but concentrated, the estimates obtained from ML estimation are

superior.

6.7 Tests for Limiting Cases

As mentioned in Section 6.3.1, there are five limiting cases of the WSNC
distribution. These are the: i) point, ii) uniform, iii) wrapped normal, iv) wrapped
positive half-normal and v) wrapped negative half-normal, distributions. These five
cases warrant special consideration as they can be expressed in terms of fewer
parameters than the three of the WSNC class. Case i) is pathological and is easily
identified. Tests for uniformity are legion; see, for example, Mardia & Jupp (1999,
Section 6.3). Here we propose new procedures for testing for departures within the

WSNC class from the other three limiting cases of the distribution. All three
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procedures are based on the large-sample results for the sampling distribution of

b, established in Section 3.3 of Chapter 3.

6.7.1 A Large-sample Test for an Underlying Wrapped Normal Distribution
6.7.1.1 Derivation of the Test )
Using the results in Equations (3.3.1) and (3.3.2), the relations (6.4.3) and (6.4.4)

and the identities in (6.4.7), the sampling distribution of 52 under the null

hypothesis of an underlying wrapped normal, i.e. a WSNCD(f, n, O), distribution

is asymptotically normal with mean 0 and variance
vary (5, )= 2 {4 (1-pJe 20 (p* - o+ p* -1)}
with p=e?" . Estimating p using R, a moment based estimate of var, (b, ) is
given by
vir, (b, )= %{%(1—?'6)@?4(1?8 ~Ré+R*-1)}.

Thus, a large-sample test for an underlying wrapped normal distribution can be

based on the statistic

b2
{va (7,) 1"

Large absolute values of (6.7.1) compared with the quantiles of the standard

(6.7.1)

‘normal distribution lead to the rejection of the null hypothesis of an underlying
wrapped normal distribution in favour of some skew alternative within the WSNC

class.

6.7.1.2 The Asymptotic Power of the Test
For data sampled from a skew member of the WSNC class, the asymptotic

distribution of l;z is again normal but with

E (b, )=5, +1[—ﬂ4—-@%+———2§2f2 ] (6.7.2)
p PP

and

o (5)-Y o, - 2 BN o
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For a specific WSNCD(f,n,}I) distribution, the values of (6.7.2) and (6.7.3) can be
calculated using (6.4.3), (6.4.4) and (6.4.7). Given these asymptotic results, together
with those for 52 under the null hypothesis, the asymptotic power of the test for a

significance level of 100 @ % is

~ 22 {VarO (b

zan{van (5,)}" - £, (5,) b,
{var, (

o S |

12 -
1-® }) & (bZ). (6.7.4)

}1/2

)
b,

6.7.1.3 Empirical Investigation of the Operating Characteristics of the Test

In order to investigate the ability of the test to maintain the nominal significance
level, and its power against skew alternatives from the WSNC class, we performed
a further simulation experiment. These two fundamental operating characteristics

of the test were explored using simulated samples of size, n, equal to 20, 30, 50,
100, 200 and 500, drawn from WSNC distributions with A-values of 0, 2, 5 and oo,
and p-values of 0.1(0.05)0.95. For each (n, p, A) combination we simulated 5000
samples of size n from the WSNC distribution with mean direction 0, mean
resultant length p and skewness parameter A. Each empirical size, or power, value,
as appropriate, was established by performing the test for each of the 5000 samples
concerned and noting the proportion of such samples for which the null hypothesis
was rejected. The nominal significance levels investigated were 10%, 5% and 1%,
although here we present results for just the 5% level.

The results for the test’s ability to maintain the nominal significance level are
represented graphically in Figure 6.11. Those for the sample sizes of 30 and 200
have been omitted from the figure in order to improve its clarity. We note that the
standard error of each empirical result represented in this figure is approximately
0.003. As is evident from a consideration of the content of this figure, the test
maintains the nominal significance level very well indeed, even for a sample size as

small as 20.
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Figure 6.11 Estimated size of the test for the null hypothesis of an underlying
wrapped normal distribution. Sample sizes represented are: - — — - — (n =20); —
— — (n = 50); — - — (n = 100); (n = 500). The dotted horizontal line
delimits the nominal significance level of a =0.05.
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Figure 6.12 Theoretical asymptotic power (---- - ) and empirical power ( ) of

the test for the null hypothesis of an underlying wrapped normal distribution
when the parent population is WSNC with: a) A=2, b) 1 =5, ¢) 4 =«. The six
curves of each type correspond to sample sizes of 20, 30, 50, 100, 200 and 500, the
power increasing with sample size. The dashed horizontal line delimits the
nominal significance level of a = 0.05.
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Figure 6.12 provides a graphical representation of the empirical results obtained
for the power of the test for the samples drawn from WSNC distributions with A
equal to 2, 5 and <. For comparative purposes, we have also included in the three

plots making up this figure ‘the corresponding theoretical asymptotic power
functions calculated using (6.7.4). In general, the agreement between the empirical
and theoretical results is very good, the largest differences between the two
occurring for highly concentrated, and highly skew and dispersed, cases of the
WSNC distribution. As is to be expected, such disparities tend to be most
pronounced for samples of small size. A comparison of the results portrayed in this
figure with their counterparts in Figure 4.4 provides an assessment of the gain in
power of the present test over that of the omnibus test for symmetry introduced in

Section 4.3 of Chapter 4.

6.7.2 A Large-sample Test for an Underlying Wrapped Half-normal

Distribution
6.7.2.1 Derivation of the Test
In the definition of a test for an underlying wrapped (positive) half-normal

distribution based on the asymptotic results for the sampling distribution of I;Z
introduced in Chapter 3, one first needs to specify how the direct parameter 7
might be estimated. From (6.4.3), when ¢ = 1, we have
pr=e" {1+8%(n)}.
Estimating o using the moment estimate R, an estimate, 77, of 77 is provided by
the solution to
R2-e"{1+3*(n)}=0, (6.7.5)

which must be solved using numerical methods.

| An estimate of the theoretical value of BZ for an assumed underlying wrapped
(positive) half-normal distribution, ,Ez (77 ), say, can then be calculated from (6.4.4)

with 0 =1 and 7 replaced by 7. Similarly, an estimate of the large-sample variance

of 52 for an underlying wrapped (positive) half-normal distribution, var, (l;2 ), say,
can be obtained using (6.7.3) together with (6.4.3), (6.4.4) and (6.4.7), with o set

equal to 1, and 7 equal to 7.
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A large-sample test for an wunderlying wrapped (positive) half-normal
distribution can then be based on the statistic
o =P (7). (’71)2 : (6.7.6)
{var, (5,)}
Large positive values of (6.7.6) compared with the upper quantiles of the standard
normal distribution lead to the rejection of the hypothesis of an underlying
wrapped (positive) half-normal distribution in favour of some less positively skew
alternative within the WSNC class.
For an equivalent test for an underlying wrapped negative half-normal

distribution, the test statistic becomes

LB (1) (6.7.7)
{Vﬁro (bz )}1/2
Here, large negative values of (6.7.7) compared with the lower quantiles of the
standard normal distribution lead to the rejection of the hypothesis of an
underlying wrapped negative half-normal distribution in favour of some less

negatively skew alternative within the WSNC class.

6.7.2.2 The Asymptotic Power of the Test
Using the asymptotic results of Chapter 3 once more, under the null hypothesis of

an underlying wrapped (positive) half-normal distribution, equivalent to a

WSNC, (&,7,0) distribution, the asymptotic distribution of b, is normal with

mean
g5, )=B,+3 L P 25D (6.7.8)
nlop P p
and variance
var, (B, )=%[1_2“4 —2&, - B2+ 2/00‘2 {&‘3 +92(1’+“2)H. (6.7.9)

The mean resultant length and the central trigonometric moments appearing in

(6.7.8) and (6.7.9) can be calculated using (6.4.3), (6.4.4) and (6.4.7) with ¢ set equal

to 1.
Under the alternative hypothesis of an underlying WSNC distribution with

A #0co, the asymptotic distribution of b, is normal with mean E, (1_7_2) and
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variance var (b ) The values of E| (b ) and var, (b ) can be obtained in the same
way as described for E, (172) and var, (132 ), the only difference being that the
equivalent value of & corresponding to the specified value of A should be used

instead of d = 1. It follows that the asymptotic power of the test for a significance

level of 100 ¢ % is given by

{varo( )}/ ( ) (5) . (6.7.10)
{Varl ( b, )}/2 | B

1-®

6.7.2.3 Empirical Investigation of the Operating Characteristics of the Test

As in Section 6.7.1.3, we used simulation to investigate the present test’s ability to
maintain the nominal significance level and its power. This investigation made use
of simulated samples of size, n, equal to 20, 30, 50, 100, 200 and 500 drawn from
WSNC distributions with A-values of =, 5, 2, 0, -2, -5 and —oo, and p-values of
0.3(0.05)0.95. The lower value of p was set at 0.3 so as to avoid potential overflow
problems in FORTRAN during the computation of the values of the function 5()
required in the calculation of the central trigonometric moments appearing in
(6.4.7). The empirical size, or power, value corresponding to a particular (n, o, A)
combination was computed using 5000 samples of size n simulated from the WSNC

distribution with mean direction 0, mean resultant length p and skewness
parameter A. Again, the nominal significance levels investigated were 10%, 5% and

1%. The results presented below are those obtained for the nominal significance

level of 5%.
Figure 6.13 provides a graphical representation of the results obtained for the

empirical size of the test, calculated using the samples simulated from the wrapped
(positive) half-normal distribution, ie. the WSNCp(&,7,o0) distribution. The
standard error of any empirical result portrayed in this figure is, at most, 0.0053.
From this figure we see that, for p-values less than 0.6, the test is non-
conservative. However, as the sample size increases, the ability of the test to
maintain the nominal significance level improves. For p-values in excess of 0.7 the
test is conservative, its conservatism increasing with the concentration of the

parent population and the sample size.
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Figure 6.13 Estimated size of the test for the null hypothesis of an underlying
wrapped (positive) half-normal distribution. Sample sizes represented are: — — — —

-n=20);— — —(n=380);— - — @ =50);——(n=100); — - - - —(n = 200);
(n = 500). The dotted horizontal line delimits the nominal significance level
of & =0.05.

The empirical results for the power of the test are portrayed in the six plots
making up Figure 6.14. Also included in these plots are the corresponding
theoretical asymptotic power functions calculated from (6.7.10). As is to be
expected, the agreement between the two sets of results improves with increasing
sample size. Nevertheless, in general, the theoretical asymptotic power tends to

underestimate the true power of the test. We see that the power of the test
generally increases with increasing p, before reaching a maximum and
subsequently decreasing as o increases yet further. This drop off in power as p

tends to 1 is consistent with the corresponding increasing conservatism of the test

noted previously.

6.7.2.4 A Monte Carlo Variant of the Test

As observed in the previous section, the disparities between the theoretical and
empirical power results for the large-sample test are often sizeable. Such
disparities are perhaps to be expected for two principal reasons. Firstly, there is the
potential source of bias introduced by the need to estimate 7. Secondly, as is
evident from Figure 6.6f, the normal distribution does not provide a good
approximation to the sampling distribution of 1;2 for small sized samples drawn

from highly skew parent WSNC populations.
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Figure 6.14 Theoretical asymptotic power (- -+ - ) and empirical power ( ) of

the test for the null hypothesis of an underlying wrapped (positive) half-normal
distribution when the parent population is WSNC with: a) A=5, b) 41=2, ¢)
A=0, d) A=-2, e) A=-5, f) A=—. The six curves of each type correspond to

sample sizes of 20, 30, 50, 100, 200 and 500, the power increasing with sample
size. The dashed horizontal line delimits the nominal significance level of
a =0.05.

Instead of using a test based on a large-sample normal approximation to the
sampling distribution of (6.7.6) we might choose to use a Monte Carlo version of the
test which approximates the sampling distribution of an equivalent test statistic

empirically. Such a variant of the test can be based upon the rank associated with

the value of b, for the original data when ordered amongst the values of the same
statistic calculated for simulated samples of the same size from a WSNC,,(0,7,)

distribution with 7 estimated using the solution to (6.7.5). As this computer
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intensive approach to testing obviates the need for a normal approximation, one
might -expect this variant of the test to be capable of maintaining the nominal
significance level better. However, it is not obvious whether its power will be higher
than that of the original large-sample version of the test. Also, although the use of
simulation circumvents- potential problems associated with the inadequacy of the

normal approximation, the need to estimate 7 persists.

6.8 An Illustrative Example
6.8.1 Introduction to the Data

The data set we use to illustrate our methodology was introduced in the
ornithological literature by Bruderer & Jenni (1990), and consists of the “headings”
of 1827 birds recorded at an observational post near Stuttgart during the autumnal
migratory period of 1987. Here, the term “heading” refers to the direction,
measured in a clockwise direction from magnetic North, of a bird’s body during
flight. The data in question are listed in their entirety in Appendix 1 and

summarized in the form of a frequency distribution in Table 6.11. A linear
histogram of the data, converted to radians in [O, 27z) and grouped using class

intervals of width equivalent to 10°, is given in Figure 6.15. From a consideration of
this linear histogram it is evident that the distribution is negatively skew with a

modal direction of around 4 radians, or 230°.

Table 6.11 Frequency distribution of the headings of 1827 birds recorded during
the autumnal migratory period of 1987.

Heading Frequency Heading Frequency Heading Frequency

(degrees) (degrees) (degrees)

[0-10) 2 [120-130) 10 [240-250) 169
[10-20) 4 [130-140) 15 [250-260) 163
[20-30) 4 [140-150) 25 [260-270) 116
[30-40) 3 [150-160) 35 [270-280) 79
[40-50) 3 [160-170) 54 [280-290) 53
[50-60) 4 [170-180) 68 [290-300) 25
[60-70) 8 [180-190) 84 [300-310) 9
[70-80) 6 [190-200) 120 [310-320) 12
[80-90) 8 [200-210) 162 [320-330) 6
[90-100) 8 [210-220) 161 [330-340) 6
{100-110) 14 [220-230) 168 [340-350) 6
[110-120) 12 [230-240) 200 [350-360) 5
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Figure 6.15 Histogram of the bird-flight headings together with fitted densities:
,MMsolutionWSNCo(4.66, 1.10,-1.79);--———-- , ML solution WSNC*(4.70,
10215-2.22)3-— , ML solution UWSNCg(0.10, 4.56, 0.92, -2.07).

6.8.2 Fit of the WSNC Distribution

When applied, the large sample tests of Section 6.7 emphatically rejected the
wrapped normal, wrapped positive half-normal and wrapped negative half-normal
distributions as potential models for the underlying distribution, their respective p-
values all being effectively equal to 0.

We therefore explored the fit of the wrapped skew-normal distribution on the
circle. Proceeding as described in Sections 6.4.2 and 6.4.3, the MM solution,
obtained by estimating the circular parameters of the distribution and then
transforming to the direct parameters, was found to be WSNCD(4.66, 1.10, -1.79).
For the ML estimation of the parameters we used the Nelder-Mead simplex to
optimize the direct parameter representation of the log-likelihood derived from
(6.3.1). The use of this representation of the log-likelihood was not considered
problematic for these data given the prior rejection of the hypothesis of an
underlying wrapped normal distribution. The fitted distribution corresponding to
the ML solution was WSNCD(4.70, 1.21, -2.22), with an associated value ofthe log-
likelihood of -2202.06. In Figure 6.15, the densities for these two solutions have
been overlaid upon the linear histogram ofthe data. Visually, the densities are very
similar. However, it is clear that neither density provides a particularly good fit to
the distribution of the data. Specifically, both fitted densities are incapable of
simultaneously modelling the peakedness and long tails’ evident in the empirical
distribution. These visual impressions are supported by the results from chi-

squared goodness-of-fit analyses. The value of the chi-squared statistic for the MM
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solution, based on 26 class intervals with expected frequencies in excess of 5, was
244.32. The equivalent value of the test statistic for the ML solution was 152.94.
Comparing these two values with the quantiles of the chi-squared distribution on
22 degrees of freedom, the associated p-values are both effectively equal to 0. Hence

the WSNC distribution is emphatically rejected as a suitable model for these data.

6.8.3 Fit of a Uniform and WSNC Mixture Model

In our search for a plausible model which could adequately model the data, we
pursued the logic of the following argument. Given the dominant direction of
migration and the angular spread of the data, it would appear improbable that the
directions making up the distribution’s tails correspond to birds moving in the
general direction of migration. It seems more likely that these directions
correspond to birds pursuing other needs of an avian existence, such as tracking
down the next meal or pursuing a potential mate. Moreover, as we have no reason
to assume that the directions followed by such birds are restricted exclusively to
the tails of the empirical distribution, a circular uniform distribution suggests itself
as a potential model for the headings of this background of presumably non-
migrating birds. As, overall, the empirical distribution is asymmetric, a skew
member of the parsimonious WSNC class would appear to be a reasonable model
for the data making up the remainder of the empirical distribution. Viewed in this
way, the form taken by the empirical distribution is a consequence of the mixing of
data from two distinct populations. As there is no additional information which
might be used to classify the individuals as belonging to one or other of the two
component distributions, we explored the fit of the model with density

#( e;p,«f,n,/l)=5%+ (1- p)% i ¢[6'+QTMJ¢{A(9+ZTM)}, 6.8.1)

corresponding to a mixture distribution with circular uniform and WSNC
components. We denote the distribution having this density as
UWSNCD( p.<, 77,}»), where p denotes the mixing probability and, once more, the
subindex D refers to the direct parametrization.

The ML solution obtained from maximizing the log-likelihood derived from
(6.8.1) was UWSNCp(0.10, 4.56, 0.92, -2.07), the associated value of the log-
likelihood being -2128.03. The density corresponding to this ML solution is also
displayed in Figure 6.15. A comparison of this density with the histogram and the

other two fitted densities represented‘ in that figure provides us with the visual
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impression of an overall improvement in fit. The results obtained from the use of a
generalized likelihood ratio test also support this impression of an improvement in
fit over that of +the best fitting WSNC distribution. Comparing
-2(-2202.06 + 2128.03) =148.06 with the quantiles of the chi-squared distribution

with 1 degree of freedom, the improvement in fit is highly significant, the p-value of
the test effectively being equal to 0. We also conducted a chi-squared goodness-of-fit
test in order to investigate the overall fit of the mixture model. Using 33 class
intervals with expected frequencies in excess of 5, the value of the chi-squared test
statistic was found to be 34.03 on 28 degrees of freedom. The p-value of around 0.2
associated with this result confirms our previous impressions regarding the fit of
the mixture model.

In conclusion, the proposed mixture model provides a much improved fit to the
empirical distribution and a plausible behavioural model for the data containing
just one additional parameter to those of the WSNC class. According to the fitted
density, 10% of the headings correspond to birds making up the circular uniform
background, and the remaining 90% to birds whose headings are distributed

according to the WSNCp(4.56, 0.92, —-2.07) distribution.

6.9 Summary and Directions for Future Research
We close the present chapter with a summary of the main points that have so far
been addressed within it and a discussion of some potential lines for future related

research.

6.9.1 Summary
Chapters 4 and 5 were dedicated to testing for circular reflective symmetry. In this
chapter we have addressed the issue as to how one might proceed if the circular
data under consideration are identified as being drawn from an underlying skew
distribution. In Section 6.2 we briefly reviewed the asymmetric models which have
been proposed in the literature for use with circular data, outlining in passing some
shortcomings of two models proposed by Papakonstantinou (1979) and Batschelet
(1981).

The remainder of the chapter was devoted to a detailed consideration of the
wrapped skew-normal distribution on the circle. In Section 6.3 we provided a
definition of the distribution and derived its fundamental properties such as its

characteristic function and trigonometric moments.
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Proceeding to a consideration of issues of inference for the distribution, in
Section 6.4 we described how the parameters of the distribution might be estimated
using the method of moments. Our approach hinged upon the use of the so-called
circular parametrization of the distribution involving the mean direction, mean
resultant length and second central sine moment. These were the circular
measures for which large-sample inferential procedures were derived in Chapter 3.
In Section 6.4.2 we gave the relations between the circular and direct parameters,
and described how the general results of Chapter 3 might be used to conduct
inference for the circular parameters of the distribution. Various sampling
properties of the method ‘of moments were investigated in Section 6.4.3.
Specifically, we presented empirical results obtained from a simulation experiment
designed to explore the shapes of the sampling distributions of the estimates, the
validity of the theoretical asymptotic results for the bias and variance of the
estimates, and the efficacy of bias-correction. These empirical results provided
evidence of the generally regular forms assumed by the sampling distributions of
the estimates, and the wide-ranging validity of the theoretical asymptotic bias and
variance results of Chapter 3 when applied to the estimation of the circular
parameters of the WSNC distribution. On the other hand, the results obtained for
the general bias-corrected estimates introduced in Chapter 3 led us to the
conclusion that their use in the estimation of the circular parameters of the WSNC
distribution cannot be recommended.

Although the circular parameters of the WSNC distribution may well be of
interest in their own right, in other contexts the direct, or centred, parameters of
the distribution will be of greater interest. In Section 6.4.4 we considered the forms
assumed by the sampling distributions of the estimates of the direct and centred
parameters obtained by transforming the method of moments estimates of the
circular parameters. In comparison with the sampling distributions of the latter,
those for the corresponding estimates of the direct and centred parameters were
classified as being, in general, far less regular.

Section 6.5 was dedicated to likelihood based methods of estimation. We
proposed an approach to maximizing the log-likelihood function, expressed in terms
of the centred parameters, based on a grid based search used in conjunction with
the Nelder-Mead simplex. We also gave details of how estimates of the direct or
circular parameters can be obtained by transforming those for the circular
parameters. In general, the sampling distributions of the resulting estimates were

found to be unappealing.
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In Section 6.6 we presented empirical results derived from a detailed simulation
based investigation of the sampling properties of the method of moments and
maximum likelihood estimates. Generally, the estimétes obtained using the
maximum likelihood method were identified as having superior properties, apart
from when the underlying distribution is close to symmetric and highly dispersed,
in which case the method of moments estimates can be superior.

Tests for the limiting cases of the wrapped normal, wrapped positive half-normal

and wrapped negative half-normal distributions were proposed in Section 6.7. The
derivation of all three test procedures drew on the large-sample results for l;z

given in Chapter 3. In Sections 6.7.1.2 and 6.7.2.2 we gave results for the
theoretical asymptotic power of two of the tests, and in Sections 6.7.1.3 and 6.7.2.3
presented empirical results for two of their primary operating characteristics. The
test for an underlying wrapped normal distribution was found to maintain the
nominal significance level very well, even for sample sizes as small as 20. Also, the
agreement between the theoretical asymptotic power and the true empirical power
of the test was identified as being very close. Our large-sample test for an
underlying (positive) half-normal distribution is somewhat more involved as it

requires the estimation of the dispersion parameter 7. We found that this test does

not hold the nominal significance level well, and that the agreement between its
theoretical asymptotic power and true empirical power is not particularly good for
certain sample size and mean resultant length combinations. With a view to
improving the operating characteristics of this test, in Section 6.7.2.4 we proposed a
Monte Carlo variant of it.

In order to illustrate certain aspects of the methodology elaborated throughout
the chapter, in Section 6.8 we presented an analysis of a large data set consisting of
the headings of migrating birds. Although, on its own, the WSNC distribution was
found not to adequately model these data, it did provide the major component of a

parsimonious mixture model which fitted the data well.

6.9.2 Directions for Future Research

In this chapter we have concentrated principally on the basic properties of the
WSNC class, the point estimation of its parameters using the method of moments
and maximum likelihood approaches, and tests for three of its limiting cases.
Clearly, the contributions made within the chapter address only some of the many

issues of potential interest regarding the WSNC class. It would, for instance, be

201



Chapter 6 - The Wrapped Skew-normal Distribution on the Circle

interesting to compare the performance of MM and ML based estimation with that
of other approaches. In this context, an extension of the work of Liseo (1990) on
Bayesian inference to deal with data distributed on the circle suggests itself as a
potentially fruitful line of investigation.

The method of moments based tests for the limiting cases of the WSNC class
discussed in Section 6.7 are appealing as, being based on -52 , they are relatively

simple to perform. This is particularly true for the test for an underlying wrapped
normal distribution. As we saw in Section 6.7 .1.3, this test also has good operating
characteristics. Those for the test for an underlying wrapped half-normal
distribution are not as impressive. It would therefore be interesting to compare the
operating characteristics of the large-sample version of this latter test with those of
the Monte Carlo variant of it described in Section 6.7.2.4. Alternatively, rather
than use a method of moments based test, another possibility would be to use
generalized likelihood ratio procedures to test for the limiting cases of the class.
One inconvenience of such tests is that they require specialist software in order to
numerically optimize the log-likelihood function of an assumed underlying WSNC
distribution. Another is that, when testing for an underlying wrapped half-normal
distribution, the standard aSymptotic properties of the generalized likelihood ratio
statistic cannot be appealed to, a wrapped half-normal distribution corresponding

to one on the boundary of the parameter space of the WSNC class. Given the form
of the sampling distribution of the ML estimate of y, displayed in Figure 6.9¢c, one
might also envisage potential problems with applying standard theory to a test for

an underlying wrapped normal distribution based on the generalized likelihood
ratio statistic.

Similar comments apply regarding the use of standard likelihood theory in the
construction of confidence sets for the parameters of the WSNC distribution. In
contrast, the sampling distributions of the MM estimates are, as we have seen,
particularly well behaved and the large-sample results of Chapter 3 can be used in
conjunction with the assumption of an underlying WSNC distribution to easily
derive confidence regions for the distribution’s circular parameters. If required,
confidence regions for the direct or centred parameters can be obtained by
transforming those for the circular parameters.

In testing the goodness-of-fit of the WSNC distribution to the bird migration
data of Section 6.8, we used the standard chi-squared procedure. Whilst this is

certainly a relatively easy test to apply, its operating characteristics are known to
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depend heavily on the choice of class intervals used in its application. In principle,

it would be possible to develop variants of Kuiper’s test or Watson’s U? test for

testing the goodness-of-fit of a WSNC distribution whose parameters have been
estimated. We note that the only work published specifically on testing the fit of an
assumed (linear) skew-normal distribution is that of Gupta & Chen (2001). These
authors provide tables of the distribution function of the standard skew-normal
distribution which can be used in conjunction with the usual chi-squared or
Kolmogorov-Smirnov tests to test the fit of a specified standard skew-normal
distribution.

Although, on its own, the WSNC distribution did not adequately model the bird
migration data, it did contribute the major component of a mixture model found to
fit the data well. This fact points up an important potential use of the WSNC
distribution. Whilst, as, for example, McLachlan & Peel (2000, Chapter 1) show,
asymmetry can be modelled using mixture models with symmetric component
distributions, the use of WSNC distributions as components of finite mixture
models raises the possibility of modelling skew distributed circular data more
parsimoniously. Of course, this assumes we have no a priori reason for using
symmetric component distributions in the mixture based modelling of asymmetry.
Similar arguments apply to the potential role of the WSNC distribution in the
modelling of multimodal circular data exhibiting asymmetry.

The primary focus of the current chapter has been the WSNC distribution, a
distribution capable of modelling varying degrees of asymmetry. The methodology
developed and illustrated in the preceding sections hopefully provides a strong case
for the potential applicability of the WSNC distribution in the modelling of skew
circular data. However, in Section 6.2 we referred to two families of distributions
which, due to their greater flexibility, perhaps have even greater potential in this
role. An ambitious line of future potential research would be to develop methods of
inference for the wrapped Pearson and wrapped stable families.

Instead of assuming a given parametric form for an underlying distribution, an
alternative modern approach to inference is that of empirical likelihood; see, for
example, Owen (2001). The associated methodology draws heavily on other modern
methods such as the bootstrap and kernel based density estimation. Although there
now exists an extensive literature associated with empirical likelihood, we are
aware of only one application of this methodology in the analysis of directional

data. Fisher et al. (1996) combine the use of empirical likelihood and the bootstrap
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to construct confidence regions for the mean direction associated with data

distributed on the surface of the unit sphere.
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Appendix1 The Bird-flight Headings of Bruderer &
Jenni (1990)

The headings, in degrees, are listed in increasing numerical order.

5 & 14 16 18 19 21 24 29 29 33 34 35 44 45 47 52 b4
55 b5 61 61 62 62 64 67 68 69 70 T1 72 78 T8 78 80 84
8 85 87 87 88 89 92 92 95 96 97 98 99 99 100 102 102 102

103 103 104 104 105 107 108 109 109 109 110 110 111 111 112 115 115 116
117 117 118 119 121 124 124 125 125 125 126 128 128 129 131 133 133 134
134 134 134 135 135 136 137 138 138 139 139 140 142 142 142 142 143 143
143 144 144 144 145 145 146 146 146 147 147 147 148 148 149 149 149 149
151 151 152 152 1562 153 153 153 153 153 153 153 154 154 154 154 155 155
165 1556 155 155 155 156 156 156 157 157 157 158 159 159 159 159 159 160
160 160 160 161 162 162 162 162 162 162 163 163 163 163 164 164 164 164
164 164 165 165 165 166 166 166 166 166 166 166 166 166 167 167 167 167
167 167 167 168 168 168 168 168 168 168 168 168 168 169 169 169 169 170
170 170 170 170 171 171 171 171 171 171 171 171 171 172 172 172 172 173
173 173 173 173 173 173 173 173 174 174 174 174 174 174 174 175 175 175
175 175 175 176 176 176 176 176 176 176 176 176 177 177 177 177 177 177
177 177 178 178 178 178 178 178 178 179 179 179 179 180 180 180 180 180
180 180 180 180 181 181 181 181 181 181 181 181 181 181 181 181 181 181
182 182 182 182 182 182 182 183 183 183 183 183 184 184 184 184 184 184
184 184 184 184 185 185 185 186 186 186 186 186 186 186 186 186 187 187
187 187 187 187 187 187 187 188 188 188 188 188 188 188 188 189 189 189
189 189 189 189 189 189 189 190 190 190 190 190 190 190 191 191 191 191
191 191 191 191 191 191 191 192 192 192 192 192 192 192 192 192 193 193
193 193 193 193 193 193 193 193 193 193 193 194 194 194 194 194 194 194
194 194 194 194 194 195 195 195 195 195 195 195 195 195 195 195 195 195
195 195 195 196 196 196 196 196 196 196 196 196 196 196 197 197 197 197
197 197 197 197 197 197 197 197 197 197 197 197 198 198 198 198 198 198
198 198 198 198 198 198 199 199 199 199 199 199 199 199 199 199 199 199
199 200 200 200 200 200 200 200 200 200 200 200 200 200 201 201 201 201
201 201 201 201 201 201 201 202 202 202 202 202 202 202 202 202 202 202
203 203 203 203 203 203 203 203 203 203 203 203 203 204 204 204 204 204
204 204 204 204 204 204 204 204 204 204 204 204 204 205 205 205 205 205
205 205 205 205 205 205 205 205 205 205 205 205 205 205 205 205 205 206
206 206 206 206 206 206 206 206 206 206 206 206 206 206 207 207 207 207
207 207 207 207 207 207 207 207 207 207 207 207 207 207 207 207 207 207
208 208 208 208 208 208 208 208 208 208 208 208 208 208 208 208 209 209
209 209 209 209 209 209 209 209 209 209 209 209 209 209 209 209 209 209
209 210 210 210 210 210 210 210 210 210 210 210 210 210 210 210 211 211
211 211 211 211 211 212 212 212 212 212 212 212 212 212 212 212 212 212
212 213 213 213 213 213 213 213 213 213 213 213 213 213 213 213 213 213
213 213 214 214 214 214 214 214 214 214 214 214 214 214 214 215 215 215
215 215 215 215 215 215 215 215 215 215 215 216 216 216 216 216 216 216
216 216 216 216 216 216 216 216 216 216 216 216 216 216 216 216 216 216
216 216 216 217 217 217 217 217 217 217 217 217 217 217 217 218 218 218
218 218 218 218 218 218 218 218 218 218 218 218 218 218 218 218 218 218
219 219 219 219 219 219 219 219 219 219 219 219 219 219 219 219 219 219
220 220 220 220 220 220 220 220 220 220 220 220 220 220 220 220 220 221
221 221 221 221 221 221 221 221 221 221 221 221 222 222 222 222 222 222
222 222 222 222 222 222 222 222 222 222 222 222 222 223 223 223 223 223
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223 223 223 223 223 223 223 223 223 224 224 224 224 224 224 224 224 224
224 224 224 224 224 224 224 225 225 225 225 225 225 225 225 225 225 225
225 225 225 225 225 225 225 226 226 226 226 226 226 226 226 226 226 226
226 226 226 226 226 226 226 226 226 226 226 226 226 226 227 227 227 227
227 227 227 227 227 227 227 227 227 228 228 228 228 228 228 228 228 228
228 228 228 228 228 228 228 228 229 229 229 229 229 229 229 229 229 229
229 229 229 229 229 229 230 230 230 230 230 230 230 230 230 230 230 230
230 230 230 230 230 230 230 230 230 230 230 230 230 230 230 231 231 231
231 231 231 231 231 231 231 231 231 231 232 232 232 232 232 232 232 232
232 232 232 232 232 232 233 233 233 233 233 233 233 233 233 233 233 233
233 233 233 233 233 233 233 233 234 234 234 234 234 234 234 234 234 234
234 234 234 234 234 234 234 234 234 234 235 235 235 235 235 235 235 235
235 235 235 235 235 235 236 236 236 236 236 236 236 236 236 236 236 236
236 236 236 236 236 236 236 236 236 236 236 236 236 236 236 237 237 237
237 237 237 237 237 237 237 237 237 237 237 237 237 237 237 237 237 237
237 237 237 237 238 238 238 238 238 238 238 238 238 238 238 238 238 238
238 238 238 238 239 239 239 239 239 239 239 239 239 239 239 239 239 239
239 239 239 239 239 239 239 239 240 240 240 240 240 240 240 240 240 240
240 240 240 240 240 240 241 241 241 241 241 241 241 241 241 241 241 241
241 241 241 241 241 241 241 242 242 242 242 242 242 242 242 242 242 242
242 242 242 242 242 242 242 242 243 243 243 243 243 243 243 243 243 243
243 243 243 243 243 243 243 243 243 243 243 243 244 244 244 244 244 244
244 244 244 244 244 244 244 244 244 244 244 244 244 244 244 244 244 244
244 245 245 245 245 245 245 245 245 246 246 246 246 246 246 246 246 246
246 246 246 246 246 246 246 246 247 247 247 247 247 247 247 247 247 247
247 247 247 247 247 247 247 247 247 247 248 248 248 248 248 248 248 248
248 248 248 248 249 249 249 249 249 249 249 249 249 249 249 250 250 250
250 250 250 250 250 250 250 250 250 250 250 250 250 250 250 250 251 251
251 251 251 251 251 251 251 251 251 251 251 252 252 252 252 252 252 252
252 252 252 252 252 252 252 252 252 252 252 253 253 253 253 253 253 253
253 253 253 253 253 253 253 253 254 254 254 254 254 254 254 254 254 254
254 254 254 254 254 254 254 254 254 254 254 255 255 255 255 255 2b5 255
255 255 255 255 255 256 255 255 255 255 255 256 256 256 256 256 256 256
256 256 256 257 257 257 257 257 257 257 257 257 257 257 257 257 257 257
257 257 257 257 257 257 257 257 258 258 258 258 258 258 258 258 258 258
259 259 259 259 259 259 259 259 259 259 259 259 259 259 259 259 260 260
260 260 260 260 260 260 261 261 261 261 261 261 261 261 261 261 261 261
262 262 262 262 262 262 262 262 262 262 262 262 262 262 262 262 263 263
263 263 263 263 263 263 263 263 263 263 263 263 263 263 263 264 264 264
264 264 264 264 264 264 264 264 265 265 265 265 265 265 265 2656 265 265
266 266 266 266 266 266 266 266 266 267 267 267 267 267 267 267 268 268
268 268 268 268 268 268 268 268 268 268 268 269 269 269 269 269 269 269
269 269 269 269 269 269 270 270 270 270 270 270 270 270 270 270 270 270
270 270 270 270 270 271 271 271 271 271 271 271 271 271 272 272 272 272
272 272 272 272 273 273 273 273 273 273 273 274 274 274 274 274 274 274
274 274 274 274 275 275 275 275 276 276 276 277 277 278 278 278 278 278
278 278 278 278 278 278 279 279 279 279 279 279 279 280 280 280 280 280
280 280 280 280 280 281 281 281 281 281 282 282 282 283 283 283 283 283
283 283 284 284 284 284 284 284 284 284 285 285 285 285 285 286 286 286
286 287 287 287 287 287 287 288 288 288 288 289 290 290 290 290 291 292
292 292 292 293 293 294 294 295 296 296 296 297 297 297 298 298 299 299
299 300 301 301 302 302 304 305 307 308 310 310 313 313 313 313 313 315
315 317 318 319 320 325 326 326 327 328 331 334 334 336 338 339 341 341
342 344 345 345 350 352 354 356 358
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