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Abstract— We consider DNA codes based on the concept of a
weighted 2-stem similarity measure which reflects the ”hybridiza-
tion potential” of two DNA sequences. A random coding bound on
the rate of DNA codes with respect to a thermodynamic motivated
similarity measure is proved. Ensembles of DNA strands whose
sequence composition is restricted in a manner similar to the
restrictions in binary Fibonacci sequences are introduced to
obtain the bound.

I. INTRODUCTION

Single strands of DNA are represented by {A,C,G, T} —
sequences that are oriented. The reverse-complement (Watson-
Crick transformation) of a DNA strand is defined by first
reversing the order of the letters and then substituting each
letter z for its complement z, namely: A for T, C for G and
vice-versa. For example, the reverse complement of 44CG is
CGTT. For strand x = (z1,22,...,%,) € {A,C,G,T}", let

'7i27i'1) € {A,C7G,T}n (1)

denote its reverse complement. If y = X, then x = y for

§: (jnafn—h"

any x € {A,C,G,T}". If x = X, then x is called a self

reverse complementary sequence. If x # X, then a pair (x, X)
is called a pair of mutually reverse complementary sequences.
A (perfect) Watson-Crick duplex is the joining of x and X so
that every letter of one strand is paired with its complementary
letter on the other strand in the double helix structure, i.e., x
and X are ”perfectly compatible.” However, when two, not
necessarily complementary, oppositely directed DNA strands
are “sufficiently compatible,” they too are capable of coa-
lescing into a double stranded DNA duplex. The process of
forming DNA duplexes from single strands is referred to
as DNA hybridization. Crosshybridization occurs when two
oppositely directed and non-complementary DNA strands form
a duplex. Crosshybridization doesn’t always occur, but there
is a potential for it to happen. In general, crosshybridization
is undesirable as it usually leads to experimental error. To
increase the accuracy and throughput of the applications listed
in [1]-[7], there is a desire to have collections of DNA strands,
as large and as mutually incompatible as possible, so that no
crosshybridization can take place. It is straightforward to view
this problem as one in coding theory.
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DNA nanotechnology often requires collections of DNA
strands called fiee energy gap codes [8] that will correctly
”self-assemble” into Watson-Crick duplexes and do not pro-
duce erroneous crosshybridizations. When these collections
consist entirely of pairs of mutually reverse complementary
DNA strands they are called DNA tag-antitag systems [1] and
DNA codes [9], [10].

Statistical thermodynamics is applied [5]-[7] to model com-
petitive multiplexing hybridization. In paper [8], a weighted 2-
stem similarity function (see, below Definition 4) is introduced
which provides a more accurate estimation of the hybridization
energy than other similarity functions current in use, e.g.,
Hamming, insertion-deletion or edit [2]-[4]. The model in [§]
argues that the probability that a DNA code correctly assem-
bles (called the fidelity of DNA codes) is a function of the
corresponding distance measure (see, below Definition 5).

In the given paper, the techniques of [9], [10] are extended
to obtain a random coding bound on the rate of DNA codes
defined in [8]. For applications [5], the bound shows that,
asymptotically, dramatically improved DNA codes exist and
yields an asymptotic behavior for the fidelity of DNA codes.

II. STATEMENT OF PROBLEM
A. Notations and Auxiliary Definitions

The symbol £ denotes definitional equalities and the symbol
[n] = {1,2,...,n} denotes the set of integers from 1 to n.
Let x = (x1,22,...,2,) and y = (y1,¥2,...,Yn), Where
x,y € {A,C,G,T}", be two arbitrary DNA n-sequences.
By symbol z = (21, 2s,...,2) € {A,C,G, T}, £ € [n], we
will denote a common subsequence [11] of length |z| = ¢
between x and y. The empty subsequence z of length |z| £ 0
is a common subsequence between any sequences x and y.

Definition 1. Let 2 < r < n be an arbitrary integer. A
fixed DNA r-sequence a = (aj,as,...,a,) € {A,C,G,T}",
is called a common block for sequences x and y (briefly,
common (x,y)-block) of length r if sequences x and y
(simultaneously) contain a as a subsequence consisting of r
consecutive elements of x and y. We will say that a com-
mon (x,y)-block a yields r — 1 common 2-stems a;,a;;1,
i € [r — 1], containing 2 adjacent symbols of the given
common (x,y)-block.
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Definition 2. Let 2 < ¢ < n be an integer. A sequence
z=(z1,29,...,2) € {A,C,G, T} is called a common block
subsequence of length |z| = ¢ between x and y if z is
an ordered collection of non-overlapping (separated) common
(x,y)-blocks and the length of each common (x,y)-block in
this collection is > 2. Let Z(x,y) be the set of all common
block subsequences between x and y. For any z € Z(x,y),
we denote by k(z,x,y), 1 < k(z,x,y) < |z|/2, the minimal
number of common (x,y)-blocks which constitute the given
subsequence z.

Note that the difference |z| — k(z,x,y), z € Z(x,y), is a
total number of common 2-stems containing adjacent symbols
in common (x,y)-blocks constituting z € Z(x,y).

Definition 3. [8] For sequences x,y € {A,C,G,T}", the
number

S(x,y) £

max
2€Z(x,y)

{|Z‘ - k(Z7X7Y)}7 S(X7Y) 207 (2)

is called an 2-stem similarity between x and y. Obviously,
S(Xay) = S(yax) < S(X,X) =n-—-1
Example. Let n = 10 and

X = (Ai T7 T7 Ai A7 A’ A,T7T’ A)7
S—— SN——

y=x=(T,A ATT,T,T,A AT).
S—— SN——
A common block subsequence z between x and y = X is

PN e Wt N ~
z=(T,A,A,T,T,A) =7 = (3,24, 5,8, L9, T10) =

= (Y1, 92,93, Y6, Y7, Ys) € Z(x,Y).
The value k(z,x,y) =
similarity is

S(x,y) £

2 and the corresponding 2-stem

max z| — k(z,x, =6—2 =4.
ezl — k(z.x.y)

The maximal value is achieved for the above self reverse
complementary sequence z € Z(X,y).
B. Weighted Stem Similarity and Distance
Let w = w(a,b) > 0, a,b € {A,C,G, T}, be a weight
function such that
w(a,b) = w(b,a), a,bc{A,CG,T} 3)

Condition (3) means that w(a, b) is an invariant function under
Watson-Crick transformation.

Definition 4. [8] Let z € Z(x,y) have the form

z = (z1,z2, e zk(z7x’y)) ,
k(z,x,y) k(z,x.,y)
2= > 2" = ) rm
m=1 m=1
where
Zm é (Zin7zgn7"'72;)jn) e {A7C7G7T}Tm)
m = 17 27"'7k(z7x)y)7
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is an ordered collection of common (x,y)-blocks constitut-
ing z and r,,, £ |2™| > 2 is the length of block z™. For DNA
sequences x,y € {A,C,G, T}™, the number

k(z,x,y) rpm—1

S w(Er, ) p @
m=1 =1

is called a weighted 2-stem similarity between x and y. We
will say that S (x,y) £ 0 iff the set Z(x,y) = @.
Function S(“’)(x,ﬁ is used to model [8]-[10] a ther-
modynamic similarity (hybridization energy) between DNA
sequences x and y.
Proposition 1. For any x,y € {A,C,G,T}", the function

SW(x,y) = 8™(y,x) < S (x,x) (5)
In addition,
S (x.5) = S™)(y,

5™ (x,y) £

max
z€Z(x,y)

X

), x,y € {A,C,G,T}". (6)

The symmetry property and inequality (5) are evident.
Equality (6) follows from definitions (1),(4) and condition (3).
Identity (6) means the symmetry property of hybridization
energy between DNA sequences x and y [8]-[10].

One can easily check that 2-stem similarity S(x,y) from
Definition 3 corresponds to the uniform weight function:
w(a,b) = 1 for any a,b € {A,C,G,T}. Table 1 shows an
example of values for w(a,b) which satisfy (3) and have a
significant biological motivation:

[w(a,d) [b=A[b=C[b=G [ b=T]

a=A 1.02 1.46 1.29 0.88

a=0C 1.46 1.83 2.17 1.29

a=G@G 1.32 2.24 1.83 1.46

a=T 0.60 1.32 1.46 1.02
Table 1.

These values come from [5] and are the nearest neighbor
“thermodynamic weights” (e.g., free energy of formation)
associated to stacked pairs that occurred in DNA secondary
structures. See [7] for an introduction to the nearest neighbor
model.

Definition 5. [8] The number

D(x,y) £ 8" (x,x) = S (x,y) @
is called a weighted 2-stem distance between x and y.

Typically, D(*)(x,y) # D™ (y,x), ie., function (7) is
not symmetric. Proposition 1 gives:

D (x,y) > D) (x,x) = 0. ®)
C. DNA Codes based on Stem Similarity

Let X(]) = (Tl(])aTQ(])/ s 7Tn(.7)) € {A7 CaG=T}n’

Jj € N, be codewords of a code X = {x(1),x(2),...,x(N)}

of length n and size N, where N = 2,4,. .. is an even integer.

Let D, 0 < D < max S™)(x,x), be an arbitrary positive
number. Taking into account (7) and (8), we give

Definition 6. A code X is called a DNA (n, D, w)-

code based on weighted 2-stem similarity S™) (x,y) (briefly,
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(n, D, w)-code) if the following two conditions are fulfilled.
(i). For any number j € [N] there exists j' € [N], j' # j,
such that x(j') = x(j) # x(j). In other words, X is a
collection of N/2 pairs of mutually reverse complementary
sequences. (i7). For any j,j° € [N], where j # j', the
distance D) (x(j),x(j")) > D.

The following statement is obvious.

Proposition 2. Let (3) be the uniform weight function, i.e.,

w(a,b) =1, a,be {A,C,G,T}.

The corresponding symmetric distance function D=1 (x,y),
x,y € {A,C,G,T}" has the form

P (xy) = Dy, x) = (= 1) - S(xy), )

where 2-stem similarity S(x,y) is defined by (2), and the
definition of DNA (n,D,= 1)-code, 0 < D < n —1, is
identified by inequality

S(x(j),x(j")) <(n—-1)=D, jj €[N], j#j. (10)

One reason for a considering (n, D, w)-code X of size N
can be found by noting that the statistical thermodynamic
model for DNA code self assembly given in [8] indicates that:
given two identical copies of X the probability F (called the
fidelity of DNA code X) that only Watson-Crick duplexes form
and no crosshybridization duplexes exist is

N
) Kélog4e

)

F > !
~ \1+ Nexp,{—D-K} RT "’

where R is the universal gas constant, 7 is the Kelvin
temperature and e = 2.71828 is the base of natural logarithm.

Definition 7. Let N(®)(n, D) be the maximal size of
DNA (n, D, w)-codes based on weighted 2-stem similarity. If
d > 0 is a fixed number, then

| N@) (.
s T og, (n,nd)

n—oo n

R™)(d) (12)

is called a rate of DNA (n,nd,w)-codes for a distance
fraction d.

D. DNA Codes for Fibonacci Ensembles

Let L be a collection of 2-strings of DNA letters, closed
under reverse complement transformation. For instance,

L=w, L={TA}, L={TA AT}

L ={TA, AT, AA,TT}. (13)

Denote by DN A(n, L) (briefly, [n, L]) the set (ensemble) of
all DNA sequences which do not contain 2-stems from L. We
will say that [n, L] is the Fibonacci L-ensemble'. Denote by
Ar(n) 2 |DNA(n, L)| = |[n, L]| the cardinality of [n, L].

IBinary 0, 1-sequences which do not contain 2-stems of the form (1,1)
are known as the Fibonacci sequences [12].

Definition 8. Let Ny, (n, D) be the maximal size of DNA
(n,D,= 1)-codes X C DN A(n, L). If the distance fraction
d > 0 is a fixed number, then

Ry(d) 2 Tm logy N (n,nd) (14)
n— oo n
is called a rate of DNA codes for the Fibonacci L-ensemble.
For a weight function (3), introduce numbers

(15)

min  w(a,b).
(a,b)¢L ( )

For instance, if the values of w = w(a, b) are given by Table 1,
then

AL
Wy, =

0.60 if L=,
Joss itn={TAl,
WL =9 1.02 if L= {TA, AT}, (16)
129 if L = {TA, AT, AA, TT}.

One can easily check [8] that the distance
D" (x,y) >w, - D= (x,y) if x,y € DNA(n,L).

In virtue of (9) and (10), this gives

Proposition 3.  Let w; be a number defined by (15) and a
code X C DNA(n,L). If X is a DNA (n, D, = 1)-code, then
X is a DNA (n,w;, - D,w)-code. Hence, rate (12) satisfies
inequality
R")(d) > max R, (d) :

wr,

(17)

where Ry, (d) is defined by (14).

In the rest part of paper, we obtain a random coding bound
on Ry (d) for L defined by (13). Then applying (17), we get a
random coding bound on the rate R(*) (d) of DNA (n,nd,w)-
codes based on weighted 2-stem similarity.

III. RANDOM CODING BOUNDS

A. On Cardinalities of Fibonacci L -Ensembles
If L = @, then Ap(n) = 4™. If L # @, then cardinalities
Ar(l) = 4 and A,(2) = 16 — |L| are given. For sets L
defined by (13), we calculate cardinalities Ay, (n), n = 3,4...,

using the following well known result [12] from the theory of
recurrent sequences.

Proposition 4. Let fi # 0 and f5 # 0 be arbitrary fixed

numbers. If sequence Ar,(n), n = 3,4, ..., satisfies recurrent
equation

Ap(n) = fidp(n=1) + foAr(n —2), (18)
then

ArL(n) =Cyri + Caryd, n=1,2,..., (19)

where vy = r1(L) and ro = ro(L) are roots of the characteris-
tic equation r*—fir—f, =0 and Cy = C1(L), Cy = Cy(L)
are calculated from initial conditions: 4 = Cyry + Cyro,
16 — |L| = Cir? + Cyri.

Formula (19), obviously, leads to

Proposition 5. If ry, ro are real numbers, ry > 0 and
r1 > |ra|, then A, (n), n = 1,2,..., satisfies inequalities

Cr*[1 —Ba" < Ar(n) <Cr"[1+ Ba"], (20

2294
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where
r=r; 2 max{r,,m}, C=2C0C,
2|2 g p2|| @1
1 C1

Remark. For the case L = &, bounds (20) will be true as
well (with the sign of equality) if we formally define r = 4,
Ci=landry, =Cy=0,1ie,C=1,r=4and a = =0.

Lemma 1. [f L = {T A}, then \1,(n) satisfies (18), where
fi =4, fo = —1. Hence, parameters (21) of bounds (20) are:

3+2V3
6

a=pf=7-4V3=.0718,

r=24+v3=373, C= =1.08,

(22)

Lemma 2. [f L = {TA, AT}, then Ar(n) satisfies (18),
where f1 = 3, fo = 2. Hence, parameters (21) of bounds (20)

are.
r—= 3+ VIT =356, C= 17+ 5v17 =1.11,
7 34
13— 3VA 21 — 51
. %ﬁ _ 158, = %ﬁ — 0961, (23)

Lemma 3. If L = {T'A, AT, AA,TT}, then Aj(n) satis-
fies (18), where f; = 2, fo = 4. Hence parameters (21) of
bounds (20) are:

r=1+5=3.24, C:%:I.N,
a:?’;\/g:.ssz 52%3\/5:.146. (24)

Proof of Lemmas 1-3. Let a,b € {A,C,G,T} denote
arbitrary letters of DNA alphabet and

n,L]l, = {x:x€[n,L] and z,=a},

[, Loy = {x : x€[n,L] and =, 1 =a,z, = b},

denote the corresponding subsets of ensemble [n, L]. If a pair
(a,b) € L, then subset [n, L], = @. Note that [n, L], and
[, L] can be written as sums of non-intersecting subsets:
[TL:L]G - [n;L]A,a + [naL]C,a + [TLJL}G,G + [n:L]T,rL
[n,L] =[n,L]a + [n,Llc + [n,L]g + [n,Ll7. (25)

In addition, one can easily see the following two properties.
1) If for any b € {A,C,G, T}, pair (b,a) ¢ L, then the
cardinality

[, Lla| = |ln = 1, L]| = Ap(n — 1). (26)
2) For any pair (a,b) ¢ L, the cardinality
I[n, Llap| = |[n — 1, L]g]. 27)

Applying (25)-(27), one can check all recurrent equations
formulated in Lemmas 1-3.

B. Random Coding Bound for Fibonacci L-Ensemble

Let
o & log T —.

L 1 C3(1 + Ba?)(1 + fa)?
where r = (L), C = C(L), a = a(L) and g = (L) are
introduced in Propositions 4 and 5 and given by formulas (21).
For sets L defined by (13), parameters (21) are calculated
by formulas (22)-(24). In Sect. IV, using a random coding
method [10], we present a brief proof of

Theorem 1. For any distance fraction d > 0, the rate (14)
satisfies inequality

Ri(d) > Rp(d) 2 min {(1-u)ps — Ey(u)}

A
pr =log, T,

0<u<d
where
Er(u) & max EX(v,u),
0<v<min{u,1—u}
L A / v v
E*(v,u) & —pf v+ (1—u) hyg ( >+2uh4 (7),
1—u u

h(u) £ —ulog, u — (1 —u)log, (1 — u).

Let a number dy, 0 < d; < 1, be the unique root of
equation R;(d) = 0 or (1 — d)pr, = FEr/(d). Obviously, if
0 < d < dy, then Ry, (d) > 0 and the following lower bound

Rp(d) > Ry(d) = (1—d)pr — Er(d), 0<d<dy,

holds. Function R; (d) is called a random coding bound on the
rate R”(d). We will say that the number d;, 0 < dj, < 1,is a
critical distance fraction of the random coding bound R, (d)
for DN A(n, L)-ensemble.

For sets (13), our calculations based on Lemmas 1-3 give
the following numerical values for critical distance fractions:

0.4794 if L = 2,
_} 04316 if L ={TA},
A= 04054 if L= {T A, AT}, (28)

0.3487 if L ={TA, AT, AA,TT}.
C. Random Coding Bound for DNA (n,dn,w)-Codes
Let R™)(d), d > 0, be the rate (12) of DNA (n,dn,w)-
codes and d;,, 0 < d;, < 1, is the critical distance fraction
of random coding bound R, (d) for Fibonacci L-ensemble.
Proposition 3 and Theorem 1 lead to

Theorem 2. If 0 < d < d™) £ mrax{y,l -dr}, then the
rate R™")(d) > 0 and lower bound

R™)\(d) > R™(d) & max {RL (d)}

wy,
holds.

Function R(")(d) is called a random coding bound for DNA
(n,dn,w)-codes. The number d(®) > 0 is called a critical
distance fraction of the random coding bound R"™)(d).

Obviously, inequality (11) and Theorem 2 yield the asymp-
totic (n — oo) existence of DNA (n,dn,w)-codes of size
N > exp,{nR™)(d)} and fidelity

F>1—exp, {fn [ICd — 2R (d)] } Cd™ <d<dw,
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where number d*), 0 < d™) < d®), is the unique root of
equation Kd = 2R™)(d). Note that Kd — 2 R™)(d) > 0
it d) < d < dw.

IV. PROOF OF THEOREM 1

Let S(x,y) be 2-stem similarity (2) for the uniform weight
function. For an arbitrary integer s € [n — 1], define the set
Pr(n,s) 2 {(x,y) € [n,L] x[n,L] : S(x,y) = s}.

Lemma 4. The size

min{s,n—s}

>

ji=

. {r”sj C 1+ ga)t (”J‘S) }2, (29)

where r = r(L), C = C(L), a = a(L) and 3 = (L) were
introduced in the formulation of Theorem 1.

The random coding method [10], Lemma 4 and an asymp-
totic analysis of the right-hand side (29) yield Theorem 1. To
complete the proof of Theorem 1, we give

Proof of Lemma 4. Consider a pair (x,y) € A" x A™ for
which S(x,y) = s. Then there exists z € Z(x,y), |z| < n,
and the integer j = k(z,x,y) < |z|/2 for which equalities

[Pr(n, s)| <

ot (; B D [C(1+ ga?)] x

s=lz|—j < |z|=s+j <= n—|z|l=n—s5—j

take place. It follows that for any z € Z(x,y), the number
Jj = k(z,x,y) satisfies inequalities 1 < j < min {s; n — s}.

Obviously, the number of all ways to distribute |z| indistin-
guishable marbles in j boxes provided that each of j boxes
contains > 2 marbles is (jj) In addition, the number of all
ways to distribute n — |z| indistinguishable marbles in j + 1
boxes if empty boxes are accepted is (”;“)

Let 1 < j < b < n be fixed integers and

{bé}é(bhb?w" 7bj)7

is an ordered collection of integers. For m = 1,2, introduce
two sets

ybes - be > 1,

J
({be)m = {be} © > be=b, by=mp  (30)
(=1

and define numbers

J

H AL (be)

(=1

max

X (j,b) & mas

(€2))

Applying above formulas and notations, one can see that
for any s € [n — 1], the cardinality

min{s;n—s}

> X%(j,s+j)~<j:1)x

=1

x {Xl,l(jjtl,n—s—j) (";SHQ.

(32)

From definition (30)-(31) and upper bound (20) it follows that
form=1,2,

J
H [CrP (1 + Bab)] p =

(=1

A7(j,b) < max
7'(.b) < (e
j .
max ¢ [ [14B8a™] s <rP [C(1+Ba™)) .
{beDm | ;5
These inequalities and (32) lead to (29).
Lemma 4 is proved.

= iyt

V. CONCLUSION

Let weight function w = w(a, b) be defined [5] by Table 1.
Then for sets (13), numbers (16) and (28) give:

029 if L=g,
g )0ss ifL={TA},
WL AL =19 041 if L ={TA, AT},
045 if L= {TA, AT, AA, TT}.

Therefore, the corresponding critical distance fraction is
d™) 2 max{w; -d} = 0.45. In other words, for the given

weight function, we have shown that by restricting the allowed
sequence composition in DNA strands to avoid occurrences
of L = {TA, AT, AA, TT} the thermodynamically weighted
critical distance fraction of the random coding bound for DNA
(n,dn,w)-codes can be improved from 0.29 to 0.45.
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