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In this thesis, I consider propagation of Love waves in a stochastic medium. I
assume the Earth consists of a layer with randomly varying elastic properties overly-
ing a homogeneous isotropic half-space. This is an alternative mathematical model
to the deterministic model which has been used extensively. The model gives rise
to a stochastic partial differential equation with deterministic boundary conditions.
The first and the second moments of the displacement field are obtained using two
different methods. A numerical example is given to show the dependence of these
moments on depth and correlation distance. A general Love wave dispersion relation

is also derived.
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Introduction

Love waves are very important seismic surface waves which propagate in the very
top layer of the Earth’s surface. In earthquake seismology, studying these waves gives
us an insight into the nature of the source and the medium through which the waves
propagate. In oi} exploration, surface waves are considered to be noise. Since the

pioneering work of Love [1911], these have been a focal topic of research.

Early classical layered model of the Earth consists of a homogeneous layer over-
lying a homogeneous half-space, Aki and Richard (1980]. But in reality the Earth in
general and the near-surface layer in particular, have a very complex elastic param-
eter distribution. Also, the top layer interfaces are by no means perfectly horizontal
as was proposed by Love. Furthermore, it is an approximation to represent the waves
source by a deterministic function. Researchers realized the need to consider a more
realistic model. The problem is how to model the variation in the above three ele-
ments of wave propagation; namely, the elastic parameter distribution, the boundary

geometry, and the source terms.

Several surface shapes have been considered; for example, by Sato [1961], Paul
[1965], and Wolf [1967]. Elastic parameters have also been described by different
deterministic functions; for example, Ghosh [1970}, Zaman, Asghar and Hanif [1991].
However, these deterministic models do not account for the point to point irregulari-
ties of the medium’s properties, the irregular shape of surfaces separating the media,
and the uncertainties of the source function. These are best described by stochastic

modeling.

The irregularity and complexity of the properties of real media lead to a stochastic
description of these media and there arise problems of wave propagation in stochastic

media, Sobczyk [1985].



The use of stochastic models to describe the Earth’s layer has gained popularity
in the last few decades. One of the major projects which is being conducted in the
Arctic Ocean by a group of research centers is the study of the thickness of the polar
ice cap which gives an early indication about any climatic changes. However, because
of the impurities and air bubbles in the ice, wave propagation in such a medium is
not a simple problem. Stochastic modeling is employed in this case Waves Young,

1997).

One of the earliest work in this direction is the book by Chernov [1970] who deals
with stochastic wave propagation. Frisch [1968] has also discussed wave propagation
in a random media. An excellent account of the methods employed in propagation
and scattering of waves in a random media is given by Sobczyk [1985]. The back-
ground in stochastic differential equations can be found in Soong [1973] and Frisch

[1968].

Scientists used some of the techniques developed in random wave propagation
in some practical problems. As an example, Korvin [1977], {1983] used Keller’s
perturbation method to calculate the attenuation coefficient due to random inhomo-
geneities. Chu. Askar and Cakmak [1981] used the same method in their work to
measure elastic properties in the laboratory. Li & Hudson {1995] used Born approx-

imation to study elastic waves in a laterally heterogeneous layer.

This Thesis is an application to the first-order smoothing method in the problem
of Love wave propagation in stochastic medium. We find the mean and variance
of the mean field using two different methods. The first method is based upon the
smoothing method on the layer. The second is to us the Green’s function method.

with the use of the smoothing method to find the first and second moments.

The first chapter is devoted for a quick review of some mathematical concepts we



will be using in later chapters. In the second chapter, we explain why we need to
replace the deterministic model by a stochastic one. The result of that is a stochastic
differential equation which is the subject of Section 2.3. Love waves in a deterministic
model of a layer over a half-space is analyzed in Chapter 3. The core of the thesis
is in Chapters 4 and 5. In these chapters, the above two methods are used for Love

wave propagation problem.

Numerical results are also given in some interesting cases. Matlab and Mathe-
matica are two software which have been used in this thesis. To have a continuous

analysis, some details were relegated to appendices at the end of the Thesis.



CHAPTER 1
MATHEMATICAL PRELIMINARIES

1.1 Stochastic Process and Field

A stochastic process can be characterized in two ways. The first is to describe
a stochastic process X(t),t € T as a family of sample functions, realizations, of the
variable ¢, for every fixed elementary event defined on the probability space {[', F, P}.
The set T is the space of elementary events, F is a o-algebra of subsets of I' and P
is a probability measure defined on F. This requires using measure theory to define

probability on a functional space.

The sample theoretic approach is an alternative simpler approach to define a
stochastic process. In this characterization, a stochastic process {X(t,v),t € T,v €
I} is regarded as a family of random variables say, X(t,), X(t2),.... If the index set
T is countable, X(t) is said to be a discrete-parameter stochastic process, or it can
be an interval, and the process is called a continuous-parameter. In the latter case,

a random function is completely characterized by the n-point probability functions
Fn(tl,tz, cerytni Ty, T2, - ,1',;) =P [X(tl) < Ii,... ,X(tn) < 1’,,] . (1.1)

The family of all these joint probability functions for n = 1,2,... and all possible

values of the t;, constitutes a finite characterization of the process X(t).

For practical purposes, the stochastic process is characterized in terms of its mo-

ments; mean, mean square value, autocorrelation function and higher order moments;

=(X(t1)--- X(t)), (1.2)



where angular brackets are expectations over all realizations of the process. The
variance of the process X(t) is defined by o%(t) = (|X(t) — Mx(t)[?). If Mx(t) =
0, then o%(t) = Mxa(t). If we 'have two or more stochastic processes, then their
mutual dependence is conveniently characterized by the covariance matrix R(t;,¢2) =

{Rx.x,(t1,t2)},4,5 = 1,2,...,n, where
Ryx,x,(t1, t2) = ([Xi(t) — Mx,(4:1)][X;(t2) — Mx,(t2)]). (1.3)

Depending on the properties of their distribution functions, many of the practical
stochastic processes are statistically simple. These simplifications are based upon
the memory of the process (e.g., the Markovian processes) or on the regularity over

the index set T (e.g., the stationary processes).

The process X(t),t € T is stationary if its cumulative probability distributions
stay invariant under an arbitrary translation of the time, or space in our case, pa-

rameter,
Fa(tistaye oo stn;T13 T2, Za) = Fr(ti + Tt2+ 7y oo tn + T35 21, T2, . -+, Tn);
t;+7e€T, j=12,...,n (1.4)
A weakly stationary process is one that has the following properties:

Mx(t) = constant < oo
Myx2(t) < oo

Kxx(ti,t2) = Kxx(t2 — t1). (1.5)

Ergodic theory introduces further simplifications. It relates time averages of the
realizations to ensemble averages of the process. A stationary process is ergodic
if for every function f we have P{{f) = mf} = 1 where m is the time average
equation. This means that the time-average taken for any realization agrees with the

ensemble-average with probability one.



A stochastic process X(t),t € T, is called Gaussian or normal if all its finite-
dimensional distributions are Gaussian. In this case the process is completely speci-

fied by its mean Mx(t) and covariance function Kxx(%1,%2) = Rx,x,(t1,t2).

The other way of simplifying a process is to assume it to be a Markov diffusion
process; an example is the Brownian motion process (sometimes called Wiener pro-
cess). A process is called Markovian when it is completely specified by the conditional

distribution function
F(s,z :t,y) = P{X(t) < y|X(s) =z} (1.6)

The process is diffusion when the change within a small time interval is small. If
all sample functions of a Wiener process are continuous and differentiable, then the

model is called the Ornstein-Uhlenbeck process, Soong [1973].

The elastic parameters that describe the uppermost layer of the Earth are con-
sidered to be random functions. These processes are statistically simple, they are
simplified further by assuming them to be ergodic and stationary. In addition, we
will use the Ornstein-Uhlenbeck process assumption. This model has the following

correlation function, Sobczyk [1985]):
Kxx (1) = o exp(—bl7]), (1.7)

where o is the standard deviation of the process and 1/b is the correlation length
(distance) which is defined as the value of 7 for which the autocorrelation function

Kx x(7) decreases to (1/e) times its value at 7 = 0.
Homogeneous Isotropic Random Fields

As a generalization of the one-dimensional stochastic process, a random field is
used when the random function is a function of space X(7), where 7 = (z,y,2) is

6



a point in the Euclidean space IR®. Similarly, the case of a stationary process in
the one-dimensional case, homogeneity and isotropy of a random field play a key
role in analysis. A random field is statistically homogeneous and isotropic if its
statistical properties are invariant with respect to a shift of the system coordinates
and rotations and reflections, respectively. In such a field the autocorrelation is a

function of |7} — T2/, i.e.,
Kxx(7,72) = Kxx (|1 — 72|) = Kxx(r). (1.8)

If we observe this field along a straight line, picked at random, of the space IR?, we

get a one-dimensional stationary function or a stochastic process.
1.2 The Deterministic Wave Equation

Assume an unbounded elastic solid, macroscopically homogeneous and in equilib-
rium with respect to all body and surface forces. If a disturbance (time-dependent
stress) passes through the material, the displacement of the point P(z,y.z) at any
instant ¢ is given by the vector #(z,y, z,t). The general equation of motion at point

P is, Grant and West [1965]
> Op;;

e (1.9)

pazu.- _
otz
where u; is the displacement in the i-th axis direction, p; is the stress tensor, p is

the density of the material.

If the medium is homogeneous, isotropic, and perfectly elastic, we can use Hooke’s
law (written is tensor form)

Pir = A0 + 2peq (1.10)

where 8;; is the Kronecker delta, e;; is the strain tensor

and 0= -1, (1.11)



where A,y are Lame’s constants.
Substituting (1.11) in (1.10), the resultant equation, in vector form, is
pi=(A+p)v(l-0) +pV* L (1.12)

Taking the divergence and the curl of both sides gives the standard wave equation of

P-type and S-type waves, respectively, as follows:

8%0 .
9% -
”a—tf = uv§, (1.14)

wheref:ﬁxfi

It is clear that both the principal stress (P) and the shearing stress (S) propagate

with the respective velocities, V, \/ A+ 2“ and V, = \/-

Equation (1.12) can be separated into two equations, one for the scalar potential

¢, the other for the vector potential 1,7;, each of which satisfies the wave equation.
This is done by assuming
i=vé—V XV, (1.15)
where we impose the following condition:
v-¥=0. (1.16)

If we introduce (1.15) into the equations of motion (1.12), we get

pVS — (A + 2p)V(V26) — p(V X $) + 8 V* (V x ) = 0. (L.17)
This complicated equation can be satisfied if we allow ¢ and ¥ independently to sat-
isfy the following two wave equations which represent P and S motions respectively.

pd = (A+2u)V° 4, (1.18)

b = p Y (1.19)
8



The use of the two potential functions ¢ and 1L' makes it convenient to solve boundary
value problems involving P and S waves and to make the continuity conditions at

interfaces and the solution of boundary value problems easier to express.

In this Thesis we will study one component of the displacement field, namely,
that in the y-direction. Therefore, we do not need to use these two potentials.
Using equation (1.12), the wave equation in terms of the horizontal component of
the displacement field is

d*v
PAvER =Pz (1.20)

The solution of wave equation is greatly simplified if we assume a plane wave. This
can be done far from the source where wavefronts lose their initial curvature. Also,
as with electromagnetic waves, the S-waves are plane polarized. The particle motion
is horizontal in the SH-waves and vertical in the SV-waves. Love waves, which we
will study in this Thesis, are surface SH-waves. In case of plane wave, the solution

can be found using Fourier transform and separation of variables.
In the above review, three assumptions were imposed upon the wave theory.
1. Perfect Elasticity.

The medium is assumed to be perfectly elastic. However, there is a broad variety
of earth materials, including silts, clays, sand and shales, which do not behave as

perfectly elastic under loading.
2. Isotropy

Properties of the medium at an arbitrary point are assumed to be the same in
every direction. But the fact is that the earth consists of layers which were formed
by subsequent stages of deposition, compaction and consolidation. Therefore, wave
propagation characteristics differ in the depth direction from the horizontal direction.
This model is called transversely-isotropic.

9



3. Homogeneity

Also, spatially, the medium’s parameters are not always constant, but they slowly
change. For example, there is a velocity gradient in the depth direction due to the
increase of overburden pressure with depth. This property brings the most difficult

mathematical problems to the seismic wave propagation theory.
Random Inhomogeneity

A second type of heterogeneity, very common in geological settings, is the un-
correlated or “random” type, in which the elastic properties change continuously
but unsystematically from point to point A geological formation, which is hundreds
of meters thick, can be considered statistically homogeneous. However, its texture

usually varies considerably at the scale of a foot.

This is the kind of inhomogeneities we shall be concerned with. We will assume
statistical homogeneity (assumption 3), but locally, the properties change randomly.
Figure (1.1) shows an actual seismic velocity and density logs taken from a shallow
borehole. It shows both the random as well as the systematic nature of the elastic
parameters distribution. As we shall show, the random behavior of the velocity
will scatter the seismic energy that propagates through it. To study the effect of
scattering on waves, we introduce a mathematical model that represents the ground.
We will assume that the elastic parameter, like the density, is a random field. One
way to represent this field is to separate the parameter into a constant and a random

function. For example,

p(z,y,2,7) = po[l + epr(z,y,2,7)] (1.21)

where py(z,y,2,7) is a random variable with zero mean and standard deviation 1, €
is chosen such that epg is the rms value of the density variations. The mean density

is everywhere the same po, but the local density varies randomly point-to-point.

10
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1.3 Green’s Function

Consider the differential equation
Lu = ap(z)u” + a1(z)u’ + a2(z)u = f(z) a<z<b (1.22)

where ag,a;,a; are continuous and f is piecewise continuous in a < z < b. We

require u to satisfy the two homogeneous boundary conditions

B1(u) =0: auu(a) + algu(a) + ﬂuU.(b) + ﬁuu'(b) =0
By(u) = 0 : agu(a) + azu’(a) + Bau(b) + Pu'(b) =0

(1.23)

where the two vectors (ai1, @12, f11, Priz) and (a1, @22, B21, B22) are independent and

real.

The Green’s function is a particular fundamental solution satisfying two pre-
scribed boundary conditions. So, the Green'’s function G(z, z¢) is the solution of the

auxiliary problem

d? d
LG = ao(z)aczi + al(z)ﬁ +ax(z)G=6(z—1p), a<z<b (1.24)

with By(G) =0, By(G) = 0. (1.25)

In other form, not involving the delta function, system (1.24) can be written as

Pt

LG =0, «z#zo;
Bi(G) =0, B;(G)=0;
> (1.26)
G continuous at z = zo;
dG dG 1
dz - T dz Pr=sy " ag(zo)” ,

12



Existence and Uniqueness
We state without proof the following theorem:

Theorem. If the completely homogeneous system
Lu=0, a<z<b Bi(u)=0, By(u)=0

has only the trivial solution, the Green’s function ezists and is unique.
Application

The Green'’s function is used to solve inhomogeneous systems and to translate the
eigenvalue problem into an integral equation. To guarantee the existence of G(z, zo),
system (1.24) is assumed to have the trivial solution only. To illustrate how Green’s
function is used, we will consider a completely inhomogeneous system. But, first, let

us consider the following system
Lu=f, a<z<b; Bi(u)=0, Ba(u)=0. {1.27)
This system has the one and only solution
b
u(z) = [ G(,%0)f(zo)dzo. (1.28)

This can be proved easily by direct substitution in (1.27).

One should note that the solution of (1.26) depends continuously on f. Let u,

and u, be two solutions corresponding to f; and f,, respectively. Then
b
fur — | < [ 1G(z, 7o)l Ifi(20) = falzo)ldao < M(b—ale,  (1.29)
where |G| < M (since it is continuous in the rectangle a < z,zo < b) and |fy(z) —

f2(z)| < €. So the accuracy of the solution is proportional to the accuracy of f.

Before we go to the case of completely inhomogeneous system, we need the fol-

lowing preliminaries on linear operators. Given the operator L in (1.22), u(z) and

13



b
v(z) two arbitrary and twice-differentiable functions, integrate / vLudz by parts to
a

get the following relation (known as Green's formula)
b
/ (vLu — uL*v)dz = [J(u, v)]’ (1.30)

where L* is an operator (known as the formal adjoint of L) and J is known as the

conjunct of u and v.

Lv = aov" + (2ap — a;)v' + (ag — a} + a3) (1.31)
J(u,v) = ao(vu’ — uv') + (a1 — ag)(uv). (1.32)

The differential operator L is said to be formally self-adjoint if L* = L. The necessary

and sufficient condition for an operator to be formally self-adjoint is
ag(z) = a1().

In such a case
d d
L= Iz [ao(.’t)z] + ax(z). (1.33)

Let D be the set of all twice-differentiable functions u which satisfy the two homo-
geneous boundary conditions given in (1.23). We say that v belongs to D~ if it is

twice-differentiable and if
[J(u,v))E =0 forevery u in D. (1.34)

v will belong to D* if it satisfies two conditions similar to (1.23) but with different

coefficients known as the adjoint boundary conditions.

Definition. The boundary-value problem or system
Lu=f, a<z<b; By(u)=0B(u)=0 (1.35)

is said to be self-adjoint if L = L* and D = D~.

14



Green’s function is the solution of system (1.24). The adjoint Green's function

H(z,z,) is the solution of
L"H =6§(z —z9), a<z,zo<b; Bij(H)=0, B;(H)=0 (1.36)

which implies that [J(G, H)]} = 0.

Multiplying (1.24) by H(z,z,) and (1.36) by G(z,z,) and integrate from z = a
to z = b we get

H(z,z0) = G(zo, z). (1.37)

If the system (12) is self-adjoint, then
G(z,.‘l.'n) = G(Io,z‘) (138)

This is the symmetry property of the Green’s function.
Completely Inhomogeneous System

Consider the following system
Lu=f,a<z<b Bi(u)=a, Byu)=242. (1.39)

Multiply the differential equation in (1.39) by G(z,z,) and that in (1.24) by u(z),

subtract and integrate from z = a to z = b, using Green’s formula, we get
b b
u(zo) = /0 G(z,z0)f(z)dz — [J(u, G)]\. (1.40)
If a =4 =0in (1.24), then
b
u(zo) =/‘x G(zo,z) f(z)dz. (1.41)

This is the same result we found in (1.15).
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1.4 Perturbation Techniques

Given a linear stochastic operator L(7,v) and a non-random function g(r), our
problem is to solve for v in

L(7,v)v(7) = g(7). (1.42)

One of the most powerful approximation techniques is the perturbation approach.

Perturbation methods are applicable to those cases where the random parametric

variations are ‘week’ or ‘small’. This class of problems is of great physical importance.

We consider a direct perturbation scheme for solving equation (1.42) when the

differential operator L(7,<) can be expressed in the form
L(7,7) = Lo(7) + eL1(F,7) + € La(7, ) + - - (1.43)

where ¢ is a small parameter and Lo is a deterministic operator. The operators
Ly, L,,... are stochastic operators. In the direct application of the perturbation

scheme, we seek a solution of equation (1.42) in the form
v(7) = vo(7) + evr(F) + €va(F) + - - (1.44)

Upon substituting this solution representation and operator representation (1.43)
into equation (1.42) and equating terms of the same order of ¢, we get the following

system:
Lo(Puo() = g(7)
Lo(Pui(7) = —Li(F\7)uol(7)
Lo(Aui() = —[La(@1)eica () + La(F, y)vj—a(F) + - -

+ LJ'(’:" 7)UO(F)]7 1=L12,... (145)

In the case where the differential operator Lg(r) is linear with constant coefficients,

its inverse operator, Lg!(7) is well defined. It is an integral operator whose kernel is
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the weighting function associated with Lo(7). The Green's function is an example of

such weighting functions.

Considering only particular solutions, the solution of equations (1.45) in this case

can be written in the form

w(f) = Lg'(Mg(7)

o) = ~LPA YL, G=1.2... (1.46)

=1

Hence, the solution of v(7) can now be written as

() = [1 — eLg'(F) L1 (F) — € L5 (PN (= L1 (7, ¥) L5 ' (F) La (7, y)
+ Lo(F 7)) + -+ Lg'(Mg(). (1.47)

Equation (1.47) gives an explicit solution for v(7). However, it is in general difficult
to calculate anything beyond the simple moments of v(7). This can be done only for
the first few terms because the evaluation of higher-order terms becomes exceedingly

complex, Soong [1973].

Most of the work on wave propagation in random media are based upon per-
turbation expansions. It has been shown that such expansions are generally either
divergent or too slowly convergent for large values of 7, Frisch [1968]. The divergence
problem is overcome by cutting off the series at the k-th term. In the second diffi-
culty, terms proportional to a certain power of |f] arise in the series which makes it
tend to infinity as |[F] — oo. Hence, the perturbation expansion is limited to a short
distance from the source, Sobczyk [1985]. Therefore, formal perturbation techniques
have been used in wave propagation analysis rather than the rigorous perturbation

technique.
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CHAPTER 2
WAVES IN RANDOM MEDIA

2.1 Stochastic Media

The theory of wave propagation in random media is concerned with motions in
media whose properties have so complicated space and time dependence that they

can only be described statistically.

The observation of structures of different materials and natural media leads to the
conviction that classical models and theories are too idealized and do not adequately
reflect the complexity and heterogeneity of numerous real media. One example of
these theories is the classical elasticity theory. Treating the elastic continuum of the
media as being homogeneous is an idealization which is valued only on a certain
particular scale of magnitude. Long wavelength disturbance in metals, for example,

can be considered as waves in homogeneous media.

However, a mixture of several discrete components (phases) make up a very com-
plex heterogeneous material which cannot be idealized. These materials which are
usually called composites, are of great importance in practice. Such real media as
soils, rocks, concretes and ceramics provide further examples of materials with a
very complicated structure. In order to embrace the heterogeneous, complicated and
undetermined structure of real media, an alternative mathematical model of such a

medium has to be introduced.

It is often assumed that the heterogeneity of a medium is regular; this means that
properties of the medium are described by means of ordinary (non-random) functions
of the spatial coordinates. Such media may be called regularly (or deterministically)

heterogenous. An example of such medium is the one whose physical properties

18



change linearly with depth. However, the inhomogeneity that we are concerned with

is a random one.

Linear elasticity theory is based on Hooke’s law and the equilibrium equation. If
the model is homogeneous and isotropic, then the displacement field @ is governed

by the Lamé equation
-, - u -
A+p)V(VE) +pVE-pz+F=0 (2.1)
where A and u are the Lamé parameters, p is the density and F' is the body force.

Some real media like sea water or the Earth’s crust can be approximated by a
stack of homogeneous and isotropic layers. Wave propagation in such media has been

extensively studied.

One medium which displays significant microscopic heterogeneity of structure and
plays an important role in practice is the porous medium. It is a continuous medium
which consists of a solid matrix cemented together by clay and has small fluid-filled
pores. To study wave propagation in such media, many mathematical models have
been postulated, the best known being the poro-elasticity proposed by Biot, the
porous continuum is regarded as uniform and its complicated geometry is left out of

account, Korvin [1979].

A more satisfactory approach to the analysis of media with a heterogeneous and
complicated structure should express the heterogeneity and randomness of the mate-
rial in an explicit way. Such an approach is embodied in the stochastic modeling of
complicated real media, Sobczyk [1985]. Many authors have used this type of model

to study elastodynamic problems; Korvin [1977], Askar and Cokarak, [1998].

Stochastic or random medium is a mathematical model which accounts for the
random heterogeneity of a real medium. Properties of the medium are described

by means of random functions of space X(7,v), where ¥ = (z,y,z) and 4 is an
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elementary event (v € T'). X(7,7) can be a scalar, vector or tensor. Also, the
random field X (7,v) may have continuously varying sample functions, or it may be
just a discrete-valued function. X(7,+) can be completely characterized by two ways;

the n-point distribution functions or by the characteristic functional.

In any practical analysis the most we hope for is the lower order distribution
functions of X(7,v) or the low order moments like the mean function Mx(F) =
(X(7,7)) and the correlation function Kxx(7},72). The correlation function plays a
basic role in wave propagation in random media. In our analysis we will assume a
statistically homogeneous and isotropic random field in which case Kxx(7,72) is a
function of the single scalar variable ¢ = |7, — 7}|. The most common forms of such

correlation function are

Kxx(q) = oke 7/, (2.2)

Kxx(q) = oke e, (2.3)

where % is the variance, Mx(7) = 0, and a is a parameter called correlation radius
or distance. More complicated forms of the correlation function are needed for certain

media.
Continuous Stochastic Media

In such media, random functions are characterized by continuous and smooth re-
alizations. A composite material with not too different constituents, whose properties

as a whole change smoothly, is a good example.

In our analysis we will assume the layer through which the incident waves prop-
agate, to be a continuous stochastic medium. The validity of such a model depends
on the layer compaction and cementation. Because, if the layer is very porous and

filled with air, this model is not adequate.
20



The problem of wave propagation analysis in continuous stochastic media leads

to the stochastic differential equation

L(7,7)v(T) = 9(7) (2.4)

where L is a random differential operator with respect to space. We will assume L to
be linear. This assumption enables us to use the superposition law and the Green'’s

function.

We will restrict ourselves to the problem of scalar harmonic wave propagation in

continuous stochastic medium (stochastic Helmholtz equation)
V* v+ kgn* (7, 7)v = g(7). (2.5)
Discrete Stochastic Medium

Mixing two materials with significantly different physical properties produces a
real medium which can be modelled as a discrete stochastic medium. The properties
of such media can be represented by random functions with discontinuous sample
functions. Stress-free holes and pores filled with fluid are two examples of such

media. Most of the literature considers the case of two-phase media in such manner.

2.2 Stochastic Models

Consider a medium where the local density p and rigidity z show random inho-
mogeneities depending on the spatial coordinates (z,y, z). Each physical parameter

can be expressed explicitly as a series, Korvin [1977]; e.g.,

p(7,€) = po(7) + pr(P)e(F) + po(F)EX(F) + O(lel’) (2.6)

where pg,p; and p, are given, non-random, functions and €(7) is a homogeneous

random field of zero mean. From the geophysical point of view, the following three
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cases seem to be the most important:

p(7) = po(T) + () (2.7)
p(7) = po(r)[L + () (2.8)
P = T = o)~ o) + oI + O (29)

Density distribution (2.9) is widely used in case of wave propagation in random

media. This is due to the fact that in this case the wave number K assumes the form
K() = Ko(A)L + (7] (2.10)
which makes the perturbation methods easy to carry out, Keller [1964].

The second form (2.8) is used to describe waves in a turbulent atmosphere,
Tataraski [1961]. The first type of distribution (2.7) seems to be the most appropriate

in seismic practice, Korvin [1977].

Here, we shall limit ourselves to the functions po(7), p1(7), p2(7), . . . which depend
on the single coordinate z (i.e., the depth). Therefore, all these coefficients are
constant along planes parallel to (z,y). In the region of study, if we pick random
points p;,p;, then the totality of parameter variations (e.g., density p(z) along a
vertical line pointing downward in the positive z-axis) is just one realization of a

stationary random process.

It must be mentioned here that such a random description is also valid for rigidity
, and velocity 3. To illustrate how density inhomogeneities are distributed in depth,
real density measurements are shown in Fig (2.1) . If we assume a distribution of
type (2.8), then the mean density for the top 30m of the well is pp = 2.1 gm/cm®
and the random parameter ¢(7) has standard deviation € = +.08 gm/cm?. Assuming

autocorrelation function of the form
K,p(z) = e/, (2.11)
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we find that z; = 2m is the best correlation distance that fits the data.

In our study, we want € to have a unit standard deviation; therefore we introduce

a new parameter p,(z,7), such that

p(z) = po(2)[1 + €p1(2,7)] (2.12)

where the random parameter p, has zero mean and standard deviation of one. In
our data, we found € = .08, pp = 2.1. The normalized random parameter p;(Z,7) is
plotted in Fig. 2.1. Note that the difference between this and a computer generated
random process is the zero correlation length in the latter one. Both autocorrelations,
computed from the data, and the function (2.11) are shown in Fig. (2.2). Figure 2.3

is a histogram of p;(z,7).

Each realization represents a density log which is acquired in situ by lowering
measuring tools down the borehole and pulling it up slowly while it is recording.
The mean value py is taken with respect to all realizations. The autocorrelation
function shown in Fig. (2.2) has been computed from a single realization. but if

ergodicity holds, the function should characterize the whole area.

As you can seen from Fig. (1.1), the lower layer has more homogeneous param-
eters distribution. Therefore, we will assume that the earth model is composed of
a top near-surface layer whose parameters are random stochastic processes. Below
this layer is a semi-infinite half-space whose parameters are constants. In our study
po(7), p1(7), . .., which appear in the general equation (2.6), are taken to be constant
for simplification. Another more realistic model is to use simple linear functions for
po or p;. Our model is a half-spage covered by a layer. Equation (2.12) represents

parameters distribution in the layer.

Korvin [1972] showed that there is a significant difference between the various

forms of velocity distributions (2.7), (2.8), and (2.9) In particular, the models (2.7)
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and (2.8) slow the wave down.

2.3 Random Wave Propagation

There are two approaches to the problem of wave propagation in random media:
the wave formalism and the ray formalism. The former is based upon linear partial
differential wave equations. This formalism is used in sound wave scattering. The
ray formalism is an asymptotic approximation, which applies to problems where the
wavelength is much smaller than the correlation length of random homogeneities,

such as the propagation of ultrasonic waves in the ocean.

In our analysis, the problem of wave propagation in random media leads to linear
stochastic partial differential equations whose coefficients are random functions of
space. These equations belong to the class of linear stochastic equations. There is
no complete theory of linear differential equations with non-constant coefficients, the
case gets worse when the coefficients are random functions. However, a lot of work has
been done on this problem. Comprehensive survey articles are given by Frisch [1968]
and by Barabanekov, Rytov and Tatarski [1961]. Chow [1975] gives a systematic
presentation of a variety of approximation techniques for analyzing random wave
motion when the random fluctuations in the elastic properties are weak. Sobczyk
[1985] published a book “Stochastic Wave Propagation” which is being used as a main
reference. The book gives a concise and unified exposition of the existing methods
of analysis of linear stochastic waves with particular reference to the most recent

results.

We will assume a continuous stochastic medium. Therefore, we will consider only

those methods applicable to such a medium.
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Wave Propagation in a Continuous Stochastic Medium

Waves can be defined as disturbances propagating in space with finite speed and
carrying energy. Waves are described by the scalar displacement field v(7,t),7 =
(z,y,2). v(F,t) depends on the source of disturbance and the properties of the
medium in which the wave propagates. Similar wave equations can be written for
P and SV waves by allowing v to be a vector. The simplest form of waves is the
harmonic oscillation with a constant frequency w. This form of waves will be con-
sidered throughout this Thesis. Harmonic waves are very important in applications
because every wave can be represented as a superposition of plane harmonic waves
with different frequencies and wave numbers, provided our wave equation is linear.
Therefore, from now on, we will study stochastic linear partial differential equations
which describe harmonic waves propagating through a random medium. These as-
sumptions simplify our problem and enable us to use some very useful methods like

Green’s functiorn method.

Waves in random media are subject to a phenomenon called scattering. Scattering
causes attenuation of incident wave amplitude, retardation of its propagation velocity,

depolarization and other phenomena.

The main objective of the analysis of wave propagation in continuous stochastic
media is to provide quantitative and qualitative information concerning the scattering

phenomena. The problem can be described in the form

Lyjv=g

or

[Lo+ Li(Y)lv=g
28



where v is the unknown wavefield, g a non-random source term, and both Ly and
L, are linear differential operators. But, unlike Ly whose coeflicients are constant,
L,(v)’s coeflicients are random functions with average values equal to zero. The

stochastic Helmholtz scalar equation becomes

Vv + k(7 y)v = g(7)

where k (the wave number) is a positive real number, n(7,v) (characterizing physical
parameters of the medium) is a given random function characterizing the inhomo-
geneity of the medium. The solution will be v(«,7) which is also a random field. In
Section (1.2), we gave an outline of the wave equation derivation as well as Helmholtz

equation.

Methods of Solution

There is no complete theory for random partial differential equations. Therefore,
the analysis of wave propagation must be done using formal methods. Although no
full mathematical justification exists, yet these methods have been very successful.
The difficulties are of two kinds, physical and mathematical. The mathematical
difficulties arise from the fact that, although the equations are linear, the solution
depends nonlinearly upon the stochastic coeflicients. Among these difficulties are
the divergence of the standard perturbation expansions, and the impossibility to
compute all the moments of the coefficients. The physical difficulties are due to the
fact that some simplifications or assumptions do not have practical justifications. For
example, the correlation function of the refractive index n(7,v) is usually taken to
be in the form exp{—r/a}. This is not a good approximation for some models where

the random changes are continuously differentiable sample functions.
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In view of these difficulties, care is needed when using these methods. Existing
formal methods are based on certain simplifying assumptions and physical hypothe-
ses. Like in most of the related studies, we will study scalar equations only and
assume our medium to be weakly inhomogeneous, i.e., that the fluctuations in its

properties are small. This will enable us to use perturbation theory.
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CHAPTER 3

LOVE WAVES

3.1 Basic Equations

Love wave is a type of surface wave which travels parallel to the surface of the
Earth. It is horizontally polarized and is characterized by exponentially decaying

amplitude with depth z.

Love wave recorded in a seismological station are interpreted to study the internal
structure of the earth. However, they are considered as noise to be eliminated (in
exploration geophysics). One of the early observations of seismology was the presence
of large transverse (horizontal) components of displacement in the main tremor of
an earthquake. However, such displacements do not occur for Rayleigh waves, which

contain displacements only in the vertical plane.

Using the previously introduced Earth model of a homogeneous, isotropic half-
space, such surface SH waves are not possible. Consider a half-space with density p,
rigidity u and velocity 3, Fig. 3.1. Assume an incident wave which is harmonic in time
and along the z-axis and decays exponentially with depth. Then the displacement

in the y-direction is given by
v = Ae~ explik(z — ct)] (3.1)

where ¢ = w/k is the wave propagation velocity and Real(b) must be positive. Sub-
stituting this solution to the governing scalar wave equation

v v 18w

=t Foar (32)

after canceling the exponential terms and A we get

2 1/2
b=k[1-(§)] : (3.3)
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Figure 3.1: The Semi-infinite Half-space Model
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Using the boundary condition at the free surface would mean -g—: =0 at 2z = 0. This
implies A = 0 or b = 0. Neither case represents a surface wave. This discrepancy
motivated Love [1911] to consider a more realistic model. He assumed that the Earth
consists of an isotropic homogeneous half-space with an overlying horizontal layer.
Although this model oversimplifies the actual Earth, Love was able to explain the
resulting SH waves are surface waves trapped in the upper superficial layer. These

waves are guided waves which propagate as multiple reflections within the layer. The

main part of this analysis will be shown in the next section.

The actual surface layer of the Earth consists of an aggregate of different materials
which are poorly consolidated. Early models have imposed ideal assumptions upon
the elastic properties of the Earth’s material, upon the nature and shape of the

internal boundaries and upon the physical conditions at the seismic source.

Since 1911 considerable effort has been done to study Love wave propagation using
more complicated Earth models. The complexities were introduced in the layers’
interfaces, elastic parameter distributions and source nature. But, in all models up

to now, this had a layer or more overlying a half-space.

Because the analysis of propagation in a layer with an arbitrary surface shape is
quite formidable. specific surface shapes have been considered. For example, Sato
[1961] studied a flat surface with a step, Takahashi [1964] assumed hyperbolic surface,
and Paul [1965] a sinusoidal surface. Wolf [1967] solved the problem for a restricted
class of shapes. Kelly [1983] studied Love wave propagation using numerical model-
ing. The models he used were of geological interest like channels. Lately, investigators
have been treating the top or bottom surface of the layer as one having randomly

varying shape which causes scattering of the incident wave field at the surface.

The other trend is to consider deterministic variation of the elastic properties.
Various authors, for example, Ghosh [1970], Chattopadhya et al. [1981], have con-

sidered a model of a homogeneous half-space overlayed by an inhomogeneous layer.
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Figure 3.2: One Layer and a Half-space (2D) Model (Homogeneous Case)

34



Kazi and Abu-Safiya [1981-82] studied a two-layer model which was carried further

by Zaman et al. [1989-90] who assumed the upper density in the layer to be variable.

The earth is generally assumed in both theory and practical application to be
isotropic, or at most, to be composed of isotropic layers. Sufficiently detailed stud-
ies, however, often indicate the presence of an isotropy even in granular material.
Anderson, [1961} studied the dispersion of Rayleigh waves in a layered anisotropic
solid and Love waves in simple layered media. A more complete boundary value
problem for SH waves in multi-layered material was given by the same author in

1962.

In this thesis we are considering the effect of the high frequency fluctuation of
the density and the elastic parameters on Love wave propagation. These variables
are modeled as random functions. As I was working on this problem Bhattacharyya
[1998] used a similar mathematical model to solve for the dispersion equation for a

combination of Love and Rayleigh type surface waves using different techniques.
3.2 Dispersion Relation

Consider a homogeneous elastic layer of thickness h having rigidity x, and density
p1, overlying a homogeneous elastic half-space with rigidity u, and density p;. The
horizontal plane z = h is the interface between the two media, Figure 3.2. We denote
by Vi(z, z,t) the displacement component in the upper layer (i = 1) and in the half-
space (¢ = 2) respectively. Throughout the subscript 1 refers to the layer and 2 refers
to the half-space. Suppose that u,v and w are the displacement components in the

three coordinate direction z,y and z, respectively.

2
viv- Bli'a_g;z(—ﬂ = g(,t); for the layer, 0 < z < h, (3.4)
1
and
2
vV, - ﬂ—lz--ajg—:i—ﬂ- =0; for the half-space. z > h (3.5)
2

where g(7,t) is the source term.
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The boundary conditions in this case are:

Free Surface Condition,

oV
— =0 at z2=0.
0z ’

Continuity of stress at the interface of the two media

.a_‘/l.— _allz- at —h
#laz_ﬂzaz1 2 =n,

and continuity of displacement,
Vi=Ve; at z=h.
Assume that V;, V; and g have the following form
Vi(fit) = Vi(z)eitk==wt),
Vo(T,t) = ‘/g(z)e‘(k”"”‘),

g(F,t) = 4mé(z,h)e'E="v1),

(3.6)

(3.7)

(3.8)

(3.9)
(3.10)

(3.11)

Using conditions (3.9) to (3.11), motion equations (3.4) and (3.5) can be written as:

d?;/;gz) — oVi(2) = %5(2 —h); 0<z<h
j‘%gj)__agvz(z)=o; z2>h
where
ol = K-k
of = K-k
with
k2 = 1_;% and k3 = z;—;

Also, boundary conditions (3.6) to (3.8) can be rewritten as:

W@ _
dz |,_,
dVi(2) dVa(z)
' dz z=h # dz z=h

‘/l(z)lzzh = ‘/2(2)|2=h .
36
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



Now, suppose we have a plane wave, so V;(z) and V,(z) will have the following form:

Vl(z) = A1€°‘Z+Agea‘z, (319)

Va(z) = Bye . (3.20)

Note that the second term in V;(z) was eliminated to fulfill the condition that V3(z) —
0 as z — oo. Now, to derive the dispersion relation, we use the boundary conditions

(3.16) to (3.18) to find A, A; and B, in (3.19) and (3.20). Condition (3.16) gives
Ar— A =0 (3.21)

Condition (3.17) gives

arh

- alylAle"‘”h + QlﬂlAze = —agszIe""‘". (322)

Condition (3.18) gives
Areh 4 Ayt = Biemo2h, (3.23)

We can put equations (3.21) to (3.20) in the matrix form

-1 1 0 A, 0
aypre o et agpae—oth A, |=1 0] (3.24)
e—a;h ea,h. e-a;h 32 0

This system only has non-trivial solution if the determinant of the coefficient matrix

is zero:

h_~-a2h h _—a2h

- (Qlllle"'l e — agpze”te ) - (—01#16_ a2k

ath arh -azh) =0

e — aguqe” e

which leads to
ealh - e—alh _ Qzpta
ea;h + e-cnh a1 py

(3.25)

If we replace a; by ia we get the well-known dispersion relation for Love waves

tan ah — —2£2 = 0. (3.26)
2731
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From equation (3.20), phase velocity C < f,, otherwise V, / 0 as z — oo. Also,
C > B, otherwise (3.26) has no solution. So, Love wave propagation is velocity

bounded by the layer and half-space S-wave velocities, i.e.

pr<C < pa. (3.27)

3.3 Green’s Function Method

Let us assume again that we have a horizontal homogeneous isotropic elastic
medium of thickness h overlying a semi-infinite half-space. Also, suppose we have a

point source of disturbance. Figure (3.2) shows the geometry of the problem.

The equation of motion for SH waves in the presence of a source term is
v -
PRvARTES Pogz = 4ro (T, t). (3.28)
Suppose that both v and o, are harmonic in time (i.e. v(7,t) is replaced by v(7) e***

and o,(7,t) by o1(F)e'*t). This will reduce equation (3.28) to

Viv+ k= %01(7"). (3.29)

Now we will assume that v and oy are both functions of z and z only. There
are two ways to eliminate the dependence of v and o, on the z-coordinate. We can
either assume the functions to be harmonic in z or take the Fourier transform of

(3.29) with respect to z. Throughout this Thesis, we will adopt the first approach.

For any point in the layer, substituting v(z, z) = V,(2)e**,0y(z, z) = 6(z — h)e**

in equation (3.29) we get

d*Vi(z)

4ar
o a?VW(z2) = I&(z — k). (3.30)

Similar equations govern wave propagation in the half-space

PVy(2)

o a2Vy(z) = 0. (3.31)
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Equations (3.30) and (3.31) are exactly the same equations we used in the previous
section, equations (3.12) and (3.13). Boundary conditions (3.16) to (3.18) also hold

in this case.

This is the boundary value problem we will try to solve. To solve this problem,
we will use the Green’s function method Stakgold [1978]. This method depends on

the Green’s function of the two operators in (3.30) and (3.31).

Now looking back at our problem, equations (3.30) and (3.31), we find that both
operators are self-adjoint, since ¢;(z) = 0 and ao(z) = 1 and a,(z) = ag(z), where
ag(z) and a,(z) are as in equation (1.22). Therefore, the symmetry property of the

Green’s function holds.

For the upper layer, the Green’s function G,(z, zo) satisfies the differential equa-
tion
d2 Gl(Z y Zo)
dz?
dGy(z, z0)
dz
For the lower half-space, the Green’s function is the solution to

gz—G%(zz’Lo) — a2Gy(z,20) = 8(z — 2)
z . (3.33)
dGs(z, 20)
d=

— a?Gi(z,20) = 6(z — z0)
(3.32)

=0 at z=0 and z=h.

=0 at z=h and as z approaches oo.

The solutions for system (3.32) and (3.33) are given in Appendix (A).

Let us use these Green'’s functions to solve for the displacement field of the Love

waves.

Multiplying equation (3.30) by Gi(z,2) and (3.32) by Vj(z), subtracting and

integrating from z = 0 to z = h, we get

dz? dz?

[ (Gl(z,zc,)‘p‘" _ m(z)ﬁ(z’—z")) de =22 [ 6(a = WGz, )
1

- /0 " Vi(2)8(z — 20)dz. (3.34)
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Using boundary condition (3.16) and those at (3.32), we get

h
Vo) = Gk ) - [Guter ) T - Lntily |
H1 0 (3.35)

_ _ dn(2)
= i Gl(h7 Zo) Gl(h, Zo) [ dz ]z=h .

In a similar way, multiplying (3.31) by G2(z,z) and equation (3.33) by V;(z), sub-

tracting and integrating from z = h to infinity,

[ (GQ(Z’ZO)d’Vz v (z)d__GM) de =~ [T Va(2)6(z — z0)dz.  (3:36)

dz? dz?

Using the boundary conditions (3.33), and the fact that %2- = 0 as z approaches

infinity, we get

dv; dGa(z, *
(zo) = = [6ute, )AL - 0By
v (:) z h (3.37)
_ 2
Using boundary conditions (3.17) and (3.18)
dz z=h Gl(h7h) + GZ(hvh)ﬁ' B FZGl(hy h-) + #1Gz(h,h). )
Substituting (3.38) in (3.35) and (3.37), and switching indexes gives
4m p2Gr(k, k) )
Vi = —|1- Gi(z,h 3.39
) £ ( (#2G1(h, h) + p1Ga(k, k) o k) ( )
47 Gy (h, k)
V; = Ga(z, h). 3.40
R PR AT AT R (3:40)
Let
A = pGi(h,h)+ p1Ga(h,k), then (3.41)
Vi(z) = 41C%h;h—)Gl(z,h), and (3.42)
() = ARG ), (3.43)

Gi(z,20) and G3(z, z0) have been derived in Appendix A. In this section we use
G1(z,h) and G2(z,k); they are

1 ea;z_*_e—al:

Gi(z,h) = T o1k — e-aih (3.44)
Galz,h) = _;12. emoatsH] (3.45)
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If we equate the denominator in (3.42) to zero, we get the dispersion equation of

Love waves

A(e®th —em1h) = 0, (3.46)

If ek — e~k = (, then a; = 0, which means that waves do not decay with depth.

If A=0, then
ea;h + e-cnh _ am
ealh — e-a]h - _azl‘z.

Replacing a; by ia, where a = (k? —k?)!/?, we get the well-known dispersion relation

tanah = <22, (3.47)
apy

Numerical Example

To display how the mode functions V;(z) and V;(2) look like, the following num-
bers were plugged into Egs. (3.42) and (3.43). We used 5, = 2.0 gm/cm?, 5, = 2.3
gm/cm®, B; = 900 m/s, f2 = 2000 m/s and A = 100m. The plot is shown in Fig.

3.3. The dispersion relation is shown in Fig. 3.4.
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CHAPTER 4

LOVE WAVES IN RANDOM MEDIA:
GREEN’S FUNCTION METHOD

Introduction.

The model that we shall study consists of a layer overlying a semi-infinite half-
space. Geologically, it is known that the top layer of ~ 100m thickness has remarkably
different internal structure than the deeper layers. The top layer usually consists of
unconsolidated sediments of sand and gravel while the deeper layers are well-cemented
and more homogeneous. Here, we shall study the effect of inhomogeneity of the top
layer on Love wave propagation. For simplicity, we will assume the model to be
infinite in the z and y directions; but having a finite thickness of A in the z direction.

We shall confine ourselves to time-harmonic plane waves.

In the wave equation, there are three elastic parameters; these are density p and
the two Lame’s constants A and . Since we are only interested in Love waves which

are S-type waves, the A parameter is of no concern to us.

In Chapter 3, we assumed the media to be perfectly homogeneous and isotropic.
In such a case the two parameters p and p were taken to be constant at every point
of the two media. However, as we have discussed in Section 2.2, each parameter
fluctuates in a random way. This fluctuation can be described mathematically by one
of the equations (2.7-2.9). In this chapter, the half-space is taken to be completely
homogeneous and isotropic. The overlying layer is assumed to be nonhomogeneous
in a stochastic way. For simplicity of the mathematical model we assume that the
rigidity is constant but the density changes with z and y. In the z-direction, p(z,7)
is assumed to be a stochastic process (ergodic and statistically homogeneous).
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This is basically the same model we used in Section 3.2 with the density p taken
to be a one-dimensional random field. It should be mentioned here that rigidity x

increases when p increases. So the model we are considering has some limitations.

First Order Smoothing Perturbation Method

Many practical problems associated with continuous stochastic media lead to

differential equations with random coefficients which can be written is

Livlu=g (4.1)

where L(«) is a linear stochastic operator and g is a non-random function.

Classical perturbation expansion theory fails in the analysis of wave propagation
in stochastic unbounded media. Therefore, different techniques have been proposed
to solve for the mean and the higher moments of u. One approach is to find solutions
for individual realizations of the random function u, then carry out the averaging.
The second approach includes methods which seek the statistical moments of u rather

than the solution itself.

Our aim is to find an appropriate equation for the mean (u) of the unknown

random wave-field . It has the form
L{u) =g (4.2)

where £ is a deterministic operator called an effective operator for L and ( ) indi-
cates statistical averaging over all realizations. Of course, the operator £ needs to be
invertible to be able to solve for the mean field (u(z)) and the correlation (u(z)u(z')).

For example, assume that the operator L(v) is invertible (for almost all ¥ € I'); then

u=L7'(7)g.
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Averaging gives
(u) = (L7 (")g,
or
Llu) = (LT'()) " =y
The only problem in this formal derivation is calculating the inverse operator L=}(y).

Let us represent the operator L(v) and u(<y) as sums

L(v)=(L)+ L1, (L) =0, (4.3)

u(y) = (u) +w, () =0, (4.4)

where Lo = (L) and uo = (u) are the mean deterministic operator and the mean
solution, respectively. L, and u, represent the random fluctuating part of L(v) and

u(y). Using (4.3), equation (4.1) becomes
(Lo+ Li)u=g. (4.5)
The following few steps are based on operator algebra. Assuming Lo to be invertible
u=L3'g— Lg'Lyu. (4.6)

Averaging gives

(u) = Lg'g — L3*(L1u). (4.7)

From (4.6),
Llu = Ll(LJIg) - LlLalLlu.

Averaging and using (4.3)
(Lyu) = —=(L1Lg" Lyu). (4.8)

At this point, we have to introduce simplifying assumptions. One of these is a

truncation or closure approximation. In the analysis of wave propagation, it is known
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as Bourret’s local independence hypothesis, Sobczyk [1985).
(L1L61L1U) ~ (LIL;lLI)(u>, (4.9)

which means that there is no correlation between the field fluctuation and the random

coefficients. Various heuristic arguments have been made to justify (4.9).

If we grant the closure approximation, (4.7) becomes

Lo(u) — (L1 Lg' L) {u) = g. (4.10)
Correlation Function of u

To obtain an expression for the correlation function for u, we need to iterate step

(4.6) twice and use the closure approximation (4.9). The final result is
(u(Fu(fo)) = (u(P))(u()) + Lo (L1Lg" L1){u(7)){u(7)). (4.11)

The variance is a special case of this equation when 7 is replaced by 7
((u=(u)?) = (u?) = ()? = Lg" (L1 Lg" L1 )(u)®. (4.12)

The variance can be interpreted as a measure of the scatter of the solution due to

the stochasticity of the medium.
Dyson Equation

It should be pointed out that equation (4.10) is a special case of a more general
solution for the mean field known as Dyson equation, McCoy [1983]. Equation (4.1),

after using (4.3) and (4.4) and averaging, takes the form
Lo(u) + {(Lyu) = g. (4.13)
Subtracting equation (4.13) from equation (4.1) gives

Lo‘ul + (I - P)L1u1 = —Ll(U), (4.14)
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where I denotes the identity operator and P is the operation of taking an ensemble

average. Equation (4.14) is now treated as an equation for u, in which the rhs

term plays the role of a known excitation. The solution of this equation, u,, can be

obtained by the classical Liouville-Neumann iteration series

ur = S (=1 L3N - P)Ly]" L3 L ).

n=0

Applying L, to both sides and averaging gives
(Lrur) = —M(u),

where

M = S (1ML (L3 - PYL" L' La),
n=0

is called the mass operator in quantum physics.

Substitution of (4.17) in (4.13) gives the Dyson equation

L{u) = (Lo = M)(u) = g.

(4.15)

(4.16)

(4.17)

(4.18)

Dyson equation is the most general result of the smoothing method. But, because

of the infinite series, direct application of this equation to actual physical problems

is difficult. Nevertheless, by approximating M, Dyson’s equation plays an important

role in investigating the mean field in stochastic media. For example, if we take

n = 0, equation (4.18) reduces to equation (4.12) which is the first-order smoothing

approximation or, as it is often called, the Bourret approximation. As an application

of this method, we will consider the Helmholtz equation.

Helmholtz Stochastic Equation

Consider the following stochastic Helmholtz equation:

Lou(r) + X (7, v)u(r) = g(F)
48
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where Ly is a deterministic Laplace differential operator with respect to 7, and X (7, v)
is a given random field. Assuming L, to be invertible then it has a Green's function

Go(T, 7o) that satisfies
L3 () = [ Golf, o) f(Fo)dro. (4.20)
Replace L, by X(7,v) in equation (4.10), and using (4.20), we get
Lo{u(7, 1) — [ GolF 7o) Kxx (7, Fo){u(Fo))dio = g(7), (4.21)
where K x x(71,70) is the correlation function (X (7)X (7))

So the equation is an integro-differential equation in which the solution function

appears under the integral and under the differential operator.

Let us now find the variance of the stochastic field u(). From equation (4.12),
LoV(7) = Lo{(u = (u))?) = (L1 Lg" Li}{u)*. (4.22)
Using the Green'’s function of Lo, (4.22) can be written as
LoV(7) = [ GolF, Fa) Kxx (7, o) (u(o))do. (4.23)
This implies that

V() = [ [ GolF,72) Gl ) Kxx (7 7 ) (u(Fy)) e (4.24)

Keller’s Method

In 1964 J.B. Keller derived a more efficient equation of the mean field. Assume
that the fluctuation in the random coeflicients of L(y) are small, then we can express
L(v) as a series consisting of operators and powers of ¢, a small parameter which
serves as a measure of the homogeneity of the medium. Equation (4.1) takes the

form

[Lo + €Ly (7) + €La(7) + O()] u = g. (4.25)
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Setting ¢ = 0, we get the first approximation equation which ensures existence of
L3t
Loup = g. (4.26)

We can find u from equation (4.25). Using (4.26), we get
u=ug— Ly'(eL1 + €Ls)u + O(e%). (4.27)

The last equation can be solved using the method of successive approximation. As-

suming (L,(v)) = 0, the final equation is
{Lo+ € [(L2) = (LiL5"' L1)]} (u) = g + O(3). (4.28)

If we assume that L, = L3 = --- =0, and eL; = V), then we get a special case which

corresponds to the Bourret approximation
Lo = (WLT'VA)] (w) = 4, (4.29)

which is the same result we got in equation (4.10).
Formulation of the Problem

The above methodology is now applied to two-dimensional Love wave propagation
in a layer overlying a semi-infinite half-space. This problem has been solved in
Section 3.2 for perfectly homogeneous media. In this section we will introduce small
inhomogeneities in some elastic parameters of the layer. The inhomogeneities will be
modelled as random fields. As a consequence, the Love waves propagating in such a

medium will also appear as a random displacement field.

Using the linearized theory of elasticity, the displacement equation of motion can
be written as
pVE+A+R)VV-E=pon. (4.30)
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Using Helmholtz decomposition, & = ¢ + 7 X ¥, which implies that

o = éz_‘f (4.31)
VW = %%'5 (4.32)
The displacement vector can be written as
@ =ui+vj +wk
where v is the displacement component in the y-direction.
ve= aa? - aa(,;, + %"’z’. (4.33)

If we consider the propagation of a plane wave characterized by the displacement
potential (,9,1,/-; and whose normal has no component in the y-direction, then the

displacement component v satisfies

vt olr,t) = g a8 = o) (4.34)

where o(r,t) is the source function in the layer.

We will now study time harmonic waves and we will simplify the problem by a
prior assumption that we know how v and o depend on z. We will assume that they

have the following simple separable harmonic form:

w(z,2,t) = V(z)eks-ut), (4.35)

o(z,z,t) = S(z)e'k=-vt) (4.36)

where k is the wave number. Another approach is to take the Fourier transform with

respect to the spatial coordinate z. Using any of the above two approaches, we can

reduce the PDE (4.34) to the following ODE

d*V(z)
dz?

+ (w;p - kz) V(z) = §(2). (4.37)
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Elastic Parameters

Now, consider a layer of thickness A whose properties vary only in the z direction
(the depth direction). Let the two parameters p and p be two stochastic processes.
So p = p(2,7),# = p(z,7) where 7 is a realization of the sample space. Because A
does not show up in our equation (4.37), density p and rigidity x4 are the only two
elastic parameters that concern us. Our aim is to solve for the mean displacement

field (v;) - over all realizations of p and u. Suppose that the density is

pr = Pl + ep(2,7)] (4.38)

Here ¢ is a small parameter whose magnitude is a measure of homogeneity, 7, is the
mean density and p(v,2) is a standardized stochastic process. It has a zero mean

and a standard deviation of 1.

Rigidity of the layer u; can be modelled the same way.

p = [l + eu(z,7)] (4.39)

For the purpose of this thesis, u(z,v) will be taken to be zero. This might not be
geophysically consistent with observed data. However, considerable simplification is
gained using this assumption. Some authors combined the two parameters in one,
B? = pu/p, then considered 8 as a stochastic process, Korvin [1977-83], Chu et al.

used both equations (4.38) and (4.39) in their 1981 paper.

Now, consider the boundary value problem involving a layer of uniform thickness
whose properties are described above. It extends to infinity in both directions z and
y and has a thickness of k. The layer is overlying a semi-infinite homogeneous half-
space as shown in Figure (4.1). The half-space has a constant density p. and rigidity
2. Our aim is to find the mean field displacement of the Love wave in the upper

layer. Substituting (4.38) in equation (4.37), we get the following two equations for
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z=h Pi(l +€p), By
P2, p2

Figure 4.1: One Layer and a Half-space (2D) Model (Stochastic Case)
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both the layer and the half-space

&
[F‘F(kl

- kz)] Vl(z’ '7)
+ [ek-p(2,7)]Va(z,7) = S(z);  for the layer, (4.40)

[% — (K- F:)] Va(z) =0;  for the half-space, (4.41)

where k2 = —75,[1 + ep(z,7)),
Hy
2= 2
=2 T, =L =F -k, 2=k -F. (4.42)
H1 K2

Any solution to equation (4.41) and (4.42) must satisfy the following boundary con-

ditions:
1. Normal stress at the free surface should vanish, i.e.,

A
[—d_‘;] z=0 =0 (443)

2. Continuity of the stress and displacement at the boundary between the layer

and the half-space gives

A2 _ [dve
w|@ ] - elE L e

Vih) = W(h)=q.

(4.45)
Our goal now is to solve for the mean function (V(2)) and V,(z).
Method of Solution
The problem can be rewritten as
d*Vi(z —
) 4 at¥i(e) + ooz )] W) = S, (4.46)
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where S(z) is the source term,

d?

THE) _equa(a) =0, (447)
r4

dhi

== (4.48)
| 4y

# dz z=h -k dz z=h ’ (449)

‘/1(2) |2=h = ‘/2(2)|z=h * (450)

To solve for {V4(z)), we need first to solve the following auxiliary initial value problem

(IVP) as defined by the differential equation (4.46) and the initial conditions

‘/l(z)lz-_-.() = XO’ (4'51)
dVi(2) _
e Y. (4.52)

Equation (4.46) is a Helmholtz equation; therefore, we can use the first-order smooth-
ing approximation to convert the differential equation (4.46) into an integro-differential

equation for the mean field similar to equation (4.21)

d? 2 -2 [k ) ;
(2;5 + al) ((z)) = 51‘1/0 G1(2,20)K,,(2,20)(Vi(20))d20 + S(2), (4.53)

where K,, is the correlation function for the process p(z,7) and Gi(z,20) is the

Green’s function.

The Green’s function for the IVP is defined by the following system:

d*G(z,
—;iz::—zl)' + C!fGl(Z, Zo) = 6(2 - Zo),
4Gy ) (4.54)
z,z
__122_0_ . =0, Gi|,_o=0.
We solve this system in Appendix B and find G,(z, 2¢) to be
| S
—sina;(z — 2p), where z < zo
GI(Z, Zo) = o (4.55)
0, otherwise



A common choice for the correlation function is the Uhlenbeck-Ornstein process
K, (z = 2) = g?eI*—=lb, (4.56)

where the standard deviation is ¢ = 1 and b is the inverse of the correlation length.

Case . Let us first take S(z) to be zero, i.e., assume that the wave is coming from

a very far away source. Substitute (4.55) and (4.56) in equation (4.53), we get
& ek b —jemz
(2-2—2 + af) (Vi(2)) = _aTI/O sin oy (z — zo)e ¥ 18 (V; (20)) dzo. (4.57)

Now, we have to solve the IVP which consists of equation (4.57) and the conditions
(4.51) and (4.52). The integral in the rhs of equation (4.57) is of convolution type.

It can be solved using Laplace transform.

We shall need the following Laplace transform properties:

LU} = F(s) = [ e f(tyat,

ft) = 5= [[e*F(s)ds,

where the contour I is vertical and to the right of all singularities of F'(s) in the

complex plane.

L(frg) = LNL(),  where (Fg)(t) = [ F(rg(t = 7)ar
L(f") = SL(f) = s£(0) = £1(0)

£ (ef(t)) = F(s - a)

73}

C(sin wt) = m

(4.58)

Using these properties and the initial conditions (4.51) and (4.52), Eq. (4.57) is
transformed into

eEfFl(s)

2 2y _ _ -1 AT
Fl(s)(s +al) SXO YO (s+b)2+a%7
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which gives

slis +0)* +ed] | [(s+b)" + o]

Fl(S) = Xo D(S) D(S) ’

(4.59)

where
D(s) = [(s* + a®)[(s + b)* + &2]] — (¢Fy), (4.60)

and F,(s) is the Laplace transform of (V{(2)).

In order to take the inverse Laplace transform of equation (4.59), we shall need
the following theorem from complex variable theory. If f(2) = !ﬁ, where both

-~ Q(2)

functions P(z) and Q(z) are analytic at zp, and @ has a simple zero at zo, while
P(25) # 0, then

P(Zo)
Q'(z0)

Res (f; 20) =

Then, by residue theorem,

/r f(z)dz =270y Res (f,2)
k=1

Using the above theorem, (V;(z)) can be found as

4 4
(Vi(2)) = Xo X Axe™* + Yo Y Bre®™*, (4.61)
k=1 k=1
where
2 2
4, = 30 : O +ail| (4.62)
—D(s)
ds S=Sk
2 2
A (G 11| B (4.63)

£.D(s)

S=3k

where sy, 52,3 and s4 are the zeros of D(s). In Appendix C, we show how to find

these zeros.

Referring to the boundary conditions (4.48) and (4.50) we eliminate the arbitrary
values X, and Yq.

[ﬁ] = 0=>Y,=0, (4.64)

dZ =0
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Va(h) = (Vi(h)) = q=> Xo= ——, (4.65)
ZAkeskh
k=1

where ¢ is a constant.

Further from the half-space, differential equation (4.47), suppose V,(z) has the

form

Va(2) = qe™*, (4.66)

Note that because V;(z) vanishes at infinity, the part of solution containing the term

€“2% has been left out.

Using the displacement continuity condition (4.50), we get

ge™" = (Vi(h)), (4.67)
which gives  Vj(z) = ge®2=2), (4.68)
4
q Z Akesk:
so that (Vi(z)) = ==—un, (4.69)
ZAkeskh
k=1

Finally, imposing stress continuity (4.49) on equations (4.67) and (4.68), we get

4
ZskAke"‘h
k=1 K202

: =22 (4.70)
ZAke’kh H1

k=1

This is the dispersion relation for Love waves in a stochastic medium.

Special Case.

For a homogeneous isotropic layer, we have ¢ = 0 and b = 1 = 0, infinite correla-
tion distance. This implies
) =TI = —Q;.
This gives

8] = 8§3 = 1, S3 = §4 = —Q1,
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leading to

- s(s? +°‘1) £
"7 4s(s? 4+ a?) 4]
so that
1 —-agt
ZAke a;xh_*_ 56 1 'I7
and

) Apspe™h = 2k _ 2L p-anih
2 2 )

Applying these to the general dispersion relation (4.70), we get

P20 . ea;ih _ e—axih 2012
- = aq? (m = £ = tan a, A, (471)
21 e +e Hiag

which reproduce the well known Love waves dispersion relation we found in Section

3.2 (Eq. (3.26).

In this case,

eo1ts e—an’: N
i(z) = "(m) (4.72)
Va(z) = qe*2=2), (4.73)

Note that V;(z) remains unchanged in either case.

Case II. In this case we will assume that there is an energy source at the interface

between the two media. We start again from the equation

5).

K1

(;22 +a1) (Vi(2)) = —/ sina;(z — z0)e~ 7% (V] (20))dzo + (4.74)

Let us take S(z) = 4wé(z — h) a Dirac delta function which is a line source at z = h.

The Laplace transform gives £{6(z — k)} = e™**. Laplace transforming equation

(4.74), and using initial conditions (4.51) and (4.52), we get

KiFils)

2, 2y _ v =
Fi(s)(s®+ ;) —sXo - Yo Gt tal

, (4.75)
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so that

s(s + b)% + o] [(s+b)* +a?] e **(s+b)?+cd]
D) T D T DE)

Fi(s) = Xo (4.76)

where

D(s) = (s* + a®)[(s + b)* + o] — ek (4.77)

Zeros of D(s) are given in Appendix C. We use residue theorem again to find the

inverse Laplace transform of (4.77) as
4 4 4
(Vi(2)) = Xo D_ Axe®** + Yo D Bre™* + Y Cre™?, (4.78)
k-1 k=1 k=1

where A, and B are the same as in (4.62) and (4.63).

e~**[(s + b)* + of]

Ck=—"2p

(4.79)

=3y

and s;, 2,53 and s4 are zeros of D(s).

The boundary condition (4.48) implies that Yo = 0. Using displacement and

stress continuity conditions (4.49) and (4.50), we get the following system:

4 4
2 _
Z SkAkeskhﬁ—Qge azh Xo - Z SpCrerh
k=1 K1 _ k=1
4 = 4
Skh _ _azh _ Skh
5 e e ; > Cue
k=1 k=1

For this system to have a non-trivial solution, assuming no source present case, the
determinant of the coefficients matrix must be zero. This condition gives rise to the
dispersion relation (4.70). So, the solution of Xj is in terms of q.

4
ot Z Cke"‘h

Xo = —=1 : (4.80)

Z Akeskh
1

For the half-space V,(z) is as in equation (4.68), i.e. it has the form

Va(z) = geo2th=2), (4.81)
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For (V;(z)}, we substitute (4.80) in (4.78) to get

4
qe-a;h _ Z Ckeskh . .
(Vi(2)) = —= 3 Awe®* + ) Cre®. (4.82)
Z Ake”‘h k=1 k=1
k=1

Numerical Example

We will use the same parameters we used in Section 3.3 example. In addition,
will take ¢ = .1 and b = 2. The dispersion curve for this case is very similar to
the homogeneous case, Fig. 3.4, with slightly greater propagation phase velocities.
This seems to be contrary to the common belief that stochasticity slows waves down,
Korvin [1977]. However, the model we used perturb p only and assume constant u.
This does not represent rocks behavior, where density and rigidity are proportional
to each other. Figure 4.2 shows that the difference increases with frequency and it is

less at the fundamental mode. The same information can be gained from Table 4.1.

The displacement mode function for this case is shown in Figure 4.3, red curve,
compared with that of the homogeneous case, blue curve. This plot confirms an
established fact that randomness causes attenuation of propagated waves. The at-
tenuation gets less as we approach the surface, Figure 4.4. Note that there is a 4%
decrease of the surface and 0% in the half-space. The relation between the correlation
length inverse b and the attenuation percentage is shown in Figures 4.5A and 4.5B.
The difference between the homogeneous case and the stochastic case goes to zero
very rapidly after b = .5. Although this seems to be unexpected, it agrees with the
findings of other researchers, Korvin [1979]. Finally, as it is expected the difference

increases with increasing the homogeneity measure ¢, Figure 4.6.
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CHAPTER 5

LOVE WAVE IN RANDOM MEDIA;
PERTURBATION EXPANSION METHOD

Introduction

In Chapter 3 we have seen how efficient it is to solve our problem using Green'’s
function method. The model we used there was an ideal model, i.e., a homogeneous
and isotropic layer overlying a semi-infinite homogeneous and isotropic half-space.

Also, we assumed the interface between the two media to be perfectly horizontal.

In Chapter 2 we have concluded that an alternative model is needed to represent
the uncertainties in the properties of the layer. In Chapter 4, we assumed the layer to
have random properties. This stochastic model required an approximation method
be used to get an integro-differential equation for the mean field. Using Laplace

transform, we were able to find the mean displacement field.

This Chapter combines the above two methods, the Green’s function method and
the smoothing approximation method. We will use the same model as in Chapter 4
and the same approximation technique; however, rather than using Laplace transform
for the layer, the Green’s function method will be used, followed by the approximation
method which is employed to obtain the variance of the field. But before that we will
use normal perturbation technique to derive a formula for the variance, assuming that
the mean field is the field which is corresponding to homogeneous media described

by the mean parameters g, and 7.
Problem Formulation

We begin by the Love wave equation in the top layer and the half-space, respec-
69



tively

2‘01

g V20— ham = dmwoy(r,t) (5.1)
&
p2 72 vy — ”‘78% = 0. (5.2)

Let
UI(T) —_ Vl(z)ei(k:—wt)

‘Ug(‘!‘) = Vz(z)ei(kr-wt)

~~
.

o1(r) = 8(z — h)e'tkz—vt) (5.3)

p1 = pi[l + €ep(2,7)]

pr = [l + ep(z,7))

For now, we will assume the rigidity to be constant u; = &;. p(z,7) is a homogeneous

and ergodic one-dimensional field with a mean of zero and standard deviation one, ¢

is a small parameter which acts as a measure of the inhomogeneity of the medium.

Substituting equations (5.3) in (5.1) and (5.2), we get
d*Vi(z)

47b(z = h —
(2) _ atvy(e) = 2= gests mvice)
dz 1
42V,
) atvi() =0

where

-2 =2 w w

where B,,7, T are the mean velocity, density and rigidity of the layer, respectively.
2

Also, a? = k? — k? = k? - ‘_d—_g Therefore, we have the following system to solve
2

TUE) _ atnz) = g(2) (5.4
where g(z) = ((#'fa(—#'—@ - Ffep(z,v)W(z)) (5.5)
UG _ aavi(a) =o0. (5.6)

These two ODE’s satisfy the following boundary conditions

dVi(z) _ _ -
I =0 at z=0 (3.7)
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V(z)=Va(z) at z=~h (5.8)

p1— =pp— at z=h (5.9)

Method of Solution

We will first use the Green’s function Stakgold [1978], method to solve for Vi(z)

and V,(z). Let Gi(z,29) be Green's function of the layer, then

d*Gy(z,
——;—(:2—29—) - a,Gl(z 29)=6(z—20), 0Zz,20<h (5.10)
G (z, 20) satisfies
-dG—l=0 at z=0,z=h (5.11)
dz

Multiplying ODE (5.4) by G,(z, o) and ODE (5.10) by Vj(z); then subtracting and

integrating from z = 0 to z = h gives

[ (e D - v T s = [5G 5 o

- Ffe/oh o(z,v)G1(z, 26)V1(2)dz - /oh Vi(2)é(z — z0)dz

which gives
FA% dGi(z,2)1" 4 - i
[Gl(z L vl(z)—‘;f,—zﬁ] = 7 Gy (b, 20) = Valz0) ~Fleb(20,7). (5.12)
1 0 H1
Using boundary conditions (5.7) and (5.11), after switching index, gives
(o) = 261 - Gutes ) [ BE] Bl (519)
" z z2=h
h
where £(z,7) = [ p(z,7)Vi(2)G1(z 2)dzo, (5.14)

z is any point in the layer 0 < z < A.

Similarly G(z, z) is the Green’s function of the lower half-space. It is the solution
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of the pfoblern:

Y

d*Gy(z,

__‘21(2122—0) - ang(z, Zo) = 6(2 ot Zo)

—dG2 =0 at z=~h > (515)
dz

"‘dG"'2 = 01 GZ(Z’ZO) =0 as z— o0.

dZ /

Multiplying ODE (5.6) by G,(z,2) and ODE (5.15) by V;(z), subtracting and inte-

grating from z = h to z = oo gives

L (Gz(z, ) 22(2) vz(z)‘paz) == [ 8- x)Vilz)es

dz? dz?
5.16)
dv, dGy(z,2)]" (
= Vi(ao) = [Gz(Z,Zo) 5z)_ vz<z)—2;(;—z-‘ﬁ]w
Honoring the boundary conditions (5.15) and switching index, we get
Va(z) = Ga(2, h) [M] . (5.17)
dz | _,

So, given the two equations (5.13) and (5.17) and using boundary conditions (5.8)

and (5.9), we seek an explicit solution for V(z) and V3(z)

= Va(z) = Gal(z, h)™L "‘352)] (5.18)
H2 | -~ z=h
- ouhi) | T = e
K2 z | 2=h H1
[dVi(2) 1.
— Gi(h, h) ;fz'] — et (h,v)
L -~ z2=h

N [dVl(z)] _ G, (h, h) — eFipak(h,7)
z=h

4z PRATDET D
- (6 ~Flan(h,)) (5.19)
where
A = paGy(hy b) + pGa(h, ),
and

h
&b = [ Galz, bl 1) Vil2)d.
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We substitute (5.14) in (5.13) to get

W(z) = -‘Ecl(z,h) (1 - 2610, 1) + B (26102, bk 1) — €(z)) - (5:20)

Similarly, if we substitute (5.19) in (5.18), we get

(e = S0 (423, h, b) — Blent(h ) (5.21)

It is important to note that if we set ¢ = 0, then equations (5.20) and (5.21) reduce
to the solution of the homogeneous case we found previously, in section 3.3 equations

(3.39) and (3.40).

Suppose that we can separate the solution Vj(z) in (5.20) into two parts. The
first one, Vl(o)(z), is the solution for a perfectly homogeneous medium and the other

part Vl(l)(z), is the scatter field induced by the random inhomogeneity

Wi(z) = 9(2) + VV(2), (5.22)
where
vO(z) = i—’fcmz,h) (1-26.4,m) (5.23)
W@ = B (26 meth ) - €z m) - (5:24)
Similarly
Va(z) = {9(2) — V) (2) (5.25)

where z is any point in the half-space; A < z < o0, then,

V) = ik W)Galz,h) (5.26)
V() = B, 7)Gy(z,h). (5.2

Since Vl(l)(z) and Vz(l)(z) are random solutions, the natural question is to find the
mean scattered field and its variance. Also, we would like to know the variance of

this solution. But, as you notice, V{"(z) and Vz(l)(z) involve integral expressions
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which depend on V;(z). Zero order approximation, we will replace Vj(z) by Vl(o)(z)

in the integrand. This results
h
V) = B (461 h) [ Gl slotan, 1) o
h
-/ Gl(z,zo)p(zo,v)w“’(zo)dzo) (5.28)

h [ ,,2
7".3/0 (%Gl(zvh)Gl(hv z) — Gi(z, zo)) p(zo,'y)Vl(o)(zo)dzo

Let
M) =R (2612, )Gih 2) - Gilzr20)) V(). (5:29)
Then
) h
V) = [ iz 2)e(z0, 1)dz0 (5.30)
Similarly,
) Eyis h ©) .
Vi (2) = 2E2Gy(2,h) [ Ga(hsza)p(ao, MV (z0)dzo. (5.31)
Let
Ef/“l (0) 5
J2(z,20) = A Ga(z, h)G1(h, 20)V} " (20) (5.32)
Then
(1) h
V) = [ (2, z0)p(z0,)dz0. (5.33)

Now J)(2,20) and Ji(z,2) are piecewise continuous deterministic functions whose
first and second derivatives are continuous since G(z, zg) has this property. p(z,7)

is a stochastic process of zero mean and unit standard deviation.

(p(ZOa 7) =0

(p*(20,7)) = 1.

Using these properties of the stochastic process p(z,7v) we get

(W) = [ iz, 0){o(z0, 1)z =0

V(=) = [ oz, 20){o(z0, 7))dz0 = 0.
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Let us find the variance of the solution which we expect to be a function of z given

by

V@) = [ [ hea)ha)eenomndads (534

(Vz(l)z(z» = /oh/ohJz(z,zl)Jz(Z,22)(/’(21,’7);0(22,7))dzldz2 (5.35)

where (p(z1,7)p(22,7)) is the second order correlation function associated with p.
For substantial simplification, it is customary to assume p(z,v) to be a white noise

or a weakly correlated process, Frisch [1968].

However, in our case we will assume that p(z,v) is an Uhlenbeck-Ornstein process
that is a centered, stationary, Gaussian and Markovian random process. Having the

autocorrelation function

{p(21,7)p(22,7)) = ® exp(—|21 — z2[b). (5.36)

Here o is the standard deviation of the process and b is the inverse of the correlation

length.

Using o = 1 and substituting (5.36) in (5.34) and (5.35) yields the expressions

h h
<Vl(l)2(2)> = _/(; Jl(zazz)/o Jl(/’o’,f‘~'1)e—lzx-:z'bdzld‘22 (5.37)

h h
<V2(l)2(z)> = /(; J2(2722)/0 JZ(Zazl)e-lzx-nlbdzl’dzz’ (538)

Evaluating (2.37) and (2.38) is a long and tedious task. However, we found that
the computer software “Mathematica” is a good tool to be used for this purpose.

Appendix (D) has some details as well as printout of the result.

Properties of such solutions will be examined next using a numerical example.
We shall study the dependence of the variance on depth (independent variable z)
and also on the correlation length 6~! and e.
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Numerical Example

We will use the same example used in Chapter 4. The evaluated integral Eq.
(5.37) has been plotted against correlation distance inverse 1/a (Figure 5.1), depth
z (Figure 5.2) and ¢ (inhomogeneity measure). The variance vanishes rapidly as b
increases. Korvin [1977] also found that the variance of the random wave field in an
infinite medium is increasing with increasing correlation distance, i.e., decreases with
increasing b. Since the source is put at z = h, maximum variance is observed at that
point. Finally, the variance increases as the inhomogeneity of the medium measured

by ¢ increases.

Formal Perturbation Method

In the last section we have seen that rigorous perturbation method gave us a
solution (Eq. 5.20) which is not easy to compute. Also, if we try to find the mean
solution, we get a solution that corresponds to a layer whose properties are the mean
properties of our problem. This method does not take into account stochasticity of
the medium. To overcome this problem, we first find the integro-differential equation
which governs the mean solution in the layer. Then, we apply the boundary condi-
tions on the mean solution. We start from the boundary problem (Eqs. 5.4 - 5.9).

Equation 5.4 can be written as

Lo+ Li(n)IA(2) = p(2) (5.40)
where
Lo= (g5 -at), L=Faten o) = ZE=R

This is a Helmholtz stochastic equation, similar to equation 4.19 whose mean equation

80



is (4.21):

d*(V; h
(,1—;22)1 —af(Vi(2)) = flﬁ/o Gi(2,20)K,p(2, 20)(Vi(20))dz0 + p(2)  (5.42)
which can be written as

Now we repeat the same steps we did in the last section. We get

() = 61(a,h) = e [i“’T(ﬂ] RECHERCT

where

z) = /0 * /ohGl(zl,z)Gl(zl,zg)K,,p(zl,22)(‘/1(22))dzldzg (5.44)

Ga(z,h) [‘W?(z) L_h. (5.45)

Vi(2) >

Using boundary conditions 5.7 to 5.9, we get solutions similar to 5.20 and 5.21

(i) = ek (1- B h) - & (E26G. (2, mech) - (=) ) (5.46)

A
Va(z) = 9?%1 (47Gr(h, h) + Ry (h)) . (5.47)

Notice that the contribution of the randomness of the medium is proportional to e.
Note that (5.46) and (5.47) are similar to equations (5.20) and (5.21) except for the

integral €.
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CONCLUSION

In this thesis we solved a boundary value problem. One of the differential equa-
tions has stochastic coefficients. One of the obvious attempts was to apply a rigorous
perturbation technique, assuming small deviations from the mean. Although calcu-
lating the random field is very difficult in this case, the deviation of the solution from
the mean has been studied in Chapter 5. Instead, the integro-differential equations
have been found first, then the mean Love wave displacement field has been found
using two different methods; Laplace transform (Chapter 4) and Green’s function
method, Chapter 5. We notice that the effect of the inhomogeneities gets stronger
as the frequencies increase. Also, the deviation of the mean is larger for fundamen-
tal mode then the higher ones. Both methods confirm that the as the correlation
length decreases the deviation from the mean, for both the displacement field and
phase propagation velocity, approach zero very fast. Also, more amplitude attenua-
tion of the displacement field occurs in case of stochastic medium. This attenuation

increases as we move away from the interface toward the surface.

In this thesis only density was taken to be random, for simplification purpose.
However, more general analysis should take into account the stochasticities in the
rigidity p;. This requires two other correlation functions {(u(z)u(20)) and {u(z)p(z))
be used. Chu, Askar and Cakmak [1981]. Future work should also consider the
nonlocal inhomogeneity, e.g., linear increase of p and p in depth. Comparison can

also be made when S, is taken to be random rather than p; and/or g,.
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APPENDIX A

Deriving the Green’s Functions

The Green’s function for the layer is the solution of the following problem

d;szl —a2G1=6(z—2); O0<z<h
. C.l1
4G, (C.1)

—— =0 at z=0 and z=h.

dz
This is equivalent to the following problem:

—d;szl —-alGi=0 0<zr<zy and zo<z < A (C.2)
d—dGz—l =0 atboth 2=0 and z==#; (C.3)
G, is continuous at = zp. (C.4)
dG, dG, _

o P =1. (C.5)

To solve this system, first we find the Green’s function of an infinite medium. Here,
G(z) satisfies

d*G

— —a2G =0 and vanishes at z = —o00 and z = oc.

dz?

Ae®, —o0<z2<2z
G(z) = . (C.6)

Be™@*, zp<z< o

G is continuous at z = z5; which implies that

At %) _o<z< 2
G(z,z20) = (C.7)

A2 i<z < 0
G(z, zo) satisfies the jump condition. This gives

[G,1(27 20)]::26‘b - [Gl(z, zo)]z:z; = —Aae"(“""“) - Aae"(“'“) =1=>A= —%.

(C.8)
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Substituting this result in (A.7) we get

e-clz—zol

2a

G(z,20) = — (C.9)

This is the infinite medium’s Green's function.

Now, we impose boundaries in the infinite medium. First, we consider the layer
which is bounded by z =0 and z = h. Assume it has the Green’s function G,(z, %)
whose form is

e—alz-:ol

Gl(z, Zo) = -

oz -2
2a + Ae™* 4+ Be™ ™%, (C.10)

Using boundary conditions (A.3), we get

1 eo* (e—a(h+zo) _ e—a(h—zo)) e—? (ea(h—zo) + e—a(h-—zo))
Gilz,20) = = (5= e 4+ ————; + g

201
Now, for the half-space, let the Green’s function be G,(z, 29) which satisfies

G,

o7 -a2G;=0; h<z<zp and z4<z < 00; (C.11)
d—c-;3=0 at z=h and z=0c (C.12)
dz

G, is continuous at = = zg (C.13)
dG, dG, _

pal S B (€14

Again, we will assume that the Green’s function G,(z,2) is the sum of infinite
medium’s Green’s function plus two terms which can be found from the boundary
conditions. So, G(z, 29) has the form:

8—02 lz_zol

Galz, ) = =g + O™ 4 De™™™. (C.15)

Using the boundary conditions (A.12), we get

Ga(z,20) = — (.2_:.!;) [emeale=rol 4 gmoatetn-20)] (C.16)
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APPENDIX B

Deriving the Green’s Function

We calculate Green’s function from the following homogeneous differential equa-

tion
&G

-dz_2+q2G= 0. (B.1)

So

Acosqz + Bsingz if 2< 2
G(z) = (B.2)
Ccosqz+ Dsingz if z> z

G'(z) = —Agsingz + Bgcosqz if z2< 2z (B.3)
—Cqsingz + Dgcosqz if 2>z

The homogeneous boundary conditions are:

dG
dz .m0 0’ Glz:O 0 ( )
This implies that
A=0, and B=0. (B.5)
Using (B.5) implies that
if z < 2z,
G(z,2) = (B.6)
Ccosqz + Dsingz if z> z.
Then continuity condition gives,
Ccosqzg+ Dsingzo =0 zgsinqzg (B.7)
Jump condition gives
—qCsinqzg + Dgcosqzg = +1 X cos qzo (B.8)
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Multiplying (B.7) by ¢sin gz, (B.8) by cos gz, then subtracting, we get

sin ¢z cos q2p

Dqsin®qzo + Dgcos®qzg = +cosqzg =C = — , D=+ (B.9)
Substituting C and D in (B.6) gives
—singzocosgz  singzcosqz i 2> 2 |
G(z,2) = q q . (B.10)
0 otherwise
This can be written as
G(z,2) = _Tl sin q(z — zp) where z > 2. (B.11)
Identically G can be written as
1,
G(z,20) = -(;sm q(z — z9), where 2z < z. (B.12)
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APPRNFIC C

Finding the Roots

D(s) = (s’ + a)[(s + b)* +of] - ¢, (C.1)
where ¢? = k.
Let
b\? b
z=|s+3 ;ors=:§:\/_—§. (C.2)
. b
First fors=\/5-§, then
b 2 2 3
D(s) = ((\/5-5) +a§) (ﬁ+-) +a%]-c2
b)? b\? b)?2 b\?
=(,/5—5) \/E+§) +a§(f—§) +a§(ﬁ+5) +af-c?
b\ 2 2 4_ 2
=\z-7 + aj 2z+2z +a)—-¢
¥ 4 2 » (C.3)
=z?- —-2C¥¥ z+ E+a§2z+a‘f—c2)
2 2 B b
=z°4+ (207 -7z + al+?a1+ﬁ—c
=z2 + jz+k, )
where
b2
j=(2a2-%) (C.4)
2
and
b? bt
k=(a‘{+—2—a§+fg—c2) (C.5)
Solving this equation
. 2 g
oz = Ji"zf ; (C.6)
b b2\? b2 b
- 2 _ 2_ 2\ 4,2 2, ° _
B (20:1 2):t\(2oz1 2) 4(al+2a1+16 cz)
B 2

b2
T af +\/—-adb? + ¢ (C.7)
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So, we have the following two roots for (C.6)

b2
T, = -Z—af + /% — alb?,

b2 (C.8)
T, = -Z—af — /2 — adb?.
.. . . b .
Similarly if we substitute s = —\/z — 7 in (C.1), we get the same roots z; and z,.

Substituting back in equation (C.2), we get the following four roots:

b b b b
31=\/~1'_1—§, Sz=\/-’?2'—5, 33=—(\/1'_1+'2'),34=—(\/5-’;+§)o (C.9)
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APPENDIX D

In this appendix we give some details of computing the variance integral

(f@") = /0 ' /o " J(z, 2)J (2, 7)(p(1,1)p(z2, 7)) dnds

where

Hz,20) = F /1 D 20) [%’Gl(h,zo) - Gl(z,zo)] .

and

—|21-22b

(p(21,7)p(22,7)) = 07 %€

We found Green'’s function

1 —-ayjz—
G(z,20) = —Ea_l [Il(z, 2)+e 1l ’°I]
where
e=o12 (e—ax(h-f-zo) + e-a;(h.-zo)) e~z (eax(h-zo) + e-a;(h-zo))
h(z,20) = +
m m
where
m = e®th — gmth
Then
1
G1(29,h) = ——— [e™1® + e""“’] .
may

We also found

FV(2) = %Gl(h,zo) (1 - %Gl(h,h)) .

Using (D.4) and (D.5), (D.2) becomes

J(z,2z9) =

%
#1::: (1 - %Gl(h,h)) %Gl(ha 20)G1(k, 20)G1(h, 20)

_1_ _1_ -mlz-mI]
+ o G1(k, 20)1(z, z0) + o Gi1(h, z0)e
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Let

4k 1z B2

e = T (l—xGl(h,h))
2rF; B2

CN2 = m(l—XGl(h,h)).

Then

JI(Z, Zo) = CNlGl(h, Zo)Gl(h, Zo) + CN2G1(h, 20)1(2, Zo)

+ CN2G;(k, z0)e~21(z=%)  for z > z
J(z,20) = ¢ (D.7)

JQ(Z, Zo) = CNlGl(h, Zo)Gl(h, Zo) + CN2G1(’!, ZQ)I(Z, Zo)

+CN2G,(h,z0)e~*1(®-2)  for z < zg

2 h h
@) = [ Tz [ I ) Rdnd,

/z Ji(z, z) [/z, Ji(z, zl)e-(Zz-zx ®dz,
0 0
z h
+/ JI(Z, 21)6-2(2‘—20)6-{‘/ JQ(Z, 21)6-(21_22”(121} ng
2 F 4
h z
+/z Ja(z, 22) [/; Jl(z,zl)e'(”"‘)bdzl
2z h
+ / * da(z, 21 )@z / Jg(z,zl)e'(“"’)bdzl] dz;. (D.8)
H 22

Now we use Mathematica Computer Software to evaluate this tedious and long inte-

gral. The attached sheets are the output of the program.
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