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Chapter |

INTRODUCTION

The progress of human civilization is closcly associated with motion. In ancient
times rotational motion was employed to achicve translation with the wheel and axle,
or to store cnergy as in the sling. Much later, drive belts, gears and related mechanisms
gave way to drive shafts, in transferring power from one point to another becausc of
their advantages in cfficiency, wear and adjustment. Since strength requirements are
related to the torque carried by a shaft and the rclationship between torque and rota-
tional speed is inverse, for a given level of transmitted power, there has been a continu-
ing trend towards higher and higher shaft speeds.

The ﬂyball‘govcmor, which is among the carly devices used to provide feedback
control, depends upon rotational dynamics, high speed gyros may be considered their
modern counterparts. (Gas turbines have rotational speeds that were unheard of only a
short time ago. Indeed the uscs of rotating machinery arc extremely diverse: in power
stations, marine propulsion systems, aircraft engines, machine tools. automobiles. med-
ical cquipment, houschold accessories and many other applications.

On account of the ever increasing demand (or power and high speed transporta-
tion, the rotors of these machines arc made flexible, which makes the study of vibrato-
Ty motion an essential part of design. The shafting of these machinc installations is
subjected to torsional and bending vibrations. In order to study the complex behavior

of the system over a wide range of operating conditions, improved computational tech-
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niques are developed. It is estimated that about 1200 papers related to rotor dynamics
have appeared by 1974 and another 1000 papers in the next decade. In recent times
there is a clear indication that this learning process is accelerating [1].

In the past, the natural frequencies of bending and torsional motion have been so
far scparated [rom cach other that they made dynamic coupling unlikely. Morcover the
rationale behind ignoring coupling is that it is usually determined by mass unbalance,
which is a small quantity. With the advent of supercritical-speed shafts, which often
have relatively small diameter, the uncoupled torsional frequencies can fall into the
same range as the bending frequencices which are helow the operating speed. Therefore

neglecting bending and torsional coupling may give inaccurate prediction of the critical

speeds.

1.1 Literature Survey

The most extensive portion of the litcrature on the dynamics of rotating shafts is
concerned with determining the critical specds, modal shapes and unbalance response.
The carliest papers were concerned with predicting first criti‘cal speeds and with balanc-
ing shafts for subcritical opcrations because most rotating machincs were designed to
operate below the first critical speed [2].

Modern rotating machines operate at very high speeds, far in cxcess of first criti-
cal. The more recent literature therefore treats rotating shafts as flexible with greater
range of problems and phenomena. Topics such as the proximity of opcrating speed in
relation to higher critical speeds, the extent of unstable regions and  stresses during

transition through lower critical speeds arc all of practical interest to the designers of

modcrn rotating machines |2].
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During the past few decades various modcls for the determination of critical
speeds, modal shapes and unbalance responsc of rotor-bearing systems have been
developed and widely uscd. These models must allow flexibility in gcometry, boundary
conditions and loading in order to be applicable to a wide range of rotating machines.
A rotor system consists of several clements such as bearings, disks, ctc. Tlach element
has a definite influence on the overall dynamic behaviour of the rotor system. Hence
accuratc modcling and proper articulation of the clements arc cssential to achicve relia-

ble results. Some of the modeling mecthods are:

1. Jeflcot rotor model which is essentially a single mass mounted on a shaft
supported on bearings.
2. Lumped parameter modcl, and

3. The finitc clement model with distributed system propertics.

Similarly there are different solution proccdures available to solve the resulting cqua-
tions obtained by different modeling schemes. Some of the solution proccdures are:

1. Dircct method

2. Transfer matrix mcthod

3. Modal analysis, and

4. Tinite element method.



1.2 Direct Method

The direct method solution procedure is used to evaluate dvnamic responsc of sim-
ple systems. Eshleman and Eubanks [3] derived the equation of motion of a simple
shaft including the cffects of applied axial torque, rotary inertia, transverse shear and
gyroscopic moments by using second law of motion. They have given approximate for-
mulac for the forward and backward whirl of the rotor. They have concluded that for
values of slenderness ratio from zero to 0.0025, the constant axial torque term is
important and it tends to lower the effective rotor stiffness and therefore the critical
speeds.  The importance of this cffect decreases for higher critical specds. The gyro-
scopic, transverse shear and rotary incrtia cffects become significant for slenderness rat-
ios greater than 0.0025 and at higher critical speeds. Bernasconi {4] studied the behav-
iour of rotating shafts with unbalance. Ilc reported that the fongitudinal component of
angular momentum caused by whirling induces torsional vibrations with a (requency

double that of the rotational speed.

13 The Transfer Matrix Method. .

In the transfer matrix method the generalized forces and displacements at one end
of a shaft system arc rclated to those at the other end by means of successive multipli-
cation of matrices, which accounts for the cffects of the stiffness and inertia propertics
of the various scctions of the system. This technique viclds as many critical speeds as,
and to the degree of accuracy determined by, the number of stations into which the

shaft is divided. This technique has been used to compute both the natural frequencics

as a [unction of operating speed and the forced response duc to unbalance loads, [2].
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Prohl [5] presented a method to calculate critical speeds of flexible rotors. In this
method the actual rotor must be transformed to an idealized equivalent system consist-
ing of a series of disks connccted by sections of clastic but massless shaft. The accuracy
of the method depends entircly on how closcly the idealized system and the idealized
boundary conditions represent the actual rotor and its bearings. Lund [6] described a
method for calculating the damped critical speeds of a flexible rotor in a {luid-film jour-
nal bearings. The rotor considered in this reference, consists of a uniform shaft sup-
ported at the ends on identical bearings. The contribution from shear deformation,
rotary inertia and gyroscopic moments are neglected in the formulation, but it includcs
hysteretic internal damping in the shaft as well as the acrodynamic forces. Gu [7] pro-
posed a transfer matrix - direct integration method which employs the transfer matrix
method to derive the equation of motion of a “ characteristic disk “ and utilizes the
direct integratrion method to determine the critical speeds and mode shapes of a rotor -
bearing system. The rotor - bearing system considered consists of a uniform shaft. Yim
et al [8] studied the cffect of tangential load torque on the dynamics of rotors. They
calculated the critical speeds using Galerkin’s approach and a modified transfer matrix
method. They have considered uniform shaft and cxcluded the clfects of rotary incrtia,
shear deformation and gyroscopic moments in the formulation. Diken and Tadjbaksh
[9] investigated the cffect of coupling with torsion on the unbalance response of flexible
rotors, supported by flexible isotropic and damped bearings. Internal damping, gyro-
scopic moments, rotary inertia and shear cffcets arc taken into account. The governing

differential cquation of motion is solved numerically by transfer matrix method.



1.4 Modal Analysis

The idea of modal analysis is to uncouple the equation of motion by means of a
lincar coordinate transformation. The transformation matrix is called the modal matrix.
The successful application of the method requires the solution of an cigenvaluc prob-
lem associated with the given system.

Adams [10] presented an analysis which accounts for the nonlinear forces produced
by fluid-film journal bearings under large amplitude vibration of rotor-bearing systems.
The method presented in this paper can simulate steady state and transient vibrations
of the system. Lee and Jei [11] calculated the backward and forward whirl speeds aﬁd
mode shapes of a rotating uniform shaft for various spin speeds and boundary condi-
tions using modal analysis. They derived the equation of motion of the rotor bearing
system considering the shaft as nonuniform in cross-section but solved it only for the

uniform case. Their formulation did not include the shear effect.

15 The Finite Element Method

The finite clement mecthod is a numerical procedure for solving a continuum
mechanics problem with an accuracy acceptable to engincers. It is a relatively recent
approach in which the continuum is discretized into finite clements. The deformations
of the finite elements are described by interpolation functions. The rotating shaft is
modcled using beam clements and the deformations arc described by polynomials with

piecewise constant cocflicients. These cocfTicients arc expressed as functions of the

deflections at the nodal points [12].




1.51  Uniforni Shaft

Ruhl and Booker [13] presented a procedure for calculating the critical speeds and
unbalance response of a turborotor - bearing system. They derived the governing differ-
cntial equations of motion of the shaft, bearings and disks separately. They considercd
a uniform shaft and did not include the cffects of rotary inertia, shear and gyroscopic
moments of the shaft. They have concluded that the finite element method is superior
to transfer matrix method for problems of complex system topology. Nelson and
McVaugh [14] studicd rotor bearing systems, considering rotary incrtia and gyroscopic
moment effects. The cquation of motion of the system is derived for a uniform shaft,
both in rotating rcference frame and fixed reference frame. They have presented the
natural frequencics of a typical rotor bearing system consisting of a stepped shaft, a
disk and bearings. The authors pointed out that the cquation of motion in rotating
reference frame is useful for isotropic systems since the two planes of motion can be
treated scparately, whilc the fixed frame cquations provide the gencrality of handling
problems with non symmetric stiffncss and damping. Zorzi and Nelson [15] investigat-
cd the effect of constant axial torque on the dynamics of rotor bearing systems using
the finite clement method. The equation of motion is derived for a uniform shaft while
the shear effect is neglected. The inclusion of axial torque gives risc to an incremental
torsional stiffness matrix. They have corroborated the findings of Iishleman and
Fubanks [3] that the critical speeds tend to decrease as the axial torquc increascs.
Childs and Graviss [16] introduced an ordering scheme for the deflection variables in
finitc clement based rotor dynamics models. This scheme permits solution of the equa-
tions through symmetric matrix procedures. This procedure is used to calculate the

whirl speeds which coincide with multiples or fractions of the rotor natural frequencies.
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However, this procedure cannot calculate rotor natural frequencies for a specified run-
ning spced. Rajan et al.|17] prescnted eigenvalue sensitivity coeflicients for the damped
natural frequencics for a lincar rotor-bearing system modcled by the finite element
mcthod. However a uniform shaft is considered and shear cffects arc neglected in the
formulation. Sakata ct al.[18] analyzed the vibration of a light weight rotor system
comprising a flexible disk with flexible blades and a flexible uniform shaft with rigid
bearings in the case of steady turn of an aircraft. They have compared the computed
values with cxperimental results. Sauer and Wolf [19] formulated the cquations of
motion for linear continuous structures containing gyroscopic cffects. They derived a
consistent gyroscopic matrix for a beam clement assuming the polar moment of inertia
as varying lincarly over the length of the clement. They have also given an analytical
cigenfrequency formula to test the gyroscopic matrix.

Nelson [20] used Timoshcnko beam theory to cstablish the shape functions for
transverse vibration analysis of rotating uniform shafts. The model includes the effects
of translational and rotary inertia, gyroscopic moments, bending and shear deforma-
tions, and axial loads. The shaft is assumed to be supported on rigid bearings. Ilexible
bearings and disks arc not incorporated in the model. Qzguven and Ozkan [21] pre-
sented a dynamic model of rotor bearing systems with rigid disks, a flexible uniform
shaft, and flexible bearings. The model presented include the cffects of rotary incrtia,
gyroscopic moments, axial load, transverse shear deformation, internal viscous and hys-
teritic damping. They have given the natural frequencies of a uniform shaft supported
on flexible bearings. Chen and Ku [22] used a three nodal ¢° Timoshenko beam finite
clement to analyze the natural whirl speeds of a rotating shaft with different end condi-

tions, including the cffects of translational and rotary inertia, gyroscopic moments,
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bending and shear deformations. The stiffness, mass and gyroscopic matrices arc evalu-
atcd using numerical integration. The stiffness terms due to shear deformations are
cvaluated by using reduced intcgration. This avoids shear locking that occur when the
beam is thin. Suarez ct al[23] developed cquation of motion of a rotor subjected to
basc excitation by applying variational principles. To evaluate the importance of gyro-
scopic and parametric terms, they studied the scismic responsc characteristics of a
rotating machine subjected to simulated basc excitations. They observed that cven for

strong rotational inputs the parametric terms in the equation of motion may bc ncg-

lected without affecting the responsc.

1.5.2 Tapered Shaft

The formulations reviewed in the previous scction arc bascd on a constant €ross-
section within the clement. In practice rotors have tapered portions and a means of
modeling such portions is desirable. Rouch and Kao {24] developed a tapered beam
finitc element for rotor dynamic analysis. They considered shear as a nodal variable
and condensed it prior to assembly of system matrices. The clement mass, stiffness and
gyroscopic matrices arc cvaluated by means of Gauss-Legendre numerical integration
technique. No results arc presented for tapered rotating shafts. In addition to repre-
senting shear deformations by cxtra nodal coordinates, this formulation suffers the
numerical burden of numerically cvaluating the clement matrices.  Greenhill et al.[25]
developed a conical beam finite clement for rotor dynamic analysis, inciuding the
effects of rotary inertia, gyroscopic moments, damping and shear decformation. They
included the shear deformation as a nodal variable and condensed it prior to assembly
into the global system matrices. They did not present natural frequencics of tapered

shafts. Their method, however, relics on the condensation technique which aims at
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climinating the additional shear deformation nodal variables. Genta and Gugliotta [26]
developed an axisymmetrical conical beam finite clement with two complex degrees of
freedom at cach node based on Timoshenko beam theory. The numerical results are
compared to the natural frequencies of tapered conical nonrotating cantilevers present-
cd in reference [27], but the natural frequencies of tapered rotating shafts are not given.
The formulation of reference [26], however, becomes cumbersome if the whole system
is not axisymmetric. It is also apparent that the accuracy has been compromised for
the sake of cfficiency. Gmur and Rodrigucs [28] presented lincarly tapered C° - com-
patible finite elements which have a variable number of nodal points for modeling the
rotor-bearing systems. They included the cffects of translational and rotary incrtia,
gyroscopic moments, damping, and shcar deformation. The clement matrices arc
found by mcans of numerical quadrature. These clements show a convergence pattern
similar to the onc obtained with the conventional (' - compatible shaft clements. They
presented the first backward and forward bending (requencies of a tapered, hollow
rotating shaft. IHowcver, the element matrices werc numcricallv gencrated.

It has been noted that the formulations in which shear deformation is taken as
nodal variables arc suited to applications involving simple structurcs constrained only
at the ends, and without gcometric nonlincaritics, |26]. Such methods when applied to
complex rotor system, envoke the matrix condensation technique at the clement level,

thus dropping the degrees of frecdom related to shear deformations. Accordingly, the

discontinuities of shear deformations arc ncglected.
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1.6 Other Techniques
Rescarchers, have developed several other clastodynamic models to analyze the
dynamic behavior of rotor bearing systems. Genta [29] derived the cquation of motion
for the study of the flexural dynamic behaviour of unsymmetrical rotors, based on the
finitec element method and the use of complex coordinates. The model takes into
account the nonrotating parts of the machine including both viscous and hysteritic
damping. Nikolajsen and Iolmes {30] described a numcrical mecthod for free and
forced vibration analysis of a rotor-bearing system. In this method, the flexibility influ-
ence cocfficients are used to sct up equation of motion of the system. Haddara [31]
presented an approximate method to calculate the natural frequencies of transverse
vibrations of a propeller shaft system by modeling the propelier as a rotor. Shiau and
Hwang [32] presented an approach in which they used the assumed mode expansion
method to derive the cquation of motion of the system and the propertics of Rayleigh
quoticnt to analyze the critical speeds of undamped rotor-bearing systems. They have
not included the effect of shear in the formulation, which is valid for shafts with uni-
form cross-sections only. Shiau and Hwang [12] modified the approach presented in
reference [32] and designated it as Generalized Polynomial Expansion Mcthod ( GPEM
). They investigated the critical speeds and mode shapes of lincar. damped rotor-
bearing system using GPEM. [lwang and Shiau [33] utilized the GPIIM to model a
large order flexible-rotor system with nonlincar supports.
Apparently, there is a need to formulate a general clastodynamic model using finite
clement. A fairly general model must account for the dynamic coupling between bend-
ing and torsional deformations. In addition, the finite clement formulation takes into

account the shear deformations, rotary incrtia, gvroscopic cffects, damping, as well as

variable shaft geometry and bearing locations.




The literature survey for cigenproblem solution is presented in section 3.5.1.

1.7

Proposed Research

The following are the objectives of this study:

L.

To formulate the clastodynamic model of a gencral rotor-bearing system
using the finite clement method. The developed model accounts for the
coupling between bending and torsional vibration, as well as the cffect of
rotary inertia, shear deformation and the gvroscopic moment.

To develop a conical beam finitc clement to accuratcly model the gcomct.ry
of the shaft. The finite clement has two nodes at its ends. Each node has
five degrees of freedom; two transverse displacements, two bending rotations
and a torsional rotation. The cffect of shear is included in the shapc func-
tions by means of a shcar paramcter. This avoids taking shear as nodal vari-
able, thus reducing the bandwidth of the system matrices. The explicit form
of mass, stiffness and gyroscopic matrices of the conical beam finitc clement
arc derived and tabulated. .

To incorporate the conical beam finite clement in the model developed for
the free vibrational analysis of rotor-bearing svstems. A rotor-bearing systch
consists of disks and bearings in addition to the shaft. The disks arc mod-
cled as rigid, and lincar bearing models arc used. The bearings can be
damped and orthotropic. The equation of motion of the disk and bearings,
and their respective inertia, stiffness and damping matrices arc derived. The
rotor-bearing system cquation of motion is obtained by assembling the com-

ponent equations of motion. The associated generalized cigenvalue problem
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is then formulated. A finitc clement program is developed to generate the
consistent clement matrices where the cffects of rotary inertia, gyroscopic
moments, shear deformations and damping in bearings arc accounted for at
the clement level.

To perform numcrical studies on the natufal frequencics of a tapered rotat-
ing shaft. The natural frequencics arc obtained by solving the cigenvalue
problem in cither the fixed frame coordinates or the rotating frame coordi-
nates. The eigenvaluc problem in the fixed and the rotating frames cannot
be solved by a single numerical scheme, therefore two different numerical

schemes arc ecmployed.
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THE ELASTODYNAMIC MODEL OF A ROTOR

2.1 Introduction
The basic elements of a rotor are the shaft, the disk and the bearing. The dynamic

analysis of rotors, in general, includes the following important features:

1. Shear deflection and rotary incrtia cllects.

2. Gyroscopic effects which couple the motion in two dircctions.

3. Variable shaft gcometry, e.g. tapered, stepped, solid as well as hollow shaft

scctions.
4. Type of bearings, e.g. rigid, isotropic, orthrotropic, ctc.

5. Internal damping and acrodynamic cfTects.

In this chapter, the general assumptions are stated. The k‘inctic and potential energy
cquations arc obtained, and finally, thc gencral governing dilferential equation of
motion for the rotor arc derived by mecans of the l.agrangian approach.

The system to be analyzed is shown in Figurc 2.1. The rotor of length L is rotat-
ing at a speed of 0 (r). Two reference frames arc employed to describe the system

motion. One is the fixed reference R, ( X ¥ 7 ) and the other is a rotating reference

R ( xyz ). The X- and x- axis arc colincar and coincident with the undeformed rotor

centerline. The two reference [rames are defined by a difference in angle of 0 about X-

axis.
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211 General Assumptions
1. The material of the rotor is clastic, homogencous and isotropic.
2. The planc cross-scctions initially perpendicular to the neutral axis of the

rotor remain plane, but no longer perpendicular to the ncutral axis during

bending.

3. The deflection of the rotor is produced by the displacement of points of the

center line.

4. The axial motion of the rotor is small and can be neglected.
5. The shaft is flexible, while disks arc treated as rigid.

6. Internal damping and aerodynamic forces arc neglected.

2.2 The Shaft
The finite clement method is used to model the shaft. Referring to Figure 2.2 let

X'Y'Z be a cartesian coordinate system with its origin affixed to the undcformed
beam element. The xy z is a cartesian coordinate system after the deformation of the
beam clement. The x y z coordinate system is related to the X' V' 7' coordinate system
through a sct of angles ¢ ,8 and y. To achicve the oricntation of any cross-scction of
the beam clement, onc first rotates it by an angle (0 + @ ) around the X — axis, then
by an angle f around the new y axis, denoted by ¥, and lastly by an anglc y around the

final z axis. The instantancous angular vclocity vector @ of the x p z frame may be

cxpresscd as

G=0+@T + fj, + vk (

s
1l

x>

—

(2.1)

w



Figure 2.2:  Cross-section Rotation Angles
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where 7,j, and k arc unit vectors along the axes X', v, and z. Transforming cqn (2.1)
to X Y 7 coordinate system, wc can write
® = (0 + $)T + B | cos(0 + (p).A/ + sin(0 + @)K|

+ i([—sinB’} — sin(0 + (p)cosB.? + cosP cos (0 + (p)[/;’] (2.2)

Assuming y and B to be small, that is
cosf = cosy = 1

and

sinf = B, siny = vy

The angular velocity vector becomes
® = (0 + (b),; + Blcos(0 + (p).’} + sin(0 + (p)IA\’]
+ 1= BT — sin(0 + @) + cos(0 + K]
= (0 + ¢ — yB)T + [Beos(® + @) — ysin(@ + )17
+ [Bsin(0 + ¢) + ycos(0 + (p)]l%

or

O O+q@— vy
® = (Dy = ﬁCOS (0 + (P) - Ysin (0 -+ (p) (2.3)
@, Psin(0 + @) + ycos(0 + )

2.2.1 Kinetic Energy

Referring to Figure 2.3 let p' be any point in the undeformed beam clement.  With
respect to X' ¥ 7' coordinate system, point p’ is defined by the vector 7. In the
deformed beam clement point p represents point p'. The location of p with respect to

X Y 7' coordinate system is given by the vector 7. The point p is located globally by
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the vector ';'-p.

F =R+ F
r

Where R defines the location of the origin of the X' ¥ 7' coordinate system with

respect to global coordinate system X Y 7.

The vector 7 can be represented as
F=7r +a
0

Therelore the position vector Fp of point p can be written as

?p=ﬁ+?o+z7 (2.4)

where u represents the deformation vector of point p'. Differentiating ¥, with respect to

time yiclds the velocity of point p.

dr s
—L = F + GxT
di p P

Il

r, T lo]{r} (2.5)
where the matrix [o] is given by
0 -® ()
z y
|{',,] =)o 0 —o

O 0
y x

Using the finite clement analysis the vector  can be written as
u = {u} = [N}{e) (2.6)
where {e} is the vector containing the nodal coordinates and [N ] is the translation
shape function, which is fully defined in the next chapter.
There is no change in the magnitude of R and 7, when the beam clement deforms,

Therefore the rate of change of magnitude of the position vector 7, is given by




Figure 2.3:

Gencralized Coordinates of the ith Element
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) = (B = INJ{&) 27)
substituting cqn (2.7) in eqn (2.5), we get

iFL = INI{e) + |l o

2= NJ(@) + a1

i

e
IN, ®] {r} (2.8)
r

The kinctic cnergy of the clement is obtained by integrating the kinctic encrgy of

the infinitesimal volume at point p over the volume V

[ dr " dr
(%) (%]

T =

(ST

| N? e
_ T L - ~. .
= 3}1‘[_0 r, ] o INV mvl {",,} dl

v w
= SIe[@TNIINI@ + @TINTIEHRY + o) RTIN @
v

+ Il W@ ) |av (2.9)

where p is the mass density of the beam clement.
The first term in cqn (2.9) gives the kinetic encrgy duc to translation, the second
and third terms arc identically zcro if moments of incrtia arc calculated with respect to
centre of mass of the clement. The last term gives kinetic cnergy due to rotation that

includes gyroscopic moments. To cvaluate the last, term one can utilize the following

cxpression:
C2 2 - - v
mz + my mx(ny mz(.)x
~ T -~ —
fol [o] = | —00 o + o o0, (2.10)
x 3 z X N

2 2
—m_© —m o + o
. x z y 'z y x
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Therefore

- 1 R
fu) @@l ) dv = fu(l el + Lol + [o])ds (2.11)
14 0

Substituting eqn (2.3) in eqn (2.11), we get
, - . >
fur) @@ ey dv = ful 1,0 + ¢ = vB)Y + 1 {Beos(® + @)
v o -
- ysin(0 + @)} + I{Bsin(0 + ¢) + veos (0 + @) }ZJ dx (2.12)
Equation (2.12) can be written in the form
1 T T _ 1 A2 -2 ! 0od
iip{rp} o] [o] {r.} dV = 3£1p(0 + ' )dx + grﬁ o dx
! A o, i ! .9 .
= JLC0 + @)iBdx + = [1,(8 + V)
0 0

or simply as

1 9 lI ST . ! ..
5 IPO dx + —2-_glp(p ¢ dx + _({IPO(pd.x

(M7 {B]
I -4 odx (2.13)
£ " {Y} Y

O ey =

of—

!
AU )Y pdx +
0
where
uly =pnl, = I

p and pl = IP

One can cxpress the following variables as:

0 = INJ{a, @ = NI
B= NI, B =INJ@) (2.14)
Y= NI, ¥ = INI{@

where
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[N,] = torsional shape function

INLIN] = rotational shape function

Therefore, eqn (2.13) becomes

{ { i
~ T o~ , . 1 . . . ..
% ,j w ()6 @ () v = g 10dx + o { @7V IN (e} de + g 104 dx

D=

—"TNTI()V d-—l'TNTIN N 1 {e) dx
J@TINITL O (e} dx = FABT NI TN (e} 1N} (2}

N,
e [N

Y.

T

II)

1 Ny
+ (¢} dx (2.15)

O ey

I
The term j I,0 ¢ dx gives the incrtia coupling between rigid body coordinates and clas-
0

tic coordinates. IFor constant 0 this term has no contribution to the cquation of motion

of the rotor. Neglecting this term and introducing the following expressions:

!

A NN dx = [M]
0

L T

j;IPIN),I INJdx = [G]

jl N [Nn] {e}INldx = M)

and

¢ NN,

-

= M}

D N
Y
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Equation (2.15) reduces to

%!,u{rp}-r[;o]T[(T)]{rp} av = = ¢ 0* + —;-{é}Tlel (&) — 0{)7 (G} (e}

(Y

- @M+ 5@ IM) @ (2.16)

Ience, the kinetic encrgy of the heam clement given by cqn (2.9) can be written as

T = %{é}TW,] @ + %C; 0 + %{é)"mm (@ = 0716, {e)
- @M@ + S @TIM) ()
- %(éﬁm @ + %C, 0~ 0{&7 16,1 () (2.17)
where
Ml = M} + M} + M) - 2{M ) (2.18)

is the compositc mass matrix and 0 denotes the rigid body rotation.

222 Strain Energy

Since the axial deformation is neglected, a typical cross-section of the shaft located
at a distance x from the left end, in a deformed state, is described by the translations
W(x, 1) and w(x, 1) in the Y — and Z — dircctions and small rotations ¢(x, ¢), B(x, 2)
and y(x , 1y about X, Jrand k axes.

The two translations (v, w) consist of a contribution (v, . w,) duc to hending and a
contribution (v, w) duc to shear deformations. Thesc may be written as

x,) = v(x, 0+ vix, )

wix, ) = w(x, ) + w(x, 1) (2.19)



I'he rotations (B, y) are rclated to bending deformations (v, . wy,)

cxpressions:

_ 5wb(x )
pex, ) = - —E——

av(x, 1)
v = =

The strain cnergy expression is

_ b
q-ikow

where £ is the strain duc to bending, which can be cxpressed as

* *
62vb 62wb
£= —p—2 — 2z
~ 2 2
ax ax
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by the following

(2.20)

(2.21)

(2.22)

Recalling the stress-strain relationship o = £ &, onc can write the strain cnergy in the

form
_ E t _ L 2 41/
U = —2—‘!:8 edV/ = _2.!/:. dl (2.23)
Using eqn (2.22) into cqn (2.23), one gets
. . 2
- 1 v A
(7 :-.:[:-jj [— 5 I; -—2&. dA dx
204 ) ax?
- o, P, ' D]
=Bl e Dy gy, S 200 dddr (2.24)
2l ax? ax? axt At

Because of symmetry the intogral corresponding to the third term in eqn (2.24) is 7cro.

We have



I, =fydt and [ =7 dd
- A 4
Therefore the strain encrgy due to bending is

2. ¢ 2 ¢ 7
_E v, aw,
L’i = —-2- g [1’(—;’}7‘) + Iy(_(;_rT) dx

The shear strain in X-Z planc is

*

*
du N (‘)WS _w 6wb

xz 0z ox dx ax

Similarly, shear strain in X-Y plane is

*
av v,

v = —— ————
xy ox ax

Strain energy duc to shear deformation is given by

U2 = ‘l‘/"( Txy ny+ sz sz ) dv
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(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

The shear stress ©,, corresponding to a given shear force vary over the cross-section.

)

It follows that the corresponding shear strain will also vary over the cross-section. This

variation can be accounted for by introducing the shear correction factor «, which

depends upon the shape of the cross-scction, such that

1. = xGv and 1. = kGv
xv xy x7 xz

IFor an isotropic material the shear modulus G is given by

L

= 30+

where v is Poission’s ratio. The shear correction factor k is given by, [34]

(2.30)

(2.31)
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(2.32)

- S(l+v) for solid circular cross-scction
7+ 6v
and
2 2
C = 6(1+v)(1+ m")

2
(7+ 6v)(1+nd) + (20 + 12v)
where m is the ratio of inner radius to the outer radius.

Therefore, eqn (2.29) can be expressed in the form

U, =

o

'j;xG(v,y2+v2)

: N2 )
] RN B
23" G A [ [ ax dx

S Gy e

for hollow circular cross-section. (2.33)

. 2
ﬁwb ] d
i Pl B IE N )

Expressing the strain encrgies as a function of v and w , components of displacement in

R,, using

*

v = pcosd — wsin0

L]

w = vsin0 + wcos0

Therclore,

(2.35)

(2.36)

Since the shaft is symmetric ([, = I, = I). the strain cnergy duc to hending becomes,
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i & i
v, = lem (—> +(Z2y ae
2% ax?
_ Ef 2 aB 2
- L g I(x)[( 2 o+ (E)—‘dx (2.37)

Similarly the strain encrgy due to shear becomes

U, = % i KGA(x)[.. (%:-CL)Z +( aa‘z ) dx (2.38)
Also, the strain energy due to torsion is given by

U, = %i GJ (‘:;_Z)Z dx (2.39)
Therefore, the total strain encrgy of the shaft is
= %irl(x)[ (2 + (L ylax

+ %iKGA(x):(%)2+ ((;"\ -;-i fﬁ)z dx (2.40)

After substituting eqns (2.19) and (2.20), into cqn (2.40), it can be written as
U=-'-jm (B oy d\»+lj‘<c4 (& )+(£‘i+ﬁ)]
2797 ax ax ' 25 ax
+ ij(:./(-‘"_")zdx (2.41)
23 éx
Equation (2.41) can be written in matrix form as

[0 = 2 @" 1K (e} (2.42)

where [K] is the composite stilTncss matrix given by
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1Kl = (K} + [K] + K] (2.43)
whcere
[K] = clastic stifTncss matrix
[K] =  shear stilTness matrix
[K,] = torsional stilfncss matrix

2.3 Equation of Motion of the Element

The equation of motion of the clement can be derived using Lagrange cquation,

which can be mathematically written as

_37(%1;> - _(671; = (2.44)
where
L =T - U = Lagrangian function
g = gencralized coordinatcs
Q = vector of generalized forces

Substituting 1. in the above cquation, the cquation of motion arc obtaincd as

ch =0 (2.45)
where C; is as defined in eqn (2.16) and
M@ = 006" - 161 + [Ki{e) = 0 (2.46)

Denoting
1G) - ()" = (6]
Then, eqn (2.46) becomes

M (e} + 0[GI(&) + IKI{e) = (2.47)
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where

compositc mass matrix

]

[M]

gyroscopic matrix

1G]

K1

i

composite stifTness matrix



Chapter il

FINITE ELEMENT FORMULATION

The rotor configuration can be defincd by a properly generated mesh of finite
beam elements. The disk and bearing propertics arc added at respective nodes. In this
formulation beam clements are lincarly tapered. A lincarly tapered beam element of cir-
cular cross-section has its radius varying lincarly with length, so that arca and moment
of incrtia are sccond and fourth order functions of axial position, respectively. Combi-
nation of unequal bcam clements arc permitted by the model developed in this study.
The element consists of two nodes and cach nodc has five degrees of frecdom; two

transversc displacements (v, w), two bending rotations (B, y) and a torsional rotation

(9)-

31 Tapered Beam Element :

A typical axial cross-section of a lincarly tapered finite element is shown in Figure
3.1. It is assumed that the cross-sectional propertics in a given clement arc a continu-
ous function of axial position, and the clement cross-section has two planes of symme-
try X-Z and X-Y.

Each end of the element is associated with an inner and outer radius, denoted by r
and R, with the subscripts k and j referring to the left end (x = 0) and right end
(x = 1) of the clement, respectively. Defining a non-dimensional position coordinate

£ equal to the ratio x//, the inner and outer radii mayv bec expressed as

- 31 -
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Figure 3.1:  Conical Element Axial Cross-section (Gcometry
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r=r(- §)+rj§

R=R(1-8+RE (3.1)
Representing the ratios of inner and outer radii on cach end as n and a , which are
cqual to r;r, and R; /R, respectively, allows cqn (3.1) to be rewritten as

r=rn(+{(p-1NE)

R=R(1+ (@~ 1)t) (3.2)

Using cqn (3.2) in the cross-sectional arca cxpression results in the following second

order polynomial expression:
=n (R =)= 4,01 + o + o] (3.3)
where the following cocflicients are introduced:
Ay = m (R, = 1)
o = 2Ri(a = 1) ~ rip — D]/ (R} = )
o, = [Rie = 1Y} = r(p = 1)}/ (R? - )

Similarly for cross-scctional incrtia, the usc of cqn (3.2) results in a fourth order poly-

nomial expression
I=n@®-rMja=111+ B8+ 55 + 58 + 55 (3.4)
where the cocflicients are given by

Io=m(R, ~ )4

=4)
1

S AR @ = D) = A = DR -
8, = 6IRy (@~ 1 = ri(p — Y/ (R - 1%

8y = 4R~ 1 = (p — 1Y)/ (R - 1
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4 4 _ 4 4 4 _ 4
84 = [Rk (@ - 1) - r, (D l/(Rk - r/()
The translational deformation of an arbitrary point internal to the clement can be rep-

resented as, [25]

ey | Moo MoNoo oo Ao
= , (e(0)
w(x, ) o N, =N,000N =N 0o
M)
= [N} = ) {e(0)} (3.5)
-x .

The rotation of a typical cross-section of the clement is represented by, [25]

B(x,f) 0 NN, 000 NN, 00
= {e()
Y(x!l) Ni‘| 0 0 IVHZONI‘; 0 0 'I'l',; 0
Noplx)
= [N,(0] {e(n) = {e()) (3.6)
ﬂr-x).

The torsional displacement of a typical cross-scction of the clement is approximated by
{e(x0} =10000N, 0000 N ) = [N ()] fe(n)} (3.7)
The individual shape functions N, where i = 1,23.4; represent static displacement

modes associated with unit displacecment of onc of the end point coordinates with all

other coordinates constrained to zero. N,,i where i = 1,2,3.4: represent static rotation

shape functions associated with unit displacements of one of the endpoint coordinates

with all other coordinates constrained to 7cro. N, where i = L.2; represent static tor-

sion shape functions associated with unit displacement of onc of the endpoint coordi-

natc with all other coordinates constrained to 7cro.



The individual shape functions are given by references [35] and [36] as

_ 1 _ gl 3 _
N, = gl -3+ 28+ o0 -5
- _1 o2y gty Pp g2
L= Tl B eS8
_ 1 E2_ 93
S TF q,l3-. 287+ D]
o L i g2 g3 D g2
N, = Tagl S (-E+E
=6 2
Ny 1(I+(I))l“' d
= —4F 2 -
Ny, = Tall =48+ 3E (-8
6 2
o= 9 [—F4
Af‘s l(l+<I>)| S+l
N, = —_[3E—-2E+ @]
Pe [P ;
N@l =1-&
N =£§
@2 *
where
= X
5 !
and
o= J2EL
kAGI?
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(3.8)

(3.9)

(3.10)

The parameter @ is known as the shear deformation parameter ( the ratio between

bending stiffness and shear stiffness ), I is the modulus of clasticity, 7 is the sccond

moment of the cross-scctional arca, 4 is the cross-scctional arca of the beam element,

G is the shear modulus, [ is the clement length, and « is the shcar correction factor
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depending on the shape of the cross-scction. The shear correction factor « is given by

eqns (2.32) and (2.33).

3.2 The Shaft

3.2.1 Stiffness Matrices

The strain cnergy cxpression of a rotating tapered beam clement of length 7, in the

matrix form is given by
[01= 2 3"k (0

The matrix [K] is the composite stifThess matrix given by
[KI=IK]+ K]+ K]

where

!

(K= [(BJT EI (B} dx = clastic stilfncss matrix
0
Ciptm :

(K} = [IB] xGA [B] dx = shear stifTness matrix
0 .

! .
K, = j[B”]-’ G.J |B] dx = torsional stifThess matrix
0

The curvaturc k and the shear strain v, within the clement arc expressed as

X ¢

v
LA — e = |} "
vy = & -y = 18

where

)= LN,

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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18] = 2-¥, (3.19)

18] = 2N, = [N, (3.20)

Carrying out thc integration of cqn (3.13), the clastic stiffness matrix [K] is

obtained with nonzero entrics as presented in Table 3.1. The explicit expression for the

clement shear stiffness matrix [K] is obtained by carrying out the integration of eqn
(3.14). The shear stifTness matrix [K] is obtained with nonzero entrics as presented in
Table 3.2. Similarly, the torsional stifTness matrix [K, ] is established by evaluating the

integral of eqn (3.15). The nonzero entries of torsional stifTness matrix [K ] arc pre-

sented in Table 3.3.

3.2.2 Inertia Properties
The kinetic energy of a rotating tapered beam clement of length / in matrix form is

given by

T = %{é}T (M] (&) + %Cl 02— 04 1G,1 (&) (3.21)
The matrix [M] is the compositc mass matrix given by

M= M)+ [M]+|M]—2[M] (3.22)
This is known as the consistent mass matrix because it is formulated from the same
shape functions [N,], [N] and [N] that arc uscd to formulate the stiffness matrix.
The matrix [M] gives the coupling between torsional and transverse vibration and is

time dependent. Tt is neglected for cigenvalue analysis as eigenvalue is system inherent

property and is independent of time. The components of the mass matrix arc

! .
M) = “N.JT p AN Jdx =translational mass matrix (3.23)
0
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LT
M) = [IN) IIN,Jdx = rotary incrtia mass matrix (3.24)
0

, .
AEEIIAY I IN,dx = torsional mass matrix (3.25)
0

The explicit expressions for the clement translational mass matrix [M ), the rotary
inertia mass matrix [M | and the clement torsional mass matrix [M,] arc obtained by
carrying out the intcgration of eqns (3.23), (3.24) and (3.25), respectively. The nonzero
cntries of [M)], [M,] and [M,)] arc presented in Tables 3.4, 3.5 and 3.6 respectively.

The gyroscopic matrix [G] is given by

Gl = 1G] - (G} (3.26)

where for constant rotating spced [G,] can be calculated by

l -
G} = g Ny 1 [Nyl dx (3.27)
The explicit expressions for the elemental gyroscopic mass matrix [G] are obtained

by integrating cqn (3.27), and then substituting it into cqn.(3.26). The nonzero cntrics

of [ (] are presented in Table 3.7.



Table 3.1 Clastic stifness matrix of rotating tapered beam clement

El
[K.1 = ~—l———"—;[1<f,‘;?| Cab=1,2 10
1+ ®d)

The nonzero entrics of the upper triangular part of | K€ are given by
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= - K= K= - = K -
- _’3?(.‘;;‘;34 + %53 + %52 25, + 4)
- 712_ 18- dayp, + (% - 0B, + (F = DB, (2~ DB, + 6]
I
= ]_‘2 [ (‘;9;% + %@84 + (3 —]%fb)ﬁ; + (-151 + )3, + (4 + D)3, + 6]
SRR S LA AL AL R AR R
r 2 - Lo Lavs, + 1+ Lohs, + @+ 20 + 07
15 3 302 2 ! '
K9 = K9 = 112 - 2o - Sods, + i
+ (:_g. - -%(b - %(bz)ﬁz + (- ® - é#bz )3, + (2 - 20 ~ BF)]
KD = K9 = 115+ S+ Lohp, + A+ Za + 2095,
+ (?_2 + _g-q) + -;-d»z)ﬁz +(3+ 20 + —;-‘bz)ﬁ, (4 + 20+ D]




Table 3.2 Shear stiffncss matrix of rotating tapered heam clement

G Ak d

(K] = 3
(1 + @)

ah

(K9 5 a,b=1,2,..,10

The nonzero entrics of the upper triangular part of | K4 | arc given by

ah

40

Ko

11

K -

14

5)
K

— Y = A9 ) — ) A9
K(m - k‘zz km - K(77 - K(z7

_ 1,1 L

+ 1)

1
3)

1

= 230+ 3a,
I L
= (%ﬂl+—é-12+
KD = K9 = KD = K9 = KO = K
= [(';lz'“l+_]l§“2

+ )

Table 3.3 Torsional stiffness matrix of rotating tapered beam clement

(K= GI KD a,b=1.2,...10

The nonzero clements of the upper triangular part of [K) | arc given by

ah

) B
K(ss -

G I O T P 1 s 1
Kfs'.'m_K(lqr’),lo— 7(§84+}I§3+3824 2

8, + 1)




Table 3.4 Translational mass matrix of rotating tapered beam clement

ud,

M =
(1 +(l))2

t

(M2 e b=1,2...10

The nonzero clements of the upper triangular part of | M(a’,), | arc given by

4]

5 .02 oo 13 . 3
(e P+ — (o=
s ettt Gt @

MO = a0 = 3l o g g
3~ Mg 'Geo ¥ = T e

1

—+
504

+ — —— —_—
( 210 420 2 140 60

L+ La2yo + (L + Lo

M) = MY = 11+ 20+ 50Ty,
+ (-é% + _2.%4) + 3%(])2)«2 + (;_2 + -]%d) + %(bz)]
MY = = M) = 7[5 + 5220 + L),
+ (%0. + -_—]%d) + 1—;0-(1)2)(1_24- (%}- + -ili-lo—(l) + —2%<I)2)]
M= MY = (5 + 20 + 0N,
(-623% + 23—2%<b + .5%<1>2)q2 + (% + %(’b + %«bz)]
- M=M= Pl + 2+
+ (-2-;3_0 + ?104[) + %(}»2)(12 + (412—30 + 4%(!) + %d)z)]
MO = MO = 17 (%ﬂ + _““T)m " ﬁ«bz Vo,
R R SR R L Ll
- M= M= Pl + 20+ 0,

1 2
$O + — P
e 24 )]
1 ;2
+ —D
120 )]




Table 3.4 (continued)

492

29

4+ (==~
(126

gy + T
252 168

15

3

7

MO = MY = 1[( + B+ ..m )a,

7

D + %(bz) o, + (__ + L+ %mz)]

V.G I () RS I | S 1 42
M) = MO =1 [ + 2@ + =) e

84

13, 1 1.2 1
+(—+ —D + —DP Vg + (—
(o7 T @t @t (5
MO = MO = 3 L T
i " Moo = Ul 168 HRT 240 P,

1
420 Pt o5

10

Il

4+ —] + —<I>
i} 4 ) ]

120

Lo+ _L<b2)|

60 120




Table 3.5 Rotational mass matrix of rotating tapered heam clement

I
M]= —2  _(Mia.b=1,2....10
! 1+ay

The nonzero cntrics of the upper triangular part of [M()] arc given by

aoh

L2 Y ] LI Y [ Y ) RN VL)
M(n M(l(, M(zz =M= M((.s - M(??

_ 1,1 3 12 35 + &
—7(784+ﬁ83+?§82+ 5514 5)

. . o r) _ Y
M(M_ M(za—M(n"_M”—

1 | 1 _ 2
46 (_2_3. - —25(1))8‘ * (2_0 a5 ([))63

1

1
—_— = =]
10 2 )

+(—171- —1-0-“’)82‘*‘(—]5 3 13, + (

Y WY C N Y S B 1.1
M(w M(zx n M((n - ‘”(73 N ('ﬁ' * 3§Jb)84+ (28 ¥ 7<b)53

+ (.31? + %(b)&z + (1—304!))8, + (- -110- + —é(b)
MO = MO = ”(Flﬁ - '6%"’ + _“%q»z)zs4 + (% - 4_12<1> + 2%43)53
+ (_]%3. . ?l().d) + 3%(!:2)82 + (-3% - —ila-q) + —‘%(1)2)5,
+ (TZE + %(I) + %d»’)]
MY = 00 = 1= = Lo Lot + (- g - £a - eh,
+ (- _72(_) - E%d) + _2'(-).«1»2)52 + (- (Tln' - —I%qv + —115‘1)2)8,
+ (- 71(7 - %(b + %d»z)]
MO = MY = /|(ll4 + 2_58q» + -,!7-<l>2)54 + (-]-163—8 + %(b + %49)83
+ (.33? + %q» + %«1»2)52 + (]_1”. + %m + %(bz)al

+ (_125. + %d) + -;-d)’)]




Table 3.6 Torsional mass matrix of rotating tapered beam clement

= ) . =
M) =1 IMNa,b=1,2,..,

The nonzero entrics

of the upper triangular part oF[A‘f(a“;))] arc given by

44

“')=_L_ +_l_ +_l_ +_1_3 +_l_
Ms; et ht Rt T3
o lg sy g Lgol
Mo et ht gt Nty
y _ 1 l i 1 1
M(I’g'm—-7-84+-683+?82+25|+ 3
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Table 3.7 Gyroscopic mass matrix of rotating tapered beam clement ( asymmetric )

I
——P—[C Jiash=
(1+(I))

(Gl =

The nonzero entrics of the upper triangular part of |G

) arc given by

I 1 3 12 3 6
G, = = G = Gy = Gy 7(77'84 + 14 TR 15 e+ 58 + '5)
o I 12
13 = Gy = Gy = Gy (_2_8— d)s (20 ﬁ‘msa ’
+(_1__ Lo, (= Loy + (L - Lo
i 0 0 2
L ~ o
G|8 =Gyy= — Gp= =G, = (28 + -i-g-tb)s + (——- + --d))8
oLt 3 P 1.
F (= + =D, + (=D)], + (= —= + =D
(35 + 5P + (5P0 + (= g5 + 5D
i I 2 i 1
=1 =P + ——DIS, + ———-I+———<b5
G0 105 o Tt g T @ )
2 I l I .2
+ +_ 5. + - D + — D)
(Tis ~ 3% * 0% (zo Wt e
2 1 1,2
F(E 4D+~
(5 + 5%+ 3%
. L2, 1
(’ = - G = _——— — - — 4+ (- — +
39 a7~ 5P+ P (-5 md 30
2 0 [
+ (- == - — +._ — D + — DI
(=55~ Pt (- T P A
1 1.2
+ (= —= = =@+ =D
(=35~ g
G =1|(l +i<b+_d>)s + (2 +id>+..<b)5
8 14 2R mq 20
+ (335 4 .lq) + _q> )a + (.... + —l-(b + —<b )%l + (TZS— + %(D +

____(I) )5

1.2
—O
3 .)I
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3.3 The Disk

The disk is assumed to be rigid and is solely characterized by its kinctic cnergy.
The cxpression for kinctic energy of the disk can be derived using the procedure {ol-

lowed for the shaft clement. Let v and w designate the coordinates of the centre of

mass "0’ of the disk in X' ¥ Z' coordinate system. The disk deforms in the y — z plane.
The expression for the kinctic energy of the disk can be derived as
77 = -12-)nd(1"2 + lbz) + -é— ID (Bz + i/z) + % ’,,(()2 + ‘bz) + ’,, 0
=1 O+ ¢yp (3.28)
Similar to eqn (2.17), eqn (3.28) can be written in matrix form as
79 = _'2. MY+ % Lot = 0167 () (3.29)

where {¢%} is the vector containing the nodal coordinates of the disk and

MY = M)+ M+ (MY~ 20

(3.30)
The constituent matrices of eqn (3.30) arc
'’ 0 00 0 000 00
0 »m' 00 o0 D00 00
M1=10 0000l At =10 0 7/ 0 0 (3.31)
0 6 000 000 o
00000 00 0 00




M =10000 0}, M=o 0

0000 0 0 0
0000/ 00
ja
and
00000
00000

IGY) = 000 o

0

0
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0 (3.32)

0

(3.33)

Applying Lagrange cquation, the equation of motion of the rigid disk is derived as

MY + 016 @ = of
where Q7 is the gencralized force for the disk and

16"l = 16% - 1677

3.4 The Bearings

The stiffness and damping terms arc assumed to be known

of the forces acting on the shaft can be written as

W = — K v 8v— K w &= K w Sw— K_v S
yr yr z7 7y

—Cyvd— Cwdv— Cw dw— C v dw
vy yz 7z 7y

or

(3.34)

. The virtual work oW

(3.35)
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W = E8v + F 5w (3.36)

where F, and F, arc the components of the genceralized force. In matrix form eqns

(3.35) and (3.36) can bc written as

r, K K ||v c C
- — ooy _ yy vz (337)
r K K _ |lw C C W
W Ty ez _ Ty Tz
Equation (3.37) can be written in matrix form as
Iy + K1y = (@Y (3.38)
where
_KW Kyz' , C, Cy; (
(K = and |} = (3.39)
c ¢
v ez ay ez

3.5 Eigenvalue Problem
The frec vibrational equation of motion of a rotor hearing system can be written in

the asscmbled general form as

MI{6) + 1Q@) + 1K = (0) (3.40)
with

(M} = |M] + M9

(€] = {G7] + [} + |67

(K]

It

(K] + K]

where
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[M]
(A

incrtial matrix of the shaft

incrtial matrix of the disk

[

[G°] = gyroscopic matrix of the shaft

el

gyroscopic matrix of the disk
[C”l = damping matrix of thc bearing
[K] = stiffness matrix of the shaft

K"} = stillncss matrix of the bearing

{e} = deformation vector

These constituent matrices arc highly banded in nature. Matrix [M] is symmetric,

whereas [G*] and [G”] arc skew symmetric. The matrix |K] is symmetric when the bear-
ings arc rigid or when they have stiffness cocflicients in the principal dircctions. The
matrix [C] is skew symmetric only when the bearing is  undamped
(ny =C,= Cyz =C,=0) If the bearings arc damped, the matrix [C] is a non-
symmetric real matrix.

The solution of eqn (3.40) may be obtained by representing it in the following

state space form:
{01 —Wl'l {{(.?}] IIMI 10} { } - o (3.41)
ML 1A e} 101 1K] .

Or, simply as

[E1p) + A = (0 (3.42)

in which



¢
oY = U (3.43)
¢

The matrices [F] and [F7] are highly bandcd. If the bearing is undamped then the matrix
[} is skew symmetric. The matrix [F] is symmetric when the bearings arc isotropic with
(K,, = K,, = 0).1f the bearings arc damped or orthrotropic or both then nothing can
be said about the symmetry or skew-symmetry of the matrices {F] and [F]. Thus, the
type of bearings used in the rotor-bearing system plav an important role in sclecting a

numerical strategy to solve the cquation of motion.

3.5.1 Literature Review

In the past two decades, rescarchers have shown interest in solving eqn (3.42)
cxploiting the banded nature of the matrices. Gupta [37] presented an algorithm based
on Sturm sequence property for free vibration analysis of undamped spinning structur-
al systems. In his formulation, the matriccs [M] and [K] are symmetric and positive del-
initc whereas the matrix [C] is skew symmetric. This algorithm takes advantage of the
banded naturc of matrices, thus saving computer storage and solution time. Gupta [38]
presented a numerical algorithm for the cigenproblem so.]ution of discrete damped
structures, including spinning. That algorithm is based on a combined Sturm sequence
and an inverse iteration technique, which cxploits the banded form of the relevant
matrices. [For damped sturcturcs, the roots of cqn (3.42) arc complex. The procedure
presented in reference [38] starts by isolating the corresponding real roots out of the
desired complex oncs, then applying the Sturm sequence technique to the relevant

undamped free vibration formulation, when the bounds of cach individual root are

obtained. The algebraic values of the middle points of such bounds arc then employed
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to accurately locate the individual desircd roots and the associated vectors of the
damped system. Mecirovitch [39] presented a method of solution of the cigenvalue
problem for gyroscopic systems defined by two real nonsingular matrices; one symme-
tric and the ether skew symmetric. This method reduces the cigenvalue problem delined
by symmetric and skew symmetric matrices to a standard cigenvalue problem, defined
by two real symmetric matrices. The resulting reduced cigenvalue problem rescmbilcs,
in structure, that of a nonrotating system. Gupta [40] presented a numerical algorithm
for the determination of natural frequencics and mode shapes of free vibration of spin-
ning and nonspinning structurcs. His algorithm takes into account the presence of vis-
cous and structural damping. In that paper, a symmetric matrix decomposition scheme
is adopted for matrix triangularization, which is claimed to render the program more
cflicient. Also a bisection scheme is described that accelerates the solution convergence
rate, particularly for the casc of repeated roots. Gupta {41] described a procedure for
iterative cigenproblem solution of spinning structures. The method uses a combined
Sturm sequence and a bisection procedure to isolate the roots of the cigenvalue prob-
lem. The cigenvalues and cigenvectors of the damped spinning system arc then derived
by an inverse iteration procedure, using the middic point of the bound of the isolated
root as the starting root iteration value. Gupta and Lawson [42] described an cigen-
problem solution method for frce vibrational analysis of spinning structural systems.
Their method uses the block Lanczo’s algorithm which ecmploys only real numbers in
all relevant computations and also cxploits the sparsitv of the associated matrices. In
this reference the system mass and stiffness matrices arc assumed to be symmetric and

positive definite, whercas the gyroscopic matrix is assumed as skew symmetric.
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3.5.2  Solution Schemes
To find the natural frequencies of the rotor-bearing system, the equation of motion
can be vicwed in two ways. In the first method, the natural frequencies are extracted
from eqn (3.42), which is the free vibrational cquation derived with respect to the fixed
frame and rewritten in statc variable form. The solution of the eigenvaluc problem
described by eqn (3.42) can be obtained by using BISPACK cigenvaluc solver. It ycilds
both forward and backward whirl speeds from the same eigenvector. The cigenvalues

arc found in complex form as

Y=y + 10 (3.44)

where the imaginary part o is the whirl spced. The real part of eqn (3.44) is used to

express the logarithmic decrement A as

A = —2ny
®

(3.45)

Logarithmic decrement is a mecasure of the rate of decay of free oscillations and is
defincd as the natural logarithm of the ratio of any two successive amplitudes. It is a
convenient way of determining the amount of damping présent in a system. There is
no restriction on the type of bearings when this method is used to solve the system
equation of motion.

In the second method, the system cquation of motion is transformed to the rotat-
ing [rame. In this method, only bending (requencics can be found as the transforma-
tion to the rotating frame looses track of the torsional motion. Now, the displacements

(v, w,B,v,) ofa typical cross-scction relative to fixed frame R, arc transformed to corre-

sponding displacements (v, w, B, v) relative to R by the orthogonal transformation
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{e} = (4} {p} (3.46)
with
v "
W w
{e} = 8l {r} = g
Y Y

Now, assuming that the two rcference frames are defined by a difference of o about

X-axis. We have

cosot —sino? 0 0
sin @l cos of 0 0
4] = (3.47)
0 0 cos (¢ —sin w!

0 0 sinael  cosof

For simplicity, from now onwards {p} is written as

= Lvwh vl
but its understood that {p} is the transformed vector of {e}.

The first two time derivatives of cqn (3.46) arc

(& = oIS|{p + 141{p) (3.48)
e} = U = o (n) + 2081 (3.49)
where [S] is given by
“—sinat —cos of 0 0
.. cos of —sin @f 0 0
[ = ~141 = _ (3.50)
© 0 ¢ —sin ol —cos ®!

0 1] cosml  —sinm!
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Using eqn (3.46) and cqns (3.48) - (3.50) the cquation of motion in the rotating

frame R is assembled from the component cquations of motion of the disk, the shaft

and the bearings.

Neglecting torsional deformation, the kinctic cnergy of the rigid disk for constant
rotational speed (0 = Q) is given by

T T L (.
gl [m? 0]} gl (1,018
79 = % + % - QI yp (3.51)
. d . . :
W ] m | | ¥ U

The Lagrangian cquation of motion of the rigid disk for frec vibration is

(M) + M) (@ - Q16 = (0) (3.52)

By using eqns (3.48), (3.49) and (3.50) and premultiplving by {A1", eqn (3.52) trans-

forms to
M+ ) (Y + e AR + A - 2167 ()

= (MY + MDY + 2D () = (o) (3.53)

For the case of thin disks (I, = 2 1)), eqn (3.53) reduces to
(MG + D Y + o 2IF + (1 = 160

— o (IM 4+ (1 = 2 {p"Y = (o) (3.54)

Equation (3.54) is the equation of motion of a rigid disk in the rotating frame R with

whirl ratio 2. = =,
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Neglecting torsional deformation, the lagrangian cquation of motion for free

vibration of the finitc rotor element at constant spin speed is

(M) + M) = QIGIE + (K] + KD () = (0) (3.55)

and is referred to fixed frame coordinates. All the matrices of cqn (3.55) arc symmetric
cxcept the gyroscopic matrix [G°] which is skew symmetric. Fiquation (3.55) is trans-
formed to the rotating frame coordinates by using cqns (3.48), (3.49) and (3.50),
extended to include four coordinates at cach end of the clement and then premultiply-
ing by [4]". Since I, = 21, the following identity can be written:

AT LS = 2 (61 (3.56)
The transformed equation is

(IM]] + IMI(7) + o ZWfI + (1 = DG {7

+ (K] = o™ (M + (1 = 20 M) () = {0) (3.57)

with

(1 = 1417 g1 1] ‘ (3.58)

Equation (3.57) is the equation of motion of a rotating beam clement refered to R.

The governing equation for the bearing in the fixed frame coordinates is

[y + 1Ky = 1o (3.59)

Using eqns (3.48), (3.49) and (3.50) in cqn (3.59) and premultiplying by [A]” gives the

transformed form

AT 161" + AT Iy = (Ph) (3.60)
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which is expressed in the rotating frame coordinates. For nonisotropic bearings cqn
(3.60) contains periodic coeflicients. This results in parametrically cxcited cquation of

motion. For isotropic bearings, however, eqn (3.60) reduces to the following equation

with constant coeflicicnts:

P + kNG = () (3.61)

where ¢ and & are the isotropic bearing damping and stifTness cocflicients, respectively.

The rotor-bearing system cquation of motion is obtained by assembling the com-

ponent cquations of motion given by (3.54), (3.57) and (3.61). Therefore the system

cquation of motion can be written as
M1{) + o208 - A1) )

+ (1K — &> (JM] + XGNP = 0 (3.62)

The natural circular whirl speeds and mode shapes can be obtained from cqn (3.62).
These modes are constant relative to R and the two planes of motion arc 90° out of
phase. Assuming a constant solution Py = {p,} = constant , the associated eigen-

valuc problem becomes

IKHp) = & (M + LG () (3.63)

The 2n-eigenvalucs @,; where n is the dimension of the matrices in eqn (3.63), arc real

and the positive valucs, together with the associated vectors pn}("’ represent natural
circular whirl speeds and mode shapes relative to R at the specified whirl ratio A.
When the cigenvalue problem is solved in fixed (rame, as is cvident from eqn

(3.42), the dimensions of the matrices involved is 2n and onc of the matrices is not
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symmetric. The advantage of defining the cigenvalue problem in rotating frame is that
the matrices involved in the formulation are symmetric and of half the dimension ( i.c.
n ). Because of this advantage most of the work in the literature is done by formulating
the cigenvalue problem in the rotating reference frame. In this thesis both the solution

schemes are used to compare the results.



Chapter IV

RESULTS AND DISCUSSIONS

The whirl speeds of the rotor system with undamped isotropic bearings arc com-
puted from the cigenvalue problem of eqn (3.63) for different whirl ratios A. To demon-
strate the accuracy of the model developed in this study, the results presented in refer-
ences [20], [22] and [24] arc reproduced. In these references, the first two natural
frequencies arc given for a uniform simply supported shaft for whirl ratios
» =0, 1, -1, and a range of the slenderncss ratio (R/21.). The natural frequencics
computed using eqn (3.63) arc compared to references [20], [22] and [24] in Tables 4.1 -

4.3. The natural frequencics arc nondimensionalized by the following equation, [22}:

4 _ pd L o?
S T 4.1)

To demonstrate the accuracy of the present model for the case of undamped iso-
tropic bearings, a uniform stcel rotor system of 10.16 cm diameter and 127 cm long

which is supported by identical undamped isotropic bearings of stiffness K, = K, =

1.751 % 10 N/m is studicd. The clastic modulus /2 and density p of the shaft are

2.068 x 10" N/m? and 7833 kg/m® , respectively. The first five natural frequencics at
the spin spced of 418.88 rad/s (4000 rpm) arc summarized in Table 4.4, These frequen-
cics are compared to thosc presented in reference |21].

The whirl speeds of the rotor system with damped, orthotropic bearings are com-

puted from the cigenvalue problem of eqn (3.42) for different spin speeds €. In order to

- 58 -
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illustrate the capability of the present model for computing the natural frequencics of a
rotor system with damped nonisotropic bearings, the casc presented in reference {12] is
studicd. The rotor system consists of a uniform shaft of diamcter d = 10.16 em and

length / = 127 cm and two identical nonisotropic flexible bearings. The stiffness coel-

ficients of the bearings are K, = K, = L1751 x 10" Njm, K_= K, =

z7 ) 7y

-2.917 x 10° N/m, and the damping coefficicnts arc C, = C,. = 1752 x 10’ N.s/m,

7

and C, = C, = 0.0N.s/m. The density and clastic modulus arc p = 7833 kg/m® and

E = 2068 x 10" N/m?, respectively. The first five natural frequencies of the above
system at spin spced Q = 400.0 rad/s are presented in Table 4.5. These values arc
compared to those presented in reference |12].

No rotor system is complete without the presence of disks. To demonstrate the
application and accuracy of the present finite clement model, a typical rotor bearing
system as illustrated in Figure 4.1 is analyzed to determine its whirl speeds. A density
of 7806.0 kg/m’® and clastic modulus 2.078 x 10" N/m? are used for the distributed
rotor and a concentrated disk with a mass of 1.401 kg , polar moment of incrtia
0.002 kg/ni®, and diametral incrtia 0.00136 kg-m®. The disk is located at node 5. The
distributed rotor is modeled by cighteen clements. The geometric data of these clements
is listed arc Table 4.6. Two identical bearings idealized as undamped and linear with
stiffness cocfTicients K, = K, = 4378 x 107 N/m and K. = K, = 0arclocated at
nodes 11 and 15. The first five natural frequencics of this system for different whirl rat-

ios X are given in Table 4.7. These natural frequencics are compared to those presented

in reference [14).
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In all the cases studied so far the rotor shaft was assumed to he of uniform cross-
section along the length. In practice, shafts have tapered scgments. ‘The pioncering
work in modeling a tapcred shaft was done by Rouch and Kao |24]. In the last decade,
new improved models were presented by investigators, but a sct of nondimensionalized
natural [requencics for various geometries of a rotating tapered shaft could not be cited
in the litcrature. This investigation attempts to bridge this gap in the literaturc.

There arc very few published results for nonrotating or rotating tapcred shafts.
Downs [27] presented dimensionless Buler natural frequencics of truncated conical non-
rotating cantilever with truncation ratios varying from 0.1 to 0.8. These natural fré-
quencics are calculated from cxact analytical solutions. Tn Table 4.8, the dimensionless
Euler natural frequencics of a truncated conical cantilever computed using the present
model arc compared to reference [27]. In Table 4.9, the nondimensional natural fre-
quencics of a tapared, solid and hollow Timoshenko conical cantilever beam are given.

Genta and Gugliotta [26] presented nondimensional Buler natural frequencices [or a
tapered conical nonrotating cantilever with taper ratio 0.1 and L/d, ratio 160. These
results arc compared to the natural frequencics computed using the present model in
Table 4.10. They also presented the nondimensional natural frequencices for a tapered
conical cantilever with taper ratio 0.1 and [/d, ratio 3.2, They have concluded that
these natural frequencics cannot be compared to those of reference {27] as the specifi-
cations of the beam fall under the definition of a short beam. In short beams, the shear
cffect is more prominent and the Timoshenko natural frequency values are less, when
compared to the corresponding Fuler natural frequencics. This cffect is more pro-
nounced at higher modes. The natural frequencics presented for this casc in reference

[26] does not agree with the natural [requencies computed using the present method.
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The pattern of natural f{requencies computed using the present method is consistent
with the above rcasoning.

Gmur and Rodrigucs [28] presented the first backward and forward natural fre-
quencics of a hollow tapered simply supported shaft rotating at 10000 rpm. The shalt is
shown in Figure 4.2. Its length is 1m, the cxternal diameter at the left end is 0.1m and
the internal diameter is 0.05m. The taper angle a of the shaft is 15°. The elasticity mod-
ulus I, mass density p and poisson ratio v arc 2.0 x 10'' Pa, 7800 kg/m’ and 0.3 ,

respectively. These results are compared to those computed using the present model in

Table 4.11.
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Figure 4.2: 1.incarly Tapered Hollow Shaft
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Table 4.1 T'requency parameter f of uniform solid Timoshenko shaft

Whirl ratio 2 = 0.0
R/21. frequency parameter f
A A J3 Ja s
3.12974 6.19593 9.16661 12.05146 14.88678
0.02 31313 ° 6.2074 _ _ _
31295 7 | _ _ _
3312 77 | 62027 7T | _ _
3.09572 5.97075 8.57543 10.98033 13.26777
0.04 3.1017 ° 6.0079 _ _ -
3.0935 7 | _ _ _
31012 77 | 59950 77 | _ -
3.04415 5.68439 7.93970 9.95984 11.86271
0.06 3.0561 ° 57482 * _ _ -
30551 7 | 57263 | _ _
2.97954 5.38861 7.36178 9.11061 9.75648
0.08 2.9989 ° 54752 ° _ _ B
29974 7 | Sa4s6 "7 | _ _
2.90775 5.10913 6.86403 7.74822 8.41373
0.1 2.9343 ° 5.2126 ° _ _ _
2.8964 7 | ~ _ _
29321 77 | 54772 7T | _

" reference [20]
™ reference [22]

" reference [24]
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Table 4.2 Trequency parameter f of uniform solid Timoshenko shaft

65

Whirl ratio 2. = 1.0
R/2L frequency parameter /
h e f3 4 fs

3.13578 6.24101 9.30431 12.34338 15.39495
0.02 3.1374 ° 6.2532 ° _ _ _

30356 | 62383 7 | _ -

31373 77 | 62484 7 | _ -

3.11815 6.10916 8.90897 11.53819 14.03273
0.04 3.1246 ° 6.1551 ° i _ _

3173 7} 60918 7 | _ -

3.1240 77 | 61395 "7 | _ _

3.08898 5.89672 8.33150 10.53819 12.46280
0.06 3.1027 ° 5.9873 ° _ _ -

3.0867 7 | 58604 < | _ _

3.1016 7 | 59568 7 | _ —

3.04764 5.62984 7.71530 9.519247 11.15052
0.08 3.0715 ° 5.7623 ° B _ -

3.0442 55778 7 | _ -

3.0696 7| 57174 T | _ _

2.99595 5.34492 7.15446 8.718045 10.13314
0.1 3.0311 ° 5.5069 ° _ - -

2.9909 5.5069 ~ _ _

3.0282 77 | 54518 7T | T ~ _

" reference {20]
" reference [22]

" reference [24]




Table 4.3 Frequency parameter / of uniform solid Timoshenko shalt

Whirl ratio2 = -1.0

R/2L frequency parameter f°
Ji g 1 Ji Is
3.12375 6.15240 9.03810 11.78918 14.44719
0.02 3.1253 ° 6.1631 ° _ _ _
3.1236 6.1500 _ _ _
3.1252 77 | 61586 7 | _ _ _
3.07402 5.84443 8.28099 10.49075 12.58057
0.04 3.0796 ° 5.8748 ° B _ -
3.0733 7 5.8318 _ _ _
3.0792 7" | 58629 77 | _ _ _
3.00202 5.49242 7.56841 9.42029 10.03115
0.06 3.0125 ° 55380 ° _ _ -
3.0001 ~ 54698 _ _ -
30116 7 | 55184 77 | _ _
2.91689 5.15909 6.97342 7.41347 8.04834
0.08 2.9328 ° 52146 ° _ _ _
2.9144 ~ 51296 7 | B _
29313 7 | 51887 "7 | _ _
2.82719 4.86307 5.88740 6.48568 6.59549
0.1 2.8475 ° 49238 ° _ _ _
2.8239 7 4.2886 " B _ -
2.8455 ©7 | 48932 "

" reference 20}

™ teference [22]

" reference [24]
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Table 4.4 Natural frequencies of uniform, solid Timoshenko shaft
( undamped flexible bearings at both ends )

Spin Natural frequencics ( rad/s)
speed
Q mode | modc 2 modc 3 modc 4 mode 5
B1519.248 1091.351 2227.263 4965.!05' 9255.99
519.54 1091.77° 2229.82 4986.74 _
418.8
171 519.799 1094.857 2242.066 4997.‘)28' 9307.458
520.10° 1095.28 2244.72 5020.12

B - Backward , I'- Forward

" reference [21]

Table 4.5 Natural frequencies of uniform, solid Timoshenko shaft
( damped flexible bearings at both ends )

Spin Natural frequencics ( rad/s )
speed
Q modc | modc 2 mode 3 mon .4 ] mode 3
B1491.056 1006.797 2165.118 4946.45(3 9251.351
491.90 ° 1005.0 " 2171.70 5038.70 _
400.0 e
7] 543.488 1174.393 2305.760 5()15.()64! 9309.549
544.79° 1174.20° 2312.70 7 fLQ?AO I

" reference [12]
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Table 4.6 Multi-stepped rotor configuration data

Node Quter [nner

Elcment location Bearing/ radius | radius
node no. (cm) disk (cm) (cm)

1 -17.90 0.51

2 -16.63 1.02

3 -12.82 0.76

4 -10.28 2.03

5 -9.01 Disk No.l 2.03

6 -1.74 3.30

7 -1.23 3.30 1.52

8 -6.47 2.54 1.78

9 -5.20 2.54

10 -4.44 1.27

11 -1.39 Bearing No.1 1.27

12 1.15 1.52

13 4.96 1.52

14 8.77 1.27

15 10.80 Bearing No.2 1.27

16 12.58 3.81

17 I3.60 2.03

18 16.64 2.03 1.52

19 17.91
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Table 4.10 Non-dimensional values of the first four natural frequencics

for a beam with taper ratio 0.1 and / / d, = 160
Mode {28] 1 clement |2 clement |4 element |8 clement | 16 clement
7.2048 7.21137 |7.20858 |7.20557 ]7.20488 | 7.20482
72115 ° 17.2086 ° 17.2056 ' |7.2051 ° |7.2050
18.6802 |21.27958 |19.04066 |18.73003 |18.68435 |18.68063
21.2796 * 119.0408 * |18.7301 ' |18.6826 " | 18.6802 °
37.1238 |- 38.81527 137.71053 |[37.17597 |[37.13111
- 38.8155 ° |37.7106 * |37.1698 " |37.1245
63.5049 |- 88.92094 |65.52983 |63.83147 |63.52632
- 88.9216 ° 165.5302 ' |63.8160 * |63.5143

71

reference [26)

Table 4.11 First backward and forward bending frequencics (in 17)
of tapered hollow shaft at 10,000 rpm

Spin Natural frequency [
speed
(rpm) mode |
B 401.0386
395.41 °
10000
I 448.2599
442.62 °

" reference {28]
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The comparisons demonstrate clearly that the finite clement modcl developed in
this thesis manifests good accuracy. In the following pages nondimensional natural [re-
quencics of a Timoshenko tapered rotating shaft arc presented.  Nine different rotor
systems are considered for generating the nondimensional natural [requencies. These
arc;
1. Solid tapered shaft supported on rigid bearings at the widest end.
2. Solid tapercd shaft supported on isotropic, undamped hearing at the widest
end.
3. Tlollow tapered shaft supported on rigid bearing at the widest end.
4. Tlollow tapered shaft supported on isotropic undamped bearing at the widest
end.
5. Solid tapered shaft supported on rigid bearings at both ends.
6. Solid tapcred shaft supported on isotropic undamped bearings at both ends.
7. Tlollow tapered shaft supported on rigid bearings at both cnds.

8. THlollow tapcred shaft supported on isotropic undamped hearings at both

ends.

9. Tiollow tapered shaft supported on orthrotropic damped hecarings at both

ends.

The natural frequencics arc nondimensionalized by eqn (4.1) where A and I are
cross-sectional arca and incrtia at the widest end. The nondimensional natural frequen-
cics for the cases mentioned above are computed for various values of the whirl ratio A

and spin rate Q. The dimensions of the tapered shaft are [jd, = 40 and [ = 1. It

the shaft is hollow then the inner diameter is taken as half of the outer diameter. The
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stiffness properties of isotropic undamped bearings are K, = K, = 1751 x 107 Njm.

The natural {requencics for the nine difTerent rotor systems arc tabulated in nondi-

mensional form in Tables 4.12 - 4.60,
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A study is conducted with different number of clements in order to establish a
measure of anyalitical accuracy l‘or a particular number of finite clements used in the
system model. Figures 4.3 - 4.5, shows good convergence of frequency paramecter val-
ucs with the incrcase in number of clements for nonrotéting as well as rotating
Timoshenko and Euler-Bernoulli shafts. It is also scen clearly from thesc figures that

the secondary cffects like shear and rotary inertia arc more pronounced at higer modes.

In Figures 4.6 - 4.9, the behaviour of the frequency parameter f with the increase
in the spin rate Q is studicd. It is demonstrated clearly that for a particular mode, as
the spin rate increases, the backward frequency parameter decreases and the forward
frequency parameter increases. This difference between the backward and forward frc-

quency paramcter values become larger at higher modes.

In Figures 4.10 - 4.17, the behaviour of the frequency parameter [ for a varying
taper ratio is studied for a solid tapered rotating Timinshenko shaft. In Figures 4.10 -
4.13, the forward bending frequencies of a rotating shaft for different boundary condi-
tions arc plotted against taper ratio. It is found that the frequency paramcter values
increasc with increase in taper ratio. As expected the frequency parameter values of
taper shafts supported on flexible bearings arc less when compared to the correspond-

ing frequency parameter valucs of taper shafts supported on rigid bearings.

In Figurcs 4.14 - 4.17, the backward bending frequencics of a rotating shaft for dif-
ferent boundary conditions are plotted against taper ratio. The hehaviour is similar to

that of forward frequency parameter values.
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CONCLUSIONS

A Timoshenko bcam finite clement formulation is presented to study the free
vibration characteristics of rotating and non-rotating tapered shafts with various end
conditions. The explicit mass, stiffness and gyroscopic matrices of tapered roiating
beam [inite clement have been developed using Timoshenko beam theory. These matri-
ces arc casily degencrated to those applicable to Liuler-Bernoulli theory by cquating the
shear paramecter to zero. The finite element is integrated into a procedure developed
for calculating the natural frequencies of rotor-bearing systems. The procedure devel-
oped can take into account any-hollow portions present in the shaft. The cflects of
taper ratio, spin rate, shear dcformation, rotary incrtia and gyroscopic moments of
rotating shafts have been investigated. The results obtained give high accuracy when
compared to the numerical results presented by other investigators.

Some of the capabititics of the finite clement model developed to solve for the nat-

ural frequencics of the rotor-bearing systems are as follows:

ot

It is applicable to circular, hollow or solid cross-sectional area of the shaft.
2. It can take into account the presence of bearings and disks.
3. It can handle all types of boundary conditions.

4. Itis more eflicient, accurate and of fast convergence.

The conclusions drawn from the present investigation are:
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1. The cffect of shear deformation and rotary incrtia on the natural frequencics
is more pronounced at };'ighcr modecs.

2. The natural frequencics increase with increase in taper ratio.

3. The forward natural frequency increascs and backward natural frequency
dccrcases with the increasc in spin rate.

4. The cxplicit mass and stiffness matrices climinate the loss of computer time
and round-off errors associated with cxtensive matrix opcrations which are
necessary in the numcrical evaluation of the expressions.

5. The tapered rotating beam finite clement developed in this thesis can be cas.i-

ly integrated into any general purposc finite clement code for the dynamic

analysis of the rotor-bearing systems.

It is hoped that the tabulated results for such a wide range of parameter changes
will serve as test data for future development of similar numerical schemes. It also fur-

nishes an accurate sct of data to be used directly in the dynamic analysis of rotors with

similar configurations.
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RECOMMENDATIONS FOR FUTURE WORK

The equation of motion of the rotor-hcaring system and the clement matrices are
derived and tabulated. The frec vibration study is done. To make the vibration

analysis morc complcte, the unbalance response of the rotor-bearing system can be

studied.

The dynamic analysis of the rotor-bearing system, under different loading condi-
tions, using the conical beam finite clement developed in this thesis, will be a direct

cxtension to the free vibration analysis.

The disks are assumed as rigid in this thesis. Situations might arisc where we have
to consider the disks as flexible. To cnhance the applicability and versatility of the
modcl, the cquation of motion of the system can be derived and cigenvaluc prob-

lem formulated, taking the disks as flexible.
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